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Abstract In this paper we present a novel arbitrary-order discrete de Rham
(DDR) complex on general polyhedral meshes based on the decomposition of
polynomial spaces into ranges of vector calculus operators and complements
linked to the spaces in the Koszul complex. The DDR complex is fully discrete,
meaning that both the spaces and discrete calculus operators are replaced by
discrete counterparts, and satisfies suitable exactness properties depending on
the topology of the domain. In conjunction with bespoke discrete counter-
parts of L2-products, it can be used to design schemes for partial differential
equations that benefit from the exactness of the sequence but, unlike classi-
cal (e.g., Raviart-Thomas—Nédélec) finite elements, are nonconforming. We
prove a complete panel of results for the analysis of such schemes: exactness
properties, uniform Poincaré inequalities, as well as primal and adjoint consis-
tency. We also show how this DDR complex enables the design of a numerical
scheme for a magnetostatics problem, and use the aforementioned results to
prove stability and optimal error estimates for this scheme.

Keywords Discrete de Rham complex - compatible discretisations -
polyhedral methods - arbitrary order
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1 Introduction

The design of stable and convergent schemes for the numerical approximation
of certain classes of partial differential equations (PDEs) requires to reproduce,
at the discrete level, the underlying geometric, topological, and algebraic struc-
tures. This leads to the notion of compatibility, which can be achieved either
in a conforming or non-conforming setting. Relevant examples include PDEs
that relate to the de Rham complex. For an open connected polyhedral domain
Q c R3, this complex reads

R —25 HY(Q) 2% H(curl; Q) —215 H(div; Q) —5 12(Q) — {0},

(1.1)
where ig denotes the operator that maps a real value to a constant function
over Q, H'(Q) the space of scalar-valued functions over Q that are square
integrable along with their gradient, H(curl; Q) (resp. H(div;)) the space of
vector-valued functions over Q that are square integrable along with their curl
(resp. divergence). In order to serve as a basis for the numerical approximation
of PDEs, discrete counterparts of this sequence of spaces and operators should
enjoy the following key properties:

(P1) Complex and exactness properties. For the sequence to form a complex,
the image of each discrete vector calculus operator should be contained
in the kernel of the next one. Moreover, the following exactness proper-
ties should be reproduced at the discrete level: Imig = Ker grad (since
Q is connected); Im grad = Ker curl if the first Betti number of Q is zero;
Im curl = Ker div if the second Betti number of Q is zero; Im div = L?(Q)
(since we are in dimension three).

(P2) Uniform Poincaré inequalities. Whenever a function from a space in
the sequence lies in some orthogonal complement of the kernel of the
vector calculus operator defined on this space, its (discrete) L?-norm
should be controlled by the (discrete) L?-norm of the operator up to a
multiplicative constant independent of the mesh size.

(P3) Primal and adjoint consistency. The discrete vector calculus operators
should satisfy appropriate commutation properties with the interpola-
tors and their continuous counterparts. Additionally, these operators
along with the corresponding (scalar or vector) potentials should ap-
proximate smooth fields with sufficient accuracy. Finally, whenever a
formal integration by parts is used in the weak formulation of the prob-
lem at hand, the vector calculus operators should also enjoy suitable ad-
joint consistency properties. The notion of adjoint consistency accounts
for the failure, in non-conforming settings, to verify global integration
by parts formulas exactly.

In the context of Finite Element (FE) approximations, discrete counter-
parts of the de Rham complex are obtained replacing each space in the se-
quence with a finite-dimensional subspace. These subspaces are built upon a
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conforming mesh of the domain, whose elements are restricted to a small num-
ber of shapes and, in practice, are most often tetrahedra; see [2] for a complete
and extremely general exposition including an exhaustive bibliography, and
also [21] on the link between Raviart—Thomas—Nédélec differential forms and
FE systems. The restriction to conforming meshes made of standard elements
can be a major shortcoming in advanced applications, limiting, for example,
the capacity for local refinement or mesh agglomeration; see, e.g., the preface
of [28]. The extension of the FE approach to more general meshes including,
e.g., polyhedral elements and non-matching interfaces, is not straightforward.
Recent efforts in this direction have been made in [3919] (see also references
therein), focusing mainly on the lowest-order case and with some limitations
on the element shapes in three dimensions. The extension to specific element
shapes has also been considered in [3726]. A recent generalisation of FE meth-
ods is provided by the Isogeometric Analysis, which is designed to facilitate
exchanges with Computer Assisted Design software. In this framework, spline
spaces and projection operators that verify a de Rham diagram have been
developed in [I7]; see also [18].

General polytopal meshes can be handled by several lowest-order methods
grounded, to a different extent, in the seminal work of Whitney on geometric
integration [44]. These methods share the common feature that discrete de
Rham complexes are obtained by replacing both the spaces and operators with
discrete counterparts. Specifically, the spaces consist of vectors of real numbers
attached to mesh entities of dimension equal to the index of the space in the
sequence (vertices for H'(Q), edges for H(curl; Q), faces for H(div;Q), and
elements for L2(Q)). In Mimetic Finite Differences, discrete vector calculus
operators and L2-products are obtained by mimicking the Stokes theorem:;
see [§] for a complete exposition. Their extension to polytopal meshes has first
been carried out in [411[42], then analysed in [16L[I5]; see also [36] for a link with
the Mixed Hybrid Finite Volume methods of [34}[38] and [33] Section 2.5] along
with [32] Section 3.5] and [I] for links with Hybrid High-Order methods. In
the Discrete Geometric Approach, originally introduced in [22] and extended
to polyhedral meshes in [23l24], as well as in Compatible Discrete Operators
[T2L[1T], the key notions are topological vector calculus operators (expressed in
terms of incidence matrices) along with the Hodge operator. The role of the
latter is to establish a link, through the introduction of physical parameters,
between quantities defined on primal and dual mesh entities. All of the above
schemes are limited to the lowest-order, and their analysis often relies on an
interplay of functional and topological arguments that is not required in our
approach.

Discretisation methods that provide arbitrary-order approximations on
general polyhedral meshes have only recently appeared in the literature. A
first example is provided by the Virtual Element Method, which can be de-
scribed as a FE method where explicit expressions for the basis functions are
not available at each point. A de Rham complex of virtual spaces on polyhedra
has been recently proposed in [7]; important evolutions of this original virtual
complex are contained in [5l4], which also include applications to the Kikuchi
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formulation of magnetostatics, and in [9], which contains a detailed study of
the interpolation and stability properties of the low-order VEM spaces. In
order to derive an actual discretisation scheme starting from the sequence of
virtual spaces, a variational crime involving projections is required. A different
approach is pursued in [31129], where a discrete de Rham (DDR) complex is
presented, based on decompositions of full polynomial spaces into the range
of vector calculus operators and their L2-orthogonal complements. This com-
plex involves discrete spaces and operators that appear, through discrete L2-
products, in the formulation of discretisation methods. The analysis in [31L29]
focuses on a subset of properties (P1)—(P2) involved in the stability analysis
of numerical schemes: local exactness ([31, Theorems 4.1 and 5.1]), global com-
plex property, discrete counterparts of Im grad = Ker curl for domains that do
not enclose voids and Imdiv = L2(Q) (29, Theorem 3]), as well as Poincaré
inequalities for the divergence and the curl ([29, Theorems 18 and 20, respec-
tively]). This approach completely avoids, both in the construction and in the
analysis, the use of (virtual or piecewise polynomial) functions with global reg-
ularity, and is closer in spirit to Mimetic Finite Differences and Mixed Hybrid
Finite Volume methods.

Regarding consistency properties (P3) for polytopal methods, and starting
from low-order methods, results for Compatible Discrete Operator approxima-
tions of the Poisson problem based on nodal unknowns can be found in [12];
see in particular the proof of Theorem 3.3 therein, which contains an adjoint
consistency result for a gradient reconstructed from vertex values. In the same
framework, an adjoint consistency estimate for a discrete curl constructed from
edge values can be found in [I3, Lemma 2.3]. A rather complete set of con-
sistency results for Mimetic Finite Difference operators can be found in [g],
where they appear as intermediate steps in the error analyses of Chapters 5-7.
A notable exception is provided by the adjoint consistency of the curl operator,
which is not needed in the error estimate of [8, Theorem 7.3] since the authors
consider an approximation of the current density based on the knowledge of a
vector potential.

Moving to consistency properties for arbitrary-order polytopal methods,
error estimates that involve the adjoint consistency of a gradient and the
consistency of the corresponding potential have been recently derived in [I4]
in the framework of the H'-conforming Virtual Element method. The same
method is considered in [27, Section 3.2], where a different analysis is pro-
posed based on the third Strang lemma. The estimate of the consistency error
in 27, Theorem 19] involves, in particular, the adjoint consistency of a dis-
crete gradient reconstructed as the gradient of a scalar polynomial rather than
a vector-valued polynomial. We note, in passing, that the concept of adjoint
consistency for (discrete) gradients is directly related to the notion of limit-
conformity in the Gradient Discretisation Method [35], a generic framework
which encompasses several polytopal methods. Primal and dual consistency es-
timates for a discrete divergence and the corresponding vector potential similar
(but not identical) to the ones considered here have been established in [32] in
the framework of Mixed High-Order methods. Note that these methods (the
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H!-conforming Virtual Element method and the Mixed High-Order method)
do not lead to a discrete de Rham complex. In the framework of arbitrary-
order compatible discretisations, on the other hand, primal consistency results
for the curl appear as intermediate results in [4], where an error analysis for
a Virtual Element approximation of magnetostatics is carried out assuming
interpolation estimates for three-dimensional vector valued virtual spaces; see
Remark 4.4 therein. However, [4] does not establish any adjoint consistency
property of the discrete curl (the formulation of magnetostatics considered in
this reference does not require it).

Content of the paper. We present a new DDR sequence based, contrary to [31],
29, on explicit complements of the ranges of vector calculus operators inspired
by the ones used in [4]; these complements are easier to implement, and enable
a complete proof of the full set of properties (P1)—(P3). To the best of our
knowledge, this is the first time that such a complete panel of results is avail-
able for an arbitrary-order polyhedral method compatible with the de Rham
complex. The complements considered here are linked to the spaces appearing
in the Koszul complex (see, e.g., [2, Chapter 7]) and enjoy two key properties
on general polyhedral meshes: they are hierarchical (see Remark below) and
their traces on polyhedral faces or edges lie in appropriate polynomial spaces
(cf. Proposition. These properties make it possible to prove discrete integra-
tion by parts formulas for the discrete potentials (see Remarks and
below) which, in turn, are essential to the proof of the adjoint consistency
properties.

The key ingredients to establish primal consistency are the polynomial
consistency of discrete vector calculus operators along with the correspond-
ing potentials, and their boundedness when applied to the interpolates of
smooth functions. The proofs of adjoint consistency, on the other hand, rely
on operator-specific techniques and are all grounded in the above-mentioned
discrete integration by parts formulas for the corresponding potential recon-
structions. Specifically, the key point for the adjoint consistency of the gradient
are estimates for local H!-like seminorms of the scalar potentials. The adjoint
consistency of curl requires, on the other hand, the construction of liftings of
the discrete face potentials that satisfy an orthogonality and a boundedness
condition. These reconstructions are inspired by the minimal reconstruction
operators of [8, Chapter 3], with a key novelty provided by a curl correction
which ensures the well-posedness of the reconstruction inside mesh elements
and relies on fine results from [2513].

In order to showcase the theoretical results derived here, we carry out a
full convergence analysis for a DDR approximation of magnetostatics. This is,
to the best of our knowledge, the first full theoretical result of this kind for
arbitrary-order polytopal methods.

The key innovation of the DDR complex presented here, compared to the
one in [31L29], precisely lies in the fact that it enables all mathematical results
required to prove error estimates for schemes built from this sequence. The



An arbitrary-order discrete de Rham complex on polyhedral meshes 7

only analytical results available in [31L29] are Poincaré inequalities for the curl
and the divergence and, as a matter of fact, it seems that the sequence in these
references does not satisfy the critical discrete integration by parts formulas
mentioned above, and is therefore not amenable to an adjoint consistency
analysis.

The rest of the paper is organised as follows. In Section [2| we establish the
general setting. Section [3| contains the definition of the DDR sequence along
with key intermediate results for the discrete vector calculus operators (includ-
ing the commutation property in (P3)) and the proof of (P1). In Section
we introduce tools for the design and analysis of schemes based on the DDR
sequence: polynomial potential reconstructions and L?-products on the dis-
crete spaces. Discrete Poincaré inequalities corresponding to (P2) are covered
in Section 5] Section [] contains the statement and proofs of the primal and
adjoint consistency results corresponding to (P3). The application of the the-
oretical tools to the error analysis of a DDR approximation of magnetostatics
is considered in Section[7} where numerical evidence supporting the error esti-
mates is also provided. The paper is completed by three appendices. Appendix
[A] contains results on local polynomial spaces including those on the traces of
the trimmed spaces constructed from the Koszul complements. Appendix
contains an in-depth and novel study of the div-curl problems defining the curl
liftings on polytopal elements: well-posedness, orthogonality and boundedness
properties. Finally, Appendix [C] details the conventions of notation adopted
throughout the paper, and lists the main spaces and operators of the DDR
complex.

2 Setting
2.1 Domain and mesh

For any (measurable) set ¥ ¢ R3, we denote by hy = sup{|x —y| : x,y € Y}
its diameter and by |Y| its Hausdorff measure. We consider meshes My, == 7, U
FrUELUV), where: 7y, is a finite collection of open disjoint polyhedral elements
such that Q = Ures T and h = maxreqg;, hr > 0; 3, is a finite collection of open
planar faces; &y, is the set collecting the open polygonal edges (line segments)
of the faces; V}, is the set collecting the edge endpoints. It is assumed, in
what follows, that (75, F,) matches the conditions in [28, Definition 1.4], so
that the faces form a partition of the mesh skeleton (Uzcq, 0T. We additionally
assume that the polytopes in 7, U ¥}, are simply connected and have connected
Lipschitz-continuous boundaries. This notion of mesh is related to that of
cellular (or CW) complex from algebraic topology; see, e.g., [43l Chapter 7].

The set collecting the mesh faces that lie on the boundary of a mesh element
T € Ty, is denoted by Fr. For any mesh element or face Y € 7, U ¥y, we denote,
respectively, by &y and Vy the set of edges and vertices of Y.

Throughout the paper, unless otherwise specified, we write a < b in place
of a < Cb with C depending only on Q, the mesh regularity parameter p
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of [28 Definition 1.9], and the considered polynomial degree. We note that
this mesh regularity parameter p € (0,1) is bounded away from 0 when a
shape-regular matching simplicial submesh of 7}, exists such that each T € 7j,
is partitioned into simplices of size uniformly comparable to T. We also use
a ~ b as a shorthand for “a < b and b < a”.

2.2 Orientation of mesh entities and vector calculus operators on faces

For any face F € ¥, an orientation is set by prescribing a unit normal vector
nr and, for any mesh element T € 7, sharing F, we denote by wrp € {-1, 1}
the orientation of F relative to T, that is, wrr = 1 if np points out of T,
—1 otherwise. With this choice, wrrnrp is the unit vector normal to F that
points out of T. For any edge E € &, an orientation is set by prescribing
the unit tangent vector ¢g. Denoting by F € ¥, a face such that E € Ep,
its boundary OF is oriented counter-clockwise with respect to np, and we
denote by wrg € {~1,1} the (opposite of the) orientation of E relative to that
OF: wrpg = 1 if tg points on E in the opposite orientation to dF, wrg = —1
otherwise. We also denote by npg the unit vector normal to E lying in the
plane of F such that (¢g, npg) forms a system of right-handed coordinates in
the plane of F, so that the system of coordinates (tg, npg, ng) is right-handed
in R3. It can be checked that wprnrpg is the normal to E, in the plane where
F lies, pointing out of F.

For any mesh face F' € 7, we denote by grad; and divg the tangent gradi-
ent and divergence operators acting on smooth enough functions. Moreover, for
any r : F — R and z : F — R? smooth enough, we define the two-dimensional
vector and scalar curl operators such that

rotpr = o_xp(gradpr) and  rotgz = dive(0-s2), (2.1)

where o_x/, is the rotation of angle —% in the oriented tangent space to F.

2.3 Lebesgue and Sobolev spaces

Let Y be a measurable subset of R?. We denote by L2(Y) the Lebesgue space
spanned by functions that are square-integrable over Y. When Y is a subset
of an n-dimensional variety, we will use the boldface notation L2(Y) := L2(Y)"
for the space of vector-valued fields over Y with square-integrable components.
Given an integer [ and Y € {Q} U7, U 77, H!(Y) will denote the Sobolev space
spanned by square-integrable functions whose partial derivatives of order up
to [ are also square-integrable. Denoting again by n the dimension of Y, we
let H (Y) = H/(Y)" and C'(Y) := CL(Y)". For all F € %, we let H(rot; F) =
{v € L2(F) : rotpv e LQ(F)}. Similarly, for all ¥ € {Q} U 7, H(curl;Y) =
{v e L2(Y) : curly € L?(Y)} and H(div;Y) = {w e L*(¥) : divw € L%(Y)}.
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2.4 Polynomial spaces and decompositions

For a given integer £ > 0, P¢ denotes the space of n-variate polynomials of total
degree < ¢, with the convention that ]P’g = R for any ¢ and that P, := {0}
for any n. For any Y € 7, U %, U &,, we denote by P(Y) the space spanned
by the restriction to Y of the functions in P4. Denoting by 1 < n < 3 the
dimension of Y, P¢(Y) is isomorphic to P (see [28, Proposition 1.23]). In what
follows, with a little abuse of notation, both spaces are denoted by P¢(Y).
We additionally denote by ﬂ?’D’Y the corresponding L2-orthogonal projector

and let P%¢(Y) denote the subspace of P¢(¥Y) made of polynomials with zero
average over Y. For the sake of brevity, we also introduce the boldface notations
PUT) = PLT)3 for all T € T and PY(F) = PL(F)? for all F € F,.

Let again an integer ¢ > 1 be given, and denote by € c &, a collection of
edges such that Sg := Ugeg E forms a connected set. We denote by PL(€) =
{q@ € CO(Sg) : (g9e)|E € PLE) for all E € (E} the space of functions over Sg
whose restriction to each edge E € € is a polynomial of total degree < ¢ and
that are continuous at the edges endpoints; these endpoints are collected in
the set Vg € V. Denoting by xy the coordinates vector of a vertex V € Vj,
it can be easily checked that the following mapping is an isomorphism:

PLE) 5 qe — (75 3(96)1E)Ecs: (qe(Xv))ves) € (>< P2(E) | xRV

EcC

(2.2)

For all Y € 7, U 7, denote by xy a point inside Y such that Y contains a

ball centered at xy of radius phy, where p is the mesh regularity parameter in

[28, Definition 1.9]. For any mesh face F € ¥, and any integer ¢ > 0, we define
the following relevant subspaces of P (F):

G'(F) =gradp P (F),  G'(F) = (x —xp)* P! (F), (2.3a)
RE(F) = rotp PH(F), REU(F) = (x —xp)PUL(F), (2.3b)

(where y* is a shorthand for the rotated vector p_,/2y) so that
PLF) = G'(F) ® G/ (F) = R“(F) ® R“‘(F). (2.4)

These decompositions of P! (F) (as well as those of P (T) in below) result
from [2, Corollary 7.4]. Notice that the direct sums in the above expression
are not L2-orthogonal in general. The L2-orthogonal projectors on the spaces
are, with obvious notation, ﬂ'g’F, an)p, n%’F, and ”;z’f)F' Similarly, for
any mesh element T € 7, and any integer £ > 0 we introduce the following
subspaces of P¢(T):

G (T):
RUT) :

grad PU(T),  GYUT) = (x —x7) x PN, (2.5a)
curl PEHY(T), REUT) = (x —xp) P, (2.5b)

so that
PUT) = G(T) ® G“(T) = RY(T) ® R(T). (2.6)
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Also in this case, the direct sums above are not L2-orthogonal in general. The
L2-orthogonal projectors on the spaces (2.5)) are ”fg,T’ 7‘;9’ ”gz,T’ and ﬂ;éf;T.
Remark 1 (Hierarchical complements) Unlike the L2-orthogonal complements
considered in [31], the Koszul complements in (2.4) and (2.6 satisfy, for all
YeT,UF, and all € > 1,

G Y) c N(Y) and  RECL(Y) ¢ REL(Y). (2.7)

Remark 2 (Vector calculus isomorphisms on local polynomial spaces) For any
polygon F, polyhedron T, and polynomial degree £ > 0, a consequence of
the polynomial exactness [2 Corollary 7.3] is that the following mappings are
isomorphisms:

rotr : POL(F) = REL(F) (2.8)
dive : REC(F) = PCY(F), div : REU(T) = PCYT), (2.9)
curl : G&4(T) = REY(T). (2.10)

An estimate of the norms of the inverses of these differential isomorphisms is
provided in Lemma [J] in Appendix [A]

Remark 3 (Composition of L2-orthogonal projectors) Let X € {G, R}, € > -1,
and Y € 75, U 7. Using the definition of the L2-orthogonal projectors, and
denoting by n‘;, y the L2-orthogonal projector on P¢(Y), it holds

t _ .t £ c,t _ _ct 4
Txy=Txyolpy and 7wy =my omy,. (2.11)

In what follows, we will need the local Nédélec and Raviart—Thomas spaces:
For Y € 7, U Fp,

NEY) = 6N Y) @ GSU(Y), RTE(Y) =R Y) @ REU(Y).  (212)

These spaces sit between P¢~1(Y) and P¢(Y) and are therefore referred to as
trimmed in the FE literature. Notice that we have selected the index in
so as to reflect the maximum polynomial degrees of functions in each space
and, as a result, it is shifted by +1 with respect to [31,29].

2.5 Recovery operator

As mentioned above, the direct sums in and are not L2-orthogonal.
The following lemma however shows that, for any of these decompositions,
a given polynomial can be recovered from its orthogonal projections on each
space in the sum.
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Lemma 1 (Recovery operator) Let E be a Euclidean space, S be a subspace
of E, and S¢ be a complement (not necessarily orthogonal) of S in E. Let ng
and 7§ be, respectively, the orthogonal projections on S and S°. Then, the
mappings Id —nsng : E — E and Id — ngns : E — E are isomorphisms.

We can therefore define the recovery operator Rg sc(-,-) : SXS¢ — E such
that

Rs.sc(b,c) = (Id - msn$) "1 (b - nse) + 1d - mims) (¢ — nSb)
V(b,c) e Sx S (2.13)

This operator satisfies the following properties:
s (msssc (b, L‘)) =b and ﬂg (ms,sc (b, C)) =c V(b,c) e S X SC, (2.14)
a =R sc(nsa,nsa) Va € E. (2.15)

Proof Let us denote by ||-|| the norm in E. To prove that Id —mgn§ is invertible,

we show that the mapping msn§ has a norm < 1, which implies

(Id - 7r57r§)’1 = Z (msmg)". (2.16)

n>0

The space E being finite dimensional, it suffices to see that, for any x € E
with [lx|| = 1, we have [[xs(7¢x)[| < 1. Since ms is an orthogonal projector,
by Pythagoras’ theorem we have ||rs(n5x)|| < [[75x||, with equality only if
ngx € S, that is, only if 7gx = 0 since n5x € S€. In this case, ||rs(75x)|| =0 < 1.
Otherwise, [|rs(7¢x)|| < ||75x]| < [lx]| = 1, where the second inequality is a
consequence of the fact that ng is an orthogonal projection. This concludes
the proof that Id — wsx§ is an isomorphism. The invertibility of Id — ngms is
obtained similarly, exchanging the roles of S and S°.

Let us prove the first relation in (2.14]). The second follows using the same
arguments. We expand (Id — 7gzng)™" in (2.13) using the series (2.16]) (and
similarly for (Id — 7r§7rs)’1) to write

75 (Rsse (b,¢)) = s Y (ws7§)" (b - 75¢) + 715 Y (x57s)" (¢ — 75b)

n>0 n>0
= |ng Z(nsng)" - 7s Z(ngﬂs)"ﬂgl b
n>0 n>0

+

s Z(ﬂ%ns)" — s Z(ﬂsng)”ﬂsl c.

n>0 n>0

We have 75 3,,50(n5ms) ' ng = 715 3,51 (rs7g)" (we have used nsms = 75 to
introduce the pre-factor ng) and the operator acting on b above therefore
reduces to mg, and returns b since b € S. As for the operator acting on c,
using again wgns = g shows that it is equal to 0. This concludes the proof of

the first relation in (2.14])).
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Fix now a € E and set z := a—Rs se(nsa, n§a). Applying tob = nga
and ¢ = mga shows that 75z = 75z = 0. Since E = S®S, we can write z = z5+2z§
with zg € § and z§ € §¢, and the definition of the orthogonal projectors on §
and S¢ therefore yields, with (-, -)g the scalar product on E,

Izl1? = (z.2)E = (2.25)E + (2.2)E = (152.25)E + (152.25)E = 0
Hence, z = 0 and ([2.15)) is established. O

The following lemma shows that the norm of the recovery operator for the
decompositions and is equivalent to the sum of the norms of its
arguments, uniformly in 4. In other words, it states that the decompositions
are not just algebraic but also topological (uniformly in %). Since the recovery
operator will mostly be of interest to us for these pairs of spaces, to alleviate
the notations from here on we will write

Ry () =Ryt xet ) () VX €{R, G}, VY € T UF. (2.17)

Lemma 2 (Estimate on the norm of the recovery operator) For all
€ > 0, there exists @ < 1 depending only on the mesh regularity parameter in
[28, Definition 1.9] such that, for all X € {R, G} and allY € T, U Fp,

Il y 75y lly <@ and xSy lly < e (2.18)

where ||-|ly denotes the norm induced by ||~||L2<Y) on the space of endomor-
phisms of PX(Y). As a result,

RS y P W)llgz ) = Iz HIwllz gy, Y. w) € X)X X(Y). (2.19)

Remark 4 (Recovery operator and L2-orthogonal complements) When working
with L2-orthogonal complements to G (Y) and RY(Y), instead of the Koszul
complements in and , the recovery operator is trivial since it con-
sists in the sum of its two arguments (its topological property is also
obvious). As mentioned in the introduction, however, the Koszul complements
enable proofs of commutation and consistency properties that do not seem
straightforward with orthogonal complements; the trade-off lies in having to
deal with a less trivial recovery operator (although it remains a purely theo-
retical tool, see Remark , whose topological properties are more complex
to establish.

Proof 1. Proof of (2.18]). We estimate ||ﬂg’T7T2fT||T

other cases being identical. The linear mapping R? 3 x h;l(x —x7) € R?

for an element T € 7y, the

maps T onto a polyhedron T of diameter 1, transports the spaces P¢(T),
G(T) and G%“(T) on their equivalent over T, and simply scales the L2-norm

T,
of functions. As a consequence, ||7rgT nglr = ||x 6.7 nglT7 and we only

have to estimate the latter quantity.
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Assume that we establish the existence of @ < 1, depending only on the
mesh regularity parameter, such that

¢ 2 T4 ~ el (Y _ £-1 7
‘/,T\v P <a ||v||L2(T)|I7rgfv||L2(T) Vv e GO(T) =x x P (T). (2.20)

Notice that, with the selected mapping, x7 is mapped onto 0 € T. Then, for
all w e PY(T),

4 c,t — c,t
/ T T(n’g Tw) ”g,f(”g,fw) /fﬂg W (n'g Tw)
fa ”” Aw”Lz(T)Hﬂ'g T Tw”Lz(T)

< o?||w]? (2.21)

L3(T)’

where the equality comes from the definition of n; 7 the first inequality is
obtained applying (2.20) to v = n;{}w, and the conclusion is obtained using
the fact that 71'; 7 and ﬂ";[f are both L2 (f)—orthogonal projectors and have

thus norm 1. The bound (| shows that ||7r AJTC <
the proof.

We therefore only have to establish . Note that, in the rest of the
proof, polynomials are indifferently considered over R? or some of its open
subsets. We also remark that, by choice of x7 in T and of the mapping T +» T,
we have B(p) C T c B(1), where B(r) is the ball in R? centered at 0 and of
radius r. The proof of is done by contradiction: if this relation does not
hold, there exists a sequence (Tn)neN of open sets between B(p) and B(1), a
sequence (@, )nen converging to 1, and a sequence (v,,)nen in x XPE~H(R?) such
that

A||T < a and concludes

¢ 2 ¢
‘/Tn Vn W i Vn > an“vn”Lz(fn)””gjnvn”LQ(Tn)' (2.22)

Upon replacing v,, by Vn/”"n”LQ(fn)v we can assume that ”V"”L2(ﬁ,) = 1. Since
B(p) C Ty, we infer that [[vallp2(g(y) < IWallzez, = 1; hence, (vp)new is
bounded for the L2(B(p))-norm in the finite-dimensional space x x P~ (R3),

and converges up to a subsequence to some v € x X P{1(R3). Likewise, we can
assume that ng 7 v, — win QK(R?’) The characteristic function 1A satisfies

1) <17 <1pq) and converges therefore, up to a subsequence, in L (B(1))
weak-x towards some function 6 satisfying 1(,) < 6 < 1p(1). Noting that

4
TR Avn:‘/ lAv,,-yt ~ VYV,
/T,, 6T B(1) " 6T

2 2 2
~ = 1" P’y d 1 ’
L A g T et
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the aforementioned convergences enable us to take the limit n — oo of (2.22)
and find

/(1) ov - w > I8Vl 0y INBW 2 o (2.23)
B

The Cauchy—Schwarz inequality, on the other hand, gives
B(1) B(1)
which, combined with (2.23)), shows that,
/( )9v W= ||\/§v”L2(B(1))||\/EW||L2(B(1))
B(1

Hence, V@v and VOw are co-linear. Restricted to B(p), over which 6 = 1, this
proves that v and w are co-linear. Since v € G%*(B(p)) and w € G/ (B(p)), we
infer that v = w = 0 on B(p), and thus on R3. This leads to 0 = ||\/§v||L2(B(1)) =
limy,—e0 ||v"||L2(T,,) =1, which yields the sought contradiction.

2. Proof of (2.19)). By (12.13)), recalling the abridged notation (2.17)), we have

IR 0 W)y < 1101 = % 755 7y (Il ) + 17y Wl

+11(d =27 ) 1||Y(I|7r v||L2(Y)+”w”L2(Y))'

The expansion (2.16)) and the estimates (2.18]) show that

1(1d = %y My < D Iyl < > ot =

n>0 n>0
and, similarly, ||(Id — ”XY XY) Hy < _1 Since ||”(}(,YW||L2(Y) < wllgz vy
and ||7rX leILz(Y) < ||V||L2(Y) as both 7rX y and 7rX y are L2-orthogonal projec-

tors, we conclude that

2
1R 5 )2y < 7= (W2 + W2y ) -

To prove the converse inequality, we use (2.14)) along with the L2-bounded-

ness of ¢, _ and %5 to write

XY XY

Vllg2 vy + IWllg2 vy = ||7TX ymf\' yowllp2(y) + ||7rC ! ERK y w2y

< 2R, W)y,

This concludes the proof of the norm equivalence (2.19)).
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3 Discrete de Rham complex

We define a discrete counterpart of the de Rham complex (|1.1). Throughout
the rest of this section, we fix an integer k > 0 corresponding to the polynomial
degree of the discrete sequence. The rules used in the notations are detailed in
Appendix[C] and the main DDR-related notations are summarised in Table [4]

3.1 Discrete spaces
The DDR spaces are spanned by vectors of polynomials whose components,
each attached to a mesh entity, are selected in order to:

1) enable the reconstruction of consistent local discrete vector calculus oper-
ators and (scalar or vector) potentials in full polynomial spaces of total
degree < k (or < k +1 for the potentials associated with the gradient);

2) give rise to exact local sequences on mesh elements and faces.

Specifically, the discrete counterparts of H'(Q), H(curl;Q), H(div;Q) and
L2(Q) are respectively defined as follows:
Xérad,h = {gh = ((‘IT)TGE, (‘IF)FET;.,"I&.) : (3.1)
gr € P*U(T) for all T € Ty,
gr € P*Y(F) for all F € 75,

and gg, € P(’:”l (Sh)},

XE = (v = (ORT V5 p)rems Or V5 prer, (VE)Ecs,) (3.2)
vr.r € R¥1(T) and Ve € REK(T) for all T € T,
vr.r € RELH(F) and Ve € REK(F) for all F € F,

and v € PX(E) for all E € ah},

X = {Kh =(wgr.wg e, Wr)res,) : (3.3)
Wg.T € G*1(T) and ng’T e GSK(T) for all T € 71,
and wr € PK(F) for all F e ﬂ}
and

PX(Th) = {qn € L2(Q) : (qn);r € PX(T) for all T € T3} .

Remark 5 (Component of g’g‘rad’h on the mesh edge skeleton) By the isomor-
phism (2.2)) with € = &,, we can replace the space PX*1(&,) in the definition
of X’gmd,h by the Cartesian product space (X geg, Pk=1(E)) xRVr. This prod-
uct space is easier to manipulate in practical implementations of the DDR
complex.
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Index Space ‘ \% E F T
0 Xhan | R=PE(V) PRUE) PE-1(F) PE=1(T)
1 D. G PEE)  RFLF)x ROK(F)  RF1(T) x RO¥(T)
2 XKoo Pr(F) G5 H(T) x gK(T)
3 P (Th) Pr(T)

Table 1: Polynomial components attached to each mesh vertex V € V},, edge
E € &y, face F € ¥, and element T € 7}, for each of the DDR spaces. The space
Pr+1(&},) in the definition of X{g‘rad’h has been replaced by (Xgeg, P¥1(E)) x

RV, see Remark

k ‘ Xgrad,T ‘ X(I:cu.rl,T ‘ Xﬁiv,T ‘ Lk (T)
Tetra Hexa Tetra Hexa Tetra Hexa Tetra Hexa
0 4 (4) 8 (8) 6 (6) 12 (12) 4 (4) 6 (6) 1(1) 1(1)
1 15 (10) 27 (27) | 28 (20) 46 (54) 18 (15) 24 (36) 4 (4) 4 (8)
2 | 32(20) 54 (64) | 65 (45) 99 (144) | 44 (36) 56 (108) 10 (10) 10 (27)

Table 2: Number of degrees of freedom of the local DDR spaces for tetrahe-
dral and hexahedral elements, and comparison with Raviart-Thomas—Nédélec
(RTN) finite element spaces (in parentheses). For the discrete L2-space, we
have L¥(T) = Q*(T) (d-variate polynomials of degree < k in each variable) for
hexahedral RTN finite elements, L*(T) = P*(T) otherwise.

Remark 6 (Components of X ﬁurl , and X Siv ,) For each mesh element or face

Y € 7, U Fy, the pair of components (vg y, v?R,Y) of a vector in X’c‘mlﬁ defines

an element in RT*(Y). Similarly, for any T € 75, each pair of element com-
ponents (WQ,T,WCQ ;) of a vector in thv ,, defines an element in N*(T). In
the exposition, we prefer to distinguish these components as they play very

different roles in the construction.

The polynomial components attached to mesh vertices, edges, faces, and
elements for each of the DDR spaces are summarised in Table [1] (notice that
we have accounted for Remark |5/ for X {g‘ra a.)- An inspection of Table|l| reveals
that its diagonal contains full polynomial spaces on the mesh entities of di-
mension corresponding to the index of the space in the sequence (with the
convection that P*(V) := R for any vertex V € V},). The components collected
in the upper triangular portion of the table are non-zero only for k& > 1, and
encode additional information required for the reconstruction of high-order
discrete vector calculus operators and potentials. In particular, the comple-
ments REK(F), REK(T), and GS*(T) complete the information contained,
respectively, in the face curl, element curl and tangential trace, and element
divergence to construct the corresponding face or element vector potentials;

see Sections [3.3.2] [4:2] and [4:3]
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In what follows, given e € {grad, curl, div} and a mesh entity ¥ of dimension
greater than or equal to the index of X* »» We denote by Xk y the restriction
of this space to Y, i.e., X f y contains the polynomial components attached to

Y and to all the mesh entities that lie on its boundary.

Remark 7 (Comparison with Raviart-Thomas—Nédélec finite elements) When
T is a tetrahedron or a hexahedron, the local spaces in the DDR sequence can
be compared to classical (Raviart—-Thomas-Nédélec) FE spaces. The number
of degrees of freedom in each case for polynomial degrees k € {0,1,2} (the
most commonly used) is reported in Table For k > 1, the DDR construction
leads to slightly larger spaces on tetrahedra and to significantly smaller spaces
on hexahedra. The number of degrees of freedom for the DDR spaces could be
further reduced adapting the serendipity techniques of Virtual Elements [6];
this topic is left for a future work.

For codes aiming at general meshes, the implementation of the DDR spaces
requires the local (element-by-element) computation of discrete vector opera-
tors and potentials, which is an additional cost with respect to traditional FE
codes. It should be noticed, however, that: 1) these computations are an em-
barrassingly parallel task that scales with the number of mesh elements, and
are therefore asymptotically less expensive than the resolution of the algebraic
systems (see, e.g., Figure ; 2) this cost can be substantially reduced when
dealing with meshes composed of a finite number of element shapes using stan-
dard reference element techniques; 3) it possible to combine the FE and DDR
approaches on a given mesh (using the former on elements of standard shape
and the latter on elements of more general shape, possibly resulting from local
mesh refinement).

3.2 Interpolators

In the following, for all q, € X’g‘rad o We set

qr = (q&,)|E € PFH(E). (3.4)

The interpolators on the DDR, spaces are defined collecting component-wise

L2-projections. Specifically [’g‘rad’h : CY(Q) - Xk is such that, for all ¢ €

_ “—grad,h
(@),
Lyaand = (05 11017, (W5 a1 Fegis den) € Xgraan
where ﬂléﬁé(é]ah)w = ﬂ';{,}qm for all E € &, (3.5)
and gg, (xv) = q(xy) for all V e V.
I¥ 5 CY(Q) > XK |, is defined setting, for all v € CO(Q),

k ) k-1 k
!curl,hv = ((”R,TV IT> ﬂ;g,TV \T)TeT»
k-1 k
(TR FV4.F ﬂ;e,pvt,F)FeTh, (3.6)

(np g (V|E - tE)EcE,)-



18 D. A. Di Pietro, J. Droniou

where vi = np X (v|r X _F) denotes the tangent trace of v over F. Finally,

L5, , - H'(Q) — X4, is such that, for all w € H'(Q),

k ) k-1 k k
Ly, W = ((ﬂg,Tw|T’”Cg,Tw|T)T€7;;’ (7o p(WiF - nFp)res,)- (3.7)

The restriction of the above interpolators to a mesh entity Y of dimension
larger than or equal to the index of the corresponding space in the sequence
(see Table ) is denoted replacing the subscript 4 by Y. Finally, we let ﬂ’;) nt

L2(Q) — PX(7;) denote the global L2-orthogonal projector such that, for all
q € L2(Q), (7}, , @)1 = 7l pq|7 for all T € .

3.3 Discrete vector calculus operators

We define in this section the discrete vector calculus operators that appear
in the DDR sequence, obtained collecting the L2-orthogonal projections of
local discrete operators mapping on full polynomial spaces. In what follows,
the operators that only appear in the discrete sequence through projec-
tions are denoted in sans serif font, while those appearing verbatim (without
projection) in the sequence are in standard font.

3.8.1 Gradient

The discrete counterpart of the gradient operator in the DDR sequence maps
on X furl ,»» and therefore requires to define local gradients on mesh edges, faces,

and elements.

For any E € &y, the edge gradient G, X{g‘rad’E — PK(E) is defined as: For
all g € XKy = PAE),

GEqE = 4. (3.8)

where the derivative is taken along E according to the orientation of ¢g.
For any F € ¥y, the face gradient lep : X{g‘rad,F — PK(F) is such that, for

all 4, = (gF,qsr) € Xérad,F and all wp € PX(F),
Z WFE / qer(WF - nFE) (3.9)

‘/GIEZ -WFZ—/quiVFWF+
F F Ec&p E

= gradp gp - Wr +
Jymmararwes 3

wrE / (qer — qr) W - nEE).
EcEp E

The existence and uniqueness of G],?qF in P*(F) follow from the Riesz repre-

sentation theorem applied to this space equipped with the usual L2-product.
Similar considerations hold for the other discrete vector calculus operators
defined below, and will not be repeated.
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The scalar trace yk+1 X’g‘rald P P*+1(F) is such that, for all 4, € Xk

/yfflq diVFVFZ—/GIquF'VF+ Z wFE/QSF(VF'nFE)
Fo = E

EESF

“grad,F’

Vv € REK2(F). (3.10)

This relation defines y;ffqu uniquely in P**1(F) owing to the isomorphism
property (2.9) with £ =k + 2.

Remark 8 (Validity of ( - 3.10)) ) The relation ) holds, in fact, for any vg €
R¥(F)@ RS 2(F). To check it, take vy € RF (F) and notice that the left-hand
side vanishes owing to divg v = 0, while the right-hand side vanishes owing to
the definition (3.9) of leng and again divg vg = 0. This means, in particular,
that (3.10) holds for any vy € RT*1(F) ¢ R¥(F) @ R“**2(F) (see Remark
).

For all T € 7y, the element gradient G . xk
that, for all 4, € Xk and all wr € PX(T),

K orad, T Pk(T) is defined such

“—grad,T

/qu 'WT=—/61TdiVWT+ Z U)TF/Y;(:H‘]F(WT'"F) (3.11)
T = T F =

Fe¥r

=/gradqr-wT+ > wrF/(y'}”qF—qT)(WrnF),
T Fefy F B
T
where we have performed an integration by parts on the first term in the

right-hand side to pass to the second line.

Lemma 3 (Consistency properties) The edge, face, and element gradi-
ents, and scalar trace satisfy the following consistency properties:

VE € &, Gi(Itaard) =75 p(a)  VYqeHYE), (3.12)
VF € %, Gl (I5aa.rd) = gradp g Vg € P*L(F), (3.13)
VEeFn v (Ihaard) =4 Vg € P*H(F), (3.14)
VFeFi,  mpr(vita,) =ar V4, € Xgrad ro (3.15)
VT € Ty, Gk 7 (Lraa 74) = gradg Vg € PHU(T). (3.16)

Proof Let us prove (3.12). Take ¢ € H'(E). For all rg € P*(E), denoting by
xy, and xvy, the coordinates of the vertices Vi and Vs of E, oriented so that
tg points from Vi to Vs, we have

[ G076 = L 70 00) = L 70 00) = [ (L s

= (qre)(xvy) — (qre)(xv,) /E arly = /E .
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where we have used an integration by parts in the first line, obtained the
second equality applying the definition of I kra N Eq € P*1(E) (which satisfies
(Igrald £4)(xv) = g(xy) for all V. € Vg and 7r (Ikrad’Eq) = n’;{éq) together
with 7, € P =1(E), and used another 1ntegrat10n by parts to conclude. This
proves that (lgrad,qu = JTI;)’E(L]').

Relation (3.13)) can be deduced as in [31], Proposition 4.1]. To prove (3.14)),
we write (3.10) for 4, = !grad’Fq with g € P*1(T), use (3.13), and notice that

gder = q)or (since qjor € ?’c’?H(SF)) to get, for all vp € Rc’k+2(F),

/7?1 Igrad rq)divpvp ——/gradFCI'VF+ Z CUFE/‘II@F("F’”FE)
F E

Ec&p
= / qdiVF VF.
F

The 1somorphlsm property (2.9) with € = k + 2 then concludes the proof that
k1 pk
yF+ ~grad,F q)

The equality - follows from written for vy € REK(F) (thlb
choice is made poss1ble by (2.7 . after replacmg the full face gradient G by
its definition , simplifying the boundary terms, and invoking again the
isomorphism property 7 this time with £ = k.

Finally, can be established from following the ideas in [31]
Lemma 5.1]. O

The following proposition contains a stronger version of [31, Eq. (5.16)],
with test function taken in the Nédélec space N***(T) instead of P*(T).

Proposition 1 (Link between element and face gradients) For all T €

T and all (q,,27) € X g 7 X N¥U(T),

/GTq -eurlzy = — Z pr/GFq “(zr X nFg). (3.17)

Fefr

Proof Writing (3.11) with wy = curlzy € P*(T) and recalling the relation
div curlzy = 0, we have

/GTq -eurlzr = Z ‘“TF/)’kHC} (curlzy - nr)

Fe¥r

= Z wTFAV§+1ngiVF(ZTXnF),

Fefr

the last equality being a consequence of [31, Eq. (3.7)]. To conclude, we invoke

(3.10) with vF = (z7)|F X BF € RT*(F) (cf. (A.5)) and Remark and cancel
the edge terms using [31, Egs. (5.13) and (5.14)]. O
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The global discrete gradient G G Xgrad n Xcurl h

projections of each local gradlent on the space attached to the corresponding
mesh entity: For all 4, € xk

is obtained collecting the

—grad,h’

Gla, = (it (Gha,) 75 (65 a, ) ) s (3.18)
(e 5 (GE4,) 73 (GEa,)) pey
(G]ECIE)Eesh).

Remark 9 (Practical implementation) In schemes based on the DDR sequence,
the discrete gradient ([3.18]) only appears as an argument of the discrete L2-
product on X* (se(%) below), that is, composed with the scalar trace
and potentlal reconstructlon on this space. Thus, leveraging - 4.29) below, one
never has to implement G¥ G, as only the full element gradients (GT)Te’ﬁl are
required. Similar considerations hold for the discrete curl defined by ([3.3]] -
below (see also [29, Remark 7] on this matter).

Notice that this strategy differs from the one often pursued in the context
of Virtual Elements, which consists in directly taking the appropriate compo-
nents of Q;‘l as degrees of freedom. This difference is linked to the fact that
the present construction embeds what could be interpreted in Virtual Element
terms as an enhancement, enabling us to reduce the degree of certain internal
polynomial components.

3.3.2 Curl

We next consider the DDR counterpart of the curl operator, which maps on
X ﬁiv ,, and therefore has components at mesh faces and inside mesh elements.

For all F € ¥y, the face curl Ck XfmlF — PK(F) is such that, for all

KF = (V‘R,F?V%’F’ (VE)E€8F) € XcurlF’

/C;CTKF rF=/VR,F'rOtFrF_ Z wa/vErp V}"FGPk(F). (319)
F F E

Eec&Er
Reasoning as in [31), Proposition 4.3], we get

Ci(Ltyy pv) = 7 p(rotpv) Vv e HY(F). (3.20)

Proposition 2 (Local complex property) Let F € ¥, and denote by Q’} :
Xk — XcuﬂF the restriction to F of the global gradient QZ defined by

“—grad,F
1' Then, it holds

ImGY cKerCf  VF e 7. (3.21)
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Remark 10 (Two-dimensional complex) The relations and ( - ) show
that the following two-dimensional sequence forms a complex

Agrdd F

7F Cilf* k 0
R —gradF — X —curlF — P (F) — {O}

Having assumed F simply connected, adapting the arguments of [31, Theorem
4.1], one can additionally prove that this complex is exact, that is, Ker Qlkp =

Igrad #R, Im G}, = Ker Ck, and Im Ck = P¥(F).

Proof (Propositionlg) Let g, € Xgmd - Using the definition (3.19) of CX and
(3-18) of G} we have, for all rr € PK(F),

/C,’?(Q;qF)erfnRF(G;q ) -rotprp — Z a)FE/G]quFrF
F = F E =

Ec&fp
:/Gf:quotFrF— Z wFE/GZqFrp
F — E =
EE((;F
= Z wFE/ qer(rotprp - nrg) — EVF] =0,
Ec&EF

where the suppression of ﬂ'R F in the second line is possible since rotg rg €

R*“1(F), the third line is obtained using the definitions of GI} with
wr = rotp rp (additionally noticing that divg(rotg rr) = 0) and of G’f57
while the conclusion is obtained reasoning as in [31], Point 2. of Proposition
4.4] (see in particular Eq. (4.19) therein). O

The tangential trace 7fF . Xk — PKX(F) is such that, for all Vi €

curl, F
Xi‘url’ » recalling the notation (2.17),

k o amk k
YirVr = Re s (ViR FVE> v%,F)’ (3.22)

where yi‘ ®FVF € R¥(F) is defined, using the isomorphism property (2.8) with
{=k+1, by

k k
/yt,R,FKF'rOtF rF:/CF‘iF 'F+ Z wFE/VErF
F F

EcEr E
Vre € PORL(F). (3.23)

Remark 11 (Validity of ) Observing that both sides of vanish
when rr € PO(F), it is inferred that this relation holds in fact for any rr €
Pr+1(F). We also notice that, since ”I;Q,F(Vf,FKF) = Vf,R,FKF (by virtue of
and ), yf’R’F can be replaced by 7f’F in the left-hand side of
(13.23)).
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The actual computation of 7 F does not require the implementation of the
recovery operator in the right- hand side of - but rather hinges on the
solution of the following equation: For all (rp, wg) € POK1(F) x R¥(F),

k _ k
/)’t,pﬁp'(I‘OtFrF"‘WF)—/CFKF e+ wFE/vErF+/vRF WE.
F F Ec&Ef

Indeed, the test functions of the form (rg,0) With rr spanning PO (F)
enforce that ﬂ'R F('yt PVp) = yf,R V- satisfies (3.23)), while the test functions
of the form (0,wp) with wr spanning RCk(F) enforce that 71'RF(‘}/t Y F) =

,R - These two conditions combined yield (3.22)). Similar considerations hold
for the three-dimensional potential reconstructlons defined in Sections [4.2|and

43 below.

Proposition 3 (Properties of the tangential trace) It holds

- Jk
ﬂl;"’,}’(yﬁFzF) =ver and “;Q,F(yf,FKF) =Ver Vv € Xcurl Fo (3:24)
Ve e Ly p¥) = 7 v Vv € N¥L(F), (3.25)
7{:(,F(Q]I€:2F) = GII?QF Vq € Xgrad F- (326)

Proof 1. Proof of - Since R*- 1(F) c R¥(F), we have ’;Hlp ﬂ’,‘{}ﬂ;‘eF
and thus, using and Remark (11} we obtain
k-1 1
TR, F(Vt FYE) = ”R F(”R F7s, FKF) = ”R F(Vt R, FYr)-
Applying the definitions (3.23) of 'yfR F and (3.19) of Ck with a generic rp €
POK(F) leads to fF yfR pYp TOtprEp = fF Vg F - rotr rp, hence

”I;z;(VtRF_F) =VR,F-

This proves the first relation in (3.24]). The second relation is a straightforward

consequence of (3.22) and (2.14]).
2. Proof of (3:25)). Let v € N**'(F). Writing (3:23) for v, = I*

carl.FY observing
that Ck (Ik va) = rotpv € PX(F) by (3.20) and that vg = v - tg for all

—Cur.
E € Ef by (A.1) with =k +1, and integrating by parts the right hand side,
it is inferred that Vir, F(IfuﬂFv) = njy pv- Thus, by (3.22), v{ (L If o pY) =
91’7‘? F(Jl";e v, 7r v) = ”P V> where the conclusion results from 2.11 with
(X,Y,0) = (R, F,k) followed by -

3. Proof of (3.26). Let q, € X’g‘rad’F. For all rr € P*1(F), it holds

Z wFE/Glz;(’IE rF Z wFE/QSF(YOtFVF‘nFE)
E

EcéEF E EcéF (3'27)

k
/F GFQF rotp rp,
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where the first equality follows recalling that lesq E = qf on E, integrating by
parts on each edge, noting that (rp)l'E =—rotprp-npg (see [31, Eq. (4.20)]),
and cancelling out the vertex values that appear twice with opposite sign, while
the conclusion is obtained recalling the definition of G]fF and observing

that divp(rotp rrp) = 0. Writing (3.23)) for v, = Qlkqu, we obtain

/Vf,R,F(Q]}qF)'TOtFrF=/£ﬁQqu?7rF+ D wFE/GZCIE rF
F - F - E

EES[:

= /FG],%ZF -rotprp,
where we have used the inclusion in the cancellation, while the con-
clusion follows from . This implies Vﬁ,R,F(Q'MF) = n%’F(G]f;gF). By
definition, the component of Q;QF on REK(F) is n;fF(GézF). Plugging the
above results into with v, = Q];QF and using the recovery formula
[2.15) with (S, 8°) = (R*(F), R“¥(F)) and a = Gﬁ;gF concludes the proof. 0O

For all T € 75, the element curl C% : X* — PK(T) is defined such that,

T * Zcurl,T
for all vy = (V.7 Vg 70 VR.F> Ve pFerrs (VE)Eeer) € X 1o

k k
LCTKT‘WTszVR,T'Curle+ Z wTF‘/F'yt,FgF-(wanF)

FeFr
vwr € PX(T). (3.28)
The following polynomial consistency property is proved as in [31, Lemma 5.2]

(recall the shift of exponent in the notation of the Nédélec space with respect
to this reference):

VI €T Cp(Iiy ) =curly  Wve NYU(T). (3.29)

Proposition 4 (Link between element and face curls) For all (v,,r7) €
XK x PEUT), it holds

'/]:CI}KT.gI‘adrTz Z a)TF/FCIIS—KF rr. (330)

Fe¥r

Proof For any rp € P*Y(T), writing (3.28) for wr = gradry € PX(T) and
using the fact that curl(gradry) = 0 and that (gradrr)|r X _p = rotp(rr|F)
for all F € Fr (see [31 Eq. (3.6)]), we infer that

/CI}KT~gradrT = Z wTF/’}’f,FKF -rotr (rrF).
T Fe¥r F
Using Remark [T1], we arrive at

Cky -gradry = wTF[/Ckv rr+ a)FE/vErT
[[hrpsmatre= 3 e [ harre

FeFr Ec&Ef E
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By [31, Eq. (5.13)], the edge terms in the above expression can be cancelled,
thereby proving (3.30). O

. The global discrete curl g;‘l : X’c‘uﬂ’h - Xﬁiv,h is such that, for all y, €
X

curl,h’ . . .
Qilh = ((”g}(cﬂr)’ ﬂ;,T(CTKT))Te‘EI’ (CIIS"KF)FE‘Th)' (3.31)

3.3.83 Divergence

For all T € 7y, the element divergence D? : Xﬁiv,T — P¥(T) is defined by: For
all wp. = (wg 1. w5 1 WE)rer;) € X5 1
k _ k
/DTKT qr = —/ wgr-gradqr + Z a)TF/ wrgr Yqr € PY(T). (3.32)
T T Fefr F
The global discrete divergence Dfl . XX — PK(T;) is obtained setting, for

=div,h
k
all w, € Xdiv.n

(Dyw,)ir = Dsw, VT €7, (3.33)
Proposition 5 (Local exactness property) It holds, for all T € Ty,
Im C% = Ker DA, (3.34)
where Q; denotes the restriction to T of the global curl Qﬁ defined by

Proof Let us start by proving that D’;(Q’}KT) =0forall vy, € X’c‘url 7> that is,
Imgl;. c Ker(D?). By Proposition |4} for all g7 € P*(T),

/n’éj}(C%KT).graquz > wTF/C,’;gF qrs (3.35)
T Fe¥r F

where we have used grad g7 € G*1(T) to introduce the projector & Hence,

using the definition (3.32]) of D?, we have, for all g7 € PX(T),

/Dl%(gﬁf)éh = —/”"g_}(clﬁr) -gradgr+ ) wTF/ Crvr qr =0.
T T Fe¥Fr F

k-1
G.T"

Since gr is arbitrary in P*(T), this shows that DX (Cky,) =0.

Let us now prove the inclusion Ker(D?) cImC ]} We fix an element w,. €
Xﬁiv’T such that D;ET = 0 and prove the existence of v, € lfurw such
that w, = Cky.. Enforcing DXw, = 0 in (3:32) with g7 = 1, we infer that
Y Fefr WTF /F wr = 0. Thus, [31] Lemma 5.3], which remains valid in the
present context, provides (vg r, Vg )res and (Ve)ees, such that, for all
F € Fr, letting v, = (VR,F,V%’F,(VE)EEé;F), it holds wp = Cky,.. Enforcing

again DI;KT =0 in (3.32), this time for a generic test function ¢y € P*(T),
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and accounting for the previous result, we can write, for all vy, € Xi‘url 7 with
boundary values as above,

/WQ,T'gI‘adCIT = Z wTF/ C];‘KF cIT=/7rkg_}(C§gT) - grad g7,
T Fe¥r F T

where the conclusion follows from the relation (3.35) linking volume and
face curls. Since grad g7 spans G¥"1(T) as g7 spans PX(T), this proves that
ﬂ’é‘}(C?gT) = wg.r. Finally, we select vgr € R¥1(T) in such a way as to

have nEfT(CégT) =w, 1, that is, recalling (3.28),

k
‘/T‘V’R,T'CU-I'IZTz/T‘WCg,T'ZT— Z wTF/FVc,FKF “(zr X nF)

FeFfr
Vzr € GEK(T).  (3.36)

By the isomorphism (2.10)), this condition defines vg 7 uniquely. O

3.4 Discrete sequence

Recalling the definitions (3.5), (3.18)), (3.31), and (3.33)) of the global discrete

operators, the DDR sequence reads:

I* Gk ck Dk
1rad,l; k Zn k =h k h k 0
R X d,h 1 Xcurl,h 1 ldiv,h > P (72) > {0}

“gra
(3.37)

Remark 12 (Variations) In the spirit of [7, Section 9], one could consider alter-
natives of the DDR sequence obtained varying certain couples of poly-
nomial degrees in such a way as to preserve the exactness properties. Thus one
could, e.g., replace R*"1(T) with R*(T) in the definition of Xfurl,h and,
correspondingly, G (T) with G***1(T) in the definition of Xgiv e With
these changes, the results of Proposition [5| (and, in particular, ) remain
valid. Assessing the impact such and similar changes on the consistency is,
however, more delicate. These developments are left for a future work.

3.5 Commutation properties

Lemma 4 (Local commutation properties) It holds, for all T € Ty,

Gl (Iynar9) = Lo r(gradg) Vg e C1(D), (3.38)
Cr Lo ¥) = Ly r(curly) v e HA(T), (3.39)

DY(I, 7w) =75 7 (divw) yw € HY(T). (3.40)
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Remark 13 (Global commutation properties) Global commutation properties
can be readily inferred from the local ones stated in Lemma [ when interpo-
lating functions that have sufficient global regularity.

Remark 14 (Role of commutation properties in the design of robust methods)
The commutation properties of Lemma [ play a key role in the design of
discretisation methods robust with respect to the variations of physical pa-
rameters. See, e.g., [30] concerning a DDR method for the Reissner-Mindlin
plate bending problem robust with respect to plate thickness.

Proof (Lemma We start by noticing that all the interpolates defined in
(3.38)—(3.40)) are well-defined under the assumed regularities.

1. Proof of (3.38)). By (3.12) it holds, for all E € &r,

G];:(lgrad,quE) = ”];),E(qu) = ﬂl;),E((grad 9\ LE).

Let now F € Fr. Writing the definition (3.9)) of G with 4, Igmd Fq|p and

wr € RT*(F), and recalling (A.2) to replace q&, with np E(qu)|E JT¢, Eq|E
(see (3.5)) in each edge integral, we infer

k (1k k-1 .
/GF(Zgrad,Fqu) "WF= —/ Ty pq)F AiVEWE
F F

+ Z wFE/ﬂpECHE(WF nrg)

EESF

:—/qdiVFWF+ Z wFE/Q(WF'nFE)
F E

Ec&p
=/gl‘adFCI|F'WF,
F

where we have removed the projectors using their definition in the second
equality and we have integrated by parts to conclude. Recalling the definition
[212) of RT*(F), we can first let wr span R*"1(F) to infer

ﬂ-R F[Gk (Igrad Fq|F)] - ﬂ-R F(gradF qIF)
and then R“*(F) to infer
‘RF[Gk (—graqu|F)] _7( (gradF Q|F)

The proof that & L[GK(1% , ,q)] = = (gradq) and 7", |G (1% qu)]

~gra

”;e T(grad q) is similar: we write the deﬁmtlon of G for 4, _grad 74
and wy € RT*(T), use property 4)) along with - ) to replace the trace
ykH (!grad Fq\F) with L[y (1 _grad Fq‘p)] ];,Fq“c in each face integral,
remove the projectors usmg their definitions, and integrate by parts. This

concludes the proof of (3.38).
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2. Proof of (3.39). For all F € Fr, by (3.20) it holds

Cé(!ﬁml,FVIF) = ”;,F((C“I‘IV)W ‘nF),

where we have used rotg v r = (curlv)|r - np, see [31, Eq. (3.7)]. Writing the
definition (3.28) for wr € N*(T), we have

k (rk _ k
/T Cr (Lo r?) - wr = /T Ty - curlwr

+ Z ‘*’TF/”];%T,F [Vf,F(lfurl,FKt,F)] -(wr X np),
FeFr F

(3.41)

where we have removed n’;{} using its definition and, recalling (A.5]), we have
introduced the L2-orthogonal projector JTI;?T Foon RT*(F) in the boundary
integral. By (2.12) together with (2.15) written with the choices (E, S, S¢) =
(RTE(F), R*T(F), R (F)) and (3.24),

k kK (7k _ k-1 ¢,k _ Kk
TRT.F [Vt,F(!curl,F"t,F)] = mRk’l(F),RC”‘(F) (TR FVL.Fs ”R,F"t,F) =Ry, pVt.F-

Plugging this relation into (3.41)), we infer

k (yk k
/TCT(!CUILTV)-sz‘/Tv-curle+ Z wTF/F%T’/th,F-(wTXnF)

FeFr
= / curlv - wr,
T

where we have used again (A.5|) to remove the projector in the boundary term
and we have integrated by parts to conclude. Letting wr span G*~1(T) (re-
spectively GS*(T)), this yields ﬂg’% [CI} (I 1’Tv)] = k=1 (curly) (respectively

—cur G.T
ﬂ;fT[Ci (!i‘url’Tv)] = ﬂ;f}(curlv)), thus concluding the proof of (3.39).

3. Proof of (3.40). The proof is done as in [31, Lemma 5.4], noticing that the
cancellation of the component in the complement of G*(T), obtained therein

by orthogonality of this complement, is not required here since this component
is absent from the definition (3.32)) of D%. O

3.6 Complex and exactness properties

The properties collected in the following theorem show that the sequence ((3.37)
forms a (cochain) complex.

Theorem 1 (Complex property) It holds

Iy aa R = Ker Gy, (3.42)
Im G} c Ker CF, (3.43)
Im Cf c Ker D, (3.44)
Im DY = PX(73,). (3.45)
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Proof 1. Proof of (3.42). From the consistency properties , and
of the full gradients and the definition of ng, it is readily inferred
that Gj(I%,,4,C) = 0 for all C € R, hence 1§ ;R C Ker Gj,.

To prove converse inclusion Ker QI;; C llg(rad,hR’ let q, € X’gcrad’h be such that
Qlflgh = 0. By the definitions of QZ and of GX, this means that
gy =0 for all E € &, that is, (gg,) £ is constant over E. Since Q has only one

connected component, accounting for the single-valuedness of gg, at vertices,
we thus infer the existence of C € R such that gg, = C. Let now F € ¥, and

wr € R*(F). We have ﬂ;e’kF(GIkqu) =0, and thus

OZ/FGII{:QF'WF

Z—/CIFdiVF WF + Z wFE/QSF(WF'nFE)
F E

EESF

= /(C—qF)diVFWF,
F

where the second equality comes from the definition (3.9)) of GIIEQF, and the
conclusion is obtained accounting for the fact that gg, = C and integrating
by parts. Since wg is generic in R%¥(F), recalling the isomorphism (2.9) this
implies ﬂ’;{}(qF —C) = 0, and thus gr = ﬁ’;;}C. As, for all F € ¥, the
previous results give 4, = (qF.qer) = ﬂ;rad’FC’ we also have 71]§+1€F = C by
(3.14). Similarly, let T € 7;, and wy € RS¥(T). Writing the definition (3.11)) of
G;QT for wy € R*(T), and accounting for n;éf‘T(GégT) =0 and yf;'le =C,

it is inferred
0= /qu "Wt
r T

Z—/quiVWT+ Z wTF/C(wT-nF)
T F

Fefr

=/(C—qr)divwr,
F

which implies, invoking the isomorphism (2.9), 7% 1(gr — C) = 0 since wr is

generic in R%*(T). Hence gt = ﬂ';)t%C for all T € 75, which concludes the proof
_ Kk

that 4, = !gmd’hC.

2. Proof of (3.43)). The inclusion (3.43]) follows from the local property:

ImGk cKerCh VT €7, (3.46)

ie., Ck (QI;QT) =0forallg e Kgradj. Let T € 7;,. The relation (3.21)) implies

ck (Qlkng) = 0 for all F € F7. The fact that xj; 1 [ck (Q’}QT)] = 0 then follows
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from ([3.35)). We next notice that it holds, for all wr € Gk (1),

/TCI;(QéﬁT)‘WT=/§';{’/T{(G§q ) - curlwr
+ Z ‘”TF/GFCI ~(wr Xnp)=

Fe¥fr

where we have used the definition of Cl} and the property of the
tangential trace reconstruction in the first equality, the fact that curlwy €
R*1(T) to cancel the projector, and the 1ink - ) between volume and face
gradients to conclude. This shows that 7r [Ck (qu )] = 0 and concludes

the proof of (|3.46| -
3. Proof of (3-44). Immediate consequence of (3.34) after observing that C’
and D; are the restrictions of Q,’; and Dfl to T, respectively.

4. Proof of . The inclusion Im Dﬁ c P*(73) is an obvious consequence of
the definition of the global divergence. To prove the converse inclusion,
let g, € PX(7y,). Since the continuous divergence operator div : H'(Q) —
L2(Q) is onto (see, e.g., [28 Lemma 8.3]), there exists v € H!(Q) such that
divy = gj. Setting vh = ICllv WY € de ,» the commutation property
and the definition of the global divergence yield Diz n= ﬂ’;’h(div v) =

ﬂ];,’hqh = gp. This shows that P*(7;) c Im D;‘l, thereby concluding the proof

of (.29)

Remark 15 (Kernel of the full curl operator) Combining the inclusion ((3.21])
with the relation linking element and face curls, it is inferred that,
for all g € Xgrad - JTg T[C?(QggT)] = 0. On the other hand, ([3.46) implies

[Ck G’;q )] = 0. Hence C;(QI;ET) =0 by (2.15) with a = C?(Q’;QT) and
(s, SC) = (6"(T), G“*(T)). This shows that Im GX < Ker C.

The exactness properties of the DDR sequence, depending on the topology
of the domain, are collected in the following theorem.

Theorem 2 (Exactness) Denoting by (bo, b1, ba, bs) the Betti numbers of
Q (with bg =1 since Q is connected and bz = 0 since Q C R3), we have

b1 =0 = ImG) = KerC}, (3.47)
by =0 = ImC} = Ker D}. (3.48)

Remark 16 (Meaning of vanishing Betti numbers) In broad terms, the condi-
tion b; = 0 means that Q does not have any tunnel, while by = 0 means that
Q does not enclose any void. A typical example of Q that has by # 0 is (the
interior of) a torus, and an example of Q with by # 0 is a domain enclosed
between two concentric spheres.
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Proof 1. Proof of (3.47)). Recalling (3.43)), we only have to show the inclusion

Ker C} c ImGF, (3.49)
that is, for all v, € Xfurl’h such that Qﬁgh = 0, there exists q, € Xérad’h such
that v, = Qflqh. In what follows, we show how to construct such a 4,

We start by constructing a function qg, € PX*1(&y,) such that ve = (qg,)’
for all E € &;,. Let Vy,V € V), be two distinct mesh vertices of coordinates
xy, and xvy, respectively, and denote by Ep C &), a set of edges that form a
connected path P from Vj to V (such a path always exists since Q is connected).
By the fundamental theorem of calculus, there is a unique function gg, €
PE1(Ep) such that ggp(xy,) = 0 and (qu)l’E = v for all E € Ep, the
derivative being taken in the direction of E (gg, is obtained integrating, in
the direction defined on each edge E by g, the functions (vg)geg, ). We want
to show that the value gg, (xv) taken at V is independent of the choice of the
path P. To this end, denote by P another path from Vy to V formed by the
edges in &5, and denote by —P the same path but with reversed orientation. We
assume, for the moment, that Ep and E are disjoint. By similar considerations
as before, there exists a unique gg; € P(’f”(é‘lz) such that gg(xv,) = 0 and
(qgﬁ)"E =vg forall E € Ep. Since by = 0 (i.e., there is no “tunnel” crossing Q),
the path B := P— P’ formed by the edges in Ep := EpUE5 is a 1-boundary, i.e.,
there is a set of faces Fp C ¥ giving rise to a connected surface Sp = Upeg, F
such that B = dSg. We fix an orientation for Sg and, for all F € ¥, we denote
by wpr € {-1, 1} the orientation of F relative to Sg. For all E € Ep, there is a
unique face F € Fp such that E € Ep, and we let wpg = wprwrg denote the
orientation of E relative to Sg. Since C}EKF =0 for all F € ¥, it holds

0= Z G)BF‘/I;C;(:KF:— Z WBF Z wFE/EVE=— Z G)BE‘/EVE,

Fe¥fp Fe¥fp EcéF Ecé&Ep

where the second equality is obtained from with rp identically equal to
1, while the conclusion follows observing that all the edges that are interior to
Sp appear exactly twice in the sum, with opposite signs. Thus, reasoning as in
[31, Proposition 4.2], there exists gg, € P¥*1(Ep) such that (gg,) = vE for all
E € Ep, which we can be uniquely identified by additionally prescribing that
g&g(xv,) = 0. Under this condition, by uniqueness we infer (gg,) e = (98,)|E
for all E € Ep and (gg,)|E = (qgﬁ)“g for all E € &p. Since gg, is continuous
at the vertices of B, this shows that gg,(xv) = gg;(xv). This argument can

be extended to paths P and P such that Ep N Ep # 0, the only difference
being that one should reason, in this case, on each connected component of
the manifold Sp (corresponding to a “loop” inside the path B = P — P).
Repeating this reasoning for each vertex V € V, and all possible paths
connecting Vo and V, we conclude that there exists a unique gg, € PrL(EL)

such that gg, (xv,) = 0 and, recalling the notation (3.4)),
4y =GXqe=ve  VE €&, (3.50)
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Let now F € F,. We look for a g € P*~1(F) such that 4, = (gr.qer) €
xk satisfies v, = Q;‘;qF. Plugging CIIEKF = 0 into (3.19)), we infer, for all

“grad,F
rr € Pk(F)a
/ VfRJ: . I'OtF rp = Z (L)FE/ VEFF
r EESF E
— Gk
= WFE E4E TF
EcEp E

= ./F‘GI;TZF . I'OtF rr,
where the second equality is a consequence of (3.50)), while the conclusion
follows from (3.27). This shows that vg g = ﬂ%‘}(GFgF) for all gr € P*1(F).

Let us now enforce v¢, .. = ;e’kF(lequ), that is, for all wr € ROK(F),

RF —
Gk
VRF WF F49,. WF
F F —

—/QFdiVFWF+ Z wFE/qu(WF'nFE),
F E

EecEfp

where we have used the definition (3.9]) of G]f; in the second equality. Recalling
the isomorphism (2.9)), the above condition defines the sought ¢ € P*~1(F)
uniquely.

Writing the definition (3.28)) of C?ET with wy € GS¥(T), using v, € Ker gﬁ
to see that ﬂc’fT(Cl}gT) = 0, invoking (3.26)) to write y{ v, = GézF and using
the link (3.17)) between element and face gradients with z7 = wr, we see that,
for any T € Ty, vgr = n’,,‘z"}(G’}gT) with ¢, = (g7, (gF)Fesr»qey) for all
g1 € P*1(T). Proceeding then as for qr above, we can select g7 € P*~1(T)
to additionally have v, ;. = ﬂ?éf}(G?gT). This concludes the proof of (3.49).

2. Proof of ({3.48)). The proof can be obtained reasoning as in [29] Point 2b) of
Theorem 3|. As a matter of fact, this argument is based on a local exactness
property analogous to (3.34]) together with a topological assembly of the mesh

valid for domains that do not enclose voids (by = 0), and it therefore does not
depend on the specific choice of the complements in (2.5) and (2.3). O

4 Potential reconstructions and L2-products on discrete spaces

The definitions of the element gradient Gk and curl C¥ required us to introduce
discrete scalar and tangential traces on the mesh faces. In this section, for each
T € 9, and e € {grad, curl,div}, we define discrete potential reconstructions
inside T acting on the discrete space X'_"T. These potentials have consistency
properties, and enable the design of discrete L2-inner products on DDR spaces
that are also consistent.
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: k
4.1 Scalar potential on X 4 -

The scalar potential reconstruction Pé‘:ald’r : X{g‘ra ar P*+1(T) is such that,

for all 4, € X]g(rad,T’

Z wTF/?’f:HgF(VT'nF)

Fe¥r F
Vvr € REF2(T),  (4.1)

k+1 : _ k .
‘/TPgmd’TgwavT— ‘/TGTZT vr +

with ¥k defined by (3.10). This relation defines P{g‘:ald 4, uniquely since

div : R&*¥2(T) — P*1(T) is an isomorphism by (2.9) with £ = k + 2.

Remark 17 (Validity of ) The definition of Gl} and the identity
div curl = 0 show that both sides of vanish when vy € R*(T). Hence,
actually holds for any vy € R¥(T) @ RE**2(T) = PX(T) + RE¥2(T), the
second equality following from R%*(T) c R%**2(T) and the decomposition

25).

Using the polynomial consistency properties G?(!{g‘ra ord) = gradg and

i (lgrad,pqu) = g, valid for all ¢ € P*U(T) (see (3.16) and (3.14), re-

spectively), the following polynomial consistency of Pé:ald,T is obtained:

Poarleard) =a Vg € PNT). (4.2)

Moreover, applying ([&.1)) to vy € RE*(T) (see Remark, using the definition
(3.11)) of G§ with wp = vr, and recalling that div : R“*(T) — P*~1(T) is onto,
we obtain
k=1 ( pk+1 _ k
ﬂ-’P,T(Pg:ad,TiT) =dqr VQT € Xgrad,T‘ (43)

4.2 Vector potential on X*

curl, T

Recalling the definition (2.17)) of ‘R/,I‘Q’T(-, -), the vector potential reconstruction
P* . Xk — PX(T) is such that, for all vy € X«

curl,7 * =curl,T curl, T’
k — qpk k
Pcurl,TKT T 9{’R,T(Pcurl,R,TKT’ v(;?,T)’ (44)
where Pi‘ml’R’TgT e R¥(T) is defined, using the fact that curl : G&*1(T) —

RK(T) is an isomorphism (see (2.10))), by

k _ k k
/TPcuﬂ,R,TKT'CuerT—/TCTKT'WT— Z wTF/FVt,FKF'(WTX"F)

FeFr
Vwr € G&FU(T).  (4.5)
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Remark 18 (Discrete integration by parts formula for P* ) Formula (4.5)

curl, 7
can be extended to test functions in the Nédélec space N**1(T) defined by
[2.12). To check it, simply notice that both sides vanish whenever wr € G*(T)
(use curlgrad = 0 and the definition (3.28) of C%). Since n’;e’T(Pi‘urLTgT) =

Pi‘uﬂ’R,TgT (see (4.4) and (2.14))), we infer that

k k k
/TPcurl,TKT reurlzy = /TCTKT 2T = Z wrr /F YerVp (2T XnF)

Fe¥r
Vzr € NMU(T).  (4.6)

Apply (4.6) to v, = !furl v with v € PX(T), use the consistency proper-
ties ¥§ o (I8 p¥) = 7o pVeF = vir and Ch(IF ., ,v) = curly (see (3:25) and
(3:29), respectively), and integrate by parts. Since curl : N**1(T) — R*(T)

is onto (due to the isomorphism property (2.10)), we obtain the relation
mk (PR (I v)] = 7k v, The definition (4.4) and the property (2.14)

(I* v)] = n;ékrv. As a conse-

: c,k k
of the recovery operator also yield & [P Lot

R,TL" curl,LT
quence,
k k k
Pcurl,T(!curl,Tv) =V Vv € P (T) (47)
Using similar arguments as in the proof of Proposition [3] we also have

k-1 (pk k k k
nR,T(Pcurl,TKT) =VRT and ”(;?,T(Pcurl,TKT) = v(;?,T VKT € Xcurl,T' (48)

4.3 Vector potential on X(Iiiv,T

Recalling the definition (2.17)) of "Rg (-5 +), the vector potential reconstruction

Pﬁiv’T : Xﬁiv’T — PX(T) is such that, for all W€ Xﬁiv’p

k _ ok k
Py, Wy = ‘Rg,r(Pdiv,g,Tﬁr’ WCg,T)’ (4.9)

where Pﬁiv,g,TﬁT € GX(T) is defined by

k k
/PdiV,Q,TmT.gradrTz_/DTET rr + Z wTF/wF rr
T T

Fe¥Fr F
Vrr € PORL(T). (4.10)

Remark 19 (Discrete integration by parts formula for Pﬁiv ) Observing that

Pi‘hv,g’T = ng’TPSiV’T (use (2.14)) and that (£.10) holds for any rr € P*1(T)
(as can be proved taking ry constant in T and observing that both sides of
this equation vanish due to the definition (3.32)) of D%), we infer

k k
/Pdiv’TmT-gradrT:—/DTmT rr + Z wTF/wF rr
T T F

Fefr
Vrr € PRYT).  (4.11)
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Writing this relation for w,. = !ﬁiv W With w € RT*(T), observing that
Dk(IkwTw) = ’;,T(divw) = divw by and nl;,F(w|F nE) = wp -
ng for all F € ¥ by -, and 1ntegrat1ng by parts the rlght hand side
of the resulting expresblon we infer 7r [Png(!ﬁlv Tw ] = ng oW; since

[PdwT Ikw )] = 71' w by deﬁmtlon of PdWT, 1%, - and (214), we
deduce that

Pl (L 7w) = pw  Yw € RTN(T). (4.12)

Moreover, using similar arguments as in Proposition |3| we get

k=1 pk k([ pk _ k
”g,T(Pdiv,TKT) =wg,r and ”Cg,T(Pdiv,TKT) = WCg,T Vwr € Xgi - (413)

4.4 Discrete L2-products

We now define discrete L2-inner products on the DDR spaces. These prod-
ucts are all constructed in a similar way: by assembling local contributions
composed of a consistent term based on the potential reconstruction and a
stabilisation term that provides a control over the polynomial components
on the lower dimensional geometrical objects. Specifically, each L2-product
(s )grad,n Xéradh X Xlg(rad,h = R, (5 )ewln X(I:(url,h X Xcurlh — R, and
(- )div.h ° Xglv n X Xle , — R is the sum over T € 7, of its local counter-

part defined by:

. k+1 k+1
(KT’ET)grad,T T /Pgrad Trr Pgrad Tq + Sgrad,T(KT’Z )

V(rT’ ) € Xgrad T X Xgrad T (414)

— k k
(KT’ KT)CUTLT = /TPcml,TKT'Pcml,TKT + Scurl,T(mT, KT)

V(WT’ T) € Xcurl T X Xsurl T (415)
(W, Vp)div,T = /Tpﬁiv,TKT'Pﬁiv,TKT +Sdiv, T (W V)
V(WT, T) € Xle T X XSIV T° (416)

with symmetric, positive semidefinite stabilisation bilinear forms s, r, ® €
{grad, curl, div} defined as follows:

k+1 k+1
Sgrad, T(VT,C] ) - Z hF/ gradT -T )/F rF)(Pg:ad Tq _7F+ 6] )
Fe¥r

+ Z h2 / Pé:ad TrT_rE)(P{;:ald,TZT_QE), (417)
Eecér
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Scurl, T (ET’ KT) =

Z hF/ ((P(I:Curl,TET)t’F - yf,FﬁF) ) ((P(]furl,TKT)tvF - 7§,FKF)
Fe¥Fr F

+ Z h%L (Pnl:curl,TET Ig — WE)(Pi{url,TKT “Ig — VE)’ (418)
EE(ST

where we recall that the index t, F' denotes the tangential trace on F, and

Sdiv, 7 (Wr» V) = Z hF/ (P]c{liv,TmT "RF— WF)(Pgiv,TKT ~np —vr). (4.19)
Fe¥r F

These local stabilisation bilinear forms s, 7 are polynomially consistent, i.e.,
they vanish whenever one of their arguments is the interpolate of a polyno-
mial of total degree < k + 1 for e = grad, or < k for e € {curl,div}. The
consistency properties on interpolates of smooth functions of the potential re-
constructions and stabilisation forms proved in Section [f] below make these
discrete L2-products natural candidates for use in the discretisation of PDEs
in weak formulation; see the application of DDR to the magnetostatic problem
in Section [

For e € {grad, curl, div}, we denote by ||-|le,r the norm on Xf,r induced by

the corresponding local discrete L2-product (-, -)e.7, and by ||-|ls.», the norm on
X’f , corresponding to the global discrete L2-product (-, )e.p-

4.5 Component L2-norms, bounds, and equivalence properties

The analysis of the stability and consistency properties of the DDR sequence
is facilitated by the introduction of L2-like norms naturally associated with
the choices of polynomial components in the DDR spaces. Specifically we set,

for all q, € X’g‘rad’h?

[N

g, Mgraa.n = ( > |||gT|||§rad,T) with

TeT,

VT € Th V4, € Xpea 1

N

g, N7 = (uqrnizm - hF|||gF|||§rad,F)
e (4.20)

VF € Fis V4, € Xgrad 1>

[N

g Meraa. = (anuigm P ) hEquuiz(E))
EE((;F
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Similarly, for all v, € Xcurl h?

[NI[

(L= ( PN T|||.m1T) with

TeT,

VT € T, Vv, € XcurlT’

1=

12 w7 = (uvanzm e rlta gy + D hrlly velZur)

e (4.21)

VF € Fp, Vv, € XcurlF,

=

. 2 2 2
2 e 7 = (an,FuLg(F) WS pllZa gy + D hE||vE||L2(E))
EE(S[-‘

Finally, for all w, € XX. .

N

lw, laiv.n o= ( D7 w3, T) with

TeT,

VT € Ty, Vw, € gfﬁﬂ,

=

. 2 2 2
lw llasv. 7 = (nwg,Tnm) w7 + D, thwFuLQ(F))
FeFr

Remark 20 (Alternative stabilisations) Each of the component norms |[|||e.7,
for e € {grad, curl, div}, is a Euclidean norm on the corresponding local space
X’fT. It is therefore associated to an inner product [-,:]e 7, which can be
used to design an alternative stabilisation to Se.7 by setting Se (v, w,) =
vr=L, ;Pervywr =1, 1 Porwyler, where I, ;- and P, 7 are respectively the
interpolator and potential reconstruction on X’j,T. This alternative stabilisa-
tion is the one chosen for Xi‘urlj in [29]. We also note that sqiv,7 = Sdiv.7-

The next proposition follows from ([2.19)) and Lemma@ in Appendix [Al in
a similar way as in the proof of [29, Proposition 13].

Proposition 6 (Boundedness of local potentials) It holds, for allT € Ty
and all F € Fr,

||7§+1ZF||L2(F) < |||2F|”grad,F v " (4 22)
9 € LXgraa 1 .
||P§:a1d 47 ”L2(T) b3 ”|C] I”grad,T =T grad,
lly§ FYrllzry < v elleat,r exk o
LT> .
1PS s r¥ 72 7y S M1 llewrt, 7
, (T)

1Py 7 rlli2 ) < g llaie,r Vw, € X5 o (4.24)
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We next establish the equivalence of the norms corresponding to the dis-
crete L2-products and the component norms.

Lemma 5 (Equivalence of norms) Let o € {grad, curl,div}. We have, for
any T € Ty,

lzpller = llzpller Yz, € X5p (4.25)

Proof We only prove the result for e = div, the other cases being similar (see
also [29] Proposition 14] for e = curl in the case of orthogonal complements,
instead of the Koszul complements (2.3, (2.5)). Let T € 7, and w,. € Xﬁw T

By definition (4.16)) of the L2-product on X SiV’T, we have

k 2
w3 7 = 1Py 7212 gy + D) REIPE 2w - e = wEllEs
Fefr

k 2
SIP wrllEs D hElwelfs gy < Wl 7o
Fe¥r

where the first inequality follows from a triangle inequality together with
the discrete trace inequality hF||Pdlv TwT||L2(F) sl fhv T_T||i2( - (see [28,

Lemma 1.32]), while the conclusion is a consequence of - 4.24)) together with

the definition of [|w [llqiv,7- This proves 2 in
To prove the converse inequality, we start from 1) to write

w3y = I 7 (Phiy w12 oy + 1w (Pl )32
+ Z 7 T
Fe¥r
2 k 2
S WPy pwyllEs py + D helwe = P qwo - nellfa
Fe¥r
k 2
+ Z hellPaiy 7 Wr - REIL2 5y
Fe¥fr
2
S wrllgiv s

where the first inequality follows from the L2-boundedness of the orthogonal

projectors ﬂ’é‘} and n'ng together with a triangle inequality, and the conclu-

sion is obtained invoking the same discrete trace inequality as before together
with the definition of ||w.||qiv,7. This proves < in . O

Lemma 6 (Boundedness of local interpolators) It holds, for all T € Ty,

|||_grad rallgraar < NgllLz(ry + hrlglas oy + hlgluzy Vg € HX(T),  (4.26)
”|lcur1jv”|curl,T < ||v||L2(T) + hT|V|H1(T) + hT|V|H2(T) Yy € Hz(T)’ (4'27)
IS 7w llaiv.r < Wiz + hrlwlgs g Yw e HI(T). (4.28)
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k

grad. T and

Remark 21 (Boundedness in other norms) The boundedness of [
k
!curl,

1 gra 47> and the same spaces on which usual Nédélec interpolators are defined

for qurl,T —see [10] Section 2.5.3]). However, the role of Lemma [6|is to enable
primal consistency estimates (Theorem [6)); since these estimates require higher
regularity on the solutions, the bounds % and stated in non-minimal
norms are sufficient to our purpose.

 could easily be stated using norms in larger spaces (typically, C O(T) for

Proof (Lemma @ The definition ([3.5]) of Zlg(rad,T shows that ”l!’g(rad,qungradJ <

7|2 maxr |gq|. By [28, Eq. (5.110)], it holds

2
_1
max |q| 5 172 ) Wilgli ),
r=0

which concludes the proof of (4.26]). The estimate (4.27)) is obtained the same
way. As for (4.28)), by the continuous trace inequality of [28, Lemma 1.31], we
have

1 1
) . s
Iy w0 ne) iz ey < Wl ) < B2 Wl o + RE Wl -

Using this bound in the definition (3.7)) of I SiV’T yields (4.28). O

4.6 Links between discrete vector potentials and vector calculus operators

In the next proposition, we show that the element gradient and curl can be
recovered applying the suitable potential reconstruction to the corresponding
discrete vector calculus operator, in a similar way as in for the tangential
face reconstruction and face gradients.

Proposition 7 (Link between discrete vector potentials and vector
calculus operators) For all T € Ty, it holds

k k k k
Pcurl,T (QTQT) = GTgT VgT € Xgrad,T’ (429)
k
Pfiiv,T(gI;"KT) =Cryy Vv, e Xﬁurl,T' (4.30)

Proof 1. Proof of (4.29)). By the second projection property in (4.8]), we have

c,k k
ﬂ"R,T [Pcurl,T

prove that

(Q’}QT)] = n‘;ékT(Gl}gT). To infer the conclusion, it then suffices to

ﬂl;?,T[Pﬁurl,T(gl;"gT)] = ”'%,T(GégT) (4.31)

and invoke (2.15). To prove (4.31), we take z7 € N U(T) and appl (14.6))
with v, = Grq,.- Using the inclusion Im Q’} c KerCh (see Remark D and
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the relation y{ F(G'I‘:q ) = GFq valid for all F € F7 (see Proposition , we
obtain

/Pfurl,T(Ql;ZT) eurlzy = — wTF/GFq -(zr X nF)
g Fe¥r

k
= /TGTZT'C‘H'IZT’

where the conclusion follows from the link between element and face gradients
established in Proposition |1} By the isomorphism (2.10) with £ = k + 1 and
since G&K*H(T) ¢ N**1(T), this establishes (£.31)) and concludes the proof of
(4.29)).

2. Proof of (4.30). The second projection property in (4.13]) ensures that

Q T [PSIV T(Cl;'v )] ;f{T (CIY("KT)

As before, it therefore remains to analyse the projections on G¥(T). Apply
- tow, = CT + and a generic rr € P1(T), and use the inclusion Im Ck
Ker Dk (see Proposition ' ) to get

/P]c;w 7(Crvy) -gradrr = Z wrr ,/F Cryprr = ‘/TC§KT ~gradrr,

Fefr

where the conclusion is obtained applying the link between element and face

curls of Proposmon This yields [P(’;1V (Chv,)] = ng’T(CégT), proving
@30). o

Corollary 1 (Bounds on discrete gradients and curl) For all F € 7,
it holds

16k g Iy 2 POk arlia < IGkg Nowr Va € X - (432)
Ee F

For all T € Ty, it holds

1G5, 12y + ) hrlGEG, 2 )+ D BEIGEGE R ) S GG, News 7
Fefr Ec&r

Vg, € x* (4.33)

“grad,T’

1€ 2172 oy + D RENCER RN o) S NCE llaiv Vo € X (4.34)
Fe¥r

Proof The definitions of ||||llcur.s Ill/lcurl,7, Qlkp and Q; show that the edge
gradient contributions in the left-hand sides of (4.32]) and (4.33]) are bounded
by the corresponding right-hand sides. To bound the face and element gradient

contributions in the left-hand sides of (4.32)) and (4.33)), simply apply (4.23) to
vy = Q’}QT and use (3.26) along with (4.29)). The estimate (4.34]) is established

in a similar way, using (4.30). O
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5 Poincaré inequalities

In this section we state and prove Poincaré-type inequalities for the opera-
tors in the DDR sequence. Notice that we consider here the complex with-
out boundary conditions, but one could alternatively consider the complex
with (homogeneous) boundary conditions, for which similar inequalities are
expected to hold. The details are left for a future work.

5.1 Discrete Poincaré inequalities

Theorem 3 (Poincaré inequality for the gradient) Let q, € xk be

such that

“—grad,h

>, [ Pihra, 6.1)

TeT,

Then, there exists a real number C > 0 independent of h and q, and depending
only on Q, k, and the mesh regularity parameter, such that

|||2h|||grad,h = C”IQ}Iigh”Icurl,h- (5.2)
Proof See Section

Remark 22 (Condition (5.1)) For k > 1, owing to (4.3) the condition (5.1)) is

equivalent to
Z / qr =0.
T

TeT,

For k = 0, the absence of element components means that translating (5.1)) in
terms of the components of q, is less straightforward. Assuming that, for all

Y € T, U %y, Y is star-shaped with respect to xy := |71| /Yx, and that this point

is selected in the definition of the complements in Section condition (5.1
becomes

Z Z Z |PTFE|772>,E‘IE=% Z Z Z Z |PrrElqer (xv) =0

TeT, Fefr E€cEF TeT, FeFfr E€cEFp VeVg

where, for any mesh element T € 7j, face F € ¥r, and edge E € Ef of vertices
V1 and Vi, Prpg is the tetrahedron of vertices x7, xp, xv,, and xy,. This
corresponds to the construction on the dual barycentric mesh of [12] Section
4.1].

We also notice, in passing, that condition (5.1)) is not needed when consid-
ering the subspace of X 'g‘ra 4., With homogeneous boundary conditions.

For the sake of completeness, we state in what follows Poincaré inequalities
for the curl and the divergence that are easy consequences of the results of
[29].
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Theorem 4 (Poincaré inequality for the curl) Denote by (bg, b1, ba, b3)
the Betti numbers of Q (with by = 1 and bs = 0) and assume by = 0. Let
(Kergﬁ)l be the orthogonal of Kergﬁ mn lfurl’h for an inner product whose
norm s, uniformly in h, equivalent to ||||car,n- Then, g,’; : (Kergfl)L —
Ker Dﬁ is an isomorphism. Further assuming that by = 0, there exists C > 0
independent of h, and depending only on Q, k and the mesh regularity param-
eter, such that

Iy Mewtn < CNC Y llaivn Vv, € (Ker Cp)*. (5-3)

Proof The isomorphism property is a consequence of (3.48)). In order to prove
the Poincaré inequality (5.3]), combine [29], Theorem 20] with [29, Proposition
16] (which requires the additional assumption b; = 0) and the norm equiva-

lence (4.25). O

Theorem 5 (Poincaré inequality for the divergence) Let (Ker D’;l)L be
the orthogonal of Ker D/;l m Xﬁiv,h for an inner product whose norm is, uni-
formly in h, equivalent to ||-|llaiv.n- Then, Dfl : (Keerl)L — PX(TR) is an
isomorphism and there exists C > 0 independent of h, and depending only on
Q, k and the mesh regularity parameter, such that

llwylldiv.n < CIDEW, 2@ YW, € (Ker Dj)*. (5.4)

Proof The isomorphism property is a consequence of (3.45)). The Poincaré

inequality (5.4) follows from [29] Theorem 18] accounting for the norm equiv-
alence (4.25)). O

5.2 Proof of the discrete Poincaré inequality for the gradient

We first prove a preliminary result, which will also be useful to establish adjoint
consistency properties for the discrete gradient operator in Section

Lemma 7 (Estimates on local H!'-seminorms of potentials) For all

F € 7, and all q, € K’gradF, it holds

lgradyi™ g Iz o+ D hE' V" 4, = aElF2 ) S NGEG Mo p (5:5)
EcEfr

For all T € 7, and all 4, € X’g‘rad 75 it holds

k+1 2 -1 k+1 k+1 2 k 2
Il gradpg:ad,TZT||L2(T) + Z hg ”Pg:ad,TzT _7F+ gF”LQ(F) < |||QT2T”|CM1,T-
Fe¥r
(5.6)
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Proof
1. Proof of (5.5 . Let 4, € Xgrad r and define Ay sr € R as the average of gg,.

over dF. Introducing Aq OF = yF (!gmd FAq, or) (see (3.14)), using hg =~ hf

and card(Ep) < 1, and invoking a discrete trace inequality on yk+1 (qF—Aq,ap),

we have
D, - ety s ) hitllae - AgarliEa g
EcEr Ec&r (5.7)
+hF2||7k+1(_ Aq,ﬁF)”%g(F)-

Since gg, is continuous, recalling that gg = (g¢, )| for all E € Ef and using
a Poincaré—Wirtinger inequality along dF followed by the definition (4.21]) of
|||’|||curl,F yields

> e = Aqorlfeg < hr D IGEaEN 2 ) S NGEG Mgy p- (5:8)
Ec&p Eec&Efr

We now turn to the second term in (5.7). Using the isomorphism property

[2.9), we select vy € REK2(F) such that divpve = yf@“(qF Zgrad FAq,aF)-

By Lemma [J] in Appendix [A] we have
velliz ey S helYE (4, — Tgaa rAg.0F) L2 ) -

The discrete trace inequality of [28, Lemma 1.32] and the consistency property

(B-13) of GX then yield

2
||vF||Lz(F>+(Z hEnaniz(E)) < helyE ™ 4, = Laa pAdor) L2 (r)»
Ec&EF

k k _ ¢k
GF(QF - !grad,FAq,aF) = GF2F~

Hence, applying the definition of yk” to g, !grad rAq.oF € XgradF,
taking vy above as a test functlon7 and using Cauchy—Schwarz inequalities,
we obtain

k+1 2
”7 * (_ lgrad FAq BF)”LQ(F)

<hF||GFq ||L2(F)||)’k+1(_ lérad,pAq,aF)”L?(F)

2
D gt gE = Agoriag | hEIVE (4, — Lna rAg.or) L r)-
Ec&EF
Simplifying and recalling (4 and (5.8)), we infer ||)/"Jrl (q —Aq,gp)lle(F) <

hF|||G1k,q lleurt,7 Which, plugged together with ( into , gives the fol-
lowing estimate on the second term in the left- hand side of (| .

D et e, - qelfa ) S GG 2 - (5.9)
EESF
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Integrating by parts the definition (3.10)) of yf;'l applied to a generic vp €
Pr(F) (see Remark , we have

/gradﬂf“:*lgF'VF: /G',f—gF-vF
F F

£ wre /E (4Eq, — qp) v - nee).

EESF
Maki = grad, y&+! ing Cauchy—Sch i liti 4.32 dis-
aking vr = gradp yg" ¢, using Cauchy-Schwarz inequalities, (4.32)), a dis
crete trace inequality, and (5.9)) then yields the bound on the first term in the
left-hand side of (5.5)).

2. Proof of (5.6]). The ideas are similar to those used to prove (5.5)), but first

we need to establish a Poincaré-Wirtinger inequality for face potentials (which
is not straightforward given their discontinuity). Let

1

. 1
Agor=—= > |FlAgr with Ay = —/y{;“q
|0T| \Fl Jp™" =F

denote the average over dT of the piecewise polynomial function defined by

(y’lfffqu)Feﬁ. We write, using triangle inequalities,

-1 k+1 k+1 2
D hE P g~ vE g e

Fefr
< D e vET g, - Agrllfa g

Fefq

R , (5.10)
+ O h A F - AgorlEa g

Fefr
+ R IPE g~ AgorllEa ) = T1+ To + s,

Fe¥r

The first term is estimated using a Poincaré—Wirtinger inequality on yl’;*lq

1F
and invoking (5.5)) together with the definition (4.21)) of |||-||lcurt,7 to get

2
55 3 (i o )
Fe%r

< D hellGEa N (5.11)
Fe¥r

k 2
< I”QTngcurl,T'

Let us turn to the second term in (5.10). Since A4 o7 is a weighted average
of all (Aq F)Fes, the bound

T2 < 1G4, Mo 7 (5.12)
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follows if we prove that, for all F, F’ € ¥r,

e Mg = Aqer 2 ) = RE N FUAqr = Agrr S 11GEG 2 re (5.13)
Creating a sequence (F = Fy, F1,...,F, = F’) of faces in 7 such that, for all
i=0,...,m—1, the faces F;, F;;1 share an edge E;, inserting

m—2
0 0 0
~p Ey,4Eo + Z [(nP,Eini - Aq,Fi+1) - (”P,EHl 9Eiv — Aq»Fi+1):|
i=0
0 _
+ ﬂ-P,Em_l qu—l =0

into |Ag,F — Ag.F|, using triangle inequalities and the fact that hr, ~ hpf,,
and |F;| = |Fj41| for all i = 0,...,m — 1 by mesh regularity, and recalling the

definition (4.21)) of |||-llewrlr, (5.13)) is a consequence of

VF € Fr. hi'|Fl|Aqr — np pqel® < hF|||Q§gF|||§mLF VE € E&p. (5.14)
To prove this relation, we write

l1Ag.F _77(7)J,ECIE”%2<E) < |[Ag.F - ‘IE”i2(E)

-1 kel 112 k+1 2
< hF ”Aq,F - 7F+ zF”LZ(F) + ||7F+ gF - CIE||L2(E)
k
< hellGEg 12 -
where the first inequality comes from the L2-boundedness of ﬂ% > the second

inequality is obtained introducing y;ffqu and using a triangle inequality to-

gether with a discrete trace inequality, while together with the same argu-
ments that lead to yield the conclusion. The relation follows notic-
ing that |F| ~ ]’lplEl, so that |F| |Aq,p - HO'P,EQEP ~ hF”Aq’F - ﬂg’,EqE”iQ(E)'
This concludes the proof of , hence of (5.12)).

Finally, for T3, we apply the definition of Pk+1 (ZT —1% . Agor)

grad,T —grad,T
with vy € R*2(T) such that

. _ pk+1 _ gk
div vr = Pgrad,T (QT lgrad,TAq’aT)

and [vrllg2 ) S hT||P§:ah,T(ﬁT - !Ig;ad’TAq’aT)”LZ(T), see Lemma (9, Using the

consistency properties (4.2]) of P{g(:ald,T’ 3.16) of GI} and (3.14) of 7?1, and a

discrete trace inequality, this gives

k
||P§:a1(1,TgT —Agorlzay s hrllGrg llpz(r)

1
+ hr Z hﬁ”)’fwﬂgF—Aq,aTHLz(F)
Fefr

1 1
S hrllGhg, Nlewsr + hr (T} +35),  (5.15)
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where the second inequality follows from (4.33)) and a triangle inequality to
write

k k
S b, - Agarlizan < Y hE e e, - Al
Fe¥r Fe¥r

1
+ Z hp?1Ag.Fr = AgarllLe(r)-
Fe¥r

Using discrete trace inequalities and the estimates ([5.11)) and (5.12)) on T3 and

To, (5.15] - ) leads to
-2 1
RES hT ||P§:ad 19 Ag, 6T||L2(T) bS ”lGl;"q |||curlT

Plugging this bound together with the estimates on T; and To into ([5.10))
concludes the proof of the bound on the second term in the right-hand side

of (5.6). To bound the first term in the left-hand side of (5.6, we proceed as

for grady y?lq in Step 1 of this proof, using an integration by parts in the

definition (|4.1)) of Pg;’ald 4, and selecting the test function vy = grad P{g‘:ald 19,
(see Remark [17] .

We are now ready to prove the discrete Poincaré inequality for the gradient.

Proof (Theorem @ By the orthogonality condition , we can apply the
discrete Poincaré-Wirtinger inequality in Hybrid High-Order spaces [28, The-
orem 6.5] (with p = q = 2) to the vector of element- and face-polynomials
((Pé‘:ad 19, )T (v§'a Fer,) to get

k+1 2
D IPeara e )

T<T,
k+1 1) pk+1 2 5.16
s > (Ierad Pl rq 112 0+ > B PR, g, — Vi g 2y | (516)
TeT, Fe¥fr
IIIGﬁ‘,q [

where the conclusion is a consequence of (5.6]) followed by the definition (4.21)
of the || llleur1, s-norm.
Let T € 75,. By definition (4.17) of Sgrad,r We have

Sgrad,T(zT’zT)z Z hF”Pé:alqu _yF q ”Lz(]:)
Fefr

+ D P 1, = aEla
Ecér

< Z hF”Pg:ald TCI 71€+1€T||i2(1:) (517)
Fe¥r

+ 0> REvEt e, - el

Fe¥r Ec&f

21k
< h7llGra, [y
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where the first inequality follows writing Y geg, ® = %Zpeﬁ Y.Ecg, ® intro-

ducing J_ry;ff'qu in the norms and using triangle and discrete trace inequalities,

while the conclusion is obtained invoking , , hg ~ hg =~ hr and the
definition of [|GFq_llew,7-

Using hr < 1, summing over T € 7, and adding the resulting esti-
mate to we infer that ||Zh||grad,h < |||Qﬁg llcur1,n- The Poincaré inequality

(5.2) then follows from the norm equivalence (4.25). O

6 Consistency results
6.1 Primal consistency

In this section we state consistency results for the discrete potentials, vec-
tor calculus operators, stabilisation bilinear forms, and discrete L2-products.
Because of the nature of the interpolator on X' fml’T (which requires higher
regularity of functions), we introduce the following notation: For T € 7;, and
v e Hmax(k+1’2)(T)7

|V|H(k+1,2)(T) = {|V|Hk+1(r) k> (6.1)

The corresponding global broken seminorm |'|H<k+1.2)(77[ ) is such that, for all
ve H(k+1,2) (‘7%)7

1/2
|v|H<k+1,2>(771) = (Z |V|121(k+1,2>(r)) :

TeT,

The proofs of the following theorems are postponed to Section [6.3

Theorem 6 (Consistency of the potential reconstructions) It holds,
for all T € Ty,

||P§:aﬁ,r(£§rad,74) —qllL2(ry S h§+2|Q|Hk+2(T) Vg € HY(T), (6.2)
IPhr 7 (L 1) =V lli2cry S W P lguons gy Vv € HROE2(T) 0 (6.3)
IPSy 7 (I 7w) =Wy < BE  Wlgeer gy Yw € BEY(T). (6.4)

Theorem 7 (Primal consistency of the discrete vector calculus op-
erators) It holds, for all T € Ty,

IGT (It r9) - grad qlly2 () S B gl ) Vg € HH(T), (6.5)
||C];(!fuﬂjv)—cur1v||L2(T) < hkH curl vl ()
Vv € HX(T) s.t. curly € H*(T), (6.6)
D5 (L5 7w)— divwllpz )y < AEH div wlgee o)

vw € HY(T) s.t. divw € H*Y(T). (6.7)
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Theorem 8 (Consistency of stabilisation forms) For all T € 7, the
stabilisation forms defined by (4.17)—(4.19) satisfy the following consistency

properties:

1

Sgrad,T(lgrad,Tq’!grad,TCI) 2 s h§+2|Q|Hk+2(T) Vg € Hk+2 (1), (6.8)
1

SClll‘l,T(licurl,Tv’lﬁurl,Tv) 25 hl}+1|V|H<’~’+132) (T) ¥y e B HL2(T) - (6.9)
1

saiv.r (L 7w, 15, 7w) 2 < W5 Wlgeen ) vw e H*(T). (6.10)

The following corollary is a straightforward consequence of Theorems [f]and

and of the definitions (4.14])-(4.16)) of the discrete L2-products. Its proof is
therefore omitted.

Corollary 2 (Consistency of discrete L?-products) It holds, for all T €
Tns

k+1 k k+2
"/7: ngrtad,TKT - (!grad’rq’ﬁr)gradj < hT+ |('I|Hk+2(T)||£T”grad,T
Vg € H(T), Vry € X§oaps (6.11)
k k k+1
"/7: V- Pcurl,T£T - (!curl,Tv’ £T)curl,T S hT+ |V|H(k+1,2)(T) ||£T||curl,T

vy e B HL2N(T), vg e X (6.12)

Zcurl, T’

k k k+1
/T wePE g~ (I W€ | S B e o€, i

vw e HU(T), V€ € XY 1 (6.13)

6.2 Adjoint consistency

Whenever a (formal) integration by parts is used to write the weak formulation
of a PDE problem underpinning its discretisation, a form of adjoint consistency
is required in the convergence analysis. We state here the adjoint consistency
of the operators in the DDR sequence ([3.37). Since this sequence does not
incorporate boundary conditions, the corresponding adjoint consistency will
be based on essential (homogeneous) boundary conditions. The regularity re-
quirements will be expressed in terms of the broken Sobolev spaces and norms
such that, for any € > 1,

HY(7;) = {g e L*(Q) : gjr € HY(T) for all T € 7}

1

2
and |g|H€(‘7f,) = (Z |g|T|§I€(T)) .

TeT,

The corresponding seminorms for vector-valued functions are denoted using
boldface letters, as usual. We denote in what follows by H(l](Q)7 Hy(div; Q),
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and Hg(curl; Q) the subspaces of H'(Q), H(div; Q), and H(curl; Q) spanned
by functions whose trace, normal trace, and tangential trace vanish on the
boundary 9Q of Q, respectively.

Theorem 9 (Adjoint consistency for the gradient) Define the gradient
adjoint consistency error Egrad.n : (C°(Q) N Ho(div; Q)) x X* — R by: For

7 “—grad,h
all (v.q,) € (C°(Q) N Hy(div; Q)) xXérad,h’

— k k : k+1
Sgrad,h("U gh) = Z [(!curl,Tv|T’ QTQT)curl,T +/Td1VV Pgrad,TzT
TeTh

Then, it holds, for all v € C%(Q) N Hy(div; Q) such that v € H™*(k+1.2) (o

and all q, € Xérad,hf

|Egrad.n(v,4,) $ K Yl () 1GRq, lewrt - (6.14)
Proof See Section

Theorem 10 (Adjoint consistency for the curl) Define the curl adjoint
consistency error Eeurl,n - (CO(Q) N Hy(curl; Q)) X Xfurl’h — R by: For all
(w,v,) € (C°(Q) N Hy(curl; Q) x X*

curl,h’

écurl,h(w’ Kh) = Z

TeT,

. (6.15)

k k k
(ldiv,Tw|T’gTKT)diVaT - /Tcurlw P Vs

Then, for all w € C*(Q) N Hoy(cur; Q) such that w € H**(7,) and all v, €
k
lcurl,h’

(et 0,2, S B (Wlgien )+ Wlgeon ) ) (12w + 1CE2, laien)-
(6.16)

Proof See Section [6.5

Theorem 11 (Adjoint consistency for the divergence) Define the di-
vergence adjoint consistency error Egiv 1 (CO(Q) N HY(Q)) x XX — R by:

=div,h
For all (g,v,) € (C°(Q) N Hj(Q)) x X4, .

Eaiv.n(qsv,) = / 7pnd Dy, + ) / gradq - PS; ;v (6.17)
Q Te7;, /@

Then, for all ¢ € CO(Q) N Hé (Q) such that g € H**2(T3,) and all v, € Xﬁiv’h,

1Ediv,n(q:v,)| < B4 gz () 119, div.n- (6.18)

Proof See Section
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6.3 Proof of the primal consistency

Proof (Theorem@ Let us start with (6.2)). Since H?(T) c C%(T), the mappmg

Pg:alliT IéradT H2(T) — Pkt (T) is well defined and, owing to , it

is a projector. Moreover, combining (4.26)) and (4.22), it satisfies the L2(T)—
boundedness

||P§:ald T(_grad @)Lz < lglluzery + hrlglar ) + hylglue oy Yq € H2(T).

The approximation property (6.2) is thus a direct consequence of [28] Lemma
1.43]. The proofs of (6.3) (for k > 1) and are similar, using the fact that
the considered operators are projectors onto SDk (T) (see . and - and
invoking Proposmon |§| and Lemma@to establish their L2-boundedness. In the
case k = 0, since P? curl,7° lcurl r requires the H?-regularity of its argument, with
2> k+1, (6.3) cannot be deduced directly from [28, Lemma 1.43]. However,
using the bounds (4.23)) and (4.27)) a direct proof can be done by introducing
7l v=pP0 (I 7m0 . v):
P, T cur,7 \=curl, 7" P, T

”PcurlT(!curl Tv) v||L2(T)
0 0
< ”Pcurl T[—curlT(v ”;D,TV)] 27y + l7p 77 = Vllg2 7

0 2 0
S |lv - 7r¢,!Tv||L2(T) + hrlv — nP’Tv|H1(T) + hylv - 7r¢,’Tv|H2(T),

and (| . ) follows using the approximation properties of 71'7, 7> the fact that
the H*(T)- and H?(T)-seminorms of 71'1, 7v vanish, and the definition (6.1]) of
|'|H(k+1,2)(T). O

Proof (Theorem@ Let us prove . For any 4, € Xgmd T

in (3.11)) and using Cauchnychwarz 1nequaht1es along with discrete inverse
and trace inequalities, it is inferred, after simplification,

taking wr = G%qT

Y2, k+1

1G4 N2y < hirtlarllizer) + Z h P ks

Fe¥r

-1
42 r) < hollg, llgraa.r,

where the conclusion follows from the estimate on yllfflq in (4.22) and from

the definition of [||-||graq,7- As a result, for any r € H?(T), making 9, = lérad,rr
and invoking (4.26)), we infer

||GI7('(£Ig<rad,T”)||L2(T) < h}1||r||L2(T) + |r|H1(T) + hT|r|H2(T)~ (6.19)

Letting now ¢ € H*2(T), we use the polynomial consistency (3.16) of G§
followed by a triangle inequality to write

”Gk (]grad Tq) gradq”LQ(T)
s ||Gk [—grad rla- ”’7(;%‘1)] ||L2(T) + |l grad (”17(;;‘1 q)||L2(T)
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and conclude using (6.19) with r = g — n];;t;q for the first term in the right-
hand side followed by the approximation properties of ﬂ’;,’“lT (see [28, Theorem

1.45]).
To prove , we notice that

CI; (lﬁml,Tv) = Pfliv,T [Qi (lﬁurl,Tv)] = PSiV,T[lﬁiv,T(curl")]

owing to (4.30) along with the commutation property (3.39), and conclude
using the approximation properties (6.4) with w = curlv.

Finally, (6.7)) is a straightforward consequence of the commutation property
DE(I, 7w) = g 7(divw) stated in (3.40) together with [28, Theorem 1.45].
O

Remark 23 (Alternative proof of (6.5)) When g € C(T) is such that grad g €
Hax(+1L.2) (T the proof of (6.5) can be done following similar arguments as

for , i.e., we write
GIY(‘ (llg(rad,Tq) = PtI:(url,T [Ql} (llg(rad,Tq)] = P]c(url,T [qurl,T( gradq)]

using (4.29)) followed by ([3.38]), and conclude using the approximation prop-
erties (6.3]) with v = grad ¢g. This argument, however, requires additional reg-

ularity on g with respect to the one used above.

Proof (Theorem @ We only prove , the other consistency properties be-
ing established in a similar way. Let v € H®(*+*12)(T) By the polynomial
consistency ([3.25) of ¥¥ .. and (7)) of Pfurl > it is easily checked that, for all

zr € PX(T) and all w, € X* it holds seurt, 7 (L 7275 W7) = 0. Applying

url, 7’ u

this with z7 = 71"7‘, ;v we infer

k k k k k k
SCUTI,T(!curl,Tv’!curl,Tv) = SC“flsT(!curl,T(v - nP,Tv)’!curl,T(v - ﬂ-P,Tv))

k k 2
< |||!cur1,T(v - ”P,Tv)mcurl,T’

the conclusion following from the definition of ||-||cur,7 and the norm equiva-

lence ([4.25)). Invoking then (4.27]) we infer

k k i k
SCllrl,T(lcurl,Tv’ lcurl,Tv) 25 |v- o 1V ||L2 (T)
k 2 k
+hrly — 7o V|t () + h7lv — o 1V w2 (1),

and the estimate follows from the approximation properties of ﬂ’;,’T, see

[28, Theorem 1.45], and the definition (6.1]) of ||gus1.2) (T)> using in the case
k = 0 the same arguments as in the proof of Theorem[§] O
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6.4 Proof of the adjoint consistency for the gradient

Proof (Theorem @ ) Tt holds, by definition ([£.15) of the local discrete L>2-
product in &‘uﬂ’ , and (4.29),

égrad,h("’ﬁh) = Z [/Pgurl,T(llccurl,Tv) : Glic"zT
re7, T (6.20)

. k k . K+l
+ bcurl,T(Lmr],TV|T, QTET) + '/7: div Pgrad,TgT :

Using Remark we have, for all wy € PX(T),
Pk+1 di Gk . _ k+1 . =0
grad, 79, AIVWT + T4, WT wrF | YE zF(wT nrp)=0.
T T F
Fefr

Subtracting this quantity from (6.20)), we obtain

agrad,h(va gh)

= Z |:L: (Pﬁurl,T(!i(url,TV) - WT) . GI}ZT +Scurl,T(!(]furl’TV|T,Ql;,gT)]

TeT,
. k+1 k+1
+ Z /le(V—wT)Pgrad,T€T+ Z wTF/(WT—V)'nFYF 4,
T, T FeFr F

where v is introduced into the boundary term by single-valuedness of the
discrete trace, and using v|r - np = 0 whenever F' C 0Q. Integrating by parts
the third term in the right-hand side of the above expression, we obtain

Sgrad,h(V, gh)

k k k . k k
= Z '/7: (Pcurl,T(!curl,Tv) - WT) . GTgT + §C“rl’T(!curl,TV|T’QTQT)}
TeT,

K+l
+ Z [—/T(v —wr) - grad Py 74

T
k+1 k+1
+ E wTF/(WT —v)-np(yp 4 _Pgrad,TqT)}'
Fefy F h B
T

(6.21)

k

We set wr = ﬂ];’TV and use (6.3)) and the approximation properties of T

stated in [28, Theorem 1.45] to see that

k k k k
”Pcurl,T(!curl,Tv) —7p VL2 + IV - 7p gy llg2

1
2 k k+1
+ E h;||v _”P,TVHL2(F) < hT+ |V|H(k+1,2)(T).
Fefr

Using Cauchy—Schwarz inequalities on the integrals and on the stabilisation
bilinear form in (6.21)), the bound (4.33) together with the norm equivalence
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(4.25), and the consistency property of the stabilisation term, we arrive
at

[Earaanvig)| < D 1 Wl ) G, lowsr
TeT,

k+1 k+1
+ > W lguns o | grad PEL 1g Nl
TeT,

1
k+1 — 5 k4l k+1
+ E E hi vl oy he® llvg" gF—Pg:ad,TgT||L2(F)~
TeT, FeFr

The conclusion follows from the estimate (5.6)), and Cauchy—Schwarz inequal-
ities on the sums. O

6.5 Proof of the adjoint consistency for the curl

The proof of the adjoint consistency for the curl hinges on liftings defined as
solutions of local problems. For any F € 7, the face lifting Reul.F : li‘url P

H(rot; F) N H(div; F) is such that, for all v, € X* Rewirve = ¢, +

—curlLF’

grady ¢, with ¢y, € H(rot; F) N H(div; F) such that

rotp ¢, = Crvp in F, (6.22a)
dive ¢, =0 in F, (6.22b)
¢y, tE=VE on all £ € &F, (6.22¢)

while ¢, € CZ°(F) is such that

- / Uy, divpzp = / Vipvp—@y,)-zr  Vzr € ROCU(F). (6.23)
F F

Let now T € 7. The curl correction Ot : Xfml T

— H(curl; 7) n H(div; T)

: k
is such that, for all v, € Xcuﬂ,r,

div éry, = —divChy, in T, (6.24a)
curl o7y, =0 inT, (6.24b)
Oy, -np = C,’f-gF - C;KT ‘np on all F € Fr. (6.24c)

The curl correction lifts the difference between the face curl Cfég 5 and the

normal component of the element curl C];KT as a function defined over 7. Its
role is to ensure the well-posedness of the problem defining the element lifting
Rewn7 : Xi‘url ; — H(curl; 7) N H(div;T) such that, for all y,. € X«

curl, T’
curl Ry 7v, = Cyv, +67v,  in T, (6.25a)
div Rew1, 774 = 0 inT, (6.25b)
(Rewrl,7V7)t,F = Rewl, FY on all F € Fr. (6.25¢)
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In Appendix [B] we prove that these lifting operators are well-defined, and that
they satisfy the following two key properties:
— Orthogonality of the face lifting: For all F € Fp,

/ (Ve rvp=RoutpVp) 27 =0 V(vp.2r) € X X RTHF); (6.26)
F
— Boundedness of the element lifting: For all T € Ty,

”Rcurl,TKT”LQ(T) + ” curchurl,TKT”Lz(T) < ”KT”curl,T + HQI;"KT”div,T
k
Vv, € X (6.27)

Zcurl,T"

Lemma 8 (Approximation properties of N*1(T) on polyhedral ele-
ments) For all T € T, and allw € H2(T), there exists zp € N**N(T) such
that

w = zzrllgz ) S A5 (W lge o) + Wiz 7)) (6.28)
| curlw — curlzzlg2 7y S A5 Wlgken - (6.29)

Proof By the mesh regularity assumption, there is a simplex S ¢ T whose
inradius is 2 hr. Following the arguments in the proof of [28, Lemma 1.25],
we infer the norm equivalence

llgllL2csy = lgllvzry Vg € PHU(T). (6.30)

Let us take z7 as the Nédélec interpolant in Nk+1(S) of w; zr can be uniquely
extended as an element of N**1(T). By the arguments in the proof of [40,
Theorem 3.14 and Corollary 3.17], and since S c T, it holds

k+1
||w - ZT”Lz(S) < hT+ (|W|Hk+1(T) + |W|Hk+2(7—)), (6 31)
| curlw — curlzr||y2(g) < h17<~+1|W|Hk+2(T).

k+1

p W and using triangle inequalities,

We then write, introducing x

k+1 k+1
llw — ZT||L2(T) < w - 71'7)+,TW||L2(T) + ||7T1>+,TW - ZT”L?(T)
k+1 k+1
< hT+ |W|Hk+1(T) + ||71'P":TW - ZT”LQ(S)
k+1
< hT+ (|w|Hk+1 (T) + |W|Hk+2(T)),

where we have used the approximation property of ﬂ];;flT together with the

norm equivalence (6.30]) in the second line, and concluded by introducing w
and invoking (6.31) to write

k+1 k+1
||7Tgo+’TW - ZT||L2(S) < ||7rp+,TW - W||L2(s) +[w - ZT||L2(5)

k+1 k+1
< hT+ |W|Hk+1(T) + hT+ (|w|Hk+1(T) + |W|Hk+2(T)).

This concludes the proof of (6.28]). The proof of (6.29) is done in a similar

way, introducing curl(n';;'lTw) and using the approximation property || curlw —

curl(n’;,’ilTw)||L2(T) < l’l]7(~+1|W|Hk+2(T). O
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Proof (Theorem @) For all T € 7y, select z7 € Nk+1 (T) given by Lemma

Using (£.16) to expand (-, )aiv, i together with , and recalling ([£.6]), we
see that it holds, for all v, € X«

“curl,h’

curl h(w Vh) = Z / div T(!Siv,Tw|T) - ZT) : c%KT

TeT,

K k
+ Z sdiv,7 (L 717> C1¥7)

TeT,

+ Z /curl(zT—w) Pcurl v (6.32)
TeT,

+ Z Z wTF/(ZTX"F) thv
TeT, FeFr

= 11+12+‘I3+%4.

Using Cauchy—Schwarz and triangle inequalities, it is readily inferred for
the first term

=

[T1] <

k k 2 2
Z (”Pdiv,T(ldiv,Tw) - w”L2(T) + ”W - ZT||L2(T))l
TeT,

k
x (Z [[S S -

TeT,

)é (6.33)

k+1 k
< (|W|Hk+1(7;l) + |W|H’<+2(7;1)) ||ghKh”div,h’

where the conclusion follows using the approximation properties and
6.28]) to bound the first factor, and along with the norm equivalence
4.25)) to bound the second.

For T3, combining the consistency property of sgiv,r with discrete
Cauchy—-Schwarz inequalities and the definition of the ||-||giv.p-norm readily
gives

|Tal < A Wl (7 ICFY v (6.34)

For T3, Cauchy—Schwarz inequalities, the approximation property (6.29)),
and the definition of the norm ||-||cur,n yield

1
2
Tsl < | D ||cur1<zr—w>||§2m)

TeT,

2
k 2
Z ||P(:ur1,TKT“L2 (T)) (635)

TeT,
s hk+1|W|Hk+2(7yl)||Kh||cur1,h-

Let us now consider the last term in the right-hand side of (6.32]). Since
(zr)|F X nF € R7k+1(F) as a consequence of ((A.5| - ) with £ = k+1, by (6.26]) we

can replace yt Y7 by Rewrl FYp in the boundary integral. Using the fact that
both Rewlryp and the (rotated) tangential trace of w are continuous across
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interfaces, along with the fact that wr, r +wr,r =0 for all F € 7, between two
elements 71,72, and wg X np =0 for all F C dQ, we then have

Ty = Z Z WTF ‘/F(ZT —w)Xngp - RewlFVp

T€771 Fe¥r

= Z (/(ZT - w) - curl Reurl, 7V — / curl(zr —w) - Rcurl,TKT) ,
T T

TeT,

where the conclusion follows recalling that Reuw,r¥p = (Reur,7v4)t,F for all
T €T, and all F € Fr (see (6.25c)), and integrating by parts. Using Cauchy—
Schwarz inequalities, it is inferred

N

1Tal < | D (ler = wiiZa .+l curl(zr - w>||§2m)l
TeT;,
2
x| > (Iewl R rv 12, ) + 1 Reut 7112, )

TeT,

The approximation properties (6.28)—(6.29) of z7 along with the boundedness
(6.27) of Reurt, 7y, yield

ITal < B (Wl ) + 0oz ) ) (1024 leustn + 1€ laivn) . (6.36)

Plugging ([6.33)(6.36)) into (6.32), (6.16) follows. O

6.6 Proof of the adjoint consistency for the divergence

Proof ( Theorem Combining the definition (6.17)) of the adjoint consistency
error for the divergence with (4.11)) summed over T € 7y, we infer that it holds,
for all (¢,v,) as in the theorem and all g, € PrL(T;) with g7 = (gn)r for all
T € 7,

Sdiv,h(q,zh) = Z [L(”k,rq_QT)D§KT

TeT;,

+ / grad(q — qr) - Péiv,TKT + Z wTF/(CIT —q)VF
T F

FeFr

)

where the cancellation of ﬂ];)j is justified by its definition along with D?ET €

P*(T), while the insertion of ¢ into the boundary integral is possible thanks to
its single-valuedness at interfaces along with the fact that it vanishes on 0Q.
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Taking absolute values and using Cauchy—Schwarz inequalities in the right-
hand side along with hr ~ hy for all T € 7, and all F € ¥r, we infer

|Ediv.n(q.v,)|

[N

<[> (h}2||q = qrllf2 )t Il grad(q = gr)lIgz o + b7t llar = qII,%T)l
TeT,
2
| S BDE 2+ 1P 2 g+ thaniz(F))l .
TeT, Fe¥r

(6.37)

k1 gir for all T € 7, and using the approximation

P19
properties of the L2-orthogonal projector [28, Theorem 1.45], it is inferred that
the first factor in the right-hand side of is < hk+1|q|Hk+2(77l )- Moving to
the second factor, we use, for all T € 7, [32) Lemma 8] followed by the local
seminorm equivalence to write A7 ||DEv L2y < vpllaiv.r < 1 llaiv.7-
The same norm equivalence and the definition of the ||-||aiv,r-norm also yields
”P]c(liv,TKT”?P(T) + X res hF||vF||i2(F) < |lvrlldiv,7- The second factor in the
right-hand side of is therefore < [|v,|laiv,n, and the proof is complete.
O

Taking gp such that gr ==«

7 Convergence analysis for a DDR discretisation of magnetostatics

We analyse in this section the DDR approximation of the following magneto-
statics model, in which the unknowns are the magnetic field H € H(curl; Q)
and the vector potential A € H(div; Q):

uH—-curlA =0, cuwlH=J, divA=0 in Q,

7.1
Axn=0 on 0Q. (7.1)
The free current J belongs to curl H(curl; Q) and we assume, for the sake
of simplicity, that the magnetic permeability u is piecewise-constant on the
considered meshes, with pu : Q — [u_,us] for some constant numbers 0 <

H- = Hy

7.1 Scheme

As shown in [29], a scheme based on the discrete de Rham tools can be written
by replacing, in the weak formulation of (7.1)), the continuous L2-products by
discrete ones built on the local products. Denote by ur the constant value

of u over T € 7, and define the bilinear forms ay, : Xfmlh X L’:‘uﬂh — R,

. vk k . Yk k . .
bp : Xepn X Xy, = Roand ¢p 0 X, X X, , — R as follows: For all
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Y. 4, € Xcurl pandallw,.v, € Xdlv W

an(vy,, £,) = Z pr(Ur, & Jewt s ba(g,,v,) = (ChE, v, )div.ns

TeT,
cn(Wy,vy) ::/Dﬁlh Dy
Q
The discrete problem then reads: Find H, € X wlh and A, € Xd " such that
ah(gh’gh) - by (éh’ Ah) =0 vé‘ € Xcurl h’

bh(gh’zh) +Ch(éh’£h> - /J Pdlv Y7 V n € Xfilv h*
TeT,

(7.2)

The equations of this problem can be recast in the standard variational form
ﬂh((Hh,Ah) (€,.9) = La(Z,.v,). where Ay : (X, , x X5 )2 — R and

Ly :
that

ﬂh((yhamh)» (éh,ﬂh)) = ah(vhs { ) - bh(éh’mh) +bh(£hs2h) +Ch(ﬁh’zh)v
Ln(Z,-vy) = Z /J'Pﬁiv,TKr

k o1 . 3}
_Curl p XX Xivn R are the bilinear and linear forms, respectively, such

7.2 Error estimate

To measure the error, we introduce the following H(curl; Q)- and H(div; Q)-like
(graph) norms on X furl , and Xﬁiv 4» Tespectively:

Nf=

1, ot = (208, 6,0+ ICKE, )T V8, € XEy)

N

. 2
eyl = (10 + 102,120 )" Vo, € XE

Theorem 12 (Error estimate for the magnetostatics problem) As-
sume that both the first and second Betti numbers of Q are zero (i.e., Q is
not crossed by any tunnel and does not enclose any void). Then, there ex-
ists a unique solution (H,,A,) € Xcurlh X Xﬁiv’h to . Moreover, letting
(H,A) € H(curl; Q) x H(div; Q) be the weak solution to and assuming
that H € C°(Q) N H**2(7;,) and A € C°(Q) x H**2(73,), we have

k
”H cur] hH”ll curl,1,h t ”A d1v hA”le 1,h

< pkHt (| curl H|grr (g ) + |H|H(k+1,2)<7;l) + |A|Hk+1(.7;l) + |A|Hk+2(771)) , (7.3)

where the hidden constant in < only depends on Q, k, the mesh regularity
parameter, and pg_, fs.
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Proof As shown in the proof of [29] Theorem 10], the exactness of the right-
most part of the sequence ([3.37), which holds owing to (3.48) and (3.45), and
the Poincaré inequalities for Qﬁ and D/;l (see Theorems (4] and ) enable a
reproduction of the arguments of the continuous inf-sup condition (see, e.g.,
[31, Section 2] or [2l Theorem 4.9]) to see that ﬂh satisfies a uniform inf-sup
condition with respect to the norm on X* X Xdlv ,, induced by ||| .curl, 1,5
and ” ”dlv,l,h-

Using the Third Strang Lemma [27], we therefore obtain provided we
can prove that the consistency error

En((HA); (§,.v,)) = L&, . v,) = An(Lgg , H. L, ,A). (&,.7,)

curl,h

x XK.

satisfies, for all ({ ,v,) € X Xiiv

“curl,i
En((H.A); (£,.7,)
< W (| curl Hguor o) + 1H e )+ [Algios ) + Al ) ) (7.4)
X (1€ lucurt . + 112 v, 1)

Expanding according to the respective definitions Ay, Ly, an, by, and ¢, we
have

En((HA); ({,.v,)) = En1(H.A): (£,.7,)

7.5
FEna((HLAY; (£, 5,0) + Eng (A (), )

with

Eni((H,A); (&, v, )= Y ( [P <ck(cm1TH),zT>div,r),

TeT,

Ena(H A (& r,) ==Y [ DALY, 14Dk,

TeT,

Ens(H, A (8,9, i= =3 (s (Lo 1€ o1 = (5L T4 rA)aiv.r )
TeT,

Let us first estimate &y,1. Recalling that J = curl H, using the commutation
formula (3.39), invoking the consistency (6.13)) of the discrete L2-product on
X Siv + and applying a Cauchy—Schwarz inequality, we have

En1 ((HLA) (€)= 3 [ [[ewl Pl po, = (W plewl . |

TeT,
1
< > K curl Hlgeo g lvg llaiv 7
TeT,

< W curl Hlgror (7|19, laiv.n- (7.6)
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To handle &2, we use the commutation formula (3:40) to get DA (1%, ,A) =
n'/;) r(divA) =0, and thus

En2((H,A);(¢,,v,) =0. (7.7)

Finally, we turn to &p 3. Since A € Hp(curl; Q), the adjoint consistency The-
orem |10/ enables us to replace, in &p 3, the term (QI}JT,!]C‘HV 7A)div,r with

fT curl A - P¥ 1,T£T = fT/JTH . Pi‘url’TéT up to a term that is controlled, i.e.,

cur.

En3((H.A):(£,.v,))

< - Z (w(ljuﬂ,TH, & Jeurl, T ~ KT /T H~P§uﬂ,TgT)

TeT,

+ hk+1 (|A|Hk+1(771) + |A|Hk+2(‘7;,)) ||£h”y,curl,1,h

k k k k
<- Z (ﬂTA [Pcurl,T (!curl,TH) - H] ’ Pcurl,TgT + SCUI'I»T(!curl,TH’ £T))
TeT,

k
+ bR+t (|A|Hk+1(7;]) + |A|Hk+2(7;)) ||£h”;1,curl,1,h,

where we have used (1€, llortn + 1CSZ, llaivan < 1€, llu.curt1n and the second
inequality comes from expanding (-, -)eurl,7 according to its definition. Cauchy—
Schwarz inequalities and the consistency properties (6.3) and then lead
to

8h,3((H,A)§ (éh,zh)) RS hk+1|H|H(k+1»2)(7;l)||£h||cur1,h
+ /’lk+1 (lAlHkﬂ(cﬁl) + |A|H"'*2(‘7;,)) ||£h||y,curl,1,h-

Plugging this estimate together with ([7.6) and (7.7) into (7.5)), we infer that
(7.4) holds, which concludes the proof. O

7.3 Numerical tests

We present here the results of some numerical tests obtained with the DDR
scheme for the magnetostatics model (|7.1)), focusing on comparing out-
puts obtained using either the complements , hereafter denoted by (K), or
the orthogonal complements of [31L29], denoted by (L). Both versions of the
DDR complex, and related schemes, have been implemented in the HArDCore3D
C++ framework (see https://github.com/jdroniou/HArDCore), using lin-
ear algebra facilities from the Eigen3 library (see http://eigen.tuxfamily.
org) and the Intel MKL PARDISO library (see https://software.intel.
com/en-us/mkl) for the resolution of the global sparse linear system. This
solver proved to be the most efficient among those at our disposal. All tests
were run on a 16-inch 2019 MacBook Pro equipped with an 8-core Intel Core
9 processor (19-9980HK) and 32Gb of RAM, and running macOS Big Sur


https://github.com/jdroniou/HArDCore
http://eigen.tuxfamily.org
http://eigen.tuxfamily.org
https://software.intel.com/en-us/mkl
https://software.intel.com/en-us/mkl
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version 11.5.1. We consider a constant permeability 4 = 1, and the same exact
smooth solution and mesh families as in [29] Section 4.4] for comparability.

Figure[I| presents the errors, for various values of k, computed in the relative
discrete H(curl; Q) x H(div; Q) norm:

k 2 k 2 /2
(I1H, - Loy h HI, ot + 114, — ldiv,hA”div,l,h)
k 2 k 2 1/2
(M et p I, oer 1+ Wiy 5 AN 1)

In the case of the Koszul complements, Theorem states that this error
should decrease as O(h¥*!) with the mesh size. No such estimate is known for
the DDR scheme using orthogonal complements and, due to the lack of key
properties of these complements (hierarchical inclusions, structure of traces),
it is not clear whether the analysis carried out in the rest of this paper could
be adapted to such complements. Nonetheless, the graphs in Figure [1| show
that both schemes converge with an order k + 1. The errors between (K) and
(L) are essentially indistinguishable, except for k > 1 on tetrahedral meshes,
where (L) leads to slightly larger errors than (K) — about twice as large on
the finest mesh with k = 3.

The assembly of the (L)-DDR scheme requires, for any ¥ € 7, U %, to
compute bases for the L2-orthogonal complements in P¢(Y) of G¢(Y) and
R’(Y), which is done by computing the kernels of local matrices through a
full pivot LU algorithm [29] Section 5.1]. On the contrary, in the (K) version,
explicit bases for G&¢(Y) and RS (Y) can be devised; even though these bases
are then orthonormalised to ensure a better numerical stability of the scheme
(especially on non-isotropic elements, see the discussion in [28] Section B.1.1]
on this topic), the computational cost of creating the polynomial bases in (L)
can be expected to be larger than in (K). Figure [2| compares the processor
times for the two DDR schemes required for (a) the creation of the bases for
local polynomial spaces and (b) the model construction (computation of the
discrete operators, potentials, and L2-products, and global system assembly).
We do not compare the linear system resolution times as they are very close for
both schemes. In all the cases, the finest mesh of each sequence is considered;
see Table [3] A profiling of the code shows that numerical integration is by
far the most expensive operation. We therefore include in Figure [2] also a
comparison between two integration strategies on general meshes: on one hand,
the Homogeneous Numerical Integration of [20]; on the other hand, the use of
standard quadratures on a simplicial subdivision of (nonsimplicial) elements.
In the left column of Figure [2] we report the total CPU time, which constitutes
the most reliable measure to assess performance. Since our code makes use of
multi-threading, we also report, in the right column, wall-clock times, which
are more representative of real-life performance on the selected architecture.
Wall-clock times are subject to outside influences, such as the impact of other
processes, and should therefore be regarded with caution.

As expected, when considering standard quadratures on element subdivi-
sions, (K) polynomial bases are faster to create than (L) polynomial bases,

; k+1
but not by a large factor (this factor however becomes very large when Pg:a AT
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Fig. 1: Relative error estimates in discrete H(curl; Q) X H(div; Q) norm vs. h,
for the Koszul complements of (2.5)) [(K), continuous lines], and the orthogonal
complements of [3T][(L), dashed lines].

is required, which is not the case for the scheme , as the computation of
(RM2(T))* (see (1)) necessitates to integrate polynomials of degree 2k + 4
over the elements). There is a more pronounced difference when comparing the
time for model construction, which is mostly dedicated to the creation of the
discrete vector calculus operators and potentials in &‘url,h and X giv’h (once
these are created, assembling the global linear system itself takes only a small
fraction of the total model construction time). Basis construction and model
assembly times, on the other hand, basically even out between (K) and (L)
when considering Homogeneous Numerical Integration, thereby showing the
importance of efficient integral computation. Drawing more definitive conclu-
sions is always difficult, as running times highly depend on specific implemen-
tation choices, and our implementation is designed for flexibility rather than
for efficiency on one given model. The results presented in this section seem
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Mesh card(7,) card(Fp) card(&Ep)
Cubic_Cells 4 096 13 056 13 872
Tetgen_Cube-0 2 925 6 228 3 965
Voro-small-0 2197 15 969 27 546
Voro-small-1 356 2 376 4042

(a) Number of relevant mesh entities

; 0 ; 1 . 2 . 3
Mesh dlm(!curl,h) dlIn(Xcurl,h) dim (Xcurl,h) dlm(&curl,h)
Cubic_Cells 13 872 83 296 207 504 398 784
Tetgen_Cube-0 3 956 38 314 105 594 214 580
Voro-small-0 27 546 111 787 243 345 —
Voro-small-1 4 042 16 636 36 474 64 624
(b) Dimension of the space Xf‘nl ,, for ke {0,...,3}
Mesh dim(lgiv,h) dim(&éiv,h) dim(&?ﬂiv,h) dim(igiv,h)
Cubic_Cells 13 056 63 744 160 256 314 880
Tetgen_Cube-0 6 228 36 234 95 868 193 905
Voro-small-0 15 969 61 089 139 754 —
Voro-small-1 2 376 9 264 21 376 39 780
(c) Dimension of the space X(’fliv , for k€ {0,...,3}

Table 3: Dimension of meshes and spaces considered for the evaluation of
computational times in the numerical tests of Section @

to show, however, that the DDR complex using Koszul complements is not
only theoretically better (as it allows for complete consistency analysis and
error estimates), but also requires less computational resources, at least when
efficient integration is not available in the codes at hand. The comparison of
CPU times and wall clock times also confirms that the assembly step strongly
benefits from parallel implementations.

To close this section, we briefly assess the evolution of construction and
solution times with mesh refinement. On a linear problem such as the one
considered here, it is expected that the solution time be larger than the con-
struction time starting from a certain number of elements. To check whether
this is the case, we consider the Voronoi mesh family “Voro-small-0” and the
polynomial degree k = 2 for the sequence. This test is representative of a
worst-case scenario for the construction time, since mesh elements are gen-
uinely polyhedral and it is not possible to optimise the construction using
standard (reference element) techniques. The plots in Figure [3| show that the
asymptotic behaviour of the construction times (“Bases” and “Model”) scale
linearly with the number of elements (with the former being essentially neg-
ligible with respect to the latter), whereas the solution time (“Solve”) has a
quadratic scaling. The solution time exceeds the construction time starting
from the fourth mesh in the sequence, which has 729 elements (a small num-
ber for a three-dimensional computation). For meshes of real-life geometries,
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one can thus expect that the solution time will be the dominating cost (even
if more efficient linear solvers become available at some point).

A Results on local spaces

This section collects miscellaneous results on the Koszul complements defined

in (2.3) and (2.5, as well as on the trimmed spaces (2.12)) obtained from the

latter. The first result on traces of Raviart—Thomas and Nédélec functions is
known on simplices, see e.g. [L0, Proposition 2.3.3]; we however provide a proof
on general polyhedra for sake of completeness.

Proposition 8 (Traces of Nédélec and Raviart—Thomas functions) It
holds, for all F € Fp,,

VE € &p vr)E - te €PITYE)  Yvp e NU(F), (A1)
VEe&r  (wp)e -nrp € PHE)  Vwrp e RTU(F) (A.2)

and, for allT € Ty,

VE € & (vr)e - te e PTUE)  Vvr € NUT), (A.3)
VF € Fr (wr)iF-np € PTUF)  Ywr e RTUT), (A.4)
VF € Fr (vr)r X np € RT'(F) vvr € NE(T). (A.5)

Proof 1. Proof of and . The tangent edge traces of functions in
G L(F) (resp. G“H(T)) are in PI-1(E) for all E € Ep (resp. E € &r). Let,
for any E € Ep, xg denote the middle point of E. To prove , it then suffices
to recall the definition and observe that the quantity (x —xp)t - tgp =
(x =%y~ T+ (xg—xp)t-tg is constant over E, the cancellation coming from
the fact that (x —xg) and tg are parallel for all x € E. To prove , recall
the definition of G%Y(T) and observe that, for all v € PI"1(T) and all
x€E, [(x—x7)Xv]-tg =[(x/—bﬁm+ [(xg —x7) xv]-tg € PIHE),
where the cancellation follows observing, as before, that the vectors (x — xg)
and tg are parallel.

2. Proof of and . The normal traces of functions in R~ (F) (resp.
R(T)) are in PE-Y(E) (resp. PE1(F)) for all E € & (vesp. F € Fr). To
conclude, recall the definition (resp. ) of REE(F) (resp. RC’[(T))
and observe, using similar arguments as above, that the quantity (x —xg)-npg
(resp. (x —x7) - nF) is constant for any x € E (resp. x € F). This implies, in
particular, for all T € 7y,

VFeFr,  (zr)F-nrePTUF)  Vzr € REUD).

3. Proof of (A.5). For all vy € GIUT) ¢ PIUT) we have (v7)|F X np €
PLL(F) ¢ RT!(F) since np is constant. It therefore suffices to prove (A.5)




An arbitrary-order discrete de Rham complex on polyhedral meshes 65
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Fig. 2: CPU (left column) and wall times (right column), both measured in
seconds, for the computation of the DDR bases (“Bases”) and of the model
construction (“Model”) for Koszul (K) and orthogonal (L) complements us-
ing Homogeneous Numerical Integration (HNI) or quadratures on an element
subdivision (quad.) on the finest mesh of each sequence; see Table
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Fig. 3: Comparison of the wall times, all measured in seconds, for the com-
putation of the DDR bases (“Bases”), the model construction (“Model”) and
the resolution of the linear system using the PARDISO direct solver (“Solve”)
for the Voro-small-0 mesh sequence for k = 2.

for v € G(T). Recalling (2.54), there is zr € P ~Y(T) such that vy =
(x —x7) X z7. Thus, we can write

(v7)iFxnp =((x —x7) X2Z7)|F X RF
= ((x —x7)F - np)zr)F + (27))F - nF)(XT = X)|F
=((xp —x7) ) -np)zr)F + ((2r))F - nF)(XF —X)|F
- ((zr)|F - nF)(xF —Xx7T)

=((xp —x7)X27))F X 0p +((27)|F - nF)(XF — X)|F,

ePL(F) eR“(F)

where we have used the vector algebra identity
(AXB)xC=(A-C)B-(B-C)A  VA,B,C €R3 (A.6)

with A =x —x7, B =27, and C = nFp to pass to the second line; to pass to the
third line, we have noticed that (x —x7)-ng is constant on F for the first term,
and we have added +x inside the last parentheses and developed; the last line
follows from an application of with A =xr —x7, B =z7, and C = np.
Since P1(F) = RN F) @ RETI(F) ¢ REY(F) @ RE(F) = RTV(F), this
concludes the proof. 0O

Lemma 9 (Norms of the inverses of local differential isomorphisms)
The norms of the inverses of the isomorphisms defined in (2.8)—(2.10) satisfy,
for all F e F, or T € Ty,

I(rotr) ™Ml < hr s I(dive)THI S he s I(dV)7H S Ay, and [[(cwr) ™| < Ay
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where, above, ||-|| denotes the norm of the corresponding isomorphism when its
domain and co-domains are endowed with their L2-norms, and a < b means
that a < Cb with C depending only on the polynomial degree € and on the mesh
regqularity parameter.

Proof We only prove the estimate on ||(curl)~!||, since the other ones follow
from similar arguments. The idea is to use the transport T 3 x +— X = h}l(x -
x7) €T as in the proof of Lemma We recall that B(p) C T c B(1), where el
is the mesh regularity parameter and B(r) = {y € R? : |y| < r}.

Let v € RY(T) and set (%) := v(x). Given the definition of the change of
variable x > ¥, ¥ belongs to R¢ ™! (T), and can be considered as a polynomial
in REL(R3). As curl : ¥ x POL(R3?) — RTL(R3) is an isomorphism, it has
a continuous inverse for any pair of norms we choose on the domain and co-
domain; we endow ¥ x P‘~1(R?) with the L?(B(1))-norm and R‘~1(R?) with
the L2(B(p))-norm. The continuity of the inverse of this curl operator gives
w e X x P7Y(R3) such that curlw =¥ on R? and ||w||L2<B(1)) ||v||L2(B(p)),
where the hidden constant depends only on the spaces and their norms, that
is, on ¢ and p. Since B(p) C T c B(1), this shows that curlw =V on T and
||w||L2(T) S ||v||L2(T)'

For x € T, define w(x) := hyw(X). Then, w € (x —x7) x P 1(T), curlw = v
(the scaling by hr cancels out the factor h;l which appears when differentiat-
ing x W(h}l (x =x7))), and, denoting by Jr the Jacobian of the transport
T - T, we have

1 < 1 .~
Wlkgz ey = Tl 1@l ) < heldrl 2Tl 3, = hrlivlige e

which concludes the proof. 0O

B Curl lifting

We prove here that the face Ry r and element Reyn 7 liftings, detailed in
Section are well defined and satisfy the key properties (6.26]) and (6.27)).

B.1 Face lifting Reun,r

B.1.1 Existence of by,

Owing to , we look for ¢, =rotpqr for some gr € H'(F). Using
the property rotp(rotr) = — divg(grady) = —Ap (which stems from ) and
that rotp gr (resp. tg) is gradp gp (resp. npg) rotated by —m/2 in the plane
spanned by F, we see that reduces to the following Neumann problem
on gg:

-Arqr=Cfy, inF, (B.1)
gradF qr (wFEnFE) = WFEVE VE € SF. ’
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Recalling that wpgnrpg is the outer normal, in the plane spanned by F, to F
on E, we see that the compatibility condition of this Neumann problem simply
amounts to the definition of C{; with rp = 1. There exists therefore a
unique g € H'(F) solution of this problem with fF gr = 0. Using g as a test
function in the weak formulation and applying Cauchy—Schwarz inequalities
leads to

|| grad 61F||i2(F) < ||C§KF||L2(F)||61F||L2(F> + Z ||VE||L2(E)||6]F||L2(E)

EE&F

2
< hellChvpllie rll gradp grlipe ) + ( > hEnvEuiQ(E)) lgrady grllp2 )
EES[J

where the second line follows from the Poincaré-Wirtinger inequality

larliLz(r) < hrllgradp grligz p,
together with the continuous trace inequality (see [28, Remark 1.46 and Lemma
1.31])
—1/2 1/2
||61F||L2(E) < hE ||QF||L2(F) + hE || grad ‘IF”L?(F)-
As a consequence,
I8y N2y S ICEYElL2 () + 12 g et - (B.2)

B.1.2 Ezistence of Yy,

Fix wp € CZ(F) such that wr = 1 on a ball B C F of radius =~ hp (the
existence of such a ball follows from the mesh regularity assumption) and
0 < @wr < 1. We look for ¢, under the form @wrrr with rr € Pk(F). Since
divg : RO¥1(F) > P*(F) is an isomorphism, denoting as in Lemma |§| its
inverse by (divg)~!, the relation (6.23)) is equivalent to

[avrewe= [0k pre -, @vetwe v e PAE)
F F

Since wr > 0 is strictly positive on a ball, the mapping (rg, wg) +— fF WErEWF
is an inner product on P*(F) and there exists therefore a unique rp € PX(F)
that satisfies this property. This establishes the existence of ¢ .

Moreover, since wr = 1 on Br and |[|-||y,2(p,) and [|||r2(F) are uniformly
equivalent on P*(F) (see the proof of [28, Lemma 1.25]), using wr = rr above
leads to

||rF||iz(F) S /FWFV% S ||’}’f,p£p - ¢KF||L2(F)||(diVF)7lrF||L2(F)

k
< (v pllewrt,r + ICEY pllL2 (7)) hENPE L2 (7).

where the conclusion follows from a triangle inequality along with the bound-
edness (4.23)) of ‘y,ﬁ r and the estimate (B.2) for the first factor, and Lemma|§|
for the second factor. Simplifying, we obtain

el ey < he (Y plloatr + 1CEY pllnz ()- (B.3)
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B.1.3 Orthogonality property of Reur,F

We prove here . Notice first that, since . vanishes on dF and rotr grady =

0, by (6.22)) it holds

rotr (Reur,r¥ ) = Cpvyp  and  (Rewlpvp) tg=ve VE €&p. (BA4)

Let zp € RX(F) and write zr = rotg rp with rp € POF1(F). By (3.23)) and
Remark [T} we have

/7thF ZF = /CFVFVF+ Z wFE/vErp

EcFE

= /rotF(RcurlFVF)rF+ Z wFE/(RcmlFVF) tg rF
F

EcFe
= /Rcurl,FKF'zF,
F

where the second equality follows from 7 and the conclusion has been
obtained using an integration by parts. ThlS proves that (| - ) holds for zp €
RE(F).

Let us now take zx € RE¥*1(F). Integrating the left-hand side of (6.23)) by
parts yields

LgradeKb‘.ZFZ'/I:(Y{:(’FKF_¢!F)‘ZF.

Since Rewl,rVy = ¢Kp +grady ¢y, this establishes that (6.26)) also holds for

zr € RO¥1(F), and completes the proof of this orthogonality relation since
RTH(F) = RY(F) @ REFL(F).

B.2 Element lifting Reyrl.7
B.2.1 Ezistence of 61y

Owing to (6.24b), we look for d7v, under the form of a potential gradient

grad g7 with g7 € HY(T). Equatlons (6.24al) and (6.24c)) then show that gr
must solve the Neumann problem

Agr = —divChy, in 7, B5)
grad g7 - (wrpnr) = wrp(Cpy, — Civ, -np) YF € Fr, '

where we recall that wrpnp is the outer normal to T on F. The compatibility
condition of this problem is

k
Z wTF/CTKT'”F,
F

TeFr

cuTF/(CFv TvT nF)——/divC’}KT——
T

FeFr
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which holds true owing to (3.30) with rr = 1. There exists therefore a unique
gr € HY(T) with /T gr = 0 solution to (B.5)). Using g7 as a test function in the
weak formulation of (B.5]) yields

k
lgrad grliZ, ) < ICk2 Nz o lgrad grllye oy + Y ICER pllce ey lgrle ey
Fe¥r

Using the Poincaré—Wirtinger and continuous trace inequalities as we did to
obtain (B.2), and recalling that 67v, = grad g7, we infer

2

18727l < 1CEplzcry + | S hellChv e | < ICkw N rs (B6)
Fefr

where the conclusion follows from (4.34)).

B.2.2 Ezistence of Rewl, 7V

The equation ((6.25b)) suggests to look for Rewrvy = curlzy. Since adding a
gradient to z7 does not change its curl, we can look for z7 in the space

zr € (grad HY(T))* = {w e H(curl; T) : /w -gradr=0 Vre Hl(T)} i
T

(B.7)

The equations ((6.25a) and (6.25c¢) then lead to a curl-curl problem on zr,
whose variational form is: Find z7 € (grad H' (T))* such that

/curlzT ~curlw = /(C§KT +07Vy) W
T T

— (wror ReurlorV g7, W X n0T>H/1//2 (o). 12 a7

vw € (grad H(T))*, (B.8)

where wr g7 Reurl, a1V 5r and w X ngr are the functions defined on T by set-
ting, respectively, (wr o1 Reurl,or¥ g7)|F = (WrFRewrl, Y p )i, F and (WXnar)|F =
wr X nf for all F € Fr, Hj//2((')T) is the set of functions on 9T whose restric-
tion to each face F € F7 belongs to H/2(F), and whose tangential traces
on the edges are weakly continuous (see [3, Definition 3.1.2] for details), and
H;lh(ﬁT) is its dual space. Since the solution to belongs to HY2(F) (see
[25] Corollary 23.5]), the edge tangential trace property in ensures that
w7,0T Reurl, o17 51 indeed belongs to Hj// 2(dT).

Owing to the Poincaré inequality and to the fact that (grad HY(T))*
is a closed subspace of H(curl;T), there exists a unique solution to .
We now prove that zp satisfies for all w € H(curl;7) = grad HY(T) &
(grad H'(T))*, which amounts to showing that the right-hand side vanishes
whenever w = gradr for some r € H'(T). By density of smooth functions in
H(T), we only need to prove this result for r € C®(T). Plugging w = grad r in
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the right-hand side of (B.§]), the duality product can be written as standard
integrals (since Rewl,r¥ . € L2(F) for all F € ¥7) and, integrating by parts, we
obtain

/(Ciﬁr +0ryy) -gradr — Z wTF / ReuwlFVy - (gradr X ng)
r FeFr F

=‘/TWH >, wTF/F(CﬁTJférzr)'”Fr

Fefr

- Z wTF/Rcurl,FKF -rotp(r|F)
F

Fe¥r

= Z wTF/FC{éKF r— Z WTFLrOtF(RcurI,FKF) rF

Fe¥r Fefr

- Z Z wTFwFE/(Rcurl,FKF'tE) rF
E

Fefr E€TE

where we have used to cancel the term in the first equality, and
together with integrations by parts on each face in the second equality. Re-
calling and that wrp, Wr, g + Wrr,wWr,E = 0 if F1, F3 are the two faces of
T that share the edge E, the right-hand side above vanishes, which shows that
indeed holds for w = grad r, and thus for all w € H(curl; T).

Since Rewl, v, = curlzz, applying this relation to a generic w € CZ(T)

and integrating by parts yields (6.25a)); using then a generic w € C*(T) and
6.25)

again integrating by parts, we infer ( .

B.2.3 Bound on Reun,T

We prove here the estimate (6.27). The estimate on curl Rey1,7v 4 follows from
(6.25a)), (4.34) and . It remains to bound the L2-norm of Rewtrvy. To

do so, we use 8y, provided by Lemma [10| below and an integration by parts
Bl Eq. (2.27)] to re-cast (B.8]) as

/curlzT-curlw = /(C§KT+6TKT)~W+/curlw -8, —/w~cur1gv .
T T T =T Jr =T
Making w = z7, we deduce

Jeurlzr|%

k k
S €7y llaiv.rhrll carlzr|lpz oy +Hl curlzz (g2 () (17 llcartr + 1IC70 7 lllaiv.7 ) »
(T) (T)

where we have invoked (4.34), (B.6)), the Poincaré inequality (B.15)), and
below. Simplifying, using the norm equivalences (4.25)), and recalling that

Rew1, 7y, = curlzr concludes the proof of the L2-estimate on Rcurl, 7V stated

in (627,



72 D. A. Di Pietro, J. Droniou

Lemma 10 (Lifting in HI(T)) There exists 8y, € HY(T) such that the tan-
gential trace of 8y, on OT is Reurl,oTY 57, and
ley, Iz ry + hrll cwrlg, llizry < Mgl + ICEY Ml (B.9)

Proof Recalling that
Reuwnory g = ¢y, + gradyy Yy, (B.10)

with obvious notations (each of these functions, restricted to a face F € ¥r,

corresponds to the function obtained replacing dT by F), we construct g, =
. . Yr

8y, .4+ 8v, .0 each addend corresponding to the addends in the decomposition

(B.10) of Reurl,o1Y o1

1. Construction ofgh,,p. We assume, for the moment, that Ay = 1. By [25]

Corollary 23.5] and inverse inequalities on the polynomials C llég rand (VE)Eer
(recalling that 1 = hy =~ hp ~ hg for all F € Fr and E € &r), there exists
€ € (0,1/2) such that grady gr € H/**¢(F) and

k
lgrady grllgrawe gy S ICEYEllL2ry + ) IVENL2 ()
EES[:
k
< ”CFKF”L2(F) + ”lKF”lcurl,F-

Above, when invoking [25] Corollary 23.5], we have used the fact that, since
€ < 1/2, the H¢(dF)-norm is equivalent to the sum of the H¢ (E)-norms over
E € Fg. By construction, ¢K0T has strongly continuous tangential traces on
the edges of T so

2 2 _ 2
9o oy S 20 19, oy = 2, Neradrarlu,
4 Fe¥fr Fe¥r

2
2 k
< D) leradr gl 5 3 (ICkEEl2) + 2l
Fefr Fefr

Combined with (B.2]) and recalling that the local length scales are ~ 1, this
leads to

k
10, ez om + 180, b oy < NCE2 g llase.z + 12 w7
- 1A

Since ¢, belongs to H;/Q((?T), by [3, Theorem 3.1.3] there exists 8,4 €
H!(T) such that the tangential trace of 8v,.4 is ¢L9T and

”gKTJPHLQ(T) +l curngT’¢||L2(T) 3 ”¢KaT”L2(aT) + |¢26T|H72(3T)

k
S |||£TKT”|div,T + ”|KT”|curl,T-

This was done under the assumption that A7y = 1. Using a scaling argument,
we infer from the estimate above that, for an element T of generic diameter
hT)

ey, gllyzr + hrllewrle, gllvzry < IC llav + 2pllownr.  (B.11)
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2. Construction of 8y, .y By definition, 8y, . is the lifting of gradyr yy,,.- Re-

calling the construction of each Yy, = WFTF, for F € ¥r, we can extend rg

into a polynomial rrr € PK(T) (for example, by making rrr independent of
the coordinate perpendicular to F). We then have, by (B.3)),

1 1 1
lrrrllvecry S hillrelliery S hr (hﬁ|||2p|||cur1,F + h§||C1]§KF||L2(F)) . (B.12)

The smooth, compactly supported function @wp can be extended in T into wrp
such that 0 < wrr < 1, wrr has a compact support in a ball of radius =~ Ay
that does not touch the faces in 7 \{F}, and | grad wrr| < h;l. Then, for each
F € Fr, the chain rule yields

| grad(@rrrrr)llyzry < llgradrrrllyz ) + h;1I|VTF||L2(T) (B.13)

1 1
2 2 k
< h;”lKF'”curl,F + h[%“”CFKF”LZ(F)’

where the second inequality follows from an inverse inequality and (B.12)). We
then set

glr"ﬁ = Z grad(wrprrp) S COO(T)
Fefr

By choice of the supports of (@rr)res;, the tangential trace of 8y,.y ON each

face F € ¥ is gradg(@wrrrrr)F = gradg ¢, . Moreover, the estimate (B.13)
gives

N=

k
gy, llizcry S | 2 (Pell el + BEICEY pla ) | -
Fe¥fr ( ° )
p ”|KT”|cur1,T + "lgl;“KTI”div,T-

Since 8y, . is a gradient, we also have curl 8y, = 0 and thus, combining

(B.11)) and (B.14) yields the estimate ong, =g 4+8 y O

Lemma 11 (Local Poincaré inequality for curl) With (grad H'(T))* de-
fined by (B.7), it holds

IWllg2(r) < hrll curlwlly2 ) vw € (grad HY(T))*. (B.15)

Proof By [3, Theorem 3.4.1], for all v € H(div;T) such that divy = 0 and
W - np, Doy = 0 (where (-, -)gr is the H_%(GT)fH%(GT) duality product and
nr is the outer normal to T), there exists z € H(curl;T) such that sz =0
and v = curlz. Moreover, ||z||L2(T) < C0||v||L2(T) = Col| curlz||Lz(T) and an
inspection of the proof shows that Cy < hr (this estimate is obtained via a
scaling argument, and noticing that, if A7 = 1, the constants appearing in the
proof of [3] Theorem 3.4.1] do not depend on T under our mesh regularity
assumptions).



74 D. A. Di Pietro, J. Droniou

Take w € (grad H (T))* and let (W,,)men be a sequence in C®(T) which
converges to w in H(curl; T), see [3, Proposition 2.2.12]. Apply the result above
to v = curlw,,, which satisfies the requirements since, on each F € ¥7, we have
curlw,, - nrp = 10t ((Wm):r) (where nrr = (n7)|F and, as before, (w,,); r is
the tangential trace of w,, on F, oriented here according to nrr), and w,, is
continuous on AT. This yields z;, € H(curl; T') such that curl(w,, —z,,) = 0 and
Izmllyz(ry S hrllcarlwyllyz 7. In particular, since the second Betti number

of T is zero, w,, — 2, € grad H'(T), and thus fT(wm —2Zm) - w = 0. Hence,

/T Wan W = /T 2w < Wz zmllyz < IWllge o il curlwollye .

The conclusion follows by letting m — oo and simplifying by [[w(ly 2. O

C Notations

The notations used in the paper follow these rules: polynomial spaces, sub-
spaces and projections are in curly letters; functions and operators with values
in R? or R? are in boldface; the exponents indicate the maximum polynomial
degree of the space or operator; full discrete gradient and curl, which need to
be projected to define the operators in the DDR sequence, are in sans serif
(and boldface since they are R3-valued); spaces, vectors and operators made of
components attached to mesh entities of different dimensions are underlined.
Table [4 lists the main notations used in the design and analysis of the DDR
complex.
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