N

N

Posterior concentration rates for mixtures of normals in
random design regression

Zacharie Naulet, Judith Rousseau

» To cite this version:

Zacharie Naulet, Judith Rousseau. Posterior concentration rates for mixtures of normals in random
design regression. Electronic Journal of Statistics , 2017, 11 (2), 10.1214/17-EJS1344 . hal-04535820

HAL Id: hal-04535820
https://hal.science/hal-04535820

Submitted on 7 Apr 2024

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://hal.science/hal-04535820
https://hal.archives-ouvertes.fr

Electronic Journal of Statistics
Vol. 11 (2017) 4065-4102

ISSN: 1935-7524

DOI: 10.1214/17-EJS1344

Posterior concentration rates for
mixtures of normals in random design
regression

Zacharie Naulet and Judith Rousseau

CEREMADE, Université Paris-Dauphine, France
e-mail: zacharie.naulet@dauphine.eu; rousseau@ceremade.dauphine.com

Abstract: Previous works on location and location-scale mixtures of nor-
mals have shown different upper bounds on the posterior rates of contrac-
tion, either in a density estimation context or in nonlinear regression. In
both cases, the observations were assumed not too spread by considering
either the true density has light tails or the regression function has com-
pact support. It has been conjectured that in a situation where the data
are diffuse, location-scale mixtures may benefit from allowing a spatially
varying order of approximation. Here we test the argument on the mean
regression with normal errors and random design model. Although we can-
not invalidate the conjecture due to the lack of lower bound, we find slower
upper bounds for location-scale mixtures, even under heavy tails assump-
tions on the design distribution. However, the proofs suggest to introduce
hybrid location-scale mixtures for which faster upper bounds are derived.
Finally, we show that all tails assumptions on the design distribution can be
released at the price of making the prior distribution covariate dependent.
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1. Introduction

Nonparametric mixtures models are highly popular in the Bayesian nonpara-
metric literature, due to both their reknown flexibility and relative easiness of
implementation, see Hjort et al. (2010) for a review. They have been used in
particular for density estimation, clustering and classification and recently non-
parametric mixtures models have also been proposed in nonlinear regression
models, see for instance de Jonge and van Zanten (2010); Wolpert, Clyde and
Tu (2011); Naulet and Barat (2015).

Letting £ denote the set of all d x d positive definite real matrices and
ox(x) := exp(— 27X 1z) for all z € R?

Fus(e) = [ det(2) Eps(a = ) dbI (), 1)
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while a location-scale mixture has the form
fule) = [ det(S) Eps( - ) aM(Z.p0. @)
ExR4

In the context of density estimation ¢ = 1 in equations (1) and (2) and M
is a probability measure so that fia;x and fx are proper density functions. In
nonlinear regression g can be arbitrary and M is a signed measure.

Location and location-scale mixtures of normals are used in the Bayesian
nonparametric literature to model smooth curves, typically probability densities,
by putting a prior on the mixing distribution M, and on ¥ for location mixtures
(1). The most popular prior distributions on M are either finite with unknown
number of components, as in Kruijer, Rousseau and van der Vaart (2010) and
the reknown Dirichlet Process (Ferguson, 1973) or some of its extensions. In
both cases M is discrete almost surely.

There is now a large literature on posterior concentration rates for nonpara-
metric mixtures models, initiated by Ghosal and van der Vaart (2001, 2007a)
and improved by Kruijer, Rousseau and van der Vaart (2010); Shen, Tokdar
and Ghosal (2013); Scricciolo (2014) in the context of density estimation with
location mixtures of normals. Canale and De Blasi (2017) studied location-scale
mixtures of normal distributions, still in density estimation. Regarding non-
linear regression, location mixtures models have been investigated in de Jonge
and van Zanten (2010) and location-scale mixtures models in Naulet and Barat
(2015), both in the context of the Gaussian mean regression with fixed design.

In Kruijer, Rousseau and van der Vaart (2010) and later on in Shen, Tokdar
and Ghosal (2013); Scricciolo (2014) it was proved that location mixtures of
normals distributions lead to adaptive (nearly) optimal posterior concentration
rates (for L; metrics) over collections of S-Holder types functional classes, in
the context of density estimation for independently and identically distributed
random variables. Contrarywise, in Canale and De Blasi (2017), suboptimal
posterior concentration rates are derived for location-scale mixtures of normals
and the authors obtain rates that are at best n=?/(2#+d+1) yp to a logn term
in place of n=#/(2#+d) These results are obtained under strong assumptions on
the tail of the true density fo, since it is assumed that fo(z) < e ¢/*I" when
goes to infinity, for some positive ¢, 7.

The same phenomenon is observed in the nonlinear regression model with
normal errors and covariates lying in a compact set. While the optimal rate
n—26/(28+d) (up to power of logn) with respect to the empirical L? metric is
found by de Jonge and van Zanten (2010) using location mixtures, Naulet and
Barat (2015) were only able to find the slower n~28/(28+d+1) for Jocation-scale
mixtures. In both cases the design lives on [0, 1]%.

In density estimation, it is well known that the optimal rates with respect
to L' metric depend heavily on the nature of the assumptions made on the
tails of fp, see for instance Juditsky et al. (2004); Reynaud-Bouret, Rivoirard
and Tuleau-Malot (2011); Goldenshluger and Lepski (2014). In particular, the
optimal rate is n~2#/(2f+d) only under some tail assumptions, and deteriorates
to 1 gradually as the tails of the density become heavier. In Canale and De Blasi
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(2017), the authors suggest that location-scale mixtures could perform better
than location mixtures if the true density fy is heavy tailed, since it may benefit
from approximating fy differently in zones of dense data than in zones of sparse
data.

There is currently, however, one strong limitation in understanding the ro-
bustness to tails of mixtures of normals in density estimation. The proofs to
rates of contraction involve approximating the true density fy by a conver and
finite mixture in terms of Kullback-Leibler divergence. Although approximation
with non convex mixtures is rather easy, the convexity constraint is painful and
is dealt by imposing non classical smoothness assumptions, such as requiring
that log fo is locally B-Holder instead of requiring fo S-Holder or Besov. This
seemingly innocuous fact has deep consequences. In Bochkina and Rousseau
(2016), almost no tail assumption (but a moment of order strictly greater than
2 for Fp) is needed to achieve the minimax rate n~B/(2B+1) for estimating densi-
ties on R, using mixtures of Gamma distributions. Thus, some nonexplicit tail
assumptions must be hidden behind the S-Holder assumption on log fy, which
blurs the understanding of the robustness of mixtures of normals to tails.

Instead of challenging the problem of approximating a given density by a con-
vex finite mixture with respect to KL divergence, we propose to test the intuition
of Canale and De Blasi (2017) on the mean regression problem with normal er-
rors, since the same difference in the rates between location and location-scale
mixtures of normals has been observed by Naulet and Barat (2015) when mea-
suring the contraction rates with respect to the empirical L? distance of the
covariates. Our goal is to understand if location-scale mixtures of normals can
benefit from a varying order of approximation of the true regression function
fo, where the order vary according to the density of the observations. Hence,
we study the use of mixtures models in the nonparametric regression models

Y= f(X)+e, & LIN@Os), i=1,....n, -
Xioo X % Qo f € LX(Q),
where L?(Q) stand for space of (equivalence classes of) functions that are
square integrable with respect to Q¢ and the spreadness of the data is controlled
by the design distribution and written as [5, ||z]|” dQq(x). The parameter is f
with prior distribution denoted by II. We assume that s is known and s = 1,
which is just a matter of convenience for proofs. All the results of the paper can
be translated to the case s unknown using the same methodology as Salomond
(2013) or Naulet and Barat (2015).
Our aim is to study posterior concentration rates around the true regression
function fy defined by sequences €, converging to zero with n and such that

I (n™' 300 1 f (i) = folzi)] < € [ y™x7) = 1+ 0,(1), (4)

under the model fy for both location and location-scale mixtures of normals.
By analogy to the case of density estimation of Reynaud-Bouret, Rivoirard
and Tuleau-Malot (2011) and Goldenshluger and Lepski (2014) we assume that
fo € L' and belongs to a Holder ball with smoothness /3.
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We show in Section 2, that in most cases the bounds found on €2 in equa-
tion (4) for location mixtures are better than the bounds for location-scale
mixtures. Unless p goes to infinity, the posterior concentration rates are not as
good as the minimax rate n~28/(28+4)  ohtained in the context of a design on
[0, 1]%. This rate is suboptimal for light tail design points, since in this case the
minimax posterior concentration rate is given by n~2#/(26+d)  To improve on
this bound we propose a version of location-scale mixtures models, which we
call the hybrid location-scale mixtures, and we show that this nonparametric
mixture model leads to better bounds than location mixtures (and thus than
location-scale mixtures). All these results are up to logn terms and are summa-
rized in Table 1 which displays the value r defined by €2 =n=".

Finally, we draw the attention of the reader to the fact that all the results in
this paper are only upper bounds on the rates of contraction. In absence of cor-
responding lower bounds, no one should use these results to conclude definitively
on the performance of each mixtures over S-Holder balls. The computation of
lower bounds on the rate of contraction for mixture priors is still an open ques-
tion today. However, in the case p > 25 for hybrid mixture and p — oo for
location mixture, the minimax rates are known to be n=28/26+4d) thus we can
conclude about the optimality of these mixtures in that cases. To our knowledge,
in all other cases no minimax lower bound are known.

TABLE 1
Summary of posterior rates of convergence for different types of miztures. The rates are
understood to be in the form €2 =n~", up to powers of logn factors, where r is given

below. here k > 0 is a parameter that depends on the prior and can be made equal to 1.

| 0<p<2d | p>2d
‘ 0<p<28 | p>28 ‘ 0<p<28 ‘ p>28
. 23 23
Location _—— _
26 + max(k, 8 + d) 23 + max(k, d + 2d3/p)
| ¥ | | B
Location-scale
2f 4+ max(8 + d,23d/p) + x 2ﬁ+d+n 2ﬁ+max(3+d23d/p)+n 286+d+k
23 ‘ 203

Hybrid

‘ 28 + max(x, min(8 +d,28d/p)) | 28+ max(K d) | 28+ max(k, mm(ﬁ +d, 2pd/p)) ‘ 23 + max(k, d)

The main results with the description of the three types of prior models and
the associated posterior concentration rates are presented in Section 2. Proofs
are presented in Section 3 and some technical lemma are proved in the appendix.

1.1. Notations

In the sequel we use repeatedly the following notations.

e We call Py(-| X) the distribution of the random variable Y | X under the
model (3), associated with the regression function f. Given (X1,...,X,),
PP(- | X1,...,X,) stands for the distribution of the vector (Y1,...,Yy)
of independent random variables Y; ~ Py(- | X;). Also, for any random
variable Z with distribution P, and any function g, Pg(Z) denote the
expectation of g(Z).
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e For any a > 0, we let SGa(a) denote the symmetric Gamma distribution
with parameter a; that is X ~ SGa(a) has the distribution of the difference
of two independent Gamma random variables with parameters (a,1).

e For any finite positive measure « on the measurable space (X, X), let
11, denote the symmetric Gamma process distribution with parameter o
(Wolpert, Clyde and Tu, 2011; Naulet and Barat, 2015); that is, M ~
I, is a random signed measure on (X, X) such that far any disjoints
By, ..., By € X the random variables M (By), ..., M(By) are independent
with distributions SGa(«(B;)), i =1,..., k.

e For all k = (k1,...,kq) € N and all z = (z1,...,24) € R? we write
k| :=ky + -+ ka, k! == Kq!. . kg!, and 2F = x’fl ...x’;d. Moreover, for
all f:R% — R with continuous p-th order derivatives at x € R? we write

Ikl
DFf) = — @), W <

T ok ok

e For any 3 > 0, we let C# denote the Holder space of order 3; that is the set
of all functions f : RY — R such that || f||cs := max <, sup,cga |D*(2)|+
MAaX | —p SUP,, | D* (x) — D¥(y)|/|z —y|?~P is finite, where p is the largest
integer strictly smaller than 3.

e We denote by || - || the standard euclidean norm on R?, and, for any
x,y € R%, zy is the standard inner product. For any d x d matrix A with
real eigenvalues, we denote A1(A4) > ... A\4(A) its eigenvalues in decreas-
ing order, [|A[| := sup,_ [|[Az|/||z| its spectral norm, and [[Amax =
max; ; |A; j|, where A;; are the entries of A.

e Throughout the paper C' denotes a generic constant, not necessarily the

same everywhere. Inequalities up to a generic constant are denoted by <
and 2.

2. Posterior convergence rates for Symmetric Gamma mixtures

In this section we present the main results of the paper. We first present the three
types of priors that are studied; i.e. location mixtures, location-scale mixtures
and hybrid location-scale mixtures and for each of these families of priors we
provide the associated posterior concentration rates.

Recall that we consider observations (Y;, X;)!_; independent and identically
distributed according to model (3) and we note y™ = (Y7,---,Y,) and x" =
(X1, ,Xn). We denote the prior and the posterior distribution on f by II(-)
and TI(- | y™,x™) respectively.

2.1. Famailies of priors

In this section we present three variants of mixture models as defined in equa-
tion (1) or equation (2).
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2.1.1. Location miztures of normals

A symmetric Gamma process location mixture of normals prior II is the distri-
bution of the random function f(z) := [ ¢x(z — p) dM () where ¥ ~ Gy, and
M ~ 11, with « a finite positive measure on R%, and G'x; a probability measure
on £.

We restrict our discussion to priors for which the following conditions are
verified. We assume that there are positive constants a1, as, as, b1, bs, bz, by and
k > 0 such that Gy, satisfies for all z > 1 and all ¢t € (0,1)

Gs (2 : M (D) > z) < exp(—ayzh) (5)
Gy (E : Aa(D) < 1/z) S exp(—aza®™) (6)
Gy (z7P<NE ) <z (1+1), 1<i<d) 2o bseh exp(—azz™"/?). (7)

We let o := @G, for a positive constant & > 0 and G, a probability distribution
on R%. We assume that there are positive constants bs, bg such that G u satisfies
for all z € R?

Gulllp—all <t) Z (L +[lz])~", Wt e (0,1). (8)

The heavy tail condition on G, is required to adapt to potential heavy tails of

Qo-

2.1.2. Location-scale miztures of normals

A symmetric Gamma, process location—scale mixture of normals prior II is the
distribution of the random function f(z) := [ ¢x(z — p)dM (X, ) where M ~
I1,, with « a finite positive measure on 5 X Rd Hence in this model the prior is
entirely defined by II, with o a measure on £ x R?, while in Section 2.1.1 the
prior isdefined by II, x Gy;, with  a measure on R?. To simplify notations we
keep 7, for both types of priors and the context will make clear which prior is
refered to.

We restrict our discussion to priors for which o := aGx x G, with @ > 0
and Gy, G, satisfying the same assumptions as in Section 2.1.1.

2.1.3. Hybrid location-scale miztures of normals

By hybrid location- scale mixture of normals, we mean the distribution II of the
random function f(z) := [ ¢x(z — ) dM(Z, u), where

M~T,, a=aPyxG, a>0o,
Py ~ 1Is.
and G, a probability measure satisfying equation (8). Here Iy, is a prior dis-

tribution on the space of probability measures on £ (endowed with Borel o-
algebra). We now formulate conditions on IIy; that are the random analoguous
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to equations (5) and (6). For the same constants ay, as, b1, bs as in Section 2.1.1,
we consider the existence of positive constants a4, a5 such that Iy satisfies for
z > 0 large enough

Iy (Ps : Ps(M(2) > 2) > exp(—a12”/2)) < exp(—asz™), 9)
Iy (Py : Po(Aa(3) < 1/z) > exp(—aza"/2)) < exp(—azz®?). (10)

For any j,u > 0,let &, :=={X € & : Vi: 2% < \;(E71) <2%(1+27%)}. As
a replacement of equation (7), we assume that for all 5 > 0 there are constants
ag, b7 and k* such that for any positive integer J large enough

s (NofPs + Pa(€08) 2 277}) 2 exp(—ag"727"). (11)

Equations (9) to (11) are rather restrictive and it is not clear a priori whether
or not such distribution exists. For example, if Ps; is chosen to be almost-surely
equal to Gy satisfying equations (5) to (7), then equation (11) is not satisfied.
However, we now show that under conditions on the base measure, Iy can be
chosen as a Dirichlet Process, hereafter refered to as DP.

We recall that if Ily, is a Dirichlet Process distribution with base measure
axGx(-) on & (Ferguson, 1973), then Py ~ Ily is a random probability measure
on & such that for any Borel measurable partition Aj, ..., Ag of £, the joint
distribution Ps (A1), ..., Ps(Ay) is the k-variate Dirichlet distribution with pa-
rameters anGxn(A1),...,axGxs(Ag).

Proposition 1. Let ay, > 0, Gx a probability measure on £ satisfying equa-
tions (5) to (7), and Iy be a Dirichlet Process with base measure axGxs(-).
Then Ilx, satisfies equations (9) to (11) with constants as = a1/2, as = az,
b7 =0, k* = Kk and a constant ag > 0 eventually depending on (.

Proof. We first prove equation (9). It follows from the definition of the DP that
Ps(2 : A1(X) > x) has Beta distribution with parameters axGx(Z : A\ (Z) >
z) and ag[l — Gs(X : A\ (X) > x)], then by Markov’s inequality
Gs(X : M(2) > x)

; .

HE<PE Po(S (D) > 1) zt) <

Choosing t = exp(—a;2" /2) and using equations (5) to (7) leads to (9). The
same steps with G (X : A\g(X) < 1/x) give the proof of equation (10). It remains
to prove equation ( 1). For all § > 1 the sets & j3, j = 0,...,J are disjoint.
Set £55 = ﬂ i—0 &5 75, where &F ;5 are the complement of the sets &; y5. If
ang(EJﬁ) < 1 let €J+1 JB = Sm and N = 1; otherwise split £95 into N > 1
disjoint subsets &5 ;5,...Ex 5 such that exp(— 27%) < axGx(&f ;5) < 1 for all
k=1,...,N and set SJJrLJB = glchﬁ’ 5]+2,Jﬁ = 5267%3’ ...,8J+N’J[-3 = gJCV,Jﬁ
(since Gx(€) = 1 this can be done with a number N independent of J). For J
large enough, acting as in Ghosal, Ghosh and van der Vaart (2000, lemma 6.1),
it follows

F(az)z—J(J—&-N)
17 T(exGs(&.p))

H2<Pz :Ps(&y)>277 V0<j< J) >
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Also, Oéng;(SjJﬂ) < 1 implies F(O&EGz(ngﬁ)) < 1/(0{2G2(8j7.]ﬂ)), hence

Iy (Pz D Pa(&p) =277 V0O< < J)

J+N
ZF(O{E)O&%+N+127J(J+N) H GZ(gj,Jﬁ)
7=0

Since N does not depend on J, one can find a constant C' > 0 such that

Iy, (PZ Pe(E5.55) 227 VO0<j< J)

J J+N
> D (as)exp —-CJ* + Zlog Gs(&,08) + Z log Gx:(&;,58)
J=0 j=J+1

By construction, the second sum in the rhs of the last equation is lower bounded
by —N27% whereas if Gy, satisfies equations (5) to (7), the first sum is lower
bounded by —C’27% for a constant C’ > 0 eventually depending on f. O

Another example that can satisfy equations (9) to (11) is to consider for Ps
a finite mixture with unknown number of components. For instance,

J
Pz} = ijézj, J~1 +P(Oéz), Ej ”'\51 Gz.
Jj=1

This example behaves very similarly to the Dirichlet process. Note that instead
of a Poisson random variable, some distribution with exponential tails like the
Geometric distribution also satisfies equations (5) to (7). For the two previous
examples, draws from Iy are almost-surely purely atomic measures. We don’t
know any example of prior distribution IIy; such that Ps, ~ Ily is not almost-
surely purely atomic and Ily; satisfies equation (11). A distinctive feature of
previous examples is that a priori the probability of having two (or more) com-
ponents of the mixture sharing the same covariance matrix is positive, a fact
which is not true when P is not atomic. We believe this property is the funda-
mental reason why the rates are improved compared to location-scale mixtures.
Inspection of proofs in the present paper shows that, to improve the rates, it
is sufficient that a priori, the probability of having more than (log M)* distinct
dilation matrices on any subset of M components of the mixture goes to zero
fast enough for some v > 0 when M — oco.

Note that this is the same idea as the prior defined by equation (2.2) in
Ghosal and van der Vaart (2001) in the context of density estimation for super-
smooth densities with light tails. It is also worth mentioning that when Ily is a
Dirichlet Process, hybrid location-scale mixtures are closely related to the well-
known Hierarchical Dirichlet Processes (Teh et al., 2006), because of the close
relationship between Dirichlet Processes and (symmetric) Gamma Processes.
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2.1.4. Discussion of the assumptions on Gy

Notice that the often used inverse Wishart distribution for Gy, does not satisfy
equation (5). However we can weaken equation (5) by using the same refinement
as in Canale and De Blasi (2017); Naulet and Barat (2015) and thus obtain the
same rates for the inverse-Wishart prior by using the square-root technique from
Lijoi, Priinster and Walker (2005). The approach to rates used here is standard
and involves two parts, showing the prior puts enough probability mass on
certain Kullback-Leibler neighborhoods, and showing the existence of sequence
of sets F,, capturing the essential of the prior mass and having metric entropy
not growing too fast as n — co. Equations (5) and (6) are only involved in the
construction of F,,, while equation (7) occurs in the proof the Kullback-Leibler
condition, which is the essential part to understand the impact of tail conditions.
The current article focus on the approximation theory needed to prove the
Kullback-Leibler condition, thus we voluntary use stronger assumptions than
needed to construct F,,, to not complicate the proofs unnecessarily. However,
this won’t change the bounds on the rate found in this paper.

A typical example of probability distribution satisfying equations (5) to (7) is
the inverse-Gaussian distribution when d = 1. For arbitrary d, Barndorff-Nielsen
et al. (1982) propose an interesting generalization of the inverse-Gaussian, whose
density is given by

—-—
g=(Z; N A, B) = % exp {—% (tr(AX) + tr(BZ_l))} 1£(2), (12)

where (A, A, B) € R x €& x £ and H(A, A, B) is a normalizing constant that can
be expressed in term of a matrix Bessel function of the second kind. Then, we
have the following proposition.

Proposition 2. The distribution Gx, whose the density is given in equation (12)
satisfies equations (5) to (7) with k = 2.

Proof. We first prove that Gy satisfies equation (6). Let v; > max(—2X,d — 1).
From the definition of g5, we have that

Gs(D : M(D) < 1/a)
:/511(/\(1(2) <1/z) gs(X)dE

< / det(R)M T e 30(AD) Got(2) =5 e~ EU(BET) () (8) < 1/x) dS
&£

vy+d+1
2

< / det(%) 25 =3B 4 (3 (%)) < 1/2) d5.
£

Then, Gy satisfies the same bound (up to a constant) as the inverse-Wishart
distribution with v1 degrees of freedom and scale matrix B. Thus equation (6)
follows from (Shen, Tokdar and Ghosal, 2013, Lemma 1).
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Similarly, with o > max(2A,d — 1), we find that

Gs(2 : (D) > ) S/det(E)w_zd_le*%tr(AZ) 1A (Z) > ) d.
&

Then, Gy satisfies the same bound (up to constant) as the Wishart distribution
with v degrees of freedom and scale matrix A~!. Thus equation (5) follows
from a straightforward argument using the relationship between Wishart and
inverse-Wishart distribution.

It remains to prove equation (7), but this follows from (Shen, Tokdar and
Ghosal, 2013, Lemma 1) using the fact that Gy behave like an inverse-Wishart
distribution for small A\;(X). O

As mentioned in Shen, Tokdar and Ghosal (2013), the choice of G is crucial
because the value of x influences the bounds on the posterior rates of contrac-
tion. The smaller & is, the better the bounds are. The example of equation (12)
satisfies kK = 2. It is possible to achieve k = 1 using a prior on diagonal ma-
trices ¥ = diag(o?,. .., UZ), where o1, ...,04 are independent inverse-Gaussian
random variables.

2.2. Posterior concentration rates under mixtures priors

We let II(- | y™,x™) denote the posterior distribution of f ~ II based on n
observations (X1,Y7),...,(X,,Y,) modelled as in Section 1. Let (e,)p>1 be a
sequence of positive numbers with lim,, €,, = 0, and d,, denote the empirical L?
distance, that is d,,(f,¢)> =n"' >, | f(X;) — g(X;)|*>. The following theorem
is proved in Section 3.

Theorem 1. Consider the model (3), and assume that fo € L' N C? and
Qo|| X||P < 400. Then there exist constants C > 0 and t > 0 depending only on
fo and Qg such that

o [f the prior 11 is a symmetric Gamma location mizture of normals as
defined in Section 2.1.1

1 (ol fo)? > O™ 7o log )’ | 97, x") = o)
when 0 < p < 2d, and

I (da(, fo)? > O~ wrmstsasmarm (log )’ | y",x") = 0,(1)
when p > 2d.

o [f the prior 11 is a symmetric Gamma location-scale mizture of normals
defined in Section 2.1.2

B
11 (do (£, o)? > Cn” st (log )’ | y7,x" ) = o, (1)
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when 0 < p <26, and

I (du(f, fo)? > Cn™ 35885 (log )" | ¥, x") = 0,(1)

when p > 20.
o If the prior Il is a hybrid symmetric Gamma location-scale mixture of
normals defined in Section 2.1.3

11 (4 (7, fo)? > Cn~ Tt (logn)' | y™, x") = o,(1),
when 0 < p <26, and
11 (d(f. fo)? > On™ 7o (log )t |y, x") = 0,(1),

when p > 20.

The upper bounds on the rates in the previous paragraph are no longer valid
when p = 0. Indeed the constant C' > 0 depends on p and might not be definite
if p =0 ; the reason is to be found in the fact that C heavily depends on the
ability of the prior to draw mixture component in regions of observed data, which
remains concentrated near the origin when p > 0. In Section 2.3, we overcome
this issue by making the prior covariate dependent; this allows to derive rates
under the assumption p = 0 (no tail assumption).

2.3. Relaxing the tail assumption: covariate dependent prior for
location miztures

Although the rates derived in Section 2.2 do not depend on p > 0 when p is
small, the assumption Q|| X||? < +o0 is crucial in proving the Kullback-Leibler
condition. Indeed, this condition ensures that the covariates belong to a set X,
which is not too large, which allows us to bound from below the prior mass of
Kullback-Leibler neighbourhoods of the true distribution. Surprisingly, it seems
very difficult to get rid of this assumption without and covariate dependent prior,
while making the prior covariates dependent allows to drop all tail conditions on
Qo- Doing so, we can adapt to the tail behaviour of Qg, as shown in the following
theorem, which is an adaptation of the general theorems of Ghosal and van der
Vaart (2007b). For convenience, in the sequel we drop out the superscript n and
we write x, y for x™, y", respectively. For € > 0 and any subset A of a metric
space equipped with metric d, we let N (¢, A, d) denote the e-covering number of
A, i.e. N(e, A,d) is the smallest number of balls of radius e needed to cover A.

Theorem 2. Let I1x be a prior distribution that depends on the covariate vector
x, 0 < ¢y < 1/4 and €, — 0 with ne2 — oo. Suppose that F,, C F is such that
Qi (FS) S exp(—5(1+2c2)ne?) and log N (e, /18, Fy, dy) < ne /4 forn large
enough. If there exists My > 0 such that

Qg (Hx(f : dn(fa fO) < En) < M, eXp(*CQTlEi)) = 0(1)v

then there exists M > 0 such that Il (f : dn(f, fo) > Me, | y,x) = 0p(1).
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The proof of the previous theorem is to be found in Section 5. We apply Theo-
rem 2 to symmetric Gamma process location mixture of normals in the following
way. Let Q¢ =n~1Y " | 4., denote the empirical measure of the covariate vec-
tor x. Given a probability density function g, we let Gy the probability measure
which density is z — [ g(z — ) dQ ().

Corollary 1. Consider the model (3) and assume that fo € L' NCP. Let T,
be the distribution of the random function f(z) := [ x(x — p)dM(pn), where
Y ~ Gx and M ~ II, with o = @Gy for some @ > 0. Assume that Gx
satisfies equations (5) to (7) and g is continuous at zero with g(0) > 0. Then
there exists t > 0 such that Ix(f : dn(f, fo) > Me, | y,x) = 0p(1) with

25
2 T 2BFmax(r,BEd) t
€ 5 n~ 2B+max(r,B+d) (log n) i

The proof of Corollary 1 is given in Appendix B. Obviously, Theorem 2 can
also be applied to symmetric Gamma process location-scale and hybrid mixtures

following the same path as in Corollary 1, giving rates n~ i (logn)t for

location-scale mixtures and n~ ZFFmmEFa=) (logn)t for hybrid mixtures.

3. Proofs

To prove Theorem 1 we follow the lines of Ghosal, Ghosh and van der Vaart
(2000); Ghosal and van der Vaart (2001, 2007a). Namely we need to verify the
following three conditions

e Kullback-Leibler condition : For a constant 0 < co < 1/4,

TI(KL(fo, €n)) > e 2", (13)

where

ioren) = {75 5 [1fso)— F0) dQute) < .
e Sieve condition : There exists F,, C F such that
(F) < e d0s2eames (14)

e Tests : Let log N (e, /18, F,,dy) be the logarithm of the covering number
of F,, with radius €,/18 in the d,(:,) metric.

2
log N (€, /18, F,dy) < T" (15)
The Kullback-Leibler condition is proved by defining an approximation of f
by a discrete mixture under weak tail conditions. Although the general idea is
close to Kruijer, Rousseau and van der Vaart (2010) or Scricciolo (2014), the
construction remains quite different to be able to handle various tail behaviours.
This is detailed in the following section.
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3.1. More notations

Here we define a few more notations that are used in the proof, but were not
necessary to state the main theorems of the paper.

e For 1 < p < co we let L? be the space of function for which the norm
[ £II5 := [ |f(x)[P dx is finite; and by L we mean the space of functions
for which || f||c := sup,cga | f()| is finite. For 0 < p, ¢ < co and functions
feLP, ge L1 we write fxg the convolution of f and g, that is fxg(z) :=
[ f(z —y)g(y) dy for all z € R%. Moreover, we’ll use repeatedly Young’s
inequality which state that ||f*g||. </ fll,/lgllq, with 1/p+1/¢ =1/r+1.

o If f ¢ L', then we define fas the (L') Fourier transform of f; that is
f(g) = [ f(z)e~%® dx for all ¢ € R%. Moreover, if f € L', then the inverse
Fourier transform is well-defined and f(z) = (2r)~¢ [ f(f)eimf d€. Also, we
denote by S the Schwartz space; that is the space of infinitely differentiable
functions f : RY — R for which sup, cpa |2 D' f ()| < 400 for all k,1 € N
Then S C L', and it is well known that the Fourier transform maps S
onto itself, thus the Fourier transform is always invertible on S.

3.2. Approximation theory

To describe the approximation of fy by a finite mixture, we first define a few
notations. Let £ : R — R be a symmetric C* function that equals 1 on [—1,1]
and 0 outside R\[—2,2]; the existence of such function is classical. Define X :

R? — R such that Y(¢) = ngl Z(gi) for all £ € R%. For any ¢ > 0 we use the
shortened notation X, (§) := X(20€), and x, will stand for the inverse Fourier
transform of Y,. Define n as the function which L' Fourier transform satisfies
(&) = X(€)/P(€) for all £ € [-2,2]¢ and 7j(¢) = 0 elsewhere. For two positive

real numbers h and o, we define the kernel Kj, , : R¢ x RY — R such that

hd x — hok — hok
Khno(z,y) = —3 > @( )n(y ) V(z,y) € R? x R4

o o
kezd

For a measurable function f we introduce the operator associated with the ker-
nel: K, o f(x) = [ Kp o (z,y)f(y) dy. The function K}, ., f will play the role of an
approzimation for the function f, and we will evaluate how this approximation
becomes close to f given h and o sufficiently close to zero.

More precisely, we will prove that, when choosing h appropriately, fy, can be
approximated by Kp, »(Xo * fo) to the order o?. Moreover K o(Xo * fo) can be
written as Y, cza uk@o2r(z— i), where uy, = (h4/0?) [n(y/o—hk)xe* fo(y)dy.
Note that by symmetry of Z the coefficients uy are always real valued when f
takes value in R. In a second step we approximate K}, (X * fo) by a truncated
version of it, retaining only the k’s such that |ug| is large enough and ||ux||
not too large. In the case of location-scale and hybrid location-scale mixture we
consider a modification of this approximation to better control the number of
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components for which o needs to be small. We believe that these constructions
have interest in themselves. In particular they shed light on the relations between
mixtures of normals and wavelet approximations.

These approximation properties are presented in the following two Lemmas
which are proved in Appendix A:

Lemma 1. There is C > 0 depending only on 3 such that for any fo € L* NCP
and any o > 0 we have |xq * fo(z) — fo(x)| < C||flleec® for all x € R?.

Lemma 2. Let f, := x» * fo and h < 1. Then there are universal constants
C,c > 0 such that |Kp o fo(2) — fo(2)] < C| follio¢exp(—ch™?) for all z € R%.

We now present the approximation schemes in the context of location mix-
tures.

3.3. Construction of the approximation under location mixtures

Let 0 < 0 <1 and ¢y > 0 be a constant. Define h, > 0 such that h,+/logo—! :=
¢o. Then combining the results of Lemma 1 and Lemma 2 we can conclude that
if co is chosen small enough, then |Kj, ,(x» * fo)(z) — fo(z)] < o°. Now we
define the coefficients ug, k € Z% so that

Knyo(Xo * o) (@) =1 > urporr(z— ), k€LY,
kezd

where py, := hook for all k € Z%. Let define

Ay = {k; e 2% : jup| > 0®, || < o7/ +U\/2(ﬂ+d)loga_1},

Uy ={2c&:02<NEYDH<o2(1+0)i=1,...,d}, and for all
k € Ay let define Vj, := {u € R? : ||u — x| < 0P} and V = Ugea, Vi. We
also denote

: — B
Mg = {M signed measure on R : Yk € At [M(Vi) — ug| < 0", }7

[M|(Ve) <o
and for any M € M, and ¥ € U,, we write fax(z) := [ px(z — p) dM(p).
Proposition 3. For o > 0 small enough, it holds

|Ay| < min(o =B+ p A= (28/pH1)d)

Proof. Because there is a separation of h,o between two consecutive puyg, it
is clear that [A,| < h; %o~ (28/P+1)d when ¢ is small enough. Moreover, from
Proposition 9 we have the following estimate.

follio™ Z D fuxl = D furl = o”|A,]. O

kezd keA,
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Proposition 4. For all z € R, all 0 > 0 small enough, all ¥ € U, and all
M e M, it holds | far,s(x) — fo(z)] S 1.

Proof. We have that |fas(z) — fo(z)| < |fus(@)| + || folleo- But, with Z =
I(z) :=={k € Z% : ||z — || < 20}, we can write

fus(z Z /V<Pz$— Z /8002133— ) dM ()

kEA,NT kEAN,NZLc

> / pnle— ) — oo - )]dM(u)Jr/cwz(w—u)dM(u)-
keA;NLe
(16)

Clearly the last term of this last expression is bounded above by [|¢|s0”.
For the second term, we have for any pu € Vi, with k € Z¢ that ||z — | >
lx—per || = |p— x| > ||z —peg||/2- Then the second term of the rhs of equation (16)
is bounded above by

sup |M|(Vk) Z w21l — hookl|/2).
keA,NTe hezd

Proceeding as in the proof of Lemma 8, we deduce that the series in the last ex-
pression is bounded above by a constant times h; ¢, whereas |M|(Vy) < |M (Vi)—
ug| + |lug| < 0P 4+ k| folleo by Proposition 9. Therefore the second term of the
rhs in equation (16) is bounded by a constant when o is small enough. Regard-
ing the first term in equation (16), it is bounded by [|¢||co|Z| supgea, [M|(Vi),
which is in turn bounded by a constant by the same argument as previously. By
Propositions 9 and 11, the remaining term is bounded by

sup |1 -’51 > [M|(Va)
xeUs k€A,NTe

< Pt Z |M(V3,) — ug| + 0”4 Z ||

kEA,NT® ke, NTe
5 O_2ﬁ+d|AU| +0.[37
which is in turn bounded by a multiple constant of o by Proposition 3. O

Proposition 5. For all 0 > 0 small enough, all x € R? with ||z| < o=28/7, all
Y €U, and all M € M, it holds |fars(z) — fo(z)| < h %408,

Proof. We define A,(B3) := \/2log|A,;| +2(8 + d)logo~1. Then for any M €
M, letting J = J(z) :== {k € Z% : ||z — || < 20A,(8)}, we may write

Frrs (@) =K, o (o * fo)(@) = Y /V [ps(@ = p) = porr(x — p)] dM (1)

+ Y M0 - wleare—m Y[ el 0 dM(

k€A, NT kAN Ve
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- X wparle—m) = ¥ wperlo—m)+ [ pst@ =) i)

keEANT € keAS

=r1(x) + ro(x) + r3(x) + ra(x) + r5(x) + re(z).  (17)

With the same argument as in Proposition 3, we deduce that | 7| < h; %A, (B)<.
The same proposition implies A, () < /logo~!. From the proof of Proposi-
tion 4, we have |M|(V},) < 0 + he||folle for all k € A, and all M € M,, it
follows from Proposition 11 that |ri(z)| < A, (B8)%¢?T<. From the definition of
M, it comes |r2(z)] < [|¢]loo] T 10?7 < |@llocAs(B8)?h; 0P, Using the definition
of py, whenever ¥ € U, we can write that

1 1 _ _
psle) = exp { =5l + 5 Tlo ™21 - 2}
1 2 1 —1 2 2
<exp{ -yl 4 LI - o] o]
1
<o {55 (1- 0" al?}.

where the second line follows from Cauchy-Schwarz inequality, and the last line
by the definition of U,. Moreover, when k € A, N J¢ and pu € Vi, it holds
lz—pll > |z —pll = || — prl] > 0A-(8)/vV1 — oP+2 for o small enough. There-
fore, |r3(z)| < exp(—3A4(8)%)|As| < 0?79 With the same argument, Proposi-
tion 9 and Young’s inequality we get [r4(z)| < ||Xo * fol s exp(—24,(8)?)|As| <
lIx|l1]l follsoo®. Regarding 75, we rewrite AS = A§ U AS, with A§ := {k € Z% :

lug| < 0P} and A§ = {k € Z : ||ux|| > 0=28/? 4 01/2(B + d)logo—1}. Then,
Irs(@)] < Z uk| po2r (@ — p) + Z luk| @o2r(z — )

kEAS kEAS
<o sup Z Yozr(x — ) + Z luk| o1 (T — pix). (18)
zeRd kezd kEAS

The first term of the rhs of equation (18) is bounded by a multiple constant of
h; 0P, with the same argument as in the proof of Lemma 8. By definition of AS,
|z — pell > 04/2(8 +d)logo—! when k € A§ and ||z| < ¢~2#/P. This implies,
together with Proposition 9 and Young’s inequality, that the second term of the
rhs of equation (18) is bounded by a constant multiple of 0% 3", o Jug| <
Ixo * follio® < |Ixllill follio? for all ||lz|| < o~2#/P. Finally, we have the trivial
bound |rg(x)| < [[@lloc|M[(VC) < [lpllsc”. O

3.4. Construction of the approximation under location-scale and
hybrid location-scale miztures

Let op := 1 and define recursively ;11 = 0;/2 for any j > 0. Let Ay =
fo = Xo, * fo, and define recursively Ajyq := Aj — xo,,, * Ay, for any j > 0.
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The general idea of the construction is that sup,cga |A;(x)] S Uj , as shown

in Proposition 10 in appendix, and that similarly to wavelet decomposition, we
approximate a function f, Holder S by

J
i = Ko(Xoo * fo) + ) Kj(Xo, ¥ Aj-1)-
j=1

where J > lisa large enough integer, h; := coJJ /2 for a small enough constant
co > 0, and K := Ky, o, By induction, we get that A; = Ag— Zl 0 XUHI*AZ.
It follows,

f1 = fo=Ko(Xeo, * fo) — 0+ZK (Xo,; * Aj-1)

= Ay + Ko(Xoo * fo) = Xoo * fo + Z i(Xoy * Dj1) — Xo, * Aj_1].

Therefore, from Lemma 2, Proposition 10 and Young’s inequality, the error of
approximating fy by fi1 when cg is small enough is

|f1(x) — fo(x)]
J

<A+ [Ko(Xoo * fo) = Xoo * fol + Z |K (Xoy * Aj—1) — Xo, * Aj-1]
j=1

J
-2 -2
< ollor o + Nl folliog “e="s" +e=h™ 3 " [|A; 1[0

J
-2 -2 .
S lfollero + [l follie™7" + || folle™"s" Y 27

—2
Sllfollese’y + 1 folla (1 +27)e="" < of.

The reason for considering different scale parameters in the construction, is
to deal with fat tail, the heuristic being that in the tails we do not require
as precise an approximation as in the center. In particular small values of j
will be used to estimate the function far off in the tails. To formalize this, we
define A; := {z € R? : ||z|| < 22PU=9/P} for all j = 0,....J. We also define
Iy :={reR?: |z <1}, and for all j = 0,...,J — 1 we set I; :== A;\A;11.
Notice that by definition of K, we can write,

Ko(Xoo * fo)(x) = Y ok ¢oz1(w = hyook)
keZa
K; (XGJ — Z Ujk 90021 hJij)7 v] > 1.

kezd
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To ease notation, we define p; := hyojk for all j > 0 and all k € Z%. In the
sequel we shall need the following subset of indexes,

luji| > o,

Ay:={(,k)efo,...,Jy x2Z%: , )
’ {(3 el } lujell <279 4o 2(5+d>logof}

We prove below that we can approximate f; by a finite mixture corresponding
to retaining only the components associated to indices in A; and that we can
bound the cardinality of A; by O(J log Jo}QB/p)

To any (j,k) € Ay we associate Ujp :={¥X € & : 0;2 <NETH < 0;2(1 +
O'§+d), i=1,...d}, Vi = {peR: ||p—pjx] < Ujag} and Wiy, := Uj X V.
We denote by M the set of signed measures M on € x R? such that |M (W) —
ujp| < ag for all (j,k) € Ay, and |M|(W°) < a?, where W€ is the relative
complement of the union of all W, for (j,k) € A;. For any M € M, we write

fur () = / o — ) AM(S, ).

In Proposition 6 we control the cardinality of A; while in Proposition 8 we
control the error between fy; and f; on the decreasing sequence of balls A;.
Proposition 7 provides a crude uniform upper bound on fj; and fy.

Proposition 6. There is a constant C' > 0 depending only on fo and Qo such
that |Ay| < Cminfo; T J4/26727) if < 98, and |A;| < CJI¥267% if
p>20.
Proof. First notice that because of Propositions 9 and 10, we always have the
bound

J
Ifollioy 2 1 follx Zo >N uel = >0 fugkl = a5IA (19)

7=0 kez? (4,k)EA

We define B := /2(B + d)log2, so that 1/2(8 +d)logo;' = BV/.J. Now con-

sider those indexes j with 22#(/=9)/p < ojB\/j. An elementary computation
shows that there are at most a multiple constant of such indexes for J large
enough. Therefore, recalling that there is a separation of hjo; between two
consecutive f,

J d
226(J=3)/ ) 20, B\/_
Ayl + sup i et
| J ZO ( hJO'J j hJO'j
—2dp3/ 4 id(22 1
S hy o PN oA g, (20)
j=0

Because hyv/J < 1 by definition, and if p < 28, the result follows from the last
equation and equation (19). If p > 20, the reasoning is the same as in the first
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part, but we can rewrite in this situation the equation (20) as

J
As] € hytoyd 2ti=D0=50 4 gd.
=0

Since p > 23, the conclusion is immediate. O

Proposition 7. For all x € R?, all J > 0 large enough and all M € M, it
holds | far(z) — fo(z)| < J.

Proof. Let T = Z(x) := {(j,k) € {0,...,J} x Z% : ||z — p;x|| < 0;}. Then the
proof is almost identical to Proposition 4. It suffices to notice that for J large
enough:

o |M|(Wji) < |M(W;i)—ujr|+|ujx| is always bounded above by a multiple

constant of h;“, because of the definition of M, of Propositions 9 and 10.
o ||z —pu| > (1- a?)”x — Wik || whenever (X, ) € Wy, and (j,k) € AyNZe.
o |Z| < Jh . O

Proposition 8. If fy € C%, for all J > 0 large enough, all 0 < j < J, all
x € Aj and all M € M, it holds |far(z) — fo(x)] < Jl'*‘dof.

The proof of Proposition 8 is given in Appendix C.

4. Proof of Theorem 1

As mentioned earlier, the proof of Theorem 1 boils down to verifying conditions
(13), (14) and (15) for the three types of priors.

4.1. Location mixtures
4.1.1. Kullback-Leibler condition for location mixtures

In this Section we verify condition (13) in the case of a location mixture prior,
using the results of Section 3.3. We use the notations Ay, U,, M, and fur5
defined in Section 3.3.

By Chebychev inequality, we have

Q (IX11> a#7) < [ el aqula).

Then by bringing together results from Propositions 4 and 5, we can find a
constant C > 0 such that for all M € M, and all ¥ € U,

/ Fars(@) — fo@)PdQo(z) < sup | fars(@) — fole)?

lzll<o=28/»

+ s fus@) — @) Qo (X1 > 0*7) < Co® (log o).

lzl|>o=26/P



4084 Z. Naulet and J. Rousseau

By equation (7), we have Gx(U,) > o~ 203¢4(F+d) exp(—azo—"). Moreover,
there is a separation of at least h,o between two consecutive pg and h,0 < o,
thus all the Vi, with k£ € A, are disjoint. By assumptions on G, (see equa-
tion (8)), ay := aG (Vi) 2 a® BT (1 + ||uk|) b for all k € A,. We also define
af := a(V*). For o small enough, there is a constant C’ > 0 not depending on o
such that a¢ > C’. Moreover, since « has finite variation we can assume without
loss of generality that C’ < a¢ < 1, otherwise we split V¢ into disjoint parts,
each of them having a-measure smaller than one. With €2 := Co?%(logo—1)%9,

using that I'(a) < 2a%1 for o < 1, it follows from Proposition 12 the lower
bound

IL(KL(fo, €n)) = Gx(Uy)a(My)

~ 36F(ac) KeA, 36].—‘(ak)
1
2o { Kl a2 5 - 3 o L
k€A, ker, Ok

1
2 exp {—K|AU| logo™! — Ko~ max(sd) _ Z log a—k} ,
kel

for a generic constant K > 0. From the definition of ay, it holds

1

> log — < |Asllogo™ + Y log (1+ [kl
ag

keA, keEA,

when o is small enough. Also,

> log (14 lux)

kEA,
= > log (1+ [l 1fllell < 13+ Y log (1 + llell) 14l pell > 1}
kN, kEA,
<k € Ao el < 13 + A0 log2 + ) log ]
kEA,

2
<hylo™ %+ |A0\—ﬂ logo™! < |As|logo™ + h %04
p

Because |A,| > o~¢ for ¢ small enough (see Proposition 3), it follows from all
of the above the existence of a constant K’ > 0, depending only on f, ¢ and II,
such that

II(KL( fo, €n)) > exp {—K’ max (o~ max(,d) |As|log 0_1)}
> exp {—K'max(c™", |A,|logo™")}.
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Then for appropriate constants C”’; ,t > 0, as a consequence of Proposition 3,
we can have II(KL(fo,€,)) > e~ %" if

28
9 C"'n” 2pFmax(5+d (logn)* 0<p<2d,
€, = 283

n C'"'p~ 2T max(r,d12dB/p) (log n)t p > 2d.

4.1.2. Sieve construction for location miztures

We construct the following sequence of subsets of F, also called a sieve. With
the notation fu; () := [ sz — p) dM(u),

M =32 uidy,, Vi n~lh <)\(2) <nl/b
Fu(H €)= f=fux : 320wl <my 3000 Jua| Mjus| <n7i} <e
i : Jui| >n~t} < Hne*/logn

The next two lemmas show that F,,(H,e€) defined as above satisfies all the
condition stated in equations (14) and (15) if H and § are chosen small enough.

Lemma 3. Let x = (v1,...,7,) € R¥"™ be arbitrary and d,, be the empirical
L2-distance associated with x. Then for any n="/? < ¢, <1,0< H <1 and
n sufficiently large there is a constant C' > 0 not depending on n such that
log N (€n, Fn(H, €,),dn) < CHne2.

Proof. We write F,, = F,,(H,€,) to ease notations. The proof is based on argu-
ments from Shen, Tokdar and Ghosal (2013), it uses the fact that the covering
number N (€., Fp,dy) is the minimal cardinality of an e,-net over (F,,d,). We
recall that (F,,d,) has e,-net F, ., if for any f € F,, we have m € F, . such
that d,,(f,m) < €. Let S, := U {z € R? : |z — 2;]|> < 4n'/*logn},
Ry = {p € RT ¢ p = kn=G/2400q-1/2 ¢ 74 ;1 € S,}, O, be a
n*(lﬁbl_l*%z_l)en—net of the group of d x d orthogonal matrices equipped with
spectral norm || - ||, and,

Y =PTDP, P€0,, D=diag(\,...,\a),
Qni=4S€E: Vj:A\j=n"02(14n 00+ e Vb e N
vy n-1/b2 < A < ni/br,

Then we define the following finite subset of F,,(H,¢€).

M =%, s uiby,, |Z| < Hne:/logn,
.Fn,e = f = f]W,E : Viel: Wi € Rn; yYe Qru Ziel' |u7,| < n,
VieT:u=hkn-SlPH L ked

We claim that there is a constant § > 0 such that F,, . is a de,-net over (F,, dy,).
Indeed, let f € F, be arbitrary, so that f = Y .2 u; ¢s(- — p;). We define
J =NU{oc}, K:={i : |u;| >n7'}, and £ := {i : w; € S,}. Now choose
I =JNKnNL, and notice that |Z| < |K| < Hne2/logn. Hence we can pick a
m € Fp with m(z) =3, .7 uj oy (x — pj). Moreover, for any j =1,...,n
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() —m(@) < Y Juiles(r; —p) + D |wiles(e; — mw)

JNKe JNKNLe
> Juillos (@ — ) — ox (@ — p)| + > i — g s (w5 — i)
1€ 1€L

The first term in the rhs of the last equation is bounded above by €,. Regarding
the second term, for any i € L£¢ we have (z; — ;)T (z; — p;) > 4logn
for all 5 = 1,...,n. Then the second term is bounded by |K|nexp(—2logn) <
He2 /logn < €, for n large enough. Clearly, we can always choose m € F,, . with

lu; — ] < n732H and || — i < n=(/2=5") for all i € Z. Furthermore,
we claim that ¥’ can be chosen so that ||[I — /S| < n=(+b0 b2 e, If s0,
Proposition 11 implies

F(ay) —m(z))]
s2en+2|ui—u;|+Z\ui\|¢z<xj— ) — pw(ay — )]

i€l €T
567L+Z|ui ‘+Z| z| ‘I SN 1H+Z| H,uz_,qu
i€l €T

S €n,

forall j = 1,...,n. Therefore d,,(f, m) < €,, and the claim is proved. A straight-
forward computation shows that we can find constants 0 < ¢g, ¢; < oo such that
|R,| < nf and |@Q,| < n, then

log N (d¢€,, Frn,dn) < |Z|log (%/2 x
n

when n is large enough. In view of the previous computations, it is clear that §
can be chosen to be § = 1.

It remains to prove that for any ¥ € & with n=1/% < Aji(2) < n=1/b1
we can find ¥’ € Q,, such that |[I — X'S71| < n=O+br ' b2 e  Let & =
PT DP be the spectral decomposition of ¥. There is ¥’ = P'TD'P’ in Q,, with
1P — P/l < nm (207425 e, and 1< A (X)/A;(8) < 14000 05,
Writing ¥ := P'TDP’, we get the bound

17— 'S+ 17 - E=71).

nC") +log (n) < Hne?,

The first term of the rhs is bounded by n~(1+01 +b2 )¢, because I — Yyl =
P'T(I — D'D~1)P'. Regarding the second term, we have I — X%~! = P'T(B —
DBD™YP for B := P'PT — I Then |I - -1 < |B — DBD|

| Bl max 3215, where

—1 —1
| Bllmas < Bl < [P — P[] < n~ (200 +205) .

Lemma 4. Assume that there is ng € N, and 0 < v1 < vo < 1 such that
n2/2 < e, < n /2 for all n > ng. Then I(F,(H,€,)) < exp(—Z(1 -
y2)ne2) for all n > ny.
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Proof. We use the fact that M ~ II, is almost surely purely-atomic (Kingman,
1992)). Then from the definition of F,, it follows

I(FS) < dGs (2 : M(E) < n~Vb2) 4 dGx(2 : A (D) > nl/br)
T (032 sl > ) + T (232 Juil 1{Jui] <071} > e
+Ha(|{i Clugl >0t > Hnei/logn).

We bound each of the terms as follows. By assumption the first two terms are
bounded by d(e~*" 4 ¢~2™). Notice that Y .=, |u;| = |M|, where |M| denote
the total variation of the measure M. Since by definition we have M <M 1— Mo,
with M;, Ms independent Gamma random measures with same base measure
a(-), it follows that |@| has the distribution of a Gamma random variable with
shape parameter 2a. Then by Markov’s inequality,

Ha(zfil lu;| > n) =11, (eélM‘ > e%") < 9% =5

Also, by the superposition theorem (Kingman, 1992, section 2), for any M ~ II,,
we have M 4 Ms + My, where M3 and M, are independent random measures
with total variation |M3| and |My| having Laplace transforms (for all ¢t € R for
which the integrals in the expressions converge)

Ee!™sl .= exp {2&/ (e —Date™® dx} ,
1/n
1/n
Ee!™al .= exp {Qa/ (e —1a~te™ dx} .
0

Ms and My are almost-surely purely atomic, M3 has only jumps greater than
1/n (almost surely) which number is distributed according to a Poisson dis-
tribution with intensity 2aF;(n~1), where E; denotes the exponential integral
E; function: Ey(x) = fxoo %dt. Likewise, M4 has only jumps smaller or equal
to 1/n (almost-surely) which number is almost-surely infinite. Recalling that
Ei(x) =~v+log(1/x)+0(1) for z small, it holds 2ay < 2aF;(1/n) < 6alogn <
x,, for n sufficiently large, with x,, := Hne2 /logn. Thus using Chernoff’s bound
on Poisson distribution, we get

— 2aF; (1 Tn
11, (HZ s uil >0t > HnEZ/logn> < 672QE1(1/")—(6 aEy(1/n))

Th"
1
< exp {2xn log:cn} .

But, logz, = logn + log H — 2loge, ! — loglogn > (1 — v3)logn + log H —
loglogn > %(1 — 72) logn for large n. Therefore, as n — oo

H
Ha(|{z Cug] >0t > Hnefjlogn) < exp {_Z(l - yg)nei} .
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Finally, we use again Markov’s inequality to get

Mo (252 Juil {Jui] <771} > e

=TI, (enen\M4| > enei)

o, B 1/n o
< e "nexp (2 (e — 1" "e Tdx p.
0

But for x € (0,1/n), we have e"n® — 1 < n(e"° — 1)z, thus the integral in
the previous expression is bounded by 2a@(e» — 1), which is in turn bounded by
2a(e — 1) because ¢, < 1if n > ng. O

4.2. Location-scale mixtures
4.2.1. Kullback-Leibler condition

We use the notations M, A, I;, ... defined in the Section 3.4. By Chebychev
inequality, we have Qo (|| X|| > ¢;) < CJPQOHXHP. Therefore, bringing together
results from Propositions 7 and 8,

/ Far (@) — fol@) [ dQo(a)

J
=2 [ Vo)~ eI dQute) [ 11le) 1P duto

J
ST 0 Qo) + JPQo(AF).

=0

Then we can find a constant C' > 0 such that [|fa(z) — fo(z)]? dQo(z) <

CJ4036 for all M € M and J large enough.

By equation (7), we have Gx(Ujx) 2 0;2b3034(ﬁ+d) exp(—azo; ) for all
j =0,...J. Moreover, there is a separation of hjo; between two consecutive p;j
and hjyo; < o, thus all the W;;, with (j, k) € A, are disjoint. By equation (8),
we have ajp = aGs(Ujn)Gu(Vix) 2 ob 2o 000D exp(—azo77)(1 +
l1jx]])~b¢ for all (j,k) € A;. We also define a¢ := «(W¢). For J large enough,
there is a constant C/ > 0 not depending on J such that a¢ > C’. More-
over, since « has finite variation we can assume without loss of generality that
C" < a® < 1, otherwise we split W€ into disjoint parts, each of them having
a-measure smaller than one. With €2 := CJ403ﬁ, using that I'(a) < 20271 for
a <1 and M CKL(fo,e€,), it follows the lower bound

oB o e2lujnl
TI(KL( fo, €n)) > ?)efigozc) II (W)

(4,k)EAS
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O’ _ 1
(ac) H exp {_2|Ujk;| — Blogo; ' +log Be + (o — 1)10g0¢jk}
(7,k)EA
{ KT =25 en, luiel = X aen, log oz }
(21)

for a constant K > 0 depending only on C' and 3. We now evaluate the sums
involved in the rhs of equation (21). As before, be have that >, jycn, [wjn] <

4| follio ;¢ (see for instance the proof of Proposition 8). Act as in Section 4.1.1
to find that

> logay! SIIA A+ T 20T 4 Ao
(4,k)EAS

The term proportional to |[Aj|o; " is entirely responsible for the bad rates in

location-scale mixtures, and the aim of the hybridation of next section is to get
rid of it. For a constant K’ > 0,

T(KL(fo en)) = exp { ~ K max(|Aslo7™, /792050 |

Then for appropriate constants C’,t > 0 we can have II(KL( fo, €,)) > e—cane if

_ 283
9 {C’n 2 mm(+d 284701+ (logn)t, p < 28,
2 =

" ot (logn)t, p>205.

4.2.2. Sieve construction

Using the notation fa(z) := [ x(z — p) dM(Z, p), we construct the following
sieve.

]\[72z 1 Uil s Zz 1wl < n, Zil‘ilz‘ﬂ{|11.,‘ <n71'} <g
Ful(H,€) i= §7=fw: SEful 1a(E) <n %) <6 32l 1008 > /) < e p (22)

i« |ui| >n~ VJ n~b2 < \(8;) < nt/"1}| < Hne?/logn,

Lemma 5. Let x = (21,...,2,) € R™ be arbitrary and d,, be the empirical
L2-distance associated with x. Then for any n~1/2 < en <1,0< H<1 and
n sufficiently large there is a constant C' > 0 not depending on n such that
log N (€n, Fn(H, €,),dn) < CHne2.

Proof. The proof is almost identical to Lemma 3. O

Lemma 6. Assume that there is ng € N, and 0 < v1 < 79 < 1 such that
n=2/2 < e, < n M2 for all n > ng. Then I(F,(H,€,)°) < exp(—Z(1 —
y2)ne) for all n > ny.
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Proof. We first write the estimate

T(FS) < Mo (252 fuil > n) + o (5577, sl 1{a(S:) < 0=/} > €, )
+H@<Zz1 i) 1{|ui| <n™'} > €n> +Ha(2§'i1 Jug| T{AL(2) > nt/P} > En)

+Ha(\{i Clwg] > 0T VG T < N (8 < nt/PrY > Hnei/logn).
The first, third and last terms in the rhs above obeys the same bounds as in
the proof of Lemma 4, using the same arguments. The two remaining terms
are bounded using the same trick. For instance, note that the random variable
U = 32 [ui| 1{\i(Z;) > n'/"} has Gamma distribution with parameters
(2a(A,,), 1), where A, := {(Z, 1) : \i(Z) > n!/%1}. For n large, by assumptions
on Gy, it holds a(A,,) < €,. Then by Chebychev inequality, for n large enough
Ha(z;?; g T (S5) > nl/01) > en) <Pr(U — EU > ¢, — EU)
<Pr(U-EU > ¢,/2)
< 166, %a(A,)%. (23)

The conclusion follows from the assumptions on Gy which imply «(A4,) =
aGx (Y @ A\ (X) > n'/") < exp(—ain). The other term is left to the reader. [

4.3. Hybrid location-scale mixtures

Obviously, given the definition of a hybrid mixture (see Section 4.3), most of
the proof is redundant with the location-scale case, and in the sequel we deal
only with the parts that differ.

4.3.1. Kullback-leibler condition

Let M = M(B, J, f, A ;) be the set of signed measures constructed in Section 3.4.
For any integer J > 0 let 25 be the event

Qy={Pc: Ps(&p) =27 VO<j<J}

Then with arguments and constant C > 0 from Section 4.2.1, letting €2 :=
CJ403ﬁ, we have

T(KL (fo. €)) > TI(M) > TI(M | )5 (S2,).

But by equation (11) there are constants ag, b7, k* eventually depending on
such that IIx(Q2;) > exp(—agJ®727%") and on Q; it holds

a(Wjir) = aPs(U)Gu(Vik) = @277 G, (Vir),
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for all (4,k) € Ay. Then act as in equation (21) to find a constant K > 0 such
that (recalling that oy = 277)

TI(KL(fo,€n)) 2 exp {—K maX(Jl"a;”* ,JIH2G7dy KJ|AJ|} .

Because of Proposition 6 we can have II(KL(fo, €,)) > e~c2"<n if for appro-
priate constants C’,t > 0

n

_ 28
62 B C”TL 2B8Ffmax(r*,min(B+d,2B8d/p) P S 257

- 28 _
C'n” 2+maxta (log n)? p > 20.

4.8.2. Sieve construction

We use the same sieve F,,(H,¢€) as in equation (22). The definition of F,,(j, €) is
independent of IT thus the conclusion of Lemma 3 holds for hybrid location-scale
mixtures. It remains to show that I1(F, (H,€)¢) < exp(—2cone?), which is the
object of the next lemma.

Lemma 7. Assume that there is ng € N, and 0 < v1 < 79 < 1 such that
n=2/2 < €, < n=m/2 for all n > ng. Then there is a constant a constant
Yo < <1 such that IN(F,(H,€,)°) S exp(—Z (1 —v)ne2) for all n > ny.

Proof. We proceed as in the proof of Lemma 6. Following the same steps, we
deduce that it is sufficient to prove that

Mo (232 il 1A (Z) > 01/} > e ) S e72eem,

Mo (252 fuil 1{Aa(S:) <m0} > e, ) S em2em,

Since the proofs are almost identical for the two previous conditions, we only
prove the first and leave the second to the reader. Notice that by equation (23)
we have

Mo (32 ful 10 (50) > 1/} > e | P) < 166, Po(S 5 M () > nt/0)2,

Letting Q := {Ps : Pg(A(X) > n'/") < exp(—a1n/2)}, with a slight abuse of
notation, it follows from equation (9)
HO‘(Z?; i {A(Zi) > 0/} > 6”)
< o (3% [l 10 (50) > 01/} > e | Q) + ()

< e 2 exp(—ain) + exp(—ayn). O
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5. Proof of Theorem 2

The proof follows the same lines as Ghosal and van der Vaart (2007b) with
additional cares. The first step consists on rewriting expectation of the posterior
distribution as follows. Let (¢ (- | -))n>0 be a sequence of test functions such
that for n large enough

n€2
Q3R only | %) 1] S N(e/18. 5o (<57 ).

62
sup Qg [P}I[]- — (bn(y | X)] | X:I S exp <_%> .

{f:dn(f,fo)>17e, /18}NF,,

The existence of such test functions is standard and follows for instance from
Birgé (2006, proposition 4), or Ghosal and van der Vaart (2007b, section 7.7).
From here, we bound the posterior distribution in a standard fashion,

Qo [Po'Ix({f = dn(f, fo) > &} |y, %) | x]] < QG [Ux(Fy [ v, %) | x]]
+ Q[P II({f : dulf, fo) > en} N Fu |y, %) | X]].
So that,
o [P0 Mx({f = dul(f, fo) > en} |y, %) [ x]] < Q5 [Py [Ix(F5 |y, x) | x]]

+ Q0 [F6' [0n(y [ )Ix({f ¢ du(f, fo) > en} N Fn |y, %) [ X]]

4
+ Q4 [P [(1 = on(y | ) Ix({f : du(f. fo) > en} N Fn |y, x) | x]]. 24)

Now, to any x € R¥X", we associate the events

En(x) = {yeR":/ 2r@0ys) gy (f)Zexp( (1+402)nfl>}.

1 Pfo (T4, i)
and we define
E, = {x: Ix ({f : du(f. fo) <€} =0 exp(—cznei)})}.

By assumption Q% (ES) = o(1). Consider the first term of the rhs of equa-
tion (24). We can rewrite,

QO[PO[ (fc|y, )|X
64(462+1)n6 xuyl) n < n(x
< /R /E N / AL ()P (y | X)AQE(x)

pfo L, yz)

ni=1

s[oap [ arp 0560 + Q5(E)
Rdxn E, (x)¢
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6% (4cz+1)nei
S e o paes e
0 Ridxn JFe JE,(x)

e[ an [ arp 10500 + o)
RdXn E” (x)c

e%(402+1)n6i

e / () dQ3 (x)
* / 1s, /En(x)c AP (y | %)dQf (x) + ol 1),

where the third line follows from Fubini’s theorem. The same reasoning applies
to the other terms of equation (24), using the test functions introduced above
and 0 < ¢ < 1/4. Hence the theorem is proved if we show that

[oae [ am 1x040560 = o)
Raxn Eu(x)

Moreover Ghosal and van der Vaart (2007b, Lemma 10) implies that on E,

(/ H pf xi, Y (f) < & exp <—i(1+402)€i> X) = 711%7

i= 1pfo xu ’L
Appendix A: Proofs of Lemma 1 and 2 and some technical results
on the kernels

which terminates the proof.

A.1. Proof of Lemma 1

Clearly, ||xo * fll1 < lIxo 1]l fll1 by Young’s inequality, so that x, * f € L' and
(X/U-E“) (€) = Yo (€)f(€), showing that the support of the Fourier transform of
Xo * f is included in [~1/0,1/0]¢. Moreover, using again Young’s inequality we
got that [[xo * flloe < oIt fll, thus xo + f € L.

By construction of ¥, it follows by integrating by parts that for any ¢ € N¢
we have (—i)l7lutx(u) = (2m)~¢ [ DIX(€)e€ d¢. Clearly ¥ is Schwartz, hence
by Fourier inversion we have that

(—i)lal / ulx(u)e ®tdu = DIY(€), VEe R

But, by construction Y(0) = 1, and for any ¢ € N? with |¢| > 1 we have
Dx(0) = 0. It follows that [ x(u)du =1, and [ u?x(u)du = 0 for any |q| > 1.
Whence, letting m be the largest integer smaller than B, and using Taylor’s
formula with exact remainder term
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1<[k|<m—1

—o)m 1
+ m(k!) /ykx(y)/o (1 —w)™" D" f(z — ouy) dudy

|k|=m

=D m(%)m/ykx(y)/o (1= w)™ ' [D*f(z — ouy) — D* f(x)] dudy.

|k|=m

Therefore, because f € CP,

o * (@)~ (@)
P / WX [ (DA o)~ D) dudy

|k|=

<o 3 I |dy/ (1= )" du

|k|=

A.2. Proof of Lemma 2

We mostly follow the proof of Hangelbroek and Ron (2010, proposition 1). Writ-

ing,
Kh,afo(x)z/hd T <xhak> (y hok) £ ) dy

keZa
h — hok hok
ﬁZw(xa >/n(y >fg()
keZd
hd — hok o
= @l Yoo (I . )/n(aﬁ)fa(é“)em"f’“ d¢
kezd
- Jeosit ()
kezZd

Then we can invoke the Poisson summation formula (Hardle et al., 1998, theo-
rem 4.1), which is obviously valid for ¢, and

T —hok\ inoer _ 1 - 2TM Y\ i(oe+2mm )0 /o
Z<p<0>e —WZQO erT e 2 .

kezd mezZ
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Therefore, recalling that fg is supported on [~1/0,1/0]¢ and Y equals 1 on
[*13 l]da

h 27m
Kh,ofa(-r) = @/ Z (‘0 05—*— 27Tm/ ) 2(05+T)w/0 d€
mezd
= fo(x) + ( / e P(ot Plo€ +2mm/h) 22)m/h) ios+22)a/ ge

mEZ”\{O}

It follows that,

|Kh,crfa(1') - fD’(x)| <

P(€ +2mm/h) ‘
o(6)

Now, | folli < 207 follo < 207 folls < 207|Ixol1]|£]l1, which is finite
by assumption. Recalling that by assumption ¢ is Gaussian, it follows for all
¢e[-1,1]¢and all h < 1,

5(€ +2mm/h 1 1
> M;T?HIS 3 exp{—§||£+zﬂm/h||2+§£||2}
mez\{0} mEZA0}

< 3 e (1 gy im0}

meZN\{0}

1 -
Wchr”l5 sup >

€117 g7\ {0}

This concludes the proof of the lemma.

A.3. Some other technical results on Ky,

Lemma 8. There is a universal constant C' > 0 such that for all x € R?, all
0<h<landallo >0, p|n((x—hok)/o)| < Ch~?. Moreover, n € S.

Proof. We first prove that n € S. Obviously ¢ € S, and therefore so is 7]. Since
the Fourier transform and the inverse Fourier transform are continuous mapping
of § onto itself, it is immediate that n € S.

We finish the proof by remarking that « +— >, ;. [n((x—hok)/0)| is periodic
with period ho, hence it suffices to check that it is bounded for = € [0, ho]?. If
x € [0, ho]?, then ||z — hok|| > hollk||/2 for any ||k|| > 2, so that

Z [n((x — hok)/o) |<3sup [n(uw)| + Z In((x — hok)/o)|.
= e e
Because n € S, we can find a constant B > 0 such that

sup (1 + [lz])***|n(z)| < B.
r€R4

Therefore,
> Inl(x = hok) /o) < 3|nllee+B Y (1+h[lk]/2)~"
kezd lIkl|=2
< 3||nllse + B(4h™1)4,



4096 Z. Naulet and J. Rousseau

which concludes the proof of the first assertion with C' := 3||n|| s +4%B, because
of the assumption h < 1. O

The following Lemma gives some control on the coefficients of f on 7.

Proposition 9. Let 0 < h < 1 and ax(f) := (h/o)? [n((y — hok)/o) f(y) dy
for all k € Z%. Then there are universal constants C,C’ > 0, depending only
on , such that Yyeza lan(f) < Clflio~%, and ax(F)] < C'lfloch? for all
k ez

Proof. For the first assertion of the proposition, we write,

d
S la)l < % S [ @l hok)/o)] dy

kezd kezd

<o Il sup by [n((y — hok)/o)],

yER kez

and the conclusion follows from Lemma 8. The proof of the second assertion is
simpler. Indeed,

d
(0 < 2 [ 1@l -~ how)/o)ldy < 1)l [ InGw)] du,

where the last integral is bounded because n € S by Lemma 8. O

Appendix B: Proof of Corollary 1

Take F,, as in Section 4.1.2. Then by Lemma 3 we have log N (¢, /18, Fy,, dy) <
ne2 /4 for H chosen small enough. As for QfTI(FS), it is immediate from the
proof of Lemma 4 that Q§1Ix(Fg) < exp(—3(1+2c2)ne) for some c; > 0 when
€2 is as in the corollary. Hence to apply Theorem 2 it remains to prove that

Qb (Tx(f + du(f, fo) < €n) < do exp(—caney)) = o(1).

To do so, let x = (z1,...,2,) € R¥™ arbitrary, ¢ > 0 and h,+/logo—! := ¢
for a constant ¢y > 0 small enough. Recall that from Lemma 1 and 2 we have
| Kn,,0(Xo * fo) = folle S 0, where Ky, o(xo * f0)(2) = Y pcga Uk Po2r(z —
heok). Define Sy, (x) := J;_,{z € R? : ||z — 2;|| < 01/2(B +d)logo—1} and

Ax):={ke€Z: |up| > 0", hyokc Su(x)}.

Also define U, = {0’ : 0 < ¢’ < o(1 +0)}, and for all k € A(x) define
Vi :={u ¢ ||p — hook| < oP*9}. We denote by M, the set of signed measures
M on R? such that |[M (V) — ui| < of for all k € A(x) and |M|(V®) < o7,
where V¢ is the relative complement of the union of all Vj, for k € A(x). For any
M € M,, we write far,(2) := [ po21(z — ) dM(p). Act as in Proposition 5
to find that d,,(far.0, fo) < Ch;%0P for any M € M,, with a constant C' > 0
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not depending on x, M and o. By construction of S, (x), for all k € A(x) there

is at least one x; such that |h,ok — x;|| < 04/2(8 + d)logo~!. Then for any
k € A(x), because g(0) > 0 and g is continuous at zero,

aGyx(Vy) > nil/ g(z —x;)dz > Cn~lo?.
|z—hsok|| <o

The constants C' > 0 in the previous equation does not depend on x nor ¢ nor
n. Remarking that |A(x)| < o~ (#*+% independently of x (see Proposition 3) and
letting €, = C"h;20” we can mimic the steps of Section 4.1.1 to find that

x(f © dn(f, fo) < €) Z exp {~C"|A(2)]logo™" — C"|A(x)|log n}

> exp(—cone?),
for a constant C”" > 0 not depending on x and €2 defined in the corollary. Hence

lanx(f : dn(f7 fO) < Gn) > 60 eXP(*Czné,,)

Appendix C: Some technical results on the construction of the
approximation in the case of location-scale mixtures

Proposition 10. Let fy, € Cg. For any j > 0, we have |A;(x)] < C||f0\|cﬁaf,
with the same constant C > 0 as in Lemma 1. Moreover, ||Aj|l1 < 2||foll1 for
all 5 > 0.

Proof. Notice that [|[A;41]li < 18]l + [IXo,00 * A4l < (1 + [IxI[)IIAl1, by
Youngs 1nequa11ty Since fo € L', this 1mp11es Aj € L for all j > 0. Since

Dj1(8) = Bj(6)=Roy1r (E)A;(E), weget Aj(€) = fo(é“) —1 (1 = x0,(§)), by in-

duction. Because 041 = 0,/2, and by construction of x, We have X, ()Xo, (§)
= Xo,, (£) for any m > [, hence the last equation can be rewritten as A;(§) =
Jo(§)(1 = Xo, (£)). Then we deduce that A; = fo — xo, * fo. By Lemma 1, this

implies that |Aj(z)| < C||f0\|cgo From the same estimate, it is clear that
1801 < lfolls + lxe, * follx < 20 Folh- 0

C.1. Proof of Proposition 8

Let define A(B,J) := (2log|As| + 28logo;")'/? and J = J(x) = {(j,k) €
{0,...,J} x Z% ¢ ||z — pjx|| < 4A(B, J)o;}. For any M € M we can write

P =p@ = 5[ feste =) = st~ )] aM )

(7,k)eANT

+ Y IMWik) —ugi Porr(T—pjk)+ > / ox(z—p) dM(Z, p)
(J,k)eANT (j,k)eANTe

= > wpeeil ) = Y ke — )

(J,k)eANTE (4.k)EA
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+ [ esle—w Mo
=r1(x) + ro(x) + r3(z) + ra(x) + r5(z) + re(x).

The proof follows similar steps as the proof of Proposition 5. From the definition
of A(B,J) and Proposition 6, we deduce that A(S,J) < +/.J for J large enough.
Also, there is a separation of hjo; between two consecutive ;. Then there are
no more than 16A(8, J)a;/(hjo;) = 16A(3, J)h;* distinct values of s, in an
interval of length 8A(8, J)o;. Thus the bound |A;NJ| < (J+1)A(B, J)?h;* <
J'4 holds. Tt follows from Proposition 11 that |ry(z)| < |[Ay N Jlo5T¢ <
JHHdgBt e Obviously, [ro(z)| < [l¢llee]As N Tlos < J1Hde". Acting as in the
proof of Proposition 5, we get for any ¥ € Uj;, that

1 2
o= () SeXP{%‘JQ_(l op UJ)”J”H }

Whenever (j,k) € AyNJ° and (Z, 1) € Wy we have ||p — pjl] < JJ (ﬁ, J)
for J large enough. Then [z — ul > 3A(3,J)o; > 0;A(B,J)/(1 — o} a2)1/?
for J large. Therefore, |r3(z)| < exp(—3A(8,J)?)|As] < 0. With the same
reasoning we get |r4(z)| < || foHooﬂg. Regarding 7, we have the obvious bound
[re(z)] < ||g0||ooo§. The r5 term is more subtle and constitutes the remainder
of the proof. Let A€ := {(j,k) € {0,...,J} x Z¢ : |uj| < 0?} and K; :={k €
oyl > 2280 =9/P 460 [2(8 + d)log ot} Recall that A; := {z € R :
||| < 226(/=9)/P}. Assuming that = € A, for some 0 < ¢ < J, we can bound
r5(z) as follows,

rs@)| < D0 Jugl 0ozr(z — pe)

(4,k)EA®
+3 0 Jug Porr(T — k) + DO gkl Porr(z — k), (26)
j<q kek, J>q kek;

where the third term of the rhs does not exist if ¢ = J. The first term of the rhs
of equation (26) is bounded by 0’§ SUP,cRrd Z}]:o Y kezd Por1(T — pjx), which is
g J

in turn bounded by a constant multiple of J'*¢/ 20§ (see for instance the proof
of Lemma 8). Because of Propositions 9 and 10, when z € A, we always have

Z Z |wjik] <Pa2l($ = Hjk) < sup ‘Pa2l T — W) Z Z |wjil
kEK

ji<q keK; J<J kezd
<oy 2l folhoy? £ .
J<J
Regarding the second term of the rhs of equation (26), we introduce the sets of
indexes £; = L;(x) :={k € Kj : ||z — x| < 0j1/2(3+d)loga;'}. Then, we
can split again the sum as
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DD wikpors(@ — pn)
i>q keK;
= Z Z Ujk goJJzI(a: — Wik) + Z Z Ujk 900_72.1(1' = Wjk)-

i>ak¢L; i>qkeL;

With exactly the same reasoning as before, we get that the first sum of the rhs of
the last expression is bounded above by a multiple constant of ag. Concerning
the second term, for any 7 > 1 we get from Propositions 9 and 10, together
with the definition of i, that |u;x| < || fllcs O’?. Since there is hjo; separation
between two consecutive 15, we deduce that |£;| < h;%[2(8 + 1)logo ;%2
Therefore, for J large enough and x € A, with 0 < ¢ < J,

Irs(@)] S oy + 15208+ Dlogo; 172 Y o] < T4

J>q

The conclusion of the proposition follows by combining all the preceding points.

Appendix D: Elementary results

Proposition 11. Let ¢x(z) = exp(—327S7z) for x € R? and £ € £. Then,
for all py, e € R, and all 1,55 € €
1 — pall | Al

| ¥o) 1
) _ < I— 3,071
ISélﬂgdlsazl(w p1) — ps, (r — p2)| S Ma(Ts) + Ad(zQ)” 237 |

Proof. Using the triangle inequality, we write

s, (T — 1) — s, (T — p2)]
<lps, (T — p1) = o5, (T — p2)| + s, (x — p2) — s, (r — p2)| . (27)

We start with a bound on the second term of rhs of equation (27). For any
xz € R?, assume first that mTEflx > xTEglx, then by a Taylor expansion of
exp(—u) around u = 27¥] 'z,

IT(Zflegl)z
i1 (2) = 93, (0) — 3 (0) [ exp(—t)[+7 (S — 55 V) — 1] dt.
0
Hence,

|5, () = ¢z, ()] < @, (@)aT (BT = 53 Da| <571 = 53 [l2]*es, (2).

Note that X5 ! is positive-definite and symmetric, hence 35 L= QTDQ for
some diagonal matrix D and an orthogonal matrix Q. It follows ||z||?¢x, (1) =

1Q" Qx| exp(—(Qz)" D(Qw)) and thus,

sup ||z *ps, (z) = sup |l[|* exp(—a” Dz)

zER z€R4
(_ )\d(221)x2> _ 2de”!

< 2 et
< dsup z*exp 5 < Ad(Egl)

z€R
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The conclusion follows because ||B7' — X7Y| < [IZ7MIIT — 2271 <
M (EZHT = Z2Z7Y|. The case 27% 2 < 2785 'e is handled similarly, while
2T w = 2785 M2 is trivial. The first term of equation (27) is bounded simi-

larly. O
Proposition 12. Let X ~ SGa(a, 1), with 0 < o < 1. Then for any x € R and

2|z

any 0 < 6 < 1/2 we have Pr{|X —z| < §} > %'

Proof. Assume for instance that x > 0. Recalling that X is distributed as the
difference of two independent Ga(a, 1) distributed random variables, it follows

1 %) ) 1 z+y+46 .
Pr{|X —z| <4d} > —/ y“ eV / 2% e Fdz dy.
F(Oé) 0 F(Oé) z+y

Because o < 1, the mapping z — 2% 'e™* is monotonically decreasing on R¥,
then the last integral in the rhs of the previous equation is lower bounded by
S(z +y+ 6) L~ (@tytd) > se=2(+y+9)  Then

) —2(z+9) 0 3—a —2(z+0) § —2|z|
Pr{|X —z| < ¢} > ¢ / Yy le W dy > ¢ c

()2 T(a) = 3el(a)

The proof when x < 0 is obvious. O
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