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Abstract

This paper is concerned with the homogenization of the Stokes equations in a periodic
perforated domain. The homogenized model is known to be Darcy’s law in the full domain.
We establish a sharp convergence rate O(y/¢) for the energy norm of the difference of the
velocities, where ¢ represents the size of the solid obstacles. This is achieved by using a
two-scale asymptotic expansion of the Stokes equations and a new construction of a cut-off
function which avoids the introduction of boundary layers. The main novelty is that our
analysis applies for the physically relevant case of a porous medium where each of the fluid
and solid parts is a connected subdomain.

1 Introduction

In this paper, we deal with the Stokes problem for an incompressible viscous fluid in a porous
medium which is represented as a periodic perforated domain (see for example Figure [1] or
Figure . This work is motivated by the derivation of an error estimate for a Multiscale Finite
Element Method (MsFEM) applied to the Stokes equations in perforated domains [111, [7] which
is based on the homogenization theory. Let  C R? be a regular bounded open set. As shown in
Figure|l], we divide the domain €2 into a fixed solid part B¢ and its complementary fluid part €2°.
Here € denotes a small parameter equal to the ratio between the characteristic length of the
periodic heterogeneities and the characteristic length of the domain. A first typical example of
such a porous domain Q¢ is given by Figure [I] where the solid obstacles B¢ are a collection of
isolated and periodically repeated obstacles. A second typical case, in dimension d > 3, is a
porous domain 2¢ perforated by a regular lattice of interconnected solid cylinders as presented
in Figure[2] A precise definition of Q¢ is given in Section [2}
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Figure 1: Porous medium ¢, obtained from a domain 2 perforated by a set of solid isolated

obstacles B¢

Figure 2: Regular lattice of interconnected cylinders

The steady-state Stokes problem with homogeneous Dirichlet boundary condition in a per-
forated domain is to find the velocity ue : Q° — R? and the pressure p, : Q° — R solution

to:
—vAue + Ve

div ue
Ue
Ue

f
0

0
0

in QF,

in QF,

on OBF M O, (1)
on 002 N INE,

where v > 0 is the viscosity and f the applied force. Vector valued functions are written in
bold. In the literature, some authors consider a different scaling of , replacing the velocity ue
by ue = @e. This does not change anything to our methodology and our results, up to this €2

factor.

We denote by (-, -) the usual scalar product in L2(QF) for scalar and vector-valued functions.
We introduce the classical velocity space V = H}(Q%)4 = {u € HY(Q%)? s.t. ulpo-= 0} and
pressure space M = L3(Q°) = {q € L*(Q), s.t. [4.q = 0}. In V we shall often use the
semi-norm |-| g1, equivalent to the usual norm and defined by:

|'U‘H1(Qs) = “V’U“L2(Qe),

v e HY(QF),



We introduce the bilinear forms a : V xV - Rand b: M x V — R by:
a(u,v) = v(Vu, Vo), b(p,v) = (p,divw).

Then, assuming that f € L?()?, a weak formulation of the Stokes problem reads as follows:
find ue € V and p. € M such that

{ a(ue,v) +b(pe,v) = (f,v) Yvey, (2)
blg,ue) = 0 Vg€ M.

It is well known that, if Q° is connected (to ensure that the zero-average condition of the
pressure is enough to remove the undetermined constant of the pressure), there exists a unique
weak solution to (2]) [9].

The homogenization of the Stokes equations, i.e. finding the limit system satisfied by the
limit of (ue,p:) as € goes to zero, was first investigated by [13], (15, [1]. A review of these results
can be found in [I0], [5]. The homogenized or effective equations for the Stokes system, in a
periodic perforated domain, is Darcy’s law for the velocity w and the homogenized pressure p*:

u = 1A*(f-Vp*) inQ,
divu = 0 in Q,
u-n = 0 on 01,

where A* is a constant permeability tensor (see Proposition [3.2)).

The first convergence result for the homogenization of the Stokes equations was established
in [15], where the author proved the weak L? convergence of the velocity and the strong L?
convergence of the pressure. The strong L? convergence of the velocity with a corrector was
proven later in [I]. The first quantitative result of convergence in the H'-norm was obtained
in [12] with a relative error estimate of order £/% in a two-dimensional domain (d = 2). This
result has been improved to /¢ in [11] for the case of isolated solid obstacles (still in two space
dimension d = 2). This /e error estimate was independently and further improved in [14] for
any space dimension d > 2, still under the assumption of isolated solid obstacles (as in Figure|l)).
The main technical idea in [14] is to construct boundary correctors which control the boundary
layers appearing in the proof of the error estimate. Note that the assumption of isolated solid
obstacles is not physically realistic in dimension d > 3.

The goal of the present paper is to extend this /¢ error estimate to the case of connected
solid obstacles (as in Figure . Before stating our main result (in loose terms, see Theorem
for a precise statement) we need to introduce some notations. Actually the Darcy velocity u does
not see the solid obstacles and thus cannot be a good approximation of the original velocity u..
It must be corrected by introducing a better approximation which is

wa (52) =23 (2) (50 - 210

where the local velocities w; are solutions of cell problems @ Actually the link between wus
and the Darcy velocity w is that u(z) is the average of uz(z,y) with respect to the periodic
variable y.

The main result we shall proved is:

Theorem 1.1. Let u., p. be the solution to the Stokes problem and ug, p*, their homogenized
approzrimations. Assuming that f is smooth enough, there exists a constant C, independent of &
and f, such that

Ipe — p*|l22(0e)

1
Hp*HL2(QE) S CEQHfHHQ(Q)ﬁCl,Q(ﬁ),



|u€ - 62UQ |H1(Qs)

1
|e2uz|m (2 < G2l fllm@nore@)

u _€2u 2 €
e 2l r2(0¢) < Cgéy\fum(mmcw(ﬁ)'

H€2U2HL2(96)

Theorem is stated in terms of relative errors since e2uz (and thus wu.) is small. Its proof

follows the same strategy as that in [I1] (but extends it to dimensions larger than 2) and differs
significantly from the proof in [I4]. Actually, our proof is simpler in the sense that no boundary
layers (and thus correctors of their effect) appear. It turns out that we are able to use a cut-
off argument as in the standard elliptic case [3] but without compromising the divergence-free
condition for the velocities. Of course, the main novelty is that Theorem applies to any case
of solide obstacles, isolated or connected. In dimension d > 3, the physically relevant case is
that of connected obstacles and not isolated obstacles.

The content of this paper is the following. Section [2| gives a precise definition of the geo-
metrical assumptions of a periodic porous medium. Section [3]is devoted to the formal two-scale
asymptotic expansion method which delivers the homogenized problem, as well as some cell
correctors, including the velocities w; appearing in the definition of us. In Section [4] is stated
our main result (Theorem which is just a rigorous statement of Theorem |1.1)) and its proof
is decomposed in several technical lemmas.

2 Geometric modeling of the porous medium

As usual in periodic homogenization theory [3], [10, 13], we consider a porous medium obtained
by the periodic repetition of an elementary cell of size ¢, in a bounded domain of R%. We first
define the corresponding dimensionless elementary cell Y.

2.1 Definition of the elementary cell Y

Let Y =]0, 1[¢ be the open unit cube of R%, d > 2. Let Yg be a closed subset of Y. We define Y7,
an open set of R?, by Yp = Y \ Yg, where Y represents the part of Y occupied by the solid
and Yr represents the part of Y occupied by the fluid. The fluid part Yz and the solid part Yg
satisfy Yr UYs = Y and Yp NYs = () (see Figure 3). The closed set Yg is repeated by Y-
periodicity and fills the entire space R?, in order to obtain a closed set of R%, noted Eg. Let the
open set Er be the complementary of Eg in R?, i.e. Ep = R?\ Eg. We assume the following
hypotheses on Yr and Ep:

1. Yr and Ys have stricly positive measure on Y (the elementary cell Y contains fluid and
solid together).

2. Yr is an open connected set with a locally Lipschitz boundary.

3. Er and the interior of Eg are open sets with smooth boundaries of class C™%2, with
m > g, and are locally located on one side of their boundary. Moreover Ef is connected.

Remark that the solid part Eg can be connected or not, corresponding to the two different
geometric cases of Figures[I]and [2] which are later called isolated obstacles or connected obstacles.
The assumption that Er is smooth and connected implies that, on each face of Y, there is a
fluid sub-domain of non-zero (surface) measure.



(a) (b)

Figure 3: Isolated (left) or connected (right) solid obstacles in the unit cell Y = Yp U Yy

2.2 Definition of the open set ()¢

Let Q be a bounded and connected open set of R? (d > 2) which is assumed to have a smooth
boundary of class C>?, for some 0 < a < 1. The set € is covered with a regular square mesh of
size €, each cell being a cube Y;°. We define for any i € VAR

Yi=Y+i, Yip=Yr+i, Yis=Ys+i

YE=e(Y +i), Yip=e(V+i), Yis=e(Ye+i)
The periodic set of solid obstacles (or perforations) inside €2 is defined as:
F:Ui3
€L

where 7 C Z¢ is a set of indices which is precisely defined in Assumption below. The role
of 7 is to remove obstacles from  only if they are sufficiently away from the boundary 0.
Finally, the fluid part Q° of the perforated medium is defined by Q¢ = Q\ B¢, i.e.

0 =0\ JY%
€T

The definition of Z depends on the two cases of isolated or connected solid obstacles (see Fig-
ure (3).

Assumption 2.1. We consider two different sets of assumptions depending on the two cases of
isolated or connected solid obstacles.

1. If the solid part Ys is isolated, namely stricly included in'Y (not touching its boundary),
then T = {i € Z s.t. Y C Q}. In other words, only entire obstacles Y g are removed
from © and thus no obstacles are cut by the boundary 0S).

2. If the solid part Yg touches the boundary of Y, meaning that obstacles are connected, then
we define a first set of indices Ty = {i € Z¢ s.t. Y C Q} and an open subset of Q defined

by its closure
c-UTe
i€y

Then, a second smaller set of indices is

T, = {i € Ty such that Y7 N9C] = 0},



meaning that no cell Y in Iy touches the boundary OCT. Similarly, we define an open
subset of Q defined by its closure
G- U
i€Ts
Finally, we choose I = Ty, meaning that the obstacles are not cut by the boundary 02 and
stay away from 0Q and OCS at a distance of the order of € (see Figure |4}, which is 2-d
sketch of a 3-d situation).

Remark 2.2. The second item of Assumption allows us to treat the realistic case of a
connected solid part, which is possible only for space dimensions d > 3 because in 2-d Ep
and Eg cannot be connected simultaneously. The second item of Assumption (2.1] is similar to
an assumption in [5] and is slightly different from the assumption made in [1]. It is a necessary
assumption for several technical reasons, including the fact that, when Eg is connected, there
may be some pathological cut obstacles near the boundary 02. In particular, the fluid domain
may be not connected.
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Figure 4: Porous medium 2 when the solid part Yg touches the boundary of Y

3 Two-scale asymptotic expansion

This section recalls how to formally obtain the homogenized problem for the Stokes equations
, as well as the definitions of several corrector terms in the unit cell which are required for the
sequel. This is achieved by applying the classical method of two-scale asymptotic expansion [3|
13]. The following results are already well-known but are recalled since the notations are required
for the next sections. The formal method of two-scale asymptotic expansion starts with the
following ansatz for the velocity ue and pressure p.:

ue(x) = Ji:.oekuk (m, g) , pe(z) = fakpk (m, g) . (3)
k=2 k=0

All functions ug(x,y), px(z,y) are assumed Z%periodic in y i.e. 1-periodic with respect to each
component yi,...,Yq.

Remark 3.1. We begin the asymptotic expansion of the velocity ue at k = 2 since it is well-
known in the literature that the first terms wg and wy vanish.



We recall the following derivation rule:
T 1 x

where V and V,, denote the partial derivatives with respect to the macroscopic variable x and
the microscopic variable y. Then, introducing the series in the Stokes equations (1)), using
the derivation rule , we obtain for the momentum equation:

—vAu(z) + Vpe(x) = Vypo + e {—vdivy Vyus + Vpo + Vypi }
+e {—v(div Vyug + divy Vug + div, Vyus) + Vpi + Vypa}

“+oo
+ Z €k{—l/<diV Vuy + div Vyugq + divy Vugyq + divy Vyugi2)
k=2

+Vpp + Vypri1} = f
and for the incompressiblity condition:

—+o00
divue(zr) =edivyug + Z 5k{div u, + divy ug41} =0.
k=2

Now, we identify the quantities associated to the different orders of . The leading order e~! of
the momentum equation is:

Vyp() =0 in YF7 (5)
y — po(x,y) Y — periodic.

From one deduces that py does not depend on y and there exists a function p*(z) such
that po(z,y) = p*(z). At the next order £° for the momentum equation and e for the incom-
pressibility condition, we get:

_VAyu2 + Vyp1 = f —Vp* inYp,

divyugz =0 in Yp,
us =0 on 9Yg,
y — u2(z,y), p1(z,y) Y — periodic.
It follows that wo and p; are linear combinations of the solutions to the following cell Stokes
problems: for i =1,...,d find w; : Y — R% and 7; : Y — R, Z%periodic and solutions to:
—Ayw,- + Vyﬂ‘i =e€; in Yp,
divy w; =0 in Yp,
w; =0 on 0Yg, (6)
/ T, = 0,
Y
Y — wi, T Y — periodic.

Velocity and pressure are extended by 0 in Yg. Using the Einstein summation convention on
repeated indices, it follows that:

usle.y) = Seit) (fio) - o @),

)
me) = ml) (£ - @)




Furthermore, averaging on Yz the €2 term of the incompressibility condition (taking into account
the boundary conditions for us in ) yields

div (ug) =0, (8)
where (-) stands for the average over Yp:

(v) = —

== | v(y)dy.
IYr| Jys

Inserting formula @ for ug in leads to the Darcy equation for the pressure p*. Furthermore,
a similar asymptotic analysis can be performed on the boundary 02 but the homogenized
boundary condition turns out to be weaker, namely only the normal component of u vanishes
on 09 [1, 10} [11].

Proposition 3.2. The Darcy velocity is defined as

1 op*
u= (uz) = 1 i) (o) = 5 0)) ©
and the homogenized pressure p* is the solution to the following Darcy problem:

{ divA*(f—Vp*) = 0 inQ,

n-(A*(f—Vp*) = 0 ondQ, (10)

where the constant tensor A* is defined by its columns
Ae; = (wi) = —

There exists a solution p* € H'(Q) of , which is unique up to an additive constant. Fur-
thermore, under Assumption and_assuming f € Ch ()¢ with 0 < a < 1, then Vp* is of
class C1*(Q) and p* is of class C*>%(Q). Similarly, if f € H*>(Q)?, then Vp* € H2(Q)? too.

Proof. Problem is well-posed in H'(2)/R because it is just a second-order elliptic equation
for the pressure p*, complemented by a Neumann boundary condition (one can check that A*
is positive definite). Recall that C1*(Q) is the space of functions in C1(2) with derivatives
which are a-Hélderian. Since f € CH%(Q) then it is known that Vp* is of class C1*(2) (see for
example [8, Theorems 8.33 and 8.34]). Finally, f € H2(Q)? implies Vp* € H2(Q)¢ by standard

Sobolev regularity theory for elliptic equations. O
At the next order ¢ for the momentum equation and £? for the incompressibility condition,
we get:
—vAyuz + Vyps = vdiv Vyus +vdivy Vuz — Vp;  in Yp,
divy ug = —div u2 in YF, (11)
uz =0 on 0Yg,
y — ug(z,y), pa(z,y) Y — periodic.

Substituting the expressions of ug and pp in leads to

—vAyuz + Vyps = 2Vyw;(y) — mi(y)1a) V <fl(:n) — gg: (m)) .

By linearity, we deduce that

us(en) = L)y (£ - go @),

pen) = 05 (f@) -G @).



where, for i,j = 1,...,d, v;5 : ¥ — R? and 0;j : Y — R are Z%-periodic solutions to another
cell Stokes problem:

( Ow;

—Ayvij + Vybij = 2671 —mej inYp,

Yj
divyyij = —wi-ej + (wi-ej)  inYrp,
vij =0 on 0Yg, (12)
91‘3' =0,
Y
Y = Yij, Oij Y — periodic.

We recall some notations on Sobolev spaces of periodic functions (see [10, Appendix B.2.2] for
details). The L? space of Y-periodic functions is

LL(Y) ={p € L (RY), ¢is Y — periodic},

endowed with the usual scalar product and norm of L?(Y). It turns out that Li (Y') coincides
with L2(Y). Higher-order Sobolev spaces are defined, for m > 1, by

H(Y) = {p € HL.(RY), ¢is Y — periodic},

endowed with the usual scalar product and norm of H™(Y"). Let us recall a classical regularity
result [4].

Lemma 3.3. Let m > 0 and Yr be of class C™"2, consider f(y) € H%”(Y)d and g(y) €
H;ZH(Y) with zero mean on'Y . The problem

—Ayu+Vyp = f(y) inYp,

divy u = g(y) in Yp,
u=0 on 0Yg,
y — u(y), py) Y — periodic,

admits a unique solution u € H?;Q(Yp)d and p € H$+1(YF)/R , where the space H(’f#(YF) is
defined by
H(])“,#(YF) ={p¢€ HQ(YF) such that ¢ = 0 on 0Yg}

Using Lemma it is clear that @ and admit each a unique solution since the right-
hand side of the divergence condition has zero-average in Yr. In particular w; and ~;; are
in H(;?;Q(Yp)d, and, m; and 6; ; are in H;ZH(YF)/R.

The conclusion of this section is that we obtained an approximation of order 3 of the velocity
x x
ue(z) ~ %uy (m, g> + Sug (az, g) , (13)

and of order 1 of the pressure

pe(z) =~ p*(z) +eps (a:, g) ) (14)

The derivation of and is merely formal but these approximations are key ingredients
in the rigorous proof of our main result of quantitative homogenization.



4 A quantitative homogenization result

4.1 Main result

Our main result is a quantitative error estimate for the homogenization of Stokes equations in
a periodic porous medium, which was loosely announced as Theorem in the introduction. A
more precise statement of this result is given below.

Theorem 4.1. Let ue, p: be the solution to the Stokes equations , p* be the solution to the
Darcy equation and ug be defined by . Under Assumption and assuming that f
belongs to H?(2)? N CY(Q)¢ with 0 < a < 1, there holds:

* l *
Ipe(x) = p* (2) | 12(0e) < CeF | £(2) — VI (@)l ogeyncre @) (15)
X § *
ue(@) = e%us (.2 ) li(oe) < C3|£(x) = Vp" @)l gzyncroq) (16)
xT 5 *
lue(@) = eus (2, %) 2@y < C311F@) = Vp* @) gzyncre) (17)

where C' is independent of € and the data.

Theorem was already proved in the easier case of isolated obstacles in [I1] when d = 2
and in [I4] for any dimension. The main novelty of the present paper is that Theorem |4.1|applies
to the physically relevant case of connected obstacles (in dimension d > 3).

Remark 4.2. In Theorem the reqularity of f ensures that Vp* also belongs to H*(Q)4 N
Che(Q)?4 (see Proposition . We assume that f € H?(Q)? N CY*(Q)%, but all what follows
only requires the assumption that the difference (f — Vp*) belongs to H*(Q)* N CH*(Q)?. The
space H2(Q)1N CY(Q)? is equipped with the norm ||-|| p2ncre defined by ||| zncte = ||| g2 +
[-llcre.

Remark 4.3. The two estimates for the wvelocity essentially mean that the relative error for
the welocity in the H'-norm is of the order \/e. Indeed, the velocity is of order €2 (be it ue
or e2ugy), but its gradient is of order e (see the derivative Tule ) since they oscillate on the
length scale €. Finally the relative error for the pressure is also of order \/e. Eventually, upon
rescaling the velocity, we can write:

€*2Hu€ - 62U2||L2(Qa) + Eill’us - 62’11,2|H1(Qa) + Hpg _p*HLZ(QE) < C\@Hf - Vp*||H2(Q)mcl,a(§).

The relative error of order /e is worse than the expected €. It is a classical phenomenon
in homogenization [3, [2, [11] due to boundary layer effects caused by the Dirichlet boundary
condition on 0S2. Technically, this is taken into account by introducing a suitably chosen cut-
off function n® in the proof. If the boundary layers were absent, which would be the case, for
example, with periodic boundary conditions over a rectangular box ) = Hle(o, en;) withn; € N,
the error estimate would improve and give a relative error of order e:

e Jue — 2ua| 20y + £ ue — 2ualgos) + [Ipe — (l1205) < Cellf = VO g2gyncre @)

The proof of Theorem is given in Subsection Beforehand, it requires three techni-
cal lemmas concerning (i) solving a non-homogeneous divergence equation in a porous domain
(Lemmal[d.9), (ii) correcting non-homogeneous boundary conditions (Lemma[4.13) and (iii) rep-
resenting periodic divergence-free fields (Lemma .

10



4.2 Correction of the divergence condition

Notation 4.4. In what follows, for any ¢ € H&(Qé), we also denote by ¢ its extension by zero
in Q\ QF, which belongs to H(Q).

Definition 4.5. We note 7} the linear continuous invertible application, composed of a trans-
lation and an homothety of ratio %, which maps any cell Y7 onto the reference cell Y :

. YE — Y (18)

1 (2
r —— y= I+ translation.

First, we recall the Poincaré inequality in perforated domains (for a proof, see [10]).

Lemma 4.6. Assume that the hypotheses on the unit cell Y (Sectz'on hold true, then there
exists a constant C' > 0, independent of €, such that, for any ¢ € H&(QE),

19l z2(0¢) < Celd| (-

We now recall a result [I5 [I] on a restriction operator for velocities defined on the full
domain 2 which are restricted to the porous domain °.

Lemma 4.7. Assume that the hypotheses on the unit cell Y (Section|[2.1)) hold true. Then there
exists a linear continuous operator R such that

1. R. € L(HNQ)% HY(Q9));
ulg=€ HH(Q9)4 implies Rou = u|qe in QF;

divu =0 in Q\ Q° implies div (R.u) = divu in QF;

e

there exists a constant C, which does not depend on €, such that, for any u € H&(Q)d, we

have:
IRl 120y + €l V(Rew) || 200y < C ([|ullr20) + el Vull12q)) -

Remark 4.8. Lemma was first proved in [15] for the case of a solid part Yg strictly included
in the cell Y (see Fz'gure and was then extended in [1] for the more general case of a solid
part Ys which touches the boundary of Y (see Figure @)

Proof. Since we shall need specific properties of the operator R. in the sequel, we briefly recall
how to construct this operator. We start with the simpler case of isolated obstacles, namely
when the solid part Yy is strictly included in the cell Y (the general case is presented afterwards).
Consider a domain Y)y, strictly contained in Y, such that dY); is smooth and encloses Y as
presented in Figure

Yp
Yu

)

Figure 5: Schematic description of the domain Yj; around Yg
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Then for a given u € H*(Y)?, there exists v € H*(Yas \ Ys)?¢, ¢ € L?(Yas \ Ys)/R satisfying:

—Av+Vp = —Au in Yar \ Ys,
1
dive = divu+ ———— dive in Yy \ Yg,
Y\ Ys| Jyg
v o= u on JYyy,
v = 0 on 0Yg.

This problem is well posed, since the compatibility condition can easily be checked on the data,

namely
dive = / v-n.
\/};]\/j\YS a(YM\Ys)

Now, a restriction operator R is constructed as follow: for any u € H'(Y)?,
uin Y\ Yy,
Ru = v in YM \ YS,
0in Ygs.

Clearly, R is linear continuous from H'(Y)? to its subspace of functions vanishing on Yg, satis-
fying

| Rull g1 vy < Cllull gy (19)
and such that, if w = 0 in Yg, then Ru = u, and, if dive = 0 in Yg, then div Ru = divu
in Y. Then the operator R. is defined by applying the mapping to the operator R and,
with standard scaling properties, it comes from :

[ Reul|72 ey + %[V (Rew) |72y < C (HUH%%Q) + €2HVUH%2(Q)) ;

which implies that R. satisfies all four properties of Lemma [4.7

We now turn to the case of connected obstacles, namely when Yg touches the cell bound-
ary JY as presented in Figure The construction of R, is slightly more involved. First, we
define a linear continuous operator Q. € £ (H} ()% HE (Q°)?) by

—A(Q:u) = —Au in Q°*NCY,
Q:u = 0 on 90° N CY,
Q:u = u on 0CY, (20)

Q:u = u in O\ C5,

where C7 is defined by Assumption as the union of entire cells inside 2. Clearly, Q.u = u
if and only if u|g:€ HJ(Q°)?. Thanks to the definition of C§ and C§, there exists a smooth
cut-off function ¢* such that ¢*(z) = 1 on 9C5, (5(z) = 0 in C5 and ||V (|1 (C5) < €. One
can rewrite for the new unknown w® = Q.u — (*u as

—Aw® = —-A((1-¢)u) in Q°NCE,
w® = 0 on 09° N CY, (21)
w® = 0 on J0CY.

Multiplying by w¢® leads to an a priori estimate, which, combined with the Poincaré in-
equality (Lemma [4.6]), implies that there exists a constant C', which does not depend on ¢, such
that, for any u € HZ(Q)¢, we have:

HQaUHB(QE) + 5HV(QeU)HL2(Qs) <C (HuHL2(Q) + EHVUHLZ(Q)) .
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Then, for each cell Y°, we define a linear operator @);, from H L(Y)? to its subspace of functions
vanishing on Yg, as follows: for any u € Hg(Q)4,

(Qi (wo (r)™")) omf = Qew in Y7,

Recall from Assumption that we defined two sets of indices Z; and Zs, corresponding to the
cells Y? which cover Cf and C§, respectively. Define a third set Zy = {i € 74 s.t. YENQ# 0},
so that Zo C Z; C Zy. We now define a family of restriction operators R;, depending on which
set Zo,11,Zy the index ¢ belongs to.

For i € Zp (meaning that the corresponding cell contains a solid obstacle), R; is defined, for
any u € H'(Y)?, by

—ARiu+Vp = —Au in Yp,
1
divRiu = divu+ — divu in Yp,
Yl Jys - (22)
Ru = Q;u+ ¢ (fEk (u—Qiu) - ek> er on X NYp,
Ru = 0 on 0Yg,

where (21)1<|k|<q are the 2d faces of the unit cube () and ¥ are opposite faces), with unit
normal vector ek, and (¢x)i<|k<q is a family of smooth, non-negative functions, compactly
supported in the periodic repetition of Yz, satisfying

(bk_ = 1, ¢k“2k = QS_]{;‘E_}C and ¢k|2k/ =0 if k ?é k,.

The existence of such a family of functions ¢y, is guaranteed by the assumptions on the unit cell
in Subsection which imply that the surface measure of X N Yy is non-zero (see [I] for more
details). Problem is well posed, since the data of the trace of R;yu belongs to H'/?(Yy)?

and the compatibility condition on the divergence data is satisfied, namely

/ div Rju = Riu - n.
YF aX/F

For i € 7; \ Zo (meaning that the corresponding cell does not contain a solid obstacle but
one of its face may touch an obstacle), R; is defined, for any u € H'(Y)?, by

—ARu+Vp = —Au inY,
divRiu = divu inY,
23
Riu = Qiu+ ¢y (fzk(u - Qiu) - 6k> er on Xy, (23)
Ru = u on f)k,

where X, are the faces of the cell which touch an obstacle and X, are the faces of the cell which
do not touch any obstacle. Problem is well posed, since the data of the trace of R;u belongs
to H'/2(Y)? and the compatibility condition on the divergence data is satisfied, namely

/ divRiu:/ Riu-n.
Y )

For i € Zp\Z; (implying that the corresponding cell does not contain a solid obstacle and none
of its face touches an obstacle), R; is simply defined as R;u = u. Note that this case corresponds
to cells Y;® which are cut by the boundary 0€). Inside such a cell, with a possibly wild geometry,
it is not clear that a Stokes problem of the type of satisfies a priori estimates, independent
of the geometry (this is precisely why the two sets of indices Z; and Zy have been introduced).
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A similar estimate to holds true for all operators R; with a constant C' independent of ¢
and e.

Finally, the restriction operator R. € £ (H} ()% HJ(2°)?) is defined, for any u € H}(Q)?,
by
Reu= (R; (wo (nf)™")) onf in Y{.

It is easy again to check that R. would satisfy all four properties of Lemma [£.7] Note however
that, here, the definition of R, is not local in each cell since they are all coupled through the
operator Q.. ]

We now state a key lemma for our analysis. It was already presented in [I1] in two dimensions
for the case when Yy is strictly included in Y. It was also stated as Theorem 14.2 in [5] for the
general case of any Yg and any space dimension but its proof was rather technical, decomposed
in several exercices. Here, we present a new and detailed proof, using different arguments.

Lemma 4.9. For any q € L3(Q) there exists vae € HE (Q°)¢ such that
. C
divvge = ¢ on Q° and |vge|p1(ge) < ;HqHLQ(QE) (24)

where C > 0 is a constant independent of ¢.

Proof. For any q € L3(92°) we still denote by ¢ its extension by zero inside the obstacles B°.
One can easily check that its average on  still vanishes and thus ¢ € L(Q2) with ¢ = 0 on B°.
Using [9, corollary 2.4], there exists a (non unique) w € HE(Q)? such that

divw =qon Q and |wl ) < Clalrzg)-

Since ¢ = 0 on B, we have
divw =0in 2\ Q°.

Using the restriction operator R, defined in Lemma [4.7, we have
div (R.w) = ¢ in Q°.
Considering € < 1 in the fourth property of Lemma [£.7] it follows
[Rewl|r2(0z) + || VR-w|[12(00) < Cllw|[ 1 (q)

and consequently
e[| V(Rew)l|2(0e) < Cllwl 1) < Cllall 20

Therefore, vge = R.w is a solution of . L]

4.3 Correction of the boundary condition

In this section, we build a divergence-free field which satisfies a given boundary condition. Recall
the definition of the curl® operator, proposed in [6].

Definition 4.10. The operator curl® is defined as:

curl* 1 CHRAIA-D/2 — CO(RY)4

i—1 d
0A;; 0A;;
A - 6$j Z 83:]-
J=1 J=itl 1<i<d

where A = (Ajij)i<i<j<d € Réd-1)/2,

14



A simple computation shows that the image of this curl® operator is divergence-free, namely
divcurl* A = 0 for any A € CY(R%)U4=1/2 This is an expected property since curl®* is an
extension, to any dimension d, of the standard curl operator in 2-d and 3-d. We now state a
preliminary lemma, also adapted from [6]

Lemma 4.11. Let Q C R¢ be a bounded connected open set with a smooth boundary of class
C3, for some 0 < o < 1. Let g in CH® (ﬁ)d with g -n = 0 on 0. Then there exists A in
C2(Q)Ud=D/2 such that

curl*(A) = g on 92 and A = 0 on 0f2.

In other words, the vector field curl*(\A) is divergence-free and its trace on 9 coincides with g.

Proof. [6, Lemma 1] ensures that there exists A € C>*(Q)441D/2 with A = 0 on 99, such
that
V.Aij = (gjni — gmj)n on 89,

where n is the outward unit normal vector, g; and n; are respectively the ith coordinates of g
and n in the canonical basis of R%. Tt remains to check that curl*(\A) = g on 99Q. Indeed, we
have on 0€2:

i—1 d
(carl®A); = > (ginj — gjma)nj — > (gjni — giny)n;
j=1 j=i+1
d d d
= Z gm? - Z gjnini = ng? = Yis
J=1, j#i j=1, j#i i=1
where we used the assumption that g - n = 0 on 0. O

The next step is to localize in the vicinity of the boundary 952 the divergence-free field which
lifts a given boundary condition. To do this, we introduce the following classical cut-off function
as in [3 [11].

Definition 4.12 (Cut-off function). For a small enough constant ¢ > 0, define a neighborhood
of the boundary 092, denoted by O° := {x € Q : dist(z,IN) < ce} (band of width ce near ON).
Then we choose a cut-off function 8° € C®(Q) such that 0°(x) = 1 in O%/2, 6°(x) = 0 in Q\ OF,
and o

V6| (Q) < =, [V26°]|1=(Q) <

C
€ g2’

The main result of this section is the following lemma.

Lemma 4.13. For any g € CH® (ﬁ)d with divg = 0 in Q, g -n = 0 on 9N, there exists
vpe € HY(Q)? such that supp vpe C O°F := {x € Q : dist(z,0Q) < ce} and

. . C
vbe = g on 09, divvpe = 0 in Q and [vpe |1 () < —EHgHCLa(Q)

Ve

where C' > 0 is a constant independant of €.

Remark 4.14. Lemmal{.15 was already proved in [11] in two dimensions. Here, we extend this
result to any dimension.
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Proof. Let g € Ch® (ﬁ)d with divg =01in ©, g-n = 0 on 0f). By virtue of Lemma there
exists a function A € C(Q)4=1D/2 such that curl*(.A) = g on 9. Define:

vpe = curl*(6°A),

where 6° is the cut-off function introduced in Definition Obviously, div vpe = 0in Q. Then,
vpe = g on O since, in the vicinity O%/2 of 99, we recall that #° = 1. Finally, it remains to
bound |vpe| g1 (). We write

curl*(68°.A) = 6 curl*(A) + T(A, V),

where I'(A, V6°) is defined as:
i—1
- 06° 06°
i j

j=1
It follows therefore:
[vbe| 1) < 0°Vewl™ (A)||p20e) + VO curl™ (A)[| 2 (0e) + [[VI(A, VO7) | 1200

< O (VEIVI M0y + IV A=) ) + IVTCA T8 a0

f’
since meas(O°) < ce, and
IVL(A, V)| 120y < C (IVO || Lo 09y IV All L2 02) + [V V| Lo 02y Al 12 (0))

1
c( VAl 0 QHAHLZ(OE)>

<C|—=|IVAll;0) + —
(f| ooy + 2

We observe now that any point z € Of can be connected to a point ' € 9Q by a segment of
length not greater than ce lying in O°. Recalling that A(z’) = 0 and using a Taylor expansion at
order 1 with integral remainder gives | A|(z) < cg||V.A(2)| poo(0c). Consequently, [ A peoe) <
ce|| VAl Lo (0sy and

1A Lo ) .

IVI(A, V)|l L2 (0s) < 7||V~A||L°° 0°)s

g

which concludes the proof. O

4.4 Representation of divergence-free fields

A key ingredient in the proof of Theorem is a representation of periodic divergence-free and
zero-mean fields as the image of a differential operator, the range of which is always divergence-
free. This representation is given by the following.

Lemma 4.15. Let g € L2# (Y)? be periodic, satisfying

/ gdy =0, divyg=0inY.
Y
There exists a (non-unique) periodic solution ¢ € H#(Y)d N Hi(Y)d to the problem

{ —Ayp+Vydivyp=g inY,

y — (y) Y — periodic, (25)
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which satisfies, for some constant C > 0,
Il 0y < Cllgllez vy
Furthermore, for any ¥ € Hi(Y)d, it holds that
divy (=Ayp + V,divyy) =0in Y.

Remark 4.16. More generally, the identity
div (—=Atp + Vdivep) = 0 in R?,
holds true for any vector field 1 € (H?(R%))4.

Proof. Using Fourier series the periodic solution ¢ and the periodic right-hand side g are written

as
= Y B, gly) = S gle)ere,
¢czd £czd
where g(0) = 0 and g(&) - £ = 0 for any & € Z?, because of the assumptions on g. Then,
becomes:

Am*|[* P — 4n*(€ - @)E =G (26)
By writing under matrix form, we have:
Ap=g, A€)=4r"(|¢Pla—€0¢€).

We easily see that ker(A) = span(g). Since A is symmetric, we have Im(A4) = ker(A4)* = {u €
RY s.t. u-& =0} and g € ker(A)*. Now, if we restrict the matrix A to its image, it is reduced
to |€]?1;. Consequently, its inverse is simply given by |€|~21; which gives the following solution:

p= 2‘5‘2 for any & # 0,

which is unique, up to the addition of a multiple of €. In other words, we obtained a solution ¢(y)
of which is unique up to the addition of a constant and of a periodic gradient. Now, recalling
that £ is an integer vector, we note that:

_ g _ . _ .
Bl = o <Clal. 167l < Clal l6€p < gl
which allows to conclude that ¢ belongs to H;é (V). O

In view of the proof of Theorem Lemma is applied to the solution w; of the cell
problem @ More precisely, introduce

wi' = w; — |Yp[{wi) = w; — / wi,
%

which satisfies
divyw;’=0onY,
w; is Z% — periodic,
w4’ has zero mean over Y.

According to Lemma there exists a periodic function ; € Hi(Y)d such that:
—Ay¢,~ + Vy diVy Y; = w,-' inY. (27)

In particular, since w; € H;FL (Y)? then +p; € H % (Y)?. This regularity cannot be improved since,
although w; is smooth inside Yz, it is not in the full cell Y. In particular, it implies that, at
least for large dimension d, 1; and V,1p; may not belong to L*°(Y'). This lack of regularity
requires special care in the next subsection.
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4.5 Proof of Theorem [4.7]

Inspired by the approximation of the two-scale asymptotic expansion, namely u. ~ e2uz +
e3ug, the main idea is to compare the velocity ue with e?ug + e3ug. The difficulty is that the
velocity correctors ug, ug, built in Section [3] do not satisfy the boundary condition, i.e. uz,ug
do not vanish on 02, and are not divergence-free. To satisfy this Dirichlet boundary condition
for an approximation of u., we introduce a cut-off function 7 as in [11].

Definition 4.17. For a small enough constant ¢ > 0, define a neighborhood of the boundary OS2,
denoted by O° := {x € Q : dist(z,00) < ce} (band of width ce near 02). Then we choose a

cut-off function n® € C*°(2) such that n° and all its derivatives vanish on 0S), while n®(x) = 1
on )\ O° and

¢

C
1T =nllr2) S CVe, Ml =1, [IVHllpe) < = IVVD L) < =

5"

)

If we simply multiply the approximation e?us + c3ug by the cut-off function 1°, of course
the Dirichlet boundary condition will be satisfied on 92 but the divergence of the product is not
under control. Therefore, a more clever use of 7° is required. It turns out that only ug needs a
special treatment. Recall from @ that

1

usle.y) = oil) (fio) - P ).

The main idea is to decompose w; as
/
w; = w;i' + [Yp|(wi),

and to use to replace w;’ by its representation as derivatives of the periodic function ;.
Then, the cut-off function is inserted inside this differential representation as

(=A+ Vdiv) (n°4s),

which has the advantage of being divergence-free and vanishing on the boundary 9€). We shall
not apply the cut-off function to the other (non-oscillating) term

1 op*

LI¥eltws) () - 2 (0)) = [Viula),

7

where u is divergence-free (because it is the Darcy velocity) and satisfies u - n = 0 on 9f.
To correct this boundary condition we apply Lemma to g = |Yr|u. The assumptions of
Lemma are satisfied, by its definition @D, the Darcy velocity u belongs to C1* ()¢, satisfies
dive =0in Q and w - n =0 on 0. Thus Lemma ensures that there exists vpe € H'(Q)?
supported in Of such that:

div vpe = 0 on €, vpe = |Yr|u on 09, (28)
|vbe,H1(Q€) < %HUII(;M@

The key observation is that, because of our construction of 2¢, where obstacles are removed
from 2 only if the entire cell is included in €2, all solid obstacles are uniformly away of the
boundary 02 by a distance of the order of €. Therefore, in the choice of the cut-off function 7n°
(see Definition , one can choose the constant ¢ small enough so that no obstacles are
contained or intersect the neighborhood O¢ of the boundary 0f), where the support of the
derivatives of 7° is restricted.
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Based on the asymptotic expansion of order 3 for the velocity, e2ug + e3us, we define the
following velocity estimator:

2 *
tea(e) =5 1Vrl(wi) (£0) = G (0)) - Pon

0x;
+ 61/4(—A + Vdiv) (ng(x)@bi (g)) (fz(l‘) - gz;t (w)) (29)
+ f’h‘j (g) 775(37)81 (fi(x) - gi (CU)) ~ Vde;

where v, defined in , corrects the boundary condition of the first term above and vge €
HE(9F)4 is going to be defined in the proof of Lemmamm correct the divergence-free condition
of ue 3. Recall that 1p; is defined by , w; by @, ~ij by and all functions are extended
by 0 inside the obstacles so that u. 3 is well defined on the whole Q. Similarly, we define
an estimator for the pressure, which is exactly the asymptotic expansion at first order of the
pressure (no need of using a cut-off function), as:

peq =p* +ep1, (30)

where p* is the homogenized pressure, solution of the Darcy problem and p; is defined by
(-

Lemma 4.18. There exists vge € H&(Qa)d such that the velocity estimator ue 3, defined by

, satisfies:

Ue,3 = 2us 4 2ug — vge in O \ O°, (31)
ue,3 = 0 on 09, (32)
ue,3 = 0 on 0B°, (33)
divue,z =0 in €, (34)
and
[ael i1 () < Ce2 | f = V|2 e @y (35)

with C' independent of €.

Proof. To check , simply recall that n° = 1 in 2\ O¢. Thus by virtue of the second line
of simplifies and, combined with the first line, yields e?us, since vpe is supported in O°.
Similarly, the third line of coincides with e3ug in Q\ O°.

To check , we recognize that the first line of vanishes on 9€) by construction of vpe,
while the second and third line vanish too because 1® and all its derivatives vanish on 02, as
well as vge by definition.

By construction of the cut-off function and Assumption [2.I] on the solid obstacles which
stay away from the boundary 02, we have n®* = 1 in the vicinity of B*. Therefore u.3 =
eug + e3ug — vge on OB°. Furthermore, since w; and ~ij vanish on Yg, as well as vge on 0B°
by definition, we deduce that holds true.

It remains to compute the divergence of the estimator u. 3 and to prove and .
The first line of is divergence-free by construction and recall that div (—A + Vdiv) = 0.
Therefore,

div ue 3() :i(—A + Vdiv) (ne(x)w,bi (g)) SV (f; — 0p") ()
+ v (5 (2) 1 0 = 0)0)) — i v
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where, for the sake of clarity, the partial derivative with respect to z; is simply denoted by 0;,
An easy computation shows that:

(=8 + vaiv) (i (2) () = S @) (= + Ty divy )35 (£) + 2 (Vir(e) - Ty (2)

— div, ¥; (g) Ve (z)) + (_'l,bz (E) AnE(.%') + Van(x)d)i (§>>’

3

which leads to
div Ue 3 = L. + G, — div vge,

where L. is made of terms of order 2:

2
L. = %na(x)(—Ay + Vy divy )2, (g) -V (fi = 0ip*)(z)
2

0
+ @) divy i (2) g, = 07 @),

and G, consists of the remaining terms of order 3 and 4:

3

—(Vrr @ div, %i (2) = Vo (2) V(@) - V(i = 0p7) (@)

14 &g

Ge

4 g (5) V@) - ) @)+ g (2) @) V(- D)) (36)
54 T ’ X ’
+ S (—wi (2) A @) + VVIE@)Y (2) ) - V(i = 0p7) (@),

Recalling that divyv;; = —w; - e + (w; - ;) and (—A, + Vy divy )9; = w; — [Yr|(w;), one can
check that L. vanishes since:

g2 g2

Le = —i (@) (wi = [Yrl{ws)) - V(fi = 0ip™)(2) = —n" (2)(wi — (i) - V(fi = 9ip") ()

v
2

€
= 0" (@) (L = [Yp[){ws) - V(fi — 0ip")(z) = 0,
in view of the homogenized equation . Therefore, the estimator divergence simplifies as
div Ug,3 = GE — div Vde

and we now prove the following bound
5 *
1Gellz2(05) < Ce2||f = VD' g2 () none @) (37)

Indeed, the third term of G. in is bounded by C&3||(f; — 0ip*) || 2 since [|n°[| oo () = 1
and v;; € H™2(Yr)? C L®(Yr)? by Sobolev embeddings (note that this bound is slightly
better than and it is the only term in to involve the H?-norm). All other terms
in feature derivatives of n° and have thus compact supports in O°. In all those terms we
bound (f; — ;p*) by its C1*mnorm. Although ~;; is bounded in L>(Yg)? for the second term
of , it is not clear that it is the case for 1; and Vy1;, at least for any space dimension.
Therefore, we rely on another argument that we explain on the first term of (the other ones
being treated similarly). Since [[Vn®||pec(q) < Ce™!, this first term is bounded in L*(Q°) by

2 * LN 2 12
CI(fs = 00wy ( [ 195 (£) o)

< CE||(fi — 0ip* a NV yi ()7 v 38
< ce||(fi iD )HCLO‘(Q) no<e”|| y"/’z(y)HLZ(YF) ) (38)
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where we used the periodicity of Vy; and nps = O(e~%1) is the number of cells Y;? which
cover O°. This implies exactly the bound . Finally, remark that G. has zero mean on ¢
since

/ div (ue,3 + 'Ude) = / (ue,3 + 'Ude) ‘n =0,
£ 895

because u.,3 and vge vanish on 0B° and 0f2, Consequently, to prove we can rely on
Lemma [4.9) which ensures that there exists vge € HE(QF)? such that

c

. 3 «
divvge = Ge and |vde|p1(os) < ;HGSHH(QE) < Cez|f —Vp HHQ(Q)mClya(ﬁ)v

which proves ([34) and (35). O

Now that all terms in the velocity estimator are well defined, we turn to the estimates for
the residuals of the homogenization process. Define the velocity residual R, and the pressure
residual R, by:

Ry, = u. — Ue,3, Rpg = DPe — De,1,

where the estimators ue 3 and p. 1 are given respectively in and .
Lemma 4.19. The velocity and pressure homogenization residuals verify:

—VAR,, + VR, = F.+divH, in (¥,

divR,, = 0 in Q°,
R, = 0 on 9BF, (39)
R, =0 on 09,
where the source terms are bounded by:
[ Fellz2qs) < Cellf — Vp*”m(g)mcl,a(ﬁ)a (40)
3 .
[Hellz20q) < Ce2[[f = VD' g2(o)ncre@) (41)

with C' independent of €.

Proof. Obviously, divR,, = 0 in Q° and R, = 0 on 0B° U 092. We decompose the velocity
residual as Ry, = (ue — e2uz) + (¢%u2 — ue,3) which leads to the first line of (39)), where:

F. = —vA(ue — 52u2) +V(p: —pe1) and He = —Z/V(s2u2 — U 3).

To prove estimate for F., we compute:

Fo=f—Vp* + (Aywi — Vym) (f) (fi — 8ip™) (x) + 26V yow; (g) V(f; — 0p")(z)
% (2) Al - o) (@) — emi (2) V(i - 0" (@)

and, rearranging the terms,

Fo = (Ayws = Vymi+ei) (2) (i = "))

+2eV,wi (2) V(fi = o)) = emi () V(i = 0p) @) (42)
+e’w; (g) A(fi — ") ().

The first term in actually vanishes because of the cell equation @ The next three terms
above are of order ¢ or higher. To bound the fourth term requires the H? regularity of (f; —d;p*),
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while its C1® regularity is sufficient for all other terms. In the end, we deduce the bound

from .

Next, to prove estimate (41)) for H., we rewrite:

2 xT
e — Puz =—(1 = () (Ve l(wi) — wi (2 ))(fi = 0p")(x) = *vpe — va,

n @)y (3) 05— 0w")(@)
(Vi@ divy i (2) = Vi () 9o (@) (i =0 @)
+ ; (_q,z,i (g) AR (z) + V'V ()b (%)) (fi — 8ip*) ().

The gradient of , equal to H¢ up to a v-factor, is:

(43)

2
[3) *
) = —>Vpe — Vvge — ;VU‘E(lYF\<wz'> —w;) (fi — 0ip")

e
3
w

|
™

DO

e
)

v(

2
* € 15 : 15 *
n°)Vyw; (fi — 0ip*) + ;(Vn Vydivy i — Vo Vyp, Vo) (fi — 0ip™)

|
AN
—
—
|

(an divy ; — VyinVne) (fi — 0ip™)

_l’_

(=VyiAn® + (VD )Vyihi) (fi — 0ip")

(=¥ VAN~ + V(VVi©)i) (fi — Oip”) (44)

_l_

3
(1 =n°)([Yr(wi) — wi)V (fi — 0ip™) + %VUE'Yijaj (fi — 9ip®)
(V77 dlvy wz - Vy¢iV7I€)V (fl - azp*)

(=i An° + (V9 )i) V (fi — 0ip™)

™
N

* 6 € *
+ ;nsvy’ﬁjaj (fi —0ip™) + 1 i VO; (fi — 0ip™).

We bound in the same way as for the estimate of G.. The first two terms of are
bounded by (2§ . and . The last term of (| is the only one requiring the H2-regularity of
(fi — 0;p™): for all other terms the C1: regularlty of (f; — 0;p*) is sufficient. By Lemma |3.3| the
cell solutions wj, v;; and the gradient V4w; belong to L‘X’( ) This is not the case for 7,[)1 and
its derivatives (at least for any space dimension d): therefore we rely on a similar trick as in
for all terms involving ;. Using the bounds on the cut-off function n®, it follows that
the terms in the first five lines of are of order £%/2. The terms of the three following lines
are of order £”/2 and eventually in the last line the terms are respectively of order €2 and .
We do not detail the bounds except for the seemingly higher order term

€ . «
12 =7 )Vywi (fi = 0ir") [l 12(02) < Celll = 07l 2 (ae) I Vywill Lo ) [(fi = 007 [l 1.0 )

< 683/2”(.]01 zp )HCI ()
because of (4.17). In the end, we deduce estimate . O

Remark 4.20. We cannot have a better estimate due the presence of boundary layers. Indeed,
the lower order /e is due to the boundary condition ue = 0 on 92, which worsens the ap-
proxzimation near the boundary. Technically, this is taken into account by the introduction of
the cut-off function n° in the proof. This term satisfies the bound |77€|H1(Q) < %, which is the

origin of the \/e-order in the estimate.
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Since the residual R, is divergence-free and belongs to H{(Q)?, it can be used as test
function, leading to

v| VRu -VRu.=v | VRa. VRa. — / R,.div R,
Qe Qe e

= | F. R, — | H.-VR,,
Qe Qe

< |1 Fellz2(0) [ Buc | L2(0e) + [[Hell 2 (o) [ Ruc | 71 (02 -
Using estimate and the Poincaré inequality in a perforated domain (Lemma, it follows:
1Pl 2 o) | Ruell2202) < CE2F = VD'l g2 (ynona @y Rue 11 (02
Then, using , we conclude that:

3 *
|Ru.|mi(ae) < Cez|f —Vp HHQ(Q)QCL&(Q)' (45)
Now, writing ue — ug = Ry, +uc3 — e2uq, using and yields:
3 *
e — e2u2| a0y < |Rul s+ Hellr20e) < Ce2||f = V! | 2 ynenaq@):

which is precisely the H!'-estimate . The L*-estimate is then a consequence of the
Poincaré inequality in perforated domains (Lemma . To prove the remaining pressure es-
timate , recall that pressure is always defined up to a constant and choose the original
pressure p., the homogenized pressure p* and the pressure estimator p.; with zero mean in Q°
(if it is not the case, it suffices to consider p.; = p* + e(p1 — st p1)). Lemma ensures the
existence of v € H} (%) such that divv = p. — p. 1. Then by integration by parts:

/ (pe = pen)” = / (pe —pep)divo=— [ Fe-v +/ vV (ue — e%uz) - Vo
€ £ QS €
3 * 1 *
< Cez||f-Vp ||H2(Q)mcl,a(ﬁ)|’0|H1(Qs) <Cez||f —Vp HHz(Q)mcLa(ﬁ)Hps _p5,1||L2(Q8)7
using the estimate in Lemma Thus,
* * 1 *
lp: —p HL2(QE) < ||pe _ps,IHLQ(QE) + |lpep —p ”LQ(QS) <Cez||f - Vp H[P(Q)mcl,a(ﬁ)a

since (pe,1 — p*) is of order € as seen from , which concludes the proof of Theorem
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