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Abstract. In this work, we study the job sequencing and tool switch-
ing problem with non-identical parallel machines that arises in flexible
manufacturing systems where machines can process a variety of jobs de-
pending on the loaded tools. We propose an arc-flow model and valid
inequalities to solve the problem. Preliminary experiments on instances
from the literature evaluate the effectiveness of the arc-flow as well as
the impact of valid inequalities.

Keywords: Job sequencing and tool switching problem · Non-identical
parallel machines · Arc-flow formulation · Valid inequalities.

1 Problem description

The job sequencing and tool switching problem with non-identical parallel ma-
chines (SSP-NPM) is a generalization of the classical job sequencing and tool
switching problem (SPP), firstly defined in [4]. These problems arise in flexible
manufacturing systems where flexible machines are available to process a variety
of jobs with specific tool requirements (see [1] for a literature review on SSPs).

The SSP-NPM was first proposed by [3]. This problem considers a set of
jobs J to be processed in a set of non-identical parallel machines M. The set of
tools required for processing the jobs are denoted by T . Each job j ∈ J has tool
requirements, represented by Tj ⊆ T , so that it can be processed in machine
k ∈ M only if all tools t ∈ Tj are loaded in this machine during its processing.
For each job a machine-dependent processing time pjm is required. In turn, the
machines exhibit distinct magazine capacities Cm, representing the maximum
quantity of tools that can be loaded simultaneously. Then, each time a tool switch
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is performed, a machine-dependent switch time swm is incurred. Then, the SSP-
NPM requires scheduling the jobs on the unrelated parallel machines with limited
tool capacity, so that the makespan is minimized. The study on SSP-NPM is
still in its early stages, especially regarding exact methods. In this direction, we
highlight the contribution of [2] that is, to the best of our knowledge, the only
work to propose mixed integer linear programming (MILP) models to the SSP-
NPM. Thus, in this work, we propose a MILP arc-flow model (AF) and valid
inequalities (VIs) to solve the makespan minimization SSP-NPM.

2 Mathematical formulation and valid inequalities

Let us define the acyclic directed multigraph G = (N,A) and H = {0, 1, . . . ,H}
as the set of time instants. The set N is composed of vertices (k, p), for each
k ∈ M and p ∈ H and the set of arcs A contains all arcs representing job pro-
cessing (A), tool loading (O), setup times (S) and loss arcs (L), such that A =
A∪O∪S∪L. The set A = {(j, k, p, q) : j ∈ J ; k ∈ M; p ∈ H; q = p+pkj ∈ H} con-
tains job arcs from node (k, p) to node (k, q), representing the processing of job j
from time p to time q on machine k. Similarly, the set O = {(i, k, p, q) : i ∈ T ; k ∈
M; p ∈ H; q ∈ H|q > p}, contains the tool arcs from node (k, p) to node (k, q) and
is used to define the presence of tool i on a slot of machine k during the time inter-
val [p, q). The set S = {(k, p, q) : k ∈ M; p ∈ H; q = p+l·swk|l ∈ {1, . . . , Ck} and
q ∈ H} contains the arcs from node (k, p) to node (k, q) that represent setup op-
erations. Finally, the set L = {(k, p) : k ∈ M, p ∈ H} contains the loss arcs, i.e.,
arcs connecting node (k, p) to sink node (k,H). Thus, our proposed AF model
uses a continuous variable (Cmax) to represent the makespan and four sets of
binary variables to represent job processing, tool loading, setup (tool switching),
and loss arcs. Variable xk

jpq assumes value 1 if job arc (j, k, p, q) ∈ A is taken, 0
otherwise; variable ykipq that is associated with tool loading and assumes value
1 if tool arc (i, k, p, q) ∈ O is taken, 0 otherwise; variable skpq that is associated
with a tool switching operation and assumes value 1 if setup arc (k, p, q) ∈ S
is taken, 0 otherwise; finally, variable lkp takes value 1 if loss arc (k, p) ∈ L
is taken, 0 otherwise. Then, the proposed AF for the SSP-NPM is as follows:

min Cmax (1)

subject to:
∑

(j,k,p,q)∈A

xk
jpq = 1 j ∈ J (2)

 ∑
(j,k,q,r)∈A

xk
jqr +

∑
(k,q,r)∈S

skqr + lkq

−

 ∑
(j,k,p,q)∈A

xk
jpq +

∑
(k,p,q)∈S

skpq

 =


1, if q = 0

−1 +
∑

(k,p)∈L

lkp , if q = H

0, otherwise

k∈M
q∈H (3)

 ∑
(i,k,q,r)∈O

ykiqr +
∑

(k,q,r)∈S

(r − q)

swk
skqr

−

 ∑
(i,k,p,q)∈O

ykipq +
∑

(k,p,q)∈S

(q − p)

swk
skpq

 =

 Ck, if q = 0
−Ck, if q = H
0, otherwise

k∈M
q∈H (4)

∑
(j,k,p,r)∈J

p≤q<r

xk
jpr −

∑
(t,k,p,r)∈O

p≤q<r

ykipr ≤ 0
k∈M
j∈J
i∈Tj

q∈H
(5)

∑
(i,k,q,r)∈O

ykiqr −
∑

(k,p,q)∈S

(q − p)

swk
skpq = 0 k∈M

q∈H/{0,H} (6)

Cmax ≥
∑

(j,k,p,q)∈A

q · xk
jpq ∀j ∈ J (7)
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Constraints (2) ensure that all jobs are processed. Constraints (3) and (4)
are flow conservation constraints on jobs and tools, respectively. Constraints (5)
impose that a job can be processed on a machine only if all of its required tools
are loaded in this machine during its processing. Constraints (6) impose a setup
time for each switch operation and Constraints (7) define the makespan. The
domain of variables is not shown in the model but is defined in the description
of the model: xk

jpq, (j, k, p, q) ∈ A; ykipq, (i, k, p, q) ∈ O; skpq, (k, p, q) ∈ S; and
lkp , (k, p) ∈ L are binary variables.

To improve the performance of the AF model, we propose some VIs that are
presented in the following:∑

(k,q,r)∈S

skqr +
∑

(k,p,q)∈S

skpq ≤ 1 k∈M
q∈H/{0,H} (8)

∑
(j,k,q,r)∈A

xk
jqr −

∑
(k,q,r)∈S

skqr ≥ 1 k ∈ M (9)

Cmax ≥
∑

(k,p)∈L

p · lkp and
∑

(k,p)∈L

lkp = 1 k ∈ M (10)

∑
(k,q,r)∈S

(r − q)

swk
skqr −

∑
(i,k,p,q)∈O

ykipq = 0 k∈M
q∈H/{0,H} (11)

VI (8) forbid consecutive setup arcs on a machine; (9) impose that the number
of setup arcs on a machine must be smaller than the number of job arcs; (10)
redefine the Cmax; and (11) state that after a setup time it must be a tool arc.

3 Preliminary results and future works

We tested our proposed AF model (1)–(7) and the VI (8)–(11) on a set of
benchmark instances used in [2]. We run our experiments on a computer with an
Intel Core i7-1185G7 3.00GHz processor and 32 GB of RAM. We used Gurobi
9.5.2 as MILP solver and imposed a time limit of 10 minutes on each run.
The preliminary results show that consideration of the VIs improves the AF’s
performance, solving instances with up to 10 jobs and 10 tools to optimality.

As further research, we intend to propose new MILP models, VIs, and de-
composition methods as exact approaches to solve the SSP-NPM.
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