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Abstract

We investigate a singularly perturbed g-difference differential Cauchy problem with polynomial coefficients
in complex time t and space z and with quadratic nonlinearity. We construct local holomorphic solutions
on sectors in the complex plane with respect to the perturbation parameter ¢ with values in some Banach
space of formal power series in z with analytic coefficients on shrinking domains in . Two aspects of
these solutions are addressed. One feature concerns asymptotic expansions in € for which a Gevrey type
structure is unveiled. The other fact deals with confluence properties as ¢ > 1 tends to 1. In particular
the built up Banach valued solutions are shown to merge in norm to a fully bounded holomorphic map
in all the variables ¢,z and € that solves a nonlinear partial differential Cauchy problem.

Key words: asymptotic expansion, confluence, formal power series, partial differential equation,
q—difference equation. 2010 MSC: 35R10, 35C10, 35C15, 35C20.

1 Introduction

In this paper we examine a nonlinear singularly perturbed Cauchy problem which couples up
two classes of operators applying both on a complex time variable ¢, formed by compositions of
the plain g—difference operator oy, : t — gt for a prescribed real number ¢ > 1 and powers of
the basic singularly perturbed differential operator t — €*t*+19; of irregular type where k > 1
is a given integer and e stands for a complex parameter.

The problem under study is outlined as follows

(1) P(FtRH10)05u(t, 2, €) = P(t, 2, €, 04, €710y, 0, )ult, 2, €) + d(z, €) (ult, 2, €))?
for assigned Cauchy data

(2) (D2u)(t,0,€) = pj(t,e) 0<j<S—1

where

— S,k > 1 are integers and the element P(T") from the leading term of (1) represents a
polynomial belonging to C[T].



— The linear part P(t, z, €, V1, Va, V3) of (1) is a polynomial with complex coefficients in all its
arguments except in € whose dependence is bounded analytic on a fixed disc D, centered
at 0 in C with given radius ¢y > 0.

— The coefficient d(z, €) of the nonlinear part of (1) together with the Cauchy data ¢;(t,€),
0 <j <.5-—1, are complex polynomials in their arguments ¢, z with bounded holomorphic
reliance in € on Dy, .

This work is a continuation of the study [8] by A. Lastra and the author. In [8], we consider
linear singularly perturbed Cauchy problems whose shape is similar to the linear part of (1),

(3) Q(ertr+18t)8§y(t,z,e) = 9(t, z, €, aq;t,ertr+18t,62)y(t,z,e)
for given Cauchy data
(4) (2y)(t,0,€) = j(t,e) , 0<j<S—1

where 3,7 > 1 are integers, Q(7T') belongs to C[T], Q(t, z,€, V1, Vo, V3) stands for a polynomial
in t, z, V1, Vo, V3 with bounded holomorphic coefficients in € on a small fixed disc D, and where
the data 1); have the same features as the Cauchy data (2).

Assuming strong restrictions on the profile of Q, which differ from the conditions we impose
on P in the present work (see Section 2.1), we build up a finite set {y,(¢, z, €) fo<p<c—1, for some
integer ¢ > 2, of bounded holomorphic solutions to (3), (4) defined on products 7 x Dg x &,
for some radius R > 0, where 7T is a suitably chosen bounded sector at 0 and where the set
of finite sectors {&,}o<p<c—1 stands for a good covering in C* (see Definition 1 in this paper).
These solutions are represented by means of power series in z with Laplace transforms of order

r coeflicients
n(t, 2, €) Zypn (t,€)
n>0

where

U du
wanlte) = [ exp (= ()%
L’Yp et u
along halflines L., = [0, +oo)e‘/?17p in appropriate directions 7, € R where the so-called Borel
maps wp,, are subjected to g-exponential growth relatively to u on L., namely

(5) |wp.n(u, €)] < Gpnllu|exp (lﬁ logQ(]u\ + up) + alog(|u| + uo))

for some geometric sequence (Gy,)n>0 and positive constants ki, ug, a > 0.

Actually, the main achievement of [8] concerns the construction of asymptotic expansions of
these solutions as € tends to 0. Our idea consists in embedding the partial maps (¢, z) — y, (¢, 2, €),
for all € € &,, in two distinguished Banach spaces of formal power series in z with holomorphic
coefficients in t on 7. Each embedding forsters a different formal Gevrey asymptotic expansion
as € tends to 0, one of so-called ¢-Gevrey/Gevrey mixed type and the second of mere Gevrey
type. Namely, let R; > 0 be a fixed real number.

— We denote E7.g, the vector space of formal power series h(t,z) = >, - hn(t)2"/n! with
coefficients h, (t) € Op(T), bounded holomorphic on the sector 7', equipped with the mixed
type sup norm and L; norm

R (t, 2)|| 7R, == Zsup|h

n>0



The first main result of [8] states that for each 0 < p < ¢—1, the partial map e — y,(t, z, €)
represents a bounded holomorphic map from &, into the Banach space (Er.g,,||.||7:r,)
provided that 0 < Ry < R. Furthermore, there exists a formal power series

U1 (t, z,€) = Z ul,n(tv z)e" € E7.g, [[6“

n>0

which is the common asymptotic expansion of so-called Gevrey type with mixed order
(1/7;(q,1)) for all partial maps € — y,(t,2,€) on &, with 0 < p < ¢ — 1. It means that
one can find constants A,, C}, > 0 with

N 2 N+1
lup(t, 2,€) = > urn(t, 2)e" [ 7:r, < Cp(Ap) Vg™ /QT(T)IE\N+1
n=0

forall N >0,allec &, all0<p<g¢—1.

— The second Banach space in which the partial map (¢, z) — y,(t, z, €) can be embedded for
all € € £, has been at first introduced in [8] and minded in Definition 3 of this paper. It is
denoted Op,,), . :r,> for 0 < Ry < R and represents a modification of the classical space
Et.r, for which the domain D, of each sup norm taken for the coefficient hy,(t) now relies
on n and shrinks to the empty set as n — +o00, meaning in particular that N,>¢D, = 0.
We show the existence of a formal power series

ﬂ?(ty 2 6) = Z UZ,n(ta Z)En € O('Dn)nzg;R1 [[6]]

n>0

which is the shared asymptotic expansion of Gevrey type with order 1/r for all partial
maps € — yp(t, z,€) on &, with 0 < p < ¢ — 1. In other words, constants Dy, B, > 0 can
be singled out with

N+1
lyp(t, 2, €) — Zumzeu oy < Dp(Bp) VT (———) e[V

forall N >0,allec &, all0<p<¢—1.
In the present work, our objectives are similar to the ones of [8]. Namely

— The construction of a set of solutions uy(t, z,€), 0 < p < ¢ — 1, for some integer ¢ > 2, to
(1), (2), well defined and holomorphic with respect to € on bounded sectors &,.

— The asymptotic analysis of these solutions as € tends to 0.

Furthermore, we address another aspect concerning the so-called confluence of this finite set of
solutions as ¢ tends to 1. This feature has already been studied in the linear case and in the
nonperturbative setting for equations with the shape (3) in [9].

It is noteworthy to stress that the statements of this work are presented for the Cauchy
problem (1), (2) which presents a quadratic nonlinearity. Such a restriction has only been
favored in order to avoid cumbersome and lenghty computations for the convenience of the
reader. The approach we introduce in this work can actually be applied to a wider class of
equations with higher degrees polynomial nonlinearities that might also involve actions of the
g-difference operator og.;.



In the first main result of this paper (Theorem 1, Section 5), given a set of technical require-
ments disclosed in Subsection 2.1 imposed on (1), (2), we establish a finite set {u,(t, 2, €) }o<p<c—1
of solutions to (1), (2), for some integer ¢ > 2, that enjoys the next properties. A good covering
{&}o<p<c—1 in C* and a bounded sector T centered at 0 can be properly chosen in a way that
foreach0 <p<¢-—1

— the partial map € — wu,(t, z,€) is bounded holomorphic from &, into a Banach space

(ODu)ns0iRes |(Dn)nso:iry) for a contracting sequence of domains D, = 7 N Dy sqnas

where the radius Ry, R > 0 and A > 0 are suitable real numbers.

— the map wu,(t, 2, €) is expressed through a formal power series in z

zn
up(t, z,€) = Z upn(t, e)ﬁ

n>0
with Laplace transform of order k coefficients

u

du
et

’U,pyn(t, 6) = k/L wp,n(ua 6) exp ( - ( )k) U

P

along halflines L., in fitting directions 7, € R where the Borel maps wy, , are no longer of
g-exponential growth as in [8], see (5), but with exponential growth of order k with respect
to u,

[wpn (s €)] < Conl|u] exp(Knlul*)

for some geometric sequence (Cy,)n>0 and where the type K, tends to +o0o as n — +o0
with the shape Cq™™ for convenient constants C, M; > 0.

In comparison to our previous work [8], we are not able to construct analytic solutions to
(1), (2) in all arguments t,z and e but only analytic in € whose values are located in the
second embedding introduced in [8]. However, for some special type of nonlinear g-difference
and differential Cauchy problem, analytic solutions both in complex time and space could be
exhibited in a recent contribution of the author, see [10]. These problems are expressed as
a coupling of a nonperturbative version of the linear Cauchy problem (3), (4) and a classical
Cauchy-Kowaleski type partial differential equation with quadratic nonlinearity which involves
the action of the contractive g-difference operator ¢t — ¢~'t for some integers [ > 1.

In general, the construction of genuine holomorphic local solutions to nonlinear equations
involving ¢-difference operators is a difficult endeavour. In the case of nonlinear ¢-difference
equations, a lush literature concerns the so-called g-Painlevé equations which are g-analogs
of the celebrated second order nonlinear Painlevé equations. We refer to the book [6] for a
comprehensive introduction to the subject. General nonlinear first order g-difference equations
have been studied in [11] from the standpoint of mould calculus introduced by J. Ecalle. More
general nonlinear algebraic ¢-difference equations have been recently considered in [5] where the
authors build up local holomorphic solutions on sectors by means of generalized power series
expansions with complex exponents. In the framework of partial ¢-difference and differential
equations, the amount of results is more scarce. We mention however the important result [13]
for the construction of convergent power series and logarithmic type solutions to a g-analog of
the Briot-Bouquet type partial differential equations extensively studied in the textbook [4].

In the second foremost statement of our work (Theorem 2, Section 6), we prove the existence
of a formal power series u(t, z,€) = >, < hn(t, 2)€™ whose coefficients belong to the Banach space



O(Dn)nzm R, which is the common asymptotic expansion of Gevrey type with order 1/k for all
the partial maps € — wu,(t,2,€) on &, for 0 < p < ¢ — 1. This result is in the vein of the
one concerning the parametric asymptotic expansion of the second embedding for the solutions
yp(t, z,€) to (3), (4) obtained in [8]. No Gevrey type expansions with mixed order are reached in
the present work. Notice that such double scales expansions were obtained for the holomorphic
solutions to the special nonlinear g-difference and differential Cauchy problems investigated in
[10].

In the third prominent claim of our study (Theorem 3, Subsection 7.4), we show that for
any given sector £ from the good covering {&p}o<p<c—1 in C*, the corresponding solution € >
U.q(t, 2z, €) (where the reliance on the parameter ¢ is flagged by an index ;¢q) to (1), (2) merges
uniformly on &€, as g € (1, qo] tends to 1, for some fixed gy > 1 to a holomorphic function u.; (¢, 2, €)
in the norm H.H(@n)nzo; &, for domains D,=TND fo/qna and suitable radius Ro, Ry > 0. The
limit map w1 (t, 2, €) is bounded holomorphic on a domain (7N Dy ) x Dy x & for some radius
Ry, Ry > 0 and solves a nonlinear partial differential Cauchy problem displayed in (109), (110)
which is merely reached by setting ¢ = 1 in the initial problem (1), (2).

In the context of linear g-difference equations, general statements for the confluence of holo-
morphic solutions as ¢ — 1 have been established in a recent past for Fuchsian systems in [12]
and for so-called equations with irregular singularity involving several slopes in [2]. From the
standpoint of nonlinear ¢-difference equations, confluence still remains a direction of active re-
search to which our present contribution participates. In this trend, we can mention the recent
major work [3] on the confluence of some discret solutions for the ¢g-Painlevé VI equations as g
tends to 1 to analytic solutions for the famous Painleve VI equations using Hamiltonian systems
representations. This last work has been strongly influential for the investigation of conflu-
ence properties for the special type of nonlinear g-difference and differential Cauchy problems
mentioned earlier in this introduction and undertaken in [10].

2 Statement of the main problem

2.1 The main Cauchy problem and the set of assumptions disclosed

Let k,S > 1 be integers and ¢ > 1, ¢¢ > 0 be real numbers. We consider P(7) € C[r]| a
polynomial with complex coefficients subjected to the conditions

(6) deg(P)>1 , P(0)#0.

Let us fix a finite subset A of N*. We denote D, the open disc in C centered at 0 with radius
€9- The radius ¢y > 0 will be determined later on in the study and will be taken close to 0. The
next items represent the coefficients and Cauchy data for the main problem we consider in this
work.

e To each element [ € A, we attach

— a polynomial

(7) clz,e) = Z cun(e)z"

hGIL

in the variable z, where I; stands for a finite subset of the natural numbers N, whose
coefficients ¢; ;, are bounded holomorphic functions on the disc D,. For later use, we



introduce the constants

(8) sup [epn(€)] = €uhe
€6D60
for h € I;.
o We set
(9) d(z,e) = Z dp,(e)z"
hely

as a polynomial in the variable z, where I is a finite subset of N, whose coefficients dj,(¢)
are bounded holomorphic maps on the disc D¢,. Furthermore, the constants

(10) sup |dp(€)| = dp,e

GEDCO

for h € I, are assumed close enough to the origin in a manner that will be expounded
later on in the paper.

e For all 0 < j < S —1, we introduce maps ¢;(t, €) expressed in time rescaled form
(11) @i(t,€) = @j(et,€)

where ¢; stands for a polynomial in the variable T" expanded as

(12) $i(Toe) = Y pin()T(h/k)T"

hGJJ‘

where J; represents a finite subset of N\ {0}, the coefficients p;; stand for bounded
holomorphic funtions on the disc D¢, and I'(x) symbolizes the classical Gamma function.

For grounds that will be justified later on in the work, the next list of conditions is required
on the finite set A.
1) For all [ = (lp,l1,12,13) € A, the strict inequalities

(13) A>Ty, S>Io

hold.

2) There exists a positive real number M; > 0 for which
(14) SMy > oMy + I3k

for all [ = (lo,ll,lg,lg) e A
3) For all [ = (lp,1,12,13) € A, the lower bounds

(15) kdeg(P) > lo + kly

hold.



We consider the next singularly perturbed nonlinear Cauchy problem with polynomial coef-
ficients in complex time ¢ and space z,

(16)  P(**+19,)05u(t, z,€) = Z Aey(z, €)tlo ((ektk-i-lat)haizu) (¢, 2, €)
1=(lo,l1,l2,l3)€A
+d(z,€)(ult, z,€))?

for prescribed Cauchy data

(17) (Qlu)(t,0,e) = @j(t,e) , 0<j<S—1.

We discuss now our main approach that will lead later on to the construction of fitting sets
of solutions to our problem. We search for solutions in time rescaled form

(18) u(t,z,€) = Ulet, z,€)

for some expressions U(T, z, €). We first observe that u(t, z, €) formally solves the problem (16),
(17) if the expression U(T, z, €) solves the next Cauchy problem

(].9) P(Tk-i-laT)BZSU(T, Z, E) g Z €AL_ZOCL(Z, G)Tlo ((Tk-‘rlaT)llaiQ U) (qlBT, Z, 6)
1=(lo,l1,l2,l3)e A
+d(z,€)(U(T, z,¢€))?

for given Cauchy data

(20) (DIU)(T,0,¢) = ¢j(T,e) , 0<j<S—1.
We seek for solutions to (19), (20) presented as formal series in the variable z,
ZTL
(21) U(T,z€) =Y Un(T, )
n>0

whose coefficients U, (T, €) stand for Laplace transforms of order k,

(22) Un(Tye) =k | wn(u,e) exp(—(%)k)du/u
L'Y

along a prescribed halfline L, = [0, +oo)eﬁV for some well chosen direction v € R. For all
n > 0, the so-called Borel maps w,,(u, €) are assumed to be holomorphic on a common product
U x D,, where U is an open unbounded sector edged at 0 containing the halfline L. \ {0}. For
each Laplace transform (22) to be well defined, we make the assumption that for each n > 0,
there exist constants C),, K,, > 0 with the bounds

(23) sup |wp (u, €)] < Cp|u| exp (K, |ul®)

e€D
provided that u € U. The precise shape of the sequences (Cy,)n>0 and (Kp)n>0 will be given in
Section 4.

Once it is assumed that such formal solutions exists, we plan to derive some recursion
relations that the sequence of Borel maps wy,(u, €), n > 0, are asked to fulfill. Such relations will
be described in the next subsection. In later sections of the work (see Sections 3,4 and 5) we
will rigorously show the existence of such recursion relations in different kind of function spaces,
that will lead to the construction of some Banach valued solutions of the form (21) to (19), (20).
Furthermore, asymptotic expansions as € tends to 0 will be extracted in Section 6.



2.2 Some ¢—difference-differential and ¢—difference-convolution relations

In this subsection, we formulate some integro-g—difference recurrence relations satisfied by the
sequence (wy(u, €))p>0-

We first need to derive some g—difference-differential relations that the sequence of functions
(Un(T, €))n>0 is asked to fulfill. The next lemma is straightforward.

Lemma 1 The formal series (21) solves the problem (19), (20) if the sequence (Upn (T €))n>0
fulfills the next q— difference-differential relation

(24)
prnionlesthd e v (o T U )T 9

n! - 19!

1=(lo,l1,l2,l3)eA ni+nz2=n

n Z dn (6) Uny (T, €) Upy (T €)

79! ns!

ni+n2+n3=n

for allm > 0, together with

(25) Uj(T,e) =¢j(T,e) , 0<5<85—-1,

where, by convention, we set ¢y p(€) =0 for h ¢ I and dp(e) = 0 whenever h ¢ 1.

The next proposition rephrases Proposition 1 from [10] for C—valued holomorphic maps.

Proposition 1 Let k > 1 be an integer and let w : Sqs — C be a holomorphic function on the
open unbounded sector Sgs = {u € C* : |d — arg(u)| < 0}, continuous on SgsU {0}. We take
for granted the existence of two constants C > 0 and K > 0 such that

(26) w(w)] < CluleXle*

for allw € Sqs5. Then, the Laplace transform of order k of w in the direction d is defined by the

integral representation
ciw)® =k [ we 0,

Ly U

along a half-line L, = R e C Sas U {0}, where v depends on t and is chosen in such a way
that cos(k(y — arg(t))) > 61 > 0, for some fized 61. The function L& (w(u))(t) is well defined,
holomorphic and bounded in any sector

(27) Spomie ={t€C [t < RV* | |d—arg(t)| < 0/2},

where T <0 < T +20 and 0 < R < 01/K.

A) The action of the Laplace transform on entire functions is described as follows: If w is an
entire function on C, with growth estimates (26) and with Taylor expansion w(u) =Y <, byu”,
then L&(w(u))(t) defines an analytic function near the origin w.r.t t with convergent Taylor
expansion )~ I'(F)bnt".

B) The actions of the irreqular operator t*+10; and the monomial t™ on the Laplace transform
are expressed through the next formulas

(28) Li(kutuw(u)(t) = 70, (L w()®) | L)) = L (s W™ w(w) ) (),



or every nonnegative integer m, and for allt € S 1k with 0 < R < 01/K. Here, u™ x, w(u
d,0,R
stands for the convolution product

/k _
u S)k wls .

C) Let wi,ws : Sg5 — C be holomorphic maps with the same feature (26) as w above. Then,
the next multiplicative formula

(29) L (wy (u)) () x Li(wa(u))(t) = Li (w1 (u) < wa(u)) (1)

holds for all't € Sy g pi/x with 0 < R < 01/K, where wy(u) * wz(u) represents the convolution
product
p [ ko N1/k 1/k 1
* = — — d
w1 (u) *, we(u) = u /0 w1 ((u" — 8)/F)wa(s )(uk —5)s s
D) The action of the dilation t ¢t commutes with the Laplace transform, for any integer
6 > 1, namely

(30) Li(w(u))(¢’t) = Li(w(q’w)) (1)

holds for allt € S, , i for 0 < Ry < 61/(Kq"°).
0,11

From the point A) of the above proposition, we first notice that the Cauchy data (20) given as
polynomials through (12) can be expressed as Laplace transforms of order k,

(31) ¢i(T,e) =k : Pj(u, €) exp(—(u/T)")du/u

of polynomials given by

(32) Pi(u,e)=> pin(eu" , 0<j<S—1.
hEJj

According to the above identities (28), (29), (30) and (31), the next lemma is deduced.

Lemma 2 The sequence (U, (T, €))n>0 where U, are given by (22) conforms to the q—difference-
differential relations (24) with prescribed S first terms (25) if the sequence of Borel maps
(wn(u, €))n>0 obeys the next g—difference-convolution recurrence relation

(33) wn+s(u, 6) _ Z EAl(k(ql3u)k)l1<

_ w+z<Q’U>>
n! P(kuF)

CL"I (6) N9 |

£=(lo,ll,l2,l3)€A;lo=0 ni+n2=n

k

uk u I
+ 2 EAl—lok/ (uk - S)?_l(k(ql?’sl/k)k)ll
1= (o o T3 € Ao >1 Plkub)T(lo/k) Jo

X ( Z Cliny (6) w"2+12(ql381/k’6))d5

no! s
ni+nz2=n

uk ut Wy ((uF — $)* €) wp, (s/F, €) 1
" P k) /0 (¥ 4 ) s

ng! ns! —8)s
ni+n2+nz=n 2 3 )

for given

(34) wj(u,€) = Pj(u,e) , 0<j<8S—1.
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3 Some g—difference-convolution recursion on a sequence of discs

In this section, the recursion relation (33), (34) is solved on a well selected sequence of discs
Dp, , whose radius R,, tends to 0 as n tends to infinity. Besides, we display sharp bounds control
for the sequence of functions (wy,)n>0 solving this recursion relation.

Let ¢j, 1 < j < kdeg(P), the complex roots of the polynomial u + P(ku”), where deg(P)
stands for the degree of the polynomial P introduced at the onset of Section 2. The second
condition of (6) imposed on P grants the existence of a disc Dpg, for which

(35) ¢ ¢ Dr, , 1<j<kdeg(P).
We introduce the constant
(36) A= M /k

where Mj > 0 is the real number appearing in (14). We introduce the sequence of radius

(37) R, = n > 0.

A M
qAn

Our main objective is the discussion of the next proposition.

Proposition 2 Assuming the radius g > 0 and the constants dp ., > 0 introduced in (10)
small enough, one can single out a unique sequence of functions (wy(u, €))n>0, where each map
(u,€) — wy(u,€) is bounded holomorphic w.r.t w on the disc Dg, and w.r.t € on De,, that
fulfills the recursion (33) with S first terms (34). Furthermore, one can choose two constants
C1,Cy > 0 such that the next bounds hold

(38) sup |wp(u,€)| < C1(C2)"n!|u|
€GD60

for allm >0, allu € Dp,, .

Proof We will proceed by induction. We name D,, the property (38) for a fixed given n > 0.
We first check that the property D, holds in a straight manner for 0 < n < S — 1 for well
chosen Cy, Cs > 0 since in that case it is imposed that wy,(u, €) = P,(u, €) are polynomials with
bounded holomorphic coefficients w.r.t € on the disc D, such that P,(0,¢) = 0.

Let n > 0, we assume that D, holds for all p < n + S for some given C1,Cy > 0. Our goal
throughout the rest of the proof is to show that D,, g holds. The induction principle will then
imply that the property I, holds for all p > 0.

In the next lemma, we provide upper bounds for some terms w, for p < n + .S which are
involved in the identity (33).

Lemma 3 1) For alll = (0,11,l3,13) € A, the next bounds
(39) |wny 11, (¢, €)] < CL(C2)™ 2 (g + 1) ¢

hold provided that u € DR, _ ¢, € € D¢, for all ng < n.
2) For all l = (lo,l1,12,13) € A, the next inequality

(40) Wy 415 (6%5M%, ] < C1(C2)™ 2 (my + 1) l}gl /|

is valid whenever s € [0,u*], for all u € DR, s, € € Dy, for all ny < n.
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3) For all ng,n3 < n, the next inequalities

(41) |wny (uF — $)1F €)] < C1(Co)™nal|(uF — 5)V/F|
and
(42) |wny (s77F, €)] < C1(C2)"ns!|s ]

hold for all u € Dg s € [0,u*], provided that ¢ € Dy, .

n+S7

Proof We first treat the points 1) and 2). Provided that [ = (lo,l1,12,l3) € A, we observe that

o Ifue€ Dg, 4 then ¢3u € Dp for ny < n.

no+lo

o If s € [0,u*] for u € D, , then ¢®3s'/* € Dp for ng < n.

ng+lo

Indeed, u € Dg,, , means that

+5
(43) ul < Ro/q™" ).
According to the inequality

SA > 1A +13

which is deduced from the condition (14) for all I = (ly,l1,l2,13) € A and the definition (36), we
get

Ry < Ry
qA(n-‘rS)—lg - qA(nz +l2)

(44) ¢"ul <

which means that ¢'3u € Dg,,,,,- Besides, if s € [0,4¥], we notice that |s'/¥| < |u| and hence
that ¢*3|s'/*| < ¢3|u|. From (44), we deduce that ¢'3s'/* ¢ Dg,, ..,

As a consequence of the above first and second items, we deduce that both inequalities (39)
and (40) follow directly from the recusion hypothesis D,,,1;, keeping in mind the assumption
(13).

We focus on the third point 3). We check that

e Ifu€ Dp,, then (uf — s)1/* € Dg,,, provided that s € [0, uF] and ng < n.

e If u € Dp then s'/* € Dg,, aslong as s € [0,u*] and ng < n.

n+S"?

Indeed, we can parametrize s € [0, uk] by s = uksy for 0 < s; < 1 and obtain

[(uF — )R] = Jul (1= s0)E [sVE] = Julsy "
Hence, for u € Dg, ¢, we get that
R, R
kE_ N\1/k 0 . 1/k 0
|(u” =) 7] < qA(n+S)(1 s1) 77 < gan2

since (1 — s1)'/*¥ <1 and ny < n, which means that (u* — s)'/* € Dg,,, and

k| < Ro ik Io

|S qA(n+S) St = qAn3



12

owing to si/k <1 and n3 < n, which says that s'/* e Dg,,-

As a direct outcome of the latter two items, we conclude that the upper bound (41) is a
straight effect of the recursion hypothesis D,,, and that (42) follows from the recursion assump-
tion Dy,,. O

According to the recursion (33) and the bounds reached in Lemma 3, we get the next estimates
for the term |wy45(u,€)|,

(45) ’wn—i-S(u:e)‘

o < El(uv n, 6) +£2(’LL,7’L,6) +£3(U,7’L,6)

where
(16) La(u,m,¢)
o Ul ) ot (124 B)!
< Y MR (Xl @I TR u))

k
1=(lo.l1.l,03) € Ailo =0 [P (k)

ni+nz2=n

and

- Jul* fuf® k oy Is 1/k
47 Lowmeo< Y (et / (luf* — )81 (k(gss /¥y
o o Pea®) Tl /8) Jo

natls (N2 1 12)! ds
% < Z ety (€)|C1(C2) 2+127‘q1381/l€)?

no:
ni1+no=n

in a row with

(48) Ls(u,m,¢€)

\U|k Mk n k 1/k ns 1/k 1
‘p kuk ) Jo |dn, (€)|C1(C2)™*(Jul” — s) / C1(Cy) sgl/

m +n2+n3 n

provided that u € Dg,_ ¢ and € € De,.
In order to provide upper bounds for the above quantities, the next lemma is needed.

Lemma 4 The next inequality

! (n2 + lz)!
T nel

(49) <(n+9)

holds for all integers n >0, no <n and ls < S.

Proof The above inequality results from the next observation

nl (g4 1) IR (no+k)
(n+95)  no! Iy (n+k) ~

provided that ny < n, Iy < S. O
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We provide upper estimates for the first piece £i(u,n,€). The use of the definition (8), the
assumption (13), the requirement (35), the inclusion Dg _, . C Dp, along with the above Lemma
4 yield the next suitable upper bounds

n+S

(50) n!lLi(u,n,e€)
A (k(gBRy)F)h e
D e ar ool (D DINS) el S LR )

min P(kuF
I=(lo,l1,l2,3)€A;l0=0 UGDR0| ( ) Oéné?L
ni1€l;

< CL(Co)"™ S (n + 8)![u] x [ Z GOAL (k( 3 Ro)")1 ¢! )’< Z cbm,GOC’{m)}

min P(kuF
1=(lo,l1,l2,l3) EA;1o=0 UGDR()’ (

0<n1<n
ﬂqéh
for all u € Dg,, s and € € De,.
We aim attention to the second part La(u,n,€). The assumption (13), the requirement (35),
the inclusion Dg, , o C Dpg, along with the above Lemma 4 give rise to

Ap—lo 1
(51) nlla(u,m,e) < At ‘ |u]
1=(lo,lx ZQEZ;)EA'ZO>1 O minyepg, [P(kuF)[T(lo/k)

k

[ "
X [ /0 (Jul* — 5) B k(g%
><< 3

0<n1<n
anQ

(6)|C1(C)"~™T5 (n + S)lgl 51/k> %

for all u € Dg,, s and € € D,. Besides, the change of variable s = |u|Fs1, allows to reshape the
next integral as a product

k

| . d 1 z L4
(52) |U|k—1/ (|u|k _ S)?O—lslﬁ-%?s — |u’lo+kl1/ (1 . 81)?0_151114_’@&
0 0

51

for all w € C. The combination of (51) and (52) with the definition (8) and the inclusion
Dp C Dpg, beget the next fitting upper bounds

n+S

(53) n!Lo(u,n,e) < C1(Co)" ¥ (n+ 9)!|ul

Aj—lo 1 Iavknl s plo-Hkly
JT e e (h(g)) R
1=(lo,l1,l2,l3)€A;l0>1 MueDr, |P(kut)[T(lo/k)
1 lo lLi+z d51
X/ (1—s1)* s 1 ( Z CLn1,e0C 1)}
0 0<n1<n
n1€h

whenever u € Dpg, , ; and € € D,.

At last, we address the tail piece L3(u,n,€). Namely, from the inclusion Dp C Dgp, and

n+S
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the requirement (35), we first observe that

1
ul

54) nlL <
O ) = i, PO

Ju|*

h 1
kol 2 natn k_okd/k L
xju dny (€)(C1)” % (C)"2Tnl) x (Jul® —s)"/ s ds
" /0 (0<;<n| 1 (n2+n32=nn1 ) (|u’k - 3)3)
n1€ly
: u
N u
= mingepy, |P(ku”)|
Jul® 1
k=1 2 nny,k_ Nk kL
X |u dn. (ON(C*nH(n —ny + DHCY ™" (Jul® — s) /s ds
[ QE;J OICPnl(n = my -+ 1O = )i )
ElETd

provided that u € Dg, ¢ and € € D,. In addition, the change of variable s = |u|¥s; enables to
write the next integral in factorized form

k

|ul 1 1 1 1
(65)  Jul™ /0 (Jul* - 8)1/k81/kmd3 = IUI/O (1= ) oy —dsy

— S181

for all u € C. The coupling of (54) and (55) together with the inclusion Dpg, ., C Dpg, and the
definition (10) triggers the following appropriate bounds

(56) n!Ls(u,n,e) < C1(Co)" ¥ (n+ 9)|ul

1 ! e 101 _
R ( 1)Ukl 2 2y )xc( Y d 0"1)}
% miNyepp, | P(ku®)| 0 /0 ( s1)77s1 1—5191 o ! oo in o2
ﬁlefd
for all u € Dg,, s and € € De,.

We make the assumption that the radius ¢g > 0 and the constants dj, ¢, > 0 introduced in
(10) are selected nearby the origin in a way that the next condition

(h(g*Ro)) ' '
(57) Z 60AlmlnuepRO|P kuk)| ( Z CLinseo C )

1=(lo,l1,l2,I3)€A;l0=0 0<ny<n
ni1€l;

A=l 1 I3\k\l1 I3 plo+kly
e e (R ) R
1=(lo,l1,l2,l3)€Aslo>1 €D, [Pkt (o /k)

1 . d
X/ (1_31)0 1 l1+ 81 ( Z Clnhe()Cin)
0

0<n1<n
ni1€l;
1
+ — ! il X (/ (1 s1)Mhs)/ : *d‘Sl) . Cl( > dn17€002_m> =1
minyepp, | P(ku®)| 0 1—s151 vemien
n1€ly

holds. Eventually, we combine the gathering of the above auxiliary bounds (50), (53) and (56)
with the initial estimates (45) constrained by (57) from which follow the next bounds

(58) [wnts(u,€)] < CL(C2)" 5 (n+ 5)!ul

provided that u € Dg, 4 and € € De,. Therefore, the property D, g is valid. Proposition 2
follows. O
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4 Some ¢—difference-convolution recursion on unbounded sec-
tors

In this section, we solve the recursion relation (33), (34) on suitable unbounded sectors U
together with sharp bounds control for the sequence of holomorphic maps (wy,),>0 solving it.
Indeed, we fix an unbounded sector

(59) U={ueC/a<arg(u) < 8}

for some given angles a < 3. We assume that

(60) GEU . 1<j < kdeg(P)

where (j, 1 < j < kdeg(P) represent the roots of the polynomial u — P(ku").

The purpose of this section is to explain the next proposition.

Proposition 3 Provided that the radius eg > 0 and the constants dj ¢, > 0 introduced in (10)
are taken close enough to 0, one can find out a unique sequence of functions (wy,(u, €))n>0, where
each map (u,€) — wy(u,€) is holomorphic on the sector U, continuous on U U {0} with respect
to u and bounded holomorphic w.r.t € on De,, that fulfills the recursion (33) with S first terms
(34). In addition, one can find constants Cs,Cy > 0 and Cs > 0 for which the next estimates
(61) Sup. fa(, €)] < Co(Ca)nlful exp (Cog™ [ul)

GGDSO

hold for alln >0, all w € U U {0}, where My > 0 appears in the assumption (14).

Proof The induction principle is applied. We denote U, the property (61) for a given integer
n > 0. We observe that the property U, is valid whenever 0 < n < S — 1 for well chosen
constants C3, Cy, C5 > 0 owing to the fact that w,(u,€) = P,(u,€) represent mere polynomials
that vanish at u = 0 and possess bounded holomorphic coefficients w.r.t € on the disc D, .

Let n > 0, we take for granted that U, is true for all p < n+.5 for some given C3,Cy, C5 > 0.
Our aim is to prove that U, g holds. The induction principle then implies that the bounds U,
are valid for any integer p > 0.

According to the recursion (33) and that U, is taken for granted for all p < n+ S, we get
the next bounds for the term |wy,4s(u,€)|,

|wnts(u, )]

(62) oy

S Pl (’U,, n, 6) + PQ(”? n, 6) + P3(u7 n, 6)

where

(63) Pi(u,n,e) = Z ‘E‘Al(k(qlgyu‘)k)ll( Z ‘Cl,n1(€>‘c3(04)n2+12w

| P (ku®)| ng!
1=(lo,l1,l2,l3)€A;l0=0 ni+na=n

x gl exp (Csg > 1M o))
and

k |ul*
_ Z Ao |ul / RN I3 1/k\k\l1
(64) ,PQ(U7 " 6) I=(lo,l1,l2,l3)€A;lp>1 |6‘ ’P(kuk)“j(lo/k) 0 (|u’ S) ' (k(q i ) )

|
(XDt (@00 R ey (gl 5141
2!

ds

S
ni1+ng2=n
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along with

(65) Ps(u,n,e)

u k |u|k
= ’JP’(]{I‘Uk)’/O ( Z ‘dru (E)‘CB(C4)H2(’u’k — 3)1/k’ exp (C5qn2M1((’u‘k N S)l/k)k)

nit+nz2+nz=n

1
x C3(Cy)"s' /% exp (C5g"2 M (Sl/k)k)) md‘s

provided that u € Y/ U {0} and € € Dy,.
Owing to the condition (14), since ¢ > 1, we get that

(66) q(n2+l2)M1ql3kz < q(n+S)M1

provided that ny <n and [ = (lp,1,l2,13) € A. Besides, taking heed of the conditions (6), (15)
and the requirement (60), one can find a constant Mpy;, > 0 with
jul*

(67) < MP,k7l1

|[P(ku®)| —

for all uw € U, provided that [ = (lp,l1,12,13) € A with [y = 0.
With the use of (8) and the hypothesis (13) together with the help of (49), (66) and (67),
we get appropriate upper bounds for the first piece Pj(u,n,€). Namely,

(68) n!Pi(u,n,c) < 3 e (kq'*F) M p .,
1=(lo,l1,l2,l3)€A;lp=0
< (0l (ICS(C)™™™ 5 (0 + 8)1¢"|ul exp (Csg™ 1 ult) )

0<n1<n
TL1€IL

< C3(Ca)"5 (n + 9)!Jul exp (Csg" T 5M ful*)
> 0" (kg™ Mpond® x (Y caneCi™)]

1=(lo,l1,l2,l3)€A;lp=0 0<ni<n
n1€IL
provided that u € U and € € D,,.
We now focus on the second piece Pa(u,n, ). Bearing in mind (13), (49) and (66), we first
observe that

k
Ao Jul* /'u k LR NN
| < - _ 3k\l1 Gl
@) wPtenos 2 e M ke
t=l0,01,02,03 o=

n , ds n
< (0l (AICS(C)"™™ 5 (n+ 8)1g%F) = x exp (Cag TN ful)
0<n1<n s
n1€IL

< C3(Cy)" ¥ (n + S)!ul exp (Csq ™M1 |ulF)
|u’k—1

~lo ful® o
D SR |P(kuk)lr(lo/k:)/o (uf® = ) F kg0

1=(lo,l1,l2,l3)€A;lp>1
ds
— I3 1/k
(2 lam@lcr s ) L]

0<n<n
ni€l;
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for all w € U and € € D,. In the next step, we need to upper bound the integral expression

k—1 |ul® d
_ S
|ul u|k 151181/k

(70) Alw) |P |P(ku®)| /o s

for u € U. Indeed, using the change of variable s = |u|*s; for 0 < s; < 1 in A(u), we get from
(6), (15) and the constraint (60), a constant Mpy,,;, > 0 with

|| ol 1 1 11+ dsy
(71) A(u) = W X ( : (1 — 81) k 5 ) S MPJC’[OJI

for all u € U. At last, paying regard to the definition (8), the combination of the above bounds
(69) and (71), yields the next suitable estimates for the quantity Pa(u,n,€). Namely,

(72) n!Pa(u,n,e) < C3(Cy)" ¥ (n + S)!|u| exp (C’5q("+S)M1 \u|k)

A—l 1 _
X { Z GOL ’ (kQISk)llqlgMP,k,lo,ll X ( Z CLini,e0Cy n1)}
- | 0o/ F)
1=(lo,l1,l2,l3)EA;l0>1 ogné?b
ni1€l;

as long as v € U and € € Dy,.
We turn our attention to the third piece P3(u,n,€). From the straight bounds

n2M1(’u|k _ s) +qn3M1S < q(n+S)M1|u‘k

for all u € C, 0 < s < |u|¥ and na,n3 < n, we observe that

fu® ‘“"“ 2
| n2+n3, |
(73) n!Ps(u,n,e) \P Pt J, 0< ) dn, (6)|(C3)~ x (n +nzn_n (Cy) n))
n1<n 2 3 1
n1€ly
n 1
x exp (Cog ™M ul) (ful — )15 s
‘u|k ‘UVC 2 m—ni |
\P k‘uk e dn, (6)[(C3)“CY " (n — ny + 1)n!
0<n1<n
n1€ly
1
X exp (C5q(n+S)M1|u|k)(|u|k _ S)l/ksl/kids

(lul® = 5)s
Again, we are reduced to upper bound an integral term
(74) B(u) = M % (/Uk(’u‘k . S)l/ksl/kéds)
| P(kuP)] 0 (lul* = s)s

for u € U. Indeed, owing to a change of variable s = |u|Fs; for 0 < s; < 1 in B(u), we get from
(6) and the constraint (60), a constant Mpj > 0 can be singled out with

U | BN ARV RV S S
(75) B = gy * (| (=) sl gmdn) < M

for all u € U. Eventually, paying heed to (10) and teaming up (73) with (75), we reach the next
fitting estimates for the term Ps(u,n,€). Namely,

(76) n!P3(u,n,e) < C3(Cy)" 5 (n+8)!u|exp (C5q("+S)M1]u\k) x [MpiCs( Z dn, (oC; ™M)

0<n1<n
n1€ly
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whenever u € U and € € D,.
Now, we make the assumption that the radius ¢y > 0 and the constants dj, ¢, > 0 introduced
in (10) are chosen in the vicinity of the origin in a way that the next constraint

A _
(77) > €0 (kg™ ) " Mprid® x (Y cmaCi™)
1=(lo,l1,l2,l3)€A;l0=0 Oﬁné?i
n1 1
Al 1 ) _
+ Z EOL Or(l /k) (kql3k)l1ql3MP7k7107ll X ( Z CLTL17€OC4 nl)
1=(lo,l1,l2,l3)EA;lo>1 0 0<n1<n
ni1€l;]
+MppCs( Y dnyeCr™) <1
0<n1<n
n1€]d

holds. At last, the collection of all the technical bounds (68), (72) and (76) when applied to the
inequality (62) under the constraint (77) gives rise to the estimates

(78) Wt (1, €)] < C5(C)™ (4 S exp (Csg™ M ful¥)

for all w € U, all € € D,. This means that the property U,4g holds. This yields Proposition 2.
O

5 Layout of analytic Banach valued solutions to the initial Cauchy
problem (16), (17).

We recall the definition of a good covering in C* as given in [7], Chapter XI.

Definition 1 Let ¢ > 2 be an integer. We consider a family € = {€,}o<p<c—1 of open sectors
&y centered at 0 (but not containing the origin) with given radius ey that conforms to the next
three features:

i) The intersection of any two consecutive sectors £, N Epy1 of the family £ is not empty for all
0 <p < —1, with the convention that Ec = &.

ii) The intersection of any three elements £, N Ep, N Epy for p1 # pa # p3 in £ is empty.

iii) The union of the sectors &, covers some punctured neighborhood U of the origin in C*,
namely

U;;(l)gp =U =U\{0}.

A family £ endowed with the above three properties is called a good covering in C*.
A notion of admissible set of sectors is put forward in the next

Definition 2 Let ¢ > 2 be an integer and let £ = {€,}o<p<c—1 be a good covering in C* and let
T be a bounded sector edged at 0. We consider a set U = {Up}o<p<c—1 of unbounded sectors U,
edged at 0, that are subjected to the next properties:

1) Each sector U, does not contain any of the roots of the polynomial u — P(ku®), for0 <p <
¢—1.

2) For all 0 < p < ¢ —1, there exists a constant A, > 0 such that for all e € £, and allt € T,
one can find out a direction ~, € R (that may depend on € and t) such that both conditions

(79) Ly, = [0, +00) exp(v/—1v,) C U, U {0}
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and
(80) cos(k(yy — ang(et))) > A,

hold.
The set of sectors D ={E,T,U} favored with the above two features is called an admissible
set of sectors.

In the next definition, we remind the reader the construction of a Banach space of formal power
series introduced in the former work [8] by A. Lastra and the author.

Definition 3 Let T be a fized bounded sector edged at 0. Let Ry, A > 0 be constants. We mind

the sequence (Ry)n>0 where

(81) Ry =Ro/q"™ |, n>0.
For each n > 0, we consider the domain

(82) D, =T NDp ,

and we fix some positive radius Ry > 0. We denote O(p,) _.r, the vector space of formal power
series -

(33) Mtz = 3 halt)

n>0

where each coefficient hy, belongs to Op(D,,), the vector space of bounded C-valued holomorphic
functions on D, such that the norm

RTL
(84) 180, ) |(D)soiis = Sup [ ()]~

750t€Dn
s finite.
The next proposition has been discussed in [8].

Proposition 4 The vector space O(p,) . ..g, of formal series in the variable z equipped with
the mized type sup-norm and Li-norm H'H(Dn)n>o;R1 turns out to be a complex Banach space.

At this stage of the paper, the necessary prefatory material has been prepared in order to
show the first main result of our work.

Theorem 1 We take for granted that the conditions described in Section 2.1 are imposed on
the main Cauchy problem (16), (17). Consider a good covering € = {&Ep}o<p<c—1 in C*, a set
U = {Up}to<p<c—1 of unbounded sectors edged at 0 and a bounded sector T edged at 0 chosen in
a way that the data D = {E€, T, U} forms an admissible set of sectors.

Provided that the radius eg > 0 and the constants dy, o, > 0 introduced in (10) are taken close
enough to the origin, for each 0 < p < ¢ —1, one can construct a solution u,(t, z,€) to our main
Cauchy problem (16), (17) endowed with the next hallmarks

1. The partial map € — up(t, z,€) represents a bounded holomorphic map from the sector
&p into the Banach space (O(p,,), -o:Rks ||-|l(Dn)nsoiR1)s for well chosen constants Ry > 0,

Ry > 0 with A = A introduced in (36).
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2. The map u,(t, z,€) is expressed as a formal power in z

ZTL

(85) up(t, z,€) = Z upn(t, e)m
n>0
where each coefficient uy,,(t,€), n > 0, stands for a Laplace transform of order k,
U g\ dU
(86) upn(t,€) = k:/ Wy (u, €) exp (— (E)k)z
p

along a halfline L., = [0, —I—oo)e\/jl% for the direction ~y, given in Definition 2 2), where

the so-called Borel map wpp(u,€) fulfills the next two features

o the map (u,€) — wpn(u,e€) is bounded holomorphic on the product Dg, x D¢, for
R, given by (37). Furthermore, two constants C1,Cy > 0 can be pinpointed with the
bounds
(87) (1, €)] < C1(Ca)"

for alln >0, allu € Dp,, all € € D,.

o the map (u,€) — wpp(u,€) is holomorphic on the product U, x D¢, where U, is the
unbounded sector of the set U subjected to the inclusion (79) from Definition 2 2).
Moreover, three constants Cs3,Cy > 0 and Cs > 0 can be chosen with the bounds

(88) [wpn(u, €) < C3(Ca)"nllul exp (C5q™ [ul*)
for alln >0, all u € U, U {0}, where My > 0 stems from the assumption (14).

3. The difference of consecutive solutions upy1 — u, can be estimated as follows. For each
0 <p<c—1, one can find two constants K, 1, Kp2 > 0 such that

(89) ”up"rl(ta 2, 6) - up(t7 2, G)H(Dn)nzo;Rl < Kp,l €xXp ( -
for all e € £,11 NE,, with the convention that u¢ = ug and & = &y.

Proof Let D = {&€,T,U} be an admissible set of sectors. Provided that ¢y > 0 and the constants
dj.¢, > 0 introduced in (10) are taken close enough to the origin, for a given unbounded sector U,
from U, we consider the unique sequence of functions (wy, p(u, €))n>0 built up in Proposition 3 for
the sector U = U, that fulfills the recursion (33) with S first terms (34). By construction, these
maps are submitted to the bounds (88). According to Proposition 2 and by a unicity argument,
it follows that each map wy, ,(u, €) is also bounded holomorphic on a product Dg, X D, for R,
given by (37) and obeys the bounds (87).

In the next step, we provide bounds estimates for the Laplace transform u,, ,, (¢, €) displayed in
(86). Namely, according to the bounds (88) and the lower estimates (80), for u = reV~1% L,
with 7 > 0, we get the next upper estimates

(90) (1, exp (~ (2)4) ]
< Cy(Cu)"ntexp (Cog™ ) exp = ()" cos(h(ay — arg(et)))
< C3(Cq)"nlexp (Tk [C5q™M — @‘pk])

n k nMi AP
< C3(Cq)"nlexp (7“ [Csq (€0|t‘)k})
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for all e € £, and t € 7. In the next lemma, we provide some technical bounds

Lemma 5 There exists ]:Zo > 0 and a constant Bg > 0 such that
Ap

91 Csg™M —

< —DBs

provided that t € C with |t| < Ro/q"™.

Proof I straight computation shows that the inequality (91) is equivalent to

A" feo
(C5g"™ + Bg)/k

(92) It| <

For some given Bg > 0, we introduce the constant Ry > 0 defined by

k n k k
(93) Ry = min (A" /eo)g = min A/ e = A /e
n>0 (C5an1 +BG)1/k n>0 (05 ‘l‘BGq_an)l/k (05 +Bﬁ)1/k

by keeping in mind the definition (36). By construction, if |t < Ry/q"®, then the inequality
(92) holds. The Lemma follows. O

The combination of the bounds (90) and (91) yields the estimates

(94) [y (s €) exp (— (%)'f)%y < C5(C)"n! exp(—Ber®)

provided that u = reV=—1m ¢ L., withr >0, foralle € & and t € TN DRO/an = D,, for all
n>0,all 0 <p<¢—1. It follows that each Laplace transform w, ,(t,€) given by (86) defines
a bounded holomorphic function on the product D,, x &, and is subjected to the bounds

+o0o
(95) |up,n(t,€)] < kC3(C4)n”!/ exp(—Bgr*)dr
0

for all € € £, and t € D,,. If one sets the formal power series uy(t, z,€) by the formal expansion
in z given by (85), one checks that for all € € &,, u,(t,2,€) belongs to the Banach space
(ODn)ns0iRis (Do) nso;r1 ) Provided that 0 < Ry < 1/Cy. Indeed, from (95)

(96)  Jup(ts 2, )| (D1 s

+00
< k‘C’g/ exp(—Bgr*)dr x Z(C4R1)" =
0

n>0

kCs f0+°° exp(—Bgr*)dr
1—-CyR; '

Besides, according to Lemma 2 and Lemma 1 from Subsection 2.2 and bearing in mind that
the sequence (wy, p(u, €))n>0 obeys the recursion (33) with S first terms (34), it follows that the
formal series u,(t, z, €) solves the problem (16), (17). As a result, the first 1. and second 2.
point of Theorem 1 hold true.

In the last part of the proof, we discuss the third point 3. Let 0 < p < ¢ — 1 be a given
integer. Our main objective is to provide sharp bounds for the difference of Laplace transforms
Up+1,n(t, €)—upn(t, €) for each given n > 0. To that end, we employ a path deformation argument.
Namely, according to the construction of the sequence (wp ,(u,€))n>0 at the beginning of the
proof, we observe that for each n > 0, for all given € € D, the partial maps u — wp41n(u,€)
and u +— wpp(u, €) share a common analytic continuation, that we name u +— wy,(u,€), on the
disc Dg, for R,, = Ro/q™® where Ry > 0 is some radius submitted to (35) and A > 0 is given by
(36). The classical Cauchy’s formula enables the deformation of the oriented path L - L,

Tp+1 P
into the union of
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e the two halflines
Ry
(97) Loy Ror = [q(nT)A’ +00) exp(V —17p11),
Ry —
- L’Ypan-H = _[mv +OO) exp( _1/-}/17)7

e the circle

Ry
(98) 07p77p+17Rn+1 { (n+1) eXp( V. 0)/0 € (717’ 71’-5—1)}

with radius R, 1 joining the above two halflines,

keeping the value of the difference upi1(t,€) — upn(t, €) unchanged. As a result, we can de-
compose the difference up41,, — upn as a sum of three contributions,

(99) uprin(t,e) —upn(t,e) = k/L Wpt1,n(u, €) exp ( (et) )du

Vp+1:Bn41

du
—k;/L wp,n(um)exp(—(a) )+k/ wn(u,e)exp( ( t) )

U €
TprBn41 TP Tp+1:Bng1

provided that t € Dy, € € Ep41 N Ep. In the next step, we find upper estimates for each piece of
the above splitting. Let

Ii(t,e) = |k wp+1,n(U,€)€XP( ( ) )du
I et

Vp+1:Bnt1

Based on the estimates (90), we obtain

+o0 A
(100) Ii(t,e) < k/ n!C3(Cy)" exp (rk[05q"M1 _ |€I;|;€1])dr
Rn+1

for all t € Dy, € € Epp1 N Ep and therefore

+o00 i o A 41 an1
(101) sup Iy (t,e) < k:/ n!C3(Cy)" exp (r*[Csq™™t — =22 = 1)dr
te€Dy, Rt ‘6‘ RO

whenever € € £,,1 N E,. Now, we choose Aerl > 0, close enough to 0, in a way that

Apyr 1 Api1

el RE T el*

(102) Cs —

for all € € D¢,. A direct computation shows that (102) holds provided that ¢y > 0 is constrained
to the inequality

(A13+1 . Aerl)l/k

RE
1/k
cy/

€ <
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which is warranted if we take ¢y small enough. As a result of (101) and (102) we reach the next
bounds

(103) sup I1(t,e) <k = n!C3(Cy)" exp (— rkq”MlApi:l)dr
teDy, Rpt1 € )
< k:/};:j n!C’;:,(CZ;)”# x krf~Lexp (- rkq”Mlﬁé)‘zl)dr
< KOO s - anlA;l/w exp (=4 SED]
< kC3(C4)nn!kR1§_lq—An+A(k—l)Ai(’ilexp(_ fjﬁgzl)

for all e € Ep41 N Ep.
In a similar manner, we get bounds for the second piece of the decomposition (99). Let

du
=t

It e) = ]k/L wpn(u,€) exp (— (2)F)

et
psBn41

Then, one can single out a tiny constant Ap > 0, in a way that

(104) sup Iz(t,€) < kC3(Cy)™n! 1 q_An+A(k—1)i(§eXp (- Rig&)
ZA T o (= et

provided that € € £,11 N &p.

Eventually, we control the tail piece of (99). We set

L(t,e) = (k/c W, ) exp = (LyFy L.

et U
TP Vp+1:Bnt1

Owing to the fact that the arc of circle C

o pi1,Rni1 18 contained in the disc Dg,, we deduce
from the bounds (87) that

(105) I3(t,e) < ‘k /'Yp+1 C1(C2)"n! Ry 41 exp ( — (R‘gl )k cos(k(0 — arg(et))))dﬂ‘
%

p

for all t € Dy, € € £, N &Epy1. By construction of the directions «, and 7,41 in Definition 2 2),
one can find a constant A, 1, > 0 with

(106) cos(k(0 — arg(et))) > Aptip

for all e € .41 NEp, t € T and 6 € (7p,Yp+1). As a consequence of (105) and (106), we reach
the upper estimates

107 Is(t,e) <k — YplC1(Co)"n!———— —(=—=)"A —
(107) tsequn 3(t,€) < klype1 — 1[CL(C2)"n A0t exp ( (RoqA) p+17p|6‘k)

whenever € € £,11 N Ep.
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At last, we apply the above bounds (103), (104) and (107) to the decomposition (99) and
summing up with respect to n yields the next estimates

(108)  Jupt1(t; z,€) = up(t, 2, €)l[(D,,),20:81

k
S exp ( i Ap+1 Z kCg C4

AntA(k—1) 615
— AN — n

¢2" el* n>0 lg Ap+1
RE A | NN AT . A
+exp (- TT X Y kCy(Co)"——q A HAE I)AiRl
n>0 R /4
Ry 1 Ry n
+ exp ( - (ﬁ)kAp+1,p| E Z klvp1 — w|C1(C2)" WRl
Rog € n>0

for all € € &,41 N &y, which hold provided that R; > 0 is taken small enough and fulfills
0< Ry <1/Cyand 0 < R; < 1/C5. The awaited estimates (89) follow. O

6 Parametric Gevrey asymptotic expansions for the Banach val-
ued solutions to the Cauchy problem (16), (17).

The next definition is classical and can be found in the references [1], [7].

Definition 4 Let (E,||.||g) be a complex Banach space. Let k > 0 be a real number and let €
be an open bounded sector in C* edged at 0. Let f : £ — E be a holomorphic function. The map
f is said to possess the formal series

= ane" € E[[¢]]

n>0

as Gevrey asymptotic expansion of order 1/k on £ if for each closed proper subsector W of €
edged at 0, one can select two constants C, M > 0 with

N
. N+1
1(€) =D ane"||r < CMN“F(T)IEIN+1
n=0

for all integers N > 0, provided that e € V.

We can state the second prominent result of our work.

Theorem 2 There exists a formal power series U(t,z,€) = Y o hn(t,2)€" in € with the next
two features

1. The coefficients hy, n > 0, belong to the Banach space (Op,), -o:R0s I1l(Dn)nsoirr) de-

scribed in Definition 3, where the sector T, the sequence (Rn)nZO and radius Ry > 0 are
chosen in Theorem 1.

2. For each 0 < p < ¢ —1, the holomorphic map € — uy(t, z,€) from &, into
(O(D7L)n>O7R1’ -1l Yns0: ‘R, ) built up in Theorem 1, possesses u(t, z,€) as Gevrey asymptotic
expansion of order 1/k on &,, for the integer k > 1 introduced in Section 2.1.
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Proof The proof relies on the following Banach valued version of the classical Ramis-Sibuya
theorem stated in Lemma XI-2-6 from [7].

Theorem (Ramis-Sibuya) Let (E, ||.||[g) be a Banach space over C and {&,}o<p<c—1 be a good
covering in C* as described in Definition 1. For each 0 < p < ¢ — 1, we consider a holomorphic
function Gp(e) from &, into the Banach space (E,||.||gr). We take for granted that for each
0<p<¢-—1

1. the function Gp(€) is bounded on the sector &,

2. the difference ©p(e) = Gpi1(e) — Gp(€) is exponentially flat of some order k > 0 on the
intersection Epy1 N Ey, meaning that some constants Ay, B, > 0 can be sorted with

H@P(e)HE < Ape_Bp/|5|k
whenever € € Eyp1 N Ep, with the convention that & = & and G, = Gy.

Then, there exists a formal power series

G(e) = Gne" € E[d]]
n>0
which is the common Gevrey asymptotic expansion of order 1/k for each map G,(€) on &,
0<p<c¢c—1

We set E = O(p,), . :r, equipped with the norm ||.||g = [|.||(p,.), - o;r, - According to Proposi-
tion 4, (E, ||.||r) is a Banach space over C. We apply the above theorem to the maps G, : £, = E
defined by

Gp(e) == (t, z) = up(t, 2, €).
Based on the points 1. and 3. of the statement of Theorem 1, we observe that the set of maps
{Gp}o<p<c—1 obeys the two requirements 1. and 2. of the above Ramis-Sibuya theorem. As
a result, the existence of a formal power series @(e) that we denote u(t, z,€) in the statement
of Theorem 2 which stands for the common Gevrey asymptotic expansion of order 1/k for the
maps G,(€) on &, for all 0 < p < ¢ —1 is warranted. O

7 Confluence of the Banach valued solutions to (16), (17) as
g > 1 tends to 1.

Throughout this section, the notations introduced in the earlier sections of the work are slightly
changed. In order to keep track of the dependence of the set of solutions {u,(t, z, €) }o<p<c—1
to the problem (16), (17) with respect to the parameter ¢ > 1, constructed in Theorem 1, we
denote uyp4(t, 2, €) the map uy(t, z,€). A third index ¢ is added to the Borel maps wy ,(u, €), by
setting wy, (4, €) = Wy nyq(u, €) inside the integral representation (86). The real parameter ¢ is
chosen within the range (1, go] for some fixed real number gy > 1.

7.1 The limit nonlinear partial differential Cauchy problem.

In this subsection, a new Cauchy problem is introduced that is called the limit problem as ¢ > 1
tends to 1. It is displayed as follows

(109) P(ektk+1at)a§u§1(t7 Z, 6) = Z EALCL(Z, G)tlo (ektk“@t)ll@i?u;l(t, zZ, 6)
I=(lo,l1,l2,l3)€A
+d(z,€)(u(t, 2, €))?
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for given Cauchy data
(110) (1) (t,0,€) = pj(te) , 0<j<S—1.

where all the data k, S, P, A, the constants A; and the coefficients ¢;(z,€) with [ € A, d(z,¢€)
along with the initial data ¢;(t,€) for 0 < j < .S — 1 are the ones already set up in Section 2.1.

We search for solutions to (109), (110) that can be written as a formal power series in the
variable z

Zn
(111) wa(t,z,6) = Y un(t, e)ﬁ

n>0

whose coefficients w1 (¢, €), n > 0, are expressed through Laplace transforms of order k,

(112) U1 (5 €) zk/L wn;1 (u, €) exp (— (u)k)dfu

et U
-

along a prescribed halfline L, = [0, —|—oo)e‘/j17 for suitable direction v € R. For all n > 0, the
Borel maps wy;1(u, €) are supposed to be holomorphic on a common product U x D, where
U stands for an open unbounded sector edged at 0 containing the halfline L, \ {0}. For each
Laplace transform (112) to be well defined, the assumption is made that a constant K > 0 and
a positive sequence (H,)n,>0 can be found with bounds of the form

(113) sup |wp1(u, €)| < Hylu| exp(K|ul®)

eEDeO
for all n > 0, provided that u € U. The value of the constant K > 0 and the exact shape of the
sequence (Hy)n>o will be discussed in the forthcoming Proposition 5..

Identical computations as the ones performed in Lemma 1 and Lemma 2 in Section 2.2 give
rise to the next lemma.

Lemma 6 The formal series (111) solves the problem (109), (110) if the sequence of Borel
maps (Wn;1(u, €))n>0 conforms to the next convolution recurrence relation

w_ JoV] (kuk)ll ’LUTLQ-HQ—M
(114) = 3 E’P(k;uk)( > an (07 )
1=(lo,l1,l2,l3)€A;lp=0 ni+na=n

A [ uk Uk k lO 1 1
;o -1 (g
! 2, P(kuk>r<zo/k>/o (" =8y (ks)

I=(lo,l1,l2,l3)EA;l0>1

(X oty

|
n1-tra=n no: S
k uk k

U W1 (U —sl/k,e W, sl/k,e 1
+p<kuk>/0< Sy (o Bl m!) ) Wy >)(uk .

ns!
ni1+n2+n3=n

for given
(115) wj;l(u, 6) = Pj(u, 6) , 0 S] < S —1.

The next proposition can be shown in following exactly the same steps of the proof of
Proposition 3 and by merely setting ¢ = 1 in each inequality involved.
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Proposition 5 Let D = {&,T,U} be an admissible set of sectors as chosen in Definition 2 of
Section 5. Let U be one sector belonging to the family of unbounded sectors U. Provided that
the radius €9 > 0 and the constants dp, ., > 0 introduced in (10) are taken close enough to 0,
one can find a unique sequence of functions (wp;1(u, €))n>0, where each map (u,€) — wy:1(u, €)

e is holomorphic with respect to uw on U and continuous on U U {0}
o is holomorphic relatively to € on D,
o fulfills the recursion (114) for given S first terms (115)

o suffers the next upper bounds : one can single out constants Cg,C7,Cs > 0 (independent

of n) with

(116) Sup [wn(u, €)] < Co(Cr)"nllul exp(Cs|ul")
€c €0

for all w e U U {0}.

In the next proposition, we build up a genuine holomorphic solution to the Cauchy problem
(109), (110).

Proposition 6 We consider an admissible set of sectors D = {E€,T ,U} as chosen in Definition
2 of Section 5. Let us pick up one sector U belonging to the family of unbounded sectors U. We
denote &£ the open sector from the good covering £ that is related to U under the requirement
of Definition 2 2). Granted that the radius eg > 0 and the constants dp, , > 0 introduced in
(10) are taken in the vicinity of 0, one can construct a solution w.i(t, z,€) to the limit Cauchy
problem (109), (110) favored with the next features

1. The map u.1(t, z,€) represents a bounded holomorphic map on the domain (T N DRO) X
Dy x &, for well chosen constants Ry, Ry > 0.

2. The map w1 (t,z,€) is expressed as a convergent series in z with the shape (111) with
coefficients un:1(t,€), n > 1 in the form of a Laplace transform of order k given by (112)
along a halfline L, = [0,+oo)eﬁ7 for the direction v € R given in Definition 2 2)
relatively to the sectors £ and U. In addition, each Borel map wp.(u,€), n > 0, is
holomorphic on the product U x D¢, and is submitted to the bounds (116) for some constants
Cs,C7,Cs >0 and allu e U U {0}

Proof We consider the unique sequence of functions (w1 (u, €))n>0 disclosed in Proposition 5.
We need to display upper bounds for the Laplace transform uy,.(t,€) given by (112). Indeed,
according to the upper and lower bounds (116) and (80), for u = re¥V~17 € L, with r > 0, we
reach a constant A,; > 0 with

(17) Jwma () exp (~ (511

< Cs(C7)"nlexp (Csr™) exp ( - (H)k cos(k(y — arg(et))))

< Cs(Cr)"nlexp (T’“[Cs— ; D
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forall e € £ and t € 7. As a result, we can find a constant By > 0 such that
U 1
(118) w1 (u, €) exp (— (g)k)a| < Cs(C7)"n! exp(—Bor™*)

provided that u = reV—17 ¢ L, forr>0,all e € £ and t € T constrained to the bounds

(A1) * /eo

B0 _ p
(Cs + Bo)t/k — 0

1 <

It follows that each Laplace transform w,.; (¢, €) displayed in (112) defines a bounded holomorphic
function on the product (7N Dp ) x £ and suffers the bounds

+oo
(119) [uns1 (¢, €)| < kCs(Cr)"n! / exp(—Bor*)dr
0

forallt € TNDp and e € €. If one sets the expression w1 (¢, 2, €) by the expansion (111) in z, one
checks that u;1 (¢, z, €) defines a bounded holomorphic function on the product (7NDp ) xDp XE

provided that 0 < Ry < 1/C7. Namely, from (119)

kCs [;7° exp(—Bor")dr
1-CrRy

+o0o
(120)  |ua(t 2 €)| < kC / exp(—Bor*)dr x 3 (Cr )" =
0

n>0

forallt € TNDy , 2z € Dp and € € €. Besides, according to Lemma 6 and the fact discussed
in Proposition 5 that the sequence (wy;1(u,€))n>0 obeys the recursion (114) for given S first
terms (115), it follows that the series w.1(t, z, €) solves the limit Cauchy problem (109), (110).
Proposition 6 ensues. O

7.2 Bounds for the difference of Borel maps solving the convolution recur-
rence relation (114) under the action of a g—difference operator

The aim of this subsection is to prove the next technical issue.

Proposition 7 Let € Z* be a non vanishing integer and let ¢ € (1,qo]. Provided that the
radius €9 > 0 and the constants dp ., > 0 introduced in (10) are sufficiently small, one can
choose constants Cy, C1g,C11 > 0 independently of q € (1,qo] (where Cio can be selected larger
than the constant Cr7 obtained in Proposition 5) such that

(121) w1 (u, €) — w1 (g7, €)] < |g” — 1|Co(Cro)"n![u| exp(Cia [ul*)

for all integers n >0, allu € U U {0} and € € Dy,.

Proof We proceed by induction. We call .@;Ll;ﬁ the property (121) for a given natural number
n > 0.

We first discuss the reason for which Z;,° holds true for 0 < n < S — 1. By construction,
whenever 0 <n < S —1, wp,;1(u,€) = Py(u,€) is a polynomial in u with bounded holomorphic
coefficients in € on Dg,. Since the partial map u — P, (u,€) admits in particular a derivative
u+ P/ (u,e) wr.t uon C, we can rewrite the next difference as an integral

Pn(”? 6) _Pn(qﬂuv 6) _/ PA(S,E)dS
qPu
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for all u € C and from the parametrization s = uh + ¢%u(1 — h) of the segment [¢”u,u] with
0 < h <1, we obtain the integral representation

1
Po(u,€) — Po(¢Pu,e) = (1 — qﬂ)u/ P! (uh + ¢°u(1 — h),€)dh
0

and since u + P! (uh + ¢’u(1 — h),€) is again a polynomial in u, with bounded holomorphic
coefficients in € on D, we get that 25 s valid for 0 < n < S — 1, for some well chosen
constants Cg, C1g, C11 > 0 depending on 3, qo.

Let n > 0, we take for granted that .@;,1;6 holds for any p < n + .S for some given constants
Cy, Ch9,C11 > 0. In the remaining part of the proof, we prove that 9n1+ g is valid. The induction
principle will then imply that the feature %&B occurs for all n > 0.

In a first step, we use the recursion (114) with S first terms (115) in order to write the quantity
wnt5:1(¢%u, €) by means of prior terms wy.1(u, €) and w1 (q’u,€) for p < n + S. Namely, the
next identities

(122) Ws,l—(qﬁu,e) = Z EAl(k(qﬁu)k)ll( Z Clny (E) wn2+12;1(q5u76))

| Bk '
" 1=(lo,l1,12,l3)€A;lo=0 P(k(q"u)®) na:

+ Z EAL*IO (qﬁu)k /(qﬂU)k((qﬁu)k B 3)%071(]{38)[1
I=(lo,l1,l2,l3)€A;l0>1 P(k(qﬂu)k)r(lo/k) 0

(Y (oL b

ni+n2=n

o, na! s
L@t
P(k(g°u)*)
(qPu)k _ Bo\k _ o\1/k L (gl/k 1
% / ( Z dnl(€)wn2,1(((q u) ' S) 76) wn3,1(3' >€)> s ds
0 T ng! ns! ((¢Pu)k — s)s
hold for prescribed

In the next lemma, upper bounds are provided for the quantity

(124) A o1, €) = (kuf)" wiy i1 (u ) (k(gPw)*)" w51 (07, €)
A O P(k(qPu)k) 1!

Lemma 7 Two constants K;;, p >0, j = 1,3, can be singled out for which

ng + z)!
2B expCunfult

(125) | Apy s (u,€)] < [Ksy,p+ K1y, p] % |g° = 1|Co(Co)™t72
holds for allu € U U{0}, all € € D, all na,ly >0 with ne < n and l = (0,11,12,13) € A.

Proof We use the classical identity ab — e¢d = (a — ¢)b + ¢(b — d) which enables to rewrite
Apy 1,(u, €) as a sum

k’u,k L k B’U, k\l1

Wno+l;1 (u7 6)
TLQ!

+

(k(qﬁu)k)ll Wny+io;1 (uv 6) — wn2+l2§1(q6uv 6)
P(k(qPu)k) na!
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a) According to the assumption (15) and the condition given in Definition 2 1) imposed on the
unbounded sector U, we get a constant K ;, p > 0 such that

(k(q"u)*)"

(127) PUR(Pu)")

< Ky.p

for all u € U U {0}, for all [ = (0,14,12,13) € A.
b) On the other hand, we can display an integral representation for the next difference

()t (g sy
(128) POk~ P(gPu)F) /qﬂu <P(ksk)) ds

where the integrand can be explicitely computed

(129)

(ksk)ll , L k‘llskll_lp(ksk) — Pk(3>3kl1
(W> B (P(ks*))?

where Py (s) = (P(ks*)) is the derivative w.r.t s of the polynomial P(ks*). Furthermore, since
s + P(ks*) is a polynomial of degree kdeg(P) together with the condition on & imposed in
Definition 2 1), we notice the next two bounds

(130) Cpu(1 + [s])" 5P < [P(ks")| < Chy(|s] + D)) | B(s)| < O (5] + 1)F4esD !

for all s € & U {0}, for some constants Cp, Cp,, 0115 > 0. Consequently, departing from (129),
) %
the bounds (130), beget a constant Ky, p > 0 for which

1 klﬂslkll_lC}pk(|s| + 1)kdeg(P) + ’3’kllc;5k(|s| + 1)kdeg(P)—1
k™ ’
Cj%,k(l + | 5|) 2kdeg(P)

< Koy, p
— (1+ ’8‘)kdeg(P)—kl1+l

provided that s € U U {0}.
From the parametrization s = uh + ¢®u(1 — h) of the segment [¢%u,u] for 0 < h < 1 in the
integral (128), owing to the previous bounds (131), we deduce

(ku*)r— (k(q"u)*)"

P(ku¥)  P(k(qPu)¥)

Ko, p

1
132 <l¢" -1
( ) = ]q HU|/0 (1 + |uh+q5u(1 _ h)|)kdeg(P)—kll+1

dh

for all w € U U {0}. Since (1 — ¢®)h +¢° > d, 5 for all 0 < h < 1 where d, 3 = 1 if 8 > 0 and
dgp = ¢® if B < 0, we reach a constant K3, p > 0 for which
(kuh) (k(g%u)*)"

P(kuk)  P(k(qPu)¥)

|ul
1 + |u|dq76)kdeg(P)7kll+1

8 _

(133) <|q <|¢” = 1|K3y, p

1\K2,11,P(

whenever u € U U {0}, by taking heed of the condition (15).
¢) In accordance with (116), we already know that

(134)  |wpytiz1(u, €)| < C6(C7)™ 2 (g + 1) u] exp(Csul )
< Cy(C10)"™2 2 (ng + 12)!u| exp(Chy|ul®)
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for all ng,ly > 0, whenever u € U U {0}, e € D, provided that we select Cyg > Cg and C19 > Cr
and C11 > Cs.

d) Due to (13), we notice that ny + Il < n + S, therefore by the induction hypothesis, the
property _@’ ”B , 18 valid, which yields the upper bounds

(135) |Wny 1251 (U €) — Wiy 1051 (07w, €)] < |7 — 1]Co(Cr0)™ 2 (ng + I2)!u exp(Chy|ul¥)

whenever u € U U {0}, € € D,. Collecting the set of bounds (127), (133) along with (134) and
(135), we arrive at the forecast bounds (125). O

The next lemma is devoted to upper bounds for the quantity

u o k ~1gh Wny 4351 (S 1/kv€) ds
(136) Bn27l2(u, 6) = WA ('LL — S) an ?

By
- /(q | ((Pu)* - s)%*lsll Wny i (817, €) ds
P(k(qPu)*) Jo na! s

We first rephrase the above difference by performing the parametrization s = uFs;, 0 < s < 1
in the first integral part of By, 1, (u,€) and s = (¢°u)¥s1, 0 < s; < 1 in the second. Indeed,

ulo—l—kll 1 w l (US 1/k ) dsl
137) B, [ — 1— 7_1 l1 na+l2;1 1 >
137 22(1) P(kuk)/o (1=s0) na! $1

1/k
LAL /1(1 - 51)%0_1511 meQ;l(q'Busl/ ,€) dsy
P(k(qgPu)k) Jo ! ns! 51

Lemma 8 We can find two constants L;;, 1, p >0, j = 1,3, such that
(138) ’an,b (ua 6)’ < [L3,10711,P + Ll,lo,lhp]

1 ! 1 ng +
<l = 1ca( [ -0t Lras ) €t 2R expcnfult
0 .

k
51

for allu e U U {0}, € € De,, all na,ly > 0 with ng < n and [ = (lo,l1,12,13) € A with Iy > 1.

Proof The proof follows the same guideline as the one of Lemma 7. Namely, the identity
ab—cd = (a — )b+ ¢(b — d) allows us to restate the expression of By, ,(u,€) as a sum of
differences

(139) B, i,(u,€) =

1
ulO‘HdI B (qﬁu)lo+kl1 /1(1 . )7_1 1y Wno+lo; 1(US1/ 5 6) @
P(kuF)  P(k(g°u)¥) ! ny! 51

1/k 1/k
+ 4((]5U)l0+kh /1(1 — 81) -1 l1{wn2+l2;1(usl/  €) . wn2+l2;1(qﬁusl/ ,€) }dsl
P(k(gu)*) \ Jo ny! na! 51

a) The assumption (15) and the condition given in Definition 2 1) imposed on the unbounded
sector U yields a constant L, ;, p > 0 can be found with

(140) PP

< LlJo,

l1,P
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for all w € U U {0}.
b) By adapting the arguments outlined in the paragraph b) in the proof of Lemma 7, we can
gather two constants L; o, p > 0, j = 2,3 such that

ylotkh (qﬂu)lo-l-kll ’u‘

(141) (L + [uld, )Fdee(P)—(o ki) T

< ‘qﬁ_l‘LQ,loll,P

<|¢#—1|L
P(ku*) ~ P(k(¢Pu)F) < [¢"=1[L3001,P

for all uw € U U {0}.
c¢) Bearing in mind the bounds (134) reached in the point ¢) of Lemma 7, we obtain upper
bounds for the next integral piece

1 1/k
lo w 1(us €)ds
0_11 n2+l2,1( 1 ) 1
/ (1—s1)% "s¢ ' —
0 no: S1

(142)

1 ! 1 ng + lo)!
< Cg</ (1—s1)% sk T d51>(010)”2+l2( 2n2,2) |u| exp(Cyy |ul*)
0 R !
1

for all w € U U {0}, € € Dy,.
d) According to the bounds (135) obtained from our induction hypothesis, we arrive at

(143)

1 1/k 1/k
/ (1- 51)2_18111{%2“2;1(“51 1) Wnysiz1(¢Pusy”, ) }d31
0 ’I’LQ! RQ! S1

! 1 Iy)!
< ’qﬁ _ 1|Cg(/ (1 _ 81)%713? dsl) (Cm)anrZQMm’ eXp(CH’u‘k)
0

-1 no!
k 2!
51

whenever uw € U U {0}, € € Dq,.
Combining the bounds (140), (141), (142), (143) along with the factorization (139) triggers
the foretold estimates (138). O

The forthcoming lemma discusses upper bounds for the difference of nonlinear terms

(144)  Cpyony(u,€)

= uik X /Uk wnz;l((uk - S)I/k’e) w”3?1(51/k’6) 1 ds — (qﬂu)k
P(kuk) — Jo na! ng! (uF — s5)s P(k(q7u)*)
« /(qﬂu)k ’an;l(((qﬂu)k - S)I/ka 6) wn3;1(31/k7 6) 1 d
s
0 na! ng! ((qPu)k — s)s

Lemma 9 We can find constants M; p > 0, j = 1,3, such that
(145)  |Cnyyns (us €)]

< [Myp + Ms p] (/01 : !

rdst )la” = 1(Co)2(Cro)™ ™ ful exp(Cuul)
1—s1) ks, *

holds for allw € U U {0}, € € D,, provided that the integers na,ng > 0 obey ng + n3z < n.
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Proof We first reshape the expression of Cy, ny(u,€) by using the parametrization s = uFsy,

0 < s1 < 1, in the first term of (144) and s = (¢°u)¥s1, 0 < 51 < 1 in the second. Indeed,

Cry.ns (U, €)
= b X /1 Wny; (u(l — s1)'/% e wnB;l(usi/k, €) 1 dsy — !
P(ku*) = Jo ns! ns! (1—s1)s1 P(k(qPu)F)
X /1 Wy (q7u(l — s1)'/* e wn3;1(q5usi/k, €) 1 ds
0 ’I’LQ! ng! (1 — 81)81 I

Furthermore, the identity ab—cd = (a —¢)b+¢(b—d) enables the above expression to be written
as a sum of differences

(146) Cn2,n3 (u’ 6) = C}LQ,TLg (u’ 6) + C’rQLQ,TLg (uv 6)
where
1 1
14 : = -
X /1 W (u(1 — 51)1/k7€) wm;l(us}/k,e) 1 ds
0 ng! n3! (1 — 81)81 !
and
(148) C2. (€)= — -+
el Bl

1/k 1/k
<[ / ' maluld - s)M*,6) wiga (41", 0)  wiga (@Pu(l = 50V, ©) waya (@Pusy’ 9
0 TIQ! 77,3! n2! n3!

1
—ds1|.
8 (1—s1)81 31}

We control the quantity C}L%ng (u, €). Namely, comparable computations as the ones performed

in the paragraph b) in the proof of Lemma 7 yield a constant My p > 0 with

1 1
149 - < l¢® — 1| M-
() Plka) ~ Pligruy| =1~ M

[
(I Judg o7

for all u € U U {0}, for the constant d, s = 1 if 8 > 0 and d, s = ¢° if B < 0. Besides, from the
bounds (116) in Proposition 5, we observe that

(150) |wnse1 (u, €)] < Co(Cr)"*na!ul exp(Cslul*) < Co(Cro)"na!|ul exp(Craful*)
along with
(151) |wWngi1 (u, €)] < Co(Cr)"*ng!|ul exp(Cslul*) < Co(Cro)™n3!|ul exp(Cralul*)

for all integers ng, ng > 0, provided that uw € & U {0} and € € D, under the condition that we
choose Cy > Cg, C1g > C7 and C1; > Cg. We deduce that the integral part of C} . (u,e) is

n2,n3
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bounded as follows.

1 ) e \1/k . 1/k
(152) ‘/0 wn2’1(u(1 81) ae)wng,l(usl ,6) 1

al
TZQ! n3! (1 —81)81 51

1

1
< (09)2(010)"2+"3|U\2/ exp (Cuiful*(1 = s1)) exp(Criful*s1) s
0 (1—s1) ks *

1

k
) 1_%d51> X [ul exp(Craful”)

1—s51) ks

1
< @PCrr ] (

for all u € Y U {0} and € € D,. As a result of (149) with (152) and by keeping on mind (6), we
reach a constant My p > 0 for which

(153) |CL . (u,€)

n2z,n3

1

1

<le’ ~ e (| sy ) (Co)2(Cr0) "l exp(Cr )
0 (1—s1)t7%s, *

provided that u € Y/ U {0} and € € Dy,.
The term C,an3 (u, €) is now framed. We need to further split this term as a sum of differences

using again the identity ab — cd = (a — ¢)b + ¢(b — d). Indeed,

2 2.1 2.2
(154) Cng,ng (U, 6) = Cng,ng (U, 6) + an,ng (’LL, 6)
where
(155) C2L (uwye)im —
st 9 Pl

k
X [/1 {w"%l(u(l - 51)1/k>6) - wn2;1(qﬁu(1 - 51)1/k76) wns;l(usi/ >6)} 1 ds
0 ng! 713! (1 — 81)81 !
and
(156) C22 (u,€) := __
st PP
k k
X [/1 {wm;l(qﬁu(l - 31)1/k7 €) wn3;1(usi/ €) — wn3;1(qﬁusi/ 76)} 1 ds }
0 n2! n3! (1 — 81)81 1
Since the integers ns,n3 > 0 are not larger than n, owing to the induction hypothesis, both
properties Di” and Di? are valid and displayed as
(157) (W1 (u, €) = wiy1 (47, €)] < |g” = 1|Co(Cro) " na!u] exp(Craful*)
in a row with
(158) |Wng:1 (1, €) = w1 (¢, €)] < g7 = 1|Co(Cro)"*nz! | exp(Craful*)

as long as u € Y U {0} and € € D,,. The bounds (157) together with (151) give rise to the next
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estimates for the integral piece of (155),

1/k
(159) ‘ /1 {wnz;l(u(l - Sl)l/ku 6) - wnz;l(qﬂu(l — Sl)l/k, 6) wn?,;l(USl/ ,6) } 1 ds ’
0 na! ns! (1 — 51)81 !

1
< / {14° — 1|Co(C10)™2[u|(1 — 51)"* exp (C|ul*(1 - 1)) x Cy(Cio)™ [ulsy’* exp(Cy1lul¥s)}
0

1
1
ds1 < 14 = 11(CoP(Cuoy™ ™l exp(Curlul) x ([ )
k

X 1
(1—s1)s 0 (1— ) kst

for all w € Y U {0} and € € D¢,. In a similar manner, the bounds (158) along with the first
inequality of (150) beget upper estimates for the integral piece of (156). Namely,

1 wm;l(qﬁu(l — 31)1/k, €) wm;l(us}/k, €) — wnS;l(qﬁus}/k, €) 1
(160) { } ds;
0 TLQ! n3! (1 — 81)81

1
< / Cs(C)"2|¢Pu|(1 — s1)Y* exp (C’glqﬁu!k(l —s1))
0

1
g = 11CH(Cro) uls)* exp(Crafultsn) sy
(1 — 81)81
1
1
< ?la® = 11(CoP(Cuol fuf? explCuul) < (| i)
k

0 (1—-s1)'"%s

for all w € U U {0} and € € D,,, under the additional assumption that Cz¢®* < Ci1, together
with Cg < Cy and C7 < Chp.

Besides, the assumption (6) and the condition given in Definition 2 1) imposed on the
unbounded sector U yields a constant Mp; g > 0 with

i

(161 Blr )]

< Mpp
for all u € U U {0}.

By stacking up the above bounds (159), (160) and (161), we deduce from the decomposition
(154) the next appropriate upper bounds for C2_ . (u,e),

n2,n3
(162) |C, s (u,€)] < lg” = 1[Mpas x [1+ ¢

n2,n3
1
1
([ ) (Co)(Cro)™ Pl exp(C)
1—1
0 (1)t

provided that u € Y U {0} and € € D,,.
At last, the combination of the two bounds (153) and (162) applied to the splitting (146)
triggers the awaited bounds (145). O

With the help of the above lemma 7, 8 and 9, we get from the recursion (114) with S first terms
(115) along with the identities (122) and (123) the next bounds

]wn+5;1 (u, 6) — Wn+S:1 <q5u7 6)‘
n!

(163)

S Ql (U, n, 6) + QQ(U) n, 6) + Q3(u7 n, 6)
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for
(164 Quume= 3 [d* 3 lam()
1=(lo,l1,l2,I3)€A;l0=0 ni1+ns=n
ng +
X [Ksup+ K plle” - 1|C9(Clo)"2+12(2n22)|“VeXp(C11IU\ )
and
At KM
(165) Qa(u,n,e) := Z |e| 2L 0W Z |ty (€)] X [L3io 1,2 + L1jg1p]
1=(lo,l1,l2,l3)EA;lo>1 0 ni+na=n
! 1
X !q5_1|09</ (1—51)**18? 3 d81> (Cho )erlQMW’eXp(Clﬂu‘ )
0 Sl_k ’rl2.
with

1

1
(166) Qs3(u,n,e€) := Z |dn, (€)| [M1,p + Ms,p] (/0 (

ni+n2+nzy=n

1 1—— dSl)
1—s1)7rs, *

x " = 1](C9)*(C10)"™*"u] exp(Cralul*)
provided that u € Y/ U {0} and € € Dy,.

Bearing in mind the assumptions (8), (13) and the bounds (49) from Lemma 4, we deduce
the accurate bounds

A _
(167) n!Qi(u,n,€) < > 60L< > CLnlaGOCIOnl)[K3yl17P+K1711,P]
1=(lo,l1,l2,l3)€A;l0=0 0<ni<n
n1€IL

% [q” —1|Cy(Cr0)"** (n + S)!ful exp(Cri|ul*)

together with

l
(168) n!Qa(u,n,e) < Z eOAL_lO s ( Z ClnieClo )

T(lo/k)
1=(lo,l1,l2,l3)€A;lo>1 0<ny<n
n1eIl

X [Lg loJ1,P + L1 10711773]

1
X |qﬂ1|09(/ (1f51) “lgh
0

dsl> (C10)" 5 (n + 9)!|u| exp(Chy|ul*)
31
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1

1-— 31)17%3

1
(169) n!Qs(u,n,e) < ( Y ldu () x [Mip+ Msp] (/0 :

for all w € Y U {0} and € € D.,. Eventually, based on the assumption (10), we reach
0<ni<n

ds )
1-1 1
1
ni1€ly

<l —1(Co)* x (Y (010)"2+"3n!)) lu| exp(Cra|ul*)

n2+ng=n—ni

g( Z dm(e)|[M1,p+M3,p}</01 ; 1 1 17%@{51)

0<ni<n —81)1_E81
’rL1EId

% [q” = 1](Co)*Cry ™ (n — 1 + )nlful exp(Cuaful*)

S( Z dm,GOC’l_O”l) X [M17p+M37P}</01 ; 1 1 1_%d51)

0<n1<n _81)1_551
n1€ly

% [q” = 1(Cy)*(Cr0)" ¥ (n + )![ul exp(Cra|ul*)

whenever v € Y U {0} and € € D,.
Now, we take for granted that the radius ¢y > 0 and the constants dj ., > 0 given in (10)
are suitably chosen near the origin in a manner that the next constraint

A .
(170) Z EO’< Z CL”LEOClQ 1> X [KB,I1,P + Kl,ll,P]
1=(lo,l1,l2,l3)€A;lo=0 0<ni<n
n1EIL
Aj—lo
+ Z - l/k ( Z CLn1.e0C10 )[L31107l17P+L1,l0,l1,p}
1=(lo,l1,l2,l3)€A;l0>1 0 O<né;n
ni A

! g g 1
X (1—s1)% "5 —rds1
0 s; *

. 1 1
+< Z dm,eoClO 1) X [MI,P+M3,P] X (/0 < : 17%6181)09 <1
1

0<ni<n - 81>1_E81
ni1€ly

holds. As a result, the gathering of the bounds (167), (168) and (169) under the contingency
(170) yields the next estimates

(171) |wns:1(u,€) = wnps1(q7u,€)] < |g” = 1|Co(C10)" ™ (n + S)!fu| exp(Ci1|ul*)

for all w € U U {0} and € € D,,. This means that the property .@’ ’5 is valid. Proposition 7
follows. O

7.3 Bounds for the difference of the sequences of Borel maps solving the
recursions (33), (34) and (114), (115)

This subsection is devoted to the explanation of the next proposition.

Proposition 8 Let D = {£€,T,U} be an admissible set of sectors as described in Definition 2
of Section 5. Let U be one sector belonging to the family of unbounded sectors U. Let q € (1, qo).
Provided that eg > 0 and the constants dy e, > 0 are taken small enough, we consider
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e the unique sequence of functions (wn.q(u, €))n>0 that fulfills the recursion (33) with S first
terms (34), built up in Proposition 8 and subjected to the bounds (61) on U U {0}.

e the unique sequence of functions (wn.1(u,€))n>0 which obeys the recursion (114) with S
initial terms (115), crafted in Proposition 5 and submitted to the bounds (116) on U U{0}.

Then, for eg > 0 and the constants dj, ¢, > 0 close enough to 0, there exist constants C2,C13 > 0
and C14 > 0 with

(172) [wWnig(u, €) = wnia (u, €)] < (g = 1)Cra(Ciz)"nl[u| exp (Crag™ " ul*)

for alluw e YU {0} and € € D, for the constant My > 0 defined in (14).

Proof We proceed again by means of the induction principle. We call D% the property (172)
for any prescribed integer n > 0.

We first observe that the feature D}?;l holds in a straight manner for 0 < n < .S — 1, since in
that case Wpq(u, €) = wn;1(u, €) = Py(u,€) for all u € Y U {0} and € € Dy,.

We set n > 0. We take for granted that the hypothesis Df;l holds true for all integers
h < n+ S for some constants C12,C13 > 0 and C14 > 0. In the remaining part of the proof, we

will prove that the property fo:s is then effective. It will follow from the induction principle,
that the property D% is true for all integers n > 0.

According to the recursions (33) and (114), we can express the difference wy1g.4(u,€) —
Wn45:1(u, €) in term of the lower indexed quantities wp,q(u,€) and wpy(u,€) with h < n 4+ 5.

Namely,

A (kuF)h
" P(kuF)

(173) wnJrS;q(uv 6) - wnJrS;l(uv 6) . Z ¢

n! N
1=(lo,l1,l2,l3)€A;l0=0

l3
w ) u, w 1 (u,
><( Z CLnl(f)[ n2+l2,q(q €)ql3kl1_M]>

na! 75!

ni+n2=n

Z eAL_ZU uk 7kll
k
1=(lo.l1 Il €Ailo > 1 P(ku¥) T(lo/k)
k

u l w. . lgsl/k’ € d
(X an [qlf’“l/ (ub — 5) 1 Wnatza(7s 7€) ds

+

|
n1-+na=n 0 no: S
k
[ g a0
0 na! s
k
uk k_ s)l/k,e) W, ;q(sl/k,e) 1

" Wnyig((u 3
* P(kuk) Z dn, (€) X [/0 : na! ns! (ub — s)sds

ni+n2+nz=n

_ / tnna( =~ P w1
0 na! ns! (uk —s)s 1

In the next lemma, bounds are provided for the front piece of (173),

(kuk)h [wm—&-lz;q(qlgw €) g3kl — Wy +1;1 (U 6)]

;q;1 o
(174) AT (4, €) = Pl . "

na,la
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Lemma 10 The next inequality

g —1. gk 1
qg—1 qg—1

n ng + lz)! "
X (¢ —1)C12(C13) 2+ZQ(2712!2)|“|6XP(Cl4q( FS)IM | kY

(175) ’,,4;:12”1[2(11,6)‘ < Kl,ll,P X [qlskh (ql3 +

holds for allw € UU{0} and € € D, for the constant Ky, p > 0 introduced in (127) of Lemma
7.

Proof Based on the identity ab—cd = (a—c¢)b+c(b—d), we reorganize the expression Af;lb (u,e€)
as a sum of differences

;1 (k“k)ll lskly [ Wna+la; (ql3U7€) — Wno+l ;1(% €)
(176) A7327l2(u €) = P o) X [qs 1(—reth e 2+l )

+ wn2+l2;1(u7 6) (ql3kll _ 1):| .

TIQ!

1) We deal with the first part of the righthandside of (176). In order to enable the use of the
induction hypothesis, an auxiliary term is inserted in the expression, namely

(177) |wnz+l2;q(ql3ua 6) - wn2+l2;1(uv €)|
= Wy t15:0 (0%, €) — Wiy 4151 (€%, €) + Wiy 4151 (63U, €) — Wiy 4151 (uy €)|

< |wn2+l2;q(ql3u) 6) - wn2+l2;1(qlgu7 6)‘ + ’wn2+12;1(ql3u7 6) - wn2+12;1(u7 €)|

a) Since ny + ly < n + .S owing to (13), by induction hypothesis, we acknowledge that the

property ngib holds. As a result, we reach

‘wn2+l2§q(ql3u> 6) - w’nz-‘rlg;l (ql3u7 6)’

< (¢ — 1)C12(C13)™ " (na + 12)!]q"u| exp (C1ag™> T2 |glsu|7)

for all w € Y U {0} and € € D,. Besides, the condition (14) with the assumption ¢ > 1 implies
that

(178) q(”2+l2)M1qlgk < q(n+S)M1

provided that ng < n for [ = (lp,l1,l2,l3) € A. As a result of these latter two inequalities, we
arrive at

(179) ’wn2+12;q(ql3ua 6) - wn2+l2;1(ql3ua 5)‘
< (g — 1)C12(C13)""2 (ng + 12)!g" [u| exp (Crag™ M1 [u]F)

whenever v € Y U {0} and € € D,.
b) Taking heed of the auxiliary bounds (121) for the special case f = I3 and n = ng + lo, we
know that

(180)  |Wigrin;1 (4, €) — Wngriy1 (us €)] < ¢ — 1|Co(Cr0)™ 2 (n2 + I2)!u| exp(Cia|ul¥)

for all w e Y U {0} and € € D,.
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Eventually, under the choice that Ci5 > Cy, C13 > C19 and C14 > C11, it follows from (177)
together with (179) and (180) that

(181) |wn2+lz;q(ql3uv 6) - wn2+l2;1(u7 6)|

I3 _ 1
< [¢®+ qq 1 (g — 1)C12(C13)"2+ 12 (ng + 1)!|u| exp (Crag™ M1 [u] )

for all w € Y U {0} and € € De,.

2) We address the second piece of (176). Bearing in mind the bounds (116) from Proposition 5,
we know that
[wn-+1z:1 (1, €)] < Co(Cr)" 72 (g + 12)!ul exp(Cslul*)

for all u € U U {0}, all € € D,. Under the choice C13 > Cg, C13 > C7 and Ci4 > Cg, we get
(182) [Wny 121 (u, €)] < C1a(C13)™ M2 (g + 12)!fu] exp(Crag™ M1 ul*)

provided that u € Y U {0} and € € Dy,.

At last, gathering the bounds (127) of Lemma 7, (181) and (182) spawns the awaited in-
equality (175). O

In the forthcoming lemma, bounds are exhibited for the piece

k uk I3 1/k
;1 __u I3kl k oy g, Wnytlyg(qPs™/7 €) ds
(183) B, (u€) == B lka) X [q3 1/0 (u” —s)*k st = -
k
e [ g 60 ]
0 n2! S
Lemma 11 The following inequality
I3 l3kly
a5 ki gy, 40— 10 ¢®" =1
(184) B, (0] < Lugyp > [ + =)+ T
Io)! ! ! 1
x (¢ — 1)012(013)n2+12w X ( (1—s)r st d81>
nao! 0 81_%
1

x |u| exp(Crag ™M1 ulF)

holds for all v € U U {0}, all € € De,, where Ly, p > 0 is the constant set up in (140) of
Lemma 8.

Proof Our favorite identity ab— cd = (a — ¢)b+ ¢(b — d) warrants B;fglb (u, €) to be expressed as
a sum of differences

uk Iskl o” k o 1y
X 3% u’ —8)k st
P(kuk) [q /0 ( )

X (w”2+l2;q(ql351/ka 6) — wn2+l2;1(51/k7 6) @
79! s

(185) B (u,e) =

na,l2

U . 1/k d
+ (/ (uk — 5)1?0_1511 wn2+1271('8 ’6) i) X (ql?)kll — 1)} .
0 na: S
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We parametrize the first and the second integral appearing in the latter expression of B;glb (u,€)
by means of s = uksy for 0 < s; < 1. This yields the next expression

lo+kly 1 L
186 B;Q§1 — u [ I3kl / 1— N1 1y
( ) n2’12 (u7 6) P(kuk) X q 0 ( Sl) k 81

1/k 1/k
% (wn2+l2;Q(qlgusl/ €)= wn2+l2;1(u‘91/ 76))@
ng! S1
1/k

1 ! ) / d
+ (/ (1—s1)%Lsh “’nz+l2,l(1"81 76>ﬂ) x (glekh — 1)]
0 n9g: S1

1) We handle the first part of the righthandside of (186). As in Lemma 10, we insert an auxiliary
term in order to apply the induction hypothesis. Indeed,

" el

k
k

1/k 1

(187) |wn2+l2;q(ql3usl/ ,€) _wnz—f—lz;l(usl/ )
1/k 1 1/k 1/k

= ’wanrlz;fI(qlsusl/ 76) - wﬂ2+12;1(q13u81/ ,6) + wn2+12;1(ql3usl/ 76) - wn2+12;1(usl/ 76)’

/

1/k 1 1/k 1/k
< ’wn2+l2;q(ql3usl/ J€) — wn2+l2;1(ql3usl 6|+ |w7I2+l2;1(ql3usl/ J€) — wn2+l2;1(usl/ 6l

a) Since no+1ls < n+S owing to (13), the induction hypothesis ensures that the property Df;ib
holds true. As a consequence, we reach

1/k 1/k
(W 12iq (s, €) = Wiy 1,1 (0 usy* €|
1/k
< (q— 1)C1a(C13)" 2 (n + 1)1 " usy " | exp(Craq "2 DM |l )

for u e YU {0}, 0 < 51 <1, € € D, and from the inequality (178) provided that ne < n and
that [ € A, we deduce

1/k 1/k
(188) [y 12:q(a" sy, €) = wny 1101 (4usy’" )|
k
< (g — 1)C1a2(C3)™ 2 (n2 + 1)l g usy”*| exp(Crag ™M1 |u]?)
whenever u €e U U {0}, 0 <51 <1, €€ D,.

b) Taking into account the auxiliary bounds (121) specialized for 8 = I3 and n = ns + l2, we
know that

. 1/k 1/k
(189) ’wn2+12;1(ql5usl/ 76) - wn2+lz;1(usl/ aﬁ)’
< [q" = 1|Cy(Ci0)™ 42 (ng + 1) [usy/*| exp(Cry|ul*)

forallu e Y U {0}, 0 <s; <1ande€ D.
According to the choice C'1o > Cg, C13 > Ci9 and Cy4 > C11 made above, the combination
of (187), (188) and (189) gives rise to

1/k 1/k
(190) ‘/1(1 — 51)%0—18!11 % (wn2+lz;q(q13u31/ ,€) —wn2+12;1(us1/ ’e))@
0 na! S1
natls (nQ + ZQ)'

!
< [q" + E] (¢ —1)C12(C1a)
q n2!

-1

1 lo 1
(0= s B el e ) exp(Cuag ™
51
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for all u € Y U {0} and € € D,.

2) We focus on the second part of the righthandside of (186). Keeping in mind the bounds (116)
from Proposition 5, we notice that

(191) [Wny 411 (51" €)] < Co(Cr)™2 7 (ng + 19)!usy | exp(Cs ul*)

for all w € YU {0}, 0 < 51 < 1 and € € D,,. Under the choice made overhead, Ci2 > Cg,
C13 > C7 and C4 > Cg, we obtain

F e d lo)!
(192) ‘/ (1= oq) Bt Lttt (U5 € 51‘ < Cra(Crgtt P22y

n2! TLQ!
1
X (/ (1—s1) 7l
0
for all u e Y U {0} and € € D,.

Eventually, the collection of the bounds (140) of Lemma 8, (190) and (192) begets the
expected inequality (184). O

d31> exp(C'Mq(’”S)M1 |u\k)
51

In the next lemma, bounds are displayed for the nonlinear term of (173),

k

ok g (W — )V, ) wnyg(s¥,6) 1
1 0 — no;q ) n3;q ) d
(193) G s (1) P(kuk) . [/0 na! ng! (uF — s)s ’

— /Uk wnz;l((uk - 5)1/k7 €) wna;l(sl/k¢ €) 1
0

na! ns! (uk —s)s

ds]
Lemma 12 The next inequality

(194) CEL, (u,€)] < Mpy[Cs + Cg) (g — 1)Cr2(C13)"2 " [u| exp(Crag ™M1 [u|F)

no,n3
holds for all w € U U {0}, € € D¢,, where the constant Mpy, > 0 appears in (75), C3 > 0 stems
from (61) and Cs > 0 springs from (116).

Proof The identity ab — cd = (a — ¢)b+ ¢(b — d) allows to express (193) as a sum of differences
'U,k
(195) cial (u,€) = Uik % [/ <wn2;q((uk — s)l/k,e) — wm;l((uk — S)I/k’e))
ng,nz \W P(kuk) ; -
k

wn:ﬂﬂ](sl/k’ﬁ) 1 ) ds—i—/u wnz;l((ulC _8)1/k76) X (wns;q(sl/kaf) — Wngs; 1( l/k 6))
§ 0

ns! (uk — s ng! ns!

X

1
S N
(uk — s)s °
The first and second integrals entailed in the expression (195) are parametrized through s = u¥s;

for 0 < s1 <1, leading to the next equality

1 U g (w1 — 51)Y* €) — wpy (u(l — s1)Y* )
a; R naiq ’ na; ;
(196) i "3(u’ ¢) P(kuk) % [/0 < na! )
1k oy

1/k
y wm;q(usl/ ,€) % 1 dsl—i—/l Why;1 (u(1 — 51)1/k75) % (wns;q(usl
77,3! (1 — 81)81 0 TLQ!

1/k
- wn3;1<usl/ 7€)>
TZ3!

1
—dsq|.
X (1 —s1)81 81}
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1) a) On the ground of the induction hypothesis Dﬁ;l for ng < n < n+ 5, we already notice

that
(197)  [wnyiq(u(l = 51)"7%, €) — w1 (u(1 — 51)/*, €)|
< (g — 1)Cha(Ci3)"na!ful (1 — 51)"/* exp(Crag™ ™ [ul*(1 = 51))

provided that u € Y U {0}, 0 < s; <1 and € € Dy,.
b) In view of the bounds (61), we observe that

1/k 1/k
(198)  [wnyg(usy’", )] < C3(Ca)"n!fulsy”™ exp(Csq™ M ul"s1)
1/k
SC’g(C’lg)n3n3!|u|sl/ exp(Craq™M|ulks1)
whenever u € U U {0}, 0 < s; <1 and € € D, assuming that C13 > Cy and C14 > Cs.
2) a) Based on the induction hypothesis D& for n3 < n < n+ S, we know that

(199)  |wngsq(usy’™,€) — wpga (usy’™, €)] < (g — 1)Cr2(Ciz)™nz![uls;* exp(Crag™* M ul*s:)

as long as u e YU {0}, 0 <51 <1 and € € De,.
b) By dint of the bounds (116), we see that

(200)  |wpyi1 (w(l — s1)Y% €)| < Co(C7)™2na!|ul(1 — 51)F exp (Cslul*(1 — 51))
< Co(C13)™2na!|ul (1 — 51)V* exp (Crag" M JulF(1 — s1))

holds for u € Y U{0}, 0 < s; <1 and € € D, provided that we choose Cy3 > C7, C14 > Cs.
Stacking up the latter bounds (197), (198), (199) and (200), we reach

(201) ‘ /01 (wnz;Q<u(1 — ), €) =y (u(l — s1)VE, 6))

n2!

1/k
% wns;q(us1/ ,€) 1

713! (1 — 81)81 dSI‘
< C3(q — 1)C12(C13)"> "3 u)?
1
RSV RV S (ntS)My |, k(1 _
X (/0 (1—s1)""s; s exp(C1aq lu|™ (1 81+81))d81>

together with

k k
) | / o (u(1 = 51)' ¥, 6) <wng;q<usi/ €)= Wiy (usy 9)
0 7%2! 723!
1
X ————ds;
(1 — S51)81

< Cs(q — 1)Cha(Cr3)™2 "3 uf?
1
RNV IRV S (n+S)M1 |, 1k _
X (/0 (1—s1)""s; =) exp(Claq lu|®(s1 + 1 51))d81>

for all u € Y U {0} and € € D,.
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At last, gathering (75), (201) and (202) gives rise to (194). O

Based on the above lemma 10, 11 and 12, we obtain from the recursion (173) the next bounds

wnJrS;q(u’ 6) - wnJrS;l(uv 6)

(203) n < Rl (’LL, n, 6) + R2(u7 n, 6) + R3(u7 n, 6)
where
(204) Ri(u,n,e) := 3 le| A x [ S Jegm (€)1 K1p
1=(lo,l1,l2,l3)€A;l0=0 ni1+n2=n
Lkl s, 4% =1, B -1
3Rl 3
x [q¢*" (g™ + 1 )+ .
n ng + l2)! n

x (¢ —1)C12(C13) QHQ(QnQ'Z)!u\ exp (Crag' +S)Ml\u!’“)}

along with
Aty K1
(205) Ra(u,n,e) = > le| 7t Tlo/k) [ Zﬁ |CLina (€)1 L1,tg,04,P
1=(lo,l1,l2,l3)€A;l0>1 ni+n2=n
ls _ 1 Iskly _ 1
Iakly ol | 4 q
x [q¢*" (g™ + 1 )+ .
Iy)! ! 1
x (q— 1)012(013)”2+12M X (/ (1-— sl)%*lsll . dsl)
na: 0 Sl_E
1
 Jul exp(Crag "+ u)]

and
(206) Rs(w,m,e):= > |dn,(€)|Mpy[C5+ Cé]

ni1+n2+nz=n

x (¢ = 1)Ch2(C13)"* " u] exp(Crag "+ ul")

provided that u € Y U {0} and € € Dy,.
According to (8), (13) and (49) from Lemma 4, we obtain the next bounds for the quantities
R1 and Ro. Namely,

A
(207) n!Ri(u,n,e€) < 3 EOL[ 3 lewm (1K1 p

1=(lo,l1,l2,l3)€A;l0=0 0<ni<n
nlEIL
13 _ 1 lgkll _ 1
Iskly ¢ I3 q q
X
[¢°" (¢ + 1 )+ i

x (q — 1)012(013)"_"1+S(n + S)u| exp (C’14q("‘~'S)J\/11 |u\k)}
<

(¢ — 1)C12(C13)" 5 (n + 9)!|u| exp (Crag™ M1 [u|F)
Iskly

ls _
A _ -1  q
o [ Z € ’ Z CtheoClSanl,h,P X [q13kll(ql3 + )+

]
q—1 qg—1
1=(lo,l1,l2,l3)€A;lo0=0  0<ni<n
anIL
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together with

A—ly kN
(208) n!Ra(u,n,e€) := E EOL OF(l ) X { E |ty (€)[ Lo 01, P
1=(lo1 l2.0s)€Ailo>1 0 0<n; <n
ni1€l;

I3 1 ql3kll -1

lskly 13, 4
< [q* (e + )+
1 . 1
X (q— 1)012(013)n_n1+5(n+ S x (/ (1-— sl)f_lsllﬁda) X |u|exp(014q(”+S)M1|u|k)
0 s Tk
1
< (¢ — 1)C12(C13)™ ™ (n + S)!fu exp(Craq"T51M1 | )
Al kN _
x [ Z 60L OF(lo/k:) x Z anLEoClSnlLLlo,ll,P
1=(lo,l1,l2,l3)€A;lo>1 0<n1<n
n1€Q
ls _ 1 Iskly _ 1 . 1
Iskly( ls , 4 q </ 121 d )}
X[q (q +q_1)+ q—l ]X 0( 81) s 1-1 S1

for all u e Y U {0} and € € D,.
Furthermore, owing to (10), we reach the next bounds for R3. Indeed,

(209) n!Rg(u, n, 6) < E ’dnl (6)‘Mp7k [Cg + Cﬁ] (q — 1)012
0<n1<n
n1€ly

x ( Z C?:J;‘)Jrnsn!) |u| eXp(Cl4q(n+S)M1|U|k)

n2+n3=n—ni

< Y 1dny ()IMp[Cs + Co] (g — 1)CiaCly ™ (n = nu + Dnl x fu] exp(Crag™ M1 [ul¥)

0<n1<n
ni1€ly
< (q— 1)C12(C13)" " (n + )l exp(Crag" ™M ul*) x (Y dpy g™ )Mpi[Cs + Co)
%agi;

as long as u € Y U {0} and € € D,.
At last, we take for granted that the radius ¢y > 0 and the constants dj_ ¢, > 0 given in (10)
are close enough to 0 in a way that the next condition

I3 I3kly
A —n Iskly g 40— 1 4 —1
(210) Z € Z ClnteoCra Ky p % [0 (¢ + | + 1
1=(lo,l1,l2,I3)€A;l0=0 0<ni<n
anIL
I
A—ly k _
+ Z € W X Z CLnteoCr3 Lo, P
1=(lp.l1 Ja l3) Ao >1 ’ i
ni1€l;

l3kly

—'1 1 lo 11 1
1= 1)t s ds )
q—1 ]X(/o( ) R o

1
+ () dnyyCis")Mpg[Cs + C) <1

0<n1<n
n1€ly

I3
q? -1, ¢
q—l)Jr

X [ql3k‘l1 (ql3 +
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holds.
As a consequence of the bounds (203), (207), (208) and (209) under the assumption (210),
the next estimates

(211)  |wntsiq(u, €) = wysia(u,€)] < (g — 1)C12(Cra)™ 5 (n 4 9)!|uf exp(Crag™ M ul¥)

holds for all w € 4 U {0} and ¢ € D,,. Hence, the property D;fjrls is granted. Proposition 8
ensues. O

7.4 Confluence for the Banach valued holomorphic solutions of the Cauchy
problem (16), (17) as ¢ — 1.

We establish the third and last main result of the work.

Theorem 3 Let D ={E,T,U} be an admissible set of sectors as chosen in Definition 2. Let U
be one sector belonging to the family of unbounded sectors U. Let £ be the one bounded sector
from the set £ that is related to U under the requirement of Definition 2 2). For ¢y > 0 and the
constants dp, ¢, > 0 introduced in (10) taken small enough, let q € (1, qo).

o We denote u(t, 2, €) the bounded holomorphic map € — wu.4(t, 2, €) from & into O(Dn)nzoiRl
built up in Theorem 1 which obeys (16), (17), for D, =T N D, jqna where Ry > 0 and
Ry > 0 are well chosen radius and A > 0 is given in (36).

o We consider the bounded holomorphic solution wu.i(t, z,€) to the limit Cauchy problem
(109), (110) on the domain (T N Dy ) x Dy, x & for well chosen radius Ro, Ry > 0,
constructed in Proposition 6.

Then, one can find a constant C' > 0 (independent of q € (1, qo]) such that

(212) sup ||uq(t, 2, €) — w1 (t, 2, €)
ec&

H(ﬁn)anRl <Ca-1)

for all g € (1, qo], where D,=Tn DRO/an’ for some radius Ry > 0, Ry > 0 that are properly
chosen and independent of q.
In particular, we observe that the solution u.4(t,z,€) to (16), (17) merges uniformly in € on
;5 f;)r the norm H'H(@n)nzo;fh (that rely on q) to the solution u.1(t, z,€) of (109), (110) as q tends
o1

Proof According to the expansions (85) and (111), we can express both expressions wu.q(t, 2, €)
and u,1 (¢, z, €) as formal power series in z with Laplace transforms as coefficients. Namely,

(213) q¢(t,2,€) Zunqte , wq(t, z,€) Zunlte

n>0 n>0
where

(214)  upyg(t,€) = k / du.

L. wn;q(u,e)exp( (et) )

e

u

Un;l(ta 6) = k/L wn;1(u, 6) exp ( — (—

et
Y
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along a halfline L, = [0, —i—oo)eﬁ“* C U U {0}, for a direction v € R (that might rely on € and
t) submitted to the condition

(215) cos (k(y — arg(et))) > 0

for some § > 0, provided that e € £ and t € T.
Owing to the bounds (172) reached in Proposition 8, for each n > 0 and fixed u = re¥V =17 €
Ly, t€T and € € £, we observe that

(216)  |wnig(u, €) — w1 (u, )| exp (— (%)k)|!%| < (g — 1)C12(Ci3)"nl exp (Crag™™1r¥)

X exp ( — (é)k cos (k:('y — arg(et))))
0
(el
In the next lemma some technical bounds are exhibited. Its statement and proof are similar to
those of Lemma 5.

< (¢ —1)Ci2(C13)"nlexp (Tk [Crag™™ —

Lemma 13 There exist two constants Ry > 0 and By > 0 (both independent of q) such that

(217) Crag™ — —Biy

(coltF =

provided that t € C subjected to [t| < Ro/q"™.

Proof A direct computation reveals that the inequality (217) is tantamount to

51/k/60
218 t| < .
( ) | ‘ — (Cl4an1 +B14)1/k
Bearing in mind the definition of A given in (36), for prescribed B14 > 0 (chosen independently
of ¢q), we introduce the constant Ry > 0 defined by
(6Y/* Jeq)q™> 5" /eq 5"/ /eq

219 Ro = mi = mi N
(219) 0= 20 (C14q™M1 + Byy)V/k w20 (Cra + Buag=mM)Vk — (Cig + Bua)

which turns out not to rely on ¢g. By construction, we observe that if |t| < Ry / ¢"®, then the
inequality (218) holds. O

As a result of (216) and (217), we obtain
Uygyp L n k
(220) [wniq(u, €) = wnia (u, )| exp (= (Z)") =] < (g = 1)Cr2(Cia)"nl exp(=Buar”)

provided that u = reV—17 € L, ecfandtc D,=TnN Dﬁo/an.
In conclusion, as a consequence of (220), we arrive at

N

Rn
(221)  uyg(t, 2,€) —un(t, 2, 6)llp,), o.iy = > sup fung(t, €) — una(t, 6)|7T}
- n>0 teDy :
400 . R
<> la- 1)012(013)%(/ exp(—Biar )dT)R?
n>0 0

1

+o0
<(q-— 1)Cl2k(/0 eXP<—B14rk)dr>ﬂ
—Ci3ly
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for all € € &, provided that Rl > 0 is chosen such that ClgRl < 1 and unrelated to ¢. This
achieves the expected bounds (212) for a constant C' > 0 independent of g. O
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