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Existence results for problems involving nonlocal operator with an
asymmetric weight and with a critical nonlinearity

Sana Benhafsia *and Rejeb Hadiji'

Abstract

Recently, a great attention has been focused on the study of fractional and nonlocal operators
of elliptic type, both for the pure mathematical research and in view of concrete real- world appli-
cations. We consider the following nonlocal problem on H§(Q) C L% (Q), with ¢, := s €]0,1]
and n >3

n— 25’

/np(“’”)</n |“|£(E)_y|nig )da: /|u )|“de, 1)

where 2 is a bounded domain in R™,p : R® — R is a given positive weight presenting a global
minimum py > 0 at a €  and A is a real constant. In this work we show that for ¢ = 2 the infimum
of @) over the set {u € H{(S), ||ul|Le (o) = 1} does exist for some k, s, A and n and for ¢ > 2 we
study non-ground state solutions using the mountain pass Theorem.

Keywords: Critical Sobolev exponent, nonlocal operator, fractional Laplacian, minimizing problem.
2010 AMS subject classifications: 35J20, 35J25, 35H30, 35J60.

1 Introduction, notations and statement of the results

1.1 The fractional nonlinear problem with weight and its relation with the ordi-
nary nonlinear problem

Let Q be a smooth bounded domain of R, n > 3. We are interested in the following nonlinear problem
involving the fractional Laplacian, for u € H(2)

R™ xR™ Q

|z —y["+e

- / ()|~ 2u(z) p () da
Q

for any ¢ € H5(€2), where the space H(2) is defined by

H5(Q) == {u e L*(Q), w € L*(R" x R™\ Q° x Q),u(z) =0,Yz e R*\ Q},  (3)
T —Y|2
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2 < q < g, with g, is the critical fractional Sobolev exponent ¢, := —2%-, A > 0. Note that it is

n—2s’
well known that the embedding H§(Q2) < L"(f2) is continuous for any 1 < r < f_’;s Moreover this
embedding is compact for 1 < r < nz_’;s, see ([7], lemma 1.31). We assume that p : R — R is a

positive bounded weight in C*(R"™), we assume also that p represents a global minimum pg at a € Q
and satisfies in B(a,4n), n >0, k> 0 and k > 1

p(z) < po + K|z — alf, (4)

and
p—po € LY(R™). (5)

We remind that for p = 1, (2)) is the weak variational of the following problem

(=AY u — M2y = ju|%"2u in Q (6)
u=0 in R™\ Q,

which was studied in [7] when ¢ = 2,n > 4s and X €]0, A\; 5[ where A\ s denotes the first eigenvalue
of the nonlocal operator (—A)® with homogeneous Dirichlet boundary datum. In this paper, we will
break the symmetry of the problem by introducing the weight p as described before. we extend the
result which was already done in the ordinary Laplacian in [I9] to the case of the fractional Laplacian.
Other authors gave a basic introduction to the fractional Laplacian operator, see [23] and references
therein, see also [3], [], [7] and [24] where authors dealt with non local fractional problems. Some
other authors studied variants of the fractional Laplacian, see [16], [21] and [I1].

Let us take p defined as previously in (@), s €]0,1[ and n > 3, we define the infimum S, \(p) by

s =t ([ p ([ MO e [ ).

l[ullLas mn)=1

The study of the infimum (), shows that the existence of minimizers depends, apart from parameter
A, on the behavior of p near its absolute minima and the geometry of the domain €.

The well known fractional Sobolev inequalities were first considered in a remarkable paper by Lieb
in [20]; see also [14]; [12] or the survey [23].

Let us compare this work to what is known in the literature concerning problems related to the
Yamabe problem in the local case

S\p)= inf Ammwwm&m—y@mmﬁm, (8)

u€H(Q)
[lullLa)=1

where ¢ = -2 is the critical exponent for the Sobolev embedding H¢ () C L4(Q). In [19], the authors
treated the case where the problem presents a positive weight with the ordinary Laplacian (s = 1).
They proved in particular, the existence of minimizers of Sy(p) for 0 < A < )\‘1“” ifn>4and k > 2,
and for \* < A < A if n > 3 and 0 < k < 2, k = 2 is critical for the problem, and in other
subcases which are well detailed in ([19],Theorem 1.1) with k is a positive constant that appears in
the expression of the weight p, A¥" is the first eigenvalue of —div(p(x)V.) on Q with zero Dirichlet



boundary condition and \* is a positive constant. The method used for the proof of this result is, first
to show that Sy(p) < poS, with S is the best Sobolev constant defined by

Si= inf / Vu(z)dz, )
weH (R Jo

llul| La@ry=1
then, they prove that the infimum Sy(p) is achieved. In the same context, similar questions were
studied in [I7] where the author investigate the problem with a weight and a nonvanishing boundary
datum and in [I8] where authors dealt with a nonlinear eigenvalue problem with a variable weight.

The problem involving the ordinary Laplacian in the case where p is a constant was originally
studied by Aubin in [2], Brezis-Nirenberg in [10], [§]. In [5], [6], the authors studied polyharmonic
operator, namely (—A)" where » € N, r > 2 with critical Sobolev exponent. We refer to [21] for a
complete history of the problem and geometrical motivations.

The authors dealt in [26] with a non-ground state solutions in the fractional Laplacian case without
weight. The solutions are constructed with a variational method by a min-max procedure on the
associated energy functional.

In [I6] the authors formulated a fractional s-Yamabe problem that include the boundary Yamabe
problem studied by Escobar, see [I3]. They highlight a Hopf-type maximum principle together with
interplay between analysis of weighted trace Sobolev inequalities and conformal structure of the un-
derlying manifolds and they obtained some properties for the fractional case that are analogous to the
original Yamabe problem, see [13].

1.2 Some definitions

One of the aims of this paper is to study non local problems driven by (—A)® (or its generalization)
and with Dirichlet boundary data via variational methods. For this purpose, we need to work in a
suitable fractional Sobolev space: for this, we consider a functional analytical setting that is inspired
by (but not equivalent to) the fractional Sobolev spaces in order to correctly encode the Dirichlet
boundary datum in the variational formulation. This section is devoted to the definition of this space
as well as to its properties. Therefore, before setting the main result, we start by defining the fractional
Laplacian and the fractional Sobolev spaces.
Let s €]0,1[. Up to normalization factors we define the non local operator (—A)* : S(R") — L?(R")
N (@ — u(y)
s L u(x) — u(y
oy = tm [ (10)
with x € R", B(x,¢) is the ball centered in z € R" of radius e.

We define the Sobolev space H*(R™) the set of functions u such that they are square integrable and
their fractional Laplacian (—A)%u is also square integrable:

_ 2
H*R™) :={u:R" > R,u € L*(R™) and %dxdy < 400}, (11)
RixRe | T — Y]

H#(R™) is endowed with the norm defined as

- Ju(z) — u(y)|? :
||u||Hs(Rn) = ||u||L2(Rn) + </Rn><Rn |IIJ‘ _y|n+28 dZEdy .
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We know that H*(R") endowed with the norm ||.|| gs(rn) is a Hilbert space.
Thus, H{(€2) is a subspace of H*(R™) and is defined simply as in [7] by
H{(Q) = {u € H*(R");u =0 a.e. sur Q°}.
The norm in H(2) is defined as follows

N ju(z) — u(y)? :
N (u) == ||ul|2(0) + </]R”><]R” T dzdy | .

This norm is equivalent to

1

Ju(z) — u(y)? ) 2

ullgs ) = —=dxdy | ,
ety </R"><R" |z — y|"t2

see ([7], lemmal.28) and ([14], lemma 3.1). We notice that the following identity ||ul|ps ) = H(—A)%UHLz(Rn),
gives the relation between the fractional Laplacian operator (—A)® and the fractional Sobolev space
HE(€2), see ([7], (4.35)). In this present paper, Hg(£2) will be the functional analytic setting because

the classical fractional Sobolev space approach not sufficient for studying the problem, see [4], [7], [26].

We start by recalling some notations and some remarks which will be useful. First, We will start by
giving some important definitions afterwards. Let denote by Ss(p) := Ss0(p) and S := Ss0(1) the
weightless case. Let’s denote by u. s, an extremal function for the weightless Sobolev inequality for

the fractional Laplacian operator. Let us fix 7 > 0 such that

B(a,4n) C Q (12)

For x € R" and ¢ > 0,

£ =
Ue,s,a(z) = (m ; (13)
then we set
Uz 5.0(x) = Ue s,0(2)¥(x), (14)

where U € CF(R"™) such that 0 < ¥ <1, ¥ =1 in B(a,n) and ¥ = 0 in B(a,2n)°, with 1 is a postive
real.

Using [10] and [7], we have

. 2
/ / ’u&&a(l’) Ua,s,a(y)‘ dydr = K, + O(En—2s)7 (15)

|z — y[rt2s

the square integration of u. , , goes as follows for n > 4s, s €]0,1]

Hua,s,aH%Z(Rn) = K2,5528 + O(En—%)’ (16)
the g5 norm is given by
Huavs,aH%sqs (Rn) = Ky, + O(e"), (17)
. dy K
ith K, = and =% = S5,.
i /R AP "



In order to present our main results, we will need to introduce the first eigenvalue with weight
A1 p,s associated to the minimizing problem ([7):

2
u(z) — u(y
Lol B
Alps = min - - Y :
B [ )P

Ey\(u) = /np(x)</n %dy)dw — )\/Euqdaz.

For the sake of clarity, let us analyze a blow up around a minima of p which we suppose 0, we are
led to the study F)(v:) where v, is defined by by v(z) = s_"/qsve(g) and Q. = ¢7'Q. Note that if
llv]lg, =1 then ||vg||q, = 1. We have

v,
E)\('Ue) = pO/ |( 2U€| d3§‘+€ / |$|k/ ’ E ‘n+2s)‘ d dx

n— (n 2s) q
—Ae vidz.
=

q(n—2s) n_ 4(n—2s)
—— 2

Let us take

(19)

When ¢ > 2 and k > n — dominates the one related to £F

provided that the quantity

, the term related to e

/n| |k/n v (@ ‘n+2s)\ dydz (20)

is finite, so we find that the energy get strictly below the critical value pZ® S2*, while in the case where
g =2 and k > 2s we expect that F)(v) < poSs, then S x(p) is achieved.

It is important to mention that, since the problem is not local, at infinity the term |z|* has an impact
on the integral (20]) which is not finite in general for v € H(2), so that we will restrict ourselves to
specific values of k.

We expect a competition between the local character of the weight and the nonlocal character of
the operator. It turns out that the local nature of the weight wins. The presence of weight pushes
the problem to be nonlocal. In other words, when k is smaller than n — 4s, we find that the local
character dominates, on the other hand when k is large we expect that the problem does not admit
solutions.

In (@), if we take A = 0 we get the following nonexistence result.

Proposition 1.1. For n =3 and s €]0,1] orn=4 and s €]0,1] orn =5 and s €]0,2] orn > 6 and
s €]0,1[ and for all k € [2,n — 4s] we have S;0(p) = poSso(1) and Sso(p) is never achieved.

Proof : Let s €]0,1] and 2 < k < n — 4s. We recall the notations Ss(p) := Ss0(p) and Ss := S o(1).
By Theorem2.4], please see section 2, we write

]u 5,0 ) Ue,s,a(Y )2
P0Ss < Ss(p) < / / z ’ni% dydx < ppSs +o(1),  (21)
Hu€787aHLQS (R™) n n )



as € tends to zero. Then we get Ss(p) = poSs.
We suppose that Ss(p) is achieved by some function u € Hg(€2) such that ||ul|qs gn) = 1, then

|2d dz < |“ Ju(@) —u)P g 22
n n ‘x - ‘n+28 v n 7L ’n+28 y = po 5 ( )

2
Therefore, Sy = / / T +28| dydz, |[u||fes mny = 1 which means that S is achieved by a
n n y

function u € H{(£2) and thls is absurd. See [20], see also [14] , [12] or [23]. O
In what follows, we will concentrate on the case where A > 0.
1.3 Statement of the main results

Let us announce the main statements of this paper. We state two Theorems where in the first, we
prove existence of minimizers of S; x(p) in the presence of a linear perturbation.

Theorem 1.2. Let € be an open, bounded subset of R™ with continuous boundary. Let p be as defined
in @), n>3 and 2 <k <n—4s. The following statements hold true

1. If n =3 and s €]0,1[ orn = 4 and s €]0,3[ or n = 5 and s €]0, 3| there exists a constant
C1 = C(n,s, k) > 0 such that for every  €]0,CA| we have Ss \(p) is achieved.

2. If n > 6 and s €0, 1], there exists Cy := C(n, s, k) > 0 such that for every X €]0, A1 s[ and for
every k €]0, CoX[, SsA(p) is achieved.

The second Theorem is dealing with problem (@l), we prove that it has non-ground state solutions
with a subcritical pertubation by proceeding with a min-max technique using the mountain pass
Theorem see [].

Theorem 1.3. Let Q be an open, bounded subset of R™ with continuous boundary. Let Suppose that
k€ [2,n —4s]. If 2 < q < gqs then there exists A\g > 0 depending on Q and q such that for every
A €]0, N[ we have

1. If n > 4 then for every s €0, 1] problem () has a nontrivial solution u € H§(2).
2. If n =3 then for every s €0, 2[ problem @) has a nontrivial solution u € H(2).
In the case where ¢ = 2 then we have

1. If n =3 and s €]0,1[ orn = 4 and s €]0,%[ or n =5 and s €]0, 3| there exists a constant
C1 = C(n,s, k) > 0 such that for every A €]0, A1, 5| and that for every x €]0,CiA\[ we have
problem () has a nontrivial solution u € H(€2).

2. While if n > 6 and s €]0,1[, there ezists Cy := C(n,s, k) > 0 such that for every A €]0, A1 p 5[
and for every k €]0, Co\[, problem (2) has a nontrivial solution u € H ().



1.4 Structure of the paper

The paper is structured as follows. The next section §2, proves the a-priori estimate S5 x(p) < poSs.
TheoremI.2] which is the first main result of this paper, is proved by mathematical adequate technique
using the previous section in order to get existence of minimizing solutions to S, \(p). In section
83 we carry out non-ground state solutions using the minimax technique and proving the mountain
pass Theorem in the general case. We investigate also a subcritical approximation and we adopt the
strategy used from [I0] to prove Theorem [[.3] by choosing a suitable test function.

2 Existence of minimizers

First of all, let us prove that the infimum S z(p) does exist if A < Ay, . In fact, since by definition

of ALp,s We write
[ v [ MOt )a N Lo ] n—’?;x)__yﬁg?fdy)dﬂ?.

= D, — L
[ luta)as By [ lu@)Pds

Then

/7Lp($)</n|u';)_ |Z(+28 > /\/|u )|2da >/\1ps/|u |dx—)\/|u )|2dx -

= (s — ) /Q () d.

Therefore, we deduce immediately that if A < Ay, ,, then

, Ju(z) — u(y)|® > /
f dy |dx — A dx > 0.
uEI]HPS(Q) /n p(x) ( /n |$U - |n+2s v |u | .

l[ullLas gry=1

So that, the infimum S; »(p) exists.
The following Theorem plays a crucial role to prove existence of solutions, it is an adaptation of an
original argument due to [10] in the context of Yamabe’s conjecture.

Proposition 2.1. Let s €]0,1] and let a weight p satisfying @). If Ss(p) < poSs, then Ssa(p) is
achieved.

Proof : Let us recall the expression of Ss x(p):

s =t [ s [ O ) [ )P 1)

[lul| Las (rr)=1

Let (u;) a minimizing sequence of S x(p), then ||u;||pe®n) = 1 and

L . Wrx— ﬁfizs)' dydz = M3 = Ssa(p) + o(1), 3)



as j tends to +oo.

Since (u;) is bounded in H(€2), we extract a subsequence still denoted by (u;) such that, (u;) tends
weakly to u in H(Q) (since H(€2) is reflexive space). Then (u;) tends strongly to u in L?($2), and
(uj) tends to u almost everywhere in 2, with

l[w]|pas mny < 1. (26)

Let’s take v; := u; — u then (v;) tends strongly to 0 in H(€2) and (v;) tends to 0 almost everywhere
in .
By the definition of S, \(p) and S, we have,

/np(:E) /n |UJ’( ) ’:i_(gs” dydz > poSs,

then

U4 u
/ / | j |ni—2s)| dyd:E B S (p) + 0(1) > pOSs - Ss,)\(p) + 0(1),

as j tends to +o0, therefore
Allull22 gy > PoSs = Ssa(p) > 0.

Therefore u # 0. Using the definition of S5, we obtain

foro( [ oo [ e [ MR s

+2/np($) /n (U($) - U(y))(vj($) - U](y))dydzn o )\||u||%2(Rn) _ Ss,)\(p) _1_0(1)’

|z —y|"+>

as j tends to +0o. We define a scalar product on H(€2) by

< U, v >p= /np(x) /n (’U,(Z') — u(y))(v(x) — U(y))dydzn, (28)

|z —y["+e

for all u,v € H§(Q). It’s obvious that the norm associated with this scalar product is equivalent

to the ordinary norm over H{(£2). Then, / p(m)/ (u(z) = T(y))(z‘}fzi?s — W)
Rn Rn r—=1y

as j tends to +00. On the other hand, Since (v;) is bounded in L% (€2) and (v;) tends to 0 almost

everywhere in ), we deduce from a result of Brezis-Lieb, see [9] that:

dydzx tends to zero

1+ 0511 ey = Nl Tas ey + 110511 s ey + 0(1), (29)

as j tends to +o00. Therefore
1= ul|%, gy + 5] %, ey + 01),
as j tends to +o0. Since [|u||pes (rn) < 1 then

1< JJull s @y + 10511700 ey + (1),
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as j tends to +oo. Denoting by v; := . Since we have

J
[lvill Las (rm)

[(x) — ;(y)I”
poss </n /n \x—y\"”s v

[03(2) = w3 ()2
LS oy + g [ o) [ P e o),

as j tends to +o00. Since we have already proved that S z(p) > 0, we deduce from (BII) that

we obtain

SS)\(p) / / |’U — U5 )|
< 2 n ) J 7
557)\(])) SS’)\(p)H’LLH[qS (Rm) + (]Ss . . | y|n 95 dyd:z: + O( )

as j tends to +o0o. Combining ([27)) and (I53]), we obtain

Lol e o,

Sk, on — v

as j tends to +oco. Thus,

/np(””)</n %@)d:ﬂ—A/QW(x)PM
N 1} / / e |n+25)’ dydz + o(1),

as j tends to +o00. Since S, \(p) < poSs, we deduce

[ v ([ Ot Yo [ e < Soalol e

This means that v is a minimum of S (p).

Ss,)\(p)
R

(30)

(31)

(32)

(33)

Remark 2.2. In the case where the weight p and X are such that —oco < S5 (p) < 0, we prove that

the infimum S \(p) is achieved. In fact, as in (26) we have |[u[es @ny < 1, then

Ssa(p) < SsaA(®)[ullZos mn)-

Again, we deduce BB from 27).

Remark 2.3. If S;x\(p) is achieved by a function u € H{(Q2), then u > 0. In fact, thanks to the
following inequality ||u;(x)] — |u;()]| < |uj(x) —u;(y)], if (u;) is a minimising sequence of SsA(p),
(luj]) is also a minimising sequence. Therefore, we take a positive minimizing sequence of S A(p).



2.1 A priori estimate on S, ,(p)

We need to prove the following proposition and the techniques that it uses since it constitutes an
official key in order to apply PropositionZ.1l

Theorem 2.4. Let n,s such that n =3 and s €]0,1[ orn =4 and s €]0,3[ or n =75 and s €]0, 2[ or
n>6 and s €]0,1[. Let k € [2,n — 4s[. Then the following estimate holds true

|u5 s,a (z) - us,S,a( )|2 2s n—2s k+42s
PYIE=T dxdy < poKs + kCe™® 4+ O(e )+ Of(e ), (36)

as € tends to zero, where K is defined in (ID) and C is a positive constant depending on k, s and the
dimension n.

Proof : First of all and without loss of generality, we assume that ¢ = 0 and we note U, 50 = U, s

Ug, 5,0 = Uge,s-
In the sequel, we will assume in that n and s are such that

1 1
n=3and s E]O,Z[or n=4and s 6]0,5[0r n=>5 and s E]O,z[or n > 6 and s €]0, 1]. (37)

The proof makes use of the following estimates and is a bit complicated than the one for similar results
in the case of the fractional Laplacian without weight as it is in [7] that we will inspire from it to
accomplish the proof.

We have
|Ue,s,0(T) — Ueys,aly )? |te,5,0(7) — u ,s,a(y)‘2
/n /n - ’x_y’ni—% dmd?JSpOKS—i_/ﬂ /n(p(x)_pO) . ‘x_y‘ni—QS d([’dy
(38)
Our aim is to prove the following inequality
_ 2
»(z) — po ’ue,s,a(x) ue,s,a(y)’ dmdy < H,CE28 +0 En—2s +0 €k+2s 39
n Jgrn |z — y|nt2s
We easily see that for p > 0 and = € B(0, p)¢, then
e o(2)] < |Ues(@)] < O™, (40)

for any € > 0 and for some positive constant C, possibly depending on 7, p, s and the dimension n.
We mention that the following assertions hold true
(a) For any € R" and y € B(0,7), with |z —y| < 4,

n—2s
|t s(2) — ue s(y)| < Ce 2 |w —yl. (41)

(b) For any z,y € B(0,n)",

n—2s
|u€,8(33) - ue,s(y)| <Cez min{l, |3j - yl}, (42)

10



for any € > 0 and for some positive constant C, possibly depending on 7, p, s and n
Let us begin the proof of the Theorem. We introduce the notations

D= {(z,y) €R" x R" ;2 € B(0,n),y € BO,n)", |z —y| > 7} (43)

and
E:={(z,y) € R" x R" ;2 € B(0.n).y € BO.n)", |e —y| < 7}, (44)

where 7 is as in ([I2)).
By (I4]), and using the properties of p described in () and (B]) we have that

Ue,s Ue s\Y 2 Uas _
/ / (p() —po)’ |(x) |n+2§ ) dydx < H/ / ’k’ ) |n+28( y)I? dyda
n n ’17 ’T]

_ 2
+2/€/ ‘x’k’ue,s(l’) u575(y)‘ dydf]f
D rT =y

2
+2/£/] \’“‘”” — te,s(y)] dydz

e s () — ue s(y)]?
+/ / p(x)—p : : dydzx
B(0,n)° B(O,mc( (@) ~r0) |z — y|nt2s

(45)
We start by treating the first term in the right hand side. For n and s as described in (37),
2<k<n-—4sand € > 0, let us denote by

As,k,s ::/ m,k(/ ’Uas( )_U+2( )‘ dy dr. (46)
|z|<n pl<n Tyt

Proposition 2.5. Forn and s as described in 1), 2 <k <n —4s and € > 0, we have

Agpe < O™, (47)
where C' is a positive constant depending on s,k and the dimension n.

Proof : Performing a change of variables in (@6l), we obtain

2

1 1
Ao =2 [l [ - | dys
o w<z | S =y () (Lt ) 48)
k k
_gk/ / || 2 || 2 2 dydz
jal<2 Syl (14 [22)"2° 1+ [y2)" =" | le =yl
on the other hand, we have
Pt 2f [ i — ot P2
x x ylz — |z
- B |fk<:c>—fk<y>|2+'—n_28 (49)
(1+[22)" 2 1+ )™= (1+ [y2)*

11



k

"
with fy(t) = —1 e R,
L+t

k k 2
2 —|x dydzx
w2t [ \ﬁxx>—-ﬁxyﬂ2+—"y' ) e (50)
jol<2 Jjyj<a (1+[y2)"= |z —y|

As a consequence, in order to obtain the inequality [@T), we will prove these two following assertions

Thus,

@) = Wy < & < 4 (51)
ol <2 Jyyl<2 !w—yl"”s = o

where C' is a positive constant and

2
22 — ly|>

dydz < C' " —k+2s 5
/|:c|<n/y|<’7 1+’y‘ n— 25‘x_y‘n+28 Y r<C"+C" ’ (5 )

where C’ and C” are two positive constants depending on s, k and n.

We start proving (BI). For A a subset domain of R™, we define the function 14 by Vz € R”,
la(z)=0ifz ¢ Aand 14(z) =1if z € A
Let v > 0. at first we take the case where |z — y| > .

/ / (@ n+(28)’ dyda
nJz—y|>y ‘Z’ - y‘
|| / / ly*
<2 / / dydz +
( Sy (L |22)" 7282 — y|nt2e n Sj—ylzy (L4 [Y[2)P 25|z — y[F2s

. ol 1oy -y o wl*  leomE-y), o
o n n 1 + |33| TL 2s |33 |n+2s yar n n 1 + |y| TL 2s |$U — y|n+2s y

1 (@ nwy

where g, and h are functions defined by, for all ¢t € R",

t]*

150,y (t)
(1 + [¢[2)n=2s’

’t’n+2s

g(t) = fi(t) = and h(t) =

Provided that k < n — 4s (for n and s as in (B1)), we have g € L'(R"). Since s > 0, h € LY(R").
This implies g * h € L*(R") and we have

gk * bl 1wy < |lgkllor @)l IRl L1 @ny < 400,

12



thus,

|[fi(@) = fe(y)?
dydx < 400, (54)
/” /w y|>y |$ - |n+2s
Now, let’s take the case where |z — y| < 7. We have
1
fla) = ) = [ DIy + tla =) = )i (5)
| 2|2 n
with fr(z) .= ———=-,2 € R", and

(L+[=) =

N e LN
ka(z)_(1+|z|)zs<2 ( 2)<1+1z\>>

Let R > 0 such that R > 2y and let |y| > R.
For the sake of clarity, we note that since we have |z — y| < v and |y| > R, so we can suppose also
that |z| > R.
Since t € [0,1] and |z — y| < 7, then

ly+tx—y) =yl —tlr—y|

>yl —~
56
>yl - ) (56)
> Ly
So we have
+t(x —y)|z Yo —
Dy + 1z — ) —y)| <cLTHE=E Tz =yl
(I+y+tlx—y)?) 2
<ol (57)
ly +t(x —y)|" 272!
<o lr=yl
’y‘n—2s—§+1
where C' is a constant.
Thus by ([B7) and (G5
$ —
() = Fulw)] < 1Dy + ta — ) — )] < OH'Qiy'H (58)
y 2

13



Since we have k < n — 4s (for n and s as in [37)) and s < 1, we have

2
S 1
/ / |fx(@) ﬁ(i)l dedy <C / / s drdy
W=k o> Rje—yl<y [T =Yl Y R gy 7]
1 1
=¢ |y|2n—4s—k+2 </ —dx> dy
iz [P T2 Sz e —yi<y [ =yl
1 1
=¢ Ty2n—ds—k+2 </ 7dz> dy
iz Y122 e s Ry ja <y 1202572

1 1
< c 2n—4s—k+2 n+2s—2 dz dy
>k Yl Iz <y 2]

<0 dy / dz
= WSR |y[2n—4s—k+2 2] <y 127252

< 400

Now let |y| < R and so we take |z| < R since |z — y| < 7.

Since for all ¢t € [0,1], |y + t(z — y| < 2R and <1, we have

n—2s

I+ [y +tlx—y)?) 2

Dfsly + 1 — )@ —y)| < cttE vyl
(I+ly+tlz—y)*) 2 (60)

S Cl’x - y’7

where C’ is a positive constant.
Since s < 1, we have

@) = B o éC,/ el

|l‘ - y|n+2s ly|<R,|z|<R,|z—y|<v |$ - y|n+2s

dx

<O [ (o )

lyl<B \Jjz|<Ro—y|<y [T — y[?T272
< C// (/ L)dy (61)
B ly|<R ly+z|<R,|z|<y |Z|n+2s_2

dz

o f ([ e

ly|<R |z] <y |Z|n+28_2

< +00.

/|y<R,x<R,x—y<~/

14



Finally by (59)) and (GII) we get

[/ o) BP0, / Sile) o)y,
n J|e—yl<y \:c—y! ly|<R,|z|<R,|z—y|<~v \x—y\

|fu(x) = fu(y)? dyd (62)

—I—/
2
WI>Re|>Rle—yl<y 1T = y["T2

< +00

Therefore, using (B4) and (IBZI),

| fr(x / / | fu( (y)|?
dydzx
/||/| - |n+2s B
[ aoser,,
n Jz—y|<y |33_y|

[fi(@) = fr)?
dyd
/"/|m y|>y |l‘— |n+2s !

§é<+oo,

where C is a positive constant depending on s, k and the dimension n. Thus, (EI) holds true.

Now, in order to prove (B2]), we will need to prove some results. Before that, let us explain the sketch
of the proof. First we treat the integral in (52) over the set {x,y € R", |z —y| < v < 1}, where v > 0,
and we divide this case into two subcases, the first is where |x| > R and |y| > R. For the second, we
compute (52) for |z| < R, |y| < R. After that, we move to the second step and we treat the integral
in (B2) over the set {z,y € R", |z —y| > ~v}.

Lemma 2.6. Let v, R € R and s €]0,1[. We have
1) Let 5> 0,2 <k <2642 and let the set A defined by A := {z,y € R", |x—y| < v,|z| > R, |y| > R}.
Then, there exists &1 := 01(7, R, k, 3) > 0 such that for all x,y € A we have

k k2
]2 — |y|2|* < 81|z — yl*|y]*. (64)

2) Let k > 2 and let the set B defined by B := {z,y € R",|x —y| < v,|z| < R,|y| < R}. Then, here
exists g := 09 := do(R, k,s) > 0, such that for every x,y € B, we have

_ k k2
272 z]2 — |y[2]” < dofw —y|*. (65)

Proof : We start by proving the first assertion.
1)We introduce the function G defined for x,y € A by

llz|2 — |y|=|?

R

15



Proving (64]) remains to prove that G is bounded by some d; > 0 which doesn’t depend on z and y.
If k = 2, we have ||z — ]yH2 < |z — y|?, then

1
G(x7y) S |y‘2ﬁ

< 7 (66)

=01

Let 2 < k <26+ 2. Let f(z) := \x!g, x € R". We have for x € R", Df(z) = %]w\g_% By the
inequality of finite increments applied to the function f we have for z,y € R"

k k_
<5 sup fy+i(z—y)l2 e -yl (67)
te(0,1]

k E
[yl — [

then since 2 < k < 28 + 2, we have for z,y € A

ly+ t(z —y)[F2
G(z,y) <% sup
4 t€[0,1] |y|25

k—2
2 |z— (68)
(- )

Thus, for all z,y € A, G is bounded on A and (64]) yields.
2) We proceed as previously. If k£ = 2, we have

_ 2 _
225 | = Jyl|” <yl |e — y?

< Rz —yf? (69)
= ba|z — y|?.
[EEEPE L .
Let k > 2 and let H(x,y) := |y|2_25w, xz,y € B. Our aim is to prove that H is bounded by

some o which does not depend on x and y.
We use again inequality (G7]) we obtain for z,y € R”

2 2

k
< — sup |y +t(x—y)
4 te(0,1]

k k _
\ry\z ~ Jaf} F=2l — yJ2. (70)

16



Since for t € [0,1], z,y € B, we have |y + t(x — y)| < |z|+ |y| < 2R, then

2

k k k2 _
Wiz —lal2] < QR o -yl

Using the fact that & > 2, we have for xz,y € B,
H(z,y) <k @R 2y>2
< 2k—4k2Rk—2s

= 52.

Therefore, H is bounded over B and the result follows.

We move, now, to prove (52)) and we take |z —y| <y < 1.
Let R > 0, we have two cases
1) If |z| > R and |y| > R, we apply the first assertion of the previous lemma for 8 < § — 2s

/ lol® — 1l <n | </ jy?? 1B<o,y><x—y)dy>dx
ATe =yl B+ P2 =0 e g W PP o=y

= 51 h1 * g1 (l‘)dl‘

R?’L
< o0,
where hy and ¢ are defined for all z € R™ by
|2 LB, (2)
h = = : .
1(2) 1+ |2[2)"—25 and g1(2) o[22

Since 8 < & — 2s, iy € L'(R") and since s < 1, g1 € L'(R™). Therefore hy * g1 € L' (R™).
2) If |z| < R and |y| < R, we apply the second assertion of the previous lemma

k k2
|||z — |y| | / / > 1oy —y)
dydxr < : dzd
e e o L W e o

= 52/ hy * g1(2)dz
< 00,
where hy and g1 are the functions defined by
- |2[25-2 1p(0,4)(2)
h = d = ; .
1(2) 1+ |22 and g1(2) 2| F2s—2

17
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We get n — 65 +2 > 0 and then h; € L'(R") provided that

n:3and8<%

(76)
orn>4and 0 <s<1.
Since s < 1, g; € L*(R™). Therefore hy * g1 € L'(R").
Thereby we get
212 — [y]%|’ .
——dydz < Cy < +00, (77)
/" /x—y<~/ |$ - y|n+2s(1 + |y|2)n 2

where () is a positive constant depending on s, k and n. Now, to finish the proof of [B2), it remains
to study the integral in (52)) over the set I'c := {z,y € R" such that |z| < Z,|y| < Z and |z —y| > 7}.
Let

k k2
lzl5 — 5]
X, = dydzx. 78
‘ /p L+ [y [z — g e (78)

We have

X. <2 / " +/ j2I* dydz (79)
T\ Ayl =yt o (1 Jyl2)nm2s|a -yl

We will treat both of the terms of the sum (79]). The first term will be treated as a convolution product
of the functions h. and g, where

1 21 (z) k
he(z) — M ‘x‘)'rLst?':U c Rn Since

ST ,2 € R™ and g is already defined by gp(z) = TP
k < n —4s (we take n and s as in (7)) , the function g, € L'(R"). h. € L'(R") and we have

e —2s

—z8 S —zS8 /7
lllsgeoy = 52 (= oy 2oee 40720 ) < T2 (50)

where ¢, is a positive constant corresponding to the measure of the unit sphere of R". So, their
convolution product is integrable and by (B0) we deduce

lyl* 1 8
dydz < ||gn * hel| 11 mm < el iy < G < 400, (81
/rs 05 ) o = g v = 19k * PellLrmny < gkl L1 @n)l|RellL1@ny < C2 < 400, (81)

where Cy is a positive constant depending on s, k and n.
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Now, we treat the second term of the sum in (79]).

jl*
/1—\ (1 + ’y‘?)n—ls‘x _ y‘n+28 1B(0,'\/)C (x - y)dydaz

2|
= 1poe (@ — y)dy )d
B /|m|<7_1 </Rn (1+ [y2)n=25|z — y[n+2s By (* —y)dy |dx
</ / |33|k 10 )c(x—y)dy dx (82)
B B(0,2)\B(0,2) B(0,1) (14 |y|2)n—2s|x — y|n+2s Y

jl*
' /B(o 2) </R T+ P2 — g2 00 =)y e

jzl* >
+ 1 c(z —y)dy |dx
/B(O,Z)\B(o,z) (/R"\B(O,l) (1 + [y2)n—25|z — y[nt2s BOD ( )

Let’s start by the first term in the sum (82]). Since for |y| < 1, W <land|z—y| > |z|—|y| >

|z| — 1. Then we write
/ (/ 21" 1 (x — y)dy) dx
B0,2)\B(0,2) \JB(0,1) (1 + [y[2)n =25z — y[n+2s " B0)
k
o )
BO,2)\B(0.2) \JB01) |7 —y["T>*
k 83
oo U ) -
BO,2)\B(0.2) \JB01) (|| —1)"*+

g tk-i—n—l
= ——dt
Cn/2 |t _ 1|n+2s

< 5E—k+2s’

where ¢ is a positive constant depending on s, k and n.
For the second term of the sum in (82]), since |x — y| > v then we have

o Jor < [, Leue
1 c(x—y)dy |de <¢ — 1 c(x —y)dydx
/3(072) </L (1+ [y2)n=25|z — y[n+2s B0 y)dy 1 502 Jun 0t g2 B(0,7) ( )

< ¢ :Ekdx/ -
1/B<o,z> 2o | TP
(s4)
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where ¢ is a positive constant depending on s,k and n. The right hand side of (84]) is bounded by a
constant ¢; (depending on s,k and n) for

n:3and8<%

(85)
orn>4and 0<s< 1.
For the third and last term of (82]), we have
/ / 3 ’_a;‘k T35 1B(0,)c (@ — y)dydx
B(O,2)\B(0,2) JRe\B(0,1) (1 + [y[?)" 25 |x — y|n+2s
= / (/ ‘x’k 1 (x — y)dy) dx (86)
BO,2)\B(0:2) \JB02)\B0,1) (1 + [y[?)" 72|z — y|"+2s B0)

¥ >
+ 1 (x —y)dy |dx
/B(O,Z)\B(OQ) </B(o,2)c (1 + [yP)r—25]z — y[n+2s " PO (@~ v)dy

To estimate the first term of the sum on the right hand side in (86]), we use the fact that if  and y
are such that |z —y| >~y and 1 < |y| < 2 we have

[z Jr—yl+ ]yl 247

<141 <

< 87
ool = el TSy (57
1
Consequently by (87]) and W <1 we get
|x|k 2+ i s k—n—2s
<
Ay =\ ) W =
Then we get
/ / J2I* 1 (z — y)dydz
B(0,2)\B(0,2) / B(0,2)\B(0,1) (1 + [y[?)=2s|z — y[rt2s BOm
< ~é/ / ‘x’k—n—%dydx
B(0,")\B(0,2) J B(0,2)\B(0,1) (89)
< dg/ |$|k—n—2sd$
B(0,2)\B(0,2)
< 02€—k+28

where Cs, C~'§ and C’E’ are positive constants depending on s,k and n.
For the second term of the sum in (86) and similarly to (&1]), since s > 0 and k < n —4s (n and s are
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taken as in ([B1)), we have

|[*
— 1 c(x —y)dydx
/B(o,g)\B(o,2) /3(0,2)c (1 + [y2)r=2s]z — y[n+2s 5O ( )

|z|* 1B (T —y)
< ’ dydzx
/B(o,g)\B(o,2) /R" (1 + [x[?)n=2s |2 — y[rt2s

= || fe * }NLHLl(R”)

< el l 2 ey 1Al 1 ey

< C37

[[* 50,2\ Bo2) () - 1B(0.4)¢ (%)
) o _ \B(O, _ 1Boye()
where Vz € , Je(@) (1+ |z2)n—2s () || t2s

depending on s, k and n.
Thus, (Ba) gives

and ('3 is a positive constant

/ / |[*
B(0,2)\B(0,2) JR"\B(0,1) (1 + |y|2)n 28|z — y|n+2s

Therefore, by (83]), [84) together with ([@II), (82) becomes

1p(0,y)e(z — y)dydx < Che k42 4 Oy, (91)

ki s —k+2s | = —k+2
/F AT — g% 1p(0y)e (& — y)dyder < ee™"F25 4 & + Coe™ % + Cs. (92)

Then, using ([@2)) and (&) in the inequality (79) we get
k k2
X = [ ol
5 ) (1 + |y|2)n—2s|$ _ y|n+2s

dydz

< 2(Cy + e FH25 4 &) + Coe 125 4 (O3)
S ég€_k+2s,

with Cj is a positive constant depending on s,k and n.
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Thus, by (77) and (@3]

/ / [EERE dyde
lz|<2 J|y|<2 (1 + |y[?)"—28|z — y|nt2s
el it o
i<z Jyiez T+ PP 2w — [+ By (@ — y)dydx
/ / Hxh — P ‘ 1B(0,y)e (* — y)dydz
aj< Jpyj<n (14 [y[2)n=2s]a — y|nt2s 207 (94)
212 — lyl2|”
x|z —|y|2
< dydx
/” /|m—y|<'y (1 + |y|2)n—2s|$ - y|n+2s

k2
+/ |2z — |yl dyde
r. (L4 [yl?)2sle —y|+

S C~10 + 63€_k+28,

thus, by taking C’ = Cy and C" = Cs, [52) yields.
By ([B0), (5I) and (B2)), we finally conclude the following assertion:
For all n and s as described in ([B87) and for 2 < k < n — 4s, with taking £ small enough we obtain

_ 2
e = [, e
|| <n lyl<n |z -yl

< 2eM[C 4 (O + Cek 2]

} (95)
< 2[(C + CNel 4 07?9
— Gy 20"
< 0625,
where C is a positive constant depending on s, k and n. O
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We move, now, to the fourth term in the right hand side of ({@3]). Using the assertion ([@2]), we have

|u€ s($) — Ug s(y)|2
p(x) —p : . dxdy
/B(o,n)c /B(o,n)c( (=) = po) |z — y|nT2s

oo [ - (f e SRS 'j,;ﬁi'Q}dw) dy

= Cs"—28[ /B o < /B (Om)c(p(fv) —m)—,lf(f’ly"ﬁ;f’z) dw) dy

+f - ( / o —PO)—le;Oi);(‘:J;sy)dJJ) dy} (96)
< Cs"—28[ / ) ( /B (Om)c(p(w) —po)m%d:v) dy

1,1 (T —y) > }
+/ </ p(x) — pg) ———————dx |dy
" B(O,n)c( ) |z — y|nt2s

= C’s"‘zs/R fig * f2(y)dy + Ce" 2 . Jie* f3(y)dy,

where for all z € R”,

1 1 c
FLa(2) = () = o) Lpoye (2)s Fal2) = ﬁﬂ% and fo(2) im j“%” (o7)

Using () we have f;; € L*(R™). Since 0 < s < 1, the functions fo and f3 are integrable in R™ | then
fik* fo and fip * f3 are integrable in R™.
Therefore

e, s(z) — ue s(y) > .
plx) —p ’ y d:l?dy _ O c ‘ 0
/Bw,n)c /B(o,n)c( (@) = 20) |z — y|nt2s ( ) (98)
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We move, now, to study the integral over the set E. By using the assertion (4I), we have

2
/| |k|u€sx U€S( ) dady

y‘n+2s

a2
< Cen% / e 2=l gy
2€BOn)yeBOn© la—yl<d [T =Yl
1
S CETL—QST]]C/ P df]}'dy (99)
2€BO0.n) yeBOM)® |o—yl<3 |2 = Y]
1
< C’e"_2577k/ d:z:/ —————=d¢
al<n  Jigi<g (€122
- o),
as € tends to zero. In both these estimates, we use that s €]0, 1[.
Now, in ({H]), it remains to estimate the integral on D, that is,
2
Ue s(1) — 1
‘x’k’ E,S( ) a,s(y)‘ dmdy. (100)
D x —y|rt

For this, we use the same computation as done for (14,27) in [7]. Let us recall that: u. s(z) = U. s(z),
for any x € B(0,7).
We note that for any (x,y) € D,

|ue,s(T) — UE,s(y)|2 = |Ues(w) — u€7s(y)|2

= |(Ue,s(x) = Ue,s(y)) + (Ue s(y) — u&s(y))’z

(101)

< [(Ues(x) — Ua,s(y))P +|Ue,s(y) — u578(y)\2

+2[(Ue,s(x) = Us,s(Y)||Ue,s(y) — ue,s(v)l,

* Ue () — 1 2
/]])|:E|k| s,sflj)_mni;gy” dzdy
(102)
Ug,s 2
/ . |k'U” y|n+2§ O ey

+2/ |$|k |U€,S(33) - UE,s(y)HUs,s(y) — Ueg, s(y )|d:17dy
D

|z —y["+e
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Hence, to estimate (I00]), we bound the three terms on the right hand side of (I02]). By exploiting
Q) (here used with p = 1), we obtain

2 2
D

|n+2s |$ _ y|n+2s

2
D |2

_ y‘n+2s

k
< Cem 25/ #dxdy
2€BOm) yeBO) Jo—yl>3 [T = y["T* (103)
k_n—2s 1
< Cne wdwdy
2€BOm) yeBOn)© [o—y/>3 [T = Yl
< anen—% / dC/ ;df
B cl<n  Jiel>a €7
- 0 )
as € tends to zero.
We estimate now the last term on the right-hand side of ([I02]).
\m]k Ue,s(@) = Ue,s()||Ue,s (y) — ua’s(y)’da:d
D v =yt !
(104)
k[ Ue,s (@) Ue,s(y) — ue,s(y)| k[ Ue,s(U)[|Ue,s (y) — ue,s(y)]
< / || s dedy + [ || s dxdy.
D |z —y| D |z -yl
We increase the two terms of the sum separately each one
5 |Ue,s (Y ||U€s( ) — e s(y)] / k |U€s(y)|2
: dedy <2 —"dxd
/ |z — oyt ray = D|x| z — y[nt2s ray
< Cem 25/ ‘x’k
B 2e B0 yeBOM [o—y|>3 [T = y["*
n—2s,.k 1
2€BO0.n) yEBOM® |o—y/>2 [T = Y]
- 0" )
(105)

as ¢ tends to zero, and we have by recalling (I4]) and (@0) and as in (14.30) of [7]
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[ ot W) ey, [ ol 4 s 1

y‘n+2s ’x _ y’n+2s
k!Uas MUes @)l (106)
< 2/ ‘ ’ ‘n+2s
_O n— 25)’
thus, by (I05]) and (I06]) together with (I04]) we get
U s - U S U s - s —

Therefore, using (I03]) and (I07) together with (I02) we get

Uu, s Ue. s - n—2s
/| |’f| = — y|n€+25 d:z:dy</| |’f| y|n+2s( P drdy + O(e"2%) (108)

So by Proposition2.5] ([@8]), [@9) and (I08]) we have

|ue,s () — ue S(y)‘2 2s / }|Uss(2) — Ue sy )‘ n—2s
J— 2 ) < 5
/n/n(p(”“’) Po) e dedy < RO+ 26 | (ol P dady £ O("T).
(109)

Therefore, by this and (B8], for n and s as in B7) (here we have already taken into account the
conditions in (7@ and ([B8])) and for 2 < k < n — 4s we write

ruas — e (9)]? ) . / e lUea() = Uea(y) 2
drdy < poK, § n—2s 2 d dxd
/ ) / ) Wzs rdy < pok + RO + O 4 25 [ ot e y.
(110)

Now, we prove that the last term in the sum on the right hand-side of the previous inequality is

O(€k+25) _1_(9(677/—28)‘
Note that for (z,y) € D we have x € B(0,n) and y € B(0,7n)¢

Weale) = Vet [ el )
drdy < T 150 mye(x — y)dzdy
/ | | |n+2s B(0,n) | | B(0,)° _ y|n+2s B(ng) ( )

: Ues ()2
- /B<0 )" /Bw e To = g 1B (@~ y)dody

O [ et [ 0Py~ g)dady.
B(0,m) B(0,n)°

(111)
For the second term on the right hand-side of the previous inequality, by (I3)) and the dominated
convergence theorem as € tends to zero,

forn24and0<s<1orn:3and0<s<Z (112)
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we have

[t [ Pl ndedy < [ s [ )Py
B(0,1) B(0,n)¢ B(0,1) B(0,n)°

<o / 1Us () Py
B(0,n)¢

:en—2s/ dy
yi>n (€2 + |z[?)n 2 (113)

dy
_ n—2s
=G [/mzn PRGNS

— Csn—2s + O(En—2s)
= O(e"72%),
So, it remains to prove that

U, s\ 2 s
Lo o b g sy = 042 o
i )¢

In fact, let gy x - and h be two functions such that, for all z € R", gy x .(z) := |2|¥|U. 5(z)|? and for all

1 c(z
z € R", h(z) := BI(Z—O|’,?+)2¥. Since s > 0, h € LY(R") .

Let x € R",
lgrpellzi@n = /R 2 ]¥|Us o () P

:5"_25/ —’x‘k dz
e (&2 F 2P
k
_ —n+2 2]
= £ n S/ 7‘x‘2 n_2sdx
n 1+

:€k+25/ —‘Z’k dz.
re (L [2]2)"72

k
Since k < n — 4s (for n and s as in ([B7)), the integral /]R” %

(115)

dz is finite. Therefore,
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g1 kell1 = O(F*2%) and we have

k Ue s(2)]? / (/ k o 10,1 (€ —y) >
T —— LN p el —y)dedy < z|¥|U; o(2) ]| —2———dz |d
/B ol /B o T mtse e ey < [ ([ e ay

= [|g1,k,e * hHLl(R”)

< |lgkellLr @1l we)

— O(€k+25),
(116)
then, (II4) yields.
Thus, by (II3) and ([II4]) together with (II1l), for n and s as described in (B7]) (where conditions on
n and s (I12) are satisfied) and for 2 < k < n — 4s,

k’UES B ( )‘2 n—2s k+2s
| | |n+28 dzdy < O(e )+ O(e ). (117)

Finally, thanks to (EI:IIII) and (I]Iﬂ), for n and s as described in [B7) and for 2 < k < n — 4s we get
the assertion (30l):

2
/ / |Uesa ) Us,s,a( )| dxdy§p0K5+/fC’623+0(6”_2s)+0(6k+23),

y|n+2s
which completes the proof of Theorem2.4l O
Remark 2.7. Note that if we take ve s q = ||qu > ‘|’| inequality ([BG) becomes
|U€,S,a — Ve saly )|2 2s n—2s k+2s
s dxdy < poSs + kCe™ + O(e" %) + O(e"T%). (118)

We conclude the proof of Theorem Thanks to Theorem 24, ([I7) and (I6) we write the
inequality satisfied by the energy

Ss,)\(p) S E)\ (Ua,s,a)

:E)\< Ue s,a )
||u€,s7a||qs

< poSs + KCe2 — NE22e25 | O(en=25) 4 O(h+29) (119)
K

= poSs + €2S< - )\Kzf + kC + O(e"4) + O(ek)>.
K

We deduce that if n = 3 and s €]0,4] or n =4 and s €]0, ] or n =5 and s €]0, 2] or if n > 6 and
€]0, 1] and for k € [2,n—4s|, there exists a constant C' = C(n, s, k) > 0 such that for every x €]0, CA]
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we have Sg z(p) < E)(tes,0) < pols. In all the cases above Sy \(p) is achieved for 0 < A < A1 s and
for every k €]0, CA[ thus the Theorem [[2] follows at once.

We end this section by stating the following remark which ensure the existence of non negative solution
for our minimization problem:

Remark 2.8. As a consequence of Remark[2.3 and the proof of Theorem [1.2 we obtain actually that
Ss.a(p) possesses a positive solution.

In the next section we will deal with a non minimization problem.

3 Existence of non-ground state solutions

It’s obvious to see that equation (2]) is the Euler-Lagrange equation of the functional ®, ; : Hj(Q2) — R
defined as

1 u(z) — u(y) q / g
D, s(u) = 2/Rnxwp(x) o — g dxdy /]u )|4dx |u(x)|? dx. (120)

Notice that the functional ®, s does not satisfy the Palais-Smale condition globally and this is due
to the lack of compactness of the embedding H(£2) into L% (€2). As a consequence, an estimate of
the critical level of @, ; is necessary and as we will see in what follows, we cannot apply the classical
mountain pass Theorem, that’s why we will apply a variant of the mountain pass Theorem without
the Palais-Smale condition, as given in ([10],Theorem 2.2).

Thanks to the fact that the embedding H(€2) into L"(2) is compact for € [1, ¢5[ and it is continuous
for r = g, with 2 a domain with continuous boundary, the energy functional ®, ; is well defined.
Moreover, ®,, s is Fréchet differentiable in v € H{(€2), and, for any ¢ € H§(Q2) and ¢ € [2, ¢5],

S S CC RO R

|z — y[rt2e

A /Q ()| p () e — /Q () |9+~ ()

Notice that critical points of ®, s are solutions to problem (2)). In order to find these critical points,
we proceed as follows; first we start proving that ®, , has a suitable geometric sturcture as stated in
conditions (2.9) and (2.10) of (JI0],Theorem 2.2).

(121)

Proposition 3.1. There exist A\og > 0, p > 0 and 8 > 0 such that, for all X €]0, \o[ v € H(Q2) with
[ullms @) = p, we have @p s(u) > B.

Proof : Let u € H(€2) such that [u[lgsq) < 1. Thanks to the continuous Sobolev embeddings H(£2)
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into L"(€2), where 1 <r < g5, we have

1 [u(z) — u(y) s
Dy s(u) =3 /Rann p(r) ———5— PR dmdy \u )idx — — ]u )|9s dx
> Lpollullfs ) — 2og  ull —is‘%uuu% (122)
= 2Pol¥liEg @) g% " 1Ml () ~ 4.7s H3 ()

_a _4s
> <%p0 o, ) g — 255 % ull, -

where oy is the best Sobolev constant of the embedding H{(€2) into L7(£2).
q
Let Ao := %qpoaj. Hence, it easily follows that for A €]0, Ag[,

Dy o() > il o) (1 ol ), (123)

for suitable positive constants & and ds. Now let u € [Jullpsq) be such that [lul[gs) = p > 0.
Since ¢s > 2, we choose p sufficiently small in order to get 1 — @p%~2 > 0 and by defining 3 :=
a1p?(1 — agp?~2) > 0, we obtain @, s(u) > # > 0 which finishes the proof of Proposition B.11 O

Proposition 3.2. Let A €]0, X\o[. There exists e € H§(€2) such that e > 0 a.e in R", |[e|lgs@) > ps
and @, s(e) < B, where p and \g are given in Proposition [31

Proof : Let u be a fixed function in H(€), such that [ju/[gs@) =1 and u > 0 a.e in R"; we remark
that this choice is possible. In fact, we replace any u € H(€2) by its positive part since, if u € H§(€2),
ut € H§(Q2) where ut(z) := maz{u(z),0}.

Let ¢ > 0, since p is bounded, there exists a positive constant M such that for all z € R", p(x) < M,
and we have

2 B 2
<I>P,s(<u) = %/Rann p(@%dwdgj

—gcq /Q \u(a:)rqda:—% /Q ()9 d

M||uuHs ——<q / fu( |qd:c—— / () e

_ MC2 _é q q _g qs
T /Q uw)tda - & /Q ()2 d.

Since %Cq/ |u(z)|?dx > 0 and 1 < 2 < g5, by passing to the limit ( — +oo and for u fixed, we get
Q

(124)

P, s(Cu) = —o0,

so we take e = (u, with ¢ large enough so that we get ®, ;(Cu) < 0 and the assertion yields since
5> 0. O
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Proposition 3.3. Let n > 3 and s €]0,1[. Let

c:= inf sup P, 125
PEP veP([0,1)) () (125)

where
P :={P e C(0,1;H;(2)) : P(0) =0, P(1) =e}, (126)

with e given in Proposition [32. Then B < ¢ < > (poSs )25, where 3 given in Proposition [31l

Proof : Let p as given in Proposition B.Il For all P € P, the function ¢ — [|P(t)|gs(q) is continuous
in [0, 1], [[P(0)[lmg @) < p and [|[P(1)[lus@) = llellug@) > p, therefore, there exists a real ¢ €]0, 1] such
that | P(¢)|| = p. Then, by Proposition3.Jl and taking P(t) as a function test

L2 > ®, (Pt inf &, > 127
UEII?(?&%D p.s(V) ps(P(t)) = veﬁ%(ﬂ) ps(V) = B (127)
l[olles (@)=

Finally, we obtain ¢ > .

U
Now Let us prove that ¢ < 2(poSs )2s and let ve g4 1= — %% where Ug s.q is defined in (I4]).
Hua,s,aHLQS (R™)
|Uesa ) 'Uesa( )|2 .
Let us consider X, := dydz, then we write for ¢t > 0
n n y|n+2s
1 ~ tQS tq 1 _ tqs
<I>p7s(tv€7s,a) = §t2X€ — Z — E)\/;Z |'U5,s7a|qdflf S §t2X€ — % s
therefore lim @, ¢(tvesq) = —o0 and sup @, (tve s4) is achieved at some t. > 0. If t. = 0, then
t%—i—m k) 1< tZO b 1<
)
sup @, s(tve s,o) = 0 and there is nothing to prove. So we assume that ¢, > 0. Since 8p’8 (tevesa) =0,
>0
we have
XL — 0ty / oo (2)|"dz = 0, (128)
Q
and so )
te < X272, (129)
We set
Y, = Sgg (I)p,s(tva,s,a) = (I)p,s(tavﬁysva)’ (130)
t>
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1 .-~
The function t — (§t2X8 —

t4s o1
—) is increasing on the interval [0, X* 7], we have, by (29,

s

le

_!

~ s A
Vo = 5% == =20 | funula)ide

We claim that

as € — 0.
In fact, by ([I28)) we have

Lemma 3.4. For any n >

with Ko s is a positive constant, K, s = /
Rn (

o2 X272\
S e IRt
1on X2 )
L ) NI
qs Q

_1
tE — (pOSS) as—2 )

X2 2 / (0 (@) |7d = 0.
Q

4s,s €)0,1[,q € [2, qs[ we have

_4(n=2s) q(n—2s)
||u€,37a||iq(Rn) = Kq,sen 2 + O 2 )

dy
q(n—2s) *

1+ [y)?)

Note that forn =3,s < 2,q € [2,q,[ ([34) holds true.

Proof : Let 0 < s <1 and q € [2,¢5] and V¥ as in (4]

/ e s o(2)|?de =
R?’L

g(n—2s)

/n <m> T‘I’q(x)dx

q(n—2s) Ui(z)—1 €
° oz 40+ RN p—p
R (24 |z —af?)” 2 "

g(n—2s) g(n—2s)

g(n—2s)
2

dx

(131)

(132)

(133)

(134)

Ui (x) —1 Ui (x) —1
We have / (z) dr = / () dx is bounded since n > 4s,
B ( Blam© (

e2 + |z — al?
q > 2 and

) 2

24|z —al?)”

/R"\B(aﬂ?) (

Vi(r) -1 Ui +1
Ol < | Wl 1, o
s R"\B(a,n) |$ - a|q

g2+ |z —al?) 2
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We conclude then for n > 4s, ¢ > 2

(n—2s)
/ e g.(2)|9dz = ™5 O(1) +/ I N
n ©8a a n 52 + ’I‘ — CL’2 ’
q(n;2s)
€
Now, let us study the integral / _— dx. Proceeding to the changement of
n \ &2+ |z —al?
variables ey = x — a, we obtain
Q(n;23) d
€ (n—2s)
/ < 2 2) df]f - En_q 2 / y g(n—2s) ?
n \ €2+ |z —al R (14 [y[2) "7
: dy
if n > 4s and ¢ > 2 then 2. converges, thus
R (14 Jyf) ™7
q(n;2s)
€ q(n—2s)
_ dr =e""" 2 K,
/n <€2+]az—a!2> o
d
where K, s = / L4 2.y - Lherefore, equation (I34)) follows. O

w (11 [yP)™
Since ¢ < g5 using (7)), (I34) and ([I33) we get
X, — &2 4 o(ti™%) = 0.

which implies the claim (I32).
Using Theorem 2.4] together with (I34]) and (I32]) we have

Ye

Slw

- A
E / (Ve 0.0(2)| 0z
q QO

< Z(poSy)F + Cre + 0" 2) + O(H ™)

q(n—2s)

—Ce™ 72 +0(e

g(n—2s)
2

) (135)

n _ a(n—2s) g A(n—2s) _ a(n—2s)
< —(poSs)2zs — Coe™™ 2 <1+C4528 T +(’)(€ 2+ 7 )

Slw

+O(€—n+w+k+23) + O(€_n+q("_25))>

where Cy > 0. Therefore, since n > 4s and ¢ € [2, gs[ we obtain for € > 0 sufficiently small

s n n
Y. < —pg°Ss® (136)
n
3 3
When n = 3, using the computation in [[35] and [[34] it results that for Y. < $pg*S¢° for s €]0, %[
hence the proof is complete. O
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3.1 Proof of Theorem

Proposition B] and give that the geometry of the variant of the mountain pass Theorem given
in ([10], Theorem 2.2) is fulfilled by ®, ;. Furthermore, we easily have ®, 4(0) = 0 < 3, with 5 given
in Proposition B1] and by Proposition B3] we deduce that all hypotheses of ([10], Theorem 2.2) are
satisfied, then, there is a sequence (u;);en in H{(€2) such that

Pp,s(uy) = ¢ (137)
and

sup{| <@ (u5) 0> |+ o € HQ), lpllinycoy = 1} S0 (138)

as j tends to 4o0.
In order to finish the proof of Theorem [[L3] we proceed as in [10] and ([7], chapter 14) and we need to
establish the following result

Lemma 3.5. The sequence (u;)jen is bounded in HE(2).

Proof : For any j € N, by (I37) and (I38)), it easily follows that there exists k > 0 such that

’(I)p@(uj)‘ <k (139)
and ws
| < q’;, (uy) ||U||IEJ}I > | <k (140)
,7 S
By ([I39) and ([I40]), we have
1
Dy s (uj) — 5 < D, o(uj),u; >< k(1 + |lujllms o) (141)

Moreover, we have

(I)p@(uj) - % < @;78(uj),uj > = (_q% )HU’JHL% () + )‘(_% + %)”uj”qu(Q)

(142)
= &y ll% ) + A2+ Dl
then, by this and (I41]), we get that, for any j € N,
i 1 T () < Box (X4 [l g ) (143)
for a convenient positive constant k.
Therefore, as a consequence of ([I39]) and since ¢ < g5 we have
k> ¢p,s(uj) > %pOHUjHI%Ig(Q) - %H%’H%q(g) || JHqu(Q
(144)
a
> %p(]HujH]%I(S)(Q) = C(1+ [Jujllmg @)= — O+ [ujllms @)
where C' is a positive constant. Then combining this with ([43]), we get that, for any j € N,
9
15 0y < B (L Il llas ) + (14 gl )= | (145)
where k is a convenient positive constant. Since ¢ < gs, (uj)jen is bounded in H(€2). O
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Lemma 3.6. Problem (2) admits a non trivial solution u € H(€2).

Proof : Since the sequence (u;);cy is bounded, and recalling that the fractional Sobolev space H§(2)
is a reflexive space, extract a subsequence, still denoted by u;, so that

uj — u weakly in Hg(€),

uj — u weakly in L% (Q),

uj — u strongly in L4(2) for any ¢ € [1, ¢/,
uj — u a.e. on €.

By taking into account the scalar product defined in (28]), for any ¢ € H§({2) we have

[ o)l = 06l) =0 g, _ [0 0) =) =t
R27 R2n

‘.’L’ _ y’n+2s ’x _ y’n+2s

dzdy + o(1),

as j tends to +00. We have also |u;|%2u; — |u|%~2u weakly in Ltlsq%l(Q) as j tends to +oo, and
|ui |7 2u; — |ul?u strongly in Lﬁ(Q) as j tends to +oo.
Moreover, for any ¢ € H(€2), we have

<)o = [ ol ) o)y

(146)
. /Q ot () 72 () o)l — /Q i ()% 20 o)t

By ([I38), < @;75(11]-), @ > tends to zero as j tends to +o0o. Thus, passing to the limit as j tends to
+o00 in (I46]), u satisfies

(u(z) — u(y))(p(z) — ¢(y))
/]R"XR" p@) ‘.’L’ _ y‘n+28 dxdy

(147)
— 2 (x)o(z)dx — w(z) | 2u(x)o(x)de =
)\/Q]u(x)\ ( )‘P( )d /Q‘ ( )’ ( )‘P( )d 0,

for any ¢ € H{(€); that is, u is a solution of problem [2, and the second point follows.
Now let us prove that the solution w is not zero. Let us suppose by contradiction that v = 0 in 2.
Since u € Hj(Q2) v =0in R™ . We know that (u;);en is bounded in H§(2), and

Juj () — u;(y)|?
R” xR |z — vy

A [ fu@)itds = [ ).

Since (I38) holds true for any ¢ € H§(Q2), < @}, ((u;),u; > tends to zero as j tends to +oo. We have

(148)

also / |uj(x)|?dx — 0 as j tends to +oo. Thus, we write
Q

() — ()12
/ p(z) () :i(i” dxdy —/ |uj(x)|dx — 0, as j — 4o00. (149)
R7xRn™ |$ — y| 0]
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We know that the sequence (||v;|[s(q))jen is bounded in R.
2
w;(x) — u;
Hence, the sequence < / p(z) ;) ni_(i”
RnxR" |z —y|
is bounded. Extract a subsequence, we assume that

dmdy) is also bounded in R since the weight p
JEN

2
uj(z) —ui(y
/Rann p(x)| ]|(x )_ y|ni(2s)| dxdy — 1, (150)

as j tends to +oo, and by (I49]) we easily deduce that

[ @i 1, (151)
Q
as j tends to 4o0.
Moreover, by (I37), we have
1 Juj () — u;(y)|? A/ 1
2 plz dedy — = | |uj(x)|'de — — | |uj(z)|®dz — ¢, 152
YR e R A TE (152)

as j tends to +o00. Since / |uj(x)|?dx — 0 as j tends to +oo, using (I50) and ([I51l), we deduce that
Q

1 1 S
p— _— — = — 1
=y = (153)

Using Proposition c> >0, it is obvious that [ > 0. Furthermore, by definition of S, we have

2

wi(x) —ui(y

[ o ey > Sl (154)
nX n

Passing to the limit as j tends to 400 and combining with (I50) and ([I5]]), we get

2
I > poSsles, (155)
and taking into account ([I53]), we have
¢ ~psE, (156)
n

a contradiction to the fact that ¢ < %p? S2¢. Thus u is not trivial and the proof of Theorem is

complete.
O

4 Data availability statement

The data that support the findings of this study are available from the corresponding author, RH,
upon reasonable request.
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