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AN ESTIMATE FOR AN EQUATION WITH HOLDERIAN CONDITION AND
WEIGHT AND BOUNDARY SINGULARITY.

SAMY SKANDER BAHOURA

ABSTRACT. We consider the following problem on open set 2 of R2:

—Au; = |z —z0/*#Vie"  in QCR?,
u; =0 in 0Q.
Here, g € 0 and, 5 € (0, 1).

We assume, for example that:
/ |z — zo|T2PVieidy < 16m — €, € >0
Q
1) We give, a quantization analysis of the previous problem under the conditions:

/ |z — zo| T2Petidy < C,
Q
and,

0<V; <b< 40

2) In addition to the previous hypothesis we assume that V; s— holderian with 1/2 + /2 <
s < 1, then we have a compactness result, namely:

supu; < c=c(b,C, A, s, ¢, B,x0,8).
Q

where A is the holderian constant of V.

1. INTRODUCTION AND MAIN RESULTS

We set A = 011 + 022 on open set 2 of R? with a smooth boundary. Here we assume that we
are on the unit disk.

We consider the following problem on 2 C R?:

—Au; = |z — x|/ Vie"  in Q C R?,
(P) _ .
u; =0 in 0N.

Here, zyp € 0Q and, 8 € (0,1).

We assume that,

O§Vi§b<+oo,/|:Efx0|25e“idy§0, uiGWOLI(Q)
Q

The above equation is called, the Prescribed Scalar Curvature equation in relation with con-
formal change of metrics. The function V; is the prescribed curvature.

Here, we try to find some a priori estimates for sequences of the previous problem.

Equations of this type (in dimension 2 and higher dimensions) were studied by many authors,
see [1-24]. We can see in [8], different results for the solutions of those type of equations with
or without boundaries conditions and, with minimal conditions on V/, for example we suppose
V; >0andV; € LP(Q) or Vie"i € LP(Q) withp € [1,400].

Among other results, we can see in [8], the following important Theorem,

Theorem A(Brezis-Merle [8]).If (u;); and (V;); are two sequences of functions relatively to
the previous problem (P) with, 0 < a < V; < b < 400, then, for all compact set K of {,
1



supu; < ¢ = c¢(a,b, K,Q).
K

A simple consequence of this theorem is that, if we assume u; = 0 on 0f2 then, the sequence
(u;); is locally uniformly bounded. We can find in [8] an interior estimate if we assume a = 0,
but we need an assumption on the integral of e“?. We have in [8]:

Theorem B (Brezis-Merle [8]).If (u;); and (V;); are two sequences of functions relatively to
the previous problem (P) with, 0 < V; < b < 400, and,

/ eidy < C,
Q

then, for all compact set K of ),

supu; < c=c(b,C, K, Q).
K

If, we assume V' with more regularity, we can have another type of estimates, sup + inf. It
was proved, by Shafrir, see [23], that, if (u;);, (V;); are two sequences of functions solutions of
the previous equation without assumption on the boundary and, 0 < a < V; < b < +0o0, then
we have the following interior estimate:

a
o dinfu < ¢ =
C(b)s;puerugllfui_c c(a,b, K, Q).

We can see in [12], an explicit value of C' (%) = \/% In his proof, Shafrir has used the

Stokes formula and an isoperimetric inequality, see [6]. For Chen-Lin, they have used the blow-
up analysis combined with some geometric type inequality for the integral curvature.

Now, if we suppose (V;); uniformly Lipschitzian with A the Lipschitz constant, then, C'(a/b) =
1and ¢ = ¢(a,b, A, K, ), see Brezis-Li-Shafrir [7]. This result was extended for Holderian
sequences (V;); by Chen-Lin, see [12]. Also, we can see in [18], an extension of the Brezis-
Li-Shafrir to compact Riemann surface without boundary. We can see in [19] explicit form,
(8mm, m € N* exactly), for the numbers in front of the Dirac masses, when the solutions blow-
up. Here, the notion of isolated blow-up point is used.

In [8], Brezis and Merle proposed the following Problem:

Problem (Brezis-Merle [8]).If (u;); and (V;); are two sequences of functions relatively to the
previous problem (P) with,

0<V; = VinC%Q).

/ eidy < C,
Q

Is it possible to prove that:

supu; < c=c¢(C,V,Q) 7
Q

Here, we assume more regularity on V;, we suppose that V; > 0 is C* (s-holderian) 1/2 <
s < 1) and when we have a boundary singularity. We give the answer where bC' < 167 for an
equation with boundary singularity.

The following first theorem can be proved with the assumption 8 € (0, +00) but we prove it
in the case 8 € (0, 1).

Our main results are:

Theorem 1.1. Assume 2 = B1(0), g € 99, 8 € (0, 1), and,

/ |z — 20| VieYidy < 16m — €, € > 0,
B1(0)
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u;(x;) = sup u; — +o0.
B1(0)

There is a sequences (x?);, (69), such that:

(.To)i = (-Tz)u (SZO = (Sl = d(l‘l,aBl(O)) — 0,

%

and,

ui(zi) = sup u; — +o0,
B1(0)

Ve>0, 1imsup/ |z — 20| TP Vietidy > 4m > 0.
B(:E,;,&ﬂi)

1——+o00

If we assume:

V; = V in C°(B1(0)),
then,

Ve>0, sup u; < Ce
B1(0)—B(x:,0i€)

Ve>0, Hmsup/ |x — $o|+2ﬁVi€uidy = 3.
i—+o00 JB(x;,0;€)

And, thus, we have the following convergence in the sense of distributions:

/ |z — 20| VieVidy — | fx0|2ﬁVe“dy+87r5Ié.
B1(0) B1(0)

Theorem 1.2. Assume that, V; is uniformly s—holderian with 1/2 4+ /2 < s < 1, zy € 09,
B € (0,1), and,

/ |z — 20| VieYidy < 16m — €, € > 0,
B1(0)
then we have:
supu; < c=c(b,C, A, s, B, e x0,0Q).
Q
where A is the holderian constant of V.

2. PROOFS OF THE RESULTS

Proofs of the theorems:

Without loss of generality, we can assume that 2 = B;(0) the unit ball centered on the origin.

Here, G is the Green function of the Laplacian with Dirichlet condition on B;(0). We have
(in complex notation):
1 |1 — zy|
G =—1
Since u; € W' () and 8 € (0,1), we have by the Brezis-Merle result and the elliptic
estimates, (see [1]):

3

u; € CQ(Q) N WQ’p(Q) N Cl’ﬁ(Q)
forall 2 < p < 4o0.
Set,



vilz) = /B GVl ey

We decompose v; in two terms (Newtionian potential):

1 .
o) = [ =5 logle — Vi)l — aof ey,
B1(0) 4T

and,

vf(x):/ 2—10g|1—zy|V()| — ao[*Pe Wy,
B1(0)

According to the proof in the book of Gilbarg-Trudinger see [15], v}, v? and thus v; are C*(2).
Indeed, we use the same proof as in [15] (Chapter 4, Newtonian potential).

We use this fact and the maximum principle to have v; = u;.

Also, we can use integration by part (the Green representation formula, see its proof in the first
chapter of [15]) to have in © (and not ):

ui(z) = —/B ( )G(Ly)Aui(y)dy =/ G(z,y)Vi(y)|z — zo|* e Wdy.
1(0

B1(0)
We write,
ui(z;) = / G(zi,y) |z — 0| Vi(y)e" Wdx = / G(zi,y) |z — 20|*P Vie W dy+
Q QfB(Ii,lsi/Q)

+/ Gz, )|z — mo[*PVie Wdy
(€:,8:/2)

According to the maximum principle, the harmonic function G(z;, .) on Q — B(z;, d;/2) take
its maximum on the boundary of B(z;, d;/2), we can compute this maximum:

|1 jiyz| |1 _ji(-ri‘i‘éiei)l 1
Gl ) = = log bt = og LTI 00, = L log 21+ ) +6,) < +o0
with |91| = 1/2.
Thus,
ui(x) < C+/ G(xi, y)|x—z0)*PVieiWdy < C+eui(ri)+2ﬁlogd(zi,zo)/ Gz, y)dy
B(z:,6:/2) B(zi,6:/2)
Now, we compute fB(zi 5/2) G(z;,y)dy
we set in polar coordinates,
y = x; + 6;t0
we find:
1—%; 2r p1/2 7 (i 51159
/ G(zi,y)dy:/ L og L= T8 ”' / / 52 1og L= Ti@i + 0t 1y
B(w:,6:/2) B(w:,5:/2) 2T lzi—y| 2« 17
21 p1/2
= _— / 62 (log(|1 + |z;| + t0]) — logt)tdtdd < C5?.
Thus,

ui(x;) < C + Co2evi(@i)+2Blogd(@izo)
which we can write, because u;(z;) — 400,
u; (1'1) < Cl5i2€ui(zi)+2’6 log d(zi,aco)7

We can conclude that:



wi(z;) + 2log d; + 2Blog d(x;, x9) — +00.
Since in B(z;, §;€), d(z,zo) is equivalent to d(z;, z¢) we can consider the following func-
tions:

vi(y) = ui(z; + 8y) + 2logd; + 28logd(x;, xg), y € B(0,1/2)
The function satisfies all conditions of the Brezis-Merle hypothesis, we can conclude that, on
each compact set:
V; — —O0
we can assume, without loss of generality that for 1/2 > € > 0, we have:
v; = —o0, y € B(0,2¢) — B(0,¢),
Lemma 2.1. Forall1/4 > € > 0, we have:
sup u; < Ce.
B(z;,(3/2)0;€)—B(x;,0:€)

Proof of the lemma

Let ¢} and t; the points of B(x;,2d;¢) — B(x;,(1/2)d;€) and B(z;, (3/2)d;e) — B(x;, d;€)
respectively where u; takes its maximum.
According to the Brezis-Merle work, we have:

wi(t;) + 2logd; + 2Blog d(w;, wg) — —o0

We write,

wi(t;) = / G(ti, y)|x — 0| Vi(y)e" W dx :/ ( )G(ti,y)|x — 0P View W dy+
Q Q—B Ii,25i6

B(@:,28i¢)=B(4,(1/2)bi€)

+/ G(ti, y)lw — wo|* Vie"i W dy
B(w:,(1/2)8:¢)

But, in the first and the third integrale, the point ¢; is far from the singularity z; and we know
that the Green function is bounded. For the second integrale, after a change of variable, we can
see that this integale is bounded by (we take the supremum in the annulus and use Brezis-Merle
theorem)

5?€ui(t;)+2ﬁ log d(z;,20) > Ij

where I; is a Jensen integrale (of the form fol fOQW(log(|1 + |z;| + t0) — log |6; — t0])tdtdd
which is bounded ).

we conclude the lemma.

From the lemma, we see that far from the singularity the sequence is bounded, thus if we
take the supremum on the set By (0) — B(x;, d;€) we can see that this supremum is bounded and
thus the sequence of functions is uniformly bounded or tends to infinity and we use the same
arguments as for x; to conclude that around this point and far from the singularity, the seqence is
bounded.

The process will be finished , because, according to Brezis-Merle estimate, around each supre-
mum constructed and tending to infinity, we have:

Ve>0, limsup/ |zfx0|25Vie“idy247r>0.
B(zi,6:€)

1——+00
Finaly, with this construction, we have a finite number of “exterior “blow-up points and outside
the singularities the sequence is bounded uniformly, for example, in the case of one “exterior”
blow-up point, we have:



ui(x;) = o0

YVe>0, sup u; < Ce
B1(0)—B(x:,0i€)

Ve>0, limsup/ |zfx0|25Vie“idy247r>0.
i—=+00 JB(x;,0;€)
Tr; — T € 831(0).
Remark: For the general case, the process of quantization can be extended to more than one

blow-up points.
We have the following lemma:

Lemma 2.2. Each 8 is of order d(x¥,0B1(0)). Namely: there is a positive constant C' > 0
such that for € > 0 small enough:

% < d(ak, 08,(0)) < (2+ D)ok

Proof of the lemma
Now, if we suppose that there is another “exterior” blow-up (¢;);, we have, because (u;); is
uniformly bounded in a neighborhood of 0B(z;, d;¢), we have :

d(ti, aB(Z'Z, 516)) Z 51'6

If we set,

0; = d(t;, 0(B1(0) — B(wi, 6:¢))) = inf{d(t:, 0B(xi, die€)), d(ti, O(B1(0)))}
then, d; is of order d(t;, 9B1(0)). To see this, we write:

d(ti, 0B, (0)) < d(ti, aB(l‘“ 516)) + d(@B(:UZ, 5ie), .Tl) + d(aci, 0B, (0)),
Thus,
d(t;,0B1(0)) 1
_ AL TPINY)) 9y T
A6, 0B, 0:0)) =~ ¢
Thus,

5 < d(t:, 9B1(0)) < 5,2 + 2).
€

Now, the general case follow by induction. We use the same argument for three, four,..., n
blow-up points.

We have, by induction and, here we use the fact that «; is uniformly bounded outside a small
ball centered at x{,j =0,...,k—1:

8 <d(a],0B1(0)) <C16], j=0,....k—1,

d(z¥,0B(x],67¢/2)) > €6, e >0, j=0,....k—1,

and let’s consider z¥ such that:

ui(2F) = sup u; — 400,
B, (0)7Uf;[}B(z“z,6;je)
take,
0F = inf{d(xf,0B1(0)), d(xf, 0(B1(0) — Uj=; B(a], 6]e/2))},
if, we have,



oF = d(af,0B(x],61¢/2)), j €{0,... . k—1}.

1071

Then,

58 < d(z*,8B1(0)) <

d(z¥, 0B (2, 67¢/2)) + d(0B(z,87¢/2), 2)) + d(z?, 0B, (0))

Z » Y

(2+ﬁ)51’?.

To apply lemma 2.1 for m blow-up points, we use an induction:

We do directly the same approch for ¢; as x; by using directly the Green function of the unit
ball.

If we look to the blow-up points, we can see, with this work that, after finite steps, the sequence
will be bounded outside a finite number of balls , because of Brezis-Merle estimate:

Ve>0, 1imsup/ |z — x| Vietidy > 4 > 0.
(zF.0Fe€)

1——+o00

Here, we can take the functions:

uf(y) = wi(ay + 07y) + 2log 67 + 26 log d(x;, o).
Indeed, by corollary 4 of the paper of Brezis-Merle, if we have:

1imsup/ |z — 20| VieVidy < 41 — €y < 4,

i—+oo JB(zk 5ke)

then, (u¥)* would be locally bounded and this contradict the fact that u¥(0) — +
<

Finaly, we can say that, there is a finite number of sequences (z¥);, (6¥),0 < k < m, such

that:
(29)i = (i)i, 6] = 6 = d(xs,0B1(0)),

($1 i = (ti)i7 611 = 6; = d(ti,c’)(Bl(O) — B(xi,éz-e)),

K2

and each 6 is of order d(z¥, 9B1(0)).
and,

ui(zF) = sup Uy = 00,
B1(0)—UYZ) B(27,67¢)

ul(xf) + 210g6£C + 2B10gd(xf,x0) — +00,

Ve>0, sup u; < Ce
B1(0)—UrL B(mj (Sje)

1——+o00

Ve>0, Hmsup/ |z — 20| VieYidy > 47 > 0.
B(zk,6Fe)

The work of YY.Li-I.Shafrir

Since in B(z;, §;€), d(z, o) is equivalent to d(z;, o) we can consider the following func-
tions:

With the previous method, we have a finite number of “exterior” blow-up points (perhaps
the same) and the sequences tend to the boundary. With the aid of proposition 1 of the paper
of Li-Shafrir, we see that around each exterior blow-up, we have a finite number of “interior”
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blow-ups. Around, each exterior blow-up, we have after rescaling with 65, the same situation as
around a fixed ball with positive radius. If we assume:

V; — V in C°(B1(0)),
then,

Ve>0, limsup/ |x—$0|2ﬁVie“"’dy:87ka, my € N*.
B(z¥,6F¢)

1——+o00

And, thus, we have the following convergence in the sense of distributions:

z—x0|Vietidy — z—x0|*’Veldy+ 8rm4 .., m, € N*, =& € 8B;(0).
KOz k 0
B1(0) B1(0) k=0 °

Consequence: using a Pohozaev-type identity, proof of theorem 2

By a conformal transformation, we can assume that our domain = B is a half ball centered
at the origin, BT = {x,|z| < 1,21 > 0}, and, 79 = 0. In this case the normal at the boundary
is v = (—1,0) and u;(0,22) = 0. Also, we set z; the blow-up point and z? = (0,2?) and

x} = (z},0) respectevely the second and the first part of x;. Let 9B™ the part of the boundary

3
for which u; and its derivatives are uniformly bounded and thus converge to the corresponding

function.

The case of one blow-up point:

Theorem 2.3. [fV; is s-Holderian with 1/2 + /2 < s < 1 and,

|z|2PVietidy < 16w — €, € > 0,
Q
we have :

2Vi(l’i)/ |z[*Petidy = o(1),
B(xi,0i€)

which means that there are no blow-up points.

Proof of the theorem

In order to use the Pohozaev identity we need to have a good function w;, since 5 € (0, 1), we
have a function u; such that:

u; € 02"6(9)

Thus, we can use integration by parts. The Pohozaev identity gives us the following formula:

/ < (z —24)|Vu; > (—Au;)dy :/ < (x — 2b)|Vu; > |2 Vietidy = A,
Q Q

A; = / < (2 — 2b)|Vu; >< v|Vu; > do —|—/ < (z —ab)|v > |Vu;|2do
OB+ OB+

We can write it as:
/ < (x—a8)|Vuy > (Vi=Vi(y))|z|*Peidy = AiJrVi(xi)/ < (z—2b)|Vu; > |z[*Petidy =
Q Q
A Vi(xi)/ < (@ — ) |22V (") > dy
Q

And, if we integrate by part the second term, we have (because x; = 0 on the boundary and
Vo = 0)



[ < (o= Vs > (V= Vim ol e dy = -2+ 9)ViGos) [ [aiPe dyt
Q Q

x2x§|x|2ﬂ_26“idy — 26\/1-(301')/ x2x§|x|25_26“idy + B;
Q—B(x;,0;€)

+2ﬁVi($i)/

B(z,0:€)
where B; is,

B; = Vz(xl)/ < (z—xb)|v > |z[*Pevidy
aB+
applying the same procedure to u, we can write:

/ < (z — %) |Vu > (V = V(0)|z[*Petdy = —2(1 + ﬁ)V(O)/ |z|*P et dy+
Q Q

zoxh|x|?P~2etdy — 28V (0) /Q e )$2x§|x|2ﬂ72e“dy + B,

—28V/(0) /

B(II ,51' 6)
with,

B= V(O)/ < (x —ab)|v > |z[*Petdy
oB+

we use the fgct that, u; is bounded outside B(x;,d;€) and the convergence of w; to u on
compact set of {2 — {0}, and the fact that 8 € (0, +00), to write the following:

2Vi($i)/ z[*Petidy + o(1) =

B(xj,0;€)

- / < (2—a)| Vs > (Vi Vi) ]2 dy— / < (z—2})|Vu > (V-V(0))|a] e dy+
Q Q

+(Ai = A) + (B — B),

where A and B are,

A:/ < (v —xb)|Vu >< V|Vu>da+/ < (z —2b)|lv > |Vul’do
aB+ o

B+
B= V(O)/ < (x —ab)|v > |z[*Petdy
oB+

and, because of the uniform convergence of u; and its derivatives on 9B, we have:

A;— A=0(1) and B; — B =0(1)
which we can write as:

2‘/1'(1'1')/ |z|2Pevidy + o(1) =

B(:E,;,&ﬂi)

= / <z — ah)|V(ui —u) > (Vi — Vi(:)) |z e dy+
Q

Jr/ < (z —2b)|Vu > (V; — Vi(x))|z[*P (e — e*)dy+
Q

+/ < (x—xb)|Vu > (V; = Vi(z;) — (V = V(0)))]|z[* e dy + o(1)
Q

We can write the second term as:
/ < (z—ah)|Vu > (Vi=Vi(x:))|x[*P (e —e*)dy :/ < (2—ah)|Vu > (V;=Vi(x:))(e" —e*)|x[* dy+
Q Q—B(0,¢)

+/ < (2 —23)[Vu > (Vi = Vi) (" — )|z dy = o(1),
B(0,¢)
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because of the uniform convergence of u; to u outside a region which contain the blow-up and
the uniform convergence of V;. For the third integral we have the same result:

/Q < (@ —ad)|Vu> (Vi - Vilz:) — (V = V()P evdy = o1),

because of the uniform convergence of V; to V.
Now, we look to the first integral:

/ < (2 — )|V (ui — u) > (Vi — Vi(a))|aP e dy,
Q

we can write it as:
[ < eIV u) > V- ViwlalPetdy = [ < (@-a)|V(w—u) > Vi Vila) ol e dy+
Q Q

4 / < @[V (i — u) > (Vi — Vilas))|aPevdy,
Q

Thus, we have proved by using the Pohozaev identity the following equality:
/ < (x —2)|V(u; —u) > (Vi — V()| 2|*P et dy+
Q
+/ < |V (u; — ) > (Vi — Vi) 2P dy =
Q

— 2Vi(xi)/ |x|2ﬁe“idy+0(1)
B(zi,&;e)

We can see, because of the uniform boundedness of w; outside B(z;, d;¢) and the fact that :

IV (ui = w)l|r = o(1),

it is sufficient to look to the integral on B(z;, d;€).

Assume that we are in the case of one blow-up, it must be (x;) and isolated, we can write the
following inequality as a consequence of Y Y.Li-I.Shafrir result:

u;(z) + 2log |z — x;| + 28log d(x,0) < C,
We use this fact and the fact that V; is s-holderian to have that, on B(x;, ;¢),

<O ey gy,

(= 23) (Vi = Vi(zi))|z[*Pe*| < |z — a1

and, we use the fact that:

IV(ui —u)llg =o(1), V1<g<2
to conclude by the Holder inequality that:

/ < (o — 2|V (wi —w) > (Vi — Vieo))|ePet dy = o(1),
B(xz;,0;€)

For the other integral, namely:
[ < a0 > (V- Vi)l dy
B(z;,0;€)
We use the fact that, because our domain is a half ball, and the sup + inf inequality to have:
1'11 = 51’7

u;(x) + 4logd; + 481logd(x,0) < C

and,



|x|sﬁe(5/2)ui(m) <o —ai]™*

)

Vi = Vi(wi)| < — ],

Finaly, we have:

| / < 2V (i — u) > (Vi — Vilzo))|ePPevdy| <
B(:E,;,&ﬂi)

< C/ IV (u; — u)||x|2P/273/2) (gui)(B/4=5/2)
o B(xz;,0;€)

But in the second member, for 1/2 < s < 1, we have g5 = 1/(3/4 — s/2) > 2 and thus
!
qs < 2 and,

(|z|2ﬁeui)3/475/2 c L%

4
|x|2ﬁ(71/4) el r= , €>0,
B+e€
with,
1 1 1
-+ —==-<1/2
r qs
and,
[V (u; — u)ller = o(1),
This is possible if,
B <2(s—1/2).
or,
81
> = a)
525713

This is possisble for 8 € (0,1).
one conclude that:

/ < @} |[V(us — ) > (V; = Vi(w)) e et dy = o(1)
B(xi,0i€)

Finaly, with this method, we conclude that, in the case of one blow-up point and V; is s-
Holderian with 1/2 < s < 1:

Wiler) [ ety = o)
B(II ,51' 6)
which means that there is no blow-up, which is a contradiction.

Finaly, for one blow-up point and V; is s-Holderian with 1/2 < s < 1, the sequence (u;) is
uniformly bounded on €.
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