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DISPLACEMENT SMOOTHNESS OF ENTROPIC OPTIMAL
TRANSPORT

GUILLAUME CARLIER" ®, LENAIC CHIZAT?® AND MAXIME LABORDE?

Abstract. The function that maps a family of probability measures to the solution of the dual
entropic optimal transport problem is known as the Schrédinger map. We prove that when the cost
function is C**! with k& € N* then this map is Lipschitz continuous from the L2-Wasserstein space
to the space of C* functions. Our result holds on compact domains and covers the multi-marginal
case. We also include regularity results under negative Sobolev metrics weaker than Wasserstein under
stronger smoothness assumptions on the cost. As applications, we prove displacement smoothness of the
entropic optimal transport cost and the well-posedness of certain Wasserstein gradient flows involving
this functional, including the Sinkhorn divergence and a multi-species system.
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1. INTRODUCTION

The main goal of this paper is to study the regularity of the multi-marginal Entropic Optimal Transport
(EOT) problem under “displacement” of the marginals, and to apply these results to prove the well-posedness
of certain evolution equations and optimization methods involving EOT. For clarity of presentation, let us first
present the context and our results in the classical two marginals case. Let X1, X C R? be two compact convex
sets, p = (p1,p2) € P(X1) x P(Az) two probability measures and ¢ € C¥(X; x Az) a k-times continuously
differentiable cost function. We consider the entropic optimal transport problem defined as

E(p1,p2) = min /C(ml,xg)d'y(xl,xg) + H(y|p1 ® p2) (1.1)
YEI(p1,12)

where TI(p1, o) is the set of transport plans between p; and s, that is probability measures on X; x Xy with
marginals p; and po, and H is the relative entropy defined as H(u|v) = [log(du/dv)dp if p is absolutely
continuous w.r.t. v and 400 otherwise.

This problem can be seen as a regularization of the optimal transport problem [1, 2] that benefits from
improved computational [3, 4] and statistical properties [5-7], at the expense of an approximation error that can
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be quantified [8-13]. It is also tightly related to the Schrédinger bridge problem [14, 15], which is a modification
of equation (1.1) obtained by replacing 1 ® uo by the product Lebesgue measure in the relative entropy term.

1.1. Schroédinger map

Equation (1.1) defines a convex optimization problem which admits a dual concave maximization formulation

E(p1, p2) =  max drdpy + | padpz +1 — / efr(@Foa(@)—cler.ea) qy (1) )dpug ().
P1€CY(X1) J x; Xo X1 X Xs
$2€C°(X2)

This dual problem admits solutions which satisfy, for p; ® s almost every (z1,z2), the following first order
optimality conditions, known as the Schrdidinger system:

() = =g [ e )
X

dalas) = —log [ el (o)
X

In this paper, our main object of interest is the particular solution (¢1,¢2) which satisfies the Schrodinger
system for every (x1,x2) € Xy X Xo. It is not difficult to see that this solution inherits the C* regularity of ¢
and is unique in the quotient space C* := C*(X}) x C*(X,)/ ~ where the equivalence relation

(1, 02) ~ (Y1,¢2) < 3w € Rsuch that ¢; =91+ and ¢ = P2 — K

captures the trivial invariance of the dual problem. This particular choice of solution (¢1,¢2) is arguably the
most natural to consider thanks to its stability. It is also useful in many contexts because it represents the
differential of the functional E [16]. We refer to this special solution (¢1, ¢2) as the Schrddinger potentials and
we define the Schrodinger map S : P(Xy) x P(X) — CF as

S:N:<M17M2)H¢:(¢la¢2)' (12)

1.2. Main result in the two-marginals case

Our main contribution is a proof that the Schrédinger map S is Lipschitz continuous with respect to the
following distances:

e We endow P(X;) with the Wasserstein metric defined for two probability measures p, v € P(X;) by

1
2

w2<u,u>:=( win [ y—x2dv<x,y>)
XiXXi

yEI(p,v)

and then we endow P(X7) x P(Xs) with the product Wasserstein Wy metric given for g = (u1, po), v =
(1/1, 1/2) S P(Xl) X P(XQ)

Nl

Wa(p,v) = (Wa(pr, v1)? + Wa(pz, v2)?)
e We endow C* with the product, quotient supremum C* norm defined from the usual C¥ norm || - llew as

(o1, 2)lor = ;Iel% o1 — &ller + [l@2 + Kllex-
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Our Lipschitz stability result for the Schrodinger map — which is a particular case of the more general results
Theorem 2.3 and Corollary 2.4 that cover the multi-marginal case and finer regularity results — reads as follows
(where by convention N* := N\ {0}).

Theorem 1.1. If c € C**1(X) x Xy) for k € N*, then there exists C > 0 that only depends on ||c||cr+1 such
that for all p, p' € P(X1) x P(Xy),

[S(1) — S(p)llgr < CWalp,p').

This translates into a useful regularity result for the functional E (see Thm. 4.1).

Corollary 1.2. If c € C?>(X; x X»), then given (18)eeqo,1) and (ph)icjo,1) two Wasserstein geodesics, the map
h:t— E(ut,ub) is differentiable and its derivative satisfies

[P (t) = ()| < CJt — s| Wa(p®, ')

where pt = (ut, ub) and C > 0 only depends on ||c||c2. In particular, E and —E are displacement semi-conve.

As an application of these results, we will prove the well-posedness of Wasserstein gradient flows for several
energies involving the functional E in Section 4, and also establish exponential convergence to equilibrium in
some cases. Since the Wasserstein gradient of E is V.S1, V.Sy where S = (51, 52) is defined in (1.2), we have for
example the following result (see Prop. 4.5), where H(u) := H(u|Leb) is the (convex) differential entropy.

Corollary 1.3. Let c € C3(X) x X)) and p® = (uf, 1Y) € P(X1) x P(Xz). Then the functional F defined by

F(p) == E(p) + H (1) + H(p2),

admits a unique Wasserstein gradient flow starting from P, i.e. there exists a unique absolutely continuous
curve put = (ph, pub) € P(X1) x P(Xa) for Wa, satisfying

Orp1 =V - (1 VS1(p)) + A
Opz =V - (u2VSz(p)) + Apia
Hy,_y = K

with no-fluz boundary conditions. If in addition H(uY), H(u3) < +o0, then u' converges at an exponential rate
to the unique equilibrium p* (see Eq. (4.7)), in the sense that there exists k > 0 independent of u° such that

F(p') = F(p*) < e ™(F(p°) — F(u")).

Let us mention that the system of PDEs in the previous corollary may naturally appear as an evolution
model for cities: pu; represents the distribution of agents, ps the distribution of firms, S5 the wage paid by
firms to agents and the fact that S; and Sy are given by (1.2) captures an equilibrium condition on the labour
market. For more details about such models, we refer to [17] (for a gradient flow approach without entropic
regularization) and to [18] (in the different context of mean-field games). For extensions to more than two
species and more general functionals (typically F'+ G where G is displacement convex), see Section 4.

More applications of Theorem 1.1 are developed in companion papers that study optimization dynamics for
trajectory inference [19] and regularized Wasserstein barycenters [20], also involving the functional E.

1.3. Discussion of prior work

Several works have studied the stability of the unregularized optimal transport problem [21-23]. In particular,
it is known that with the square-distance cost, the Kantorovich potential from u; to pe (i.e. the counterpart
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1
2

H L(p1) under suitable assumptions on the fixed reference measure p1, and that this is the strongest regularity
that one can hope for in general [23].

In [24], it is proved by inverse function arguments that S is Lipschitz continuous and smooth as a map from
L, — L, given some fixed reference measures on the ambient space. Our results will use a similar strategy
but in contrast to [24] and other follow-up works such as [25], Theorem 3, we do not consider stability under
additive perturbations of the marginals, but under displacement perturbations by changing the parametrization
of the problem. This leads to the stronger conclusion that E is smooth in Wasserstein distance which, as we
shall see, is particularly useful in the context of gradient flows of energies involving E. Let us also mention that
much less is known about stability in the non-compact case, see e.g. [26] that shows Lipschitz continuity of E,
[27] where the continuity of the Schrédinger map for the topology of convergence in probability in a certain
non-compact setting, see also [28] for further stability results for the primal variable. Our results are finer, but
rely in an essential way on the compact setting.

Note that a result equivalent to Theorem 1.1 for k = 0 was already proved in [29]. Their elegant approach
consists in showing that the Sinkhorn’s iteration is stable under W; perturbations (or, equivalently in the
compact setting, Wa perturbations) of the marginals which, combined with the fact that this iteration is a
contraction for the so-called Hilbert metric, leads to the conclusion. The strength of their analysis is that it
applies to k = 0 (i.e. merely Lipschitz continuous costs); and from the result with & = 0, it is not difficult to
prove the k > 1 case under regularity assumptions on the cost. However, their proof technique would likely not
extend to the multi-marginal case (a well-know limitation of the Hilbert metric approach). Here, we propose
an independent proof technique for all k¥ > 1 (for displacement smoothness, we need the case k = 1) and our
analysis also gives additional information on higher degrees of smoothness of the Schrédinger map and of E.

The rest of the paper is organized as follows. In Section 2, we introduce the multi-marginal setting and state
the full version of our regularity results for the Schrédinger map. The proofs of those statements can be found in
Section 3. Finally, in Section 4 we study the regularity of the functional E and apply our results to the analysis
of certain Wasserstein gradient flows involving F.

of the Schrodinger potential ¢ in unregularized optimal transport) is a s-Holder function of pe from Ws to

2. THE MULTI-MARGINAL CASE

Notation and assumptions on the domain. Let N > 2 be the number of marginals, let X; C R¢ be convex
and compact, for ¢ € [N] := {1,...,N}, and let X := vazl X;. Given i € [N], we denote X_; =[], ,; X; and
identify X to X; x X_;, i.e. we denote x = (x1,...,xn) as ¢ = (x;, T_;).

For k > 0, let C¥(X;) be the space of k-times continuously differentiable functions over X; (that is, functions
defined on X; that admit a C* extension on R?) endowed with the usual supremum norm. Using the multi-index
notation, this norm is defined as || f||¢x = inf 7 sup;, <y, /() ||oc where the infimum is over functions f that are
extensions of f defined on R?. Endowed with this norm, C¥(X;) is a Banach space, see [30], Chapter 8, II for
details.

We denote by P(X;) the space of Borel probability measures on X;, which we endow with the weak topology,
characterized by its convergent sequences as p,, — p < [ ¢dp, — [ ¢dufor all ¢ € CO(X;). Given (p1, ..., un) €
Hﬁvzl P(X;), we denote by p the N-tuple (p1,...,un) and by p the product measure @ u; € P(X). For
p=N p € P(X)welet p_; == ®,;,u; and vazl P(X;) is endowed with the product Wasserstein Wa metric,
given, for p = (p1,...,un), v = (v1,...,UN) € Hfi1 P(X;), by

1
2

N
Wa(p,v) = <Z Wa (i, Vi)2>
i=1

In the following, k € N* is arbitrary and always denotes the regularity of the output space C* of the
Schrodinger map S, while the regularity we require for the cost function c¢ varies across statements.
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In the proofs, we use C,C’,... to denote positive constants that may change from line to line and only
depend on general characteristics of the problem such as N and other quantities that are specified when needed.

2.1. Multi-marginal Schrodinger system

The multi-marginal Schrodinger system arises as the optimality conditions for the multi-marginal entropic
optimal transport problem, defined for p € Hf\il P(X;) by

B(w) = min [ co)dria) + HOlp) (2.1)
yEI(K) Jx
where II(p) is the set of probability measures on X' having marginals (p1, ..., ). This convex problem admits

a concave dual formulation in terms of the Lagrange multipliers for the marginal constraints

N

B(p)= max > /X Gilwi)dpi(zi) +1 - /X X iy #ilw)—e(@) q (). (2.2)

$elIL, CO(X7) =

Notice that these problems are multi-marginal generalizations of those presented in Section 1. The primal-dual
optimality conditions read

v(dz) = eXi=1 (@) =e(@) (dg). (2.3)

We refer to [15, 31] for the basic theory of entropic optimal transport and [24, 32] for the multi-marginal
theory. The optimality conditions for equation (2.2) coincide with the condition that v € II(u) in equation (2.3),
and lead to the Schrodinger system.

Definition 2.1 (Schrédinger system/potentials/map). Consider the map T : Hf\;l C(X;) x Hf\il P(X;) —
Hﬁvzl C(X;) defined for ¢ € [N] and z; € &; as

L. p)(a) = log ([ S oE e (o). (2.4

X_;

A function ¢ = (¢4, ..., dn) is called a Schrodinger potential associated to w if it solves the Schriodinger system

(¢, 1) = 0. (2.5)

The Schrddinger map is the function S that maps p to its Schréodinger potential ¢, i.e. that satisfies T'(S(u), ) =
0 (Prop. 2.2 states that this map is well-defined in a suitable sense).

Let us stress that we require equation (2.5) to hold in the space of continuous functions, that is for every
x € X, rather than only p-a.e. which is the optimality condition of equation (2.2).

Clearly, if ¢ = (¢1,...,¢n) solves (2.5) for some fixed p, then so does every family of potentials of the form
(¢1 + K1,..., 6N + kn) where the © € RY satisfies Zf\; k; = 0. This defines an equivalence relation ~ and we
define the quotient space

N
k= (Hck(xi))/ ~.
=1
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Endowed with the quotient norm (the infimum of the norm over all representatives in the equivalence class), C
is a Banach space.

k

2.2. Existence and weak continuity of the Schrédinger map

Let us state some preliminary results about the Schrodinger map.

Proposition 2.2. If ¢ € C¥(X) for k € N* then for any p € Hfil P(X;), there exists a unique ¢ = ¢t € C*
such that T(¢,p) =0, i.e. the Schrodinger map S : p — ¢ is well-defined. Moreover,

(i) fori e [N], ¢t is L;-Lipschitz continuous, where L; = sup,cy ||V, c(x)|2,
(i) the Schrédinger map S : sz\;1 P(X;) — C* is weakly continuous and is bounded.

The continuity claim (i7) is not needed in the sequel — and is weaker than Theorem 2.3 — but it is instructive
to recall this known result that can be obtained by elementary means, before delving into more technical proofs.

Proof. The existence of a unique solution to equation (2.5) in Hfil L>(u;)/ ~, i.e. in the y-almost-everywhere

sense, is proved in [24], see also [32]. In order to prove the same in C° i.e. in the everywhere sense, let us observe
that T can be expressed as T = Id + T with

Ti(¢, m)(xi) = log( e ¢j(Ij)_c(w“w”)duq(w—i)) (2.6)

X_;

by factorizing e?(*) out in the definition of 7;. Thus, given a representer of the L solution d)LOO €
k
Hﬁvzl L>®(X;), one can define a solution ¢¢ & Hf\[:l C*(X;) in the “everywhere sense” by setting

k L (2 ) —e(zim—; 2 o
¢ () ::—log( eXxi 97 (Fa)=eles ”du%(mﬂ-)):—ﬂ(& 1) (). (2.7)

X_;

Observe that qbck inherits the C* regularity of c. Moreover, by uniqueness in L, any “everywhere” solution must
coincide p-a.e. with an “almost everywhere” solution and is thus of the form given by equation (2.7). Noticing
that T(¢ +k, u) = T(p, ) — & for any family of constants x € RY such that Zfil k; = 0 and quotienting by
~, it follows that there exists a unique solution of the Schrédinger system (2.5) in CF.

The Lipschitz continuity constant of z; — ¢! (z;) can be bounded by observing that differentiating ¢ =
~T(¢*", n) in x; gives

Vot (z;) = Vo, c(@i, 2 —i)dQ—i(x—|z;)

X_;

where Q_;(-|z;) € P(X_;) is a probability measure whose expression is given later in equation (3.3).

Finally, to prove weak continuity of S, it is enough to prove that if u™ is a sequence weakly converging
to p, then ¢ converges to ¢*. By the previous point, {¢*" }, is uniformly Lipschitz continuous and one
can choose a uniformly bounded sequence of representatives so by Ascoli-Arzela Theorem we can extract a
subsequence ¢™" which converges in C° to some ¢°°. Since the map T is jointly continuous, it follows that
T(¢™, p) = lim,y, T(gb”mn,um“) = 0, hence ¢ = ¢*. But this limit is unique, so the full sequence (d)’”)n
converges to ¢* which proves the weak continuity in C°. Since one also has ¢* = —T(¢*", u™) for all n and T
is continuous as a function C° x Hf\il P(X;) — C*, we have in fact that ¢ converges to ¢* in CF. Boundedness
of S finally follows from the fact that it is weakly continuous on a weakly compact set. O
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2.3. Main result: regularity of the Schrodinger map

In order to study regularity beyond the zero-th order, we bypass the lack of differentiable structure of P(X)
by considering parametrized paths generated by transport plans.

Consider p® = (u9)N; and p' = (u})¥ | two families of probability measures in Hf\;l P(X;), and a family of
transport plans' v = (v;)Y; such that v; € P(X; x &;) has marginals x? and p}. These transport plans define
interpolations between p? and p, defined for ¢ € [0,1] as

i = ((1 =ty + ) 4 (2.8)

where 7! (resp. m2) is the projection on the first (resp. second) factor of X; x X;. In other terms, yu! is characterized
by

/ i ()it () = / oi(L— s + ty)ds(an ), Ver € C(A).
X; X; X X

i

Our main result is as follows.

Theorem 2.3. For p,k € N*, p <k, ifce CFHP(X) then the parametrized Schrédinger map t — @' == S(ut)
belongs to CP([0,1];C*). Moreover, there exists C > 0 that only depends on ||c||cr+1 and N such that

|¢" — " llex < Ct — s]/cost()

yi — 23 ||2dvyi (24, y:) is the L?-transport cost associated with .

N
where cost(y) =Y ;_, fxixxi

The detailed proof is postponed to the next section, the basic ingredient being the application of the Implicit
Function Theorem to the map G(¢,t) := T(¢, u'). We can make the following comments:

e Tracking the constants in the proof, it can be seen that C' depends exponentially on the oscillation of the
cost sup,, c(z) — inf, ¢(z) and polynomially on ||c||gr+1-

e From the primal-dual relation equation (2.3), one could easily deduce stability results for the primal
variable « from this theorem.

o The fact that the map ¢ — S(u') belongs to CP([0,1];C*), also holds if (p*);e[0,1], instead of being of the
form (2.8), is of the form p! = & (-, t)xul for i € [N], for some puf € P(X;) and a measurable & (z;,-) €
C?([0,1]; &X;) with a C? norm uniformly bounded in z;. This can be seen by suitably adapting the proof of
Lemma 3.4.

Applying Theorem 2.3 by choosing ~; as the optimal transport plan between p; and v; immediately leads to
the following Lipschitz continuity result for the Schréodinger map.

Corollary 2.4. For k € N*, assume that ¢ € C¥T1(X). The Schrédinger map S : vazl P(X;) — CF is Lipschitz
continuous, i.e. there exists C > 0 such that, for all p,v € vazl P(X,), letting (¢*, ") = (S(p), S(v)),

| " — @" ||or < CWa(p,v).

Our approach will also enable us to deduce a control of the Schrodinger potentials and their derivatives in
terms of negative Sobolev distances between the marginals (see Sect. 3.4 for detailed definitions):

Proposition 2.5. Assume that ¢ € C¥TP(X) with p > d/2 and p € N*. The Schrédinger map S : Hf\il P(X;) —
C* is Lipschitz continuous in the negative Sobolev norm H™P, i.e. there exists C > 0 such that, for all p,v €

TTo be clear, we do not assume that ~; is an optimal transport plan.
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1Y, P(X,), letting (¢, ") = (S(w), S(v)),
| ¢* — " llow < Cllp—vlm-».

Note that when p > d/2 + 1, by Morrey’s Theorem (see Sect. 3.4) and our compactness assumption, there
exists C' > 0 that only depends on X such that || p — v [|g-» < C- Wi (p,v) < C-Wa(p, v). Thus, the conclusion
of Proposition 2.5 is generally stronger than that of Corollary 2.4, but this is at the expense of requiring more
regularity on the cost function.

For illustration purposes, let us explain how this inequality leads to nonasymptotic estimation guarantees
for the Schrodinger potentials given random samples. In the two marginal case, this is essentially a known
result, obtained via different means in [7, 33|. Specifically, suppose that fi is an empirical measure built by
drawing n independent samples from each of the measures p,;, i € N. Then, since H? is a Reproducible Kernel
Hilbert Space with a bounded kernel for p > d/2 (by Morrey’s Theorem again), Hoeffding’s inequality shows
that ||t — g || gr-» is bounded by C - n=/2,/log(1/§) with probability 1 — § where here C' depends only on X.
By Proposition 2.5, this directly translates into a high-probability bound on || ¢* — e llgx- It might also be
worth mentioning that Proposition 2.5 is obtained by linearly interpolating the marginals, as such, it is a slight
departure from the rest of the paper which essentially focuses on displacement interpolation.

3. PROOFS
The main tool to prove Theorem 2.3 is the Implicit Function Theorem. We will apply it to the function

G : C*F x[0,1] = C* defined as

G(g.t) =T(¢, ') (3.1)

2

whose expression” is, using the convention y; = x;,

Gu(. 1)) = ou(ar) + o [

e 03 (1D tty)—e((-Dotty) gy (7, yﬂ.)) '
X_ ;i xX_;

For this purpose, in the next sections, we study the properties of the maps T and G.

3.1. Invertibility of the differential of T'

Let us fix p = (p1,...,un) € Hfil P(X;) and p = @Y, p; € P(X) and study the map ¢ +— T(¢, u), which
is a self-map of C¥. Note that T is of class C™ in the first variable and its differential is given, for h € C*, by

DyT;(¢, p)(h)(zi) = hi(z;) +/ (Zhj(xj))qfi(xfi|$i)d,u7i(l‘,i).
i

where we have introduced the function ¢_; defined, with the convention z} = x;, by

eE#i ¢j(w;)—c(x)
ejzi O3 ($9)*C(I’)du,i(x’_i) '

Q—i($7i|$i) =

Jx

—1

2the maps G and T take values in Ck but it will sometimes be convenient to compose them from the left with the canonical
projection C* — C*, slightly abusing notations, we will still denote by G and T these maps with values in C*.
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Note that g_; depends on ¢ and p although this is not explicit in the notation. Similarly, let

o 5 (w5) (=) [y @2 @@=eDqy ()

= . ’ ’ ) ql x’i = - (! ’ . 32
f){' ezj' ¢.7 (Ij)—c(m )d/.l(z/) ( ) fX er ¢J (mj)_c(f )dﬂ(ﬁcl) ( )

q(z) :

Observe that if ¢ and ¢ are of class C¥ then the functions ¢, ¢;, ¢_; are of class C* as well. These functions are
densities of probability densities in the sense that it holds

Q= quePX), Qi = qip; € P(X;), Q—i(-|zi) = q—i(-|zi)p—i € P(X_;), Vz; € &;. (3.3)

By construction, for each 7, Q; is the i-th marginal of Q) on X; and ()_; is the disintegration of ) with respect
to this marginal, i.e.:

In the next lemma, we remark that these densities are uniformly bounded from above and below by positive
quantities, a fact which we will often use in the following.

Lemma 3.1. Let g be defined by (3.2). Then, for all x € X,

e 2NVl @ llco+llellco) < q(z) < 2Nl é lleo+llcllco)
Moreover q; and q_; satisfy the same bounds.
Proof. From the definition of ¢, for all x € X,

>, b3 (@) —c(@) 5, 165 lloo -+l
_ e < & @ £ W @lleo+eleo),
erEj¢j(zj)_c(m )d/l,(x/) - e_Zj ”‘vijoo_HC”co -

q(z)

since p € P(X). In addition, from the definition of ¢, we remark that ¢ does not depend of the representative
of ¢ in C° which gives the upper bound on ¢. We obtain the lower bound, as well as the result for ¢; and q_;
with the same arguments. O

Let us also remark that in the previous bounds, the norm ||c||co can be replaced by inf.ecr |c + kljco =
(sup ¢ —inf ¢) /2, i.e. half the oscillation of ¢ (in fact, the Schrodinger map is invariant if ¢ changes by an additive
constant). The following lemma is central in our development and is an adaptation of [24], Proposition 3.1
(with different functional spaces). The first claim of invertibility appeared in a similar form in [34], Lemma 5
where it is key to prove a central limit theorem for EOT, but our proof (Step 1) is different as (i) in our context
there is no natural way to get rid of the non-uniqueness of Schrédinger potentials so we work directly in the
quotient space C* and (ii) our approach leads to control on the norm on the inverse (the second part of the
claim).

Lemma 3.2. Let k € N* and assume that ¢ € C° and ceCk(x).
Then DgT (¢, 1) is an invertible linear self-map of C*. Moreover, there exists C > 0 that only depends on
N, |[c]ler and || ¢ ||go such that

IIDsT (b, 1)~ g yen < C.
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Proof. We have DgT' (¢, u) = Id + L with

Li(h)(z / (Zh zj) @il dp—i ().

Ao D i

Observe that since ¢ € C*¥(X), L;(h) € C¥(X;) with its derivatives up to order k equi-continuous when h runs
through a bounded set of C°. It follows, by Arzela-Ascoli Theorem, that L : CO — C* is compact, and a fortiori
L :CF — C* is compact too.

Step 1. Let us show that id + L is invertible. Let h € []C(&X;) be such that h4+L(h) =0 in C°, i.e

/ (Zh ; )dQ |)=Ai,z‘:1,...,N,ZNjAj=0. (3.5)

-t g

Integrating (3.5) with respect to @Q;, we deduce from (3.4), that
N
S| hdQw =X\, i=1,...,N
k=17 %

so that all the \;’s are equal to 0; hence h +L(h) = 0 in C° (and not only in the quotient C°). Then, taking the
dot product of h with h+L(h) in [[ L?(Q;) and using (3.4), it follows, reasoning as in [24],

N
0= X_:/X hi(z;) (hz(-’lh) -I—/X_' (Zhj(xj))dQ_i(x_i|xi>)in(.Ti)
—Z/ hi(2:)2dQ; () +Z/h i) hj(2)dQ(z)

i#£j
2

We deduce that = — >~ h;(z;) is equal to 0 as a function in L?(Q) and hence in L?(p).
Now consider the space Li = Hfil L?(u;)/ ~ which, endowed with tl}e quotient space structure, is also a
Hilbert space. By Lemma 3.3 (proved hereafter), it follows that h ~ 0 in LIQL, i.e. there exists k € R” such that

> k; =0 and h;(x;) = k; for ps-a.e. z;. It only remains to show that this equality holds in fact everywhere.
Using h = —L(h) and q_;u—; € P(X_;), it holds for z; € X;

hi(x; / (Zh acj) _i(r—i|m)dp—; Zn]—m

Xoi Dt J#i

Thus h = 0 in C*. Conversely, any h = 0 in C* also clearly belongs to ker(DgT(¢, pt)). Hence ker(DyT(¢h, )
is precisely the equivalence class of 0 i.e. DgT' (¢, ) is injective on C*. Since L is a compact operator of C¥, it
follows from the Fredholm Alternative Theorem [35], Chapter 6 that the range of Id + L is C¥. Hence DyT (¢, 1)
is onto and therefore an invertible linear self-map of C*.

Step 2. Now let us estimate the operator norm of DyT (¢, )~ ! as a self-map of Ck. Let h e CF,g € CF be
such that h+L(h) = g. Let us choose the representative of g that satisfies

/ 1 (@0)dQu (1) = - = / on(ex)dQn (2n)- (3.6)
X1 XN
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Reasoning as above, it holds
Z/ gz L xz dQ Z/ h xt dQ
= hi(z;)) d
/ (; () dQ()

where the first integral is unambiguously defined because, thanks to our choice of representative for g, it does
not depend on the representative chosen for h. Let us choose the optimal representative for h in Li appearing
in Lemma 3.3. We have, for some C' > 0 that may change from a line to another but only depends on N, ||¢||¢,

and [ & l¢,:

Z/hxl (2;)dQ(z)

1,j, 17

(4)
IRl oy < N |00

(id)
< clleX h;

L2(Q)
(443)
< Cllgliee bl 200
(iv)
< Cllglimrz@nllhlim ez

where we have used (i) Lemma 3.3 (where the notation @ is defined) , (ii) and (iv) Lemma 3.1, and (iii) the
previous computation and Cauchy-Schwarz inequality in [] L(Q;). It follows, invoking once again Lemmas 3.3
and 3.1, that

IRz = IRz < Cllglinza) = Cllglizz, < Cliglio-

For the last equality, we have used the fact that the f/QQ norm is precisely the [] L?(Q;) norm of the representative
that satisfies equation (3.6), by Lemma 3.3 (here Eé is defined similarly as f,i from the marginals Q; of Q).
Step 3. We now improve the Ei control into a C* control. Restarting from h+L(h) = g, it holds

me) =ae) - [ (S ta)a-stodetis o). (3.7

Thanks to our control on ||k ||f7z2¢u,) by || g llgo, given constants k;, it follows from (3.7) that
hi + Killgo(x,y < 1195 + Killgoca,) + Cll g ll o
summing over ¢ and minimizing with respect to the x;’s summing to 0, we get
IR llgo < Cllglco-
In a similar way, using the fact that ¢ € C¥, successive differentiations of (3.7) yield

IR llg = [IDeT (b, )]~ (@)l < Clig e

for a constant C' that only depends on N, |[c[|cr and || ¢ ||0- O

To end this section, we prove Lemma 3.3 used in the previous proof.
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Lemma 3.3. For h € Hfil L?(i), denoting ®N 1h; : x — Zf\;l hi(x;) it holds

1R12, < &8kl 5a < NIBIZ,.

(1) =

Moreover, the quotient norm is achieved by the unique representative h ~ h that satisfies le ﬁldul =...=
- . N

Jae hvdp, e it holds [[B7, = 325y [1AillZ:

Proof. By definition,
M@f:m12/ )~ ). (39)
Z .

A vector k € RY solves this problem iff ", x; = 0 and there exists a Lagrange multiplier v € R such that for
i€ [N],

0:A}m@n—mmm@»—u:Emw4—m—u

i

with the shorthand E,[h] := [ hdu and Var,(h) := E,[(h — E,[h])?]. It follows that v = +; SN E,,[hi] and as

a consequence

”hHQEi / — [h]+y) dm(xz)
[/ E,. [hi])?dui(z:) + v }

Var,, (h Z / h; sz

Il
M=M= Mz

&
Il
—

where the second equality follows by expanding the square and observing that the cross-terms vanish. On the
other hand, using the fact that ), x; = 0, it holds

N

(AR / (3ot — ) du(a)

;;ﬁj /X - —E,,[hi] +v)(hi(z;) — By, [hy] + v)dp(z)dp; ()

+§:L;m@a—Emmb+w%mw»

= N(N -1+ hZ,

_ ZVarm Z / hidp)
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The first claim follows. For the second claim, observe that this representative h satisfies the optimality condition
of equation (3.8). O

3.2. Differentiability of G
Let us first establish the regularity of the map G.

Lemma 3.4. For p,k € N*, p <k, if c € C**P(X), then the map G : C* x [0,1] — C* is of class CP.

Proof. The i-th component of G can be expressed as

Gi(.0)aw) = outai) + o [

Xz 03 (1D tty)) —clwr, A=a—itty- gy _ (g, yﬂ_))
X_ixX_;
Fixing i and (z_;,y_;) € X_; x X_;, let us observe that when ¢ € C¥*?(X), the curve t € [0,1] — ¢(., (1 —
t)r_; +ty_;) € C*(A;) is of class CP and that its derivatives up to order p can be bounded independently of
(z_i,y—i). Now, for j # i (and fixed ; and y; in X;), consider the real-valued map L; : (¢;,t) € CF(X;) x [0,1] —
¢j(z; + t(y; — x;)). For k = 1, this map admits partial derivatives with respect to ¢ and ¢; which are given
respectively by Ve;(z; +t(y; — ;) (y; — z;) and L;(.,t), both being continuous (for the C! norm for ¢;)
so that L; € CY(C*(X;) x [0,1],R) note also that the first-order partial derivatives of L; can be bounded by a
constant depending on the C! norm of ¢; but not on x;,y;.

For k > 2, we can argue inductively. Indeed, by the previous argument, showing k times continuous differ-
entiability of L; amounts to showing k — 1 times continuous differentiability of L; applied to V¢, (.) T (y; — ;)
and t. This shows that L; € C*(C*¥(X;) x [0,1],R), with bounds on derivatives up to order k controlled by the
C* norm of ¢; independently of (z;,y;) € X; x X;. By the chain rule and differentiating under the integral
sign by dominated convergence, we can readily conclude that G is of class C™™{¥P} = CP from C¥(X) x [0,1] to

CF(X).
We now give a quantitative regularity estimate for the partial derivative of G in its real variable ¢.

Lemma 3.5. Let k € N* and assume that ¢ € C*T1(X). Given ¢ € CY, the partial differential of G in t satisfies

1D:G(@, 1)l ex < C/cost(7)

where C > 0 only depends on || @||g: and ||c||cr+1 and cost(y) is the transport cost associated with ~ as in
Theorem 2.3.

Proof. By Lemma 3.4, G is differentiable in t. Using the shorthand z* := (1 — t)z + ty and again the convention
Y; = x;, it holds

GO@0@) = [ (S 2) T (Tés(ah) = Tyea)dQ (oo pifa) (39)

_iXX_; j;él
with QL; = ¢' ;7—; € [[;,, P(X; x &;) and, posing (z'); = =,

el o () —c(z?)
((x! t —c((x")t .
fX_,',XX_i er;éi ¢J(( )J) (( ) )d’Yﬂ(l‘LZ, ylz)

qt_i(ﬂf—my—i\l‘i) =

Reasoning as in Lemma 3.1, this function ¢ ; admits positive upper and lower bounds only depending on || ¢ H@O
and ||¢||co. Let us now control equation (3.9), starting with a control in uniform norm. First, by Cauchy-Schwarz
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in L2(Q, (-, |x)), for i € [N] and z; € X,

d 2
SGile, D))

< (/ o, _IIy—x||2dQ%(:ci,yz-lm)> (/X - VII(V¢—vc)(xt)|2thi(g;i,yim)) (3.10)

where V¢ = (Vé1,...,Von). Observe that the second factor is uniformly bounded for z; € X; because
Q' ,(+,-|z;) is a probability measure and both ¢ and ¢ are continuously differentiable on a compact set. It
follows,

1/2
d 2 t
Hdth(¢7t)Hco —= C sSup (/X_ix){_,; ||y x” d —z(x—wy—z|xz)>

x;, EX;

1/2
<C </ ly — $|2d7—i(x—i7y—i)>
XfiX.Xfi

< C'y/cost(7)

where C,C” depend on ||c||¢t and || ¢ |5 only. Moreover, one can further differentiate equation (3.9) in x; and
obtain analogous bounds because this variable only appears in the term V;c which is of regularity C* and in
the factor ¢* ; which is of regularity Ck¥*1. With this reasoning, it follows

oo, <y

where Cj, depends on ||¢||s+1 and || @ ||z only.

3.3. Proof of Theorem 2.3

Proof. Let us first observe that ¢ can be extended in a C¥*P way to a convex open set containing X. One
can therefore extend by extrapolation the definition of u! to an open time interval (N—a, 1+¢), for some € > 0
containing [0, 1]. We shall then apply the Implicit Function Theorem (IFT) to G : C* x [0,1] — C* defined in
(3.1).

The existence and continuity on [0, 1] of the Schrodinger map ¢ — @' is guaranteed by Proposition 2.2.

In Lemma 3.4, we have shown that G is of class CP and in Lemma 3.2, we have shown that D(pG((Z)t,t) =
D¢T(d)t, p?) is an invertible linear self-map of C*. Thus all the hypotheses are gathered to apply the Implicit
Function Theorem, see e.g. [36], Theorem 10.2.1: the map ¢ + ¢" is of class C? on [0, 1] and its derivative is
given by

D¢ = —[DeT(@', u)] ™" 0 DiG(&'. ).

Moreover, we have by respectively Lemma 3.2 and Lemma 3.5 that there exists C' > 0 only depending on IV,
lc|lcr+1 and || @' ||z such that

DT (", 1)) lop < C and ID:G (", t)llop < C/cost().
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Since we know by Proposition 2.2 that ||¢'[|s is a priori bounded by |c|lc:, it follows that ||D; | <

C’+/cost(y) for some Cj > 0 that only depends on ||c[/cx+:. The Lipschitz estimate in Theorem 2.3 follows
by the mean-value inequality. O

3.4. Proof of Proposition 2.5

Recall that the Sobolev space HP(X;) consists of all functions f; € L?(X;) whose partial derivatives up to
order p belong to L?(X;) which is a Hilbert space for the norm

iy = [ 10rsi

a:lal<p

If p > d/2, by Morrey’s Theorem (see [35]), HP(X;) embeds continuously into the space of continuous functions,
hence, by duality, measures belong to the dual space H ?(X;). We can therefore define

N

M =v s = Nl —villa-s
i=1

where
s = vili = sup { [ s =) 5 Al <1
X

To obtain the bound announced in Proposition 2.5, we simply consider the linear interpolation between g and
v, ut = p+t(v—p) for t € [0,1] and G(¢,t) := T(¢, u?) as well as ¢ := S(u?) € C* i.e. G(¢',t) = 0. Recall
that ¢' is bounded in C* by a constant that only depends on ¢. The same holds for the operator norm of
[DpT (@', u')]~! in C* as well. To conclude as before by the implicit function theorem, we have to differentiate
G with respect to ¢ and bound the C* norm of D;G(¢,t) by a constant depending on ¢ times || g — v || g-». To
simplify notations, let us set

1

i(@,1)(7i) == N ,
§(¢ )( ) fX_ie—c(zi,lfi)-i-zj#i¢j(1j)duii(x_i)

and observe that &(¢",t)(.) has uniformly bounded derivatives up to order k (with bounds that depend on
llc||cx only). If N = 2, we simply have

DG (9, t) (1) = 51(¢,t)(961)/ ol m k02020 q 1y — pip) (2).

X2

By Leibniz formula to bound the & first derivatives of D;G(¢",t)(x1), we then just have to bound the k first
derivatives of z1 € X1 — [, e~ el@1.w2)+65(*2) 41y — piy)(a5) which are obviously controlled by ||vy — iz || gr—»

times the CK¥*P norm of (z1, ) — e—c(@1,22)+2(22) which can in turn be bounded by a constant only depending
on ||c||ck+». Proceeding in the same way for o — D;Go (", t)(x2) gives the desired result. The case N > 3 is
slightly more tedious to write, for a fixed pair of indices i # j, we denote by X_(; ;) the cartesian product of all
the A7 but i and j, and write © € X as x = (z4, 75, 2_(; 5)) € & X Xj X X_(; 5, likewise we write ut_( i for the

i,
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tensor product of ! for [ # i, I # j. Doing so, we have
DiGi(@,t)(wi) = &i(, t) () Z/ hij (@, t) (@i, z5)d(vy — py)(z))
i i
where
hij(@,1) (s, 25) = /X e e 0P s S AL (0 )
)

so that by the same arguments as before, if & € N? with |a| < k, we have for a constant C only depending on
N and the C**P norm of ¢, possibly varying from one line to another:

0°D,Gi(', 1) ()] < CZ 15 = vill zr=v (2 1108 Big (@, 1) (s, Il v (2ey) < Cll = v || -
i

This enables us to conclude exactly as in the end of Section 3.3.

4. SMOOTHNESS OF ENTROPIC OPTIMAL TRANSPORT AND WASSERSTEIN
GRADIENT FLOWS

In this section, we apply our main stability results to the analysis of Wasserstein gradient flows of functionals
involving the entropic optimal transport functional E.

4.1. Displacement smoothness and gradient flows

Let p% pu',v, put and @' be as in the beginning of Section 2.3. A consequence of Theorem 2.3 is that the
functional F is as nice as one could hope for in the Wasserstein space.

Theorem 4.1. If ¢ € C*~Y(X) for some k > 1, then the function t — E(u') is of class C*. Moreover, if
c € C2(X) then its derivative is C cost(v)-Lipschitz, for some C > 0 that only depends on N and ||c|cz. In
particular both E and —E are (—C)-displacement convet.

Proof. 1t follows from the dual formulation (2.2) that g — E(u) is a convex function of ®;u; (eventhough E is
not convex) by optimality of ¢’ in this dual formulation E, setting V;(z) := e—e@)+XL1 #i(=:) it holds that for
every t and s in [0, 1], one has

S [ ottt =) = [ Vil - ) < By - B < [ttt — )~ [ Vit - ) @)
T Ja x T Ja, x
Using the notation z! = (1 — t)z; + ty; as before, remark that

/ Std(us — ut) = / (64(a5) — ot (1)) i, i)
X; X2

—(s—1) /X (01— 20) V6 @t ) + s — 1),
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We now claim that the second term in the left hand side of (4.1) is o(|s — t|). To prove this, we shall for
notational simplicity restrict ourselves to the case N = 2 (the general case is similar but more tedious),

/XVt(u‘i@wS—ui@u%)=/X‘/t(u§®(u§—u§)+(ui—u§)®u§)+/XVt(ui—uﬁ)®(u§—u§)

the first term in the right-hand side is 0 because the integral of V;(.,z2) (respectively V;(z1,.) with respect to p}
(respectively pb) is constant equal to 1 and p§ and pf (respectively uf and p}) have the same total mass. We are
therefore left to show that the second term is o(|t — s|). Defining for x; € X1, & 4(x1) == sz Vi(xe, ) (ps — ub)

and observing that since the 1-Wasserstein distance between p§ and pf is bounded by M|t — s| where M is the
diameter of X5, it follows from the Kantorovich-Rubinstein inequality that

| /X Valusg — i) ® (1 — b)) < Mt — 5| [Veuelleogan).

Writing V&, (1) as

Vf&t(l‘l) = V(bﬁ(ml)gus(fl) - N ‘/;5(-%‘1, .)V;vlc(xl, )(u; — Mfé)

we deduce from the uniform continuity of V,, ¢ and V; and the weak * continuity of s — p3 that V&, , converges
uniformly to 0 as s — ¢, hence that

/ V(s — ) @ (1 — i) = ol(s — t]).
X

Thus dividing equation (4.1) by |s — | and using that ¢° — @' in C! as s tends to t, we get:
q N
SEE) =3 [ - ) Tl (42)
i=1 XX X;

From Theorem 2.3, we know that t — ¢’ is in C*~1([0,1],C*) (note that the case k = 1 is instead a consequence
of Prop. 2.2) and hence t — ((x;, ;) — V @’ (zt)) is in C*~1([0,1],C°(X; x A;)).

It follows that h : ¢t = E(u') € C*([0,1]). Notice how this argument uses the two notions of regularity of the
Schrodinger map (indexed by p and k in Them. 2.3).

For the Lipschitz regularity of 4/, fixing s,t € [0, 1], one has

N
W(t)—hn < i—iTV‘Eﬁ—fodiim
IW(t) — W (s)] < Z/w((y 2)T (Vo (at) — Vi () doi(an, 1)
N
R Loty _ t(,s N
<y /X 1998 - Ve i)

N
3 / lyi — zlIV4(a?) — Vi ()l (i, ).
i=1 XiXXi
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Now, if ¢ € C%(X), using the Lipschitz regularity of x; — V¢!(x;) and of t — V @', from Theorem 2.3, it follows
that

IVe5 (i) — Vi)l < Clt = slllyi — ill and [V (a7) — Ve (27)]| < CJt — s]+/cost(7),

for some C that only depends on N and ||c|/¢cz. Then, we obtain
N
W) =W <Cl=s Y [ s il )

i=1 XiXXi

N
+Clt=slVeost) Y [l il )
i=1 X X X
< C|t — s| cost(y).

In particular, this implies that ¢t € [0,1] — h(t) + CCO%Wﬁ is convex hence

C cost(y)t(1 —¢)
2

E(p') <1 —t)E(u’) +tE(n") +

and displacement semi-convexity follows by choosing 7; to be an optimal transport plan between pY and p}
for each ¢ € [N] (see [38] for a definition). Displacement semi-convexity of —E is obtained in the same way,
observing that t € [0,1] — —h(t) + CC%WtQ is convex. O

Proposition 4.2. If ¢ € CY(X), we have that S(u) is the gradient of pu+— E(p) and x — V. S(w)(x) is its
Wasserstein gradient, in the sense of [38] i.e. for u° and p' in Hf\il P(X;) and for any v; optimal plan between
w, and p}, one has

N

E(p') — E(u°) = Z/X N (yi — i) " V() dyi (i, yi) + o(Wa(p®, pu'))
i=1 " X

where ¢ := S(u°). If c € C?(X) then the error o(Wa(u®, ut)) is in fact O(Wa(u®, ut)?).

Proof. For the case ¢ € C*(X), this follows by integrating (4.2) in time and Proposition 2.2(ii), which guarantees
that S is weakly continuous as a function in C!. For the case ¢ € C2(X), this follows from (4.2) and Theorem 2.3.
O

Theorem 4.1 and the above identification of the Wasserstein gradient of E enable us to deduce from [38],
Theorem 11.2.1 that F admits a unique Wasserstein gradient flow, which shows well-posedness of the Cauchy
problem for the system of PDEs

=0 = p’

This system, as all the PDEs below, is understood in the sense of distributions with no-flux boundary conditions,
ie. for i € {1,..., N}, for every ¢ € C2°(]0, +00) x R?) it holds

/w/'@mawn+v&wxmfvmwum»mmth:—/ammamﬁua
0 X; X;
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We also have that the fact that the gradient flow map u® — p' satisfies
WZ(IJJt, Vt)2 < eCt ‘/‘/2(“07 IJO)Q.

Of course, adding to E a separable term of the form ZZ\; E;(u;) where each E; is displacement semi-convex,
we can deduce well-posedness for more general systems like

Outi — aiAp; — V- (1 VSi(n) =0,i=1,...,N, pt|mo =
or
Bppi — i A" =V - (1iVSi(p)) = 0,i=1,...,N,  pli=o = p°

with m; > 1 and «; > 0. For the sake of concreteness, we are going to detail three such examples with interesting
additional structure in the next paragraphs.

4.2. Wasserstein gradient flow of the Sinkhorn divergence

We consider the Sinkhorn divergence functional [16], the gradient flow of which has been previously considered
as a numerical method for density fitting. As a consequence of our analysis and of [38], Theorem 11.2.1 we have
the following result.

Proposition 4.3. Let X C R? be a compact convez set, ¢ € C?(X x X) and let u°,v € P(X). There erists a
unique Wasserstein gradient flow starting from u° of the Sinkhorn divergence (from v) functional

1 1

UHE(ny)_§E(U’M)_§E(V’V)'

Here, a Wasserstein gradient flow is a curve (u');>0 € P(X) that is absolutely continuous for the Wy metric
and that satisfies

1
Opp' =V - (v'u), v = VSi(p,v) = S (VS 1) + VSa(u', 1), pli=o = p° (4.3)

where we recall that S is the Schrodinger map.
An interesting open question is whether this dynamics can be provably shown to converge to the unique
minimizer p*, which is u* = v for suitable choices of costs, e.g. for ¢(z,y) = ||y — z||?, as proved in [16].

4.3. Convergence to equilibrium for the Schrédinger bridge energy

Let us continue with another simple example that shows that our theory is also natural to deal with the
Lebesgue measure as a reference in the definition of E equation (1.1), which is the original definition of the
Schrodinger bridge problem. This alternative definition is equivalent (see e.g. [32]) to considering E + H where
H(p) = [log(p)dp if p is absolutely continuous and +oo otherwise is minus the differential entropy.

Proposition 4.4. Let X C R? be a compact conver set, ¢ € C2(X x X) and let u°,v € P(X). There exists a
unique Wasserstein gradient flow of

p= E(u,v) + H(p)
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starting from p®. Moreover, if H(u®) < oo then this gradient flow converges at an exponential rate to the unique
global minimizer u*. Specifically, there exists k > 0 independent of u°, v such that

F(ut) = P(u) < " (F(u°) — F(u*)).

In addition, there exists a constant C' > 0, independent of u°, v such that

Wa(p', 1*)? < Ce™(F(u°) = F(p")).

For this functional, the Wasserstein gradient flow (u');>0 € P(X) solves
opt =V - (vhul) + Apt, vt = VS (1t v). (4.4)

Proof. We have semi-convexity along Wasserstein geodesics, by Theorem 4.1 for the first component and by a
standard result due to Mc Cann [37] (see [2], Thm. 7.28) for the H component. Thus the general well-posedness
results from [38], Theorem 11.2.1 applies. For the exponential convergence — in function value and in distance —
we apply the result from [39], Theorem 3.2, see also [40] where the same argument was discovered independently
(although stated on R?, the argument goes through on a compact domain).

The main assumptions to check are that (i) p+— E(u,v) is convex, which is clear from the dual formulation
equation (2.2) which expresses this functional as a supremum of affine forms, (ii) that a global minimizer p*
exists, which is not difficult here since P(X) is weakly compact, H is weakly lower-semicontinuous and E is
weakly continuous and finally we need to check that the probability measure ji, oc e~ ') ¢ P(X) satisfies a
log-Sobolev inequality, uniformly in ¢ (Asm. 3 in [39]).

Since X is bounded, the normalized Lebesgue measure satisfies a log-Sobolev inequality [41], Theorem 7.3. By
the Holley-Stroock perturbation criterion [42] (see [41], Lem. 1.2), fi; satisfies it as well; this criterion applies here
because sup,, S1(u, v)(z) — inf, S1(p, v)(z) is bounded, uniformly in u, v € P(X) by Prop. 2.2. The convergence
in Wasserstein distance is stated in [39], Corollary 3.3 and follows from the fact that log-Sobolev inequalities
imply Talagrand inequalities [43], Theorem 1.

O
4.4. Convergence to equilibrium in the multi-species case
We now consider Wasserstein gradient flow of?
N N
F(p) = E(p) + ZH(M), p= (g1, iN) € HP(Xz)
=1 i=1
that is
O — Api =V - (iVSi(p)) =0, i=1,...,N, pli=o = p°. (4.5)

Up to adding a constant to ¢ (which does not affect the dynamics (4.5)) we may assume that

/ e @dy = 1. (4.6)
X

3Note that F(p) can also be written as the value of an entropic optimal transport problem but with the Lebesgue measure as

reference measure i.e. F(p) = minyery) [y c(@)dy(z) + H(v).
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With this normalization, we have

inf F = inf H(yle7)=0
per o (n) Lonf (v]e™)

so that F' admits p*, the marginals of v* := e~ ¢, as unique minimizer
i () = / e Tt de (4.7)
X_;

for every i and x; € X; and F(u*) = 0. In the next proposition, we extend Proposition 4.4 to the multi-species
case. In this case, the functional g — E(p) is not convex anymore but we can overcome this difficulty taking
advantage of the form of F.

Proposition 4.5. Let u° € vazl P(X;). Then there exists a unique Wasserstein gradient flow of F starting
from p®, that we call put. Assume that H(uY) < +o0 for every i, then p' converges at an exponential rate to the
equilibrium p*, defined in equation (4.7), i.e. there exists k > 0 independent of u° such that

F(p') = F(p*) < e ™ (F(p°) — F(u")).
In addition, there exists a constant C' > 0, independent of u°, such that
Wa(p',p*)? < Ce ™(F(p°) — F(p*)).

Proof. The well-posedness of the Wasserstein gradient flow is proved as previously using the geodesic semi-
convexity of F' that follows from Theorem 4.1. For the convergence, first note the identities

N

N
E(p) = Z/X Si(p)dpi, F(p)= ZH(M‘Q*SI'(H))

i=1

which hold for any p € Hf\[:l P(X;) and easily follow from (2.2) and (2.5). Let us then remark that, denoting
by ~v(u), the optimal entropic plan

dy(p)(2) = e c@H L S W@ quy () - duy (2)

(&

and recalling that v* = e~
probability measure v* on X

we can conveniently rewrite F' as a relative entropy with respect to the fixed

F(p) = H(v(p)v").

Since H(u?) < 400 for every i, and denoting by ' the Wasserstein gradient flow of F starting from p°, we
have using the chain rule, (4.5) and an integration by parts:

N N

d

F ) =Z/X (Si(p") + log(u})) Depst = —Z/X IV log it + VS; (') ||yt
i=1" " i=1"Y i

N t
= =3 LulfeS )
i=1
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where I;(ple™"), for p € P(X;), stands for the relative Fisher information

Liple™V) = /X HVlog (%)“de.

Defining 7! := v(ut), we have F(u!) = H(y!|v*) and

Iy = /X

N
=D Liuile )
i=1

7 (2)

e*C(m)

2 N
V. log dy'(z) = | ||V, (og(ul(x:) + Si(p) (@) dv' ()
X =1

where we used the fact that 4* € TI(u?) in the last line. But since X is convex, it follows from the Holley-Stroock
perturbation criterion [42] (see [41], Lem. 1.2), that v* satisfies a log-Sobolev inequality, hence

I(y') = kH(y'|v")
with k > 0 depending only on X and c¢. We thus have

d

SR = SHOY) = ~T0'") < —xH( ) = —#F ()

hence
F(p') <e ™ F(u°).

Thanks to Talagrand’s inequality, which follows from the log-Sobolev inequality [43], Theorem 1, we get an
exponential decay of W (7, v*) hence also an exponential decay in Wasserstein distance between the marginals
of v¢ and v* i.e. of Wa(put, u*). O
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