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Abstract

We consider the damped nonlinear Schrédinger equation with saturation: i.e., the complex
evolution equation contains in its left hand side, besides the potential term V(z)u, a nonlinear
term of the form iuu(¢, x)/|u(¢, x)| for a given parameter u > 0 (arising in optical applications
on non-Kerr-like fibers). In the right hand side we assume a given forcing term f(¢,x). The
important new difficulty, in contrast to previous results in the literature, comes from the fact
that the spatial domain is assumed to be unbounded. We start by proving the existence and
uniqueness of weak and strong solutions according the regularity of the data of the problem. The
existence of solutions with a lower regularity is also obtained by working with a sequence of spaces
verifying the Radon-Nikodym property. Concerning the asymptotic behavior for large times we
prove a strong stabilization result. For instance, in the one dimensional case we prove that there
is extinction in finite time of the solutions under the mere assumption that the L°°-norm of the
forcing term f(¢,x) becomes less than u after a finite time. This presents some analogies with
the so called feedback bang-bang controls v (here v = —iuu/|u| + f).
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1 Introduction

The main goal of this paper is the consideration of the following damped nonlinear Schrodinger

equation
9 +Au+ V(z)u + lﬂm = f(t,x), in (0,00) x Q, (1.1)
ujpn = 0, on (0,00) x 99, (1.2)
u(0) = ug, in £, (1.3)

where i = =1, 1> 0, Q C RN, f e L{_([0,00); L*(2)), V € LiL (& R) and ugp € L*(Q).

It is important to point out that although the study of some damped nonlinear Schrédinger
equations (u > 0) was already considered since the seventies of the past century, in most of the
cases the domain  was assumed to be an open bounded subset of RY, or the nonlinear term was
usually assumed to be a Lipschitz continuous function (see Cazenave [I8] and the references therein,
and references, for instance, in [§]). We will explain later why the case of 2 unbounded presents
important difficulties in its treatment.

The nonlinear term considered in this paper (see (L.I)) is usually called as a “saturation non-
linearity”. This kind of nonlinearity arises quite often in the modeling of some problems in the
framework of optical applications in non-Kerr-like fibers (see, e.g., Gatz and Herrmann [26], Lyra and
Gouveia-Neto [33], Tatsing, Mohamadou and Tiofack [48], and the references given in [g]).

The case of a saturation nonlinearity as the one considered in can be understood also in the

framework of Control Theory as a special case of feed-back control of “bang-bang type”

y(t,x) = i“m'

(1.4)
This type of control has been considered in the applications to many dissipative evolution equations
(see, e.g. Lasiecka and Seidman [32], Tarbouriech, Garcia, Gomes da Silva and Queinnec [47], and
Laabissi and Taboye [31]). Nevertheless, the controllability for Schrodinger equations is more delicate
(see, e.g., Machtyngier [34]) and requires “ad hoc” arguments.

The main goal of this paper is to offer a mathematical treatment of problem (l.1|) for the case

that was left as an open problem in some previous results in the literature (see, e.g., Carles and



Gallo [16], Carles and Ozawa [17], Hayashi [30] and [8, [9] [10]): the case of © an unbounded domain.
More precisely, the case m = 0 is not treated in Hayashi [30] and in [8 [I0]. The case m = 0 and Q
unbounded (actually Q = RY) is partially treated in Carles and Ozawa [17]: m € [0,1] and N = 1.

Before describing the main difficulties in the study of this case, let us point out that the relevance
of the consideration of this formulation comes from the fact that we will prove (in Section [7)) that
thanks to this kind of nonlinearity (i.e., for controls y € L>((0,00) x €;C) given by (L.4))) we will
show the stabilization to zero (as t — o0) of solutions of even if the source term f(¢,z) is merely
a bounded function (i.e., without require that f(¢, . ) — 0, in some sense, as t — 00). Moreover, in
the case of N = 1, we will prove that the finite time extinction (which under suitable conditions on
f(¢, .)) may be instantaneous — see Theorem part

A natural way to start the study of equation is to enlarge the framework by considering the
more general sublinear Schrodinger equation (now not necessarily saturated) of the form

i% + Au+ V(z)u+alu] "My = f(t,2), in (0,00) x Q, (15)

where a € C and m € [0, 1]. Such as we will indicate later, different authors introduced some con-
straints among the parameters m and a in order to get the existence and uniqueness of different types
of solution (this will be properly presented in the Section [2| below). So, if m € [0,1] then we had to

assume that a € C(m), where
C(m) = {z € C; Im(2) > 0 and 2v/mIm(z) > (1 — m)|Re(z)|}. (1.6)

Here and after, for z € C, Re(z), Im(z) and Z denote the real part, the imaginary part and the
conjugate of z, respectively. Notice that in this paper, we have m = 0 and a € C(0) in (1.5). Hence
a = ip, for a positive real p (the saturated case). Another set of complex numbers which plays an

important role is:
D(m) = {z € C; Im(2) > 0 and 2v/mIm(z) = (1 — m)Re(z)}. (1.7)
Note that D(0) = C(0), D(1) =0, and

c(0) = {z € C; Re(z) =0 and Im(2) > 0},

c(1) = {z € C; Im(z) > 0}.

Below, we summarize the results about the existence, uniqueness and finite time extinction property

of the solutions in the previous literature according the presence of a potential V(z) in the equation.

Case without potential (V = 0)



O C RV Existence and t.miqu'eness Finite time
m a ] of the solutions in L Ref.
arbitrary 5 T 5 extinction for
Q) | B | B2
(N=1)or (N <3,
€ (0,1 e C(m Q| < es es es 8
(0,1) (m) 1 Y Y Y Q) bounded and C*1) 2
=1 e C(1) yes yes yes yes Impossible 8]
€(0,1) | eC(m)\ D(m) | Q=RN yes yes yes N <3 3]
Case with a potential V' (z)
O CRY Existence and 1'1n1qu.eness Finite time
m a . of the solutions in . Ref.
arbitrary extinction for
Q) [H©) | PO
€(0,1) | € C(m)\ D(m) yes yes yes yes N <3 [9]
=1 e C(1) yes yes yes yes Impossible [9]
=0 € C(0) 1] < o0 yes yes yes N <3 [9]
yes (N=1)or (N <3
€ (0,1 € D(m es es es 10
1) (m) Y Y Y if 9] < o0 and || < o0) 0j
=0 e C(0) yes yes yes no N=1 Here

Due to the lack of regularity of the nonlinear term in equation (1.1)) (and in (1.5)) when m € [0, 1)),
a good technique to get the existence and uniqueness of solutions is to understand the equation as a

special case of the abstract Cauchy problem

du
— + Au=f,
dt !
where Au = —iAu — iVu — iaju|~~™u. In particular, we used the theory of maximal monotone

operator in L?(€2) (see Brezis [13]).

The more favorable case corresponds to when || < oo, m € (0,1] and a € C(m). So, in [§] we
show directly that (D(A), A) is maximal monotone by using the embedding LP(Q) < L?(Q), for any
p =2 |ul~C™u| = [u™ € L (Q) — L2(Q), Ym € (0,1].

When Q = RY but m € (0,1) and a € C(m) \ D(m) the abstract theory can be applied. So,
in [3] we show that (D(A), A) is maximal monotone in the following way. First, we build solutions
compactly supported in H2(RY) to (A + I)u = F with help of the results in [6] [7]. Second, we
obtain a priori estimates in H?(RY) with [3, Lemma 4.2]. Third, we show that (D(A), A) is maximal
monotone by approximations with solutions compactly supported.

An approximation argument allowed us to extend the above mentioned results to the case in which
m € [0,1], a € C(m) \ D(m) but according the boundedness or not of Q ([9]). First, we approximate
(D(A), A) by a nice maximal monotone operator (D(A), A.). Second, we obtain a priori estimates in
H?(Q) with [3, Lemma 4.2]. Third, we pass to the limit. If m = 0 then it is assumed that |Q] < oo,
=1€ L>®(Q) = L*(Q).

u

[u]

and then




The critical case a € D(m) was considered in [I0] when m € (0,1). The main idea was to get
different a priori estimates for the approximate problems, with (D(A), A.).

One of the main difficulties when considering the problem , main goal of this article, comes
from the lack of separability of the space L>°(2) (notice that the nonlinear term is a bounded function).
When |Q)] < oo it is possible to use additional a priori estimates allowing the passing to the limit
when € N\ 0, but this strategy fails when 2 is unbounded.

We point out that although there are some abstract results (and with many interesting applications
to nonlinear PDEs — see Bénilan and Ha [I1]) this theory does not apply to the case of unbounded
domains Q. The difficulty comes from the fact that it is very hard to get “strong solutions” (i.e.,
solutions such that u; € L*(0,T; H=1(Q) + L>(2)), for any T > 0). This is also associated to the
fact that when the Banach space X is not reflexive (as it is also the case of X = Hg(Q) N L'(2))
then the Radon-Nikodym property may fail (see, e.g., Diestel and Uhl [21I]). Actually, we do not
even know if the time differential u; is measurable when the data (ug and f) are not regular enough.
Nevertheless, by introducing a suitable sequence of spaces (Y}, )nen satisfying (in an appropriate sense)
the Radon-Nikodym property (see Definition below) it is possible to get a limit solution which is

[43

stronger than the “weak solutions” but weaker than the “strong solutions”.

The paper is organized as follows. Section [2]is devoted to state the existence and uniqueness of
weak and strong solutions under suitable assumptions on the initial data ug and f. The explanation
at the sense in which the weak solutions satisfy already uses the approximating sequence of
spaces (Y}, )nen mentioned before. Section |3| contains the statement of the strong stabilization results
when t  co. In particular, when N = 1 we get the finite time extinction of solutions with a time-
decay estimate that is stronger than the usual time-decay estimate for sublinear parabolic equations
(see, e.g., [1]). The occurrence of the problem of measurability of u; is presented in Section [4| (for
a different approach in an abstract framework, see Deville [T19]). The proof of the existence and
uniqueness results stated in Section 2] are presented in Section [6] after recalling and developing some
results on Functional Analysis in Section [5] The results stated in Section [3] are proved in Section [7]
The consideration of solutions with lower regularity is carried out in Section [§|and explains how it is
possible to pass to the limit in suitable approximations.

To end this introduction, we collect here some notations which will be used throughout this paper.
For a real number t € R, t; = max{t, 0} is its positive part. Let £ be an open subset of RY. Unless
specified, all functions are complex-valued (H'(Q) ) 1(Q;C), etc) and all the vector spaces are
considered over the field R. For p € [1,00], p’ is the conjugate of p defined by % + i = 1. For a (real)
Banach space X, we denote by X* def Z(X;R) its topological dual and by (., .)x+ x € Rthe X*—X
duality product. When X (respectively, X*) is endowed of the weak topology o (X, X*) (respectively,
the weakx topology U(X*,X)), it is denoted by X, (respectively, by Xy.). For p € [1,00], u €



LP

loc

([0, 00); X) means that u € L},

loc

0,00; X) and for any T > 0, ujig.ry € LP(0,T; X). In the same
1(0,T)

way, we will use the notation u € Wli’cp ([0, 00); X). The scalar product in L*(£2) between two functions

u,v 18, (u,v)r2(0) = Re [, u(x)v(z)dz. For any real interval I and Banach space X, Cy(I; X) is the
space of weakly continuous function from I to X,,. The space of measurable functions v : & — C
such that |u| < co, almost everywhere in 2, is denoted by L°(£2). Auxiliary positive constants will be
denoted by C and may change from a line to another one. Also for positive parameters ay,. .., a,, we
shall write C'(aq, ..., a,) to indicate that the constant C' depends only and continuously on aq, .. ., ay,.
The set of positive integers is denoted by N, and Ny = N U {0}. We denote by Br~(0,1) the closed
unit ball of L°°(2). Finally, the Lebesgue measure of a measurable set A C RY will be denoted by
|Al.

2 Existence and uniqueness of weak and strong solutions

Throughout this paper we shall always identify L?(£2) with its topological dual. We refer to Section

for some results of Functional Analysis. The following assumptions will be needed to build solutions.

Assumption 2.1. We assume that

) is any nonempty open subset of RY, (2.1)
w>0, (2.2)
Ve L*(Q;R) + LPV (4 R), (2.3)
where,
2, ifN =1,
py =< 2+ 3, for some 8 >0, if N=2, (2.4)
N, if N >3

Now, let us recall the definition of solution ([9]) for a general p € C.

Definition 2.2. Assume (2.1), (2.3) and (2.4). Let p € C, f € L] _([0,00); L*(Q)) and ug € L*().
We shall say that u is a strong solution (or an H}-solution) to (L.1)—(1.3) if u satisfies the following

properties.

1. We have that,
u € Lo ([0,00); X) N W0 ([0, 00); X*) < C([0,00); L2(9)), (2.5)

where X = HE(Q) N LY(Q) (hence, X* = H-Y(Q) + L=(Q)).



2. There exists a saturated section U associated to u, namely a U € LOO((O, 00) X Q) such that

i% + Au+V(z)u+ipU = f(t,z), in 2'((0,00) x ), (2.6)
Ul o ((0,00)x) < 1, (2.7)
u(t, x)
U(t,z) = , as soon as u(t,x) # 0. 2.8
) = ) (t.2) (29

3. u(0) = ug, in L3(9).
We shall say that u is a weak solution (or an L2-solution) to (1.1)—(1.3)) if there exists,
(tn Uns fr)nen C C([0,00); L*(€2)) x L™ ((0,00) x Q) x L, ([0, 00); L*(2)), (2.9)

such that for any n € N, u,, is a strong solution of (L.1)—(1.2]) with the saturated section U,,, where
the right-hand side member of (1.1} is f,, and if

C([0,T;L*(2))x L' (0,T;L% ()

(u’YL?fTL) n—so0 (u" f)? (2'10)
L°°((0,T) X Q) wx
U, ————— U, (2.11)
n—oo

for any T > 0. Sometimes, we shall write (u, f), (u,U), or (u,U, f) to designate a solution with the

obvious meanings.

Remark 2.3. The embedding (2.5) comes from Theorem below.

Before recalling a result of uniqueness and continuous dependence ([9, Proposition 2.5]), we explain

below in which way the weak solutions satisfy (1.1)).

Proposition 2.4. Assume (2.1)), (2.3) and [2.4). Let p € C, f € LL ([0, 00); L?(Q)) and ug € L*(£).
Let (Yy)nen, be any L-approzimating sequence of RNP-spaces (see Definition below). If u is a

weak solution to (1.1)—(1.3) then for any n € N,
u € Wbk ([0,00); H72(Q) + Y7), (2.12)

and u solves in L ([0,00); H72(Q) + Y,) < 2'((0,00) x Q). Finally there exists Ny C (0, 00)
with |No| = 0 such that,

u'(t) € H2(Q) + L™ (Q), (2.13)
for any t € (0,00) N N§. In particular, u solves (L.1) in H=2(Q2) + L>(), for almost every t > 0.

Remark 2.5. Below are some comments about Proposition [2:4]



1. If | < oo then the spaces H~2(Q) + Y,* may be replaced with H~2(f2). See the end of the
proof of Proposition [2.4] for the details.

2. “RNP” stands for “Radon-Nikodym Property”. For the justification of this terminology, see
Section [ below.

3. Whether or not u : [0,00) — H~2(Q) + L*>() is measurable is an open question.

Proposition 2.6 (Uniqueness and continuous dependence). Let Assumption be fulfilled, let
ffelLl ([0,00); L*(Q)) and X = H{ () N L' (Q). Finally, let p € [1,00] and let

loc
u, i € LE_([0,00); X) N WP ([0, 00); X*) = C([0, 00); L*(2)), (2.14)
be solutions in 2'((0,00) x Q) to,
iug + Au+ Vu+ipU = f,
it + AU+ Vi+ipU = f,
respectively, where U and U satisfy 7. Then,

[u(t) = u®)l|z2 (@) < lluls) —u(s)llL2@) + / 1£(0) = F(0) ]l 2(ydo, (2.15)

for any t > s > 0. Finally, (2.15]) also holds true for the weak solutions.

Theorem 2.7 (Existence and uniqueness of weak solutions). Let Assumption be fulfilled

loc

(1.1)—(1.3). In addition,

and let f € L _([0,00); L?(Q)). Then for any ug € L*(), there exists a unique weak solution u to

u € Liy ([0,00); L'(2)), (2.16)
1 / 1 t
SN 1 [ 1@ r@de < Sl +Im [[ fo0)uadrds,  (247)
s s Q

forany t > s> 0. If |Q| < oo then the inequality in (2.17)) becomes an equality.

Remark 2.8. If (u, f) and (u, f) are two weak solutions then, by Holder’s inequality, we obtain for
any p € (1,2),

-p 2(p—1)

e =l 2 oy S o= Btz 1 =l (s 20

for any ¢t > s > 0. Then by (2.15)—(2.17), the left-hand side of the above estimate is bounded.



Theorem 2.9 (Existence and uniqueness of strong solutions). Let Assumption be fulfilled
and f € Wl’l([O, 00); L2(?)). Then for any ug € HE (Q) N H(Q) N LY(Q) for which

loc loc

Uo

<Au0 +1ip o]

) € L2({up # 0}).
[{uo#0}

there exists a unique Hg -solution u to (L.1)~(1.3). Furthermore, u satisfies (1.1)) in Lﬁfc([O7 00); LIQOC(Q))O
L2 ([0,00); HX(S2)) as well as the following properties.

1. u € Oy ([0,00); H3(Q)) N L. ([0, 00); LH()) N WL ([0, 00); L2(2)).

loc loc

2. Foranyt>s >0,

lu(t) = uls)llL2(0) < llutllpoe s,z |t — s, (2.18)
Ju(®)]|z2) < A(H), (2.19)
el oo (0,622 00 < B (2.20)
IVu(t)|[ 720y + ullu®)llzr@) < CE)A®), (2:21)
where,
t
A) = Juollizen + | 1)z
t
B(O) = Ao + Vo + it~ FO)l 2oy + [ 17/(0)]12(0)do.
0
C(t) = C (A(t), Bt), | f (")l L2 @)s IVillLos o VallLov (), N, B)
for some Uy € Br~(0,1) satisfying Uy = ‘Z—gl, almost everywhere where ug # 0.
3. The map t — ||u(t)||2L2(Q) belongs to Wli)’fo([o, 00); R) and we have,
14 , S
5&””@)\&2(9) + pllu() |l =Im [ f(t,z)u(t,z)dx, (2:22)

Q

for almost every t > 0.
4. If f € WH1(0,00; L2(2)) then u € L°°(0,00; H}(2) N LY(Q)) N W122(0, 00; L2(£2)).
Remark 2.10. Below are some comments about Theorem [2.91

1. The solution obtained in Theorem [2.9]is not an H2-solution (in the sense of [9, Definition 2.2]).
Indeed, to be one, we would have to have Au(t) € L?(f2), for almost every ¢ > 0, while we merely
have Au(t) € L (), for almost every ¢ > 0. Existence, uniqueness, finite time extinction and

loc

asymptotic behavior of the H?-solutions are obtained in [9] in the special case of |Q| < oo.



2. Using that u € Co’l([O,oo);L2(Q)), and the Gagliardo-Nirenberg and Holder inequalities, we
get that for any p € (1, %) (pe(l,00]if N=1),

u e C%([0,00); L7 ()) (u € CL([0,00); LP(Q)), if £ € WH1(0,00; LX())),

2N —p(N—2)

where o = 5
P

ifp>2, anda:Qpp;l if p<2.

3 Finite time extinction and asymptotic behavior for large
time

Large time behavior of the weak solutions

Theorem 3.1. Let Assumption be fulfilled, f € L*(0,00; L*(Q)), ugp € L*(Q) and let u be the
unique weak solution to (L.I)~(L.3) given by Theorem .7} Then,

tl}ngc lu(t)||L2() = 0.

Finite time extinction and asymptotic behavior of the strong
solutions

Under some additional conditions on f(t,z) we have:

Theorem 3.2 (Finite time extinction and time decay estimates). Let Assumption be
fulfilled, f € WH1(0,00; L2(Q2)), up € HZ () N H () N L (Q) with

loc
uo

<AUO +ip o]

) erUurop.
[{uo#0}
and let u be the unique strong solution to 7 given by Theorem (2.9
1. If there exists Ty € [0,00) such that
f e L>((To,00) x Q) and || flLo((Tp,00)x2) < s (3.1)
then the following holds true.
o If N =1 then
V> T fu(®) ) = 0. (3.2
for some,

1 1
To < T < CHU(TO)HE’A‘(Q)||Vu||ioe(o,oo;L2(Q)) + To, (3:3)

10



where C' = C(p — || fll Loe ((1y,00)x2))- Actually,

1 2
lu@llz2) < (lol gy + C(To - t)>+,
for any t > Ty and for some C = C(||v“||L°°(0700;L2(Q))v/~L - ||fHL°°((To,oo)><Q))~

o If N =2 then for any t > Ty,
()]l 22 () < llu(To)llz2(@ye” 4T, (34)

where C = C(||[Vu| Lo (0,00;2(92)) 1 = || 250 ((70,00) x2))-
o If N > 3 then for any t > Ty,
[w(To) | L2 (2

[u(®)L2@) < ) (3.5)

(N=2)

e
(1+ Tl - 7))
where C = C(||Vul| Lo (0,00:22(02))> # = [|.f | Lo (T5,00) x2)» N)-

2. Suppose N = 1. For each M > 0, there exists e, = e.(M, ) satisfying the following property.

[ fllwra(0,00;22(0)) < M,

17 20
IVuo L2(e) + HAUO W01 | g0y

||U0||L2(Q) + Hf||L1(o,oo;L2(Q)) < €y, (3.6)
luollr2() < e.T3,
()] r2(0) < ex(To — t)+, vt > 0,

then (3.2) holds true with T, = Ty.

Remark 3.3. If f satisfies (3.1]) then it follows from (3.2]) and (1.1 that,
ip U(t7 37) = f(tv x)a

for almost every (t,z) € (Ty,00) x Q.

4 On the non-measurability

Due to the special nonlinearity, in this paper, we are not able to build Hg-solutions of (1.1]) under

the mere “natural conditions”

uo € Hy(Q), (4.1)
€ Lig ([0, 00); Hy (2)) N Li, ([0, 00); HH(2) + L2(R)), (4.2)

11



(see Theorem [2.9)). In the previous papers [3| [8, [, [10], the methods used to obtain such solutions
have been the following. We proceed by density, either by starting from the equation (1.5)), or by
starting from the approximate equation

Ou +Au+V(z)u+ a% = f(t,x), in (0,00) x Q, (4.3)
ot (Jul24+¢e)=

i
where the nonlinearity [u|~('=")«u is regularized as above. In both cases, we show that the sequence

of solutions (ug)e=o is bounded in L™ (I; H}(Q) N L™+ (Q)) and in

m+1 m+1

WS (L HHQ) + L5 (), (4.4)

m+1

for any T > 0, where I = (0,7). When 0 < m < 1 then 1 < ™t < 00 and thus H~1(Q) + L™= ()

is reflexive, and so is the space of (4.4)). It follows that we may extract from (uc)c>o a sequence which
converges in the weak topology to some u belonging to (4.4). When m = 0, in [9] we assumed that
2| < oo. It follows that L>°(Q) < H~1(£2), and the space in (4.4) becomes

whee(r; H=1(Q)). (4.5)

But since Hi(Q) is reflexive and separable then L!(I; H}(2)) is separable and is the predual of
L*(I; H71(Q)) (see Section [5| below). And again we may extract from (u.).>o a sequence which
converges in the weakx topology to some u belonging to the space in (4.5). But in the present paper,

m = 0 and it is no more assumed that |2| < co. Then, we have to deal with the space
Whee(1; X%, (4.6)

where X = H}(Q) N L(Q2). But X is not reflexive so that L!(I; X) is not the predual of L>(I; X*).
We then have to proceed in a different way. Using the Arzela-Ascoli compactness Theorem, we
could extract a sequence (ue, )nen Of (uc)eso such that for any t € I, (ue, (t))nen converges to
some u € L°(I; H}(Q)) in the weak topology HJ(f2),. But, H}(Q) < X*, whose the predual X is
separable. We may deduce that,

[[u(t) = u(s)llx+ < lminf [ue, (8) = ue, (s)]x- < C|t =], (4.7)

for any t,s € I. In particular, u : I — X* is absolutely continuous. But it is well-known that
X* does not satisfy the Radon-Nikodym property, RNP in short (Stegall [45], Maurey [35]), and
even not the weak Radon-Nikodym property, WRNP in short (Musial [37], Rosenthal [41]), so that
we cannot conclude that w : I — X* is differentiable almost everywhere (Diestel and Uhl [21]
Theorem 2, p.107]). So, the idea is to embed X* in a bigger space, but the smallest bigger space as
possible, satisfying the RNP. For instance, this space is chosen to be reflexive (Phillips [39], Diestel and
Uhl [21] Corollary 13, p.76]), or to be a separable dual space (Dunford and Pettis [23, Theorem 2.1.4,
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p.345], Diestel and Uhl [2I] Corollary 1, p.79]). In this case, for such a space Y*, we obtain that
u € COYI;Y*) = Who(I;Y™*). This justifies the Definition [5.4| below. Nevertheless, we may wonder
if, thereafter, we may give up this space. Indeed, from and the fact that u € W1°(I;Y*), there
exist No C I and C > 0 such that |Ny| = 0, and

vVt e I\ Ny, u'(t) € X* and |[u/(t)]|x+ < C, (4.8)
vVt € I'\ Ny, lim ut+h) —ul®) u ()| =0, (4.9)
h—0 h v
. t
Vt,s €T, u(t) — u(s) = / W/ ()do. (4.10)

But u € C%1(I; X*), so that the equality in also makes sense in X*. From and ., if

Y < X with dense embedding (which will be our case), then we easily deduce that,

u(t+ h) — u(t)
h h—0

Vi e I\ Ny, u'(t), in the weak* topology o(X*, X). (4.11)

It follows that v’ : I — X* is weakx-measurable, and by Pettis’ Theorem ([38]), it will be measurable
if, and only if, v/(I \ Ny) is separable in X™*, for some null set Ny C I. The answer is no, as shows
the counter-example below. Indeed, the separability of a subset of L>°(Q) is very difficult to obtain
in a general way. So, we build a solution u with lower regularity, in the sense that we do not know
whether v’ : I — H~1(Q) + L>°(Q) is measurable (see Section [§ below). For a related analysis, see
Deville [19].

Example 4.1. Below, we give an example of a function v € L (R; L>°(R)) and of a separable Hilbert
space X, such that ¥ < L!(R") with dense embedding, and which satisfy,

u: R — L®(R) is weaklyx differentiable everywhere, (4.12)
u: R — ¥* is differentiable almost everywhere, (4.13)
Vt e R, u/(t) € L®(R) and |[u'(t)| poo () < (4.14)
Vi, s € R, u(t) — L / u (4.15)
but
v : R — L*(R) is not measurable. (4.16)

We define u : R — L*°(R) as follows. Let ¢ € R. For any x € R, let u(t)(x) = arctan |t + z|. Clearly,
u € C’g’l(R; Ch(R)). Let t € R. Let ¢ € L*(R). By the dominated convergence Theorem, we have

lim <u(t + h) —u(t) 7 90> _ / sign(t + x)2 () da
h=0 h L@@ Jr 1T (E+2)
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Therefore, and hold true. It follows from Pettis’ Theorem (Diestel and Uhl [21, Corol-
lary 4, p.42-43]) that v/ : R — L*°(R) is measurable if, and only if, there exists a null set N C R
such that «'(R\ N) is separable in L>°(R). Let ¢t,s € R with ¢t > s. If t —s > 2 then we let 2y = 1 — ¢,
and we obtain u/(t)(z¢) — u/(s)(zo) > 3, while if t — s < 2 then we let zg = —f*, and we obtain
u'(t)(xo) — u'(s)(xo) = 1. Tt follows that for any ¢, s € R with ¢ # s, we have

[/ (t) — ' (8)]| oo (m) =

M| —

As a consequence, for any null set N C R, /(R \ N) is not separable. Hence, (4.16)). In particular,
u' & L=(R; L (R)). Nevertheless, if we consider,

5= {ue 2®)|.Ju(.) € P®)},

with its obvious norm, then it is well-known that ¥ is a separable Hilbert space and that ¥ < L'(R)
with dense embedding. Therefore, £* is reflexive and L (R) — ¥* with dense embedding. Then X*
has the Radon-Nikodym property, and since v : R — 3>* is Lipschitz continuous, follows. In
particular, v’ € L*°(R;X*) and «' : R — ¥* is Bochner integrable on every compact set of R. Then,

[E15) follows since u € Cp' (R; Cy(R)).
Some results avoiding this difficulty will be given in Section

5 Some results of Functional Analysis

We recall that we shall always identify L?(2) with its topological dual. Below, we recall some impor-
tant results of Functional Analysis and give some new ones. Let E and I be locally convex Hausdorff
topological vector spaces. If F <% F with dense embedding then F™* & E*, where e* is the transpose

of e:
VL e F*, Yz € E, (¢*(L),z)g+ g = (L,e(x))p+ F. (5.1)

If, furthermore, E is reflexive then the embedding F™* (e—*> E™ is dense. In most of the cases, e is the
identity function, so that e* is nothing else but the restriction to E of continuous linear forms on F.
For more details, see Treves [49, Corollary 5, p.188; Corollary, p.199; Theorem 18.1, p.184] and [4].
Let A; and Ay be two Banach spaces such that A;, Ao C H for some Hausdorff topological vector
space H. Then A1 N As and A + A, are Banach spaces where,

lallaina, = max {llalla,, lalla,} and lallasa, = inf (faalla, + lazlla,).

a=ai+az
(a1,a2)EA1 XAz

If, in addition, A; N As is dense in both A; and A, then,

(A1 NA2)" = A7 + A5 and (A1 + 45)" = AT N A3, (5.2)
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See, for instance, Bergh and Lofstrém [12] (Lemma 2.3.1 and Theorem 2.7.1). Let Y be a Banach
space such that Z(Q2) — Y with dense embedding. Then,

L. ([0,00); Y*) = 2/((0,00) x Q). (5.3)

See, for instance, Droniou [22, Lemme 2.6.1, p.58]. Let I be an interval, let X be a Banach space and

let p € [1,00). If X is separable then so is LP(I, X), and if X is reflexive then,
LP(I; X)* = 0P (I; X ™).

See, for instance, Droniou [22] (Corollaire 1.3.2, p.13), and Edwards [25] (Theorem 8.18.3, p.590;
Theorem 8.20.5, p.607). Finally, another result which will be useful is the following (Strauss [46]
Theorem 2.1]). Let X < Y be two Banach spaces. Let I be an interval and u € Cy(I;Y). Assume
that there exist C' > 0 and Ny C I with |Ng| = 0 such that for any ¢ € I\ Ny, u(t) € X and
lu(®)||lx < C. If X is reflexive then,

Vtel, u(t) € X and u € Cyw(I; X). (5.4)

Let I be an interval. It is well-known that if X is a Banach space which is neither reflexive, nor
separable then it is not true that L'([;X) is separable and that L>°(I; X*) is the dual space of
LY(I; X). In particular, we do not have a duality product L!(I; X)-L>(I; X*) represented by the
natural integral. In addition, it is also well-known that the space of smooth functions is not dense in
L°°(I; X*). Nevertheless, we may obtain some kind of density result in “some weakx topology”, and

do as if L°°(I; X*) was the dual space of L*(I; X) (see, in particular, (5.8)) below).

Theorem 5.1 (Weakx density). Let Q C RY be an open set, let I be any interval and let X — X*
be a Banach space. Then, for any u € L*(I; X) N WL(I; X*), there exists (Un)neny C 2(1;X) such
that,

Vn e N, |lunllorx)y < llulloax), (5.5)
Vn € N7 ||u’ﬂ||W1*°°(I;X*) < 2Hu||le°°(I;X*)7 (56)
17,
Up, L (LX) u, (5.7)
n— o0
1/7. : ’ o _
Ve € LNI:X), lim /1 [ut 1) = o (1) 0(0)) . 1 = 0. (5.8)

In addition, u,(t) RSN u(t), for almost every t € I.

n—oo

Proof. With help of a continuous linear extension operator, we are brought back to the case where
I = R. For the construction of such an operator, see for instance Droniou [22 Corollaire 2.3.1,

p.48], Brezis [14, Theorem 8.6, p.209], or the Appendix in Brezis and Cazenave [I5]. Let then
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u € LYR; X)NW Lo (R; X*). Let (pn)nen and (€,)nen be sequences of mollifiers and cut-off functions,
respectively. The following results are standard and may be found, for instance, in Droniou [22]
(for vector-valued functions), and Brezis [14] (for real-valued functions, but the proofs can be easily
adapted for vector-valued functions). Set for any ¢,n € N, ug,, = ps *x ({pu) € Z(R; X). By Young’s

inequality, we have that for any £,n € N, [Jug | L1 @ x) < l|ullL @ x), [[ten o @x+) < llull oo msx+),

erm X [lpe* (€at0) — Entt]l 11 rix) 2 0, (5.9)

Ehm Z oo * (Ent!) — €t || L1 mox ) 22 0, (5.10)

W) = pex (E0) + po x (nt), (5.11)

o (€, x oy < sy ol sy (5.12)

for any ¢ € L*(R; X). By (5.9)-(5.11), and renumbering the sequences if necessary, we may find an

increasing sequence (£,)nen C N such that [ju

| oo (Rix+) < 2[|ullwrico (rix+)s

Etuin + €, n o 0, (5.13)
for almost every t € R, py, * (E,u’)(t) — Euu/ (1) X 0.
n—r oo

By Young’s inequality, we have for any ¢ € L'(R; X) and ¢,n € N,
[{pe * (€nt) — &ntt’, 0) x+ x| < 2| | oo x ) ol x € LY(R;R),
almost everywhere in R. It follows from the dominated convergence Theorem that,
Vi € LY(R; X), [[{pe, * (Entt) — &t @>X*,X||L1(R) =50 (5.14)

Finally, still by the Lebesgue Theorem, we easily obtain that,

€nt — | 1 mix) ——— 0, (5.15)
Vo € LNR; X), [[(6nt — o', 0)x+ x| L2 @) = 0. (5.16)

Let for any n € N, u,, = uy, . Putting together (5.13) and (5.15)), we get (5.7). Using (5.11)) and
putting together (5.12)), (5.13]) and (5.16)), we get (5.8). Finally, by (5.7), there exists a subsequence,

that we still denote by (uy)nen, such for almost every ¢ € R, w,(t) RSN u(t), This concludes the
n— oo

proof of the theorem. O

The proof of the following result is any easy adaptation of that of Theorem [5.1} and the details are
left to the reader.

Theorem 5.2 (Weakx approximation). Let Q@ C RY be an open set, let I be any interval and let
X < X* be a Banach space. Then, for any u € L>=(I; X) N WLL(I; X*), there exists (un)nen C
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P(I; X) such that,

Vn € N, ||un||W1,1(];X*) < 3Hu||wl,1([;X*), (517)
vn S N, ||un||L°°(I;X) é ||u||L°°(I;X)7 (518)
1,1
w u, (5.19)
Vo € LY(I; X*), nl;n;o/‘ u(t)>X*’X’dt —0. (5.20)

In addition, u,(t) X, u(t) and ul (t) X u '(t), for almost every t € 1.

n—oo n— oo
If X < L) with dense embedding, and if 1 < p < oo then for any interval I, LP(I;X) N
W' (I; X*) — Cu(T; L2(Q)) (|3, Lemma A.4]). We need and extend this to the case p € {1,00}.

Theorem 5.3. Let Q C RY be an open set, let I be any interval and let X be a Banach space such
that X < L2(Q2) with dense embedding. We have the following results.

1) LY(I; X) N Wh(I; X*) — Co(T; L2(Q)).
9) L(I; X) N WHI(T; X*) — Cy(T; L2().

3) If ue LYI; X) N WL (I; X*) orif u € L=(I; X) N WHL(I; X*) then the mapping

1
t— §||u(t)||%2(ﬂ) belongs to W (I; R), (5.21)
and we have,
1d 9 ,
5 sl Ols(@) = (@), u(0) y. 5. (522)

for almost every t € I.
Proof. By the dense embedding X < L?(£2), we have by that,
X — L*(Q) — X*, (5.23)
Vo € X, |vllfz(q) = (v, v)x+ x- (5.24)

We split the proof into four steps.

Step 1: Proof of the statement .

Let u € L>(I; X) N Wh(I; X*). By the embedding W (I; X*) < C,(I; X*), we get by (5.23),
(5.24)), and that u € C,(I; L*(12)), and that there exists C' > 0 such that

2
()20 < Cllull oo (r:x) lullwrr . x+) < C (lullzoe rixy + lullwrrgxo)

for any t € 1. Hence, L>=(I; X) N WL(I; X*) < Oy (I; L?()).
Step 2: Proof of the statement .
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Let u € L' (I; X)NW 1o (I; X*) (u € L>®(I; X)NW L (I; X*), respectively). We claim that [[u(.)||12q) €
Cv(I;R),

1 1 ¢
§IIU(t)H%z<Q> = §IIU(S)II2Lz<Q> +/ <U'(0),U(U)>X*7Xda, (5.25)

for any t,s € I, and that (5.21)—(5.22) hold true.
For such a u, let (u,)nen C Z2(I; X) be given by Theoremm (Theorem respectively). Let n € N.

We have that |lu,( . )||%2(Q) € CY(I;R), and for any t,s € I,

1 1 ¢
Sl Oy = 3l o)y + [ (0]} . (5:20
By (5.6)—-(5-8) ((5-18)—(5.20), respectively), we have that,
li_>m (ur,(0),un(0)) v ydo = / (u'(0),u(0)) . ydo. (5.27)
nTeeJr ’ I ’

If ue LY(I; X) N Who(I; X*) then, since X < L?(2), we have by Theorem that

L*(Q)

for almost everywhere t € I, u,(t)
n—oo

ult), (5.28)

while if uw € L*([; X) N WH(I; X*), then comes from and Theorem |5.2] Passing to
the limit in , it follows from (5.27) and (5.28) that (5.25) holds true for almost every t,s € I.
Now, since the mapping, o — <u'(0),u(o)>X*’X belongs to L*(I;R), it follows that 7
come from (5.25). Finally, by (5.21)-(5.22) and the embedding W' (I;R) — Cy,(I;R), we deduce
that [lu(.)||r2(0) € Cb(I;R), and that holds true for any t,s € I.

Step 3: If u € L'(I; X) N W1°°(I; X*) then u € Cy(I; L3(Q)).

Let u € LY(I; X) N W1 (I; X*). By the embedding W (I; X*) < Cy,(I; X*), we have that u €
Cu(I; X*), and by (5.25), we have that stuII) lu(t)||L2() < oo. It then follows from that for any

€

tel,ut) € L*(Q), and u € C(I; L?(Q2)). Let t € T and (t,)nen C I converging toward ¢. Then by

weak continuity,

By Step 2, we have that,

i [u(tn)|l 2 (@) = lu(t)]| 22 (0)-

n—oo

2 —
The space L?(2) being uniformly convex, we deduce that u(t,) @, u(t). Hence, u € Cy(I; L*(2)).

n—roo
Step 4: Proof of the statement .
Let u € L'(I; X)NWY(I; X*). By Step 3, u € Cy,(I; L?(£2)). Let us show the continuous embedding.
It follows from (5.24)), (5.25)), and Holder’s and Young’s inequalities that,

lu() 122 ) < lluls)llx lu(s)llxs + ll T rxy + 10 1T (0
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for any t,s € I. Let (I,)nen C I be a sequence of bounded intervals such that Unen In = I. Integrating

in s and applying, once more time, Holder’s and Young’s inequalities, we get,

2
Ll lull, gy < U 1al) (lelloe ) + lullwrsrxs) ™

for any n € N. Dividing by |I,|, taking the square root and letting n * co, we arrive at,

1
lulley 72y < 4+ HI72) (lulle ) + lullwrsx))

with the convention that |I|~2 = 0, if |I| = co. The theorem is proved. O

Before to state some consequences we need to introduce some definitions, and auxiliary results.

Definition 5.4. Let Q C RY be an open subset. Let Y be a Banach space. We shall say that a family
(Yn)nen, of Banach spaces is a Y -approzimating sequence of RNP-spaces if it satisfies the following

properties.
1. For any n € N, Y}, is separable and reflexive.

2. Foranyn € Ny, Y,, = Y,+1 — Y,and for any f € Y, || flly < ||f]ly, . Moreover, each embedding

is dense.
3. For any n € Ny, 2(Q) < Y,,, with dense embedding.
4. For any f € Yy, nl;rrgo Iy, = IIflly-

Remark 5.5. Assume that Y is a Banach space which admits an approximating sequence (Y;,)nen,
of RNP-spaces. If there exists ¢y € N such that for any n > £y, Y,, = Y}, then it follows from
Definition that Y and Y}, are two Banach spaces with the same norm, and that Yy, is dense in
Y. Therefore, Yy, = Y. As a consequence, if Y is not separable or not reflexive then, renumbering

(Yy)nen, if necessary, we have that for any n € Ny, Y,, C Y;,41 C Y.

Lemma 5.6. Let Q@ C RN be an open subset. Let Y be a Banach space and let (Yy)nen, be a
Y -approzimating sequence of RNP-spaces. Then (Y.*)nen, satisfies the following properties.

1. For anyn € N, Y* is separable and reflexive.

2. For anyn € No, Y* = Y | < Y, and for any f € Y™, ||fllys < ||flly~. Moreover, if n € N

then each embedding is dense.
3. For any n € Ny, V¥ — 2'(Q), with dense embedding.

4. For any f € Y™, nh_)n;o ||f||y7: = |Iflly=-
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Proof. It is well-known that the dual space of a reflexive and separable Banach space is also a reflexive
and separable Banach space. Therefore, Property [1| holds true. The rest of the lemma follows easily
by duality, Definition [5.4] and the results about Functional Analysis we recalled at the beginning of

this section. O

Corollary 5.7. Let Q C RY be an open subset. Let Y be Banach space and let (Yy,)nen, be a Y-
approximating sequence of RNP-spaces. Finally, let Z be a separable and reflerive Banach space such
that 2(2) — Z, with dense embedding. Then, (Z N Y, )nen, S a Z N'Y -approximating sequence of
RNP-spaces.

Proof. Let n € N. Since 2(Q) — Z and 2(Q) — Y, with dense embeddings, it follows that
convergences in the weak topologies Z, and Y,y imply convergence in 2’(Q2). Therefore, we easily
obtain from and the Eberlein-Smulian Theorem that Z NY,, is reflexive. For n € N, let T :
ZNY, — Z xY, be defined by T'(u) = (u,u). We recall that for any (u,v) € Z x Yy, |(u,v)||zxy, =

max {||ullz, [v|ly, }. It is clear that T" is an isometry and that Z x Y, is separable. It follows that
T(Z x Y,) is separable (Brezis [14, Proposition 3.25, p.73]), and so is Z N'Y,,. Then, Property
of Definition is satisfied. Let n € Ny. It is clear that 2(Q2) — Z NY,. Let us show that this
embedding is dense. Let T' € Z* + Y¥ be such that for any ¢ € 2(Q), (T, ¢)z++vy, zny, = 0. We
write T = Ty + T5, where (T1,T5) € Z* x Y,*. Using the dense embeddings ZNY,, — Z, ZNY, < Y,,

2(Q) — Z and 2(Q) — Y,, it follows from (5.1)) that for any ¢ € 2(Q),

0= AT, )z +vz 207, = (T1,0) 2+, 2 + (T2, ©)v;r v,

= (T, @) 9 )20 + (T2, 0)2/),2) = (T1 + T2, ©) 91 (), 2(0)

= (T 9)9 (2,29
Therefore, T =0 in 2'(2), hence in Z* + Y;*. The rest of the proof is obvious. O
Lemma 5.8. Let Q@ C RN be any open subset. Then L'(Q2) admits an approzimating sequence
(Yn)nen, of RNP-spaces. In addition, Yo may be chosen separable.

Proof. Let Q@ C RY be an open subset. For convenience, we introduce some notations. Let n € N,

en =1 Q, ={z € Q|r| <n}, and let wy_; be the area of the unit sphere Sy_; of RY (with the

n’

convention that wy = 2). We define,

Vo= {f € LHen(@ [l 4o 1, € 1Y@)],

Yo={fevisf|.[n e LY@}
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whose norms are,

I1£1

1
Tten
v, = (2wy_qn)wT </ |f|1+5"dx+/ |f1+5"|x5"(N+€”)dm> ,
Q, Q¢

n

171, = e { b, [ 151kt
Note that Y, < L' (Q). Let X be the Lebesgue measure on the Lebesgue sets () of €, let

9u(x) = (wan™)% (e, (@) + ol 10, (1)),

go(z) = ||t (N Her),

for any x € Q, and let v, be the density measure defined on %B(Q) by

dvn o ana W0
dx =0gn & d\ = go-

It follows that Y,, = L1 (Q, B(Q),v,,), and Yy = Y1 N LY(Q, B(Q), ). Classical results on measure
and integration theory give that Y,, is a separable and reflexive Banach space, and that Y} is a separable
Banach space (for the proof of the separability of Yy, proceed as in Corollary. Therefore, (Y7,)nen,
satisfies Property (1| of Definition Let n € N. It is also obvious that 2(2) — Yy — Y,,. Let us
establish the density. Let f € Y;,. Set a = &,(N +¢,) and b = 1+ ¢,. Let (p;);jen be a sequence of
mollifiers. Let Oy = {x € Q;dist(z,Q°) > 2}, £ € N. Denote by f the extension of f by 0 outside of
Q. Finally, for j,¢ € N, let ;557‘ =pj* (f]lo[). For any £ € N, and j > ¢, we have that

c
n

21_17/9 |¢§_ﬂbdx </ \‘P?‘ﬁoAbdm—k/ﬂ |flo, — fl*da. (5.30)

By the Lebesgue Theorem, the last integrals in (5.29) and (5.30) go to 0, as £ — oo, while the first
of the right members go to 0, as j — oo, for each £ € N (by the classical results about truncation
and regularization). It follows that there exists an increasing sequence (j¢)een which goes to co, as

{ — o0, such that
: O Fbdm — T _ Fb . —
th /Qn 5, — fI"dx —th /QC 2|5, — f]"dz = 0.

Let for any ¢ € N, ¢, = 9%\9 € 2(9). It follows that (¢¢)een answers to the problem. A trivial
adaptation of the proof gives the density of Z(2) in Y. Therefore, (Y, )nen, satisfies Property [3] of
Definition Now, let us show that (Y;,)nen, satisfies Property [2l The density result comes from
the density of 2(2) in L'(Q2) and Property [3| Let n € N (the case n = 0 is immediate). Let f € Y.
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We have,

1+ent1

(wy_1(n+ 1))~ o 1y,

:/ ‘f|1+sn+1dx+/ |f|1+€n+1‘x|571+1(N+5n,+1)d$
Qn+1

Q’(;L+1

</ |f|1+5n+1dx+/ |f|1+sn+1‘xlsﬂ,+1(N+5n+l)dm.
Q Qc

By Holder’s inequality,

1tenta

+en

1
/ 'fl“"“dm<|B<o,n>|W</ |f|1+€"dx> ,
Q?L Qn

and

/ |f|1+5n+1 |x|5n+1(N+5n+1)dx
QC

n

Q5
En—En41 lt+en41
Tfen 14en
< (/ :L.|_(N+5n5n+1+8n+5n+l)dx> (/ f|1+5nx|5n(N+8n)dx>
B3 Q5

n

ent1(N4ent1)— ,L(N+8n) +”+1 (|f|1+5n+1|x

rL N+5n) 1+”j1) dx

1+£n+1
1+en

< C(N,n) ( / |f|“€"|x|f"<N“n>dz>

Gathering together the above estimates, we get that, || ||y, - Let

< C(N,n)|

n+1 ~

us show that f € L*(Q) and || f| 11 (o) < [|f]ly,.- Using twice Hélder’s inequality, we have that,

Il fllzr )

1
o T+en +5n) en(Nten)
< [B(0,n)[ 75 (/ |f|1+5”d”5> +/ o () e
Q Q¢

n n

1
o TFen
< |B(0,n)|TFen (/ |f|1+€"dx>
Qn

n o ey e
+w 1+sn (/ T_(1+5n)drr> / |f‘1+5n|x‘5n(N+5n)dx
n sl
=
< (WN—WN)ﬁ (/ f|1+6"dx>
Q

1
I+en
zlEn(N+en) 44

+uwine 1(/ |fI1Fe
Qc
<awan®yie ([ nan) T { [ eas
Q, Q¢

<l
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since for any a,b >0 and 0 < a < 1, a® + b® < 217%(a + b)®. Hence Property is satisfied. Now, to
prove Property [ it is sufficient to see that for any f € Yy, and n € N,

I g, <M L ps1y + 1Ly € LY,

Vi P s O

<L P TE g g sy + I F]] - 1PN e T p<ay € L),

and to apply the dominated convergence Theorem. This ends the proof of the lemma. O

6 Proofs of the theorems on uniqueness and existence of strong
and weak solutions

Proof of Proposition Let (u,U, f) be a weak solution and let (uy,, Uy, f)nen satisfying (2.9)—
. Let (Y7)een, be any L'-approximating sequence of RNP-spaces, which exists by Lemma
It follows from Corollary [5.7|that (HZNY;)sen, is an H3 N L'-approximating sequence of RNP-spaces.
By (2.10), [9) Lemma 4.2], and the diagonal procedure, we have that (up to a subsequence),

C([o0,T];H ~*(

Auy, 2l Au, (6.1)

n—oo

C([0,T;;H~())
e

Vauy, Vu, (6.2)

n—r oo

a.e.in (0,00)xQ

TGl LN (6.3)

n— oo
forany T > 0. Let T > 0, k € N, Q, = QN B(0,k), and wry = {(t,x) € (0,T) x Qp;u(t,z) # 0}.
Finally, let w = {(t,z) € (0,00) x Q;u(t,z) # 0}. Note that by (2.11]), we have,

L2 (wr i )w

Un|wT,k- U\wT,k' (6'4)

n—oo

On the other hand, it follows from (6.3 and the dominated convergence Theorem that,

Un_ L*(wri) U (6.5)
n—oo

|u”| |wr, & |u| |wr, K

Finally, by (2.8]) and (6.3]), we have for any n large enough that U,, = ﬁj—”l, almost everywhere in wr .
Since T and k are arbitrary, we then deduce from (6.4) and (6.5) that U = %, almost everywhere

[ul?

in w. Therefore, U satisfies f. Now, with help of , , and , we have
that u satisfies in 2'((0,00) x ). Let £ € N. By Definition [2.2] (un)nen € WL ([0, 00); X*),
where X = H{(Q) N LY(Q). By (L.I), it follows that for any n € N, t — U,(t) is measurable
[0, 00) — H~2(2)+ L>(). By Corollary 5.7, (Uy,)nen is bounded in L>°(0, 00; H~2(Q2)+Y,*) (whose
each norm is bounded by 1). But HZ(2) NY; is separable and reflexive, so that L (0, co; H3 () NYy)
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is separable, and
L'(0,00; HF () NYy)* = L™(0,00; H2(Q) + Y,) < 2'((0,00) x Q).

See the beginning of Section [5 And since the limit in (2.11]) also takes place in @’((O, 00) X Q), we
deduce that

U € L*>(0,00; H2(Q) + Y.

It then follows from that holds true, and that makes sense in Li . ([0,00); H2(Q) +
Y[), for any ¢ € Ny. In addition, comes easily from , and it is clear that u solves in
H=2(Q) + L>(Q), for almost every ¢ > 0. Finally, note that if || < co then HZ(Q)NL(Q) = H3(Q),
which is reflexive and separable. In this case, the above arguments work for H3(Q) in place of

H2(Q)NY,. O

From now, we suppose Assumption Before proving the other results of Section [2, we recall some
results of our previous papers we will need. Here and in the rest of this article, we shall use the
following notations and conventions.

For any u € L*(Q), Vu € H~1(Q2) and for any u € Hg(Q2), Vu € L?(Q2). There exists C = C(N,3) > 0
such that for any u € H}(Q2),

[Vullr2) < CIV Lo @)+ Lev @ lull m o) - (6.6)

See [0, Lemma 4.1].
Let € > 0. For any u € L°(2) and almost every x € €2, we define

1

ge(u)(@) = (lu()]* + )" u(x), € > 0,

g(u)(z) = go(u)(x) = PElk u(z) # 0.

Now, for g1 > 0, let us define the operator (A, D(A)) on L?(Q) given by,

u

D(A) = {u € Hy(Q) N LY (Q); (—iAu + M|u|>|{ o) € L*({u # O})} ,

C(u) = {U € Br<(0,1); —iAu+ pU € L*(Q) and if u(z) £ 0, U(x) = |Zg;| } ,

Au — { —iAu—iVu+ pUsU € C’(u)}, Vu € D(A).

Notice that, as in the theory of maximal monotone operators (Brezis [13]) the operator A is mulitval-
ued, since, at least formally A0 = B (0,1) N L2(Q). Note that by the inclusion L>=(Q2) C L% (1),

loc
we have D(A) C HZ (). We split the proof of Theorem into several lemmas. The proofs of
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Corollary and Lemmabelow are close to those of [9] Corollary 5.9 and Lemma 5.12]. However,
they require an adaptation because we do not have that Au and \TuI belong separately in L?(2).

Let us start by proving that the operator A is monotone in L?((2).

Lemma 6.1. Let uj,uz € L*(Q) and Uy,Us € B (0,1) be such that for any j € {1,2}, U; ot

T us

almost everywhere where u; # 0. Then,

Re (/Q(U1 - Ug)(ul—ug)dx) > 0.

Proof. Let for j € {1,2}, w; = {& € Q; u;(z) # 0}. We have that,
Re (/ (Ul — UQ)(ul — UQ)dZL’)

Q

= Re / <U1 - “2) (—u)dz | + Re / (”1 - U2> wrde
wfNwa |U2| wiNw§ |U1|
+ Re (/ <u1 — UQ) (u1 — ug)dx)

w1Nwsz |U1| |U2|
def

=L+1L+1s.

Since |Uyuz| < |uz| and |Usur| < |uil|, we get that, Iy > 0 and I > 0. Finally, Is > 0 by [9]
Corollary 5.5], and the lemma is proved. O
Corollary 6.2. (A, D(A)) is monotone on L*().

Proof. Let (u1,us) € D(A)x D(A) and (W1, Wa) € Aug x Aus. Let then (U, Uz) € C(u1) x C(uz) be
such that —iAu; —iVu; + pU; = W, for any j € {1,2}. Since Au; or U; may not belong separately
to L?(Q2), we have to proceed in a different way than in [9]. By [10, Lemma 4.4],

(W1 = Wo,uy —ug)p2q) = (—iV (ur — ua), u1 — u2)r2(0)

+ (iV(u1 — u2), V(ug — U2))L2(Q) + p{Ur — Uz, w1 — uz) Lo (0),L1 ()

—utte [ 0 - v (@=m)as )

and we conclude with help of Lemma [6.1 O

Lemma 6.3. R(I + A) = L?(Q).

Proof. Let F € L?(Q). By [10, Lemma 4.3], there exist u € H}(Q) N LY(Q) (hence Vu € L3(Q),
by ) and a sequence (ue, )neny C HE () with (Aug, Jnen C L2(2), where (g,)nen C (0,00) is a
decreasing sequence converging toward 0, satisfying the following properties: for each n € N, u,, is

the unique solution to,

—iAu., —iVue, + pge, (ue,) +ue, = F, in L*(Q), (6.7)
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and
Ue, — U, (6.8)

ZE, yy, (6.9)

n— oo

U, aein 8, (6.10)

n—oo

Now, let us denote by w = {z € Q;u(z) # 0}, and for k € N, let wy, = w N B(0, k). Let k € N. Since
(9en (ue,,)),, o belongs to Bre(0,1), there exists U € Bre(0,1) such that, up to a subsequence,

9e, (ue,) —— U in L%(Q) . (6.11)

n— oo

a.e.in w

In addition, we have that gc, (ue,) —— g(u), by (6.10). It follows from the dominated convergence
n— 00
Theorem that,

L (wr)
—5 ()| - (6.12)

gsn(usn)lw;c oo

Let h € L°°(Q) N L(Q) be defined by,

We have by Holder’s inequality that,
[19tw) - UPds
wg

= Re/ (g(u) ~ Yen (usn))ﬁdw + Re/ (gsn (ue,) — U)de

Wi Wik

< 2|\ge, (ue,, ) = g1 (wy) + (gen (Ue,) = U, B) Lo (), 21 (92)-

With help of (6.11)) and (6.12), we are allowed to pass to the limit in the above to infer that for any

k€N, U = g(u), almost everywhere in wy. Hence,
U =g(u), ae. inw. (6.13)
Now, passing to the limit in , we get with help of , , and that
u€ D(A) and (I+ A)u> F.

This ends the proof. O

Remark 6.4. In [I0], we study the sublinear problem

i% + Au+ V(z)u+ag(u) = f(t x), in (0,00) x £, (6.14)
ujpn = 0, on (0,00) x 09, (6.15)
u(0) = ug, in £, (6.16)
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where g(u) = |u|~ =™y, with 0 < m < 1 (and under some suitable assumptions about V, a € C and
f). To prove existence of a solution with initial data in H}(Q) (see [10, Theorem 2.10]), we proceed
by regularizing the nonlinearity g(u) with ¢ (u) = def (Ju|> + &)~ *"u, ¢ > 0. This proof contains a
slight flaw. Indeed, taking the L?-scalar product of the regularized equation,

i (,;: + V(x)ue + ag™(ue) = fo(t,x), in L*(Q),
with iue, and applying the Cauchy-Schwarz inequality, we wrongly arrive at

1d .
5 g1t @iz (0) + Tm(@)|lue (@) 75 ) < 1 f=(0)llL2 (@ llue (@) | 12 (6.17)

But actually, the correct result is,

1d
3100 oy + 1m(a) [
Q

|ue (o, 2)?

(|uc(o, )2 + )"

z < |[fe(0)llz2 (@ l[ue (@)l 2, (6.18)

and then [10, Lemmas 4.6 and 4.7], and their proofs have to be modified. The statement of [10,
Lemma 4.8] is totally unchanged but its proof has to be very slightly changed. [10, Lemmas 4.6-4.8]
are only needed to prove [I0, Theorems 2.9 and 2.10]. Once these lemmas are correctly stated and
proved, the proof of these theorems is totally unchanged. The correct version follows with very closed
arguments to the ones used in [I0]. The only important modification consists in to replace formula

(4.32) of [10, Lemma 4.6] by properties

(uc)e>0 is bounded in Lg% ([0, 00); H}(2)) N Wli’cm’zl ([0, 00); X* + L%(Q)), (6.19)
(g;"(us)) is bounded in L{2 ([0, 0o); L%(Q)), '
and
T
sup/ [uc(t, 2)° —dzdt < C(T), (6.20)
e>0 (lue(t,z)|2 +e) =

for any T' > 0. The full correct version may be found in [5].

Proof of Proposition The embedding in comes from Bégout and Diaz [8, Lemma A.4]
(1 < p < 00) and Theorem (p =1 or p=00). We make the difference between the two equations
satisfied by u and wu, respectively. It follows from that u — u satisfies the equation obtained in

Li .(0,00; X*). We take the X* — X duality product with i(u — ). By Lemma Theorem 5.3}
Bégout and Diaz [8, Lemma A.5], and Cauchy-Schwarz’ inequality, we get,

1d

5&”“ —tl|72 0y < If = fllz2@llu — @l 2 (),

almost everywhere on (0, c0). Integrating over (s, t), we obtain (2.15)). Finally, we note that the strong
solutions satisfy (2.14) with p = 1, and that (2.15)) is stable by passing to the limit in C([0,T7]; L?()) x
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LY(0,T; L?(Q)), for any T > 0. By using (2.10]), we then deduce that (2.15) still holds true for the

weak solutions. O

Proof of Theorem Let f and wg be as in the theorem. We recall that we identify the
Hilbert space L?(2) with its own dual. It follows that the duality mapping is nothing else but the
identity. As a consequence, and from Corollary [6.2] and Lemma the operator (A, D(A)) is m-
accretive (i.e., maximal monotone) on L?(2). Then, by Vrabie [51, Theorem 1.7.1]), there exist a

unique u € Wl’oo([(), 00); L*(Q)) and U € L2 ([0, 00); H2(£2)) which satisfy in 2'((0,00) x Q),

loc loc

2-20), u(0) = up, —iAu — iVu + pU € LZ(0,00; L?(2)). In addition, for almost every ¢ > 0,

loc
u(t) € HH(Q) NLYQ), U(t) € Br=(0,1), (<iAu + pU)(t) € L3(Q), and U(t,z) = a2, for
almost every (t,z) € (0,00) x Q where u(t,z) # 0. Then (2.18) is an immediate consequence of
(.20). Taking the L?-scalar product of with iu, we deduce from [8, Lemma A.5], and [I0]

Lemma 4.4] that Property |3| holds true. Then, u € L ([0,00);L1(Q)), and applying the Cauchy-

loc

Schwarz inequality to (2.22), and integrating, we get (2.19). Now, let us establish (2.21)) and prove
that u € CW([O,oo);H&(Q)). We take again the L2-scalar product of (1.1)) with —u and apply [10]
Lemma 4.4]. By the Cauchy-Schwarz inequality, we infer

IVullfz@) < (luellza) + IVl a@) + 1flz2@) lullz2),
and with help of (4.2) and (4.3) in [9], we have that for some v € [0, 1),

||VU||L2(Q) < O(N,p) (”VlHLOC(Q) + ||V2Hi;3(g)) ||UHL2(Q) + ||VU||2L2(Q)-

2|lull L2

Putting together the two above estimates, we deduce that

IVullfe@) < € (lluellze) + (IVillz= o + IValFnd (o) ) lullazy + 120 ) Nullzey,  (6:21)

almost everywhere on (0,00), where C = C(N, ). In particular, (2.19), (2.20), (2.22) and (6.21)

give (2.2I). Now, since u € C([0,00); L*(R2)), it follows from (2.19), and (5.4) that u €
Cw([0,00); H3(£2)). In particular, by (6.6), we have that Vu € L3 ([0, 00); L*(£2)). We claim that

loc

U e L>((0,00) x ) and that ||U|| e ((0,00)x0) < 1. We first have to show that (¢, z) — U(t, x) is

measurable. By the previous estimates, we only have that,
—iAu+ pU € L% ([0,00); L* (1)), (6.22)

but we do not have any information on Au and U, separately. Let Q' C Q be any bounded open
subset. Since for almost every t > 0, U(t) € Br~(0,1), it follows that for any 7" > 0, there exist
C > 0 and Ng C (0,7) such that [Ng| = 0, and for any ¢ € (0,7) \ No, |Au(t)oz20) < C.
But, Au(.)jq € Cy([0,00); HH(Y)) and so by (5.4), Au(. ) € Cy([0,00); L*(2)). It follows from
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that
U € Lﬁfc([oa OO); LIQOC(Q)) — leoc((07 OO) X Q) (623)

In particular, U : (0,00) x  — C is measurable and for almost every (¢,2) € (0,00) x Q, |U(¢,z)| <
U)o (@) < 1. Hence, [|U|| oo ((0,00)x) < 1. Furthermore, by (6.23), we infer that (1.1]) makes sense
in L2 ([0,00); LE () N L§S. ([0, 00); H~1(€2)). Finally, Property [4| follows easily from Properties

and (1.1)). The theorem is proved. O

Proof of Theorem 2.7} Let f € L},([0,00); L*(2)) and ug € L*(9). Let (¢n, fa)nen € 2(2) x
Wil1([0,00); L2(2)) be such that,

loc

L2(Q)x L'(0,T;L2(Q))

VT > O’ (Lpna fn) (u0> f) (624)

Finally, for each n € N, let (u,, U,) be the unique H}-solution to (1.1)—(1.2) with u(0) = ¢,, given by
T heorem It follows from (2.15)) that for any T > 0, (u,)nen is a Cauchy sequence of the complete
space C([0,T]; L*(2)). It follows that there exists u € C([0,00); L*(€2)) such that,

n—>oo

C([0,T];L*(%2))
B

VT >0, u, (6.25)

n—o0
Since (Uy)nen is bounded in L ((0, 00) x ©2) by one, there exists U € L>((0, 00) x Q) satisfying (2.7)
such that, up to a subsequence, (2.11)) holds true. Then u is a weak solution to (1.1)—(1.3), and by
Proposition [2.6] this solution is unique. Let ¢ > s > 0. Using Theorem [2.9] we obtain that for any
n €N,

t t
1 1 —_—
Slun @y + 11 [ (@) zr@d = 3 ua(3) ey + 1 [ [ fulor) oz doda,  (6:20
s s Q

If || < oo then L2(2) < L'(©). We then use ((6.24)—(6.25) to pass to the limit in (6.26)) from which
(2.16)—(2.17) follows. If |©2] = oo then by (6.25), there exists a subsequence that we still denote by

(un)nen such that,

a.e.in (0,00) X0

—_— Uu. .
Un, — u (6.27)
Using ((6.24)), (6.25)) and (6.27)), we deduce (2.16)—(2.17)) from (6.26)) and Fatou’s Lemma. O

7 Proofs of the finite time extinction and the asymptotic be-
havior theorems

Proof of Theorems We first consider the assumption (3.1]). By (2.22) and Holder’s inequality
and (3.1)), we have for almost every ¢ € (Tp, 00),

1d

5&”“@)”%2(9) + Au(®) | 1) <0, (7.1)
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where A = fllzo ((7y,00)x2) > 0. By the Gagliardo-Nirenberg inequality, there exists Con = C'(NV)

such that for almost every t > 0,
N2 N
la)l 0y < Conllu®lzi ) [Vu®ll 2 - (7.2)

By Theorem u € L®(0,00; H}(R)). Then, setting for any t > 0, y(t) = ||u(t)||2L2(Q), and using
(7.2) in (7.1), we get that for almost every ¢ > 0,

_N
y/(t) + C”VUHLoz(o,oo;Lz(Q))y(t)  <0.

Integrating over (0,7) the above estimate, we obtain (3.2)—(3.5) (see also [8, Lemma 5.1]). It re-
mains to show the last property on the instantaneous extinction time. By (2.22), (7.2)), and Young’s

inequality, we have for almost every t > 0,
_ _1 3 3
Y+ 20 Cqk IVl 72 g senpony®F <3100 +u(0) (7.3)
3
Let 6 = T and

o= (6(1=8)Tp) ™5,y = (3°(1—5)™7,
e = min{(6(1 —§))TTw, (%)} .

Let M > 0. Assume that || f|lyw1.1(0,00:22()) < M. By Sobolev’ embedding, this entails that || f(0)]z2(q)
C(M). Let w = {z € Q;up(x) # 0}. We first need a refinement of B(t) in (2.20). Actually, we have
for any ¢ > 0 by a result in Barbu [2] (Theorem 4.4, p.141),

t
= def .
|‘ut“Lm(o,t;L2(Q)) < B(t) = |AU0 + VUO + IMUO - f(O)|L2(Q) +/0 ||f/(0)||L2(Q)d0a

where |Aug + Vug +ipUy — £(0)|r2(0) = min {||v]|2(0); v € iAug — f(0) }. (The multi-valued operator
(A,D(A)) is defined at the Section [6]) Furthermore, this minimum is unique (see the lines before
Barbu [2, Proposition 3.5, p.101]). It follows that B(¢) may be replaced with B(t) in the whole
Theorcm Let us define Vy in © by Vo = |uo| 'up, in w, and Vy = 0, in w®. Since ug € HZ.(Q),
we have in particular that Aug = 0, almost everywhere in w®. Then,

oo
igEB(t) < | Aug + Vg +ipVo — £(0)|| 220 +/ 1 (o))l 2o do,
0

< IIAuo+Vu0+iuIUO|’1uOIIL2(w>+Hf(0)||L2(Q)+/ 1f' (@)l L2(eydo
0

< M, then it follows from
L2 (w)

As a consequence, if |lug|| z2(0) < €1 and [[Vugl|z2(q) + HAuO +ipy

and the above that

(s
— + |Vuol| 2 () + C(M)
L2(w)

S C(Vlzev 4z, M).

sup B(t) < HAuo +ip
t>0

|uo
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By (2.21)), there exists a positive constant e, = e,(||V||Lrv 1o, M, 1) < €1 such that if |lugl|z2(q) +
_1

lf1lL10,00;22(0)) < €4 then 1 Can ||Vu||Lfo((0’oo);L2(Q)) > 1. Now, assume that || f(t)[|r2() < ex(To —

t)+, for any ¢ > 0. Then ((7.3)) becomes,

oo

_5
for almost every t > 0, y/(¢) +y(£)7 < yu(To — t):‘s.

Finally, if [Juol/z2(q) < e, ¢ then y(0) < z,, and an appeal to [8, Lemma 5.2] gives that for any
t > Ty, y(t) = 0. The theorem is proved. O

Proof of Theorem By density and ([2.15)), it is sufficient to consider the case in which ug € 2()
and f € 2([0,00); L?()). Then Theorem [3.2| yields the desired result. O

8 Solutions with lower regularity

Due to problems of measurability of functions with values in non-separable spaces (Section , we
are unable to build solutions to (1.1]) under the mere “natural condition” uy € H}(f2), and f which
satisfies (4.2]). The closest result is the following.

Theorem 8.1. Let Assumption be fulfilled. Let (Yy)nen, be any L-approzimating sequence of
RNP-spaces (Deﬁmtion. Assume that V€ Who (Q; R) + WPV (Q; R), where py is given by (2.4)
and let

f € Lige ([0, 00); Hg () N LY,

loc

([0,00); H~H(Q) + L>(%)), (8.1)

for some 1 < p < 0o. Then for any ug € HE(Q), there exist u and U satisfying R.7)-([2.8)) such that
for any n € Ny,

u € Cy([0,00); H(2)) N Wli’cp([O,oo);H_l(Q) +Yy), (52)
u € Li,([0,00); L' (),

and such that the pair (u,U) is a solution to (2.6) in L

loc

(0,00; H1(Q) + Y}}) < 2'((0,00) x Q).
Furthermore, u verifies u(0) = ug, and

t
)l 30y < IIUOIIHgm)+/||f(S)HHg<Q)ds NVl irvt, (8.3)
0

for any t > 0, where C = C(N, ). In addition, if VV = 0 then we have that,

t
IVu(®)L2@) < [[Vuoll2 @) +/||Vf(8)\|m<n>d& (84)
0
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for any t > 0. Moreover, there exists Ny C (0,00) with |No| =0 such that,
Vt € (0,00) \ No, u'(t) € HH(Q) + L>=(Q). (8.5)
In particular, u solves in H=Y(Q) + L>(Q), for almost every t > 0. Finally, if p = oo then for
any T > 0, there exists C(T) > 0 such that,
[0/ @)l r-1.(0)+ L= (0) < C(T), (8.6)
for any t € (0,T) N N§.
Remark 8.2. Below are some comments about Theorem

1. We do not know whether u € C([0,00); L*(2)), and we do not know whether v’ : (0,00) —
H=Y(Q) + L>=(Q) is measurable.

2. Let f satisfy (8.1]) with p = oo, and let X = H}(Q)N LY (Q). If o’ : (0,00) — X* is measurable
then it follows from (8.2)), (8.5) and that

u € L%OC([O,OO);X) N Wl’oo([O,OO);X*),

loc

so that u becomes an H}-solution.

3. Let f satisfy (8.1) with p = co. Actually, we may get a little bit more information from (8.5])—
(8:6). Let n € Ng, X,, = H}(Q) N Y, and X = H}(Q) N L(Q). By (8:2)), we have that

lim u(t+ h) — u(t)
h—0

- u’(t)HX:L —0, (8.7)

for almost every t > 0. But X,, — X, with dense embedding, and X is separable. It then follows
from and (8.7)) that,

u(t+ h) — u(t)
h h—0

u'(t), in the weak* topology o(X*, X), (8.8)

for almost every ¢ > 0, so that v’ : (0,00) — X* is weak*-measurable. Thus, with (8.6), we
conclude that u’ is Gel’fand integrable: for any finite-measure set E C (0,00) and ¢ € X,

<G—/Eu/(t)dt,<p>X*’X Z/E<u’(t),¢;>x*,xdt,

where G — / u/(t)dt denotes the Gel'fand integral over E (Gel'fand [27]). In addition, there

E
exists a sequence (sy)nen of simple functions such that for any ¢ € X

lim (s, (t),p)x+ x = <Ul(t)a<P>X*,Xv

n— oo
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for almost every ¢ € E. Note that the null set N, on which the convergence fails may vary
with ¢ (while if u' : (0,00) — X* was measurable, N, = N would not depend on ¢, and
u’ : (0,00) — X* would be locally Bochner integrable). By Pettis’ Theorem, u’ : (0,00) — X*
is measurable if, and only if, there exists a null set Ny C (0,00) for which u'((0,00) \ Np) is
separable in X*. For more details about weakx-measurable functions, the Gel’fand integral and

its properties, see Gel'fand [27], Hashimoto [28], Hashimoto and Oharu [29], and Schwartz [42].

. As noted just above, u’ : (0,00) — X* is weakx-measurable, where X = HZ(Q) N L1(Q2). Tt

seems very hard to answer to the question of the measurability of u’. Indeed, the first way, is to
know whether v’ is essentially separably valued in X* (Pettis’ Theorem). The second method
would be to show that v’ is weaklyx equivalent to a measurable function, namely, to prove that

there exists a measurable function v : (0, 00) — X* such that for any ¢ € X,

(' (t), ) x+.x = (v(t), ) x+ x,

for almost every ¢t > 0. A priori, the null set on which the equality fails may vary with ¢, but
actually, it does not with help of the separability of X. Therefore, we would have u'(t) = v(t), for
almost every ¢ > 0, so that «’ would be measurable. But showing that u’ is weaklyx equivalent
to a measurable function requires to be able to identify weakly compact sets of X*, namely in
the weak topology o(X™*, X**) (Uhl [50], Edgar [24]). A third method would consist to see the
Gel’fand integral of u’ as a vector measure and to look for make it represent by a measurable
function with help of the Radon-Nikodym Theorem (Rieffel [40], Maynard [36], Diestel and
Uhl [20], Schwartz [43]). It is interesting to note that all these theorems furnish a necessary and
sufficient condition to measurability. Unfortunately, they are too general and too abstract to be
applied in our case (such as the o-dentability, for the third method), and the only handy tools

about measurability of the vector measure theory are reflexivity and separability.

Lemma 8.3. We use the notations of Theorem [8] Let the hypotheses of Theorem [81] be fulfilled
with p < co. Let (f<)es0 C 2([0,00); HJ(Q)) and (¢2)es0 C 2(Q) be such that,

Hj ()
Pe 0>
E\O (8 9)
LY(0,T;H})NLP(0,T;H - +L™>) ’

eN\0 f

for any T > 0. Then for any € > 0, there exists a unique solution

to

ue € Cy([0,00); Hy (2)) N Wi ([0, 00); L(92)), (8.10)
iaaute + Aue + V(2)ue + ipge (ue) = f=(t,z), in L*(Q), (8.11)
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for almost every t > 0, such that u-(0) = @.. Furthermore, for any € > 0,
lue @)y o) < | lleellmy) + / ()|l s | eIV uomsrrvt) (8.12)
0
for any t > 0, where C = C(N, 8), and if VV =0 then,
[Vue(®)l[L2(@) < [Veellz2 @ +/||Vfa(8)||L2(mds, (8.13)

for any t > 0. Finally,

(ue)eso 18 bounded in LIOC([O, 00); H&(Q)) N VV&)’E([O, 00); Xg),

(8.14)
(gs(uﬁ))E>O is bounded in L>(0,00; X}),
for any n € No, where X,, = H}(Q) NY,,, and
(t,
// e ae < o), (8.15)
5>0 (Jue(t, z)|? —i—e)

for any T > 0.

Proof. Let the assumptions of the Lemma be fulfilled. By [dl Corollary 5.11] and Barbu [2]
Theorem 4.5, p.141], there exists a unique solution u. VVJ):O([O 00); L2(€2)) to such that
us(t) € HE(Q) and Aua(t) € L*(Q), for almost every t > 0. Moreover, u.(0) = .. Taking the L?-
scalar product of with —u,, applying Cauchy-Schwarz’ inequality, and then (4.2) and (4 3) of
[9], we get that u. € Lloc([O,oo);Hé(Q)) Therefore, by (5.4) we get (8.10). By (6.6) and (8.11)), it
follows that Au. € L2 ([0, 00); Hg(€2)). Taking the L%-scalar product of (8.11)) with —iAuw,, it then

follows from [8] ((6.8) and Lemma A.5), and a density argument that for almost every s > 0,

thIIVus( Wiz < IV 2@l Vue(s)llza(@) + ClIVV L@+ rov @) lue ()7 (8.16)

Therefore, (8.13) follows by integrating (8.16]). Taking again the L2-scalar product of (8.11)) with iu.,
we get that,

1d 9 lue (s, 2)[?
< ; 1
th”Ua( )||L2(Q) +M/ (|u€(s,$)|2+€)%dx [ f= ()l L2 (o) l[ue ()| 2 () (8.17)

for almost every s > 0. Summing (8.16) with (8.17]), we get for almost every s > 0,
||Us(3)||fqé(n) < Hfs(S)HHg(Q)||Ue(3)||H5(Q) + CHVV|\LOO(Q)+LPV(Q)||Ua(3)||§13(9)
Integrating the above and applying Gronwall’s Lemma, we get (8.12)), implying that

(ue)e0 is bounded in L%, ([0, 00); H) (). (8.18)
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So, integrating , we get - Let n € Ny. Since u. € LIOC([O,OO);L2(Q))7 it follows from
(8.11) that both u. and g.(u.) are measurable [0,00) — X. Therefore, since |g(u.)| < 1, almost

everywhere in (0,00) x €, we get (8.14)) by (8.18)), 7 Lemma Corollary and again (8.11)).

This ends the proof of the lemma. O

Lemma 8.4. We use the notations of Lemma[8:3] Under the hypotheses of Lemma[8:3] there exist u
and U € L>=(0,00; X) satisfying (2.7)—(2.8) such that,

= CW([O, oo);H&(Q)) N Wl’p([ , );X;), (8.19)

loc

u € Ly, ([0,00); L'(5)), (8.20)
for any n € Ny, and a positive sequence €0 \, 0, as £ — 0o, such that

e, (t) ——u(t) in H}(Q)y, Yt >0, (8.21)

£— 00

a.e.in (0,00)xQ
e

)
¢ n— oo

(8.22)

Ue

e, (ue,) . U, in L>=(0,00; X5 ) we- (8.23)

— 00

Proof. Let n € N. By , , Cazenave [18] (Proposition 1.1.2(i), p.2, and Remark 1.3.13(ii),
p.12)) and the diagonal procedure, there exist a positive sequence ¢, \, 0, as { — o0, and u
satisfying and . Let T > 0 and €' C Q be a smooth bounded open subset of RY. Let
(Yo (Q))nen, be an L'(Q')-approximating sequence of RNP-spaces (Lemma . By the Rellich-
Kondrachov compactness Theorem,

HYQ) — LXQ) = H YY)+ Y, ()~ (8.24)

compact

By (8.10) and (8.11)), u. and g.(u.) are measurable [0,00) — H~1()') + Y,,(Q)*. Therefore, since
|ge(us)| < 1, almost everywhere on (0,00) x ©, we get by (8.14), (6.6, the embedding L>°(Q) <
Y, (2')*, and again (8.11)), that

{(u5)5>0 is bounded in LY, ([0, 00); H' (Q))

(8.25)
and in W27 ([0,00); H=H(Q') + Y, (Q)*).

By (8.21)), (8.24)—(8.25) and compactness (Simon [44, Corollary 4, p.85]), we obtain that

we C((0, T L2(Q)) and lim [Jue, —ullcory;z2n) =0

((0 00) xQ2)

loc

Hence, u,, u, since T and Q' are arbitrary. Up to a subsequence, we get - We

then obtain (8.20) from , and Fatou’s Lemma. Now, we note that by .,

L(0,00; X7) < 2'((0,00) x Q).
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In addition, by Corollary X, is separable and reflexive, so that L>(0,00; X¥) is the dual space

of the separable space L!(0,00; X,,) (Section . Finally, sup ||ge (ue) || Lo ((0,00)x2) < 1, so it follows
e>0

from the above and (8.14)) that, up to a subsequence, there exists

U € L>°(0,00; X}}) N L>((0,00) x €2),

satisfying , (18.23)), and

Jey (uw) f U, in LOO((O,oo) X Q)W*

— 00
To conclude, it remains to show that U satisfies (2.8)). This may be done by repeating the proof of
Lemma from (6.11)) to (6.13)). The proof of the lemma is complete. O

Proof of Theorems We use the notations of Lemma [8:3] We first assume that p < oo. Let
u be given by Lemma Let n € N, let ¢ € X,, and ¢ € C’Cl((O, oo);R). Let T > 0 be such that
supp® € (0,T). Let (g¢)¢en be given by Lemma[8.4] It follows from and (4.5) in [9], that for
any £ € N,

(o}

Ou,
/< o + Vg, +ipge, (ue,), <p>X

0 X

/ ffz ¢>X€’an(t) dtv
0

and so,

T
/ —iUe,, 0) 120y, p2() ¥ (1) = (Vtte,, VO) 120y p2(a) V() + (e, VO) 1200y 12(0) ¢(t))dt
0

T
+ <W95e (uw) ¢@>Lw((o 00); X2 ); L1 ((0,00);X ) / feo () L2 Q), L2(Q)¢(t> dt.
0

By , (8.21)), (8.23)), the dominated convergence Theorem, and Holder’s inequality, we can pass to

the limit in the above equality to obtain «(0) = ug, and

(o] a o0
/<1at+Au+Vu+ag( ), <p>X ; :/ ¢>X:,Xn (t) dt.
0 " 0

no

It follows that u satisfies in L} (0,00; X}), hence in 2’((0,00) x Q). Moreover, ) and (B.4)
come from (8.9), (8:12), (]8.13|)7 (8.21) and the lower semicontinuity of the norm. Flnally, since

U o= ((0,00)x0) < 1, (8.5) comes from (8.2)), and ([2.6)), from which we deduce that u solves ({2.6)

in H=1(Q)+L>(Q), for almost every ¢ > 0. Now, assume that p = co. It follows that the conclusion of

the theorem stands for any p < oo. Changing the null set Ny by a bigger one, if necessary, comes

from (8.3)), , and (2.6)). Finally, it follows from and the embedding L>(2) — Y¥, that
(8.2) holds for p = oo, and that wu satisfies in L2 (0, 00; X¥). The theorem is proved. O
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