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Abstract We develop a method to estimate relative seismic moments M0 and corner frequencies fc of
acoustic emission events recorded in laboratory experiments from amplitude spectra of signal's coda composed
of reverberated and scattered waves. This approach has several advantages with respect to estimations from
direct waves that are often clipped and also are difficult to separate in experiments performed on small samples.
Also, inversion of the coda spectra does not require information about the source locations and mechanisms. We
use the developed method to analyze the data of two experiments: (a) on granite from the Voronezh crystal
massif and (b) on Berea sandstone. The range of absolute corner frequencies estimated in both experiments is
around 70 − − 700 kHz. The range of relative seismic moments covers 103.5. The relation between fc and M0

observed on the first stages of both experiments, consisted of increasing isotropic confining pressure,
approximately follow M0 ∼ f − 3

c scaling and the b‐value of the Gutenberg‐Richter distribution was found close
to 1. This can be interpreted as rupturing of preexisting material defects with a nearly constant stress‐drop and
has a similarity with observations of “natural” earthquakes. Deviations from this “earthquake‐like” behavior
observed after applying axial loading and initiation of sample damaging can be interpreted as changes in stress‐
drop. Lower stress‐drops prevail for sandstone and higher for granite sample respectively that can be related to
the strength of corresponding material.

Plain Language Summary Earthquakes generation mechanisms and conditions favoring their
occurrence are still debated. Inability to observe these processes in–situ and long lasting earthquake preparation
period favor using laboratory experiments to verify quickly the adequacy of proposed hypotheses. Fracturing of
small rock samples with high pressures and recording acoustic waves from their micro‐fractures is among them.
In most cases, the laboratory acoustic emission (AE) is analyzed and compared to natural seismicity statistically,
demonstrating similar Gutenberg‐Richter power‐law magnitude distribution. More advanced analyses can
include source characteristics (corner frequencies, seismic moments, and stress‐drops), responsible for the
source size, forces acting there and stress changes. Ensembles of these characteristics can give ideas on the
common generation mechanisms. In laboratory, several technical limitations slow down the implementation of
such analyses, widely used in Earth's seismology. We propose a method that use coda waves (signal's decaying
part) to estimate source parameters of the laboratory AE. We tested it on two similar experiments conducted on
different rock types. Source analyses revealed the high similarity of well‐studied tectonic earthquakes and
fracturing of pre‐existing inhomogeneties in the rock samples by applying equally distributed external pressure
to it. The active production of new fractures under high one‐directional pressure in contrary deviated
significantly.

1. Introduction
Since early studies in 1960s (e.g., Scholz, 1968), impulsive acoustic emission events observed during the rock
physics experiments are often considered as analog of natural earthquakes and are used to study the seismogenic
processes in controlled laboratory conditions (e.g., Bolton et al., 2023; Lockner et al., 1991; Marty et al., 2023;
McLaskey & Kilgore, 2013; V. B. Smirnov et al., 2019; Yoshimitsu et al., 2014). Analyses of large catalogs of
“laboratory earthquakes” demonstrated that they obey statistical distributions similar to “natural” earthquakes.
The size‐frequency distribution of acoustic emission events follows the power‐law Gutenberg Richter relation-
ship (Gutenberg & Richter, 1944) and exhibit aftershock sequences governed by the Omori law (Omori, 1894).
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The former is often considered as manifestation of self‐similarity of earthquakes occurring at different scales. One
of the main parameters measured in the experiments aimed at understanding the laboratory seismicity is the
Gutenberg‐Richter's “b‐value” whose variations are interpreted in a relationship with loading conditions and
material properties leading to attempts of analogies with natural earthquakes occurrence and their eventual
prediction (e.g., Kwiatek et al., 2014).

While built from very large amounts of events, the most of acoustic emission catalogs contain limited numbers of
their parameters. In addition to event times, their magnitudes and hypocenter locations (when recorded by a
sufficient number of receivers) are most frequently reported. However, the magnitudes are in most of cases
determined from records by poorly calibrated sensors and cannot be simply related to physical source parameters.
So far, advanced analyses requiring well characterized source spectra, focal mechanisms, etc. are rarely per-
formed on acoustic emission data.

In earthquake seismology, advanced analyses of seismograms and their spectra are used to measure various
physical source parameter such as magnitudes, seismic rupture dimensions, seismic energy (e.g., Båth, 1966) and
scalar seismic moment (e.g., Aki, 1966). Systematic determination of these different parameters for “regular”
tectonic earthquakes resulted in establishing simple scaling relationships between them (e.g., Abercrombie, 1995;
Aki, 1967; Kanamori & Anderson, 1975). These “earthquakes scaling laws” remain valid over several orders of
magnitudes and lead to a concept of self‐similarity of seismic ruptures under constant average stress drop.
Together with a simple geometrical argument this gives the Gutenberg Richter distribution with b = 1. In this
paper, we will refer to a simultaneous observation of the earthquakes scaling laws pointing to constant stress‐drop
and of b‐value close to 1 as a “regular earthquake regime”.

The average stress drops inferred for tectonic earthquakes approximately lie in the range of 1–10 MPa (equivalent
strain drops being between 10− 5 and 10− 4) (e.g., Allmann & Shearer, 2009; Kanamori & Anderson, 1975), which
is significantly smaller than the strength of the crustal rocks and the values geologically observed in the field for
the faults (Schlische et al., 1996). All this is in good agreement with the conceptual model when tectonic
earthquakes are not produced by fresh ruptures but occur on pre‐existing and on average “weak” faults.

At the same time, there are various types of seismicity with properties different from the “regular earthquake
regime” mentioned above. One example are the volcanic earthquakes that often do not follow the Gutenberg
Richter distribution with b = 1 (e.g., Galina et al., 2020; Jacobs & McNutt, 2010; Wyss et al., 1998) Another
example is provided by the induced seismicity with reported stress drops found to be comparable with tectonic
ones (e.g., Huang et al., 2017) as well as being very variable (e.g., Lengliné et al., 2014; Shapiro & Dinske, 2021;
Q. Wu et al., 2018). Finally, the scaling laws for recently discovered slow earthquakes are often reported being
different from those known for “regular” earthquakes (e.g., Bostock et al., 2015; Farge et al., 2020; Ide &
Beroza, 2023; Ide et al., 2007; Peng & Gomberg, 2010). Also, some studies have found deviations from “regular”
scaling laws for tectonic earthquakes (Mayeda et al., 2007). Such behavior might be considered as manifestations
of different seismogenic mechanisms and mechanical behaviors of involved rocks.

An accurate interpretation of analyses of the laboratory acoustic emission and its comparison with different types
of natural seismicity would benefit from more systematically determined physical source parameters similar to
approaches used in the earthquake seismology. To achieve this, the spectral analysis of acoustic emission signals
is sometimes performed to measure the event seismic moments and corner frequencies (inversely proportional to
source time duration and its linear size). However, such an analyses is not routine. The reason is various limi-
tations of laboratory experiment, including resonance of acoustic piezo‐transducers, complicated absolute cali-
bration, limited frequency range, limited sample sizes and, accordingly, the configuration of the transducer
recording system.

The absolute estimations of corner frequencies and seismic moments was obtained by McLaskey and Lock-
ner (2016) with calibrating sensors on the impact spectrum of a falling steel ball. The laser calibration of sensors
was carried out by Yoshimitsu et al. (2014) and Marty et al. (2023) to obtain source characteristics of bigger set of
AE‐events. In (Yoshimitsu et al., 2014) the cubic relation between seismic moment and source duration has been
verified but in the same time the b‐value of Gutenberg‐Richter has been estimated as two. Results of Marty
et al. (2023) have shown the stress‐drops tending to increase for larger events. The similar problem has been
revealed in Blanke et al. (2020). Harrington and Benson (2011) obtained cubic moment‐duration relation for dry
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experiment and strong deviation from it in wet samples. Overall, the verification of “earthquake” scaling laws for
these small laboratory‐scale sources remains an open question.

With the available laboratory experiment performed on relatively small samples, the use of direct waves as it has
been done in all works mentioned above is impossible due to the limitations that will be described in detail in the
section “Limitations of laboratory AE‐signal.” Therefore, in this work the use of the signal's coda is proposed as
alternative to direct waves, though coda‐waves were sometimes implicitly used before in mixture with direct
waves: (e.g., McLaskey & Lockner, 2016; B. S. Wu & McLaskey, 2019). In earthquakes seismology, such coda‐
based approach was successfully applied for estimation of earthquake source spectra (e.g., Baltay et al., 2010;
Mayeda & Walter, 1996; Rautian & Khalturin, 1978). Although the acoustic coda in laboratory experiments has a
slightly different formation mechanism (e.g., Farin et al., 2016; T. I. Kartseva et al., 2022) it still can be used to
estimate the source spectra and their main parameters. To validate the method, we apply it to the data of two
experiments: (a) on granite from the Voronezh crystal massif and (b) on Berea sandstone.

2. Earthquake Scaling Laws and Spectral Analysis
The seismic moment M0 is defined as:

M0 = μSD (1)

where μ is the shear modulus, S is the rupture surface, and D is the slip amplitude (Aki, 1966). Therefore, M0 is
related to the source size giving rise to a physical magnitude scale (Hanks & Kanamori, 1979):

MW = 2/3lgM0 + const (2)

One of the main scaling laws is the relationship between seismic moment and the linear rupture dimension L (or
rupture surface) (Kanamori & Anderson, 1975):

M0 ∼ L3 ∼ S3/2 (3)

Combination of Equations 1 and 3 implies the constant average stress drop during earthquakes:

Δσ = CμD/L = const (4)

where C is a non‐dimensional geometrical shape factor and D/L being a strain drop. By combining Equations 2
and 3 we obtain that under constant strain (stress) drop the magnitude is linearly proportional to the logarithm of
the rupture surface with a proportionality coefficient equal to 1.

Following (Kanamori & Anderson, 1975), more small ruptures can be accommodated on a total fault area Σ. In
other words the product of number of earthquakes NS with source area S and of this area should be approximately
equal to the total fault area:NSS∼ Σ, implying thatNs is inversely proportional to the source area. When combined
with the linear proportionality between the magnitude and the logarithm of the source area under constant stress
drop, this gives the Gutenberg Richter distribution with b = 1:

lgN = − bMw + a, b = 1 (5)

For most of earthquakes, the rupture linear dimensions cannot be directly measured. Instead, the source duration
in time tc, that is approximately equal to L/Vr (Vr being the rupture propagation velocity) can be inferred from
analyzing seismograms or their spectra. The latter can be corrected for the propagation effects and the radiation
pattern to retrieve the frequency dependent source term. The form of this term can be predicted from simple
source models (e.g., Boatwright, 1980; Brune, 1970; Haskell, 1964) and is characterized by two asymptotics. At
low frequencies, the displacement spectra converges to a plateau whose level is proportional to the seismic
moment. At high frequencies, the spectral amplitude is characterized by a power‐law decay. The transition be-
tween this two asymptortics occurs at the vicinity of so called cut‐off or corner frequency fc that is inversely
proportional to the source time duration. As a consequence, the invariance of the seismic rupture stress drop can
be expressed via a scaling relationship between the seismic moment and the corner frequency (e.g., Aki, 1967):
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M0 ∼ f − 3
c (6)

Analysis of spectra has been applied to many real seismic data sets and the
cubic moment—corner frequency relation has been observed for large and
moderate (e.g., Allmann & Shearer, 2009; Ross & Ben‐Zion, 2016) to small
(withMW < 3) (e.g., Abercrombie, 1995; Prieto et al., 2004) earthquakes, and
for the mine and large scale laboratory acoustics (events of magnitudes
MW < 0) (e.g., Goodfellow & Young, 2014; Kwiatek et al., 2011; McLaskey
et al., 2014; Selvadurai, 2019). The spectral method of determination of
source parameters has been also applied to slow earthquakes (e.g., Bostock
et al., 2015; Farge et al., 2020; Supino et al., 2020).

3. Data
3.1. Set‐Up and Experiments

We use the acoustic data recorded during pseudo‐triaxial tests of cylindrical
rock samples, carried out on the controlled hydraulic press INOVA‐1000 GO
“Borok” IPE RAS (A. Patonin et al., 2014; A. V. Patonin et al., 2019). The
cylindrical sample of 60 mm height and 30 mm diameter is sealed against
penetration of confining oil to the pore space and installed in a cell with 16
ultrasonic sensors. The diameter of sensor body is around 5 mm, the contact
surface is curved in accordance to the sample surface and tightly pressed to it.
The cell is installed inside the confining pressure chamber and placed be-
tween the punches of press (Figure 1).

We consider two experiments that were carried out on Berea sandstone
(porosity 17%) and Voronezh granite samples (porosity 0.6%) with similar
loading conditions that can be divided into four similar stages (Figure 2). First
stages of both experiments are the same: applying four confining pressure Pc
steps (+2 MPa, +2 MPa, +4 MPa, +4 MPa) to the intact rock samples.
During the stages II the differential stress σ is applied under constant Pc and
controlled by the acoustic emission activity to provide quasi‐static fault
growing. These stages differ in two experiments because of different reaction
of samples to the loading. While in Sandstone experiment after reaching
around 90% of sample's strength the macro‐fault was formed instantly, the
Granite sample was able to sustain a cycle of slips along fault, since the axial
load was released each time there was a strong increase in acoustic activity.
During stages III another four steps 2 MPa each were applied to the damaged
rock samples. This stage has strengthen samples (note the increase in P‐wave
velocities) before final axial loading IV.

Acoustic emission is recorded by a system of side sensors with low‐noise pre‐
amplifying and analog‐to‐digital converter (ADC) programmed for the pre‐
triggering mode (sampling rate 2.5 MHz). The acoustic signal is continu-
ously digitized into the ring buffer of ADC. Right after the first signal arrival
exceeding the amplitude threshold from any of 16 channels the data block

containing 255 μs before the first arrival and 360 μs after is sent to the storage. Therefore for each event with the
signal amplitude enough to trigger the system there are 16 waveforms of 615 μs duration with the start time shifted
to 255 μs of the standard record frame (Figures 3a and 3b). Noise and signal Fourier amplitude spectra (Figures 3e
and 3f) for corresponding records from the first three sensors demonstrate the frequency range limitation: up to
around 30 kHz by the noise of the hydraulic press and above around 600 kHz by strong absorption of waves
starting from about 600 kHz.

Besides recording of acoustic emission the system is periodically (around each 22 s) switched to the ultrasonic
sounding mode. In this mode during the period of 1.5–22 s 8 sensors serve as emitters of artificial elastic impulse

Figure 1. Schematic representation of the experimental set‐up. 1—rock
sample; 2—confining pressure chamber; 3—compensator providing
external pressure equal to Pc at the top of the sample; 4—press providing
axial load σ; 5—system of 16 piezo‐sensors (layout is shown at the bottom).
At the bottom: numbers of sensors in gray, examples of ultrasonic sounding
traces of two emmiters 11 and 13 sending elastic impulse to corresponding
receivers 5 and 6, 7 and 8.
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while other eight ones receive these signals crossing the sample in different directions (Figure 1). Having a total
16 paths and measured travel times every 22 s allows to calculate time‐dependent distribution of elastic wave
velocities, that is necessary for the event location procedure. Time evolution of average P‐wave velocities is
shown with black lines in Figure 2. Location of AE‐events is based on automatic determination of arrival times of
AE‐signals using Akaike Information Criterion (AIC‐picker) (Maeda, 1985) and minimizing travel times on all
sensors while searching the location on the 1 mm space grid in the sample (for details see A. Patonin et al. (2014)).

During the four stages of granite and sandstone experiments 36,162 and 53,698 acoustic emission waveforms
were recorded, respectively.

3.2. Limitations of Laboratory AE‐Signals

The experimental setup that we use has several limitations in terms of the quality of the acoustic emission
waveforms. The first one and most obvious is clipping of the signals of strongest AE‐events due to the limited
dynamic range of the ADC (Figure 3b). The second limitation consists in the inability to separate clearly direct
waves from the coda (waves reflected from the sample surfaces). Main reason for this is the small size of the
sample that is comparable with the used wavelengths. Resulting arrival times of the reflected waves are
around 10–15 μs (60 mm/(3.5–4)km/s) which is very close to the duration of the direct waves signal (Figures 3a
and 3b).

Figure 2. Loading history of Garnite (a) and Sandstone (b) experiments divided by four stages I–IV. Left axis: black curves < Vp>—P‐wave velocities averaged over 16
traces, gray bars showing activity of acoustic emission calculated as 100 events divided by the time period they occur. Red arrows point the onset of macro‐faulting
(4781s for Granite and 5411s for Sandstone). Right axis: magenta curves Pc—confining pressure, green curves σ—differential stress (Figure 1).

Journal of Geophysical Research: Solid Earth 10.1029/2023JB028313

KARTSEVA ET AL. 5 of 19

 21699356, 2024, 4, D
ow

nloaded from
 https://agupubs.onlinelibrary.w

iley.com
/doi/10.1029/2023JB

028313 by C
ochrane France, W

iley O
nline L

ibrary on [11/04/2024]. See the T
erm

s and C
onditions (https://onlinelibrary.w

iley.com
/term

s-and-conditions) on W
iley O

nline L
ibrary for rules of use; O

A
 articles are governed by the applicable C

reative C
om

m
ons L

icense



Figure 3. Examples of signals of a relatively weak (a) and a relatively strong (b) acoustic emission events. Recordings from sensors 1, 2, and 3 indicated in the bottom of
Figure 1 are shown. Note the clipping of a signal amplitudes on (b). (c and d) Amplitude envelopes of records shown in (a) and (b) in the same color‐code obtained by
smoothing signal amplitudes with a 100 points long Hanning window (40 μs). The dotted black lines indicate the linear approximation of coda parts (320 − 500 μs)
averaged over three sensors. Vertical lines mark the first arrival of event's signal (255 μs). (e and f) Fourier amplitudes (same colors on (a) and (b)). Noise spectra (dotted
curves) were calculated from 100 to 250 μs windows. Signal spectra (solid curves) from 250 to 400 μs windows.
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4. Estimation of Source Parameters From the Coda of AE‐Signals
Signal recorded during event i at sensor j can be represented as (McLaskey & Glaser, 2012; Stein &
Wysession, 2009):

y ji (t) = si (ti,t) ∗ gi,j (t − ti) ∗ rj (t − ti) (7)

where si(ti, t) is the source time function of an acoustic emission event i that occurs at time ti, gi,j(t − ti) is the
Green's function characterizing the wave propagation between the source i and sensor j, and rj(t − ti) is the
response of the receiver j. In the spectral domain this equation becomes:

Y ji ( f ) = Si( f )Gi,j( f )Rj( f ) (8)

where f is the frequency and Si( f ) is the source spectra that we would like to retrieve. Thus, a deconvolution of the
sensor response and of the propagation term must be applied to the recorded signals (or their spectra). In the
earthquake seismology and in majority of laboratory studies, the source parameters are most often retrieved from
direct waves. This requires knowing the source position (and ideally focal mechanism) to estimate the Green's
function. For the AE events recorded during our laboratory experiments this approach is rather problematic
because of the poor quality of the direct wave signals mentioned in the previous section and also because of
unknown source locations for many of them.

To mitigate this problem, we use an approach that is based on the coda of the signal (e.g., Mayeda & Walter, 1996;
Rautian & Khalturin, 1978; Sens‐Schönfelder & Wegler, 2006). In seismology, the coda is formed by the waves
scattered on the heterogeneities of the lithosphere (e.g., Aki & Chouet, 1975; Sato et al., 2012). The scattering is
considered as a random processes leading to a formulation when the energy of wavefield is described with a
radiative transfer theory (e.g., Margerin, 2005; Margerin et al., 1998). Based on this, a practical solution for a coda
can be obtained when re‐writing Equations 7 and 8 and expressing the Green's functions in terms of energy. For
observations this implies that we do not predict the whole signal (including its phase) but rather its envelope.
When considering the scattering within the Earth's lithosphere the time dependence of the coda envelope can be
approximated with a combination of an exponent and a power‐low decays.

In the laboratory experiments, the geometry of coda formation is different comparing to the Earth's lithosphere.
Instead of an infinite half‐space the waves propagate within a small sample and are very quickly reflected at its
boundaries. The coda is mostly formed by these multiple reflected waves. This reverberation is randomized
because of the heterogeneities within the sample and on its boundaries. After a few reflections the wavefield can
be approximated as diffuse with an energy nearly uniformly distributed over the sample (e.g., Kanev, 2011;
Weaver, 1984). This is illustrated with an AE event shown in Figures 3a and 3c when the amplitude of direct
waves (arriving at 255–300 μs) can significantly differ from one sensor to another (because of varying source‐
receiver distances and radiation patterns of both source and receiver) and becomes more homogeneous in the
coda (after ∼320 μs). The energy is systematically lost at reflections and also due to the anelastic attenuation
within the sample. As a result, its level decays exponentially in time (e.g., Farin et al., 2016) as illustrated with
dashed lines in Figures 3c and 3d. The energy decay rate considerably depends on frequency with high frequency
waves attenuating faster. This is again illustrated in comparing envelopes in Figures 3c and 3d. For a weaker event
(c) whose spectrum contains more high frequencies, the coda amplitudes decay faster than for larger event shown
in (d) with more low frequencies. Finally, the coda can be better described with an energy (or amplitude) envelope
computed after applying a narrow‐band filter. In this case, Equations 7 and 8 can be rewritten as:

a ji ( f ,t) = a0 Si( f ) e− α( f ) (t− ti) Rj( f ) (9)

where t is time, a ji ( f ,t) is the coda amplitude envelope computed from a signal recorded at receiver j during event i
and bandpassed around frequency ( f ). a0 is a factor depending on the experiment geometry, that is, on the shape
and the size of the sample that affect the timing of wave reflections. α( f ) is the frequency dependent coda decay
rate. As described in the following section, we use the system of Equation 9 to retrieve the source spectra Si( f ) (in
a relative sense) from records of many events by multiple sensors. For this goal, the equations are linearized by
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taking their logarithms. Then, the idea is to compute the bandpassed envelopes from observed signals and to fit
parameters of the model Equation 9 in a least‐squares sense. As described in the following section, this approach
can be used to estimate the source spectral ratios. The last step, is to fit these estimations with a theoretical source
model to extract corner frequencies and relative seismic moments.

Figure 4. Amplitude responses of set of narrow‐band Butterworth filters of 4th order used in this study. Corresponding central frequencies f0 are noted above. Upper and
lower cut‐off frequencies of the filters (at − 3 dB level) calculated as f0 − f0/3 and f0 + f0/3. The sequence of central frequencies is produced as f i0 = 1.1 ⋅ f i− 1

0 .

Figure 5. Coda amplitude envelopes of several events (from Stage I of Granite experiment) averaged over 16 sensors and their linear approximations: pre‐filtered in
48.8–97.6 kHz (a), 437 − 874 kHz (b). Red curves correspond to the larger event from Figure 3 and blue ones to smaller. Gray area marks the segment of the envelopes
chosen for linear approximations. Corresponding αi( f ) (Figure 9) posed near each line.
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5. Methods
5.1. Computing Amplitude Envelopes

We start with applying to signals a set of narrow‐band Butterworth filters of 4th order whose amplitude responses
are shown on Figure 4. Envelopes (amplitudes of Hilbert transforms) of all bandpassed signals are then smoothed
with a 100 points long Hanning window (40 μs). Examples of envelopes are shown in Figure 5.

5.2. Selecting the Coda Window

The triggered recording system is set up in a such way that 255 μs before each AE event are kept in memory
implying that starting event time in every window is 255 μs. We consider that an average of 5–10 reflections after
first arrival are needed to form a diffuse coda. Based on this, we empirically defined the beginning time for our
data at 320 μs.

The end of the coda depends on the magnitude of the event and frequency range Figure 5b. In order to save a
sufficient amount of information for a stable analysis, while not allowing distortion of the estimates of the coda
parameters due to capturing a section with noise, we adopt a simple approach to use a constant window with
length of 50 μs for all events and frequency ranges (as indicated with the shaded area in Figure 5).

5.3. Estimating Coda Decay Together With Source and Receiver Factors

The computed coda envelopes at every frequency f a ji (f ,tk) (where tk are time samples within the selected coda
window) are fit to model Equation 9 in order to estimate coda decay together with source and receiver factors.
After taking logarithm this gives:

lg a ji (f ,tk) = Bi( f ) − α( f )lg e tk + Cj( f ) (10)

where Bi( f )= lg Si( f )+C0( f ),Cj( f )= lg Rj( f )+ lg a0+ α( f ) lg e ti − C0( f ), andC0( f ) is an arbitrary constant.

If we jointly consider N events recorded by M sensors, Equation 10 gives us at every frequency a system of
N ×M ×K equation, withN+M+ 1 unknowns, whereK= 50 μs/0.4 μs is the number of time samples. However,
it remains degenerated because the unknowns B and C cannot be defined separately until the constant C0 is not
fixed. Therefore, to stabilize the system of equations we add a “normalization” condition:

∑
M

j=1
Cj( f ) = 0 (11)

After introducing this additional condition, we solve system Equation 10 in a least‐squares sense to find the coda
decay rate α( f ) and the relative source and sensor factors Bi( f ) and Cj( f ).

5.4. Estimation of Corner Frequencies and Relative Seismic Moments

The estimated source parameters Bi( f ) cannot be directly used to estimate the absolute source spectra because of
the coefficient C0( f ) that is defined independently at each frequency. However, differences between Bi( f )
determined for different events is directly related to the source spectra ratios SRi,j( f ) (e.g., Rautian &
Khalturin, 1978):

SRi,j( f ) = 10(Bi( f )− Bj( f )) =
Si( f )
Sj( f )

(12)

We then use a theoretical source model to fit the observed spectral ratios and to estimate main source parameters.
The simplest Brune's function (Brune, 1970) appeared not to be a best description of the observed spectral ratios
since the degree of spectrum decay at frequencies above fc is higher than 2. In our analysis, we prefer the
Boatwright's model (e.g., Abercrombie, 1995; Boatwright, 1980; Ross & Ben‐Zion, 2016) in the form:
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S( f ) =
CM0

(1 + ( ffc)
γn
)
1/γ (13)

where M0 is the seismic moment, fc is the corner frequency, C is a normali-
zation coefficient, and γ and n are constants describing the spectral fall‐off. In
our case, the values γ = 2, n = 3 were found to better fit the observations.
Deviations from n = 2 model have been also observed for earthquakes
(Eulenfeld et al., 2022; Eulenfeld & Wegler, 2016; Uchide & Imanishi, 2016).
Theoretical expression for the spectral ratio between sources i and j becomes:

Si( f )
Sj( f )

= dMij0

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎝

1 + ( f
f jc
)
γn

1 + ( ff ic)
γn

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎠

1
γ

(14)

where dMij0 = M
i
0/M

j
0 is the relative seismic moment.

In a next step, we use non‐linear least‐squares fitting implemented in a
function “CurveFit” of “Optimize” package of “SciPy” library (Virtanen
et al., 2020) to find parameters ( f ic, f

j
c, and dMij0) of this theoretical model that

better fit the observed spectral ratios Equation 12. An example is shown in
Figure 6.

5.5. Routine Analyses of Spectral Ratios

During the experiments lasting around several hours, and, depending on the
loading program, signals of tens of thousands of AE events from 16 sensors
were recorded. Feeding all this data simultaneously into the system of

Equation 10 is not computationally optimal. More importantly, these equations are valid only when the coda
decay rates α( f ) and the sensor coefficients R( f ) remain constant for all considered AE events. This condition,
however, cannot be fulfilled during the whole experiment during which the rock samples become strongly
damaged and fractured resulting in significant variations of α. Also, strong variations of the confining pressure
and loading stresses can modify the coupling between the sensors and the sample resulting in varying effective
sensor responses. Therefore, we decided to process the event by relatively small groups (N = 100) corresponding
to short time intervals during which α and R can be considered as constant.

After selecting a group of N = 100 events and estimating Bi( f ), they are sorted in descending order using
Bi(117 kHz) as a scale since this characteristic is closer to the seismic moment estimated at low‐frequencies. Then
the spectral ratios are calculated for all possible pairs larger and smaller events that we call “target” and “eGf”
(empirical Green's function), respectively. Then these “target‐eGf” spectral ratios are fitted with Equation 14 to
obtain estimates of relative seismic moments and respective corner frequencies. These estimates are considered
stable only for pairs with spectral ratio increasing toward low frequencies and satisfying two following condi-
tions: lg( f eGfc ) − lg( f targetc ) ≥ 0.05 and dMtarget,eGf0 > 1.2.

Finally, each event of the group is involved in several “target‐eGf” pairs resulting in multiple estimations of its
seismic moment relative to other event and of its corner frequency. We then analyze this ensemble of estimations
statistically to define a most likely values of these parameters.

From all corner frequencies available for a given event, from both the target and eGf roles the median of the fc
distribution calculated as approximation of the true corner frequency (Figure 6). The errors are estimated as 95%
confidence interval with lower bound calculated as quantile cutting 2.5% of fc distribution and the upper bound as
quantile cutting 97.5%.

Ensemble of estimations of relative seismic moments gives a system of equations:

Figure 6. Left axis: spectra B( f ) and spectral ratio of two events from
Figure 3 (large‐target in blue line, small‐eGf in red line, their spectral ratio
SR in doted black line). Boatwright approximation of spectral ratio (γ = 2,
n= 3) is in black solid line. Right axis: corner frequency histograms for these
events obtained from many spectral ratio pairs. Blue and red circles on SR
and both B( f ) spectra curves mark estimated corner frequencies,
corresponding vertical lines mark positions of these particular estimations in
the resulting histograms. Solid vertical lines on histograms indicate the
medians that are accepted as the best estimations of corner frequencies for
both events.
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lg dMij0 = lgMi0 − lgMj
0 (15)

The number of equations in this system is equal to number of spectral ratios which is larger than the number of
unknown lgMi0 (number of events, N = 100 in our case). Therefore, this systems can be solved in a least‐squares
sense. However, this system of equation only include differences between logarithms of moments and, therefore,
requires an additional normalization condition to be solved. Finally, only relative values of seismic moments for
the considered group of AE events are obtained.

Therefore, when processing many groups of events we need to make them overlap to end up with comparable
values of seismic moments for the whole ensemble of analyzed event. We use groups with a 50% overlapping. The
re‐normalization of seismic moments in every new group is made based on the values estimated for 50 over-
lapping events estimated in the previous group. The first group is normalized by subtracting the minimal
resulting lgMk0.

We compute a mean difference between logarithms of moments for N/2 events present both in group I (earlier in
experiment) and group II (later in experiment):

Δ lg(M0) =
1
N/2

∑

N/2

k=1
( lg(Mk0)II − lg(Mk+N/20 )I) (16)

Then, all seismic moments of group II are recalculated according to this correction:

lg(Mi0)′II = lg(Mi0)II + Δ lg(M0), (17)

Finally, for the N/2 overlapping events we recalculate seismic moments as average from two estimations:

lg(Mk0)
′′ = 1/2( lg(Mk0)′II + lg(Mk+N/20 )I) (18)

where k varies from 1 to N/2.

For the corner frequencies the values of the overlapping events are also modified. The median and corresponding
quantiles are recalculated with accounting for the new fc statistics coming from the group II.

5.6. Quality Control and Event Selection

At different steps of the analysis described above, several criteria of events selection are applied resulting in
reduction of the final amount of AE‐events with estimated source parameters:

1. Preliminary rejection of weak signals (average coda envelope amplitude at 320 mks less then 300ADC)
2. During the short period 5404 − 5415s of Sandstone experiment 100 events were removed from the analyses

since there were many overlapping waveforms because of fast development of the macro‐fault
3. On the stage of spectral ratio parameters f iC, f

j
c and dMij0 estimation there imposed several criteria for selection

of good pairs of events: (a) dMij0 > Si (2f
j
c)

Sj (2f
j
c)

(see Equation 14), (b) lg( f jc) − lg( f ic) ≥ 0.05, (c) dMij0 > 1.2, where

index i is responsible for “target” event and j for “eGf.” The condition (a) roughly checks the spectrum shape
and for the best performance of spectral ratio method the difference between corner frequencies and their
magnitudes of events are imposed via (b) and (c).

4. For statistical significance of the final estimation we consider events for which the amount of successful
spectral ratios (that passed condition Equation 3) is larger than 20

While applying first two criteria rejected 19% in Granite experiment and 31% in Sandstone experiment, the third
and fourth ones reduced for other 25% and 36%, respectively. Finally, we kept 56% of AE events for Granite and
33% for Sandstone.
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6. Results
After analyses of all records in both experiments and all applied criteria of selection there left: 20,372 (56%)
events in Granite experiment, 17,638 (33%) events in Sandstone experiment. The general difference in amount of
events left in analyses mainly caused by the preliminary massive rejection of weak signals. In the sandstone
sample the relation of small events to large is higher than in the granite.

Figures 7a and 7g show the results for AE events recorded during the Stage I. During initial ∼900 s of both
experiments four steps of increasing isotropic confining pressure were applied to the samples. No macro‐scale
rock damage was observed in this period. It can be seen that during this stage most of events approximately
align along a fc ∼ M− 1/3

0 scaling. However, there is a group of events in Figure 7a, mainly having relative seismic
moments larger than 100, that deviate significantly from the general trend. These large events have corner

Figure 7. Results for Granite (left a–f), Sandstone (right g–l). Diagrams fc versus M0 for I–IV stages of Granite (a–d) and Sandstone (g–j): gray line ‐ stress‐drop
reference ( fc ∼ M− 1/3

0 ), blue and red—5‐fold decrease and increase of reference stress‐drop respectively, numbers in brackets assign the amount of events in current
stage. Color of circles with error bars assigns position of point relative to stress‐drop lines: ≤1/5Δσ—blue (low), between 1/5Δσ & 5Δσ—green (middle), ≥5Δσ—red
(high). Black curves on (b), (d), (h), (j) show average corner frequencies per moment bin (bins are 0.1 in logarithm). (e and k) Left axis: relativeMw (Figure 2)—gray points.
Right axis: differential stress σ—green curve. Confining pressure Pc—pink curve (more detailed on Figure 2). (f and l) Left axis: activity (event/sec) of events with different
stress‐drops. Color of each bar‐plot corresponds to the color of group on (a–d) and (g–j) panels. Right axis: black curves show averaged over 16 traces P‐wave velocity
changes.
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frequencies exceeding those predicted by the fc ∼ M− 1/3
0 trend. As discussed

in Section 7, this deviation is likely caused the limited frequency bandwidth
of acoustic records.

We also compute relative moment magnitudes (Equation 2 with const= 0) for
these events and plot the magnitude frequency distribution in Figure 8 with
red lines. During the initial stages of both experiments (Granite and Sand-
stone) this distribution follow the power‐law Gutenberg‐Richter distribution
with b − value close to one. Overall, the behavior of AE events recorded
during these first stages has strong similarities with the tectonic earthquakes
and likely corresponds to rupturing pre‐existing micro‐fractures characterized
by approximately constant stress drop. The level of this stress drop, however,
cannot be established because of the lack of absolute values of seismic
moments.

Several examples of eGf‐corrected stacked spectra of target events from Stage
I of both experiments are presented in Figure 9. Each of these spectra Si is
obtained by stacking spectral ratios of given target i with the set of its best
eGfs j normalized by the corresponding eGf's seismic moment SRi,j( f )M

j
0

(Equations 12, 14 and 15). While four spectra of events lying close to the
constant stress‐drop line Figure 9a demonstrate scaling similar to one
described by Aki (1967), the other two events with higher corner frequencies
(blue and orange) considerably deviate from this scaling.

For the interpretation of the AE emission recorded during all stages of the experiments, we set‐up the position of

the line fc = 70kHz ⋅ (120
M0
)
1/3

on log‐log scale crossing the majority of events of Stage I (Figures 7a and 7g, gray

line), as a reference relative stress drop.

This level corresponds to initial conditions within the undamaged samples. Events significantly deviating from
this line and lying above or below it are then considered to have larger or smaller stress drops, respectively.

Stages II of both experiments started with applying increasing axial load under constant confining pressure
(Figures 7e and 7k). This load gradually increases until the condition of formation of a macro‐fracture of the
samples are reached. This was followed by a decrease in the axial load, gradual in the case of granite and step‐like
in the case of sandstone. During stages III, the confining pressure is again increasing. Stages IV consist of
additional increase of axial load under fixed confining pressure.

Two projections of AE‐events locations (method described in Section 3.1) on fault cross‐sections during the
Stages I and in the periods of 1000s after initiation of macro‐faults shown in Figure 10 demonstrate difference
between rock types. For the granite Figure 10a event locations on the Stage I tend to orient along one direction
while in the sandstone Figure 10b locations from the first stage distributed around the whole volume of the sample
and only after the failure events locations aligned in the plane of the slip.

After active fracturing during Stages II, the Stages III is designed to consolidate the sample by applying steps of
confining pressure similar to that of Stages I but with the presence of non‐changing axial load. The level of
“stress‐drop” during this stage is similar to Stages I with most of events concentrating around reference Δσ
(Figures 7c and 7i). However, these stages are depleted in large‐scale events.

In contrast to the Stages I and III the estimations from the Stages II and IV demonstrate large diversity of stress‐
drops. If the gray line assigns the reference level of constant stress‐drops Δσ based on Stage I, the red and blue
lines represent 5‐fold increase and decrease in stress‐drop, respectively. Statistical distribution compiled during
all four stages (Figure 11) demonstrate that in granite the overall stress‐drop is higher than the initial reference
level and inverse situation is observed in the sandstone sample.

The dynamics of stress‐drops with highly variable experimental conditions is shown in Figures 7f and 7l with
color of each bar‐plot linked to the corresponding group of events in Figures 7a–7d and 7g–7j. Above mentioned
balance between high and low stress drop events in both experiments is clearly observed with some details in

Figure 8. Gutenberg‐Richter distributions of relative Mw for Granite (solid),
Sandstone (dotted) on Stages I—in red, Stages II–IV in black. Lines in right‐
upper corner with different slopes (b–values) for comparison. Note that Mw
are relative either between experiments.
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temporal variability that can reflect the internal changes during fracturing process (Figures 7f and 7l). In the
Granite experiment, initiation of damage and formation of the micro‐fracture is associated with appearance of
many “high stress drop” events that remain nearly dominating (with numbers very close to “normal stress drop”
events) till the axial load is reduced to the pre‐fracture level (at ∼8,000 s). In the sandstone, the initiation of
damage at ∼3,000 s is associated with the “low stress drop” events that persist till the release of the axial load at
∼6,000 s and then re‐appear in stage IV when the axial load is increased again. We note, that this kind of dynamics
that could not be retrieved from “standard” analyses based on occurrence times and magnitudes.

The Gutenberg‐Richter distributions obtained during Stages II–IV in granite and sandstone are shown in Figure 8
with black solid and dashed lines, respectively, have much higher b–values. The magnitudes of completeness are
higher than during Stage I, which is explained by the selection criteria imposed on the fc differences in spectral
ratios (Section 5.5 “Routine analyses of spectral ratios”) and less amount of events satisfying these criteria
particularly on Stages II. Nevertheless, the b‐values observed during these later stages are significantly higher
than 1.

7. Discussion and Conclusions
In this paper we described a new approach to estimate the relative source spectra of AE events from codas of
signals recorded during laboratory experiments. The respective spectral ratios can be used to estimate main source
parameters: corner frequencies fc and relative seismic momentM0. The decay of the coda amplitude envelopes is
described with a simple diffuse approximation (e.g., Farin et al., 2016). In small samples, the diffuse wavefield is

Figure 9. Examples of eGf‐corrected normalized stacked spectra from Stage I of Granite (a) and Sandstone (b). The target events chosen for spectra demonstration are
marked with colored points on the inserts showing Stage I diagrams identical to Figures 7a and 7g. The number of each target event corresponds to the number of spectra
S1–S6 for granite and S1− S5 for sandstone. The spectra bands Si represent the variation of eGf corrected normalized spectra set for a given ith target (around 5–10 for
each target). Because of specific procedure of estimation of final fc and M0 that is based on the set of parameters without strict separation of events on “targets” and
“eGfs” and selection of successful spectral ratios (Section 5.6) the amount of appropriate pairs of chosen targets with their eGfs is quite small, especially, if
demonstrating group of targets of equal stress‐drop, that is, following the same cubic line fc ∼ M− 1/3

0 (dashed lines). Two spectra decay rate n = 3 and n = 2 of
Boatwright model with γ = 2 also presented. While M j

0 of n = 3 model was used here for normalizing spectral ratios, it is seen that seismic moment estimations of both
models are quite similar unlike the corner frequencies.
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mainly formed by multiple reverberations leading to a nearly homogeneous distribution of energy across the
media. This implies equal amplitude level and decay rate at all sensors, independent of their position and the
source location and mechanism. Overall, the proposed coda based source spectra estimation have an advantage of
being relatively simple, that is, it does not require information about the source locations and mechanisms,
separation of direct P and S waves, and well calibrated acoustic recording system. Therefore, it can be potentially
applied to many experiments run on relatively small rock samples.

We validated the developed method by applying to AE signals recorded during two experiments described in
Section 3 “Data.” With the selected data quality criteria (Section 5.6 “Quality Control and Event Selection”) we
could determine the relative seismic moments and corner frequencies for 30–60% of all recorded AE events. As a

Figure 10. Location of AE‐events (Section 3.1) with the photos of samples after experiments a—Granite and b—Sandstone.
Locations were projected on sample cross sections AA’B’B normal to the fault plane. The periods from which locations were
taken are marked above the corresponding panels. Orientation of macro‐faults are marked by red arrows.
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main result, the AE catalogs were enriched with two additional physical
parameters such as corner frequency fc and relative seismic moment M0

whose evolution as function of loading conditions could be studied.

We were particularly interested in verifying if the recorded AE events fol-
lowed a behavior similar to regular earthquakes that are known to exhibit
nearly constant stress‐drop independent of their size and to obey a Gutenberg‐
Richter law with b‐values close to 1. For this goal, we investigated two
observable relationships: (a) the scaling between the seismic moment and the
corner frequency, and (b) the Gutenberg‐Richter distribution computed from
moment magnitudes MW. In the “regular earthquake regime”, the scaling is
expected to be cubic (Equation 6) and the b‐value being close to one.

We have found that two above mentioned attributes of the “regular earth-
quake regime” have been approximately verified during initial stages of both
experiments when the rock samples were loaded with increasing isotropic
confining pressure. The origin of the AE during this stage is most likely
related to the inhomogeneity of the rock samples that results in a heteroge-
neous internal stress distributions even under an isotropic loading. The AE
events can be triggered at the stress concentrators such as preexisting micro‐
faults, pores or grain boundaries having high contrast in physical properties
(Anders et al., 2014). The observed similarity with natural earthquakes can be
interpreted that these Stage I AE events mostly occur on preexisting micro

faults with a nearly constant stress drop. Existence of such preexisting micro faults is partially confirmed by the
distribution of AE hypocenters from the experiment in granite (Figure 10a) that start to be aligned even during
Stage I.

The behavior of the AE events changes drastically once the samples become significantly damaged and many new
micro fractures start to appear under the axial load (Stages II and IV). The dots on the log‐log fc − M0 plane do not
align along a line (Figures 7b, 7d and 7h, 7g) but form a “cloud” with appearance of many events whose spectra
are either enriched or depleted in high frequencies comparing to the “reference” level observed during Stage I.
The b‐value of the Gutenberg‐Richter distribution becomes much larger than 1 (Figure 8 black curves). One
possible hypotheses for explaining this is that the b‐value can be related to the level of stress (e.g., Main
et al., 1989; V. B. Smirnov et al., 2019; V. Smirnov & Ponomarev, 2020; Dong et al., 2022).

Overall, the behavior observed during Stages II and IV is very different from the “regular earthquake regime.”
One important implication of this result is that a direct comparison of laboratory and natural earthquakes is not
always appropriate and that in some laboratory regimes, for example, associated with active sample damage, the
mechanisms of rock deformation faulting might be very different from natural conditions in the Earth's
lithosphere.

Additionally, we observe different behaviors in the experiments performed on different rocks. From the granite
experiment we retrieve more events enriched in high frequencies during Stages II and IV (red area in Figure 7f),
the activity shifts toward events depleted in high frequencies (red area in Figure 7l) in the sandstone sample. One
possibility is to interpret the observed distributions in the fc − M0 plane in terms of varying stress‐drop. Events
enriched and depleted in high frequencies (red and blue colors in Figures 7a–7d and 7g–7j) would be associated
with the increased and reduced levels of stress‐drop, respectively. The increased stress drop events might be
associated with creation of new micro faults. The low stress drop level might be associated with re‐activation of
recently opened fractures or other types of “weak” contacts in the rock. The latter are more likely to be present in
the more porous sandstone which could explain the larger relative number of events depleted in high frequencies
recorded during this experiment.

Similar to many studies estimating source parameters from amplitude spectra, our results are subject to large
uncertainties caused by two main problems: a limited frequency range and a simplistic source model (e.g.,
Abercrombie, 2021). Therefore, the concept of “stress‐drop” should be applied to our results with a certain
caution. First, the available frequency range is rather limited because of the sensor bandwidth and, in particular,
because of the low‐frequency noise from the hydraulic press. The latter could cause the lack of corner frequencies

Figure 11. Distribution of apparent stress‐drops in both experiments.
Vertical lines correspond to that of the lines on Figures 7a–7d and 7g–7j with
colored area assigning the ranges of low (blue), middle (green) and high
(red) stress‐drops.
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below ∼100 kHz seen in Figure 7. Second, the stress‐drop inferred through the seismic moment and corner
frequency scaling is based on the ideal earthquake source model that considers the faults with constant rupture
propagation speed. The faulting mechanisms within the actively damaged rock samples can be far from this
idealization. Source processes of small earthquakes might be heterogeneous which would produce complex
spectra (e.g., Abercrombie, 2021) making estimations of corner frequencies with the spectral ratios highly un-
certain (Ruhl et al., 2017; Shearer et al., 2019) and biasing the inferred scaling, especially when applied to limited
bandwidth data.

Additional important limitation of the results obtained in this study is that absolute values of source parameters
could not be estimated. This first concerns the seismic moments. Without knowing their relative values, the
M0 − fc scaling can be estimated only within the range of measured corner frequencies. However, it cannot be
compared with more global trends (e.g., Goodfellow & Young, 2014; Yoshimitsu et al., 2014). To advance in this
direction we would need to estimate absolute values of seismic moments for at least a few AE events. This could
be eventually achieved with an improved calibration of the recording acoustic system.

Another difficulty is to estimate the spatial extension of the AE event sources. Following the “standard” earth-
quake model they can be related to corner frequencies as: L ≈ Vr /fc. For real earthquakes the rupture speed Vr is
known to be close to the shear wave speed, that is, of the order of a few kilometers per second. Applying this to our
data would give source dimensions between millimeters and centimeters. In particular, estimations of the source
dimensions corresponding to smallest observed corner frequencies (70–100 kHz) would be close to the sample
size (3–5 cm). The millimetric to centimetric source sizes do not match the dimensions of micro‐fractures
measured in samples that are usually associated the grain boundaries and therefore should not exceed the
average grain size (Anders et al., 2014). The grains do not exceed 0.3–0.5 mm and 1–2 mm in the Berea sandstone
and the granite of Voronezh massif, respectively. This discrepancy could be another indication of the difference
between the natural tectonic earthquakes and the fracturing and damaging of the small laboratory rock samples.

Overall, the use of coda waves in the solving the problem of laboratory AE‐source characterization seems to be
promising. It can become a useful tool to enrich the knowledge about the fracture process.

Data Availability Statement
The numerical data containing raw AE‐waveform records, appearance of AE‐events in time, loading curves and
results (absolute corner frequencies, relative seismic moments and relative stress‐drops) used and obtained in this
study are available at Zenodo via (T. Kartseva, 2023) with open access.
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