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Abstract
Verifying the correctness of a program using an interactive proof
assistant involves first defining in the proof assistant the seman-
tics of the involved programming language. Once mechanized, the
semantics serves as the basis for the whole proof development,
as it is referred to by all subsequent theorems. Traditionally, se-
mantic judgments are mechanized using recursive inductive predi-
cates, matching the pen-and-paper inference rules of operational
semantics. However, the shape of these judgments may make proof
engineering and maintenance tedious, requiring complex proof
automation frameworks. This problem is especially acute when
iterating during the language design period.

In this paper, we highlight a different style of writing and mecha-
nizing semantics that follows the CEK abstract machine. We explain
how exactly this style interacts better with basic proof automation
tactics than the traditional structural operational semantics (SOS)
style for the 𝜆-calculus. As such, we explicitly detail why this al-
ternative semantic style allows for scaling up more efficiently the
mechanized proof development, and hint at future improvements
based on the same principles. After detailing the inner workings of
the interactions between the semantic style and proof automation of
common theorems, we perform a case study for the medium-sized
Catala domain-specific programming language. All of our examples
and case studies are mechanized using the Rocq proof assistant
and our development is available as a supplementary material [21].

CCS Concepts
• Software and its engineering → Software verification; Se-
mantics; Context specific languages.

Keywords
verified compilation, operational semantics of programming lan-
guages

1 Introduction
Proof assistants have come a long way in the last twenty years,
to the point where software as complex as realistic compilers has
been proven correct [2, 3, 9, 13, 31]. A verified piece of software
consists of the software itself, which runs outside of the proof tool
(as any other software), together with a machine-checked proof
that the software is correct with respect to its specification. When
the software implements a program transformation (e.g., a compi-
lation pass), its specification expresses its semantic preservation
(and possibly other semantic properties), thus involving the formal
semantics of the underlying programming languages.

Semantic reasoning on realistic languages generates large proofs
and requires a proof tool. Automatic proof tools discharge logical

formulas to logic solvers (that may fail to prove the formulas), but
they are not very well adapted to proving the correctness of sophis-
ticated program transformations operating over realistic languages.
Indeed, to be able to reason about the semantics, it is necessary to
somehow deeply embed it inside the proof tool. Hence, proofs about
semantics require tricky reasoning. For this reason, proof assistants
(a.k.a. interactive proof tools) are rather used in these situations
where user interaction is still needed at each proof step to decide
on what to reason about. The price to pay is that proof assistants
require writing these elementary proof steps (called tactics), which
makes the proofs difficult to maintain over time as new features are
added or statements are reformulated. What is especially tricky is
defining and proving the semantic invariants that hold during the
proof of a given theorem, as this may necessitate inventing whole
new "phantom" data structures for the sole purpose of the proof.

Nearly all theorems in a mechanized development for verified
software will refer back to the semantics of the language, whether
one is building a verified compiler [2, 3, 9, 13, 31], a verified abstract
interpreter [27], or a verified bug-finder [16]. As such, the encoding
of the language semantics inside a proof assistant is a critical and
central software component of the mechanized development. From
a software engineering point of view, the design patterns and coding
style of the language semantics as a program in the proof assistant
heavily influence the rest of the mechanized development, as it is a
direct dependency to everything else.

Compared to other semantic styles (mainly denotational and
axiomatic), operational semantics defines precisely the low-level
execution of a program and is a de facto standard for mechanizing
semantic reasoning in a proof assistant [28, 44, 46]. For instance, the
correctness theorem of a program transformation (from a source to
a target program) states that any execution of one of the programs
is simulated by the execution of the other one, while ensuring some
invariants between execution states (which can be tricky to define
and mechanize). In compiler verification, because of optimizations,
bisimulations do not hold, and forward or backward simulations are
rather used to simulate one execution step by zero, one or several
execution steps, given an invariant between semantic states.

Such subtle proofs require a great deal of precision from the
operational semantics w.r.t. details like execution order. While cer-
tain styles of operational semantics such as big-step are easier to
manipulate inside a proof assistant, they may not always contain
all the information necessary for proofs involving complex features
(e.g., concurrency, weak memory models), forcing the proof engi-
neer to default to a more tedious small-step operational semantics.

The proof may require iterating between proof development and
theorem statement refactoring, in order to define new semantic
invariants and intermediate lemmas. Moreover, it may be useful
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to debug the semantics, which requires replaying the proof many
times over. There are other reasons why proofs need to be replayed
(and updated): firstly, programming languages evolve to satisfy
users’ needs, and secondly, new intermediate representations may
be added to refactor the proofs (and split them in smaller and more
maintainable pieces).

Furthermore, automating these proofs is not a simple task, as
the sequence of elementary proof steps is not straightforward; it
depends on the property to prove as well as a precise combination
of inductive and case-based reasonings. If the individual proof steps
are well understood, as they correspond to specific tactics (mainly
induction or case-based reasoning, inversions, or formula simplifi-
cation), there are a number of ways of combining them. This raises
the question of what we can do to improve proof engineering and
especially proof automation in mechanized developments involving
language semantics, which is the subject of this paper.

The main thesis of this paper is that using abstract machines de-
fined syntactically to model small-step operational semantics allows
for a simple but powerful proof automation, leveraging the unifica-
tion capabilities of the proof assistant. If this result has already been
hinted at multiple times in the literature and is part of the folklore
amongst the connoisseurs, we explain in depth and going back to
the basic mechanisms of proof automation why abstract machines
work better in mechanized developments. We believe this extensive
description of the phenomenon might guide future improvements
in proof automation leveraging clever encoding of semantics, and
bring more scientific method into the quest for scaling up mecha-
nized proofs.

1.1 Related Work
Before detailing our contributions, it is necessary to give some
context about abstract machines, semantics, and encoding choices
inside proof assistants in major mechanized developments over
time.

Abstract machines for describing operational semantics have
been the subject of extensive study since the inception of the 𝜆-
calculus and subsequent languages. Starting with Landin’s SECD
machine [32], many theoretical abstract machines have been pro-
posed, including Felleisen and Friedman’s CEK machine [23] and
Krivine’s machine [30] that model the different reduction strate-
gies. These machines then influenced the implementation of mod-
ern functional programming languages, for instance through the
CAM [18] and later the ZAM [34] from which the initial implemen-
tation of Caml was derived.

While being a popular foundation for language implementation,
we notice that abstract machines have not become the default style
for encoding language semantics inside proof assistants. Notably,
the famous Software Foundations manual [44] overwhelmingly
used to teach Rocq and language theory describes the small-step
operational semantics of the 𝜆-calculus using a recursive judgment
and substitution. Indeed, this style of semantics encoding, which
we will call structural operational semantics throughout this paper,
is the closest to the pen-and-paper presentation of small-step oper-
ational semantics, making it the best teaching vehicle. We suppose
that, because of its absence in standard teaching material, abstract

machine semantics have been neglected in mechanized proof devel-
opments presented in the literature. To substantiate this claim, we
will survey the semantic encoding choices of major works striving
to scale up mechanized program verification.

CakeML [31] is a verified compiler for a substantial subset of
Standard ML, large enough to bootstrap itself. The semantics of
the CakeML languages use mainly functional big-step style [42]
(i.e., functions are used instead of relations to define the semantic
rules), but interestingly an abstract machine (small step) semantics
in the style of CEK was used in earlier versions of the compiler
"for the type soundness proof" [42, p. 2]. In general, the use of big-
step semantics avoids the bookkeeping of structural operational
semantics and scales up better, but they are not adapted to define in
a natural way some semantic features such as unstructured control,
diverging and concurrent executions. More generally, "[a]s a rule-
of-thumb, the more complex the language’s features, or the more
semantically intricate the desired theorem, the more likely it is that
small-step semantics will be needed" [42, p. 1].

Another classic twist on the structural operational semantics
mechanization is the factorization of the recursive part of the judg-
ment inside a context, with an unique contextual rule. This twist
has been used for a long time [12], and is reused inside a recent
survey of mechanization inside Rocq of reduction strategies for
structural operational semantics [7]. This twist, as we will explain
later in the paper, does not avoid very manual proofs with inversion
lemmas and explicit lemma applications, following the style popu-
larized in [44]. It is not an issue as [7] implements a simple pure
𝜆-calculus, but the syntactic proof of type safety [57] is quadratic in
the number of constructors and scales poorly. This pitfall is pointed
out by [50] which proposes a fix, extended to non-deterministic
languages by [15], but the fix requires a clever re-stating of the
type safety theorem, which might be difficult to port to the proof
of other properties.

Another formally verified compiler for a functional language is
CertiCoq [3], a compiler for the specification language of Rocq.
Its intermediate languages use big-step semantics and avoid ab-
stract machines. To end our tour of verified compilers, we can also
consider Vélus [14], which proves the correctness of a large subset
of Lustre using CompCert. Vélus uses a mix of inductive and co-
inductive objects to express relations between streams of values.
Its main correctness proofs work by performing induction on an
object, inversion on other inductive hypotheses, and reconstructing
the proof in each case. Moreover, [14, Section 3.2] highlights the
difficulty of discovering the details required to mechanize a proof.
These details are typically found while writing the proof and often
require modifications to the theorem’s hypotheses and semantic
definitions.

Outside of verified compilers, domain-specific mechanized de-
velopments using language semantics also report difficulties for
scaling up their proofs. Benzaken et al. [6] prove the correctness
of a SQL to IMP scheduler by defining their semantics using big-
step semantics. Similar to Vélus, their proof is not automated and
requires keeping the language small to remain tractable. For exam-
ple, they avoid using if in one of their intermediate languages to
keep the number of inductive variants low, expressing it through
other constructs, though at the cost of increasing the length of the
generated code. Another key application of mechanized proofs for
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software verification is cryptography. The lines of work around
Fiat [20, 22] or the recent Noise* [26] rely on synthesis and meta-
programming inside the proof assistant to generate verified code
from a high-level specification. These techniques, like other recent
works [25], allow for a very high degree of proof automation, at
the expense of a large proof infrastructure that may be tedious to
maintain and expand.

Finally, we can also look at specification efforts for semantics of
large, real-world languages. Extensive work has been recently put
into formalizing WebAssembly, in Isabelle [55] and in Rocq [47].
Both mechanizations use small-step semantics, but, to Watt’s ad-
mission [56], "[B]ecause WebAssembly was deliberately designed
to be small, simple, and amenable to formalisation, mechanizing
the full semantics [...] is more easily achievable". On the JavaScript
side, JSCert [10] uses big-step semantics. The K framework [52]
has been extensively used to model several high-profile real-world
programming languages, but the framework is not a proof assistant
and does not allow for the mechanized proofs of meta-properties
involving the semantics. Overall, the related work presented above
tends to flee from mechanizing large small-step semantics to avoid
manual proofs that scale and repair poorly.

Nonetheless, it is sometimes impossible to avoid small-step se-
mantics because the proof relies on the execution order or details
missing from big-step semantics. Then, mechanized developments
tend to flock back to some kind of abstract machines to support
the scaling up, although some fail to mention their use of abstract
machines properly. For instance, Appel and Blazy [4] present a
small-step semantics using an abstract machine (which they name
"continuations") for the statements of the Cminor language of Comp-
Cert. They then define a sound separation logic for their imperative
language. They report that the use of this abstract machine "al-
low an uniform representation of statement execution", without
elaborating. It is worth noting that these "continuations" are first-
order syntactic data structures representing the control stack of
an abstract machine, distinct from the higher-order continuations
of continuation-passing style in denotational semantics. More re-
cently, syntactically encoded abstract machines were incorporated
in the Skeletal semantics framework [11]. They provide general
tooling for defining and manipulating operational semantics. Skele-
tal semantics were used on toy languages to derive interpreters
or static analyzers automatically from operational semantics. To
improve automation in skeletal semantics, Khayam and Schmitt
[29] define a purely functional meta-language that captures target
language features and introduces control stacks to derive abstract
machine semantics.

Additionally, Courant et al. [17] use abstract machine seman-
tics for the paper proof of the correctness of their code generator,
and claim that they could be "easily mechanized". Going beyond
semantics, using syntactic artefacts to efficiently encode judgments
in a proof assistant seems to have a broader application scope.
Li and Appel [35] encode program transformations in a similar
fashion, using MetaCoq [54] to enable proof sharing between dif-
ferent transformations. However, the correctness proof for their
transformations still requires significant work: they focus more on
extracting efficient implementations of transformations rather than
easing their mechanized proof development.

These hints from the literature pointed us to recognize that be-
hind these semantics using "continuations" (i.e., control stacks),
there is a revamp of abstract machines for the 𝜆-calculus, inside
proof assistants. Their syntactic features seem to help mechanized
proof scale up, and lower the barrier to using small-step semantics
in large developments. Why? Can we generalize this insight and
leverage it to obtain better proof automation for more theorems in-
volving semantics? We will answer these questions in the paper by
showing the fine-grained interactions between semantic encodings
and proof tactics, using first a call-by-value 𝜆-calculus with both a
structural operational semantics and a abstract machine semantics
following the CEK machine.

This subject arose for us during the development of a new ver-
ified compiler for the Catala domain-specific programming lan-
guage [39]. Catala is a language designed for situations where a
given set of laws or regulations has to be turned into computer
code for automatic enforcement. In practice, this situation con-
cerns mostly tax or social benefits computations. These strong
requirements make these sometimes-thousands-of-lines-of-code-
long programs [40] hard to write and maintain, as the source of
truth for their behavior is determined by legal interpretation per-
formed by government lawyers. Catala has a set of syntactic and
semantic features that facilitates the review of the program source
code by lawyers. First, Catala allows for literate programming, lo-
cally linking each snippet of computer code to the article of statutes
or regulations that specifies it. Second, Catala’s semantics is based
on default logic [33], a logic that matches how the law lays out its
instructions for how to compute things. Because tax- and social-
benefits-computing programs are critical for the smooth operation
of state apparatus, a high level of assurance is also required of the
Catala compiler that translates the source Catala code to target
programming languages such as C or Python.

1.2 Contributions
We defined a new intermediate representation 𝜆𝛿 for Catala, improv-
ing upon the original default calculus from [39], and mechanically
verified an alternative compilation scheme using an option monad
instead of try/catch exceptions. These efforts will thus be used as
an empirical evaluation of the proof engineering and automation
techniques discussed in this paper. While Catala is not as complex
as real-world general-purpose languages like C [36], it is based on
a simply typed 𝜆-calculus with classical extensions, enriched with a
default calculus involving default terms written as ⟨𝑡∗ | 𝑡 : - 𝑡⟩. For
instance, the simple default term ⟨𝑡ex1, 𝑡ex2 | 𝑡just : - 𝑡cons⟩ has two
exceptions 𝑡ex1 and 𝑡ex2, that defaults to a base case consequence
𝑡cons when the base case justification 𝑡just is true. This logical struc-
ture posits that exceptional cases should apply first, and only by
default the base case should apply. It fits very-well to define law
and regulations. Moreover, default terms have been evaluated em-
pirically as powerful enough to accurately formalize the entirety of
the real-world French housing benefits [38]. The use of small-step
for the Catala semantics helps to pin down precisely the execution
order and error semantics of the default term. While it may not
be completely necessary as the semantics could be simple enough
to be converted into big-step, the small-step semantics have been
useful during the design phase, when iterating over the semantics
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of the default term. While later works like [24, Section 4.1] and [5]
have proposed optimizations or simplifications for the semantics,
we will stick in this paper to the original small-step style of the
Catala semantics that also matches the compiler implementation.

Adding new features (incl. the default calculus) to Catala resulted
in the 𝜆𝛿 language, which exhibits the key characteristics where
abstract machine semantics shine for proof automation: syntactic
ambiguity arising when multiple reduction rules can apply to a
single language construct. Unless noted otherwise, all results pre-
sented in this paper have been mechanically verified using the
Rocq proof assistant. The complete development is available as
supplementary material. Specifically, we claim the following novel
contributions.

Semantics styles: We mechanize the proof of equivalence
between a structural operational semantics and a abstract
machine semantics equivalent to a CEKmachine for the call-
by-value 𝜆-calculus (prior mechanizations of the CEK ma-
chine exist [51], but we have not yet found a mechanization
of this equivalence proof with the structural operational
semantics).

Semantics and tactics: We explain the different interactions
between basic proof automation tactics and semantic judg-
ments, depending on the style of semantics.

Proof engineering: We rely heavily on state-of-the-art proof
automation techniques and present powerful but low-tech
meta-interpreters based on a couple of primitive tactics,
leveraging the proof assistant’s syntactic unification.

Application: We illustrate how our findings scale on the
proof of a novel compilation pass for the 𝜆𝛿 domain-specific
programming language of Catala.

This paper is organized as follows. First, Section 2 presents two
small-step semantics for a call-by-value 𝜆-calculus. Then, Section 3
details how both styles interact with the basic blocks of proof au-
tomation in a proof assistant. Finally, Section 4 illustrates how
abstract machine semantics allows for better scaling up of proofs
in mechanized developments. It introduces 𝜆𝛿 , a new mechanized
semantics for Catala’s core intermediate representation, the de-
fault calculus, as well as the proofs of various theorems around 𝜆𝛿 ,
including the correctness of a non-trivial compilation pass.

2 Mechanizing Small-step Semantics: Choose
Your Style

There are many ways to mechanize semantics inside a proof as-
sistant. Coupled with the criticality of the semantics as a central
proof component, the choice of semantic styles makes for a hard
decision for the proof engineer, as this choice will determine the
shape and details of all future proofs, as well as how easy they
will be to write, debug and repair. Admittedly, the syntax of terms
quite naturally maps to an inductive type inside the proof assistant,
without much room for user fantasy. But the semantic judgments
can be mechanized in different ways. Indeed, one can choose to
mechanize typing and reduction as total or partial functions over
terms, thus building an executable typer or interpreter [42]. But
this encoding differs quite significantly from semantics written on
paper, with standard inference rules.

As the semantics encoding is part of the trusted computing base
of the mechanized development, it is better for human review [37,
Section 1.2.1] if the encoding matches closely the pen-and-paper
rules. Also, since functions have to be proven total, encoding se-
mantics as functions quickly becomes cumbersome. Hence, the
recommended way [41, 44] to mechanize semantics is to define
them as inductive types, where each type constructor corresponds
to an inference rule, which ensures that the inductive reasoning
and the case analysis closely follow the pen-and-paper ones.

But even when encoding the semantic judgment inductively,
the user is still left with some degrees of freedom, like the choice
between small-step or big-step semantics. They are equivalent but
they will be expressed with very different rules, and mechanized
differently. As stated in the introduction, this paper will focus only
on small-step semantics. But additionally, there are several ways
of defining small-step semantics, depending on the way semantic
states are defined. This is precisely the point of this paper, and we
will show two such small-step semantics: first, structural operational
semantics, using recursive premises in the reduction judgment, and
second a abstract machine semantics, using syntactically-defined
abstract machines to encode the control stack that describe the
context in which we step.

This section presents both styles: the first one feels familiar as it
represents the most taught and presented style. On the contrary,
the second one can feel more artificial and verbose, while very
precise and exhaustive. Why bother with the second style? We
answer in Section 3, where we dive deep into the issues of proof
automation and proof repair, and compare the styles. This section
presents the two styles for a simply-typed 𝜆-calculus augmented
with conditionals that simplifies the more realistic language 𝜆𝛿 we
detail later in Section 4. A value is a Boolean value or a function
abstraction. A term is a variable 𝑥 , a value 𝑣 , a function application
𝑡 𝑡 or a conditional. Its (standard call-by-value) semantics is defined
by the judgments 𝑡 −→ 𝑡 ′ for traditional small-step semantics, and
𝑠 ⇝ 𝑠′ for abstract machine semantics (see Figure 1).

Values 𝑣 ::= true | false | 𝜆 𝑥. 𝑡
Terms 𝑠 ::= 𝑥 | 𝑣 | 𝑡 𝑡 | if 𝑡 then 𝑡 else 𝑡

2.1 Traditional Small-step Semantics
There are two kinds of rules defined in Figure 1a: contextual rules
(4), (5) and (6) have recursive premises, and computation rules (1), (3)
and (2). Rule (1) defines the semantics of function application ; the
substitution mechanism here is assumed to be capture-avoiding; in
practice our mechanized development uses de Bruijn variables and
autosubst [53]. While computation rules actually encapsulate the
core of the semantics, contextual rules encode the recursive nature
of the evaluation and its order. In pen-and-paper presentations,
it is common to define more compact semantics using reduction
contexts to factor out the contextual rules as shown in Figure 1b.
However, the actual effects of the context are more difficult to
parse. In mechanized semantics, the context 𝐶 is an inductive type
defining different contexts including a hole. Then, a function, named
the context application function, is defined to take a term and a
context, and return the new term corresponding to the context
where the hole has been replaced with the argument term. The
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𝛽-Reduction (1)
(𝜆 𝑥. 𝑡 ) 𝑣 −→ 𝑡 [𝑥 ↦→ 𝑣 ]

If-true (2)
if true then t1 else t2 −→ t1

If-false (3)
if false then t1 else t2 −→ t2

App-fun (4)
𝑡1 −→ 𝑡 ′1

𝑡1 𝑡2 −→ 𝑡 ′1 𝑡2

App-arg (5)
𝑡 −→ 𝑡 ′

𝑣 𝑡 −→ 𝑣 𝑡 ′

If-cond (6)
t −→ t′

if t then t1 else t2 −→ if t′ then t1 else t2

(a) Structural operational semantics

Reduction contexts
𝐶 ::= · 𝑡 | 𝑣 ·

| if · then 𝑡 else 𝑡

Context (7)
𝑡 −→ 𝑡 ′

𝐶 [𝑡 ] −→ 𝐶 [𝑡 ′ ]

(b) Context-based small-step semantics
S(𝑥,𝜅, 𝜎 ) ⇝ C(𝑣,𝜅 ) when 𝑥 ↦→ 𝑣 ∈ 𝜎 Compute-Var

S(true, 𝜅, 𝜎 ) ⇝ C(true, 𝜅 ) Compute-Val-True
S(false, 𝜅, 𝜎 ) ⇝ C(false, 𝜅 ) Compute-Val-False
S(𝜆 𝑥. t, 𝜅, 𝜎 ) ⇝ C([𝑥, t, 𝜎 ], 𝜅 ) Compute-Abs
S(t1 t2, 𝜅, 𝜎 ) ⇝ S(t1, app(t2, 𝜎 ) :: 𝜅, 𝜎 ) Focus-App

S (if t then t𝑎 else t𝑏 , 𝜅, 𝜎 ) ⇝ S(t, if(t𝑎, t𝑏 , 𝜎 ) :: 𝜅, 𝜎 ) Focus-If
C([𝑥, tcl, 𝜎cl ], app(t, 𝜎 ) :: 𝜅 ) ⇝ S(t, fun ( [𝑥, tcl, 𝜎cl ] ) :: 𝜅, 𝜎 ) Resume-App
C(𝑣, fun ( [𝑥, tcl, 𝜎cl ] ) :: 𝜅 ) ⇝ S(tcl, 𝜅, 𝑥 ↦→ 𝑣 :: 𝜎cl ) Resume-Beta
C(true, if(t𝑎, t𝑏 , 𝜎 ) :: 𝜅 ) ⇝ S(t𝑎, 𝜅, 𝜎 ) Compute-If-true
C(false, if(t𝑎, t𝑏 , 𝜎 ) :: 𝜅 ) ⇝ S(t𝑏 , 𝜅, 𝜎 ) Comp-If-false

(c) Abstract machine semantics

Figure 1: Three small-step semantics for a simply-typed 𝜆-calculus with conditionals

context reduction rule uses this function to state that if a term
reduces, then any context applied to this term also reduces.

Both semantics (with or without explicit context) share key char-
acteristics. First, their judgment is recursive. Second, this recur-
siveness concretely adds a (recursive) premise to rules (4), (5) and
(6). In the contextual version of the structural operational seman-
tics, the recursive premise only appears in rule (7). These recursive
premises heavily impact the manipulation of the rules during a
meta-theoretical proof. Indeed, suppose we want to know which
rules apply to a term 𝑡 to determine 𝑡 ′ such that 𝑡 −→ 𝑡 ′, which is a
very frequent proof-pattern.We case analyze each rule to determine
whether it can apply or not. The shape of 𝑡 allows us to discardmany
rules. However, suppose 𝑡 is if true then 𝑡2 else 𝑡3. Then, we can
narrow down eligible rules to If-true, but also the condition-related
contextual rule (If-cond or Context), which might apply because
we cannot rule out immediately that the premise true −→ 𝑡 ′ might
hold for some 𝑡 ′. Of course, we can further deduce that there is no
such 𝑡 ′, but this requires an extra proof step. Hence, the determina-
tion of which rule can be applied for 𝑡 requires more than a purely
syntactic analysis of 𝑡 ; it also requires a recursive examination of
which rules apply for its sub-terms.While this extra consideration is
not an issue for pen-and-paper proofs, it matters when automating
mechanized proofs. Of course, given suitable lemmas, these steps
can be shortened, but in turn these lemmas have to be maintained
over updates in the semantics, making the codebase heavier and
more tedious to evolve.

2.2 Abstract Machine Semantics
Operational semantics may rely on an abstract machine to model
the executions between semantic states. We defined our toy 𝜆-
calculus using substitution, with no need for such a machine, as its
semantic states are only defined from the syntax of terms. However,
operational semantics of realistic languages rely on environments,

e.g., to map variables to values. Pushing this idea further, the reduc-
tion judgment sometimes features complex semantic elements that
encode information about the state.

Our abstract machine semantics relies on a variant of the CEK
abstract machine [1, 23]. Its semantic states rely on a control stack
that tell the reduction where to resume when the current sub-
term is fully reduced. This makes the semantics less readable and
elegant than traditional small-step semantics, which are a more
human-readable and pleasant form of semantics, ideally suited to a
pen-and-paper presentation and reviewing. However, we will later
argue that it may not be the best way to mechanize semantics.

The judgment is 𝑠 ⇝ 𝑠′, where states 𝑠 and 𝑠′ augment the term
𝑡 being reduced with extra information about the state of its re-
duction in control stack 𝜅 , that represents the remaining steps that
need to be done once 𝑡 is reduced. We distinguish between eval-
uation states S(t, 𝜅, 𝜎) stepping from t, and return states C(𝑣, 𝜅)
when a step returns a value 𝑣 , namely Boolean values and closures.
Contrary to the structural operational semantics presented above,
we chose to avoid substitutions in our abstract machine seman-
tics and use environments instead. This may appear to bias the
comparison, as we could have chosen to base our abstract machine
semantics on the CK abstract machine that uses substitution. But
using syntactically-defined environments is more aligned with the
philosophy of this paper, and helps leverage the same proof automa-
tion techniques as the rest of the abstract machines in the semantics.
Furthermore, our mechanized development for abstract machine
semantics handles variables and environments natively, which we
compare to our structural operational semantics mechanized de-
velopment that uses autosubst to discharge substitution-related
lemmas, hence levelling the playing field between the two styles.

The environment 𝜎 maps variables to values. A control stack 𝜅
is a list of frames 𝑘 together with their environment 𝜎 . A frame 𝑘
remembers where a sub-term is being reduced in a larger term. So,
there are as many frames as reduction contexts, and 𝜎 is a mapping

Figure 1: Three small-step semantics for a simply-typed 𝜆-calculus with conditionals

context reduction rule uses this function to state that if a term
reduces, then any context applied to this term also reduces.
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contextual rule (If-cond or Context), which might apply because
we cannot rule out immediately that the premise true −→ 𝑡 ′ might
hold for some 𝑡 ′. Of course, we can further deduce that there is no
such 𝑡 ′, but this requires an extra proof step. Hence, the determina-
tion of which rule can be applied for 𝑡 requires more than a purely
syntactic analysis of 𝑡 ; it also requires a recursive examination of
which rules apply for its sub-terms.While this extra consideration is
not an issue for pen-and-paper proofs, it matters when automating
mechanized proofs. Of course, given suitable lemmas, these steps
can be shortened, but in turn these lemmas have to be maintained
over updates in the semantics, making the codebase heavier and
more tedious to evolve.

2.2 Abstract Machine Semantics
Operational semantics may rely on an abstract machine to model
the executions between semantic states. We defined our toy 𝜆-
calculus using substitution, with no need for such a machine, as its
semantic states are only defined from the syntax of terms. However,
operational semantics of realistic languages rely on environments,

e.g., to map variables to values. Pushing this idea further, the reduc-
tion judgment sometimes features complex semantic elements that
encode information about the state.

Our abstract machine semantics relies on a variant of the CEK
abstract machine [1, 23]. Its semantic states rely on a control stack
that tell the reduction where to resume when the current sub-
term is fully reduced. This makes the semantics less readable and
elegant than traditional small-step semantics, which are a more
human-readable and pleasant form of semantics, ideally suited to a
pen-and-paper presentation and reviewing. However, we will later
argue that it may not be the best way to mechanize semantics.

The judgment is 𝑠 ⇝ 𝑠′, where states 𝑠 and 𝑠′ augment the term
𝑡 being reduced with extra information about the state of its re-
duction in control stack 𝜅 , that represents the remaining steps that
need to be done once 𝑡 is reduced. We distinguish between eval-
uation states S(t, 𝜅, 𝜎) stepping from t, and return states C(𝑣, 𝜅)
when a step returns a value 𝑣 , namely Boolean values and closures.
Contrary to the structural operational semantics presented above,
we chose to avoid substitutions in our abstract machine seman-
tics and use environments instead. This may appear to bias the
comparison, as we could have chosen to base our abstract machine
semantics on the CK abstract machine that uses substitution. But
using syntactically-defined environments is more aligned with the
philosophy of this paper, and helps leverage the same proof automa-
tion techniques as the rest of the abstract machines in the semantics.
Furthermore, our mechanized development for abstract machine
semantics handles variables and environments natively, which we
compare to our structural operational semantics mechanized de-
velopment that uses autosubst to discharge substitution-related
lemmas, hence levelling the playing field between the two styles.

The environment 𝜎 maps variables to values. A control stack 𝜅
is a list of frames 𝑘 together with their environment 𝜎 . A frame 𝑘
remembers where a sub-term is being reduced in a larger term. So,
there are as many frames as reduction contexts, and 𝜎 is a mapping
from the variables in the sub-terms of 𝑘 . For instance, if(t1, t2, 𝜎)
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corresponds to if · then t1 else t2, then app(t, 𝜎) corresponds to
· 𝑡 , and fun ( [𝑥, t, 𝜎]) corresponds to (𝜆 𝑥. 𝑡) · .
Values 𝑣 ::= [𝑥, 𝑡, 𝜎] | true | false
Environment 𝜎 ::= 𝑥 ↦→ 𝑣, 𝜎 | ·
Control Stack 𝜅 ::= 𝑘∗

Frame 𝑘 ::= app(t, 𝜎) | fun ( [𝑥, t, 𝜎]) | if(t, t, 𝜎)
State 𝑠 ::= S(t, 𝜅, 𝜎) | C(𝑣, 𝜅)
There are three kinds of rules in our semantics, depending on

whether a rule computes a result (and steps to a C state), or focuses
on a sub-term (and steps from a S state to another S), or resumes a
computation from a result (and steps from a C state to a S state).
For instance, Focus-App focuses the step from 𝑡1 𝑡2 to 𝑡1, keeping 𝑡2
along with the current environment 𝜎 in the control stack 𝜅. The
value of 𝑡1 is a closure [𝑥, 𝑡cl, 𝜎cl], computed by Compute-Abs. Then,
the evaluation of 𝑡1 𝑡2 resumes by popping from the control stack,
and switching to the next frame corresponding to the reduction
of 𝑡2 along with the saved environment. When 𝑡2 evaluates to 𝑣 ,
then Resume-Beta performs the equivalent of the substitution by
updating the environment𝜎 with 𝑥 ↦→ 𝑣 and resumes the evaluation
of the function body. By switching alternatively between S and C
states, the rules carefully decompose the reduction steps in a very
predictable manner.

The rules (see Figure 1c) are easy to read, mainly as they do not
update 𝜎 ; they are not recursive and easy to mechanize inductively.
In the end, there are more rules (to focus on a sub-term or resume a
step). However, in the structural operational semantics, determining
which rule can be applied for a given term 𝑡 requires more than a
purely syntactic analysis of 𝑡 (which is enough here); it also requires
a recursive examination of which rules apply for some sub-terms
of 𝑡 . Thanks to control stack, this extra requirement disappears:
the syntactic shape of the initial state completely and uniquely
determines which rule to apply. In a nutshell, switching to control
stack adds new rules, but their structure is harmonized and more
regular, leading to a better proof automation.

3 Proof Ergonomics and Repair: Comparing
Styles

This section explains why the abstract machine semantics is easier
to mechanize than the structural operational semantics. Indeed,
the rules of the former do not have recursive premises stepping on
sub-terms, thanks to control stack. So, the behavior of common ele-
mentary proof-patterns (that are general enough not to be specific
to Rocq) becomes much simpler. In Rocq, it relies on tactics such
as constructor, aimed at proving a conclusion defined inductively
by applying one of its constructors (and in particular applying the
adequate semantic rule), and inversion aimed at exploiting un-
used hypotheses. Thus, abstract machine semantics enables us to
automate large parts of our proofs, as hinted in CompCert [8].

Before diving into the proof engineering comparison, we em-
phasize that all results presented in this section are backed by a
complete mechanization in Rocq comprising approximately 8,789
lines of code (4,635 lines of specifications and 4,154 lines of proofs).
Our formalization includes both semantic styles for the simply-
typed 𝜆-calculus with and without conditionals presented here
(1,277 lines for basic 𝜆-calculus and 2,317 lines for 𝜆-calculus with
conditionals), as well as the more realistic language 𝜆𝛿 detailed in

Section 4 (2,654 lines for the Catala implementation). The devel-
opment itself is available here [21], with detailed correspondences
between paper statements and mechanized proofs documented in
the accompanying CLAIMS.md file.

We gathered the insights presented in this section during the
development of the mechanized formalization; but rather than pre-
senting the formalization itself here, we preferred to take a step back
and look for the root causes of our claims about proof automation,
tactics behavior, and maintenance overhead.

3.1 The Effect of Semantic Style on Common
Proof Patterns

The absence of recursive premises in abstract machine semantics
improves proof automation in three different ways. First, it makes
hypotheses more precise, and avoids introducing inconsistent proof
goals when inverting a hypothesis, which structural operational se-
mantics inevitably does (see 3.1.1). Second, it prevents constructor
from introducing goals that turn out to be false further on in the
proof. This makes automation harder as we need to know which
rule leads into false proof goals (see 3.1.2). Third, it allows us to
switch the target of inductive reasoning away from recursive judg-
ments and towards the very simple list structure of the control
stack, for which we can reuse standard-generated induction princi-
ples as is (see 3.1.3). We illustrate relevant proof goals in Figure 2.
The proof goals are a simplified view of the Rocq interface when
conducting proofs using one of our semantics. Each proof goal
consists of one or more hypotheses at the top, and a conclusion at
the bottom separated by a line. The goal is to show the conclusion
from the hypotheses using tactics.

3.1.1 Inverting Judgments. Inverting judgments is a staple of se-
mantic proofs to infer required information, e.g., in Figure 2a, from
C(false, if(t𝑎, t𝑏 , 𝜎) :: 𝜅) ⇝ 𝑠′, we can deduce that 𝑠′ = S(t𝑏 , 𝜅, 𝜎).
The inversion tactic unifies a hypothesis with every construc-
tor of its type. But we could also have multiple constructors, and
inversion would generate a new proof goal for each unification,
which may trigger further inversions, as shown in Figure 2c when
inverting H1: this produces both cases true −→ t′ and t′ = t1. But
inverting a structural operational semantics hypothesis often gen-
erates irrelevant proof goals; in our previous examples, true −→ t′

is irrelevant because values cannot reduce.
When inversion is applied many times in a row, and since each

application can generate proof goals, this leads to an exponential
growth of the proof cases to analyze and makes the tactic practically
unusable in the context of automation. It should be possible to
modify the rules of a structural operational semantics to avoid this
issue by syntactically separating values from terms. However, this
is not satisfactory, as values are still terms, so we would need one
more inversion to realize that no rule can be applied.

A solution is to add a side condition that 𝑡1 should not be a value,
which can be syntactically checked. However, adding non-value
premises overloads the semantics in a inconvenient way, and does
not fix further proof automation problems. A better solution is to
rely on the distinction between evaluation and return states. Hence,
inversion does not introduce new incoherent proof goals. For
instance, inverting S(if true then t1 else t2, [], []) ⇝ 𝑠′, will
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H1 : C(false, if(t𝑎, t𝑏 , 𝜎 ) :: 𝜅 ) ⇝ 𝑠′

𝑃 (𝑠′ )

H1 : C(false, if(t𝑎, t𝑏 , 𝜎 ) :: 𝜅 ) ⇝ S(t𝑏 , [ ], 𝜎 )
𝑃 (S (t𝑏 , [ ], 𝜎 ) )

inversion H1

(a) Applying inversion on abstract machine semantics.
A single proof goal is generated.

H : 𝑃 (?𝑠′ )
S (if true then 𝑡1 else 𝑡2, [ ], [ ] ) ⇝ ?𝑠′

H : 𝑃 (?𝑠′ )
S (if true then 𝑡1 else 𝑡2, [ ], [ ] )
⇝ S(true, [if(𝑡1, 𝑡2, [ ] ) ], [ ] )

constructor

(b) Applying constructor on abstract machine se-
mantics. The tactic selects the expected Focus-If rule.

H1 : if true then 𝑡1 else 𝑡2 −→ 𝑡 ′

𝑃 (𝑡 ′ )

H1 : if true then 𝑡1 else 𝑡2 −→ if 𝑡 ′ then 𝑡1 else 𝑡2
H2 : true −→ 𝑡 ′

𝑃 (if 𝑡 ′ then 𝑡1 else 𝑡2 )

H1 : if true then 𝑡1 else 𝑡2 −→ 𝑡1

𝑃 (𝑡1 )

inversion H1

(c) Applying inversion on structural operational seman-
tics. Two proof goals are generated (separated by the dot-
ted line).

H1 : 𝑃 (?𝑡 )
if true then 𝑡1 else 𝑡2 −→ ?𝑡

H1 : 𝑃 (if ?𝑡 then 𝑡1 else 𝑡2 )
H2 : true −→ ?𝑡

if true then 𝑡1 else 𝑡2

−→ if ?𝑡 then 𝑡1 else 𝑡2

H1 : 𝑃 (𝑡1 )
if true then 𝑡1 else 𝑡2 −→ 𝑡1

apply If-Cond
apply If-True

(d) Applying constructor on structural operational semantics. It may
choose one of the two applicable rules If-Cond or If-True depending
on the order of the rules.

Figure 2: Proof goals of the behavior of the inversion and constructor tactics with both semantics.

only give 𝑠′ = S(true, [if(t1, t2, 𝜎)], []). This helps greatly when
scaling the proof to more complex constructs.

Such a unique result of an inversion is a meta-property of the
reduction judgment, which we check empirically by trying to invert
every possible instance, and assert that at most one unique proof
goal is generated. It could also be expressed as a MetaCoq [54]
statement and proved accordingly. We leave the illustration of this
MetaCoq case study as future work.

3.1.2 Introducing Judgments. A common pattern when trying to
prove that a step holds is to use constructor to choose the possible
(and hopefully single) semantic rule. We need to figure out its
outcome, which can be achieved using existential variables, noted ?t,
that represent unknown terms that need to be instantiated. So, we
generate a step to an existential variable ?t and apply constructor
to instantiate ?t when it finds a fitting rule. For instance, rule If-
true matches if true then t1 else t2 −→ ?t and ?t becomes t1.

Contrary to abstract machine semantics, using constructor on
a structural operational semantics may generate unprovable proof
goals. For example, in Figure 2d, when we use constructor on
if true then t1 else t2 −→ ?t, both If-cond and If-true may
be applied. The first one will generate ?t′ (and true −→ ?t′) and
instantiate ?t as if ?t′ then t1 else t2. The proof goal then becomes
if true then t1 else t2 −→ if ?t′ then t1 else t2. This goal
holds only if true −→ ?t′, which cannot happen. So, constructor
can pick from two matching rules but only one (If-true) allows
us to conclude the proof. More generally, the fix of adding non-
value premises to contextual rules leads to more instances of the
problem of picking the right match for constructor. There are two
workarounds but none is satisfactory. The first one is to reorder the

semantic rules, so that constructor will select the most precise
rule. Sadly, this approach is very brittle, as this hinders proof repair
[48]. The second workaround is to avoid using constructor and
apply manually the correct constructor, but this leads to long and
manual proofs.

In contrast, in abstract machine semantics, constructor almost
always either fails, or selects the only applicable rule, without in-
troducing unprovable goals, as for instance in Figure 2b. Still, some
rules have premises (e.g., to check whether a variable belongs to
𝜎). But, thanks to the control stack, they are not recursive for the
semantics, contrary to the contextual rules in structural operational
semantics. It thus becomes possible to automate their proofs. Fur-
thermore, we know that at most one rule is applicable without
considering the premises. Therefore, if a premise is unsolvable, the
step itself is unsolvable. So, constructor does not introduce any
unprovable goal. Overall, constructor becomes a very powerful
yet simple proof automation tool for abstract machine semantics.

3.1.3 Generating and Applying Induction Principles. The last ad-
vantage of abstract machine semantics is the improved handling
of induction principles, which is paramount in semantic reasoning.
Indeed, a machine state consists of the remainder of a command
and a control stack that describes the context in which it occurs,
namely the control flow that is required by the reasoning. So, it
becomes easier to reason inductively only on the structure of the
control stack, rather than on a mix of case analysis together with
rule induction on semantics.

First, let us describe inductive reasoning on structural opera-
tional semantics. When a step is recursive, one may need the induc-
tion hypothesis 𝐻𝑖𝑛𝑑 to concern the reduction of a deeper sub-term

Figure 2: Proof goals of the behavior of the inversion and constructor tactics with both semantics.

only give 𝑠′ = S(true, [if(t1, t2, 𝜎)], []). This helps greatly when
scaling the proof to more complex constructs.

Such a unique result of an inversion is a meta-property of the
reduction judgment, which we check empirically by trying to invert
every possible instance, and assert that at most one unique proof
goal is generated. It could also be expressed as a MetaCoq [54]
statement and proved accordingly. We leave the illustration of this
MetaCoq case study as future work.

3.1.2 Introducing Judgments. A common pattern when trying to
prove that a step holds is to use constructor to choose the possible
(and hopefully single) semantic rule. We need to figure out its
outcome, which can be achieved using existential variables, noted ?t,
that represent unknown terms that need to be instantiated. So, we
generate a step to an existential variable ?t and apply constructor
to instantiate ?t when it finds a fitting rule. For instance, rule If-
true matches if true then t1 else t2 −→ ?t and ?t becomes t1.

Contrary to abstract machine semantics, using constructor on
a structural operational semantics may generate unprovable proof
goals. For example, in Figure 2d, when we use constructor on
if true then t1 else t2 −→ ?t, both If-cond and If-true may
be applied. The first one will generate ?t′ (and true −→ ?t′) and
instantiate ?t as if ?t′ then t1 else t2. The proof goal then becomes
if true then t1 else t2 −→ if ?t′ then t1 else t2. This goal
holds only if true −→ ?t′, which cannot happen. So, constructor
can pick from two matching rules but only one (If-true) allows
us to conclude the proof. More generally, the fix of adding non-
value premises to contextual rules leads to more instances of the
problem of picking the right match for constructor. There are two
workarounds but none is satisfactory. The first one is to reorder the
semantic rules, so that constructor will select the most precise

rule. Sadly, this approach is very brittle, as this hinders proof repair
[48]. The second workaround is to avoid using constructor and
apply manually the correct constructor, but this leads to long and
manual proofs.

In contrast, in abstract machine semantics, constructor almost
always either fails, or selects the only applicable rule, without in-
troducing unprovable goals, as for instance in Figure 2b. Still, some
rules have premises (e.g., to check whether a variable belongs to
𝜎). But, thanks to the control stack, they are not recursive for the
semantics, contrary to the contextual rules in structural operational
semantics. It thus becomes possible to automate their proofs. Fur-
thermore, we know that at most one rule is applicable without
considering the premises. Therefore, if a premise is unsolvable, the
step itself is unsolvable. So, constructor does not introduce any
unprovable goal. Overall, constructor becomes a very powerful
yet simple proof automation tool for abstract machine semantics.

3.1.3 Generating and Applying Induction Principles. The last ad-
vantage of abstract machine semantics is the improved handling
of induction principles, which is paramount in semantic reasoning.
Indeed, a machine state consists of the remainder of a command
and a control stack that describes the context in which it occurs,
namely the control flow that is required by the reasoning. So, it
becomes easier to reason inductively only on the structure of the
control stack, rather than on a mix of case analysis together with
rule induction on semantics.

First, let us describe inductive reasoning on structural opera-
tional semantics. When a step is recursive, one may need the induc-
tion hypothesis 𝐻𝑖𝑛𝑑 to concern the reduction of a deeper sub-term
than the direct sub-terms. For instance, proving a predicate 𝑃 by in-
duction on (𝑡1 𝑡2) 𝑡3 −→ (𝑡 ′1 𝑡2) 𝑡3 may require 𝑃 to hold on 𝑡1 −→ 𝑡 ′1.
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Obtaining 𝐻𝑖𝑛𝑑 on deeper sub-terms is challenging because the au-
tomatically generated induction principle for −→ is shallow: it only
provides 𝐻𝑖𝑛𝑑 for direct sub-terms. Hence, it would merely state
that 𝑃 holds inductively for 𝑡1 𝑡2 −→ 𝑡 ′1 𝑡2. To address this issue,
we can either write a custom induction principle (which is error
prone) or do the induction on a well-founded measure (which may
be tricky to define).

In paper-and-pencil proofs, the induction is often performed on
the size of the judgment. Transposing this into proof assistants
requires reflection capabilities on the terms, which in turn requires
the proof to operate at a meta-level. Concretely, in Rocq, we would
have to define our judgments as Type instead of Prop since we
cannot write a function from Prop to nat. But working with Type
instead of Prop is not recommended since the standard library lem-
mas on Prop cannot be reused, leaving the proof engineer to reprove
all trivial results in the meta world. This increases the complexity
of the proof engineering effort, making it an undesirable strategy
to adopt. Performing induction on the size of terms is the most
common solution, as it only requires defining a decreasing measure
on terms. Such proofs generally start with performing induction on
the size of terms and use inversion on the induction hypothesis
featuring the semantic judgment. However, this adds an indirection
between the induction and the semantic judgment, increasing the
size of predicates and intermediate hypotheses. Moreover, it also
requires using inversion, and thus, issues related to inversion
may arise again. Finally, each application of the induction hypoth-
esis requires checking that the size is indeed smaller, which may
not always be the case. For instance, the 𝛽-Reduction rule might
increase the size of the terms, requiring the measure to take into
account the effects of yet-to-be-performed substitutions.

The other workaround is to write a custom induction principle,
but it requires a deep understanding of the proof before writing it,
and it is difficult to maintain [48] since it is the synchronized com-
bination of the induction principle and the induction predicate that
makes the proof go through. Since the induction principles are not
yet defined at this stage, they must be written manually, often re-
quiring low-level tactics or basic lemmas. As a result, any update of
the semantics will require tedious manual restating and reproving
of the induction principles. By contrast, abstract machine semantics
handles induction principles smoothly. Since the judgment is not
recursive, inductive reasoning boils down to case analysis. Interest-
ingly, we found that properties such as determinism, progress, and
even the correctness of a translation pass require no more than a
case analysis of the semantic judgment.

Nevertheless, a stronger truly recursive induction principle is
needed to prove some more complex theorems, as illustrated by the
proof of the semantic equivalence between −→ and⇝. We found
that using well-founded induction on the control stack is sufficient
in those cases, particularly due to the contextual reduction property
it admits (formalized in Lemma 3.2). Each implication is a theorem
proved by a standard simulation of one semantics by the other,
involving an invariant ≡ defining the matching between a seman-
tic state and a term. For instance, the state S(if true then t1
else t2, [], []) matches with the term if true then t1 else t2,
and the state C(true, [if(t1, t2, ·)]) with the term if true then t1
else t2. As there are more rules in the abstract machine semantics,
a step −→ may need to be simulated by several steps ⇝, hence

the multi-step execution ⇝+ and the 1-𝑛 simulation. To utilize the
well-founded induction hypothesis, the proof of Theorem 3.1 relies
on Lemma 3.2; it states that for each step⇝, there is a similar step,
but with an extended control stack 𝜅x to the current state 𝑠 (written
𝑠 ++𝜅x). For example, S(t, 𝜅, 𝜎) ++𝜅x is S(t, 𝜅 ++𝜅x, 𝜎). This allows
us to apply the induction hypothesis on the smaller control stack 𝜅
when proving properties about the extended stack 𝜅 ++ 𝜅x.

Theorem 3.1. Let 𝑠, 𝑡, 𝑡 ′ be states such that 𝑡 −→ 𝑡 ′ and 𝑠 ≡ 𝑡 .
Then, there exists 𝑠′ such that 𝑠 ⇝+ 𝑠′ and 𝑠′ ≡ 𝑡 ′.

Lemma 3.2. Let 𝑠1, 𝑠2 be states and 𝜅x a control stack. If 𝑠1 ⇝ 𝑠2,
then 𝑠1 ++ 𝜅x ⇝ 𝑠2 ++ 𝜅x.

It is not possible to generate such a compact lemma for −→, even
for two levels of reduction i.e., two frames in 𝜅x, as it would require
a number of distinct lemmas that is quadratic in the number of
contextual rules. One way to mitigate this is to add a context in
an unified contextual rule. We could then derive a similar lemma
but it would still suffer from previous issues related to inversion
and constructor. Lemma 3.2 is very useful in verified compilation
proofs as it allows for reusing local results into larger contexts, for
instance showing implications between different kinds of simula-
tion diagrams for the same semantics; hence its usefulness outside
the narrow scope of internal proofs for the abstract machine se-
mantics.

So, structural induction on the control stack is particularly con-
venient for handling complex steps as it allows to introduce inter-
mediary steps. Thanks to Lemma 3.2, we replace the control stack
with an empty one and apply the induction hypothesis, prove the
intermediary needed property, and go back to the control stack
inductive cases to generalize our result. While easy proofs can be
handled with straightforward case analysis like determinism and
progress, induction on the control stack scales remarkably well,
for instance for correctness proofs of compilation passes, indepen-
dently of the level of sub-term inspection required to complete the
proof.

3.2 Comparing Semantic Styles and Proof
Automation

This section shows that choosing a semantic style with good inter-
action towards the building blocks of the previous subsection allows
for easy, powerful proof automation. Furthermore, our techniques
are resilient to semantic changes, facilitating proof maintenance
and repair.

Most proofs involving semantics can be structured using the
following generic proof outline. The proof begins with an induc-
tion on one hypothesis. Then, an inversion on the remaining judg-
ments extracts the necessary information, and the proof proceeds
by case analysis. Each case requires applying appropriate tactics
and leveraging hand-crafted lemmas. This last phase is the most
time consuming and challenging. Hence, one way to mitigate the
complexity of the proof is to limit the number of cases where man-
ual intervention is needed, by automating away the handling of a
maximum number of cases.

Having a consistent proof outline during proof maintenance
greatly simplifies the process. A study on the activity of Rocq proof
engineers [49] shows that most of the maintenance time is spent
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updating definitions, followed by repairing the impacted proofs. By
keeping the proof outline unchanged during such changes, only
the specific affected cases need to be updated. This ensures that
proofs often do not need to be adjusted.

Although heavier automation techniques exist, they often re-
quire a deep understanding of the proof assistant’s inner work-
ings, which can make maintenance challenging [49]. Instead, we
focus on lightweight automation that operates effectively with a
well-suited semantic style. This approach works better with the ab-
stract machine semantics style, due to its efficient interaction with
constructor and inversion tactics. We now show how to lever-
age these benefits in two case studies, where we strive to simplify
proofs and reduce their complexity.

3.2.1 Determinism and Progress. Our first case study is the proof
that our semantics are deterministic: if t −→ t1 and t −→ t2, then
t1 = t2. Its proof is simpler in abstract machine semantics thanks to
its interaction with inversion. Indeed, the number of cases left to
handle manually afterwards differs, and in structural operational
semantics, it is quadratic in the number of judgments for each
language construct. In contrast, with abstract machine semanitcs,
the proof size is constant: basic automation solves all cases. In a
more complex setting, we believe that the remaining cases will
involve language features where determinism is actually difficult
to prove.

In Section 3.1.1, we explained that a partial fix to the problems
with the inversion is to add extra premises to the structural op-
erational semantics contextual reduction rules specifying that the
sub-terms are not values. This partial fix also improves complexity
of the determinism proof: the number of cases to handle manually
is linear, one for each contextual reduction.

Our second case study is the proof of progress; in structural
operational semantics it states that if term 𝑡 has type 𝜏 (written
⊢ 𝑡 : 𝜏), then either there exists 𝑡 ′ such that 𝑡 −→ 𝑡 ′, or 𝑡 is a
value. In abstract machine semantics, it states a similar property,
but it relies on the typing of states ⊢state 𝑠 : 𝜏 and control stack
⊢control 𝜅 : 𝜏1 ⇒ 𝜏2 (a trivial extension of term typing).

For structural operational semantics, we first perform induc-
tion on typing. Then, constructor handles cases where reduction
occurs, and syntactic checks identify values. After basic automa-
tion, several cases remain, which are inverted and solved using
constructor or manually (for a few of them). The number of cases
scales linearly with the number of constructors, but the proof is
brittle: changes to the order of constructors or a missing case anal-
ysis can break the proof automation, leading to expensive manual
intervention.

For abstract machine semantics, we start by a case analysis on
states. ForS(t, 𝜅, 𝜎), we further perform case analysis on t to handle
the different constructors. For C(𝑣, 𝜅), we examine the shapes of 𝑣
and the top control unit in 𝜅 . We then invert the typing judgments,
which does not introduce inconsistent goals thanks to the abstract
machine semantics. Most of the proof cases left are solved using
basic automation, except for a case corresponding to the handling
of variables that requires a little extra effort. Overall, the proof
is a lot simpler in abstract machine semantics. Moreover, if we
forget to perform case analysis (e.g., on an if condition), additional
goals are added without introducing inconsistencies contrary to

the structural operational semantics proof, as the application of
the constructor tactic will fail instead of choosing the wrong
constructor to instantiate. Hence, using abstract machine semantics
is more robust with respect to proof maintenance and repair.

So, maintaining typing definitions and theorems requires effort
linear to the number of language constructs. However, abstract
machine semantics is more robust: while structural operational
semantics can break easily with changes to the order of construc-
tors or missing inductions, abstract machine semantics manages
changes better through its handling of control units, supported
by custom tactics. This makes these semantics more resilient and
easier to maintain when proving progress.

3.2.2 Correctness of a Peep-hole Optimization. Our third case study
is the correctness of an optimization (denoted J·K) that is trickier
to prove, as illustrated by several attempts to conduct the proof
while reusing already solved sub-proofs. It simplifies nested if
commands:

Jif (if 𝑏 then false else true) then 𝑡then else 𝑡elseK =
if 𝑏 then 𝑡else else 𝑡then

We first try to prove the semantics preservation of this optimiza-
tion pass with a standard 1-1 simulation diagram, but relying on an
invariant ∼ of our own. The proof reveals that this simulation does
not always hold (multiple steps are needed to reduce the original
nested if vs. one step after the optimization), so we generalize the
diagram into this 1-𝑛 simulation (if 𝑡1 −→ 𝑡2 and 𝑡1 ∼ J𝑡1K, then
there exists J𝑡2K such that 𝑡2 ∼ J𝑡2K and J𝑡1K −→∗ J𝑡2K) and make
progress in our proof while reusing some proofs from the previous
attempt. However, this diagram still does not hold, because the
optimization only applies to nested if patterns from the initial
program (𝑡1), and not to nested if patterns introduced by reduction
steps during evaluation (𝑡2).

Our final solution is to generalize the invariant together with
the simulation, leading to trying to prove the following and final
simulation diagram: if 𝑡1 −→ 𝑡2 and 𝑡1 ∼ 𝑡 ′1, then there exists 𝑡3
and 𝑡 ′3 such that 𝑡3 ∼ 𝑡 ′3, 𝑡2 −→∗ 𝑡3 and 𝑡 ′1 −→∗ 𝑡 ′3. This diagram
is iteratively discovered through careful examination of all cases,
which may add new cases in the invariant. Efficiency is achieved
when existing proofs are reused and straightforward cases are
automated, enabling complex scenarios to be given proper attention.
The ease with which these proofs are constructed is significantly
impacted by the semantics.

The proof of this simulation with structural operational seman-
tics can be done with two alternative strategies. First, an induction
on ∼ gives very good induction hypotheses, both strong and precise,
but this is because we hand-crafted ∼with the relevant information
for the proof. Overall, this proof strategy is sound and straightfor-
ward, although each of the cases still needs to be manually solved,
and the issues raised in Section 3.1 still apply. However, this strategy
only works if you have cracked the correct ∼ beforehand, and there-
fore is not advised when starting a verified compilation endeavor.
Furthermore, it is impractical for realistic applications because ∼ is
not always an inductive predicate.

The second strategy is to start by an induction on −→. It is stan-
dard but cumbersome, as it also involves the previous issues of the
structural operational semantics. Indeed, the induction principle
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only gives the induction hypothesis for sub-reductions of depth
one, while the rule Trans-If manipulates sub-reductions of depth
two. Still, it is possible to make the proof work in this setting, but
it requires clever thinking. Indeed, the proof case showing a sub-
reduction of depth two involves the optimised nested if pattern;
we need to know how the nested if 𝑏 then false else true re-
duces to make progress in the proof. Fortunately here, we do not
need the full power of the recursive hypothesis to know how this
expression reduces (either to true, or to false, or 𝑏 takes a step
inside); it thus suffices to state and prove the right lemma about
this sub-reduction to complete the proof. Hence, using this proof
strategy requires deep analysis of the problem at hand and is not
solvable with a systematic methodology. Alternatively, one could
define a specialized induction principle of depth two for the reduc-
tion. However, defining a new induction principle for the needs of
each proof does not scale. It is precisely these proof engineering
inefficiencies that the use of abstract machine semantics addresses.

Abstract machine semantics enables a more systematic yet flexi-
ble proof strategy to show the simulation diagram by performing a
well-founded induction on the control stack. This generalizes both
previous approaches, offering significant advantages over induc-
tion on the semantics (the induction hypothesis is not limited to
sub-reductions of depth one), while maintaining more flexibility
than invariant-based induction (you do not have to have cracked
the correct ∼ before starting the proof).

To go on with the proof in abstract machine semantics, we must
first adapt the invariant ∼ from terms to semantic states, as we did
for typing proofs. Then, we start the proof with a well-founded
induction on the control stack, and invert both the invariant and
the semantics. Applying this strategy leads to a quadratic number
of cases: we must consider each possible rule combined with each
possible invariant. Moreover, the semantics picks frames from the
top of the control stack while the invariant picks frames from the
bottom of the stack, which makes reconciliation difficult in each
proof case. But this difficulty can be dealt with systematically with
the following lemma about reduction refining the progress theorem:

Lemma 3.3. Suppose that 𝑠1 ++ 𝜅 ⇝ 𝑠2 and 𝑠1 is well-typed. Then
either there is some 𝑣 such that 𝑠1 = C(𝑣, []), or there is some 𝑠3 such
that 𝑠1 ⇝ 𝑠3 and 𝑠2 = 𝑠3 ++ 𝜅.

With this lemma, the effects of the reduction can be propagated
through the control stack stack, helping the reconciliation with the
invariant on each proof case.

Then, we can automate most of the reasoning steps of this proof
for all the quadratic cases, with a tactic that pattern matches on
the current goal to select the right hypothesis or lemma to apply.
Finally, we leverage constructor to automatically apply reduction
steps when needed. By combining the use of abstract machine
semantics as well as a pattern-matching-based proof automation
by tactic, we claim that our proof methodology is robust to changes
in the simulation diagram, semantics or invariants, as most of the
proof cases are automated, and the manual cases left to solve do not
need to come up with clever lemmas like in structural operational
semantics.

4 Scaling Up Proof Automation: Application to
Catala and 𝜆𝛿

This section shows how the proof engineering differences between
semantic styles shown so far scale up with Catala [39], a more
realistic language targeted for industrial usage inside government
agencies, for computer programs in charge of estimating the amount
of taxes and social benefits. These programs have to follow a legal
specification, and Catala has special semantic features to account
for the peculiar logical structure of the law. Here, the context and
details of the Catala compilation chain are irrelevant, as we focus
on the core intermediate representation 𝜆𝛿 of Catala and its default
calculus.

4.1 The Intermediate Representation 𝜆𝛿

The syntax of our novel mechanization 𝜆𝛿 of Catala’s default cal-
culus is presented in Figure 3. It is a standard 𝜆-calculus, enriched
with a default term. For instance, let 𝑥,𝑦 : bool be two variables and
consider default terms 𝑎 = ⟨ | 𝑥 : - ⟨1⟩⟩, 𝑏 = ⟨ | 𝑦 : - ⟨2⟩⟩ and 𝑐 =

⟨𝑎, 𝑏 | true : - ⟨0⟩⟩. 𝑎 and 𝑏 do not have any exceptions (left of " | "),
hence they behave as conditionals on 𝑥 and 𝑦: if 𝑥 is true, then
𝑎 = ⟨1⟩, otherwise 𝑎 = ∅ (nothing applies), and likewise for 𝑏. Note
that the consequence of a default term must have a default type
⟨integer⟩, while 1 has type integer. Transforming 1 into a pure
default term ⟨1⟩ solves this problem. However, 𝑐 is a default term
with two exceptions, 𝑎 and 𝑏. If one of the exceptions applies (for
instance, 𝑎 ≠ ∅), then it is returned (and 𝑐 = 𝑎). If none apply, then
𝑐 = ⟨0⟩ because the justification of the default term (left of " : - ")
is true. If 𝑎 and 𝑏 apply (𝑥 = 𝑦 = true), then there is a conflict of
exceptions and the computation crashes, returning 𝑐 = ⊛.

In practice and in the Catala computer code, 𝑎, 𝑏 and 𝑐 are partial
definitions of the value of a legal variable, that are activated by a
boolean justification and related to each other by exceptional and
base case relationships.

A traditional small-step semantics was presented previously
for the default calculus in [39]. Its judgment is 𝑡1 −→ 𝑡2. For 𝜆𝛿 ,
we modified the semantics in the three following ways (see the
detailed rules in the Rocq development). Firstly, we extend the
semantics with classic rules for integer values, arithmetic opera-
tors, optional constructors and pattern matching, and a fold opera-
tor. Secondly, we changed the computation of defaults. Consider
𝑑 = ⟨∅, 𝑡2 | 𝑡just : - 𝑡cons⟩, where the first exception evaluates to
∅. In the original semantics, when 𝑡2 −→ 𝑡 ′2, then 𝑑 reduces to
⟨∅, 𝑡 ′2 | 𝑡just : - 𝑡cons⟩. Note that ∅ exceptions are kept while eval-
uating the subsequent ones. These extra ∅ were an unpleasant
source of bookkeeping for little semantic added value, since they
do not influence the final value. Hence, we decided to tweak the
default evaluation which leads to 𝑑 reducing to ⟨𝑡2 | 𝑡just : - 𝑡cons⟩.
Third, we added a crash_if_empty t operator that aborts if the
given term is ∅ and is the identity otherwise, transforming type
⟨𝑡⟩ into 𝑡 . The last modification concerns the typing of defaults and
the introduction of a pure default term, that better tracks through
typing the program points where ∅ might appear and propagate.
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Types 𝜏 ::= bool | integer | unit atomic types
| 𝜏 → 𝜏 | option 𝜏 function and option type
| ⟨𝜏 ⟩ default type

Values 𝑣 ::= ⟨𝑣⟩ pure default
| 𝑛 ∈ N | true | false integers and booleans
| None | Some 𝑣 option

Term 𝑡 ::= 𝑥 | 𝑣 variable, value
| 𝑡 op 𝑡 | fold 𝑡 𝑡∗ 𝑡 binary operator, fold
| 𝜆 𝑥. 𝑡 | 𝑡 𝑡 𝜆-calculus
| match 𝑡 with | None→ 𝑡 | Some 𝑥 → 𝑡 match
| None | Some 𝑡 option constructors
| 𝑑 default term

Default 𝑑 ::= ⟨𝑡∗ | 𝑡 : - 𝑡 ⟩ default term
| ⟨𝑡 ⟩ pure default term
| crash_if_empty 𝑡 crash if empty
| ⊛ | ∅ conflict and empty error term

Figure 3: Syntax of 𝜆𝛿 (𝑡∗ denotes a list of terms).

J∅K := None J⊛K := ⊛ J⟨𝑡 ⟩K := Some J𝑡K
Jcrash_if_empty 𝑡K := match J𝑡K with | None→ ⊛ | Some 𝑣 → 𝑣

J⟨𝑡1,𝑡2, . . . ,𝑡𝑛 | 𝑡 𝑗 : - 𝑡𝑐 ⟩K := let merge_option a b = match 𝑎,𝑏 with
| Some _, Some _→ ⊛
| None, Some 𝑣 | Some 𝑣, None → Some 𝑣 | None, None → None

in match fold merge_option [ J𝑡1K , J𝑡2K , . . . , J𝑡𝑛K ] None with
| None → if J𝑡 𝑗 K then J𝑡𝑐K else None | Some 𝑣 → Some 𝑣

Figure 4: Selected compilation rules for eliminating the default term by using option-typed terms. For the sake of clarity, we
use let . . . in . In our mechanized development, the let . . . in are inlined as abstractions and application.

4.2 Proof Engineering with 𝜆𝛿

We proved the classic meta-theoretical results about 𝜆𝛿 , in both
styles: determinism, progress, preservation. We also proved a bi-
directional result about the equivalence of the reduction judgments
between both semantics. Additionally, we proved in both styles the
correctness of a non-trivial compilation pass on 𝜆𝛿 , an optimization
to eliminate default terms in favor of matching option-typed terms
where the None case represents the ∅ value.

This non-trivial compilation pass is illustrated in Figure 4. The
translation is straightforward for basic cases: the empty term ∅
becomes None, the conflict value ⊛ remains ⊛, and wrapped terms
⟨𝑡⟩ translate to Some J𝑡K. The crash_if_empty 𝑡 operator compiles
to a pattern match that returns ⊛ when J𝑡K reduces to None and
preserves the value 𝑣 when J𝑡K reduces to Some 𝑣 . The most complex
translation handles default terms ⟨𝑡1, 𝑡2, . . . , 𝑡𝑛 | 𝑡 𝑗 : - 𝑡𝑐 ⟩, which use
a fold operation and a merge_option function to combine multiple
option values into one, returning ⊛ when two Some _ are found. If
no exceptions are found, the justification 𝑡 𝑗 conditionally returns
the conclusion 𝑡𝑐 ; otherwise the selected exception is returned. This
compilation pass systematically transforms ⟨𝜏⟩ types into option 𝜏
types, preserving the original typing structure while making the
handling of potentially absent values explicit through standard
option type operations. This improves the older compilation scheme
of [39] that used try/catch exceptions in the target language.

As 𝜆𝛿 is a realistic language, the number of proof cases be-
comes significant. To manage proofs, we developed automated
proof scripts that handle most cases. For each of the main proofs,
an automation script is co-developed in Ltac [19], Rocq’s tactic
language. This script is continually updated with the following
methodology: if the current version of our automated script fails

on some individual case, we can check this case, determine which
hypothesis or lemma is missing to solve the goal automatically,
and add it to our proof script. To illustrate this methodology, let
us revisit the different parts of a proof with a proof engineering
eye. For instance, for the proof of equivalence (Theorem 3.1 page
8), the induction of 𝑡 −→ 𝑡 ′ followed by the inversion on 𝑠 ≡ 𝑡

results in approximately 2760 cases. To handle this bulk of cases,
we use proof automation techniques like hypothesis saturation [45]
to apply induction principles as well as inversion lemmas. This
eliminates most of the inconsistent goals, reducing the number of
cases to 344. An example of such an inconsistent goal in this proof
would be to try proving that the term reconstructed from state
S(𝑡1, 𝜅 ++ [if(𝑡then, 𝑡else, 𝜎2)], 𝜎) is of the shape 𝜆 𝑥. 𝑡 ′: because
the frame at the bottom of the control stack is if(𝑡then, 𝑡else, 𝜎2),
the reconstruction of the term from the state above necessarily
results in a top-level conditional term, and not a 𝜆-term. Our tactics
detect such discrepancies and discard these inconsistent goals by
contradiction.

From the remaining consistent goals, we step automatically to
the remaining cases. This is where we take the most advantage of
the automation-friendliness of abstract machine semantics. Indeed,
a lot of the goals to solve look like ∃𝑠′, 𝑠 ⇝∗ 𝑠′ ∧ 𝑃 (𝑠′), where 𝑃 is
a predicate we want to prove and 𝑠 a starting state. The proof then
consists in figuring out how 𝑠 reduces to be able to prove 𝑃 on one of
the products of its reduction. This proof pattern requires the ability
to reduce the terms inside the proof goal. If our reduction judgment
was encoded in Rocq like a function, we could apply it and try
to simplify the resulting term, but remember that our judgments
are encoded as inductive types. So we need a way to "apply" the
inductive type in our proof goal; which in our setting is as simple
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as the Ltac tactic solve[constructor; eauto]. The tactic starts by
performing one reduction step in the proof goal, transposing to a
meta level what an executable interpreter would do on a term. We
can then chain reduction steps in the proof goal with the transi-
tivity lemma for reduction to get full meta-interpretation. This is
why we call this kind of tactic a meta-interpreter. We improve this
automation with the ability to perform steps or full interpretations
when we only have partial but sufficient information in our hy-
potheses. Indeed, a lot of the proofs follow this pattern. Moreover,
we can run such a meta-interpreter deep inside our terms and under
quantifiers to avoid introducing extra existential variables before
goal simplification.

Overall, we use dozens of these meta-interpreters, each fitting in
a few lines of proof script. We make sure the subgoals they generate
are proved on the spot by an ad-hoc automation script using basic
simplification tactics, so we do not introduce proof goals that do
not have the same shape as the ones we are trying to prove. This
proof pattern proves to be robust to changes, precisely because it
is low-tech: instead of factorizing our proof scripts into complex
tactics with a lot of arguments, we copy-paste snippets of a few lines
of code as we go, changing in them the names of the lemmas and
simplification steps to call depending on the goals at hand. Having
the certainty that applying a constructor on a abstract machine
semantics term will either correctly reduce, or not reduce at all
permits us to confidently use these automation techniques without
risking getting stuck in a computation. Hence, abstract machine
semantics allows us to benefit almost for free from a very powerful
meta-interpretation system that vastly automates semantic proofs.
We believe this technique to be the killer application of abstract
machine semantics, for scaling up mechanized proof developments.

Another automation technique on which we rely extensively is
a smart inversion tactic. Indeed, the inversion tactic only works
on a specific judgment, meaning that if the proof is updated, then
we need to make sure the right judgments are still being inverted.
This makes proof repair tedious, especially in compiler verification
proofs where we want to invert all judgments depending on terms,
such as reduction, invariant and typing judgments. What we would
really want is a smart inversion tactic for inverting all inductive
judgments that concern a specific term on which we have prior
information (e.g., 𝑡 is a function application). Sadly, if we naively
repeat inversion on all inductive hypotheses, we get a case anal-
ysis that loops because of the recursive nature of judgments in
structural operational semantics. Our solution is to implement a
smart inversion tactic using Ltac2 [43] (Rocq’s improved tactic
language with reflection capabilities) which greatly improves proof
repair and helps us develop our proofs in an iterative way. This
smart inversion only applies inversion when the inductive judg-
ment features a term on which we have prior information (usually,
we know the term is in a specific constructor coming from a prior
case analysis). For instance it applies inversion on Γ ⊢ t1 t2 : 𝜏
but not on Γ ⊢ t : 𝜏 . We believe the smart inversion trick could be
applied to many Rocq developments.

This automation discipline allows us to quickly deal with the
trivial aspects of proofs, and dive in specifically to remaining goals.
While they might be automated as well, there is a tradeoff between
spending time automating them, or simply treating them manually.
Empirically, we find that manually handling a dozen cases is the

best way to balance this tradeoff. Nevertheless, there are some
limitations to our approach. Most importantly, the derivation of
induction principles resists automation (see 3.1.3): the presence of
both a list and an autosubst binder in 𝜆𝛿 ’s syntax suffices to
break the automatic induction principle derivation, which forces
us to write some induction principles by hand.

We report proof figures on our most difficult proof, namely the
equivalence between both semantics. The part that generalizes
Theorem 3.1 relies on structural operational semantics and counts
606 lines of specification and 609 lines of proof. Compare this to 213
lines of specification and 219 lines of proof for the other side, that
relies on abstract machine semantics. The case study of the first
side helped us understand how we put our automation discipline
to work and the pitfalls of traditional small-step semantics in a
mechanized development.

5 Conclusion and Future Work
The shape and details of semantic judgments inside a proof assistant
directly influence the proof experience for all the theorems involv-
ing the semantics. While traditional operational semantics use a
recursive inductive judgment, handling it for a small-step semantics
becomes tedious in a proof assistant. Specifically, automating proofs
about structural operational semantics requires a significant effort
in building ad-hoc proof automation frameworks, that themselves
can become tricky to maintain. Instead, we make explicit in this
paper the advantages of abstract machine small-step semantics, re-
lying on the control stack to represent recursivity in the judgments.
This style gives inductive judgments with no recursive premises,
and a much more regular shape of inference rules. While harder to
parse and compare to a pen-and-paper presentation, abstract ma-
chine semantics plays along very well with the basic tactics of proof
assistants like Rocq, and allow for building cheap-yet-powerful
automation that unlock scaling up the development.

If the use of abstract machine semantics in mechanized devel-
opments is not new, the rigorous and principled analysis of the
consequences of the semantic style on proof automation presented
in this paper opens up new research questions for future work.
On a meta level, for instance using MetaCoq, checkers could be
developed to test if a given reduction judgment is proof-automation-
friendly, before diving into the hardships of the proofs themselves.
Second, the trick of syntactically encoding semantic structures to
leverage the proof assistant’s unification can be ported to other
judgments and generalized. Of course, using a lot of syntactic encod-
ings will widen the gap between pen-and-paper formalizations and
their mechanized encodings, which should be filled by equivalence
proofs so as not to widen the trusted computing base.
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