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Abstract

We address the two-scale homogenization of the Navier-Stokes and Cahn-Hilliard
equations in the case of a weak miscibility of a two-component fluid. To this
end a notion of the miscibility strength is formulated on the basis of a corre-
lation between the upscaling parameter and the surface tension. As a result, a
two-scale model is derived. Macro-equations turn out to be a generalization of
the Darcy law enjoying cross-coupling permeability tensors. It implies that the
Darcy velocity of each phase depends on pressure gradients of both the phases.
Micro-equations serve for determination both of the permeability tensors and the
capillary pressure. An example is constructed by analytical tools to describe cap-
illary displacement of oil by mixture of water with Carbon dioxide in a system
of hydrophobic parallel channels.

Keywords: Multicomponent multiphase fluids, Phase field model, Two-scale
homogenization, Cross-coupling permeability



1 Introduction

A number of laboratory experiments and related digital 3D core processing demon-
strate the reliability of the application of mathematical models of multiphase
flows based on the concept of a phase field, the Navier-Stokes and Cahn-Hilliard
equations [1]. However, predicting flows in large volumes of a porous medium faces
computational difficulties due to the multiplicity and complexity of microchannels.
Therefore, the development of methods for averaging the Navier-Stokes and Cahn-
Hilliard equations is an urgent task. As regards averaging the flow equations in a
heterogeneous medium, the most well-known approach is the two-scale homogeniza-
tion method [2]. It is natural to use such a method when there is a scale separation
between the processes occurring at the scale of pores and at the scale, for example, of
the wellbore zone. The Darcy law was derived from the Navier—Stokes flow equations
in [3]. Attempts to perform two-scale homogenization of the Navier-Stokes and Cahn-
Hilliard equations encounter the difficulty of decoupling micro and macro-equations
[4]. However, it was proved in [5] that the decoupling of macro and micro equations is
possible in the case of strong miscibility, when fluid phases are separated by a diffuse
boundary of finite width, independent of the scale ratio. The goal of the present paper
is to perform upscaling the Navier-Stokes and Cahn-Hilliard equations in the case of
weak miscibility.

2 Basic equations

For equilibrium reversible processes of a two-component fluid, the thermodynamic
Gibbs identity has the form [6]

dE = 0dS + podp + pd(pc), (1)

where F is the internal energy per unit volume, 6 is the absolute temperature, S is
the entropy per unit volume, p is the total density of the mixture, ug is the chemical
potential of the mixture, ¢ is the mass concentration of the supplied component and
1 is the chemical potential of this component. Since thermodynamic pressure is the
derivative of energy with respect to volume, it follows from equation (1) that pressure
satisfies the following representation formula [6]:

p=—E+0S5+ pop+ pupc. (2)
The value ¢ = pc has the meaning of the partial density of the second component, i.e.

@ = P22, where p; and ¢; are the true density and the volume concentration of the
phase i. Due to equations (1) and (2), the chemical potential p satisfies the equality

9
= B es
dp

with f standing for the Gibbs free energy.



According to the Cahn-Hilliard theory, the chemical potential for dissipative pro-
cesses in two-component mixtures is defined as the variational derivative u = df/dyp
of the Ginzburg-Landau free energy

«

composed of a hydrophobic bulk component yw(yp) and a hydrophilic surface
component a|Vp|?/2. Hence,

_dw

p=w'(e) - ade, where w(y) =52, 3)

The dimensional constants v and «a are inversely and directly proportional to the
interfacial layer width. We consider the bulk free energy component as a double well
potential [4]
2/~ 2
wlg) = @31 — o2 = L E) 0
P2

Let n; be the viscosity of the phase ¢. For the mixture, the density and viscosity are
described by the linear approximations

o1 (P2 — )+ p N bo — @) +
p= ity =Dt (P2 pw) P2p LM (P2 pw) P by + .
2 2

The concentration satisfies the mass conservation law
— +(v-V)p+divj=0.
The concentration flux j obeys Fick’s law

j = _5VM7

where £ is the mobility [6]. As for the velocity vector v, it is governed by the Navier-
Stokes equation

p <g: + (V~V)V> =-Vp+divrt + pg.

Here g is the acceleration due to gravity and 7 is the dissipative part of the stress
tensor:

1
T=21D"+aS, S= g\Vap|2 I —=Ve® Ve, (a®b); =a;b;. (5)

The matrix D? is the symmetric part of the velocity gradient Vv, i.e. 2D¥ = Vv +
(Vv)*. The representation formulas (5) were first proved in [7] (see also [5] for their



derivation). Observe that the parameter « in equation (5) is the same as in equation
(3). If the fluid is incompressible i.e.

divv =0,
the deviatoric part of the tensor 7 is equal to zero due to the presence of the term

with the identity matrix I in equation (5). This is important for the pressure to be
determined correctly.

Let us pass to dimensionless variables

X v H Hp piHp . J @
X/:77v/:7’vzi’p/_7’ /:7,.]/:7 , /:Tzd)’
T T v T
o H H D3 Hp
Re— PV p_9H o o g Bmoop oHp
m Vv mVH p1H P2V
with H,V,T standing for the reference values. Thus, we arrive at the following model
d /
p=r l;}(@, ) aavy, w(e') =1 - ¢')?,
¥
j =—BV'i, ﬁﬁ —¢JR+1-¢', R=p/pn,
1
8 !
R (ai' + (v v’)<p’> +div'j' =0,

p av/ / / / ! ! : / / p
—Re| o+ (v - V)V | ==-V'p +div(2n(¢’)D’) — —Fr-Ree.+
p1 ot P1

1
Adiv’ (§|V'<ﬂ’\2 T =V V'Y, ne)=¢m/m+1-¢,

div' v/ =0,
where e, = ez is a unit vector directed against gravity. We note that ¢’ has the
meaning of the volume fraction of the phase 2 i.e. ¢’ = ¢s.

If we omit the primes and make the assumption that the Reynolds number is small,
then the equations take the form

p=Tw'(p) — Ay, (6)
j=-BVy, (7)
Op ..
R a+(v~V)g@ +divj =0, (8)
1
0= —Vp+2div(77(g0)D)+Adiv(§|Vgp\2 I —Vp® V), (9)
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Fig. 1 e =1/L. (a) The dimensionless domain Q consists of fluid (white) and solid (grey) subdomains
Q% and Q. (b) Fluid domain Yy.

divv =0. (10)

From the point of view of mathematical correctness, suitable boundary conditions
on impenetrable boundaries are the following;:

_a 9e _ _ o _
v =0, an—O, nw=20 (or = ) (11)

The condition d¢/0n = 0 corresponds to a wetting angle of 90 degrees.

3 Miscibility

Here we give a mathematical definition of the miscibility strength. We consider flows
in a perforated domain Q‘; enjoying a periodical structure, Fig. 1(a). Given the unit
cube Y = (0,1)", n = 2,3, we describe such a structure as follows. The periodicity
cell Y consists of the fluid and solid domains Yy and Y5, Fig. 1(b). If 2 is an area in
R™, then its perforated part 2} = U.ezne(Yy 4+ 2) N Qs a fluid domain, where Yy + z
is the shift of the region Y} by the vector z and (Y + z) is its contraction by a factor
of €. The parameter € is the ratio of the size [ of the periodic cell €Y to the size L of
the region Q, e =1/L.

Let us discuss some properties of problem (6)-(11). First, we note that the following
energy equality holds:

BIVul*  2g|Vv]*
A 5 dx + AR + A dr =

@5

%/Fw(w) L Vel 0. (12)

9



Indeed, due to equation (8), one can write the derivative of energy as follows:

rd B , . r , I
T w(p)de = /w(<p)4ptdx— A/w(gp)(R divj+v-Vy)dz.

@5 5

=

25

By equation (7), we conclude that

rd _I'B , r _I'B ,
Nt w(yp) dx = Al v (p)Apdz A / wv - ndo = A /w (p)Apdz. (13)
Q5 Qs 295 Q5

On the other hand, if we multiply equation (8) by Ay and integrate by parts, we get
the equality

[Vel? B|Vpl? B [, /
——dr = ——— A . A . 14
dt 5 —dz + A dz A w(p)Apde+ [ (v-Ve)Apdr. (14)
Q5 Q5 Q5 Q5
The last integral in the above formula can be written as
2n|Vv|?
(v -Vo)Apdr = — | ——— dx.

A
Q5 Q5

Summation of equalities (13) and (14) results in formula (12). Its consequence is the
following inequality:

v 2

/w ) dx < / w(po) dx + AT §O| dz, @o(x) = pli=o- (15)
Q5 Q5 Q5
In view of (4), the equality

[wtete.nds =0

Q5
is possible only in the absence of miscibility, i.e. when ¢ is either 0 or 1. Therefore,
the condition for the initial concentration

[ wtenads <5, oo = elino (16)

@5

implies weak initial miscibility provided § is small. Given a constant ¢y, we restrict
ourselves to the following class of initial data:

/ |Vo|? dz < co. (17)

25



It follows from (15)—(17) that

/w(go(x,t)) dr <26 (18)
Q5
provide the ratio A/ is small enough. Thus, small values of A/T" insure weak
miscibility.

Let €o be the dimensionless interface thickness. In a number of papers [8] it is
assumed that I' ~ 1/gg and A ~ gq. Therefore A/T" ~ £3. The introduced mathematical
criterion of weak miscibility (18) is consistent with the condition of small interface
thickness.

4 Two-scale homogenization

The case of strong miscibility was considered in [5]. Here we are interested in weak
miscibility. Let us return to the dimensional parameters v and a. In a number of
papers [8] it is assumed that

Y ="0/d, a=ayod,
where aglem® - g=2 - ¢71] and vo[c™!] are dimensional multipliers, o[g/c] is the surface
tension, d[cm)] is the interface thickness. Let us assume that the surface tension and
interface thickness are related to the homogenization parameter ¢ as follows:

oc=3ge, 0=bc= = 70&/5, a=as?, &= apsd,
with &, 8, & not depending on e. In dimensionless variables, these hypotheses have the
form

. - = _ Hpo

~ 72~
I'(e)=T, A(e)=Ae* while ¢—0, where T i

p2Vmd’ mVH

As for the dimensionless mobility, we assume that
B = Be® while ¢—0.

Note that the parameters f‘, A and B are assumed to be independent of e. Instead of
the time variable ¢, we introduce the slow time 7 and the fast time ¢’ related to the
scaling parameter ¢ as follows:

r=¢%t, t'=et while £—0.
It is easy to check that

Of(H'(t), 7(t))

0
— / 2 1 —_— = g — _
Bt =cefu(t,7)+efr(t,7), ie. € +e m



for any function f(t',7).
In accordance with the two-scale homogenization approach, we are looking for a
solution v, ¢°, p®, u® of problem (6)-(11) as asymptotic series

ve(z) = e*vO(x,y) +etvi(z,y) +---, y=2a/e,
p(x) =p°(x,y) +ep'(w,9) +---, y=ua/e,
0" (2) = (2, 9) + 2% (@) + -, y=a/e,
pf(z) = po(z,y) +ept(z,y) + -, y=ux/e,
je(z):Ezjo(xvy)+€3j1(xay)+"' 5 y:.T/E

It is assumed that the coefficients fi(x,y) in these formulas are defined in Q2 x Y and
they are Y-periodic in y.
Below, we use the following differentiation formula

of (v, 3/2) _ <6f(x,y) . 18f<w7y>> .
y=z/e

Calculations reveal that

ove(x) :EQZEiav (x,y) —&—525’0‘, (z,9)

aﬂjj P 81']‘ im0 3yj ’
. e . 81}? oY
div(n°*D®) = dlvy(nODg) +0(e), n°=n("), 2(D2)ij = o + 8; ,
j [
9" (x) ; <8wi(w, y) | 10¢'(x, y))
= IS + — ,
al’j z—%;él an € 3yj
0?¢* ()
3xk8xj

-y OPel(wy) 1 Pe(zy)  10%0(ay)  10%(x,y)
010z, e? Oyr0y; e 0x,0y; e OyiOx;

€ i i i— i i— 0 ix,y
Ap(z)= Y <€AM (x,y) + & 20y (2,y) + 2¢ 127;) E?x )>7
i=0,i%1 & YOk

where y = x/e. According to the theory of two-scale homogenization, the variables x
and y on the right-hand side of these formulas are considered independent variables



when the derivatives are substituted into the equations. For example, equation (6)
becomes

> e (w,y) =Tw'(§)—
=0

N ) ) ) ) ) 82 % ,
e2A e Aot (z,y) + 6“2Ay<p’(x, y) +2¢" 1 Z ey (z,) ,
= Oyr0xy,
1=0,i#1 k
with
= > €¢'(ay)
i=0,i#1

One can write this equation in the form
(- Vo+e(-- )1+ (- )a+---=0.

According to the method of asymptotic expansions, the coefficients fi(x,y) in the
series are determined from the equations (---); = 0. In particular, the equalities
(<)o =0and (---); = 0 imply that the following micro and macro equations are
valid:

' =Tw (%) — AAQ°,  (z,9) € Q x Yy, (19)

pt = —A[divy (V.@°) 4+ div.(V,¢%)], (z,y) € Q x Y;. (20)

Substituting the series into the momentum equation (9) and equating to zero the
coefficients at the powers € and £~! leads to the macro and micro equations

, A
V.p? + Vyp' = 2div, (°D)) + 3 [ValVye?|? + 2V, (V9 - V,0)] (21)

—Adivy (V9" @ Vo + V0" @ Vo) — Adive (V9 @ V),

A <
gvy(vy‘PO ) vy‘PO) - Adlvy(vy‘PO ® vy‘PO)- (22)

Similarly, substituting the series into equation (8) and equating to zero the
coefficients at the powers € and €2 leads to the micro and macro equations

Vypo =

R 8§00+v0~v ) = Bdiv,(V,u°) (23)
ot yp | = bdvy(Vyi™),
0" 0 0\ — B 0 B 0 1
R 5 +v" -V | = Bdiv,(Vyp®) + Bdivy, (Vypu” + Vyp). (24)
T

Finally, we derive from (10) the following micro and macro equations:

div,v’ =0, div,v’=0. (25)



The boundary conditions for the micro-equations are
vi=0, V' n=0, V' -n=0 V(z,y)€QxaYy;.
The macro-equations enjoy the following boundary conditions:
Vo' m=0, (Vop'+Vyu') n=0 V (2,y) €00 xY;.

Thus a two-scale mathematical model is derived. It consists of the macro and micro-
equations (19)-(25) which are strongly coupled.

5 Generalization of the Darcy law and the
cross-coupling mobilities

In this section we derive a simplified two-scale model with the macro and micro-

equations almost decoupled.

5.1 Stabilization with respect to the fast time ¢’

Let us first consider some properties of the micro-equations. Like in Section 3, mul-

tiplying equation (23) by Aygpo and integrating over Yy leads to the energy equality

d [R RT B
Yy Yy

Hence, after stabilization with respect to the fast time ¢’ up to the settling time ¢/ (),
the solution acquires the property

/ V' Pdy=0 = V,u’ =0,

Yy
implying that u° evolve towards a state characterized by the condition V,u° = 0. This
property is of importance for the numerical treatment of the model, as it provides
a stopping criterion for the evolution of the microscopic problems. Such an idea is
borrowed from [8]. In what follows, our numerical calculations prove that stabilization

occurs very quickly.

5.2 Derivation of a generalized Darcy law

Taking into account formula (19), the condition V,u® = 0 and the identity
divy (Vyp ® Vyp) = vy|vySO|2/2 + AypVyp,

one can rewrite equation (22) as

A -
V,P =0, where P=p’+ E|Vyg00|2 +Tw — pu0°. (26)

10



It implies that the function P does not depend on the micro-variable y.
The macro-equation (21) for v is equivalent to

oP  ,ou° d 00 o ,, A_ 0
—_— — =2—(n"D, ..) — — -V -V — 27
¢ 0 q: 0 0 81}? 81}?
e; - 2AV o div, (V.p"), 2D, ,; = Dy, + ;
We look for a solution in the form
oP___.  ou’__.
0 7 1
= U 2
v Bxiw + e +w, (28)

with unknown vector functions W*, U? and w, which are Y-periodic with respect to
the fast variable y. Equality (27) is certain to be true when these functions solve the
following problems in the cell Y/:

div,(2n°Dy,W*) = V,¢f = e;, divy,W' =0, W'y, =0,

divy (20°D,U") = V,qi' = ¢"e;,  div, U’ =0, U'lpy, =0,

divy (27" Dyw) = Vyq =G, divyw =0, wlgy, =0,
where ~
~ A
G = 2AV,¢%div, (V,¢°) + gvy(vzgoo V).

Note that the function p!(z,y) satisfies the equation

OP ou
e p 9 OB .
( p +q]8xj+q]amj+Q>

0 =
yi

By the linearization argument, one can assume that G = 0. Hence, w = 0 and formula
(28) becomes

orP_ . ou°
0 _ W? + H

= U 2

A%

For convenience, we denote x1(x,y,7,t') = 1 — ¢* and xa(z,y,7,t') = ©°. The
functions x; and Yo can be considered as regularized phase indicators since they
become the characteristic functions in case of a sharp interface. We introduce porosity
and phase saturations as follows:

- /dyz Yyl Sele.mt) = |Yf|*1/xk dy.

Yy Yy

11



Similarly, we define the Darcy velocities and phase pressures

v (z,7,t) = /vo(x,ym ) xw(x,y,7,t') dy,
Yy

el t) = / (@, 7, 8 )xu(, 7 ¢) dy.
Yy

Now, it follows from (29) that the Darcy velocities satisfy the equations

vt = c® (), P+ E® (2)V,u°, k=1,2, (30)
where the mobilities are given by the formulas

C® (z,7,t') = /kai ©edy, EW(z,7,t)= /kai ® e; dy.
Yy Yy
The component form of these equations is determined by the equalities
Cm = /kaé" dy, E = /XkUL” dy.
Yy Yy

Equalities (30) can be reformulated in terms of phase pressures by excluding the

functions P and p°. Indeed, multiplying equation (26) by x and integrating over Yy,
we obtain the formulas

EPSL + 1lck = pr + vk, cp(x, T, 1) = /SDOXk dy,
Yy

A .
v (z,7,t') = /ch <6|Vy900|2 +FW(<PO)> dy.
Yy

Hence we obtain that
EP = —((x)pr — 15 (2)pa), p° =1 (x)pr — 15 (2)po,
where p; = p; + v; and

P — C2 P — C1 *— So P — S
1 o » V2 T 7 LR — y by — — .
152 — 251 c152 — 251 €152 — 251 €152 — 251

Observe that
0182 — 6251 = —|Yf|5152 7é 07

12



provided x;(y) are characteristic functions and 5152 # 0. In applications, the condition
5152 # 0 is always satisfied due to the presence of residual saturations. Moreover, in
approximate calculations one can always assume that § < .S; < 1 — 4 for small J.
It follows from (30) that
vt = e 1OWV (5 — Bpo) + BBV (Wp1 — Uyps), k=1,2.  (31)
Let us introduce the reduced pressures
I = Bpy — bpy = 6P, Ty = — (1 — b o) = —p°.

Then equation (29) becomes

WO Ol

0 e —_
and
. Il + Tl I 14 + Tl
P1=—mp e 0 P2= Smp _ap -
1211 _lll2 l2ll _l112
Observe that .

B = £0

B C1 Sg — 0251
in case of a sharp interface. In terms of reduce pressures, the Darcy law (31) becomes

vi® = N, VLI, (32)

where
Ny =¢&10W, Np=ED, Ny =¢ 1@, Ny =E®. (33)

It is a principal feature of the Darcy law (32) that it contains the cross-coupling
mobility tensors. Empirical arguments in favor of the cross-coupling coeflicient are
discussed in [9].

5.3 Macro-equations for the phase saturations S;, S; and the
reduced pressures 11, I,
Integrating equation (24) over the fluidic domain Y; and applying equations (25)

provides the macro-equations

9(€prSk)

+divg(ppv®) =0, k=1,2. (34)
or

Excluding velocities brings these equations to the form

O(&prSk)

67- - lez (pkaszHj) = 07 Sl + SQ = 1, k' = 1, 2. (35)

13



In our considerations we substituted the variables v°(z,y), p°(z,y) and ©°(x,vy)
by the macro-variables v(*)(z), py(z) and S*(z), (k = 1,2). The payment for such
doubling of variables is the lack of macro-equations. To complete the system of macro-
equations (35) for the functions Sz, II; and Ils, we introduce the capillary pressure p.
as a function of the variable Sy. Then the equality

Pe(S2) = p2 — p1 (36)

holds. It is generally accepted that phase 1 is more wetting if p. > 0 and p.(S7) is a
decreasing function of the saturation S; [10]. Let us write equation (36) in terms of
the reduced pressures II; and Ils:

Pe = (51— S2)IIy +1Ia(c1 — ¢2),  Pe = pe(S2) + 121, Vo1 =v2 — 1. (37)
Since S + S2 = 1 and ¢; 4 ¢ = €55, equality (37) is equivalent to
pC(SQ) + Va1 = (1 — 252)]:[1 + (SSQ — 262)]:[2. (38)

Here p. and v5; are the equilibrium and non-equilibrium parts of the capillary pres-
sure. Fig. 2 clarifies the meaning of these pressures. It shows the infinitesimal part of
the pore channel associated with the spatial variable x. Phases 1 and 2 are separated
by an interfacial layer L. If S5 is the saturation of the phase 2 at the point z, then
pe(S2) = p(B) — p(A), where A and B are points at the boundary of the interfacial
layer L. The non-equilibrium part of the capillary pressure 1, ; is calculated on the
basis of the micro-equations.

Fig. 2 Equilibrium part of the capillary pressure p. = p(B) — P(A).

The system of macro-equations (35), (38) for the functions Sz, II; and Il is coupled
with the following system of micro-equations for the functions ¢°, u°, Wt, ¢, U, ¢/
in the cell Yy:

10 =Tw'(¢%) — AA ¢, (39)

6800 0 0 D o1: 0
R ot +v - Vy@ = Bdlvy(vy,u )7 (40)
div,(2n°D,W") =V, ¢’ =e;, divy,W' =0, W'|gy, =0, (41)

14



div, (2n°D,U") — V¢! = ¢%;, div,U’' =0, U'lsy, =0, (42)

where
Wi 81_[1 Z-[)Hg 0o _ 300772

§ Ox; or, T T
The micro-equations (39)—(43) are to be solved on a time interval 0 < t' < ¢t (x)
determined by the stabilization criterion (26). In our numerical calculations the fast
time variable ¢ in macro-equations (35) and (38) is fixed to be equal to the stabilization
time ¢/ (x). Generally, equation (38) does not define So uniquely by values of II; and
Il since v 1 and ¢y are defined by the micro-equations.

It follows from (34) that the total velocity v = v(1)+ v(?) satisfies the equation

+1— ¢ (43)

vi(z,y) =

div, v = 0.

Hence,
divy ((N11 + Na1) VIl 4+ (N12 + Nao)V,II3) = 0.

6 Example

Here, we perform an analysis of the two scale model under the assumption of slow
micro-convention. It implies that we neglect the term v?-V, ¢ in equation (40). Con-
sider an example of a synthetic porous medium, which consists of isolated horizontal
channels of constant cross section, see Fig. 3(a). For a problem with such a geometry,
the macro-equations will be one-dimensional for a flow along the horizontal axis x.
Phase velocities and phase pressures are found by solving 1D-equations on the inter-
val 0 < < x,. But the kinetic coefficients depend on the volume fraction ©° which
is to be determined by solving the evolutionary 2D-equation in the domain Y7, see
Fig. 3(b):
Yi={(y1,y2): 0<y1 <1, 71 <y2<ra},

where 0 < r; < r9 < 1. For simplicity we set z, = 1.

Let us illustrate the numerical algorithm on the example of a special displacement
problem, when the boundary condition S = S_ = const for the concentration of the
second component is maintained on the left boundary, and the initial concentration
of this component is given as in Fig. 4,i.e. S=5_for 0 < x < o and S = S} = const
for 0 < z < 1. Let us consider the first slow time interval 0 < 7 < 7¢. In what follows,
we write ¢ insead of ©° and p instead of uP.

Step 1. 2D-problem for the Cahn-Hilliard equations in the periodicity
cell. We start from the initial conditions Sk (x, 7)|r=0 = Sko(x), k = 1,2. Given x, we
chose initial values of p(y,t') = x2(y,t’) such that

1

W Xt dy = Sgo(z) at =0, k=1,2. (44)
Yy

15



Fig. 3 (a) System of isolated horizontal channels of invariable cross-section. Domain € consists of

fluid (white) and solid (grey) subdomains Q5% and Q. (b) Periodicity cell Y with the fluid zone Y}

(white color).

S.

S,

0 o 1

Fig. 4 Profile of initial saturation of the second component

Given numbers § > 0,0<a <1/2, a+0 < <1—a— 4, we introduce the set A(Ca):

A ={(y1, 1) €Yyt —¢| < a}.

On Fig. 5, this set is marked by 2. According to Fig. 4 and Fig. 5, we choose the
initial function @|y=o = @cas(y,t')|r=0 to be the piecewise linear one corresponding
to a drop:

1 if yeA%a)

0 it yg¢ Al
ayr + L if¢—a-0<y1 <(—a
agyr + P2 f(+a <y <{+a+d,

0¢.a,5(y,t)|r=0 =
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Fig. 5 Phase distribution at ' = 0 in case when 0 < Sg < 1.

where ¢
1 —a
] = -, Gy = —O, ﬂlzl_ 5 )

J

Observe that equality (44) does not define the initial profile (45) uniquely. To fulfill
condition (44), it is possible to choose the function ¢ q,5(y,t")|=0 by variation of a
only. With such a choice of initial data, we define the function p(z,y,t',7)|,=0 as a
solution of the following micro-equations with periodic boundary conditions:

Do o - .
R% = BA,(TW' (@) — AA, ), (46)
oY, t)yi=0 = (U, ) yi=1, 1Y, ) yr=0 = (Y, t) |y, =1, (47)
Op ou
zr — it = 4
on lav; 0 on lay, 0 (48)

on the interval 0 < t' < t/(x), obeying the condition
Vyu=0 in Yy, where p=Tuw(p)—AA,p. (49)
On the first interval 0 < 7 < 7, we define
oz, y,t', 1) = p(x,y,t', 7)|r=0, X6(T,y,t',7) = x6(x,y,t', )| =0, (50)

where k = 1,2. Due to boundary conditions, the functions yx do not depend on the
variable yo. The unique solution of (46)-(48) is

=1 if Sg(z)=1 (or =0 if Sy(x)=0). (51)

Step 2. 2D-problems for the Stokes equations in the periodicity cell. For
each 0 <z <1 and 0 < 7 < 7, the function ¢(y1,¢’) is assumed to be known. Let us
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consider two periodic problems for the Stokes equations for (W(® ¢?) and (U@, ¢/'):

div, (20D, W) =V ¢’ =e;, div,W =0, W|5y, =0, (52)
div, (27D, UY) — V,¢!' = pe;, div,UD =0, U sy, =0, (53)
W(i)|y1:0 = W(i)|y1:17 U(i)|y1:0 = U(i)‘ylzlv (54)
Qf|y1:0 = qgj‘ylzlv qﬂylzo = q5|y1:1’ (55)

with n =n(¢) =1 — @ + @na/n1. Assume for simplicity that 17 = 1;. Hence n = 1.
One can verify easily that problems (52), (54), (55) have the following periodic
solutions in the variable y:

Y2 — Tl)(yz - T2)

5 , W2(1) =0, ¢} = const,

w _

W =0, WP =0, ¢ =—p
As for problem (53), (54), (55) with ¢ = 1, a periodic solution is given by the formulas

1
—r -7
Ul(l) _ (y2 1)2(y2 2) /X2(y1)dyla U2(1) =0,
0

Y1

1
@ Zyl/X2(y1)dyl —/xz(y1)dy1.
0 0

Step 3. Averaging in the micro-variable. Now, the mobility tensors and the
kinetic coefficients are defined as follows:

W t) = [ W ey (56)

Yy
BV (e, t) = [ @ edy, (57)

Yy

, 1
Sk(xaTvt ) = Xk dy7 (58)
Y|
Yy
Ck(xv T, t/) = /@OXk d% C1 + Cy = fSQa (59)
Yy
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i )
Vdaﬂfw—/Xk<ng9F+Fww%>dy
Yy

We denote )

LW _ _
A= W1 (y2)dye E=1ry—r1.

5 T1 B 757
It follows from solutions of the Stokes problems that

ot = [aw(Vdy —gsia, o + ol —ea

Yy

A
Eﬁ) :/Xkal)dy: - /Xkdy /ngy = ALSESy,

Yy Yr Y

d?=/mWﬁ@=m (i,4) # (1,1),

Clearly,
EY + B? = ¢4S,.

With y independent of y5, the function ¢ and vy are given by the formulas

Ck(l’,T,t/) = §/X2Xk) dylv

(z,7, 1) f/Xk ( <8X2> +fOJ(X2)> dy.

Note that the fast variable ¢’ in (56)-(67) is taken to be equal to t/ ().

(66)

(67)

Step 4. Solution of the macro-equations. We address the one-dimensional macro-
equations and look for a solution (Ss,I11, II3) depending on 7 and the variable z = .

Since 021 = 0 and E(k) = 0, we derive from the representation formulas (32) and

(33) that the velocities v(¥) are directed along the z-axis, i.e. v(¥) = (vyf), 0).

System (35)-(38) admits a one-dimensional solution S(7,z), IIi(7,z), Ia(7, ),

where S = Sy. The equation div(v(?) 4+ v(®) = 0 becomes

0
ax( (1)+ (2)) 0, ie. vgl)Jrvgg) =V
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Passing to pressures, we obtain that

oy oMy

where
c=c+cf, E=EY +EY.
Due to (61) and (62), equation (68) is equivalent to

o1, o\
A( o gsm> —V. (69)

The macro-equation (35) for S = S3 can be formulated as

a(¢s) | 0 2) oL 2 olly\

554 g (-ereen G - B T2 ) ~o (70)

Due to (61) and (62), equation (70) admits the form

o¢s) o otI, ol \\
57 2 (AS <8 + 55’)) =0. (71)
It follows from (69) that equation (71) becomes
0(¢9) aS

or Vo =" (72)

This macro equation describes a displacement with a discontinuity front, when at the
initial moment of time on the interval 0 < x < 1, the function S takes the value S,
0 <S4 <1, and the boundary condition S = S_, §; < S_ <1 is kept at the input
boundary x = 0:

Sli=o = Sy, Sle=0=5_.

The functions S, 11y, Il satisfy the following macro-problem

aEs) o anl 28H2 _
o (oI, o,
8x(3x+58x>_07 (74)
S — 2¢o(- De: -
1_[1—’—(5 ]_—QC;( ))H2: 1?257 pc:pc(5)+y271<'>7V271:V2_V1’ (75)

where the notation f(-) implies that the function f depends not only on the macro-
variables (x,7), but on the micro-equations (46)-(50) as well. The fast time ¢’ in
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equations (73)-(75) is set to be equal to the stabilization time t (x). Due to the
properties (51), the macro-equations admit a solution given by constants:

S=1, II; =-p.(1), Iy = const,

and
S =0, II; =p.(0), Iy = const.

We look for a piecewise continuous solution to problem (73) for equations (73)-
(75) with the discontinuity front x = o(t). Equation (74) is equivalent to the system
of equations (69) and (72). We introduce the jump [S], of the discontinuous function
S(z) at the line of discontiuity x = o(7):

[S]o = lim S(o(7) + 6, 7) — lim S(o(7) — 0, 7).
6—0 6—0
By the Hugoniot condition [11]
&[Sl =V[S]o,

it results from the scalar conservation law (72) that the front satisfies the equation

Iy

Q

I

=~

Q

I
&‘ QU
SR

Following the method of [11] we introduce the self-similar variable ¢ = z/o(7) and
look for a solution in the form of a centered wave S(z,7) = S(¢) behind the front. In
the domain 0 < z < o(7), equation (72) becomes

(—¢e+V)S =0, S/E%, 0<¢<1.

The equality S = const = S_ holds behind the front. Before the front, i.e. in the
domain z > o(7), we assume that S = const = 5.
To simplify calculations, the data 119, IT} (i = 1,2) in the boundary conditions

1
— 179 — 717! —
I, _ =17, | _, =T i=12,

are assumed to satisfy the special restrictions

S —2c P
HO HO — HO H()g 2 _ c
1 TS|, =0, 1t o0 e=0 1—281lz=0 (76)
S —2¢ D
o ems| =0 ImbomSYT2e = _re . 77
L HES] =0 L] = 155 ()
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We integrate equations (69) over the intervals 0 < z < ¢ and ¢ < z < 1 paying
attention that the reduced pressures II; and Il are continuous. As a result, we obtain
the equalities

1—
7 +es g =27 g yesmg = L) (78)
A A
where II7 is the value of II; at x = o. It follows from (78) that
V(S-+0[S]s) v
nm =————— g = ———. 79
1 .A[S]g ’ € A[S]o— ( )

Let us calculate the jumps of the capillary curve (75):

e fS - 202 - ﬁc
*l1-28 ], |1-25] -
Taking into account formula (79), we arrive at the following equation for the front
velocity:

55 - 202 ﬁc 52
2| =¢A A=—>.
v { 1-28 |, £AIS]o 1-28] 12 (80)
The assumption that the phase velocities behind the front and ahead of the front do
not depend on the spatial coordinate makes it possible to determine these velocities.

Indeed, applying (61) and (62) we conclude that

ot ot

ol = —ASla—xl - Agslsga—;, (81)
2 8H1 81_[2

ol = —AS; - ALS3 2. (82)

We integrate equation (81) for vgl) over the intervals 0 <z < g and 0 < z < 1,
keeping in mind formula (79). As a result, we obtain

ovf? = —A(1 = S — A{(1 - S)S_TI5 = oV (1 - 5.),

(1— o)l = A(1 = ST + AE(1 — S4)S.T15 = (1 — o)V (1 — Sy).

Hence,

a { V(1-5_)ifz <o(r) @ _ { VS_ ifx < o(r) (83)

T v =S ifaso(r), U T\ VS, if o> o(n).
Because of (69), one can derive from (81) and (82) the equality Szvgl) = Slvf). It

implies that ‘
W =8V, 0<z<l (84)
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Fig. 6 Dynamics of a drop in the cell. The scheme of profiles of x2(y1) at the initial and final
moments.

Formulas (83) and (84) are equivalent.
The saturation is given by the formula

[ S_ifx<o(r),
Sz, ) = { Sy if x> o(7).

Let us determine the reduced pressures. Integration of equation (69) over the inter-
val 0 < < o, taking into account the boundary conditions (76), (77) leads to the
equalities
Vzx gS — 202 ﬁc
o ke =1 s
which allow to find II; on the interval 0 < z < o. As for the interval o < x < 1, these
pressures solve the system

IT; + ¢S, = —

V(l—-x)
— a1

5‘5’_262_ ﬁc
1-28  1-28"

Iy + &SIl = I, + 11,

Let us find the front velocity in the degenerate case when Sy =0 and S_ = 1. One
can easily verify that problem (46)-(50) with the initial data Sy(x) = 0 has the solution
¢ = 0. Similarly, the function ¢ = 1 is the solution for the initial data Sp(z) = 1.
Hence, v;(-) = 0, ¢ = 0,c; = &. Thus, the front satisfies the equation

V = A(p:(0) + p.(1)) = const, &o(r)=Vr.

Remark 1. In our case, the second phase is water with the gas COs dissolved in it,
and phase 1 is oil. Carbon diozide is highly soluble in oil and mizes well with it. It
serves to reduce the surface tension at the phase boundary. Water allows us to use
the assumption of the incompressibility of the entire mizture as a whole. We assume
hydrophobicity, so p. = ps — p1 < 0. According to Leverett’s hypothesis, the capillary
pressure p. as a function of the variable Sy is increasing and p. = 0 at So = 1. Further,
for simplicity, we will assume that p. = So — 1. In view of the incompressibility, it
does not seem strange that, according to formula (83), all oil ahead of the front moves
at the same speed in the positive direction of the x1 axis. The injection of water with
gas at the point x1 = 0 is ensured by maintaining the boundary condition S~ = const.
Since A = —£2/12, the hydrophobicity condition ensures the inequality V > 0.
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Let us find the approximate front velocity analytically in the case when 1/2 > S, >
0 and 1/2 < S_ < 1. Calculations show that for large values of the parameter r
the initial drop is “smeared”, i.e. the interfacial layer will increase while remaining
compact, see Fig. 6. The final stabilization time ¢, turns out to be small (1072) and
does not depend on z, it is chosen from the condition fo |Vyul?> <1074

Let us approximate the solution ¢.(y1) = ¢(y1,t,) at the final moment ¢, by the
piecewise linear function ¢ 4, s,(y1) of the form (45), taking a, < a and 6, > ¢
instead of @ and §. The first approximation criterion is the equality

1 1
/ Pu(y1) dy1 = / ©c,a..6. (Y1) dyi.- (85)
0 0

In this case, the center ¢ of the drop-like function ¢¢ 4, s, remains in place and the
size of the interface d, depends only on t/,. Note that the solutions of (46)-(50) satisfy
the conservation law

— | p(y,t')dy =0,
dt' Jy,

implying that ) )
/ e(y1, ') dyr|v=o = / ©¢,a.,6. dyr = Ss. (86)
0 0

Equality (86) is equivalent to
2aF + 6% = 2aF +6F = S*.

It is not difficult to verify that the non-equilibrium part v3 ; of the capillary pres-
sure at the final moment of fast time, defined by formulas (67) and (75), is identically
zero for the piecewise linear function ¢ 4, 5,. As for the parameter cy., determined
by the piecewise linear function ¢ 4, 5., it is not difficult to establish the formula

Cy, = 26(aF + 65 /3) = £(S* — 55/3). (87)

This equality is the second criterion for constructing the function ¢¢ . s, (y1). The
criteria (85) and (87) make it possible to determine the parameters aF and 5 uniquely,
since S* and cgi* are independent of ¢ when calculated by the function ¢ + 5 om.
With the use of the piecewise linear function ¢¢ 4, s,, formula (80) takes the form

V52 - (] a5 (58)

1-28 1-28 12°

Applicability of equality (88) is determined by the inequalities 1/2 < S~ < 1,
0 < 8T < 1/2. Tt is for such cases that the velocity V is positive in the hydrophobic
case provided the quantities 6 are small enough. Indeed, equation (88) reduces to

T = plST(1-257) ~pu(S)(1 - 287) > 0
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when 6F = 0. By continuity, the sign of the velocity is preserved at small 6F. The
required small values can be achieved by varying the coefficients in the micro-problem
(46)-(48). In particular, formula (88) becomes

_ @{p(SH)(1—257) —p(S7)(1 - 25%)}

v 12(1 — 46, /3) ’

(89)

if 67 =0, = J,. Hence, V > 0 provided
1/2< S <1, 0<St<1/2, 6,<3/4

The above analytical considerations were based on a piecewise linear approximation
of the final concentration ¢*(y;). Now, we calculate the front velocity directly without
involving such approximations. To this end, we fix data as follows:

A=1,T=10° B=1,£=02 R=12, S =06, St =04, L=1.
Here, L is a given positive constant in the equation p. = L(S — 1) which describes the

hydrophobic capillary pressure curve qualitatively. One can write equation (80) in the
form

v{fs+—2c2+_fs—2c;}:_s3<s+—s>{ v } (o0

1—25+ 1-25- 12 1-25+t 1-25-

(5T = 57) [ plST) pelST)
12 1-25+ 1-25-f°
where

1 1
&3 :S/ (¢5)? dy, / oF dy = S*,
0 0

! A |0
”;,125/0(2%?—1) <6‘ L4

2
Tw(eE) | dys.
Here, ¢F(y;) is the solution of problem (46)-(48) at the final fast moment with the
initial data satisfying the condition

1

/¢i|t,:0dy1 = (91)
0

Fig. 7 and Fig. 8 depict results of numerical solution of problem (46)-(48) at the
final moment of the fast time for the piecewise linear initial data (45) corresponding
to different positions and sizes of the initial drop. We apply FreeFem+-+. Details are
presented in Appendix A. The stabilization time turned out to be 3 - 1072 with the
time step equal to 5 - 1073. Recall that the parameters of the initial drop ((,a,d)
are consistent with saturation according to formula (91). The same is true for the
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Fig. 7 Profiles of concentration for S = 0.4. Black and green curves correspond to initial data
and piecewise linear approximation of the final concentration. Red curve is the final profile of
concentration. The symmetry center ¢ is equal to 0.5, 0.4, 0.1 in (a), (b), (c) respectively.
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Fig. 8 Profiles of concentration for S = 0.6. Black and green curves correspond to initial data
and piecewise linear approximation of the final concentration. Red curve is the final profile of
concentration. The symmetry center ¢ is equal to 0.5, 0.4, 0.1 in (a), (b), (c) respectively.

sizes ((, ax,04) of the final droplet approximation. Here are the numerical results for
saturation S = 0.4:

a=0.15,6 = 0.1, a, = 0.132937, J, = 0.134125, ¢o = 0.0710583.
For S = 0.6 we have

a=0.25,0 =0.1, a, = 0.232937, §, = 0.134125, co = 0.111058.
As for the parameter v 7, it takes the value 2-10% both for S = 0.4 and S = 0.6. The
small values of the parameter v ; and the front width d, justify the applicability of
formula (89). If we calculate the velocity using it, we get V = 8.11852940 - 10~*. Cal-

culating the velocity directly using formula (90) leads to the value V = 8.118485611 -
1074

Step 5. The process is repeated on the interval 7y < 7 < 75. In this case, the initial
function ¢(y,t")|=o is calculated according to the rule (45) if we replace the function
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So(z) to S(z,71). Since the function S(x,7;) still takes only two values S~ and ST,
the velocity V' remains the same as on the interval 0 < 7 < 7.

7 Conclusion

We studied the two-scale homogenization of a phase-field model for flows in porous
media with surface tension effects. The pore-scale equations consist of a strongly cou-
pled system of the Navier-Stokes and the Cahn-Hilliard equations. The fluid phases
are separated by an evolving diffusive layer of a finite width. We introduced a notion
of the miscibility strength which is generally correlated with the scaling parameter.
The case of weak miscibility is studied corresponding to a thin diffusive interface layer.
Under some hypotheses, the two-scale mathematical model is proved to reduce to a
Darcy-like laws with the cross-coupling permeability tensors which are not introduced
empirically but are determined through a solution of the micro-equations. The cross-
coupling effect implies that each phase has its own pressure and the seepage velocity
of each phase depends on the pressure gradients of both the phases. Numerically, the
macro and micro-equations can be decoupled. To this end an example is constructed
for the seepage flow in the system of parallel hydrophobic channels. Such a flow can be
treated as a capillary displacement of oil by injection of mixture of water with Carbon
dioxide.
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Appendix A Evolution of a droplet

All our numerical calculations for the Cahn-Hilliard equations are performed with the
use of FreeFem++. To tackle nonlinearity, the Newton-Raphson iteration procedure
is employed. As for the temporal discretization, an explicit in time method is applied
with the time step equal to 5x1073. The code was validated by applying it to the
problem concerning the evolution of a droplet initially located in the center of the
domain and having the form of a quadrat, i.e. ¢ = 1 inside the quadrat and ¢ = 0
outside it when ¢ = 0 [12]. The boundary of the droplet is slightly “blurred”. It is
clear that the droplet ultimately should take the spherical form [13] due to gradient
of chemical potential. In the domain

Y={0<y1 <1,0<ys <1},
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Fig. A1 Initial quadrat becomes a circle with smeared boundary. The number of steps are equal to
0(a), 20(b) and 40(c).

we consider the following initial boundary value problem

%—f = BAp, p=Tuw (p)—AAp,
Op ou
anlov, =% anloy, = Pli=0 = ¢o(y),

where
©o(y) = 0.5(1 + tanh(b(a — max{|y1 — 0.5], |y2 — 0.5[}))).
We use the following data:

A=1,T=10°, R=12, B=1, b=10°% a =0.3.

Calculations reveal that the initial quadrat becomes a circle, Fig. Al.
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