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Abstract

We compute an explicit formula for the antipode of the double bialgebra of graphs [5] in
terms of totally acyclic partial orientations, using some general results on double bialgebras
[6]. In analogy to what was already proven in Hopf-algebraic terms for the chromatic poly-
nomial of a graph, we show that the Fortuin-Kasteleyn polynomial (a variant of the Tutte
polynomial) is a morphism of the double algebra of graphs into that of polynomials, which
generalizes the chromatic polynomial. When specialized at particular values, we give combi-
natorial interpretations of the Tutte polynomial of a graph, via covering graphs and covering
forests, and of the Fortuin-Kasteleyn polynomial, via pairs of vertex—edge colorings. Finally
we show that the map associating to a graph all its orientations is a Hopf morphism from the
double bialgebra of graphs into that one of oriented graphs, allowing to give interpretations
of the Fortuin-Kasteleyn polynomial when computed at negative values.
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Introduction

In [I] George D. Birkhoff introduced the notion of chromatic polynomial. It counts the number
of proper graph colorings as a function of the number of colors. Later [2] Birkhoff and Lewis
studied it extensively in the restricted case of planar graphs in the attempt to solve the so—called
“four color problem”. In 1932, Hassler Whitney [15] and then William Tutte [I4] generalized the
chromatic polynomial to a new polynomial, which Tutte called the dichromate of a graph but it is
better known as the Tutte (or Tutte—~Whitney) polynomial, and plays an important role in graph
theory. It is a polynomial in two variables associated to an undirected graph and tells a lot of
information about the way a graph is connected. It actually contains several specializations from
other domains, such as the Jones polynomial from knot theory and the partition functions of the
Potts model from statistical physics. Thanks to his results, it is observed there that the theory
of spanning trees links the theory of graph—colorings to that of electrical networks. Another
polynomial related to it is the Fortuin—Kasteleyn polynomial: it appears in the random-cluster
model, a generalization both of the percolation model and of the Ising model. Cees Fortuin and
Cornelius Kasteleyn in [7, 8] show that the theory of the random-cluster model is intimately
connected with the combinatorial theory of graphs. The physical question for a medium with
randomly distributed pores through which a liquid percolates is modeled mathematically as a
three-dimensional network of n xn xn vertices, usually called “sites”, in which the edge or “bonds”
between each two neighbors may be open (allowing the liquid through) with probability p, or
closed with probability 1 — p, and they are assumed to be independent. Therefore, for a given p,
it is natural to ask for the probability that an open path (each of whose links is an “open” bond)
exists from the top to the bottom, and for the behavior of the system for large n. This problem,
called bond percolation model, was introduced in 1957 by Broadbent and Hammersley [4] and
has been studied intensively by mathematicians and physicists since then.

Since the seminal work of [10] it was clear that standard operations/transformations on
combinatorial objects have an algebraic nature, and even more coalgebras operations of cutting
the objects into smaller pieces have strong significance. In fact the three graph polynomials above
mentioned satisfy a recurrence based on some graph operations called deletion or contraction of
edges. The advantage of the Tutte and the Fortuin-Kasteleyn polynomials is that during the
recursive process they loose much less informations than the chromatic polynomial. The way
we treat these polynomials and their significance in graph theory, however, takes a different
approach: that of combinatorial Hopf algebras.

Several notable results that go in this direction are contained in the first author’s work [5],
where the chromatic polynomial is characterized as the unique polynomial invariant of graphs,
compatible with two interacting bialgebras structures on graphs: the first coproduct is given by
partitions of vertices into two parts, the second one by a contraction—extraction process. This
gives Hopf-algebraic proofs of Rota’s result on the signs of coefficients of chromatic polynomials
and of Stanley’s interpretation of the values at negative integers of chromatic polynomials.

The aim of the present work is to study this phenomenon in more detail, to extend it to the
other polynomials mentioned inserting them into the theory of combinatorial Hopf algebras, and
to recover new simpler proofs of classical results on Tutte and Fortuin-Kasteleyn polynomials.

We start recalling in Section 1| the notion of double bialgebras due to the first author (which
appears in [6] as cointeracting bialgebras), that is to say bialgebras with two coproducts, the
first one being a comodule morphism for the coaction induced by the second one, and the main
related results on the monoid of characters and their actions that will be used later. In Section
we describe the central example of a double bialgebra on graphs, as introduced in [5] and a
variation on oriented graphs, in which the first coproduct comes from splitting a graph G in
two parts, taking the induced subgraphs via a bipartition of its vertices. The second coproduct
comes from a “deletion/contraction” process. We are able to express the antipode of the second
Hopf algebra. We then go to the Fortuin—Kasteleyn polynomial, seen as a Hopf morphism of the
Hopf algebra of graphs into the Hopf algebra of polynomials in one indeterminate, and express



some invariants of graphs as characters making use of the general results on bialgebras. The
so—developed algebraic frame allows us to give in Section [3] some combinatorial interpretation
to both Tutte and Fortuin-Kasteleyn polynomials when specialized at particular values: these
results are analogue of the statement in [5] that the chromatic polynomial of a graph is the
unique polynomial invariant on graphs compatible with both bialgebraic structures. We end
with some result on orientations of graphs, in Section[d} the map associating to a graph the sum
of all possible orientations on G is a Hopf-morphism, and we recover — giving easy proofs — some
known but complex results on specializations of Tutte’s polynomial.

Acknowledgments. The author acknowledges support from the grant ANR-20-CE40-0007
Combinatoire Algébrique, Résurgence, Probabilités Libres et Opérades.

Notations 0.1. 1. We denote by K a commutative field of characteristic 0. Any vector space
in this field will be taken over K.

2. For any n € N, we denote by [n] the set the first n strictly positive integers {1,...,n}. In
particular, [0] = .
1 Reminders on double bialgebras

Definition 1.1. A double bialgebra is a quadruple (A,m,A,d) with a product m : AQ A — A
and two coproducts A,§ : A - AR® A such that:

o (A,m,A) is a bialgebra. Its counit is denoted by ea.
e (A,m,0) is a bialgebra. Its counit is denoted by €.

o The following compatibilities are satisfied:

EA@Id 0 = O EA,
( ) n
(A®Id)od =mi3210 (0 @) 0 A,

where

K — A ) ABL— A
n: m1,3,24 - aRbR®c®d — a®c®bd.

r +— xly,

Example 1.1. The polynomial algebra K[X] is a double bialgebra, with the two multiplicative
coproducts A and ¢, defined by

AX)=XR1+1®X, I(X)=X®X.
The two counits are given by
VP e K| X], ea(P) = P(0), es(P) = P(1).

If (A,m,A,J) is a double bialgebra, its set of characters Char(A) inherits two convolution
products, each making Char(A) a monoid:

VA, € Char(A4), Asp=(AQ®u) oA, Axp=(A®pu)od.
The compatibility between A and ¢ implies that

VA, u, v € Char(A), ANxp)*xv=Axv)=* (u*v).



Theorem 1.2. [6, Proposition 2.5] Let (A,m,A,d) be a double bialgebra and (B,m,A) be a
bialgebra. We denote by Ea_.p the set of bialgebra morphisms from (A, m,A) to (B,m,A). The
following map is an action of the monoid (Char(A), x) onto E4_,p:

{ Essp ®Char(A) — FEa,p
(6,0) — G emA=(3®N)od.
Notations 1.1. Let (A,m,A) be a bialgebra. We denote by A, = Ker(ea) its augmentation
ideal. We denote by A: A, — A, ® A, defined by
Vae Ay, Aa) = Ala) —a®14 — 14 Qa.

(n+1)

It is coassociative, and we can consider its iterations A : 4, — AS)? , inductively defined

by

A(”) _ IdA+ lfn:O,
(AD@Id)o Aif n > 1.

We shall say that (4, m,A) is connected if
Ay = U Ker(A™).
nz=0
If (A,m,A,d) is a double bialgebra, we shall say that it is connected if (A, m, A) is connected.

Theorem 1.3. [6, Theorem 3.9 and Corollary 3.11] Let (A, m,A,0) be a connected double bial-
gebra.

1. For any A € Char(A), there exists a unique ¢ € Ey_g[x] such that €5 0 ¢» = \. For any
ae€ A+7
X(X-1)...(X—n+1)

n!

gala) = D1 A% 0 Al ()

n=1
2. The morphism ¢, is the unique double bialgebra morphism from (A, m, A, ) to (K[ X], A, ).
3. The two following maps are bijections, inverse one from the other:

{EA—JK[X] — Char(A) {Char(A) o EA—>]K[X]
6 — oo I PSS

Theorem 1.4. [6, Corollary 2.3] Let (A,m,A,d) be a double bialgebra, such that (A,m,A) is
a Hopf algebra. We denote by eg‘_l the inverse of the character es for the convolution associated
to A. Then the antipode of (A, m,A) is given by

S=('®Id)od.
If ¢ : (A,;m, A 6) — (K[X],m, A, ) is a double bialgebra morphism, then for any x € A,
5~ (@) = p(x)(—1).

2 Bialgebraic structure on graphs

2.1 Products and coproducts

We refer to [3] and [9] for classical definitions and notations on graphs. A (simple) graph is a
pair G = (V(G), E(G)), where V(G) is a set, whose elements are called the vertices of the graph,
and E(G) € (V(QG)) is a subset of unordered pairs of vertices, called the edges of G. We shall
denote by G the set of (isoclasses of) graphs. The vector space generated by G will be denoted
by Ha-



Ezxample 2.1.

o TN SUUTR VRV RS
IR UDNE LY. NV e e [

If G and H are two graphs, their disjoint union is the graph GH defined by
V(GH) =V(G)u V(H), E(GH) = E(G) u E(H).

This yields a commutative and associative product m on Hg, whose unit is the empty graph 1.

Let G' be a graph and I © V(G). The subgraph induced in G by I, denoted here by G|y, is
defined by

VI(G)) =1, E(G) = {{z,y} € E(G) | z,y € I}.

Using the notion of induces subgraph, any bipartition (I, V(G)\I) of vertices “splits” the graph
into two pieces, G|r and G|y (g)\s: this in turn allows to define a cocommutative and coassociative
coproduct A on Hg (see Schmitt [12]) given by

VG e G, A(G) = Z G 1 ® Gy a\-
ICV(G)

Its counit e is given by

VG e G, ea(G) =d¢,1-
Erample 2.2

Al)=e®1+1®.,

Ah=le1+1e!+2.®.,
AVY=Ve1+1oV +3.0! +3l®.,
AV =VR1I+1eV +2.0l+.®@.. +2l®. +..® .,
AR =Rel1+1oXR +4. 0V +6l@! +4V ®.,

A =Upi1+1od+2.0V +2.0V

+4l!l+l®@ce+.. 01 +2V®.+2V ® .,
A =Up1+1oUl +. 0V +2.0V +.a!.
+2ll+2..91+2l®..+ V®.+2Ve.+1.®.,
A =Oo1+1od +4. 0V +4l@!+2..®.. +4V ®.,
A =KLR1+10K +3.0V +3. 0 e +3l® e +3.. QI+ VR e+ e ® o0,
Al =Ugi+iod+2.0V +2.01.
+2ll+2..®@ce+ee®!+l®..+2V®.+2l.®..

Let G be a graph and let £(G) the set of equivalence relations on the vertices V(G). For
~ € &(Q), denote by m. : V(G) — V(G)/ ~ is the canonical surjection. We define the
contracted graph G/ ~ by

V(G/ ~)=V(G)/~, E(G/~)={{r (), 7 ()} |{z,y} € E(G), () # 7 (y)}.
We define the restricted graph G |~ by

V(G |~) = V(G), E(G [~) = {{z,y} € E(G) | mu(x) = 7~ (y)}-



In other words, G' |~ is the disjoint union of the subgraphs G|, with C' € V(G)/ ~. We shall say
that an equivalence ~ on V(G) is in &.(G) if for any equivalence class C' € V(G)/ ~ the graph
G|c induced by C'is a connected graph. So, for any equivalence on V(G) under the assumption
of taking classes being connected, contraction and restriction give two graphs associated to G.

Remark 2.1. For an edge e = {x,y} € E(G), let ~, be the equivalence whose classes are

V(G ~o) = {z.y) | )

ZFTY

Then ~.€ E.(G): for simplicity, we will denote by G/e the contracted graph G/ ~..
We thus define a second coproduct 6 on Hg by

VG e G, (G = > G/ ~®G|~.
~ €€(G)

This coproduct is coassociative, but not cocommutative. Its counit ¢5 is given by

1if B =
VG e G, eg(G)z{l (@) =2,
0 otherwise.
Erample 2.3.
0(e)=®.,
(S(I :I®oo+o®1,
) =V®:..+.0V +3l1.,

(o)
—~ o~

=V®..+200!.,
—H®iee+. R +6VI..+106I1+4V.),

=A@ +. 08 +uV + Vol +1lo@ll+2.V +2.V),
=URevee+ . U+ (V+3V)el..+1le(ldl+.V +2.V),
—H@ceee+ .0 +4V R+ I@ @11 +4.V),

LR +. 0L +3VRI..+3l@.V,

e+ U433V R +IeIl+2.V).

S S

(o9
~— O~ v ' O~ ' T e

CRNORENRNR<A

|
-
®

Proposition 2.1. [5, Theorem 1.7] (Hg,m,A,d) is a double bialgebra.

As (Hg,m,A) is a graded and connected bialgebra, it is a Hopf algebra. Its antipode is
denoted by S. The invertible characters for the convolution % induced by § are given by the
following:

Lemma 2.2. [5, Theorem 2.1] Let A € Char(Hg). It is invertible for the product  if, and only
if, M(+) # 0.

For a set X (the set of “colors”), recall that a proper X —coloring of a graph G is an assignment
of an element of X to each vertex f : V(G) — X such that adjacent vertices are assigned different
colors. The chromatic number x(G) of G is the minimum number of colors in a proper vertex
coloring of G:

X(G) = min{|f(V(G))| : f is a proper coloring of G}.

For any k € N, we call k—proper coloring of G any proper coloring using at most k colors
and denote by ¢enr(G, k) the number of proper k-colorations of G. If |V(G)| = 0, one takes
this number to be 1. It is a well-known result that ¢cp-(G, k) is a polynomial in k with integer



coefficients: it can be extended to a unique polynomial ¢cp,-(G) = Penr (G, z) € K[z], called is the
chromatic polynomial, an important invariant of graph theory. The problem of coloring a graph
can be reduced to the problem of coloring two graphs derived from G: for e = {a,b} € E(G), if
G — e is the graph obtained by G removing the edge e, and G/e is the graph obtained by G by
contraction of e, then the following holds:

¢ch7'(G) = ¢C}LT(G - 6) - ¢C}LT(G/6)~

Proposition 2.3. 1. [, Theorem 2.4] The unique double bialgebra morphism from the dou-
ble algebra of graphs (Hg,m,A,0) to (K[X],m,A,d) (by virtue of Theorem is the

chromatic polynomial ¢epy.

2. [3, Proposition 2.2] The following morphism is a Hopf algebra morphism from (H, G, m,A)
to (K[ X],m,A):
He — K[X]
b0 = { GeG — XIV@),

2.2 Double bialgebra of oriented graphs

An oriented graph is a pair G = (V(G), A(G)), where V(G) is a finite set, called the set of
vertices of G, and A(G) a set of ordered pairs of distinct elements of V(G), i.e.

AG) < V(G) x V(G\{(z,z)|x € V(G)}.

The elements of A(G) are called the arcs of G. The set of (isoclasses of) oriented graphs is
denoted by G,. (Note that we are not considering loops on oriented graphs, that is to say arcs
which both extremities are equal).

Let us recall the double bialgebra structure on oriented graphs of [II]. As a vector space,
He, is the vector space generated by G,. If G, G’ € G,, their product is the graph GG’ defined
by

V(GG =V (G)uV(G), A(GG") = A(G) u A(G").
This induces a commutative and associative product m on Hg,, which units is the empty graph 1.
Let G be an oriented graph and I < V(G). The oriented subgraph G|; is defined by
V(G) =1, AG)) ={(z,y) € AG) | z,y € T}.
We shall say that I is an ideal of G if for any =,y € V(G),
zel and (z,y) € A(G) = yel.
These notions induce a commutative and coassociative coproduct A on Hg, given by

VG € G, A(G) = Z =G 1 @Gy
I ideal of G

Its counit e is given by

VG e GO, 8A(G) = 56‘,1'

Let G be an oriented graph and let ~ be an equivalence relation on V(G). We define the
contracted oriented graph G/ ~ by

VG ~) =VI(G)/~,  AG]~) ={(m(2), 7~ (v)) | (z,y) € A(G), 7~ (z) # T~ (y)},



where 7. : V(G) — V(G)/ ~ is the canonical surjection. We define the restricted oriented
graph G |~ by

V(G |~) = V(G), A(G |~) = {(z,y) € A(G) | 7w (2) = 7 (y)}-

In other words, G |~ is the disjoint union of the oriented subgraphs G|, with 7 € V(G)/ ~. We
shall say that ~ £(G) if for any class C € V(G)/ ~, G|¢ is a connected graph. We then define
a second coproduct § on Hg, by

VG e G, 5(G)= D G/~®G|~.
~€&:(G)

This coproduct is coassociative, but not cocommutative. Its counit €5 is given by

1if B(G) = &,

0 otherwise.

VG € G07 65(G) = {
Theorem 2.4. [11] (Hg,,m,A, ) is a double bialgebra.

2.3 The antipode for graphs
Definition 2.5. A mized graph is o triple G = (V(G), E(G), A(G)), such that:

e V(G) is a finite set, whose elements are the vertices of G.

e E(Q) is a set of unordered pairs of elements of V(G), whose elements are called the edges
of G.

o A(G) is a set of ordered pairs of elements of V(G), made of distinct elements, called the
arcs of G.

We assume that the following conditions hold: for any x,y € V(Q), distinct,
o If {z,y} € B(G), then (z,y) ¢ A(G) and (y,2) ¢ A(G).
o If (z,y) € A(G), then (y,x) ¢ A(G) and {z,y} ¢ E(G).

Mixed graphs have interesting applications. For example, in operational research they may
be used to model the so—called “job—shop scheduling problems”; in which a collection of tasks
is to be performed, subject to certain timing constraints: undirected edges represent two tasks
that cannot be performed simultaneously, and directed edges represent precedence constraints,
when one task must be performed before another one. A different example comes from Bayesian
inference, where acyclic mixed graphs (that is a graph with no cycles of directed arcs) are used:
undirected edges indicate a non—causal correlation between two events; directed edges indicate a
causal correlation in which the outcome of the first event influences the probability of the second
event.

Definition 2.6. Let H be a mized graph. We associate to it two simple graphs gr(H) and gro(H),
defined respectively removing the orientations of the oriented edges, and removing the oriented
edges, that is:

Vigr(H)) = V(H), E(gr(H)) = E(H) v {{z,y} | (x,y) € A(H)},
Vigro(H)) = V(H), E(gro(H)) = E(H).

Definition 2.7. Let G € G. A partial orientation of G is a mized graph H such that gr(H) = G.
We shall say that a partial orientation is not totally acyclic if there exists a sequence (xg, ..., xy)
of vertices of G such that:



o n =2,

e 1) =1Ip.

e Foranyie€ [n], {x;—1,2;} € E(H) or (x;—1,x;) € A(H).

e There exists at least one i € [n] such that (x;—1,xz;) € A(H).

The set of totally acyclic partial orientations of G is denoted by PO o (G).
Remark 2.2. For any graph G, G € PO4..(G).

Definition 2.8. An orientation of a simple graph G is an assignment of one and only one
ordering (or direction) to each edge {u,v}, denoted by (u,v) or (v,u), as the case may be. In
other words, an orientation of G is a mized graph H where E(H) = & and gr(H) = G. An
orientation H of G is said to be acyclic if it has no directed cycles, that is if there is no sequence
(xo,...,Tn) of vertices of G such that:

o n =2,
e Iy =1x,.
e Foranyie€[n], (xv;-1,2;) € A(H).
Proposition 2.9. The antipode S of (Ha, m,A) is given by

VG € G, S@ = >, (=~ g (),
HEPOmE(G)

For any graph K € G, cc(K) is the number of connected components of K.

Proof. We make use of a well known result by Stanley [I3]. It states that the chromatic poly-
nomial of a graph evaluated in —1 is up to sign the number of its acyclic orientations, more
precisely:

benr (G)(=1) = (=1)V(& |{acyclic orientations of G}|.

Let us apply Theorem The morphism ¢, is a double bialgebra morphism from (Hg, m, A, 6)
to (K[X],m,A,0), so, for any G € G,

6§71 (G) = chhr(G) (_1)'

Hence,
S(G) = Z (=1)™)|{acyclic orientations of G/ ~}|G |~ .
~€e&.[G]

Let us consider the set

A= |_| {acyclic orientations of G/ ~}.
~€e&.[G]

Let H = (V(GQ),E(H),A(H)) € PO4,(G). We denote by ~p the equivalence whose classes
are the connected components of the graph gro(H). If 7 € V(G)/ ~p, then H|, is connected.
As G| has more edges than H|, (because the edges of H are edges of G), it is connected, so
~p€ E|G]. Let us assume that (x,y) € A(H), and let 2’ ~g x, v’ ~p y, such that {z,y} € E(G).
There exist non oriented paths (y,v1,...,yx,y') and (2, 2],..., 2}, z) in H. If {z',y'} € E(H)
or (y',a2') € A(H), then the sequence (z,y,y1,...,yx, vy, 2,2}, ..., 2}, ) proves that H is not
totally acyclic: this is a contradiction. So (z/,y’) € A(H). Hence, H induces a total orientation
of G/ ~p, which we denote by H/ ~p. It is acyclic: if (Zg,..., T, To) is an oriented cycle in
H/ ~p, there exist sequences (z(, ..., x},y,) and (z(, ...,z y{) such that:



e For any i, x} ~g a ~p x; and y) ~g Y ~H To.

e For any i, («f,2},,) € A(H) and (yg,y5) € A(H).
By definition of ~ g, there exists a non oriented path in H from z} to 2/ for any ¢ and from yj
to z(. Hence, we obtain a cycle in H, containing at least one arc of H: H is not totally acyclic,

this is a contradiction. So H/ ~p is acyclic. We obtain a map

9_ POtac(G) — .A
' H — H/~pg.

Let us prove that 6 is injective. Let Hy, Ha € PO44.(G) such that Hy1/ ~pg,= Ha/ ~p,. Then
~H,=~H,. Let (:L‘,y) € A(Hl) Then (E,@) € A(Hl/ ~H1) = A(HQ/ ~H2)7 SO ($,y) € A(HQ)
By symmetry, A(H;) = A(H2), so Hy = Ho.

Let us prove that 6 is surjective. Let ~€ £.[G] and H be an acyclic orientation of G/ ~. We
define a partial orientation H of G as follows:

A(H) = {(z,y) | {z,y} € E(G), (,7) € A(H)}.

It is totally acyclic: any cycle in H containing at least one arc induces an oriented cycle in H
of length at least two, which is not possible as H is acyclic. As ~€ &[G], its classes are the
connected components of G |~, which is equal to gry(H) by construction of H. Hence, ~g=~
and 0(H) = H.

Finally,

S(G) = 2 (=1)"™)|{acyclic orientations of G/ ~}|G |~

~€e&.[G]

= Z (—1)°(GI~) [{acyclic orientations of G/ ~}|G |~
~€e&:[G]

- Z (_1)CC(gro(H))gr0(H). ]
HE'POMC(G)

2.4 The Fortuin and Kasteleyn’s polynomial as a Hopf morphism

The Fortuin—Kasteleyn polynomial, which is due to Fortuin [7], and Fortuin and Kasteleyn [§],
is a two variable polynomial, comes from a random cluster model, and it is a variant of the Tutte
polynomial. We recall here both the definitions.

Notations 2.1. For G € G, if I' € E(G), denote by G| the subgraph of G defined by
V(Gir) = V(G), E(Gp) = F.
Definition 2.10. Let G € G.

1. A spanning graph of G is a graph H with V(H) = V(G) and E(H) < E(G). The set
of spanning graphs of G is denoted by S(G). The set of spanning forests of G (that is,
spanning graphs of G which are acyclic) is denoted by SF(G).

2. A covering graph of G is a spanning graph H of G such that cc(H) = cc(G). The set of
covering graphs of G is denoted by C(G). The set of covering forests of G (that is, covering
graphs of G which are forests) is denoted by CF(QG).

Remark 2.3. 1. Let Ge G and H € §(G). The connected components of G are disjoint union
of connected components of H, so cc(H) = cc(G). If H is a covering graph of G, then the
connected components of G and H are the same.
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2. The spanning graphs of G are the graphs G|p, with F' © E(G). Therefore, for any graph
G, IS(@)] = 2B,
Definition 2.11. To any graph G € G, we associate the Fortuin-Kasteleyn polynomial Zg(X,Y) €
K[X,Y] defined by
Zg(X,Y)= ) X<yl
FCE(G)

Recall that the rank of a graph G € G is the number 7(G) = |V(G)| — cc(G); the nullity
n(G) of G is defined by the relation n(G) + r(G) = |E(G)].

Definition 2.12. The rank—generating polynomial associated to G € G is:

Sa(X,Y) = 2 x(@)—r(Gp)y(Gir)
FCE(G)

The Tutte polynomial T(X,Y) € K[X, Y] is a simple function of the rank—generating polynomial:

Ta(X,Y)=Sag(X -1,V —1)
_ 2 (X — 1)@ +ee(Gir) (y _ 1)ec(Glr)+IFI-V(G)
FCE(G)
= (X = 1)@y — 1)~V Z (X —1)(Y — 1))CC(G\F) (v — ).

FSE(G)

Remark 2.4. 1. From the previous equality on the Tutte polynomial and from the definition of
the Fortuin—Kasteleyn polynomial, it follows that the two polynomials satisfy the following
relations:

To(X,Y) = (X =)™ - )"Vl Z5 (X - )y = 1),V = 1); (1)

equivalently,
Za(X,Y) = XDy V(&)=eel@)p, (;,( +1,Y + 1) . (2)

2. It should be noted that Zg and T are classically defined on graphs with multiple edges and
with loops. However for the purpose of the Hopf structure we are interested in, they do not
have significance in the coproduct (and we restrict our attention to simple graphs). Tutte’s
polynomial satisfies a recursion which uses the "deletion /contraction” of edges, similarly to
the chromatic polynomial. More precisely, starting from the value Tg, (X,Y) = 1 (with
E,, the empty graph), one has

XTo e if e is a bridge,
Te(X,Y)=<X YTg_. if e is a loop,
TG-e +Tgje if € is neither a bridge nor a loop,

where a bridge for G is an edge e € E(G) such that its deletion increases the number of
connected components.

Theorem 2.13. Let y € K. We put

. He — K[X]
Wi GeG — Zo(X.y)

K
HeC(G)

) He — K
Pil Gea — (1+y)B@I

11



Then Cy is a Hopf algebra morphism from (Hg, m,A) to (K[X],m,A) and Ay and p, are char-
acters of Ha. Moreover,

Gy = Qo ™ Ay = Gepr ™ fly.
Proof. Let G1,Go € G. Then, for the set of covering graphs of the product, one has
C(G1G9) = {H1Hy | H1 € C(G1), Hy € C(G2)}.
This implies that ), is a character. Obviously, p, is a character.

Let G € G and let F' € E(G). We define an equivalence ~pe E[V(G)] such that the classes
of ~p are the connected components of G|p. Let 7 be a class of ~g. Then (G|p)|, is connected
by definition. As this graph has less edges than G|, the latter is connected. So ~p€ E|G].
Moreover, G|p is a covering graph of G |~p, as the connected components of G |~p are the
classes of ~p, that is to say the connected components of G|r. Therefore,

GO = Y xesGry
FCE(G)

SY) ey

~€e&:[G] HeC(G|~)

=Y xelG)y B

~€e&.[G] HeC(G|~)

= Z Z X VGl |ECH)

~€&[G] HeC(G|~)
= D, 60(G/~)N(G|~)
~€e&:[G]

= (¢o e /\y)(G)'

S0 Cy = ¢ «~ Ay, As ¢ is a Hopf algebra morphism and ), is a character, ¢, is a Hopf algebra
morphism. Therefore, by Theorem there exists a unique character p1,, € Char(Hg) such that
Cy = Pehr < iy Still by Theorem this character is p, = €5 0 (y: for any G € G,

my(G) = G(@(1) = D Y= (14O 0

FCE(G)

Remark 2.5. As (, is a Hopf algebra morphism for any y € K, identifying K[X| ® K[X] and
K[X1, Xs], we obtain that for any graph G € G,

Zo(X1+ X2, Y) = Y. Za,(X1,Y)Zg, (X2, Y).
V(G)=IuJ

Proposition 2.14. For any graph G € G,

Za(X, —1) = ¢enr(G),
Za(X,0) = ¢o(G),
¢chr(G) _ (_1)|V(G)|+CC(G)XGC(G)TG(1 _ X,O).

Proof. For any graph G € G,

4 (C) = {1 if B(G) = &,

0 otherwise,

12



so p—1 = €5. Therefore,
Cfl = Qchr ™ €5 = Pehy-

Using (2)), we obtain the relation between ¢, and Ti:(1 — X, 0). Moreover, if the graph G € G
has E(G) # &, then for any H € C(G) one has E(H) # . Therefore,

0 otherwise,

7o(C) = {1 if E(G) = &,

s0 Ag = €5. Consequently,
Co = ¢o e~ €5 = Po. O

Proposition 2.15. The character pg is invertible for the convolution x and ,uafl = A_. For

any y € K,
Hy :UO*Aya )\y :)‘fl*lu’y'

Proof. For any G € G,
€5 O gbo(G) = 1‘V(G)| =1= HO(G),

80 €5 © g = po- Moreover,

uy=650<y
= €50 (Po®Ay) 06
= ((e5s 0 o) ®Ay) 0 &
= (o ®Ay) 06
= f10 * Ay.

As noticed in the proof of Proposition o1 = €5, 80 €5 = pog* A_1. As po(e) = 1, po is
invertible for * (Lemma and p3™t = A_;. O

Proposition 2.16. For any graph G,

ZG(_Xv Y) = 2 (_1)C0(gr0(H))ZgrO(H)(X7 Y)a
HE'POMC(G)
Te2-X,Y)= >, (1—-X)<E Oy @ (X,Y).
HEPOmC(G)

Proof. For any y € K, {, : (Hg,m,A) — (K[X],m,A) is a bialgebra morphism; as both
(Ha,m,A) and (K[X],m,A) are Hopf algebras, (, is a Hopf algebra morphism, that is to say
So(y =(yoS. For any graph G, this gives, with Proposition [2.9]

ZG(_X7 y) =S5o Cy(G)
= ¢y o S(G)

Cy Y, (=g (/)
HE'POMC(G)

= Z (_1)CC(gFO(H))ZgrO(H)(X, y)a
HePOac(G)
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which implies the first result. Then,

Te(2-X,Y)=(X-1)"«G - 1) VOlZ,(X =11 -Y),1-Y)
= (-1) D - X) Oy —1) VOl zo(-(1 - X)1-Y),1-Y)
= Z (—1)oclerolH))—ec(G) (1 _ x)=eel@)(y — 1)~ V(&)
HePOac(G)
Zgro(m)(1 = X)(1 =Y),1-Y)

= D1 (m1)eeleoti)—ed@)q — xyelero(t) =@, 4 (X,Y)

HePOac(G)
= Z (X — 1)CC(gro(H))—CC(G)TgrO(H) (X,Y). O
HG'POmC(G)

3 Combinatorial interpretations

3.1 For the Tutte polynomial
Lemma 3.1. For any graph G € G, for any y € K,

Ay(G) = YV D=eADTG (1,1 4 y).

Proof. By ,

. (G —cc
XIEO ;C(C(G?) = y‘V(G)‘ (G)TG’(L 1+ y)

Moreover,

G(G) = (g0 e~ N)(G) = Do XN (G|~).
~€E:[G]

If ~e &|G], then cl(~) = cc(G), as the classes of ~ as connected, and cl(~) = cc(G) if, and
only if, ~ is the equivalence ~. whose classes are the connected components of G. Therefore,

Gu(X)

tho Xco(G) Ay(G |~e) = MAy(G). o
Proposition 3.2. For any graph G € G,
Ta(1,2) = [C(G)], Te(1,1) = |CF(G)]-

Proof. For y = 1, by the previous Lemma one has Tz(1,2) = A\ (G) = Z 1B — 1e(@)).
HeC(G)

Let G be a covering graph of G. Then G has at least |V(G)| — cc(G) edges, with an equality if,

and only if, G is a covering forest of G. Hence,

Ay (G) =y @O=@cF(@)| + O (y\V(G)|—cc(G)+1) .

This implies

S V@) —ee@) ICF(G)| = yh_H}OTG(l, 1+y) =Te(1,1). O

Proposition 3.3. For any graph G € G, T(2,1) = |[SF(G)|.
Proof. For any = € K, by ,

(o (G)(z) = 2eE) gV ON=eclO (21 + 2) = 2V ONTH(2,1 + 2).

14



Moreover,

~€e&.[G] HeC(G|~)

Let ~e &[G] and H € C(G |~). Then H has cc(G |~) = cl(~) connected components, so
|E(H)| = |[V(G)| — cc(~) and cl(~) + |[E(H)| = |V(G)|, with equality if, and only if H is a
forest. Conversely, if F' € SF(G), denoting ~p the equivalence whose classes are the connected
components of G, then ~ pe £.[G] and, moreover, F € C(G |~), contributing with z!"(&)]

C(G)(z) = [SF(G)|V D + 0 (mwvm)\) _

Finally,
NS0

3.2 For the Fortuin and Kasteleyn’s polynomial

Proposition 3.4. Let G be a graph and let (z,y) € N x N. A compatible (x,y)-pair of colorings
of G is a pair of maps (cy,cp)

cv 1 V(G) —{1,...,2}, cg: BE(G) — {0,...,y},

such that for any e = {v,w} € E(G), cg(e) # 0 if, and only if cy(v) = cv(w). We denote by
PC.y(G) the set of compatible (x,y)-pairs of colorings of G. For any x € N, for any y € Z>_1,

Za(x,y) = [PCey+1(G)].
For any x e N, for any y € Ny,
—1
Za(z,—y) = 2 (_1)\615 (ly=1DI
(cv,cr)€PCa,y—1(G)
Proof. As (y = ¢enr € py, for any graph G,

Za(@y) = Y. Genr(G/ ~)(@)(1 +y) PE)]
~€e&[G]

Z |{proper z-colorings of G/ ~}|(1 + y)!FE~,
~€e&:[G]

Let f = (cv,cg) be a compatible (x,z)-pair of colorings of G, with z € N. We define an
equivalence ~ on V(G) by
v~ w = ey (v) = ey (w).

This has no reason to be in & [G]: we now define ~¢ as the equivalence whose classes are the
connected components of G [~. Then ~se &[G]. As cy is constant on the classes of ~, it
induces a (vertex) coloring of G/ ~¢. This coloring is a proper vertex—coloring of G: if {C, D}
is an edge of G// ~, there exists an edge {v,w} in E(G), with v € C' and w € D. By absurd, if
cy(v) = cy(w), then v, w are in the same connected component of G |~ as they are related by
an edge, so v ~¢ w: a contradiction, C' # D. Hence, cy(v) # cy(w).

Conversely, if ~e £.[G] and f is a proper z-coloring of G/ ~, f can be extended to a map
of all vertices cc : V(G) — [z], assigning to each vertex in a class of ~ the color it has in the
coloring of G/ ~. By the condition of compatibility for a pair of (vertex, edge)-coloration, there
exist exactly z/ 2G| maps cp completing cco to a compatible (z,1+vy) pair of colorings. Hence,
Za(z,y) is the number of compatible (z,y + 1)-pairs of colorings of G.
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Similarly, if x,y € N,

Zaw,~y) = Y GG/ ~)(@)(1—y) P

~€e&:[G]
= > (=1)P)proper -coloring of G/ ~}|(y — 1)FEI~)|
~€e&[G]
= > (—1)lez" T=1D1, -

(Cv,CE)E'PCz,y—l(G)
From , it follows:

Corollary 3.5. Let Ge G. For any x,y = 2,

1
Tg($, y) = (J:‘ _ 1)cc(G) (y _ 1)“/(@)‘ |Pc(m—1)(y—1),y(G)|'

For any z,y = 0,

(= 1)@V ()
(z + 1)@ (y + 1)IVG

3 (=1)les @D

(cv,cE)EPC (1 4a)(144),4(G)

TG(_xa _y) =

4 Orientations

4.1 Orientations of graphs as a Hopf algebra morphism

Notations 4.1. Let G € G. We denote by O(G) the set of orientations of G and by O,.(G) the
set of acyclic orientations of G. By definitions, O(G) contains 2B oriented graphs.

Proposition 4.1. The following map is a bialgebra morphism:

(Hg,m,A) — (Hg,,m,A)
O: GeG — Z H.
HeO(G)

Proof. Let G,G’' € G. Then
O(GG')={HH' | He O(G), H € O(H")}.
Hence, O(GG") = ©(G)O(G").
Let G € G. We consider

A={(H,I)| He O(G), Iideal of H},
B={(J,H H")|JcV(G), H € O(G @), H" € O(G|)}.

There exists an obvious map

U.{ A — B
| (HI) — (L, Hyens Hp)-

Let us prove that v is injective. Let us assume that v(Hy, I7) = v(Ha, I2). Then I) = I = J.
Let e € A(H).

e If both extremities of e are elements of J, as (H1); = (Hz)|s, e is oriented in the same
way in H; and in Ho.
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e If both extremities of e are not elements of J, as (H1)jy(q)\s = (H2)|v (@), € is oriented
in the same way in H; and in Hs.

e Otherwise, let us denote by = the extremity of e which is in V(G)\J and y the extremity
of e which is in J. As J is an ideal of H; and of Hs, necessarily e is oriented in Hy and in
Hy from x to y.

Therefore, H; = Hs.
Let us prove that v is surjective. Let (J, H', H") € B. We define an orientation H of G as
follows: if e € E(G),

e If both extremities of e are elements of J, then choose for e the same orientation as in H”.

e [f both extremities of e are not elements of J, then choose for e the same orientation as in
H'.
e Otherwise, let us denote by x the extremity of e which is in V/(G)\J and y the extremity

of e which is in J. Then orient e from z to y: (z,y).

We obtain H € O(G), such that Hy(g)s = H' and H|; = H". Moreover, by construction there
is no arc in H from a vertex belonging to J to a vertex not belonging to J, so J is an ideal of
H. Therefore, (H,J) € A and v(H,J) = (J,H', H").

Using this bijection,

Ao6(@) = ), Hye@H),
(H,J)eA

_ Z H/ ® H//
(J,H',H"eB

= ). OGye) ®O(G))
JeV(@)

So O is a bialgebra morphism. O

Remark 4.1. The map O is not compatible with §. For example,

o(l) st @(\7) _ oW X

SO

©©6)os(V)=000)(VE...+.0V +3la1.)

—oV)@.eo+.00(V)+ 122 4.,
500(V) = 25(%¥) + 65

=®(V)®...+.®9(V)+125®f.+1zo®f..

We denote by I, the space of Hg, generated by oriented graphs containing an oriented cycle.
If G is such a graph:

e For any oriented graph H, GH has an oriented cycle. In other terms, I, is an ideal.

e Let I be an ideal of G. If I contains a vertex of the oriented cycle of G, then it contains all
the vertices of the cycle, as it is an ideal. Therefore, G|; or G|y (g) s has an oriented cycle.
In other words, I, is a coideal for G.
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o Let ~e &[G]. If all the vertices of G are ~-equivalent, then G |~ has an oriented cycle.
Otherwise, the contraction G/ ~ has an oriented cycle. Moreover, ¢5(G) = 0, as A(G) # &,
since it has an oriented cycle. In other terms, I, is a coideal for §.

As a consequence, the quotient Hg,/I,. which we identify with the space Hg,,., of oriented
acyclic graphs, inherits a double bialgebra structure such that the following map is a double
bialgebra morphism:

HGO B %GGCO
T G if G is acyclic,
G —
0 otherwise.

Proposition 4.2. [5, Theorem 1.7] The following is a double bialgebra morphism:

He — HaGaw
Ou =700 G — Z H.
HeO4(GQ)

Definition 4.3. Let G be a graph and H be an orientation of G. We shall say that H 1is strongly
connected if for any x,y € V(Q), there exists an oriented path from x to y in H. The set of
orientations of G such that any connected component of G is strongly connected is denoted by

Osc(G).
Lemma 4.4. Let us consider the characters of Hg, defined by

He, — K
He, — K (=1)°(9) if any connected component of G
Y ceg, — 1, ") gec, — is strongly connected,

0 otherwise.

Denoting = the convolution associated to A, then pg. = ,uffl,
Proof. Let G € G,, different from 1. We denote by I, ..., I its strongly connected components
and by ~ the equivalence on V(G) whose classes are Ii,...,Ix. For any i, G, is strongly
connected, so is connected: ~e &[G].

Let us prove that G/ ~ is acyclic. If (Ij,...,I; ) is an oriented cycle in G/ ~, then for
any k, there exists an arc from a vertex of I, to I, ,, with the convention j,+1 = j1. As G|,
is strongly connected for any I, we deduce the existence of an oriented cycle in G, which goes

through Iy,...,I,. All the vertices of this cycle are in the same strongly connected component
of G, so belong to the same Ij: we deduce that I;, = ... =1; , (I;,...,I;,) is an oriented cycle

in G/ ~: this is a contradiction. So G/ ~ is acyclic.

As G/ ~ is acyclic, it has wells, that is to say vertices with no outgoing arc. We denote by
J1, ...y Jm its wells. These elements Ji, ..., J, of V(G/ ~) are equivalent classes of ~, that is
to say some of the I;’s: {J1,...,Jm} S {[1,..., I}

Let J < V(G). Let us show that it is an ideal of G such that us(Gr) # 0 if, and only if, J
is a disjoint union of J;’s.

=. If so, the connected components of G|; are strongly connected. Let us assume that its
intersection with I; contains a vertex z. Let z € I;. As G|y, is strongly connected, G contains an
oriented path from x to y. Since J is an ideal, y € J. Therefore, G is a disjoint union of I;’s. Let
us assume that one of the [;’s included in G is not a well of G/ ~. There exists j # i, such that
(I;,I;) is an arc in G/ ~. Therefore, there exists an arc between a vertex « € I; and a vertex
y€ljin G. Asz € J and J is an ideal, y € J. The connected components of G|; being strongly
connected, it follows that there exists an oriented path from y to z in G|z, so = and y are in the
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same strongly connected component of G and finally ¢ = j: this is a contradiction. So I; is a
well of G/ ~, so is one of the J;’s.

<. Let J be a disjoint union of J;’s. Let z € J and y € V(G), with an arc between x
and y, and j such that € J;. If y ¢ J;, there is an arc in G/ ~ from J; to another vertex:
this contradicts the fact that J; is a well. So y € J; € J, and J is an ideal of G. Its connected
components are obviously the I;’s it contains, so they are strongly connected: MSC(G‘J) # 0.

Then,

p * pse(G) = Z Hsc G|I Z Hsc | U 2 ( 1)'” =0,

I ideal of G rcy I'c[m

el!
as m > 1. Therefore, p * psc = e, L. pse = i~ L O
Proposition 4.5. We consider the character o defined by

o x—1 He — K
M1 GeG — (—)@D]0,(G)].

Then « is the inverse for the convolution associated to A of the character py of Ha.
Proof. For any graph G € G,

m(G) =27 = |0(G)| = m 0 O(G),
S0 p1 = p1 o ©. Moreover,

Oz(G) = Z ,USC(H) = Hsc © @(G)>
HeO(@)

S0 a = g 0 ©. Consequently, since © is a Hopf algebra morphism:
prxa = (@ psc) o (O®O)o A= (11 ®@psc) o AoO =cp00 =en,
. |
SO = p] . O

Proposition 4.6. Let G € G. Then Tg(0,2) is the number of strongly connected orientations
of G.

Proof. Note that for any y € K, as ¢, is a Hopf algebra morphism,
ZG(_X7 y) =S5o Cy(G) = Cy © S(G)>

S0

Ze(~1,) = €0 S(G)(1) = €50 Gy 0 S(G) = py 0 S(G) = (@),

In the particular case y =1,
Za(~1,1) = 371G = ().

By (2),

ZG(_lv 1) = (_1)CC(G)TG(O> 2)7

which directly implies the result. O
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4.2 Values at negative integers

Proposition 4.7. Let x,y € N. For any graph G, we denote by OPC, (G) the set of triples
(H,cy,vg) such that:

e H is a totally acyclic partial orientation of G.
e cy : V(G) — [z] and cg : E(H) — {0,...,y} are maps such that for any {v,w} € E(H),

ce({v,w}) #0 < cy(v) = cy(w).

Let Ge G. For anyx €N, for any y € Z>_1,

Za(—z,y) = Z (_1)Cc(gro(H)).
(H,ev,cp)eOPCq y+1(G)

For any x € N, for any y € N3,

Ze(—x, —y) = 3 (—1)cc(ero (D) Heg" ([y=1D1,
(H,Cv,CE)EO’PCx,y_1(G)

Proof. Note that
OPC,,(G) ={(H,cy,cg) | He PO(G), (cv,ck) € PCyy(gro(H))}.

Therefore, using Proposition [2.16]

Zo(—z,y) = > (1)@ I Z5(a,y)
HEPOmC(G)
= 2 (—1)cc(ero(H))
HGPOMC(G),
(ev ,cg)ePCq y+1(gro(H))
= 2 (—1)cclero(H))
(H,Cv,CE)EO'PCm’y_'_l(G)
whereas
ZG(_'rv _y) = Z (_1)CC(grO(H))ZG(‘CE7 _y)
HEPOmc(G)
= Z (_1)CC(gro(H))+\CEI([yfl])l
HePOiac(G),
(ev,cB)EPCa,y—1(gro(H))
_ 3 (= 1)eclero () +Iez (=1 0
(H,Uc,UE)GOPCI,yfﬂG)
From :

Corollary 4.8. Let Ge G. For any x € N, y € Ny,

(_1)CC(G)
(@ 1 1)@ (y — 1)VO

2 (—1)cclerolH)),

(chV7CE)EO,PC(I+1)(y71),y(G)

To(—z,y) =

For any x € Nygo, ye N,

(_1)IV(G)\

TG(x’ _y) = cc(G V(G Z
(z — 1)ecl@) (y + 1)IV(G)] (Hoov e8)E0P e r0sem o (6)

(—1)cclero(H))+eg! (1)
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