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1. Introduction.

Let (V("), A ]P’Stn), fe 8)7 n € N*| be a family of statistical experiments generated by obser-

vation X (™. It means that X (") is a V(™-valued random variable defined on some probability

space, and the probability law of X (™ belongs to the family (IP;”), fe 3) Since the probability

space on which X (™ is defined will play no role in the sequel we will just assume its existence.
Furthermore in this paper:

e (D,D, ) is a measurable space;

e § is a set of functions f : D — R. Typical examples of set § are functional spaces, e.g.,
T = La(R9), Cy(R?), the set of all measurable real functions etc;

e G:§ — &, where G is a set endowed with semi-metric £.

The goal is to estimate G(f), f € §, from observation X (").~By an estimator we mean any
X ()_measurable G-valued mapping. Accuracy of an estimator G is measured by the (-risk

1

ROG:G(] = (B [e(G.6(n))") " (1.1)

Here and later ]Egc") denotes the mathematical expectation with respect to the probability measure

IP’;") and the number ¢ > 1 is supposed to be fixed. Recall that for any X (")-measurable map
T:V™ 5 R
(n) _ (n)
B[] = /V TP @)

1.1. Examples of models.

In these notes we will consider the following statistical models.

Density Model. Let B(D, 1) denote the set of all probability densities with respect to measure
u defined on D and let § C PB(D, p).

Then the statistical experiment is generated by the observation X (™ = (Xl, e 7Xn),n e N¥,
where X;, i € N*, are i.i.d. random vectors possessing unknown density f € §.

*This work has been carried out in the framework of the Labex Archimeéde (ANR-11-LABX-0033) and of
the A*MIDEX project (ANR-11-IDEX-0001-02), funded by the ”Investissements d’Avenir” French Government
program managed by the French National Research Agency (ANR).
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White Gaussian Noise Model. Let § = Ly(D, zt). Put D= {Be®: u(B)< oo} and let
(W(B), B € 5) be the white noise with intensity u.

Consider the statistical model generated by the observation X = {Xn(g)7 g € Lo (D,u)}
where

‘n@raéfmwmmm+n*ﬂlﬂum4w» (1.2)

Recall also that for any g € 1Ly (D, u)

Xalg) = N((g.HnM9.9)), (1.3)

where (-, ) is the inner product of Lo (D7 M), and N (-, ) denotes the normal law on R.

1.2. Examples of estimation targets G.

Global estimation G(f) = f. The goal is to estimate the entire function f. Here & = §,
and the accuracy of estimation is usually measured by the Ly-risk on D C D, i.e. £(g1,92) =
llg1 — g2|lp,p, 1 < p < 00, where

lgll3.0 :/ lglPu(dt), p € [1,00),  [|glloe,p = sup [g(#)]-
D teD

Pointwise estimation G(f) = f(ty), to € D. Here & = R! and ¢(a,b) = |a — b|,a,b € R,
and D C D. We present this estimation problem separately from the discussed below problems
of estimation of functionals because it is often used in order to recover the underlying function
itself.

Estimation of functionals. Here & = R! and ¢(a,b) = |a — b|,a,b € R and D C D.

Estimation of a derivative at a given point: G(f) = f* (o), to € D,k € N*¥;
Estimation of norms: G(f) = || fllp.p,1 < p < o0;
Estimation of extreme points: G(f) = arg max f(@);

€

Estimation of regular functionals, for example G(f) = [, f*(t)dt, s € N*.

2. Minimax adaptive estimation

Let F be a given subset of §. For any estimator G,, define its mazimal risk on F by

RO (G ] = supRID [ G
feFr

and the minimax risk on F is given by

On(F) = inf R [G: ], (2.1)
Gy,

where infimum is always taken over all possible estimators. An estimator whose maximal risk is
proportional to ¢, (F) is called minimax on F.

Let {]F19,19 € @} be the collection of subsets of §, where ¢ is a nuisance parameter which
may have very complicated structure (see examples below). Without further mentioning we will



O. V. Lepski/Adaptive estimation 3

consider only scales of functional classes for which a minimax on Fy estimator (usually depending
on ¥) exists for any ¢ € ©.

The problem of adaptive estimation can be formulated as follows: is it possible to construct a
single estimator G, which is simultaneously minimaz on each class Fy, 9 € O, i.e. such that

limsup ¢, ' (Fg)RY [Gr; Fy] < 00, V9 € O?
n—roo
We refer to this question as the problem of minimax adaptive estimation over the scale of classes
{Fy, ¥ € O}. If such estimator exists we will call it optimally-adaptive or rate-adaptive.

The first adaptive results were obtained in (11). Starting from this pioneering paper a variety
of adaptive methods were proposed in different statistical models such as density and spectral
density estimation, nonparametric regression, deconvolution model, inverse problems and many
others. The interested reader can find a very detailed overview of this topic in (32). Here we only
mention several methods allowing to construct optimally-adaptive estimators.

Extension of Efroimovich-Pinsker method, (12; 14);

Lepski method (27) and its extension Goldenshluger-Lepski method (18);
Unbiased risk minimization, (20; 21);

Wavelet thresholding, (10);

Model selection, (1),(2);

Aggregation of estimators, (37), (23), (43), (42), (3), (15);

Exponential weights, (36), (9), (40);

Risk hull method, (8);

Blockwise Stein method, (4), (7), (39).

We will discuss existence of optimally-adaptive estimators in details later. Now let us provide
some example of scales of functional classes over which the adaptation is studied.

2.1. Scales of functional classes.
2.1.1. Classes of smooth functions.

Let (e1,...,eq) denote the canonical basis of R?, d € N*. For a function T : R? — R! and real
number u € R the first order difference operator with step size u in the direction of the variable
x; is defined by A, ;T(z) = T(z + ue;) — T(z), j = 1,...,d. By induction, the k-th order
difference operator is

Ak T(z) = AWAZ’;IT(J:) = (—1)k (N Aw,;T(z).

Definition 1. For given vectors g = (Bi,---,84) € (0,00)%, 7 = (r1, ...,7q) € [1,00]%, and
L= (Ly,...,Lq) € (0,00)% a function T : R? — R is said to belong to anisotropic Nikolskii’s
class Nad(ﬁ, E) if | T, < Lj forallj=1,...,d, and there exist natural numbers k; > f; such
that

a7, < Lilul®, VueR, Vj=1,....d
) ’l"j
Let § = Uy Ly (R?) and
Fﬂ = Nﬁd(gvi)7 ?9 = (B,F,E) € @ g (0,00)d X [1’Oo]d X (0,00)d,

where Nad(g, E) is anisotropic Nikolskii’s class of functions on R%,d > 1.
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2.1.2. Functional classes with structure.

Structural models are usually used in estimation of multivariate functions in order to improve
estimation accuracy and to overcome the curse of the dimensionality.

Single index structure. Let § = UZZqu(Rd) and let S?~!, d > 2, denote the unit sphere in

R?. Let also Nm(ﬁ, L)7 r>1,8>0, L > 0 be Nikolskii’s class of functions on R!.
For any S € S ! and any » > 1,3 > 0, L > 0 introduce the following functional class

Fouee(B,L,8) = {f 1R 5 R : f() = F(wT+), FeNu(8,L), we S}.
The adaptive estimation over the collection
Fy = FSele(3 I, S), 9 = (B,T,L,S) €0 C (0,00) x [1,00] x (0,00) x §¢71

is called the estimation under the single index constraint.

Additive structure. Let as previously § = U?leq (R%), d > 2, and let N,.; (6, L), r>1,6>
0, L > 0 denote Nikolskii’s class of functions on R*.
For any » > 1,5 > 0, L > 0 introduce the following functional class

d

Fpadve(s L, 8) = {f RY S RY: f(z) = Fr(zk), Fr € Noy(B, L) }

k=1

The adaptive estimation over the collection
Fyg = FAde(g,L), 9 = (,r,L) € © C (0,00) x [L, 00] x (0, 00)

is called the estimation under the additive constraint.
The functional classes introduced above are considered in the framework of Gaussian White
Noise Model or more generally in nonparametric regression context.

Hypothesis of independence. The functional classes introduced below are used in the Den-
sity Model. Let D = R%,d > 2, u1 be the Lebesgue measure and recall that § C B(D, ). At last,
let Z; be the set of all subsets of {1,...,d}.

For any I € Z; and any = € R? denote 27 = {z; € R,j € I}, [ = {1,...,d} \ I, and set for any
density f € §

fi(zr) = /Rf f(x)dzy, x; e R

If we denote the coordinates of the random vector X; by X;1,...X; 4 we can assert that f; is
the marginal density of the random vector X; r := (X, ;,j € I) whatever ¢ = 1,...,n. The latter
is true because X;,i = 1,...,n, are identically distributed.

Let IT denote the set of all partitions of {1, ...,d}. The independence hypothesis supposes that
there exists a partition P such that the random vectors X; r,I € P, are mutually independent
that means that

f(z) = H fr(zr), VoeR%
IeP
For given vectors § = (B1,...,84) € (0,00)%, 7 = (r1, ...,rq) € [1,00]%, L = (L1,...,Lq) €
(0,00)? and a given partition P € II introduce the following functional class

mder (3 L, P) = {f ‘RS R,: f(z) = H fi(an), fr €Ny n(Br.Lr), I € P}'

IeP
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The adaptive estimation over the collection
Fy = FP°(B,L,P), 0 = (6,7 L) € © C (0,00)% x [1,00]? x (0,00)% x II

is called the estimation under hypothesis of independence.

2.2. Existence of adaptive estimators. Fundamental problem.

It is well-known that optimally-adaptive estimators do not always exist, see (26), (28), (13), (5).
Formally nonexistence of optimally-adaptive estimator means that

liminfinf sup ¢, (Fo)R(Y [GriFy] = 00, V1,9 € ©. (2.2)

n=o0 G, 9e{d,02}

Indeed, since a minimax estimator on Fy exists for any 9 € © we can assert that

n—oo

0 < liminfinf ¢y (Fg)RE [G; Fy] < 00, V0 € O,

The latter result means that the optimal (from the minimax point of view) family of normal-
izations {¢p, (]F19>719 € @} is attainable for each value ¢, while (2.2) shows that this family is
unattainable by any estimation procedure simultaneously for any couple of elements from ©O.
This, in its turn, implies that optimally-adaptive over the scale {Fy, 9 € @} does not exist.

However, the question of constructing a single estimator for all values of the nuisance pa-
rameter ¥ € O remains relevant. Hence, if (2.2) holds we need to find an attainable family of
normalization and to prove its optimality. The realization of this program dates back to (27)
where the notion of adaptive rate of convergence was introduced. Nowadays there exist several
definitions of adaptive rate of convergence and corresponding to this notion criteria of optimality,
see (27), (41), (25), (38). Here we present the simplest definition of the adaptive rate which is
the following.

Definition 2. A normalization family {¢n(Fy),9 € ©} is called adaptive rate of convergence
over collection of functional classes {Fy,0 € ©}} if

liminfinf  sup ¥y {(Fy)RE [Gn; Fy] >0, V1,09 €O, (2.3)
n=o G, 9e{d,92}

and there exists an estimator @n such that

limsup sup ;L (Fg)RYE) [én;Fﬁ] < oo, Vi, € 0. (2.4)
n— 00 196{191,192}

The sequence supyee[Vn(9)/on(9)] is called the price to pay for adaptation and the estimator
@n is called an adaptive estimator.

Note that (2.4) is equivalent to

lim sup 1, }(Fg) R l:én;]Fﬁ:l < oo, VYeO

n—oo

and, therefore, if (2.4) is fulfilled for any n € N* with
Y (9) = e(Npn(9), ¢(F) < o0, Y €O,

then one can assert that @n is an optimally-adaptive estimator.
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Example 1. Consider univariate model (1.2), where D = [0,1] and p is the Lebesgue measure.
Let alsoFy = Noo 1(8, L), ¥ = (B, L), be the collection of Nikolskii’s classes with r = oo (Hélder’s
classes). Let b, L > 0 be an arbitrary but a priori chosen numbers, and let © = (0,b] x (0, L].
The goal is to estimate G(f) = f(a) where a € (0,1) is a given point.

The minimazx rate of convergence for this problem is given by

6n(Noo1 (8, 1)) = (L} /n) 77,

while the adaptive rate of convergence is given, see (26), by

1 _B__
Vn (Noo,l(ﬁy L)) = (Lﬁ ln(n)/n) 2B
We conclude that optimally-adaptive estimators do not exist in this estimation problem.

The most challenging problem of the adaptive theory is to understand how the existence/nonexistence
of optimally-adaptive estimators depends on the statistical model, underlying estimation problem
(mapping G), loss functional ¢, and the collection of considered classes. An attempt to provide
such classification was undertaken in (27)—(28), but the sufficient conditions found there for
both the existence and the nonexistence of optimally-adaptive estimators turned out to be too
restrictive.

PROBLEM: Find necessary and sufficient conditions of the existence of optimally-adaptive esti-
mators, i.e. the existence of an estimator G,, satisfying the following property:

limsup ¢,, ' (Fy )R [Gr; Fy] <00, VI €O.
n—oo

This problem stated in (27) thirty years ago remains unsolved.

It is important to realize that answers to the formulated problem may be different even if the
statistical model and the collection of functional classes are the same and estimation problems
have ”similar nature”.

Example 2. Consider univariate model (1.2), where D = [0,1] and p is the Lebesgue measure.
Let alsoFy = Noo 1 (8, L), 9 = (B, L), be the collection of Nikolskii’s classes with r = oo (Hélder’s
classes). Let b, L > 0 be an arbitrary but a priory chosen numbers and let © = (0,b] x (0, L]. Set

Goo(f) = ||f||oo,[0,1]a G2(f) = ||f||2,[0,1]~

The optimally-adaptive estimator of G (+), was constructed in (29). On the other hand, there is
no optimally-adaptive estimator for Ga(-), see (6).

2.3. Adaptive estimation via oracle approach.

Let G = {@h,b € S’J} be a family of estimators built from the observation X (. The goal is to
propose a data-driven (based on X (”)) selection procedure from the collection G and establish
for it l-oracle inequality.

More precisely we want to construct a $)-valued random element 6 completely determined by
the observation X (™ and to prove that for any n > 1

R[G5 G(P)] < mE UD(f0) + 7, VS ET. (2.5)
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We call (2.5) an l-oracle inequality. Here r, — 0,n — 0o is a given sequence which may depend

on § and the family of estimators G only. As to the quantity UT(LZ)(-, -), it is explicitly expressed,
and for some particular problems one can prove the inequality (2.5) with

UL (f,5) = CRYP[Gy; G(f)], (2.6)

where C is a constant which may depend on § and the family of estimators G only.

Historically, the inequality (2.5) with Ur(f)(~, -) given in (2.6) was called the oracle inequality.
The latter means that the "oracle” knowing the true parameter f can construct the estimator
Gly(y) which provides the minimal over the collection G risk for any f € §, that is

H(f) = R [Coips GN] = inf RE[Cy; G(F)]

Since b(f) depends on unknown f the estimator éh( f)» called oracle estimator, is not an estimator
in usual sense and, therefore, cannot be used. The goal is to construct the estimator @6 which
”mimics” the oracle one.
It is worth noting that the ¢-oracle inequality with Uy(f)(-, -) given in (2.6) is not always available,
and this is the reason why we deal with more general definition given by (2.5).

The important remark is that inequality (2.5) provides a very simple criterion allowing to
assert that the selected estimator G b is optimally-adaptive or adaptive with respect to the scale
of functional classes {Fﬂ, S G)}. Indeed, let us assume that

(i) rn, < Cinfyco ¢n (Eg) for some C' > 0 (verified for all known problems);
(ii) 39 — ph(¥) and ¢(¥) > 0 such that

sup U9 (f,5(9)) < c(d)n (Fy), V0 € 6.
fe€Fy
Hence we deduce from (2.5) for any ¢ € ©

~

sup R [Gy: G(f)] < sup U (£.0(0) + 70 < (e(8) + C) ¢ (Fy),
feFy f€Fy
and, therefore, we can assert that @5 is optimally-adaptive. If (i) and (ii) hold with ), (Fﬁ)

instead of ¢, (Fg), where ¥, (Fg) is the adaptive rate of convergence, we can state that @6 is an
adaptive estimator.

3. Universal selection rule and ¢-oracle inequality.

Our objective now is to propose a data-driven selection rule from family of estimators satisfying
few very general assumptions and to establish for it f-oracle inequality (2.5). It is important to
emphasize that we provide an explicit expression of the functional Uée)(~, -) that allows us to
derive various adaptive results from the unique oracle inequality. The proposed approach can
be viewed as a generalization of several estimation procedures developed by the author and his
collaborators during last twenty years, see (30), (24), (22), (16), (17), (18), (31), (19), and (32).

3.1. Assumptions.

Let $,,,n € N*, be a sequence of countable subsets of §. Let {éh,b € 9} and {éh-ﬂ? h,n € H} be
the families of X ("™)-measurable G-valued mappings possessing the properties formulated below.
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Both @h and éh,n depend usually on n but we will omit this dependence for the sake of simplicity
of notations.

Let €, — 0, n — o0, and §,,, n — o0, be two given sequences. Suppose there exist collections
of G-valued functionals {Ay(f), b € H}, {Ay.,(f), b,n € H} and a collection of positive X (™)-
measurable random variables ¥,, = {¥,, (), h € H} for which the following conditions hold. (The
functionals Ay and Ay, may depend on n (not necessarily) but we will omit this dependence in
the notations.)

Arermute For gny f € F andn > 1

either (i) @;m(f) = én,h(f)v Vn, b € $;
or (ii) sup K(Ah;r?(f)?An,h(f)) < On-

h.nENR

AUPP Forany f € § andn >1

@ B (s 1@ 00() - wa0)]" ) <

bef.)n

(i) ]E;M( sup [e(@,m,AM(f)){\Ifn(h)mfn(n)}]q) < et

h,nNENL +

Some remarks are in order.

1) The assumption AP™%(j) was called in (18) commutativity property. The selection rule
presented in the next section was proposed in (34) and ¢-oracle inequality was established under
assumptions AUPPeT(i) and APe'™Ut However, it turned out that for some estimator collections
the assumption AP®™™U%(j) is not verified. So our main objective is to prove the same (up to
absolute constants) f-oracle inequality under assumptions AP™"€(jj) and AUPPer,

2) For many statistical models and problems

Ao(f) =EY(Gy),  Agn(f) =EP (Gyy)-

In this case e(é,,, Ay(f)) and K(éfw, Ay.,(f)) can be viewed as stochastic errors related to the

estimators Gy and Gy, respectively. Hence, following the terminology used in (33) we can say
that {¥,(h), b € H} and {¥,(h) A U, (), h,n € H} are upper functions of level ¢, for the
collection of corresponding stochastic errors. Often the collection {¥,,(h), h € H} is not random.
This is typically the case when a statistical problem is studied in the framework of white gaussian
noise or regression model.

3) We consider countable £),, in order not to discuss of the measurability of the supremum
inside the mathematical expectation appearing in the assumption A"PP". The developed in the
next section theory remains valid for any parameter set over which the corresponding supremum
is X (")_-measurable.

3.2. Unaversal selection rule and corresponding £-oracle inequality.

Our objective is to propose the selection rule from an arbitrary collection G($),,) = {@ h, 0 € Hn}
satisfying hypotheses APe™u% and AUPPT and establish for it the f-oracle inequality (2.5).
Define for any h € 9,

Ru(h) = sup [0(Gy,Gyy) — 20 (n)]
NEN +
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Let 6(") € $, be an arbitrary X (™ — measurable random element satisfying

R, (h™) + 2w, (h™) < bienﬁf {R,(H) + 20, (h)} + &,.

Our final estimator is éA(”). In order to bound from above its risk introduce the following
notation: for any f € F, h € ,, andn >1

B (£,5) = £(Aa(5). ) +2 sup €(Ron(P M), () = [ES ()}

nENL

Theorem ((34)). Let APe™™u (i) and A“PPeT be fulfilled. Then, for any f € § and n > 1
R [Cins GUN) < inf {BU(f,5) +5n(f,0)} + 6en.

Thus, f-oracle inequality is established with r, = 6¢,, and

U (£,0) = BM(£,0) + 5¢(f,b).
Our goal now is to prove the following result.

Theorem. Let AP (ii) and A“PP" be fulfilled. Then, for any f € §F andn > 1
R [Gins G(f)] < Jnf {BOV(f,0) + 900 (f,5)} + 102, + 8.

Thus, f-oracle inequality is established with r,, = 10, + §,, and

U (f,9) = B™(f,b) + 9%, (f.h).

Proof. We break the proof into three short steps and for the simplicity of notations we will write
h instead of h(™). Set

£ = sup [é(@,,,An) —\Ifn(n)L, £ = sup {é(@m,AM) _{\pn(h)mpn(n)}}

nEN, b,MEHR +

1) Our first goal is to prove that for any h,n € 9,
UGy, Gyn) < Ru(n) + 69, (h) + 261 + 262 + 6. (3.1)
Indeed, the following chain od inequalities is obtained from the triangle inequality

(G, Gyy) < 0(Gy, Ay) +€(Ay, Gy
< E(GhaAh) Jrg(Avabm) +€(GhmaAhm)
< U(Ag, Agyp) + 205 (h) + & + o (3.2)

Similarly, taking into account APS™ute(jj) we get

E(Ab’Ahm) < K(A‘hAn,h) + 0
< UGy, Ay) + L(Gy, Gry) + (G, Ayy) + 0
< (G, Gyp) +2Wn(h) + &1 + & + 0. (3.3)
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It remains to note that in view of the definition of R, ()
UG, Cyy) < 20(0) + [0(Gy. Cp) —20(0)] | < 20, (0) + Ruln).

This together with (3.2) and (3.3) implies (3.1).
2) Let h € $,, be fixed. We have in view of the definition of R, ()

~

0(G;, Gy ) <20, () + [e(éa,éh’ﬁ) - 2\1/,1(6)L < 2W,(h) + Rn(b). (3.4)

Here we have also used t}}at 6 € 9, by its definition.
Applying (3.1) with = h we obtain
((Gy, Gy ) < Ru(b) +69,(h) + 261 + 282 + 0. (3.5)
We get from (3.4), (3.5) and the definition of b
0(G5.Gy5) + (G, Gy 5) < Ru(b) + 29, (h) + Ri(b) + 60, (h) + 261 + 26 + 0,
(b

< 2R, (h) + 8W,,(h) + 261 + 265 + €, + . (3.6)
3) We have in view of the triangle inequality for any b € $,,
R (b) < sup (Mg, (f), Ay(f)) + &1 + & (3.7)
I

Thus, we obtain from (3.6) and (3.7) for any h € 9,
é(Gﬁ’ Gh;ﬁ) + E(Gh, Gb,i})

<2 suﬁp (Ao (£), Ay (f)) 48U, (h) + 4&1 + 4Es + £ + 6. (3.8)
N€ENn

Obviously for any h € 9,
£(Gy. G(f)) < L(Ag (1), G(F)) + Ln(b) + &1
By the triangle inequality it yields together with (3.8) for any b € 9,
0(G G(f)) < BU(£,0) + 99U (h) + 56 + 46 +2n + 00, VS EF.
Taking into account the hypothesis A"PP" we get for any h € §,, and any f € §

(B (@5 0)]"} < B0 + 90010 4 10, + 6,

Noting that the left hand side of the obtained inequality is independent of h we come to the
assertion of the theorem. aJ

We finish this section with simple but very useful (in minimax and minimax adaptive estima-
tion) consequence of Theorems 3.2-3.2.
Set for any F C §

Yn(F) = inf sup [B™(f,h) + v (f,h)].

HEN feF
The quantity v, (F) is often called bias-variance tradeoff.

Corollary 1. Let A“PPe" be fulfilled. Assume also that either APS™¥€(i) holds or APE™ute(ii)
is verified with 0, = €,,. Then, for any F C § andn > 1

R [Gi3 F] < 97 (F) + 11z,

The proof of the corollary is elementary and can be omitted.
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4. Examples of estimator collections satisfying assumption APermute
4.1. Estimator collections in Density model.
First example. Let D = R% d > 1 and p be the Lebesgue measure. Let K : R — R be a

function from L; (R?), and [, K = 1. Let $ C (0,1]%, and define for any h = (h1,...,ha) € H

d
Ky(t) =V, 'K (t1/ba, .. ta/ba), t €RY, V=[] by (4.1)
j=1
Introduce the following estimator collection
g:{ah(x):nlth(Xi—x), r € RY hefj}. (4.2)
i=1

The estimator @b() is called the kernel estimator with bandwidth h. Kernel estimators are
used in estimating the underlying density at a given point as well as in estimating of entire f.
Also, they are used as a building block for constructing estimators of many functionals of density
mentioned in Section 1.2. Selection from the family G, usually referred to as bandwidth selection,
is one of the central problems in nonparametric density estimation.

Set for any h € H

Molf) =B [Go0)] = [ Kot = st
and consider two possible constructions of the collection éhm( ),b5,m € 9.

Construction based on the convolution product. Define Ky, : R — R by

Kioo() = [ Kol = 0Fy (00t = [+ ,])

and set

Gon()=n""Y " Ky o(Xi—+), Apy(f) = E [éhm(‘)]
i=1

Since obviously Ky, = K, we can assert that éhm = én-,h and, therefore the assumptions
Apermute(§) and APT™Ute(jj) are both fulfilled.

Construction based on the coordinatewise mazimum. Define Ky, : R? — R by

Kon(-) = Kyvn(-), bVn=(b1Vn,...,04aVna),

and set

o~

Gbm(') =n~! ZKW} (Xz‘ - ')a Ahm(fa ) = ngn) {Gh,n<')]

i=1
Since obviously Ky, = K, we can assert that éh,n = én,b and, therefore the assumptions
Avrermute(§) and APermute(jj) are both fulfilled.

Second example. Consider now the estimator collection related to the density estimation under
hypothesis of independence presented in Section 2.1.2.
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Here is previously D = R% d > 2, p is the Lebesgue measure. Recall that § C B(D, ), Zq is
the set of all subsets of {1,...,d} and II denotes the set of all partitions of {1,...,d}.

Let K : R — R! be a univariate kernel, that is K € Ly(R') and [, K =1.
For any h = (0,1]? and any I € Z, set

Kh[ = 1HK uj/h VhIZth-
Jjel jeI
Since the independence hypothesis assumes that there exists a partition P such that
x) = H fr(zr), VaeRY,
IcpP

the idea is to estimate each marginal density by kernel method and to use the product of these
estimators as the final one. Thus, define for any z € R%, h € § and any I € Z,

i (1) = IZK}” (Xri— 1)

=1

and introduce the following family of estimators

G= {éh(m) =[[ /n.(z1). 2 €RP, b= (hP)e0,1]"x H::ﬁ}.

IeP

Let * denote the convolution operator on R. Set for any x € R?, h,h’ € (0,1]¢ and any I € I,

[ Ky ) = TT (K, * Koy
jeI

and introduce
n

Froay (@r) = 07" [Kny % K] (Xri = 1),

i=1

Let us endow the set IT with the operation ”¢” putting for any P, P’ € II
PoP' ={INI'#0, IeP, I'cP'}ell

Introduce for any h,n € $ the estimator

d
Ghn H fh[,h’ CL‘[ r € R%.
IePoP!

Obviously Gh n = G,, p and, therefore the assumptions APe™™u(j) is fulfilled. On the other hand,
see (31), functionals Ay and Ay, are so complicated that the verification of APe™*(jj) is not
seemed possible. We are not even sure that it holds with sufficiently small 6,,.

Third example. Let us now consider the family of estimators which appears in adaptive es-
timation under following structural assumption Let D = R? and g is the Lebesgue measure.
Let 9 denote the set of all 2 x 2 rotational matrices and P denote the set of all symmetric
probability densities on R!. Set

A={a: RS R: al) = m(a(), a0 € B},
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and assume that there exist a € A and M € Q such that f(-) = a(M7").
The latter means that
XlZMgu 7;:1,...,71,

where &;, 7 =1,...,n, are i.i.d. random vectors with common density a.

If M is known then & = MTX,,...,&, = MT X, are observable i.i.d. random vectors with
independent coordinates. Indeed, the density of &; is a1(-)as(:). Hence the estimation of a is the
estimation under hypothesis of independence, which as it was mentioned above allows to improve
the accuracy of estimation of the density a, and, therefore, of the density f as well. However, if
M is unknown, the sequence & = MTX;, ..., &, = M7 X, is not observable anymore and the
estimation of f can be viewed as the problem of adaptation to unknown rotation of coordinate
system.

Let the kernel K : R — R! be the same as in previous example and set Kp(-) = h=1K(-/h),
h € (0,1]. Later on @ €  will be presented as

Q=(q.q1) = ( b )

Q2 q1
where ¢,q, € S. Set for any b := (h,Q) € [0,1] x Q and x € R?

— { _IZK’L Xk—a;))] [n_lg:lKh(QI(Xk_x))}‘

/\

and introduce the following family of estimators.
G={Gy(z), zeR% heHC[0,1]xA}.

In order to construct estimator éhm(')a h,n € $H we will need the following notation.
Set for any Q,D € Q

p(D,Q)=q"d, m(D,Q)=4q"d
Set also K (t) = Kp(t1)Kn(t2),t € R%, h € (0,1], and let

1 0 0 1
=(o ) 2= (V)
Define, see (35), for any h = (h,Q) € Hand n= (5r,D) € H

Gy.n(z) = Z Ky (p(D,Q)QT X, + (D, Q) X; — QU'Q D)
kl 1,k#l

and let
Apy(f,) =EP [Ghm(')]

Note that for any D,Q € Q
p(D,Q) =-p(@Q,D), =(D,Q)=mn(Q,D), DQ=QD. (4.3)

Obviously éb,n(') # én,h(') and, therefore, the assumption APe™ute(}) is not verified.
On the other hand

Ay o (f,-) /R2 . IChv%( (D,Q)QTu+ w(D,Q)v — QFQDQx)f( ) f(v)dudw.
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Since f(-) = a(M7T-) and a is symmetric, f is symmetric function as well and we have
Aon£:) = [ [ Kl = p(D. Q0w+ 7(D, Qv ~ QTQDR) f(w) (v)duce
R? JR?

= / Knvs(p(Q, D)Tu 4 7(Q, D)v — QI DQQx) f (u) f (v)dudv
RQ RQ
= Ao (f,)-

To get the penultimate equality we have used (4.3). We conclude that the assumption APermute jj)
holds with any §,, whatever the semi-metric ¢ is considered.

4.2. Estimator collections in White Gaussian Noise Model.

First example. Let D be a set endowed with the Borel measure p and p(D) < co. Recall that
the observation X (™ = {X,,(g),g € La(D, )} is given in (1.2).

Let {¢x, k € M} be an orthonormal basis in Ly (D, 1) and let $ = {h = (hg,k € M)} be a given
subset of I5. Introduce for any t,x € D

Ky(t,x) =Y brtr(t)yr(z), b € 9,

keM

and consider the following estimation collection
G ={Gy(@) = Xu(K(-2)) .z €D, he ).

The estimator @h() is used in estimation of unknown f under Ly-loss, that is & = §, G(f) = f
and g(fvg) = ||f - g| 2D, fag € S - ]L2(D7:u’) Let

Aww=WWMﬂ=Amwwwmmzzmwmémwmmw.

keM

Denoting k-th Fourier coefficient of f by fr we get

Ay(£,) =D brfuton()-
keM
In particular, in view of Parseval’s identity
140 (f) = fllop = D (e = 1)*f-
keM

Set for any h,n € H

Kh,n(tx)Z/DKb(t,y)Kn(y,x)u(dy% t,x €D

and put for any z € D
Gyn(@) = X (K ().
Noting that that for any ¢,z € D

Kyolt.z) = > hkm@bk(t)wj(w)/p¢k(y)¢j(y)u(dt) = Okt k() (2)

keM jeM keM
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we can assert that Ky , = K, y. It implies éh,n = én,h and, therefore
Apy =BV |Gy =B (G| =2 A
b - f hn| = Hf n,h - b

Hence, the assumptions AP™U¢(j) and APe™ut(jj) are both fulfilled.
Second example. Here and later D = R? d > 1, p is the Lebesgue measure and X" =
{X,(9),9 € La(R?, 1)} is given in (1.2).
Let b > 0 be given and denote by $(b) the set of all Borel functions b : (—b,b)% — (0, 1]%.

As previously let K : RY — R, K € L;(R?) be a function satisfying [ K = 1.
With any h € H(b) we associate the function

Ky (t,z) = Vhl(x)K(th(_xf) teRY x e (b, b)Y,

where Vi (2) = [T, hi(x) and b(-) = (h1(-), ..., ba(")).

Consider the family of estimators
G = { Gy (@) = Xu (Koo (7)), b € (b), @ € (=b,b)"}. (4.4)
The estimators from this collection are called kernel estimators with varying bandwidth. Let
Aoy (f5) = Gh() / Ko (t, ) f()p(dt).
For any h,n € $H(b) set
G@pvn() (@) = Xn(Ko@yvne) (7)), @ € (=b,0)%,
where as previously h(-) Vn(-) = (b1 () Vi (), ..., ba(-) Vna(-)). Let also
Gy yvn(y () = E( ) Gh( / Ky (8, ) f(E)p(dt).

Since obviously Kyv, = K,y for any h,n € $(b) we can assert that both assumptions APer™ue(j)
and APer™ute(jj) are fulfilled whatever the semi-metric ¢ is considered.

5. One example of estimator collection satisfying assumption AvPPer,
In this section we continue to consider the estimator family given in (4.4). Our objective here is
to find 9,, C H(b) and {¥,,(h),h € H,,} for which assumption A"PP" can be checked in the case,

where £ is L,-norm on (—b,b)%, 1 < p < o0.
Set for any h € H(b)

Eo(a) (T / Ky (t,2)W(dt), z € (=b,b)*
and note that in view of (1.2)

0(Gy, Ay(f)) = n7%||£f)||p,(—b,b)d'
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We remark that £y(.)(-) is independent of f and n. Hence, assumption A"PP*" will be checked if
we find $,, and non random {¥}(h),h € 9, } such that

q a
E(hsgﬁg |y wb)h) <elnd; (5.1)
4 a
E(hilé%n {th\/nnp,(—b,b)d — {5 (h) A an(ﬂ)}:|+> <epn?. (5.2)

Here and later E denotes the mathematical expectation with respect to the law of W. Also,
furthermore, we will assume that

d
K(z) = HIC(:Q), vz € RY,
i=1

where K : R! — R! such that [ K = 1, supp(K) C [-1,1] and for some M > 0

IK(s) — K(t)] < M|s —t], Vs, t €R.

5.1. Functional classes of bandwidths

Let a,, — 0,n — 00, be given sequence and let
Wy, = e”V “n(an”’ Qn = eln2(an).

Set H,, = {hs = e %,s € N} N (0,w,,] and denote by £, the set of all measurable functions
defined on (—b, b)? and taking values in HZ. Obviously $1,, C $(b).
Put for any h € $;, and any s = (s1,...,84) € N?

Ts [h} = m?zlrsy’ [bj]v T, [hj] = {m € (-0, b)d © bi(x) = hs]‘}'

Let 7 € (0,1) and L > 0 be given constants. Define

(L) = {h B Y (Talh)) < L}.

seNd

Set N, = {[p] + 1, [p] +2,...} and introduce

pan= U0 9u0)={resn: 1

reN,

<Q, ..
IE(~bb)d }

We will establish (5.1) and (5.2) with 9,, = $%(7, L) := 2., N H, (7, L).

5.2. Verification of (5.1).

For any b € $2,, define

Npn(h) =N, N [rn(b),oo), rn(h) = inf {r eENy,: bhe Y)n(r)}.
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Obviously r,(h) < oo for any h € H2.,,. For any h € 9, define

U, () = inf L H %
(h) TER}BMC(M A

e (—b,b)d’

where C(r,7,L),7 € (0,1), L > 0, can be found in (33), Section 3.2.2. Here we only mention
that C(r, 7, L) is finite for any given r, 7, L but lim, ., C(r, 7, L) = oco.
Note also that the condition ) € £, ,, guarantees that ¥, (h) < co.

Theorem ((33), Corollary 1.). For any 7 € (0,1) and any g > 1 one can find n(r,q) such that
for any n > n(r,q)

q
IE{ sup [ & - \Iln(h)} } < (can)?,
BTN [ NIRRT N
where ¢ depends on IC,p,q,b and d only.

Choosing «,, = ¢ le,y/n we can assert that is (5.1) is verified with any W *,, (-) > ¥, ().

5.8. Verification of (5.2).

The verification of (5.2) is mostly based on two facts.

First, the following result has been proved in (32), Lemma 1.

Lemma 1. Foranyd > 1,7 € (0,1/d), L > 0 there exist n(t,d, L) such that for alln > n(r, L, d)
bV n e H(dr,(2L)Y), Vh,n € Ha(r, L).

Hence, setting

1
U ()= inf C*(r7L HV_§ ,
n(b) T'El\}il,n(h) (T ’ ) b 7.72;,,(*17’17)‘1

where C*(r,7,L) = C(r,7,L) V C’(r, dr, (2L)d), we can assert that statement of Theorem 5.2
remains true for U (-) as well if 7 > 1/d. It follows from the the fact that U} (-) > ¥, (-).
Moreover, in view of Theorem 5.2 for all n large enough

q
* q
E{ heﬁ;(sc;?,)(QL)d) |:H£b||p’(—b’b)d - \Iln(b)} +} < (Cozn) . (5.3)

Since in view Lemma 1 if 7 > 1/d

_ y* < Wt
b’nesﬁl;}zT,L) [H&?V’?Hp,(—b,b)d \Iln(b \/ 77)]+ —_ peﬁ;«L(S;i-Ii)(gL)d) |:H§p||p7(_b7b)d \I}n(p):|

we deduce from (5.3)
q
* q
]E{ h,nGiJL;,,IZT’L) |:H£hv?7||p,(fb,b)d —vr(hv T])Lr} < (can) , (5.4)

It remains to note that for any 1 <t < oo and any h € $

A v, Vi
<
H OVl —ppye — H b t,<—b,b>d/\H !

Lo V) < UL(b) AWL(n), Vb, €N (5.5)
The inequality (5.2) follows now from (5.4) and (5.5) if one chooses a,, = ¢~ e, \/n.
The author is grateful to A. Goldenshluger who read the manuscript and made useful com-
ments.

t,(~b,b)d’

that implies



O. V. Lepski/Adaptive estimation 18

References

1]

[10]
11]
12]
13
[14]
[15]
[16]
17)
18]
19]
[20]
21]
[22]
23]

[24]

A. Barron, L. Birgé, and P. Massart, Risk bounds for model selection via penalization.
Probab. Theory Related Fields 113 (1999), 301-413.

L. Birgé, and P. Massart, Gaussian model selection. J. Eur. Math. Soc. 3 (2001)., no. 3,
203-268.

F. Bunea, A.B. Tsybakov, and M. H. Wegkamp, Aggregation for Gaussian regression. Ann.
Statist.. 35 (2007), no. 4, 1674-1697.

T.T. Cai, Adaptive wavelet estimation: a block thresholding and oracle inequality approach.
Ann. Statist. 27 (1999), no. 3, 898-924.

T.T. Cai, and M.G Low, On adaptive estimation of linear functionals. Ann. Statist. 33
(2005), no. 5, 2311-2343.

T.T. Cai, and M.G Low, Optimal adaptive estimation of a quadratic functional. Ann. Statist.
34 (2006), no. 5,, 2298-2325.

L. Cavalier and A.B. Tsybakov, Penalized blockwise Stein’s method, monotone oracle and
sharp adaptive estimation. Math. Methods Statist. 10 (2001), 247—-282.

L. Cavalier and G.K. Golubev, Risk hull method and regularization by projections of ill-
posed inverse problems. Ann. Statist. 34 (2006), 1653-1677.

A. Dalalyan and A.B. Tsybakov, Aggregation by exponential weighting, sharp PAC-Bayesian
bounds and sparsity. Machine Learning 72 (2008), 39-61.

D.L. Donoho, I.M. Johnstone, G. Kerkyacharian and D. Picard, Density estimation by
wavelet thresholding. Ann. Statist. 24 (1996), 508-539.

S.Yu. Efroimovich and M.S. Pinsker An adaptive algorithm of nonparametric filtering. Au-
tomat. Remote Control 45 (1984), 58-65.

S.Yu. Efroimovich, Non-parametric estimation of the density with unknown smoothness.
Theory Probab. Appl. 30 (1986), 557-568.

S.Yu. Efroimovich and M.G. Low, Adaptive estimates of linear functionals. Probab. Theory
and Related Fields 98 (1994), 261-275.

S.Yu. Efroimovich,. Adaptive estimation of and oracle inequalities for probability densities
and characteristic functions. Ann. Statist. 36 (2008), 1127-1155.

A. Goldenshluger, A universal procedure for aggregating estimators. Ann. Statist. 37 (2009),
no. 1, 542-568.

A. Goldenshluger and O.V. Lepski, Structural adaptation via LL,-norm oracle inequalities.
Probability Theory and Related Fields 143 (2009), 41-71.

A. Goldenshluger and O.V. Lepski, Bandwidth selection in kernel density estimation: oracle
inequalities and adaptive minimax optimality. Ann. Statist. 39 (2011), 1608-1632.

A. Goldenshluger and O.V. Lepski, General selection rule from the family of linear estima-
tors. Theory Probab. Appl. 57 (2012), no. 2, 257-277.

A. Goldenshluger and O.V. Lepski, On adaptive minimax density estimation on R%. Proba-
bility Theory and Related Fields, 159 (2014), 479-543.

G.K. Golubev, Non-parametric estimation of smooth probability densities. Probl. Inform.
Transm. 1 (1992), 52-62.

G.K. Golubev, and M. Nussbaum, An adaptive spline estimate in nonparametric regression
model. Theory Probab. Appl. 37 (1992), no. 3, 553-560.

A B Touditski, O.V. Lepski and A.B. Tsybakov, Nonparametric estimation of composite
functions. Ann. Statist., 37 (2009), no. 3, 1360-1440.

A. Juditsky and A. Nemirovski, Functional aggregation for nonparametric regression. Ann.
Statist. 28 (2000), no. 3, 681-712.

G. Kerkyacharian, O.V. Lepski and D. Picard, Nonlinear estimation in anisotropic multi—



O. V. Lepski/Adaptive estimation 19

index denoising. Probability Theory and Related Fields, 121 (2001), 137-170.

N. Klutchnikoff, Pointwise adaptive estimation of a multivariate function Math. Methods
Statist. 23 (2014), no. 2, 132-150.

O.V. Lepskii, One problem of adaptive estimation in Gaussian white noise. Theory Probab.
Appl. 35 (1990), 459-470.

O.V. Lepskii, Asymptotically minimax adaptive estimation. I. Upper bounds. Optimally
adaptive estimates. Theory Probab. Appl. 36 (1991), no. 4, 682-697.

0.V. Lepskii, Asymptotically minimax adaptive estimation. II. Statistical model without
optimal adaptation. Adaptive estimators. Theory Probab. Appl. 37 (1992), no. 3, 468-481.
0O.V. Lepskii, On problems of adaptive estimation in white Gaussian noise. In Topics in
nonparametric estimation, pp 87-106. Adv. Soviet Math. 12, Amer. Math. Soc., Providence,
RI, 1992.

0O.V. Lepskii and B.Ya. Levit, Adaptive minimax estimation of infinitely differentiable func-
tions. Math. Methods Statist., 7 (1998), no. 2, 123-156.

O.V. Lepskii, Multivariate density estimation under sup-norm loss: oracle approach, adap-
tation and independence structure. Ann. Statist., 41 (2013), no. 2, 1005-1034.

0O.V. Lepskii, Adaptive estimation over anisotropic functional classes via oracle approach.
Ann. Statist., 43 (2015), no. 3, 1178-1242.

O.V. Lepskii, Upper functions for L,-norm of gaussian random fields. Bernoulli, 22 (2016),
no. 2, 732-773.

O.V. Lepskii, A new approach to estimator selection. Bernoulli, 24 (2018), no. 4A, 2776
2810.

0O.V. Lepskii and G. Rebelles, Structural adaptation in the density model. Math. Stat. Learn,
(2021) to appear.

G. Leung and A. R. Barron, Information theory and mixing least-squares regressions. IEEE
Trans. Inform. Theory 52 (2006), no. 8, 3396-3410.

A. S. Nemirovski, Topics in non-parametric statistics. In Lectures on probability theory and
statistics (Saint-Flour) 85-277. Lecture Notes in Math. 1738, Springer, Berlin, 1998.

G. Rebelles, Pointwise adaptive estimation of a multivariate density under independence
hypothesis. Bernoulli 21 (2015), no. 4, 1984-2023.

P. Rigollet, Adaptive density estimation using the blockwise Stein method. Bernoulli 12
(2006), 351-370.

P. Rigollet and A.B. Tsybakov, Exponential screening and optimal rates of sparse estimation.
Ann. Statist. 39 (2011), no. 2, 731-771.

A. Tsybakov, Pointwise and sup-norm sharp adaptive estimation of functions on the Sobolev
classes. Ann. Statist. 26 (1998), 2420-2469.

A. Tsybakov, Optimal rate of aggregation. Proc. COLT. Lecture Notes in Artificial Intelli-
gence, 2777 (2003), 303-313.

M.H. Wegkamp, Model selection in nonparametric regression. Ann. Statist. 31 (2003), 252—
273.



