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Goals

• We use Levenberg Marquardt method for parameter estimation

• We use Femlab for the direct and sensitivity problem definitions

• We save these problems in a matlab file (« *.m »)

• We introduce the algorithm in this file

• At last the resolution of the inverse problem is realised with Matlab.
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• Resolution of the direct quenching problem with femlab

• The Levenberg-Marquardt algorithm

• Resolution of the sensitivity problem with femlab

• Resolution  of the inverse boundary problem with matlab

• Conclusions



  

The « Jominy » end-quench test
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sample

Alumina and 
thermocouple

The sample



  

The direct quenching problem

• The governing equations [1] :

Water jet

r
r

z
r

W 2G

2G

3G

1G

[1] Essai de trempabilité jominy. Norme NF A 04-303 (juin 1979).
[2] P. Le Masson, P. Rogeon, D. Carron and J.J. Quémener. Simulation numérique thermométallurgique : influence des paramètres d’entrée sur
la modélisation d’un essai de trempabilité Jominy. La revue de métallurgie-CIT/ Science et génie des matériaux, p.1055-1064, septembre 2000. 

ρC p
∂T
∂ t −∇(k .∇ T )=0∈Ω xT

−k ∂T
∂ n⃗=0onΓ2 x T

−k ∂T
∂ n⃗

=εσ(T 4−T room
4 )onΓ2 xT

−k ∂T
∂ n⃗=Hcv (T−T room)onΓ3 x T

T (r , z ; t=0 s)=1173K∈Ω



  

The direct quenching problem
- the resolution with femlab -

• Open FEMLAB3.1 
with matlab

• In the model 
navigator window, 
choose « this 
configuration»

• And click OK



  

The direct quenching problem
- the resolution with femlab -

• To draw a rectangle of 
100mm x 12,5mm

• Click on the «  
rectangle icon »

• Draw a rectangle in 
the draw window



  

The direct quenching problem
- the resolution with femlab -

• Click two times on the 
rectangle and the 
object properties 
window appears

• Correct the dimensions

• APPLY and OK

• Redimension the 
rectangle with the 
« Zoom extents icon »



  

The direct quenching problem
- the resolution with femlab -

• In bar menu, choose 
«Physics » then 
« boundary settings » 
to define the boundary 
conditions.



  

The direct quenching problem
- the resolution with femlab -

• Boundary 1: Axial 
symmetry

• Boundary 2: select 
heatflux h=HCV and 
Tinf =‘Troom’,

• Boundaries 3 and 4: 
select heat flux « const » 
=‘stefan*emi’ and  
« Tamb »=‘Troom’  

• APPLY and click OK



  

The direct quenching problem
- the resolution with femlab -

• In « Physics » menu 
bar, choose 
« subdomain settings » 
to define the material 
properties.

• The subdomain 
settings window 
appears.



  

The direct quenching problem
- the resolution with femlab -

• In the coefficients domain 
selection, enter:

KAC for the thermal 

RHOAC for the Density,

CPAC for the heat capacity,

conductivity,

0 for the heat source;

• In the init part, give the 
initial temperature : Tsteel

• OK



  

The direct quenching problem
- the resolution with femlab -

• Go to the « options » 
in the menu bar, 
choose « constants » to 
define all the 
parameters and their 
values.



  

The direct quenching problem
- the resolution with femlab -

• To validate the name 
of the parameter click 
« apply » to validate 
his value.
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•To exit: click OK



  

The direct quenching problem
- the resolution with femlab -

• Mesh step

• In the menu, select 
« mesh » then « mesh 
parameters » to open 
the mesh parameters 
window



  

The direct quenching problem
- the resolution with femlab -

• Impose the size of the 
element in the domain 1 : 
 « maximum element 
size » = 2e-3

• And click the button 
« REMESH »

• Change the « mesh 
growth rate »

• Refine the mesh near 
the quenched boundary 
2 :  « maximum 
element size » = 5e-4



  

The direct quenching problem
- the resolution with femlab -

• Select « solve » in the bar menu,

• Then « solve parameters » and click

• The solver parameters window appears



  

The direct quenching problem
- the resolution with femlab -

• In the « general » 
menu, verify that 
is a ‘time 
dependent’ 
problem in 
« solver type »

• In « solution 
form » select 
‘general’



  

The Levenberg-Marquardt method
- the inverse boundary problem formulation -

• The inverse boundary problem formulation [3]:
Find the parameter Z={H,E} which minimizes the quadratic criterion 
S(Z,T) : 

With Yi is the measurements, Ti the calculated temperature, and W a 
diagonal matrix where the diagonal elements are given by the inverse of the 
standard deviation of the measurement errors, i is the total number of 
measurements.

• The Levenberg-Marquardt Method says [4,5]:

with J is the sensitivity matrix,     is the damping parameter and       is a 
diagonal matrix equal to the identity matrix.

l W

[3] A.N. Tikhonov & V.Y. Arsenin. Solutions of ill-posed problems. V.H. Wistom & Sons, Washington, DC (1977). 
[4] K. Levenberg. A method for the solution of certain non linear problems in least squares. Quart. Appli. Math. 2 (1944) 4164-168.
[5] D.W. Marquardt. An algorithm for least squares estimation of non linear parameters. J. soc. Ind. Appli. Math. 11 (1963) 431-441. 

S (Z ,T )=[Y i−T i(Z )]TW [Y i−T i(Z )]

Z k+1=Z k+[ JTWJ+λ
k
Ω
k
]
−1 JTW [Y i−T i(Z k)]



  

The direct quenching problem
- the resolution with femlab -

• Solve the direct 
quenching problem by 
using the « solve » icon 
(symbol equal )

• We obtain the 
temperature field at the 
final time



  

The Levenberg-Marquardt method
- the inverse boundary problem formulation -

• The inverse boundary problem formulation [3]:
Find the parameter Z={H,E} which minimizes the quadratic criterion 
S(Z,T) : 

With Yi is the measurements, Ti the calculated temperature, and W a 
diagonal matrix where the diagonal elements are given by the inverse of the 
standard deviation of the measurement errors, i is the total number of 
measurements.

• The Levenberg-Marquardt Method says [4,5]:

with J is the sensitivity matrix,     is the damping parameter and       is a 
diagonal matrix equal to the identity matrix.

l W

[3] A.N. Tikhonov & V.Y. Arsenin. Solutions of ill-posed problems. V.H. Wistom & Sons, Washington, DC (1977). 
[4] K. Levenberg. A method for the solution of certain non linear problems in least squares. Quart. Appli. Math. 2 (1944) 4164-168.
[5] D.W. Marquardt. An algorithm for least squares estimation of non linear parameters. J. soc. Ind. Appli. Math. 11 (1963) 431-441. 

S (Z ,T )=[Y i−T i(Z )]TW [Y i−T i(Z )]

Z k+1=Z k+[ JTWJ+λ
k
Ω
k
]
−1 JTW [Y i−T i(Z k)]



  

• Sensitivity coefficients calculus [6]:

First method:    Second method:

The expression of the sensitivity matrix becomes:

Stopping criterion:

[6] M.N. Osizik, H.R.B. Orlande, Inverse heat transfer: fundamentals and applications, Taylor and Francis, New York, 2000. 

( ) ( )
2Z

T Z Z T Z Z
J

Z

e e
e

+ - -
=

The Levenberg-Marquardt method
- the sensitivity matrix -

J Z=
∂T (Z )

∂Z

J [H ,E ]=[

∂T 1
∂H

∂T 2
∂H

...
∂T î
∂H

∂T 1
∂E

∂T 2
∂ E

...
∂T I
∂E

]

S (Z k ,T )⩽ε



  

• Levenberg-Marquardt Algorithm:

1-Solve the direct problem with for the unknown parameters       to obtain the  
 calculated temperatures           .

2-Compute                       .
3-Compute the sensitivity matrix            et the matrix     .
4-Calculate the new estimated       .
5-Solve the direct problem with        , Compute                            .
6-if                             , replace      by            and go back to step 4 else if           

                  , replace      by            and continue.
7-Test if                     , Stop if it is true else do               and go back to step 3.

• Let define the sensitivity problems under femlab …

kZ

[6] M.N. Osizik, H.R.B. Orlande, Inverse heat transfer: fundamentals and applications, Taylor and Francis, New York, 2000. 

( )kT Z

( )( ),k kS Z T Z
( )kJ Z kW

1kZ +

( ) ( )1k kS Z S Z+ >

1kZ + ( )( )1 1,k kS Z T Z+ +

( ) ( )1k kS Z S Z+ <

kl
kl 0,1* kl

10* kl

( )1kS Z e+ < 1k k= +

The Levenberg-Marquardt method
- the algorithm -



  

The sensitivity problems
- the resolution with femlab -

• First, in the bar menu, click on « Multiphysics » and select 
« Model Navigator », a window appears. Now add two new 
heat conduction systems : ht2 and ht3.



  

• Go to « multiphysics » and 
select the 2nd mode (ht2)

• In « physics » menu … 
« boundary settings » to define 
the boundary conditions of the 
sensitivity problem for the 
convective coefficient JHCV.

The sensitivity problems
- the resolution with femlab -

ρC p
∂ J HCV

∂ t −∇(k .∇ J HCV )=0∈Ω x T

−k
∂ JHCV
∂ n⃗ =0onΓ2 x T

−k
∂ J HCV
∂ n⃗ =(T−T room)+HCV∗J HCV onΓ2 xT

−k
∂ JHCV
∂ n⃗ =4εσT 3 J HCV+σ(T 4−T room

4 )onΓ3,4 x T

JHCV (r , z ; t=0 s)=0∈Ω



  

The sensitivity problems
- the resolution with femlab -

• Boundary selection :
1 :’axial symmetry’
2 : ‘heat flux’
3, 4 : ‘heat flux’ => h : ‘4*emi*stefan*T^3’

ρC p
∂J HCV

∂ t −∇(k .∇ J HCV )=0∈Ω xT

−k
∂ JHCV
∂ n⃗ =0 onΓ2 x T

−k
∂ JHCV
∂ n⃗ =(T−T room)+HCV∗J HCV onΓ2 x T

−k
∂ J HCV
∂ n⃗ =4εσT 3JHCV+σ (T 4−T room

4 )onΓ3,4 xT
JHCV (r , z ;t=0 s)=0∈Ω



  

The sensitivity problems
- the resolution with femlab -

• In « physics » menu … select « subdomain settings » to define the 
domain properties. And verify that the initial value is equal to zero.



  

• Go to « multiphysics » and select the 3rd mode (ht3)

• In « physics» menu … « boundary settings » to 
define the boundary conditions of the sensitivity 
problem for the emissivity coefficient.

The sensitivity problems
- the resolution with femlab -

ρC p
∂ J emi
∂ t −∇(k .∇ J emi)=0∈Ω xT

−k
∂ J emi
∂ n⃗ =0onΓ2 xT

−k
∂ J emi
∂ n⃗ =HCV∗J emionΓ2 x T

−k
∂ J emi
∂ n⃗ =4 εσ T 3 Jemi+σ(T 4−T room

4 )onΓ3,4 xT

J emi(r , z ; t=0 s)=0∈Ω



  

• Enter the boundary conditions for the modes  ht3 :

Boundary selection : 1 => axial symmetry, 2 => heat flux with h:’HCV’,

3,4 => heat flux

The sensitivity problems
- the resolution with femlab -

ρC p
∂J emi
∂ t −∇(k .∇ Jemi)=0∈Ω x T

−k
∂J emi
∂ n⃗ =0 onΓ2 xT

−k
∂ J emi
∂ n⃗ =HCV∗J emi onΓ2 xT

−k
∂ J emi
∂ n⃗ =4 εσT 3 Jemi+σ (T 4−T room

4 )onΓ3,4 x T
J emi(r , z ;t=0 s)=0∈Ω



  

The sensitivity problems
- the resolution with femlab -

• In « physics » menu … select « subdomain settings » to define the 
domain properties. And verify that the initial value is equal to zero.



  

• In the bar menu, 
choose « file » then 
« reset M-file » before 
solving simultaneously 
the direct problem and 
the two sensitivity 
problems.

The sensitivity problems
- the resolution with femlab -

• Solve these three 
problems by clicking 
on « solve (=) »



  

• Save the data in a M-
file & .flb file (keep 
these two file is the 
same folder).

• Go to « file » in the 
menu, choose « Save 
As ». Save it as a 
matlab file (.m 
exetension)

• Name it ‘quenching2p’

• The program generates 
a quenching2p.m file.

The sensitivity problems
- the resolution with femlab -



  

• Isovalue for HCV 
sensitivity coefficients 
at time t=1s

• Isovalue for HCV 
sensitivity coefficients 
at time t=60s

The sensitivity problems
- sensitivity results -

Jh=f(t) at r=1.2mm & z=2mm

Useful time interval for estimation



  

• Isovalue for emi 
sensitivity coefficients 
at time t=1s

• Isovalue for emi 
sensitivity coefficients 
at time t=60s

The sensitivity problems
- sensitivity results -

Je=f(t) at r=1.2mm & z=2mm

Useful time interval for estimation



  

The inverse boundary problem resolution
- building of the inverse problem program -

• Go to Matlab 
environments and open a 
new M-file in which we 
are going to program the 
inverse problem program.

• Name it 
« main_quenching2p.m »

• To do that : go to « file » 
menu then « save as »

• Give a title at the begin of 
the file (the sentence is 
preceeded of % symbol 
for comments).



  

The inverse boundary problem resolution
- building of the inverse problem program -

Solve the direct problem

Compute the calculated
 temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,
Calculate the sensitivity matrix J(Zk)

Estimate the new
set of parameters Zk+1

Solve the direct
problem for the new

set of parameters

Compute the
quadratic criterion S(Zk)

Multiply  by 10Divide  by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)< 
Yes

No

Initial set of
Parameters Z0 & Yi



  

• First let solve the 
direct problem with 
the true parameters to 
obtain the theoretical 
temperatures Yi.

• Write the followings 
lines.

The inverse boundary problem resolution
- building of the inverse problem program -



  

The inverse boundary problem resolution
- building of the inverse problem program -

Solve the direct problem

Compute the calculated
 temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,
Calculate the sensitivity matrix J(Zk)

Estimate the new
set of parameters Zk+1

Solve the direct
problem for the new

set of parameters

Compute the
quadratic criterion S(Zk)

Multiply  by 10Divide  by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)< 
Yes

No

Initial set of
Parameters Z0 & Yi



  

• Initialize the parameters of the levenberg-Marquardt method : 
unknown parameters, damping parameter, weight matrix, first 
criterion, … (for estimation just the first measurements are useful! 
because the values of the sensitivity coefficient …)

The inverse boundary problem resolution
- building of the inverse problem program -



  

The inverse boundary problem resolution
- building of the inverse problem program -

Solve the direct problem

Compute the calculated
 temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,
Calculate the sensitivity matrix J(Zk)

Estimate the new
set of parameters Zk+1

Solve the direct
problem for the new

set of parameters

Compute the
quadratic criterion S(Zk)

Multiply  by 10Divide  by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)< 
Yes

No

Initial set of
Parameters Z0 & Yi



  

The inverse boundary problem resolution
- building of the inverse problem program -

• Open the beginning of the optimization loop

• Solve the direct problem for the set of initial unknown parameters

• Interpolate the calculated temperatures

• Compute the quadratic criterion (called « somme » here)



  

The inverse boundary problem resolution
- building of the inverse problem program -

Solve the direct problem

Compute the calculated
 temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,
Calculate the sensitivity matrix J(Zk)

Estimate the new
set of parameters Zk+1

Solve the direct
problem for the new

set of parameters

Compute the
quadratic criterion S(Zk)

Multiply  by 10Divide  by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)< 
Yes

No

Initial set of
Parameters Z0 & Yi



  

The inverse boundary problem resolution
- building of the inverse problem program -

• Case of the first iteration k=1 : Computation of the new estimated, and read of the 
sensitivity coefficients values (‘Jh’ and ‘Je’)

We use the 21 first measurements
for the estimation



  

The inverse boundary problem resolution
- building of the inverse problem program -

Solve the direct problem

Compute the calculated
 temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,
Calculate the sensitivity matrix J(Zk)

Estimate the new
set of parameters Zk+1

Solve the direct
problem for the new

set of parameters

Compute the
quadratic criterion S(Zk)

Multiply  by 10Divide  by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)< 
Yes

No

Initial set of
Parameters Z0 & Yi



  

The inverse boundary problem resolution
- building of the inverse problem program -

• Case S(Zk+1)<S(Zk)



  

The inverse boundary problem resolution
- building of the inverse problem program -

Solve the direct problem

Compute the calculated
 temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,
Calculate the sensitivity matrix J(Zk)

Estimate the new
set of parameters Zk+1

Solve the direct
problem for the new

set of parameters

Compute the
quadratic criterion S(Zk)

Multiply  by 10Divide  by 10

End

If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)< 
Yes

No

Initial set of
Parameters Z0 & Yi



  

The inverse boundary problem resolution
- building of the inverse problem program -

• Case S(Zk+1)>S(Zk)

• And close all the loop



  

The inverse boundary problem resolution
- building of the inverse problem program -

Solve the direct problem

Compute the calculated
 temperature and the

Quadratic criterion S(Zk)

Solve the sensitivity problems,
Calculate the sensitivity matrix J(Zk)

Estimate the new
set of parameters Zk+1

Solve the direct
problem for the new

set of parameters

Compute the
quadratic criterion S(Zk)

Multiply  by 10Divide  by 10 If S(Zk)> S(Zk) If S(Zk)< S(Zk)

Verify If S(Zk)< 
Yes

No

Initial set of
Parameters Z0 & Yi

End
Post processing



  

The inverse boundary problem resolution
- building of the inverse problem program -

•To visualize the results of the numerical identification (1)



  

The inverse boundary problem resolution
- building of the inverse problem program -

•To visualize the results of the numerical identification (2)



  

The inverse boundary problem resolution
- building of the inverse problem program -

•We have to modify the « quenching2p.m » file
 (the file obtained from femlab)
•Add these lines and keywords : coefH & coefE



  

The inverse boundary problem resolution
- building of the inverse problem program -

At the end of the file:
•In the solver, replace time vector by the vector named ‘ITEMPS’
•Comment the postplot process

You can run the program ….



  

The inverse boundary problem resolution
- results of the inverse problem program -

S(Z)=f(iteration)
emi=f(iteration)

HCV=f(iteration) Theoritical,Tcalculated=f(t)



  

Thanks for your attention

And a special thanks to my colleagues for their councils :
Philippe Le MASSON and Tahar LOULOU

Thanks to Comsol support for their help today

Have a nice Eurotherm Winter School
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