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Abstract

The contamination detection problem aims to determine whether a set of observations has
been contaminated, i.e. whether it contains points drawn from a distribution different from the
reference distribution. Here, we consider a supervised problem, where labeled samples drawn
from both the reference distribution and the contamination distribution are available at training
time. This problem is motivated by the detection of rare cells in flow cytometry. Compared
to novelty detection problems or two-sample testing, where only samples from the reference
distribution are available, the challenge lies in efficiently leveraging the observations from the
contamination detection to design more powerful tests.

In this article, we introduce a test for the supervised contamination detection problem. We
provide non-asymptotic guarantees on its Type I error, and characterize its detection rate. The
test relies on estimating reference and contamination densities using histograms, and its power
depends strongly on the choice of the corresponding partition. We present an algorithm for
judiciously choosing the partition that results in a powerful test. Simulations illustrate the
good empirical performances of our partition selection algorithm and the efficiency of our test.
Finally, we showcase our method and apply it to a real flow cytometry dataset.

Keywords— Test, contamination detection, mixture model, flow cytometry.

1 Introduction

1.1 Motivation

Anomaly detection is an important research topic in data analysis, aiming to identify rare ele-
ments in a dataset that deviate significantly from the majority of observations. Its applications are
widespread, ranging from cybersecurity to social media content moderation and fraud detection,
making it a thoroughly investigated field. The primary goal of anomaly detection is typically to
identify unusual elements within a dataset. However, in specific scenarios, the objective shifts to
testing for the presence of anomalies in the entire dataset, a problem called contamination detection.
In this paper, we focus on the problem of supervised contamination detection, which seeks to assess
whether a sample has been contaminated by data points stemming from a distinct distribution,
based on samples from the non-contaminated distribution and the contamination distribution. Our
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study is motivated, among other problems, by the challenge of detecting rare populations in flow
cytometry.

Flow cytometry Flow cytometry is a widely used technology employed to identify and quantify
specific cell populations within a sample of cells. This method enables the simultaneous quantifi-
cation of multiple surface and intracellular markers at the individual cell level. To achieve this,
cells are labeled with antibodies coupled to fluorescent molecules, which bind specifically to par-
ticular receptors or intracellular markers. These cells then pass one-by-one in front of an optical
device that measures the emission spectrum of the markers attached to the cell, thereby revealing
the presence of the target receptor. Modern flow cytometers can detect up to 15 or 20 parameters
(i.e., markers) routinely, with throughput rates exceeding 10,000 cells per second. Flow cytometry
datasets commonly contain several million cells [LSW*19].

Data analysis for flow cytometry has traditionally been conducted through “manual gating",
involving successive visual inspections of two-dimensional scatterplots followed by selections of re-
gions in this two-dimensional space containing cells of interest. Typically, markers are selected
based on their ability to distinguish between different types of cells, allowing for meaningful cell
clustering when separating cells according to their values. However, this time-consuming method
has significant limitations, including its lack of scalability and the subjectivity in selecting dimen-
sions and regions of interest, leading to a lack of reproducibility. Consequently, substantial efforts
have been devoted to the development of automated analysis methods. These approaches include
unsupervised clustering algorithms as well as supervised techniques trained on manually annotated
samples. The primary goal of the latter type of algorithms is not only to identify the cell clusters
but also to automatically annotate these clusters.

One problem faced in flow cytometry data analysis is the significant heterogeneity in the number
of cells within each population, and the importance of small sub-populations in biological contexts.
Notably, a major challenge in clinical applications is the detection of rare pathogenic objects in
patient blood. These objects may include circulating tumor cells, which are very rare during the
early stages of cancer development |[TPB*19], or various microorganisms and parasites present in
the blood during acute blood infections [VKV120]. These examples emphasize the importance
of detecting small cell populations. Unlike many anomaly detection scenarios where information
about contaminations is unavailable, in this specific problem, manually labeled samples containing
instances of these small populations are accessible and can be leveraged for training our algorithm.
In this article, we therefore explore the problem of contamination detection using observations from
both uncontaminated and contaminating samples, motivated by the challenges related to small cell
populations identification in flow cytometry data.

1.2 Related works

Contamination detection is closely related to anomaly detection, which focuses on identifying in-
stances that originate from a different distribution or class than the majority. The settings for
anomaly detection vary based on the observations available to the statistician. In completely un-
supervised anomaly detection, the statistician only has access to unlabeled data. Anomalies, also
referred to as outliers, are commonly defined as “observations which deviate so significantly from
other observations as to raise suspicions that they were generated by a different mechanism" [End87|.
In semi-supervised anomaly detection, also referred to as novelty detection, it is assumed that
the statistician has access to a “pure" sample of observations drawn from the non-contaminated
density f°, and to a test sample that is a mixture of f° and of an arbitrary distribution f!
[EYN06, VV06, BLS10, VPACLG™'21]. Finally, in supervised anomaly detection, samples from



both fO and f! are available at training time. Consequently, the problem reduces to a two-class
classification scenario, which can be addressed using classical classification algorithms [Aggl7]. We
emphasize that all these problems ultimately aim to identify anomalous observations, i.e., observa-
tions drawn from a distribution different from f°, and classify them as such. In contrast, in the
present paper, we focus on testing the presence of corruptions or anomalies in the test sample, i.e.
on testing whether the distribution f! has a positive proportion in the mixture model defining the
density of the test sample.

Contamination detection from labeled samples is closely related to the problems of label shift
estimation and of quantification. Label shift estimation [GWBL20| addresses the task of estimating
the target label distribution in a classification task under label shift. On the other hand, quantifi-
cation [GCnCC17| focuses on estimating the class distribution for unlabeled test sets using models
trained on a dataset with a different class distribution. In both problems, the test distribution
can be viewed as a mixture of distributions corresponding to different labels, which can be learned
from a training sample. Methods to solve these problems can typically be categorized into two
types. The first type includes variants of the classify-and-count approach [For08, LWS18, AKS20],
which relies on fitting a classifier to the training samples and approximating the distributions of the
classes in the test sample based on the distribution of predictions. Another approach considers the
test distribution as a mixture model of distributions that can be learned from the training sample
[INS14, GCARA13, DBCA23|. The task of label shift quantification then involves estimating the
weights of the components in the source dataset. Our approach is similar to the latter approach. It
is important to note that these problems are typically concerned with obtaining guarantees on the
aggregated error for reconstructing the weights of the mixture model, whereas our objective is to
test if the weight of a given component is zero.

The contamination model examined in this paper is closely associated with the admixture model,
which finds applications in false discovery problems, genetics, and astronomy, and has been exten-
sively investigated (see, for example, [BV10, CJ10, CR10, NM14]). In this model, the distribution
of the non-contaminated density is assumed to be known, while the weight of the mixture and the
distribution of the contaminations are unknown. Previous works have mainly focused on estimating
these weights and on testing the equality of contamination distributions across different samples
[MPSV24].

Finally, it is worth noting that without observations drawn from the contamination distribution
f1, the problem of contamination detection reduces to that of two-sample testing. As highlighted
in [BLS10], the optimal approach in this scenario is to test if the testing and training samples have
the same distribution. In contrast, this paper takes advantage of additional information to develop
an adaptive test with high power against contaminations drawn from a distribution from which we
observe samples.

1.3 Preliminary considerations

Supervised contamination detection problem We consider the following contamination de-
tection problem : given a non-contaminated distribution f° and a contamination distribution f!,
we want to determine whether a test sample X = (Xi,...,X,) of size n is drawn from f° or if
contains a positive fraction of points drawn from f!. More precisely, denoting by f the distribution
of the test sample, we want to test the hypothesis

Hy : f=fo.
against the alternative

Hy : f=(1-0)x fo+6x f for some 6 € (0,1].



In the supervised setting, we have access to a pure sample denoted X° = (X ? yenn ,Xgo) of n? points
drawn independently from fY. Additionally, we observe a sample of n! labeled anomalies drawn
independently and identically from f!, denoted as X! = (X{,... 7Xi1)' In the following, we assume
that the densities f© and f! have support bounded in [0,1]%. !

Detection rates in case of known distributions To gain insight into the complexity of the
detection problem, let us first consider the simpler scenario where densities fO and f! are known.
Arguably, the most straightforward case for testing Hy against H; arises when both f° and f! are
positive on [0, 1]d. In this situation, classical results from asymptotic statistics can be applied to
develop a test asymptotically of level «, and to establish its detection rate, as demonstrated in the
following lemma.

Lemma 1. Assuming that fO and f' are positive on [0,1]%, define

oo () o e s (R )

1<n

and let @1 be the quantile function of the normal distribution. Then, for all a € (0,1), the test
rejecting Ho if

Vo2d(1—a)™?
>
B vn
is asymptotically of level oo. Moreover, it has asymptotically power 5 > « against alternatives
g — 2 1(1=a)=01(1-p)

Vng?

Under the assumptions of Lemma 1, the rates for testing Hy against H; are parametric: the
test has constant power against alternative containing a proportion of order 1/ V'no? of points from
f1. This result highlights the role played by the signal term o2, given by the L2(f") norm between
the density ratio f!/f° and the constant function equal to 1. In comparison, two-sample tests
typically have constant power against alternatives f that are located at a given distance from the
null hypothesis f°, where the specific definition of this distance depends on the choice of the test.
Consequently, we expect that additional information on f! will lead to improved detection rates if
the ratio f'/f° takes large values.

If the densities f* and f! have disjoint support, the signal o2 defined above is not defined, and
the results of Lemma 1 do not hold. However, the problem becomes easier, since observing points
in a region belonging to the support of f! but not of f° provides enough evidence to reject the null
hypothesis for any confidence level. More generally, if there exists a sequence of regions R,, with
sufficiently low probability under f°, and higher probability under f', the following lemma shows
that a well-tailored test can achieve fast detection rates.

Sn(X)

Lemma 2. Assume that there exists a sequence of measurable sets R, C [0, l]d such that, for some
constants A, B,y > 0, we have

A B
fO(x)de < = and fHz)dz > —.
R n R ny
Then, for all o € (can,1), the test rejecting Hy if > .., 1{X; € Ry} > 1 is of level o, where cap,
is a constant depending on n and A. Moreover, this test has power 8 against alternatives 6 = ;{3_’@,

where cpy is a constant depending on B and .

n practice, this assumption holds true in flow cytometry analysis, where the data is often pre-processed in a
standardized fashion.



Under the assumptions of Lemma 2, the test that rejects the null hypothesis if R,, contains at
least one observation can detect alternatives with proportions of points drawn from f' as small as
nY~!. When v < 1/2, meaning that the probability of the region R,, under f! is large enough, this
detection rate is faster than the parametric rate. One extreme scenario arises when the support
of f!is not contained within that of fY and there exists a fixed region R with constant, positive
probability under f! and null probability under f°. In this case, the test proposed in Lemma 2
detects the alternative H; for 6 of order 1/n, or equivalently with a finite number of points drawn
from f!. As 7 increases, we observe a smooth transition to the parametric regime: in this situation,
the probability of the regions R,, decreases under f!, leading to an increase in the detection rate
up to the parametric rate of 1/y/n. Finally, when v > 1/2, the test proposed in Lemma 2 exhibits
a detection rate slower than the parametric rate, suggesting that such regions have a negligible
contribution to the signal of the contamination detection problem.

1.4 Outline and contribution

Although limited to the simplified scenario where the densities are known, the preliminary results
established above shed light on the factors driving the complexity of the contamination detection
problem. In particular, they show that if the densities are positive, then the detection rate of the
alternative is of order 1/ Vo2n. On the other hand, if there are regions of sufficiently low weight
under f9 and sufficiently high weight under f!, faster detection rates can be achieved. When
compared to the two-sample testing problem, these results highlight the advantage gained from
the knowledge of both densities, enabling the development of effective tests tailored to the specific
problem. When these densities are unknown, the following question arises: can we design a test
that achieves fast detection rate under the assumptions of Lemma 2, and competitive parametric
rates otherwise, all without knowing the densities f° and f'?

To address this question, we develop a non-asymptotic, non-parametric test for the problem
of supervised contamination detection. More precisely, we construct an estimate S (X) of the test
statistic S,,(X) used in Lemma 2. To do so, we estimate the densities f© and f! using thresholded
histograms introduced in Section 2.1. We derive non-asymptotic bounds on the fluctuations of
S (X) under Hy, which allow us to design a non-asymptotic test of level a, presented in Section
2.2. We also provide a characterization of the detection rate based solely on quantities available
to the statistician. Our test is rather intuitive: thanks to its simplicity, its results of can be easy
interpreted by practitioners.

Our test critically depends on the choice of the partition of the sample space, which defines the
histograms for estimating f° and f!'. We provide an explicit characterization of this dependence,
and propose in Section 2.4 a heuristic for selecting a partition that corresponds to a significant signal,
leading to a faster detection rate. This heuristic is adapted from Classification and Regression Trees
(CART) and can be easily implemented using standard packages.

Simulations provided in Sections 3.1 and 3.2 illustrate respectively the efficiency of the parti-
tioning algorithm in identifying high-signal regions in the space, and the good performances of our
test. In Section 3.3, we conduct a thorough investigation of the empirical power of our test using
simulated datasets, comparing our algorithm with a bootstrap version of the test, as well as with a
benchmark test for two-sample testing. Our results highlight the computational and statistical effi-
ciency of our method. Finally, in Section 3.4 we apply our algorithm to analyze a publicly available
flow cytometry dataset from the Human Immune Phenotyping Consortium.

Proofs and additionnal experiments are postponed to the Appendix.



2 A non-asymptotic test for contamination detection

2.1 Estimation of the densities

Building upon our preliminary findings on the toy problem with known densities, we propose to
estimate the statistic S, (X) using the training samples X? and X'. This requires estimating the
densities f and f!, which we do using histograms.

Estimation by piecewise-constant functions Let us divide the space [0,1]? into K bins using
a partition P = (By), <. The unknown functions f%and f! can be approximated using piece-wise

. —1
constant functions f% and fp, defined as follows:

Trp@) =Y mi{ze By}  and  Fpla)= Y hil{z € By,
k<K k<K

Jp, fO(z)dz Jp, [H(@)dz
0 By, 1 _ ’Bg
where h; = ka o and h; = ka -

the number of bins K, involves a trade-off between the variance of estimates for the probabilities
hg and h}, and the discretization cost incurred while approximating the densities using piecewise
linear functions. This approximation indeed comes at the expense of diminishing the signal when
testing Hy against Hy. Specifically, if these functions are positive, Lemma 1 reveals that the signal

The optimal choice of partition, and particularly

corresponding to the problem with densities ??; and 7;; is given by

o [T 1)%

op = = — fp(x)dx. 1

2 /(f%(x) (@) 1)
2

We can easily verify that o7 < 02 (see Lemma 11 in Appendix). In general, the choice of the

partition P will impact our ability to distinguish ?% from ?;3, thereby influencing the test’s power.
The choice of this partition will be discussed in Section 2.4; for now, we consider P as fixed, and
independent from the training and testing samples.

Histogram estimators Recall that we observe samples X" = (X7, ... 7Xgo) drawn i.i.d. from
O xt = (x1,... 7X71L1) drawn ii.d. from f!, and X = (Xy,...,X,) drawn i.i.d. from f. For all
k < K,let N (resp. N} and Nj) be the number of points from sample X° (resp. X! and X) falling
into bin Bg. More formally, we have:

Ny =) 1{X)eBy}, Ni=)> 1{X/e€B}, and Ny=> 1{X;€B;}.

i<n0 i<nl i<nl

Recall that our test statistic estimates S, (X) = %Ezgn (}c;gzg - 1), and that our test rejects Hy

for large values of S (X). Thus, a significant variance in our estimate of f¥ in regions where it is
small can substantially impact the quality of our test. To ensure the robustness of our estimates,
the estimators for hg are lower-thresholded at the levels €?, where

0 Bu  t

V=, (2)

P
nd " n

and u and t are some positive constants to be defined later. We argue that lower-thresholding the

1
probabilities hg at g does not significantly diminish the test signal for this bin, given by (Z—’g — 1)2h2.
k



Indeed, the preliminary results outlined in Lemma 2 indicate that a probability hg of order 1/n or
lower will have the same contribution to the signal strength.

Following the same reasoning, we propose to threshold the estimates for h,1C if the number of
points falling into bin By, is excessively small. Lemma 2 shows that regions where h}, < 1/y/n have
a negligible contribution to the signal. For this reason, we propose to set the thresholds for h,{: at
the levels €', where

3u
el =4/ =

- )
In the subsequent analysis, we assume that « and t are small, while n° and n! are large, so that
we typically have €, ¢! <« 1. Moreover, we assume that n' < n%: indeed, our goal is to detect
the presence of points drawn from f!, which are typically rare. Consequently, in most scenarios of
interest, the size of the training sample X; will be considerably smaller than that of Xg.

Finally, we define the sets where the estimates for the probabilities hg and h,lg are small and
need to be thresholded as follows:

N} N?
Qoz{k:—f>eland—§§eo},

n n

1 0
QOI:{kzﬂfgelandiggel},

n n

1 0
and le{k‘:ifgelandig>el}.
n n

We emphasize that these sets do not intersect. The set Q¥ includes bins where NY is sufficiently
large for estimating h}, but where N(’f is too small and needs to be thresholded. The set Q! includes
bins where Né“ is sufficiently large for estimating hg, but where N¥ is too small and need to be
thresholded. Finally, the set Q%' corresponds to bins where both densities are low. The signal in
these bins is too weak to provide meaningful information, so we set the density ratio to 1 within
these bins.

Having introduced the thresholds €’ and €', as well as the sets Q°, Q!, and Q°', we are now
ready to introduce the thresholded histogram estimators. They are defined as follows:

3¢V if k€ Q0

~0 61 1 01 ~ 3el if k € QL u QO

hy = < 3e if k€ QY7 and hy =< Nt (4)
NO =k else.
& else, "

2.2 Estimated Density Ratio Test

Following the preliminary results presented in Lemma 1, we consider the following Estimated Density
Ratio Test.

Definition 1 (Estimated Density Ratio Test). For a desired confidence level o € (0,1), let u =
log (%), t = log (%), and let €9, €', b and hy, be defined respectively by Equations (2), (3), and
(4). Let us define

Al ~ 1 >
=k 5@ =Y G-DN. ad 3= 3 @G- DL
b k<K k<K



The Estimated Density Ratio Test is defined as the test rejecting Hy if

R [ [Touk /6t / _
X)z\/a2< U;) + )—l—max|rk—1\+3elK1
n n n k

where K' = (|Q% + Q1)) .

Note that the test statistic 5 (X) defined above verifies

§(X) _ lz <J/C\1(Xz) _1> :

iz \JS(X0)

where

= Zﬁg]l{xeBk} and ) = Zﬁ,lg]l{xeBk},

k<K k<K

are the estimators of fC and f'. Thus, the statistic S approximates the test statistic defined in
Lemma 1. Similarly, 52 is an estimator for the signal E% corresponding to the problem where the
densities f and f! are approximated by their piece-wise constant approximation on the partition
‘P. The following theorem controls the type I and type II error of the Estimated Density Ratio Test.

Theorem 1. Assume that 3¢° < €' < 1, and that n' < n°. Then, the Estimated Density Ratio Test
has type I error lower than «. Moreover, under the alternative hypothesis Hy, this test rejects the
hypothesis Hy with probability larger than 1 — « if 0 satisfies

0 >C <\/E<1+KO\/;> +§§1\/‘§+\/;<\7+K0\/I)>

where C is an absolute constant, K* = |Q'| + |Q%|, and K° = |Q°].

Theorem 1 establishes that the Estimated Density Ratio Test at a confidence level « indeed has
type I error smaller than a. Moreover, it offers a characterization of alternatives that are detected
with a probability greater than 1 — a. It is important to note that this characterization depends
solely on known quantities, such as a2, n°, n', and n. Thus, the results presented in Theorem 1
enable the statistician to assess, based solely on the training data and on the size of the test sample,

the typical proportions @ of elements drawn from f! that the test could detect.
As a first remark, note that we typically have K° % < 1 and K9, /353 < 1, so the detection

rate is driven by ﬁ Vv fg% vV nOAQ This result highlights the very different roles played by

the sizes of the training samples n’ and n', along with the size of the test sample n. When enough
observations from the distributions f! fall in all bins, and K = 0, the detection rates does not
depend on n' (provided that €' < 1). In words, the (constant) additive error in the estimates h¥
implies an error in estimating the signal &, which is deflated by a multiplicative factor. Note that
this behavior breaks down When K' > 0, as the signal is poorly estimated in those bins.

By contrast, both n and n® can in general be limiting factors in the detection rate. On the one
hand, when n > -, the size of the training sample X° becomes limiting, restrlctlng the precision
with which the dlstrlbutlon fO is estimated. On the other hand, when n < -, the proportion 6
required to reject Hy with a constant probability is dictated by the size of the test sample. In the
following section, we analyze this detection rate under different assumptions regarding the densities
f% and f!, corresponding to the various detection regimes examined in our preliminary remarks.



2.3 Detection rate

Positive densities We begin by analyzing the regret rate under the assumptions of Lemma 1: in
this setting, both f° and f! have a positive density, and therefore, so do f% and 7;; In fact, we
demonstrate that under the milder assumption that the signal E% is finite, the estimated signal &2
is close to E%. This is done in the following Lemma.

Lemma 3. Assume that 3¢V < €' < 1, that n' < nP, and that E% 1s finite. Then, there exists a

constant C-o -1 . depending only on f;); and ?719 such that for all n, n° and n' large enough, with

fP»fP7K
9 _9 U U
-t < (Y Vi)

probability 1 — «,
Lemma 3 reveals that 52 — E% as the size of the training samples goes to infinity. Combining
this result with Theorem 1 yields the following corollary.

Corollary 1. Assume that 3¢ < €' < 1, that n' < n°, and that 6% 18 finite. Then, there exists a
constant Cy ¢ depending on « such that for all n, n® and n' large enough, the Estimated Density
Ratio Test of level o has power 1 — v against alternatives

g>_ Cak
Vop (n AnY)

Under the hypothesis of Corollary 1, when n° n' > n, the detection rate is of order 1//apn.
In this case, the test is asymptotically equivalent (up to a numerical multiplicative constant) to the

. : -0 —1 .
test in the setting where fp and fp are known. On the contrary, when the training samples are

too small, the test’s complexity is driven by the challenge of learning ?(7)3 and 771;

If we consider regimes where the number of points in both training samples becomes large com-
pared to the size of the testing samples, we anticipate that the inherent complexity of the problem
reduces to that of the toy problem where the densities f© and f! are known. A closer examination
of Lemma 3 reveals that the bound on ‘82 — E%} remains valid as long as the number of training
points from the samples X? and X! remains substantial in each bin (specifically, respectively larger
than a constant, and larger than m) Therefore, if fO and f! are positive, when n°/n,n'/n — oo,
we can choose a sequence of partitions P of increasing size to better approximate the density func-
tions. Under additional assumptions on the regularity of the functions f° and f!, we then have
G5 — 02 as the training sample sizes increase. In the limit where n°/n,n'/n — 400, the test has
asymptotically constant power against alternatives of order Vno? , and the problem indeed reduces
to that with known densities.

Faster rates for densities with disjoint support When the densities f© and f! have disjoint
support, or when certain regions of the space have low probability under f° and higher probability
under f!, we hope to achieve a faster detection rate than 1/y/n, i.e., to recover the fast detection
rates highlighted by our preliminary analysis. However, this can only happen if one of the bins
in the partition coincides with such a highly informative region. Indeed, if the piece-wise constant
approximations to fC and f! are positive, the conclusions of the previous analysis still hold. In
this case, the test cannot leverage the information contained in low-density areas under f° because
they are not captured by the partition. On the contrary, if there exists a bin By such that hg =0
and h/ll€ > 0, classical concentration results reveal that ﬁ,lc is asymptotically of order hi, while hg is



always thresholded at level €?. The following Lemma indicates that in this scenario, the detection
rate can be of order 1/n. We recall that hi, = Jp, fl(x)dﬂf/ka dz is the probability that a points

belongs to bin By, under f1.

Lemma 4. Assume that 3¢° < ¢! < 1, that nt < no, and that there exists k < K such that
h,lc > 15711‘ and hg = 0. Then, with probability 1 — «,

where we recall that ¥ = 3u/n® V t/n. Furthermore, for n, n°, and n' large enough, the Estimated
Density Ratio Test has power 1 — a against alternatives

0> Ca7K60

= 1 )
hk:

where the constant Cy i > 0 depends on o and K.

Lemma 4 characterizes the detection rate in the case where the partition P captures a high-
signal region By such that hg =0 and hk > 0. In this case, fast detection rates can be achieved: if
n® > n, the test detects alternatives corresponding to proportion # of order 1/ (nhk) Note that as
the size of the training sample X! increases, our test is able to take into account high-signal regions
with ever decreasing probabilities h,lg. In the limit where n! & n, these regions have probabilities of
order n~1/2, corresponding to the limiting regime highlighted in Lemma 2.

2.4 DROP: a partitioning algorithm

The analysis of the two cases outlined above, corresponding to the regimes explored in Lemmas 1 and
2 yielding respectively parametric and fast rates, emphasizes the critical role of partition selection.

In the first scenario, it was demonstrated that the detection rate is asymptotically 1/ /nﬁ%. In this

situation, opting for a partition P associated with a substantial signal E% allows for an enhancement
of this rate by a multiplicative factor. In the second scenario, the choice of partition becomes even
more pivotal, as selecting a partition that captures regions contributing the most to the signal is
crucial in achieving fast detection rates.

The remainder of this section is dedicated to introducing the Density-Ratio Oriented Partition-
ing (DROP) algorithm. In order to obtain meaningful piece-wise constant approximations of the
densities f° and f!, we propose constructing a sequence of nested partitions with increasing sizes.
The optimal partition size will then be selected to maximize the lower bound on the test power as
established in Theorem 1. We begin by outlining our partitioning approach, followed by a discussion
on the selection of the optimal partition within this sequence. As a first step, we split the training
sample X° (resp. X') into two samples each, denoted X,,, and X0, (resp. X}, and X[ ), of
2art and nQ,, (resp. n},art and nly). The samples Xga,,t and Xgart will be used for
choosing the partition, while the samples X, and X! , will be used for estimating the densities.
This separation ensures that the density estimates remain independent of the partition, preserving
the validity of the theoretical guarantees established for a fixed partition in Theorem 1.

respective sizes n

A greedy partitioning scheme To construct a partition with a significant signal 2, we begin
by generating a sequence of nested partitions with increasing size (Px)xen. At each iteration K,
the partition Pk is obtained by subdividing a bin from Pg_; into two separate bins. To achieve a

10



partition P with a substantial estimated signal E%K, we choose this division in a greedy manner.
Before specifying the splitting criteria, let us introduce additional notations. -
We /(imphasize the dependence of the density estimator on the partition by denoting by hg(P)
(resp. hj.(P)) the estimated probability that a point belongs to the k-th bin in partition P under f 0
(resp. f1). Assume that the partition P is obtained by splitting the k — th bin of partition P 1.
We denote the resulting bins as ky and kg, referred to as the “left" and “right" bins, respectively.
The increase in signal, denoted by A, can be expressed as A = E%K — 372’1@1’ or equivalently as

~ 2 ~ 2
hi (P ~ hi (P ~
= (Jg(K) - 1) M (Prc) + (Jg(K) - 1) h, (Px)
hkR (Pk) hkL (Pk)
(h(Pr)
h(Pr—1)
To obtain partition Pg from partition P _1, the split that maximizes the increase in signal A is
selected. We recall that all quantities in Equation (5) are estimated using the samples X}J(m and

X}mrt. Note that both /};2 and B}c depend on the size of the partition K though € and €', and
more precisely through the parameter u, set as log(4K/«) in Theorem 1. We adopt a conservative
approach, and choose beforechand a maximum size K., for the partition. For reasons that will
become clear later on, we then set u = log(8 K max /).

2
- 1) R (Pi—1)- (5)

DROP as a Classification And Regression Tree algorithm This greedy partitioning ap-
proach can be formulated as a variation of the Classification And Regression Tree (CART) algo-
rithm. Originally developed for classification and regression problems, CART relies on an impurity
measure, such as the Gini impurity measure for classification tasks or the variance of responses in
regression problems. The goal of CART is to create a partition of the covariate space, or equiv-
alently, a tree structure, where the leaf nodes have low impurity. To achieve this, the algorithm
examines every potential split at each step, considering all possible directions and splitting points.
It computes the reduction in impurity corresponding to each split and selects the one with the
maximum reduction. After constructing the tree, various heuristics can be applied to prune it and
prevent overfitting.

To adapt this algorithm to our problem, we introduce an artificial labeling scheme: we assign
the label Y = 0 (respectively, ¥ = 1) to the points in the dataset X, (respectively, X},,.; ). These
labeled datasets are then concatenated. Finding a split with maximum signal reduces to discovering
a split with low impurity measure, where the impurity measure is given by —A, and A is defined
in Equation (5).

Choice of the partition size The aforementioned partitioning scheme allows us to build a
sequence of nested partitions with increasing size (Pr)i<k<K,..- Next, we estimate the signal of
each partition using the samples X0, and X!,. We argue that choosing u = log(4 X 2Kyax/)
allows to control the error of A9 and ﬁ,lg obtained using the sample X, and X!, uniformly over all
bins of all partitions in the sequence, since they are at most 2K,,,, such bins. Consequently, we

select the partition Pg«, where

. t t uK?! U U
K™ € argmin —— 1+ KO 5 + A;F - + — VE + K° -

(6)
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1

where E%K correspond to the signal estimated on the partition P, using the sample X!, and X},

and n? is the size of the sample X?,;. Theorem 1 implies the following lower bound on the detection
rate of our test, when the sequence of partitions is obtained using a sample independent from the
sample used to choose the partition and conduct the test.

Corollary 2. Let (Pk)Kk<Kn.. Ve @ fized sequence of nested partitions. For each partition Pk, let
EDRT(Pk) be the Estimated Density Ratio Test for this partition with parameters u = log(8 K pax /)
and t =log(2/a), and let E%K be the estimated signal for this partition. Then, if 3¢° < ! <1 and
n® > nl, for the choice K* given in Equation (6), the test EDRT(Pk+) has type I error lower
than . Moreover, EDRT(Pk~+) has power larger than 1 — a against alternatives characterized by 6

verifying

. t 0 t Vuk? u — 0 u
0> CK<H}§H ol I+ K o2 + Sl + n052 K+ K n052
<Kmaz TPy K TPk Op V1 Pk TPk

where C is an absolute constant.

The DROP algorithm, combined with the Estimated Density Ratio Test, provides an easily
interpretable test for detecting the presence of a specific type of cells. Indeed, the computation of
the signal op, ., yields, as a byproduct, the contribution of different bins to the signal, indicating
their significance in the test. A region with a substantial contribution corresponds necessarily to an
area with a high probability under f! and a low probability under f0. Intuitively, the test assigns
significant weight to observations in the test sample falling into these regions, and it rejects the
null hypothesis if they are too numerous. The partitioning of the space using a tree is akin to the
process of “manual gating", and the obtained regions can easily be manually inspected to assess the
good behavior of the test.

3 Experiments

In this Section, we investigate the empirical performance of our test. We begin by showcasing in
Section 3.1 how the partition selected by DROP captures the high-signal regions of the sample space.
In Section 3.2, we investigate the power of the Estimated Density Ratio Test on simulated datasets.
Our experiment reveal that this test is overly conservative. To circumvent this problem, we propose
in Section 3.3 a Boostraped Estimated Density Ratio Test, and we compare its performance to
that of the Estimated Density Ratio Test and of a benchmark algorithm for two-sample testing
based on Maximum Mean Discrepancy. Finally, we illustrate our method by applying it to real flow
cytometry data in Section 3.4. Additional simulations illustrating the robustness of EDRT against
variations of the density f° can be found in Appendix B. The code for all experiments can be found
at https://github.com/SolenneGaucher/DensityRatioTest.

Implementation As mentioned earlier, the partition-sequence-building component of the DROP
algorithm can be considered a variation of the CART algorithm, where the impurity measure is
defined as —A. Building on this remark, we make use of the R [R C21| package rpart [TA22| to
implement our algorithm. This package enables users to specify the impurity measure for splitting
criteria and handles the required bookkeeping efficiently through an optimized C implementation.
Moreover, we implement a constraint in our algorithm, preventing the splitting of a bin if it contains
fewer than Sn},artel points. Note that in most settings, n;,art < ngart. In this case, if a bin contains

less than 3n;aTt61 points, this bin belongs to Q°!, and its contribution to the estimated signal is null.
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In practice, when selecting the optimal size for the partition, we observe that in our experiments, the
leading terms in criteria (6) are |, / ngtz and  /—5=5—. We therefore simplify our selection criteria,
PK PK

and choose the partition with size

1 K
K* € argmin —— V| o (7)
K<Kmnax nJPK n JPK

Simulation settings Unless otherwise mentioned, we consider the following three experimental

settings. We consider a two-dimensional problem for visualization purposes, where f° and f! are

two truncated Gaussians in [0,1]? with covariance <1/ (1)00 1 /(1)00). In Setting A, their means are

respectively (3/10,3/10) and (7/10,7/10). In Setting B, their means are respectively (4/10,4/10)
and (6/10,6/10). In Setting C, their means are respectively (4/10,4/10) and (5/10,5/10). Note
that these settings are ordered by increasing difficulty of the contamination detection problem, or
equivalently by decreasing signal 2. We denote by n!"®" the total number of training samples, and
we assume that n% = 0.7 x n7¥" and n! = 0.3 x n'"*"_ In our experiments, we let n'"*" vary from
1000 to 1000000.

3.1 Choice of the partition

In our first experiments, we assess the ability of the DROP algorithm to identify a high-signal
partition of the sample space. Throughout this section, we contrast our results with a benchmark
CART algorithm using the popular Gini Index.

CART with Gini Index When optimizing the partition with regard to the Gini Index, the split
is determined to maximize

pr(1 —pL) +pr(1 — pR)

where p; (and pr) denotes the proportion of points with label 1 in the left (and right) bin, re-
spectively. It is important to note that the Gini index criterion is influenced by the proportion of
points in the bin with label 0, leading to potentially distinct partitions based on different values
of the sample size ratio n’/n!. In our simulations, we consider n’/n! = 7/3, and we compare
the partitions obtained when the partition sequence is constructed using the Gini index splitting
criteria, to that obtained using the impurity measure —A. The size of the partition is chosen in
both cases according to the criterion in Equation (7).

Experiment We use half of the observations to grow the partition sequence, while the other half
is used to estimate the parameters hg, h}g, 7, and o, and choose the partition. Note that in the
regimes considered in Experiment 1, Experiment 2 and Experiment 3a, we assume that n =~ ny,
so that K* simply maximizes 7%, /k. In Experiment 3b, we investigate the impact of choosing a
larger partition size on the signal 2. More precisely, we assume that 7°/n > log(n!""), so that
K* > log(ntrain)'

As anticipated, a comparison of Figures la, 1b, and lc reveals that as the separation between
the means of the two distributions widens, the signal for testing Hy against H; increases for both
choices of partitions. Nevertheless, in some regimes we observe a strong contrast in the signal
strength captured by those partitions.
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Figure 1: Estimated signal v/&2 for different size of training samples nt"" corresponding to the

partition obtained using the density ratio criteria (red) and the Gini index (blue). The distributions
f% and f! correspond to Setting A (top left), Setting B (top right), and Setting C (bottom).
We consider respectively n ~ n" (top and bottom left) and n°/n =~ log(n!"®") (bottom right)
when choosing K* according to criterion (6). Each experiment is reproduced 100 times.

Large signal setting In Settings A and B, certain regions of the sample space [0, 1]¢ exhibit high
density under f! and low density under f°. These settings allow for the possibility of achieving
detection rates faster than the typical 1/y/n, as demonstrated in Lemma 2. Our simulations in
Figure 1a and 1b reveal that the partition selected by DROP can adapt to identify these high-signal
regions. Furthermore, the estimated signal for these partitions sharply increases with the size of the
training sample. Indeed, the density ratio criterion seeks to identify regions with low density under
f° and high density under f'. With an increasing number of points, the partition can be refined in
regions of the space where too few points were previously available.

In contrast, the partition generated using CART with the Gini index appears unable to capture
this rise in signal. To understand this phenomenon, note that CART aims to distinguish between
areas where the majority of points originates from distribution f° and regions dominated by points
from distribution f!. Consequently, increasing the number of points allows for a more precise esti-
mation of the boundary that separates these two regions without significantly altering its position.
Since the bins remain unchanged, the estimated signal within these bins remains relatively constant.
This phenomenon is illustrated in Figure 2, underlining that the partition resulting from the Gini
index remains almost constant as the sample size increase. In contrast, the boundaries delineated
by the partition obtained through the density ratio criterion shift towards regions characterized by
very low density f° and high signal (f')2/f°.
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Figure 2: Partition chosen in Setting B for n"™ = 10000 (left) and n‘"*" = 1000000 (right),
using the density ratio criteria (full lines) and the Gini index (dotted lines). The points drawn from
f0 are in red, the points drawn from f! are in blue.

Low signal setting Experiments 3a and 3b correspond to scenarios where the distributions f°
and f! are highly similar, making the test problem inherently challenging. Unlike the previous
scenarios, the estimated signal does not show significant increase even as the number of points
exceeds 1000. It is noteworthy that unless n°/n — oo, and we compel K* to increase, the partition
chosen based on the Gini index and the partition selected using the density ratio criterion yield
equivalent signal terms 2. However, if K* increases with the number of training samples, the
signal term appears to exhibit gradual growth with the size of the partition chosen according to the
density ratio criterion, while it seems to remain unchanged when using the Gini index. Once again,
this observation can be attributed to the fact that the Gini index aims to separate the two densities,
while the density ratio criterion seeks regions characterized by high signal (£'/f0 —1)2 x f°.

3.2 Type I and II error for simulated data

Detection threshold for different signal strengths We now investigate the empirical type I
and type II error of the Estimated Density Ratio Test. We consider the distributions f° and f! of
Settings A, B and C. We simulate mixtures sampled from (1 —8) x fO+6 x f! for § varying between
0.0003 and 0.3.

Figure 3 presents the power in Settings A, B, and C, for a grid of 30 values of 6. As expected,
we observe that the detection threshold tends to 0 as the sample size increases, as expected, and
that is smaller when the signal is strong. Additional experiments in Appendix B.2 reveal that the
detection rate is of order n=%7 in Setting A, n=%7 in Setting B, and n =% in Setting C.

Our experiment also reveals that the Estimated Density Ratio Test has a type I error lower than
the desired level o = 0.05. In fact, across all tested values of nf"*" and all repetitions carried out for
6 = 0, the test never rejected Hy. The theoretical bounds on the fluctuations of >, (7 —1) N} under
Hy, which were used to design the Estimated Density Ratio Test, appear to be overly conservative
in practice. To address this issue, we propose in Section 3.3 a new test based on the empirical
estimation of this statistic using the bootstrap method.
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Figure 3: Proportion of runs for which the Estimated Density Ratio Test rejected the null hypothesis,
for varying values of § and of training sample size n/"%". Each experiment is reproduced 100 times.

3.3 Comparison with two bootstraped tests: Boootstraped Density Ratio and
Maximum Mean Riscrepancy

Bootstrap Estimated Density Ratio Test The simulations above suggest that the theoretical
bounds on the fluctuations of the statistic S (X) under Hy are overly conservative. In fact, the
empirical type I error consistently remains at 0 for all values of the training sample size, whereas
a well-calibrated test should exhibit a type I error of approximately 0.05 in these simulations. The
excessively conservative nature of the test can result in a reduction in power. To address this
issue, we propose a new test that estimates the fluctuations of S(X) using bootstrapping methods.
To alleviate the computational burden, the partition P is chosen once and for all using Xgmt and

Xpart Subsequently, we estimate the distribution of 5(X) under Hy on this partition with bootstrap
methods, using the samples in X, and X.,,.

More precisely, we partition the training sample XY, which is used for the estimation of hg,
into two samples. We begin by sampling (without replacement) a subset of size n from the training
sample X0, denoted as (X%,,)!. Following this, we sample (with replacement) n° points from the
remaining points of XY, and we denote this sample as (XY,;) 1T Lastly, we sample n' points from
X!, (with replacement) and denote this sample as (Xést) We estimate the density ratio 7 for the
bins By, € P using the samples (X%,,)/7 and (X!,,)!, and we compute the statistic S ((X9,,)7). This
process is repeated numerous times to obtain a threshold 7, corresponding to the empirical quantile
of level 0.95 of the statistic S (X9,)1 ) for these bootstrapped samples. We then re-estimate the
quantities 7 using the full samples X, and X}, along with the statistic S (X) corresponding to
the true test sample. We reject the hypothesis Hy if S(X) > 7. This test is hereafter referred to as
the Bootstrap Estimated Density Ratio Test.

In this Section, we compare the performance of the Estimated Density Ratio Test with that
of the Bootstrap Estimated Density Ratio Test, as well as a classical two-sample test based on
Maximum Mean Discrepancy (MMD), due to [GBRT12]. Before presenting our simulations, we
provide a brief reminder on MMD.

Maximum Mean Discrepancy Let (X, d) be a metric space, and p, g be two Borel probability
measures defined on X. Consider a class of functions F, where f : X — R. The Maximum Mean
Discrepancy between p and ¢ is defined as:

MMDI[F,p,q] = sup {Ex~pf(X) —Eyof(Y)}.
fer
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When the function class F is rich enough, p = ¢ if and only if MMDI[F,p,q] = 0. To compute the
MMD of p and ¢, we can rely on the following property. When the class of functions F is the unit
ball in a reproducing kernel Hilbert space H with kernel k, and when Ex.,/k(X,X) < oo and
Ex~qvk(X,X) < 0o, we have:

MMDI[F, p,q] = Ex,x'np [F(X, X')] 4+ Ey,yrng [K(Y,Y")] = 2Expynqg [K(X,Y)].

This formula can be used to estimate the MMD between p and ¢, assuming samples (X1, ..., X;,) ~ p
and (Y1, ...,Y,) ~ ¢ are available. To do so, we could replace the unknown expectations in the
formula with their empirical counterparts. However, estimating the MMD between two samples of
size n would require n? computations, which can be prohibitive in practice. When sample sizes are
large, [GBR'12| suggest approximating the MMD statistic using the following statistic, computed
in linear time (assuming, for simplicity, that n = n’ is even):
MMD; = n}2 > k(Xai, Xait1) + k(Yai, Yaiy1) — k(Xai, Yair1) — k(Xaig1, Yai).
i<n/2

In practice, its distribution is estimated by bootstrapping, and the hypothesis p = ¢ is rejected if
l\ml is larger than the corresponding quantile of level 1 — «.

Detection rate of MMD and Bootstrap Estimated Density Ratio Test We compare the
power of MMD with that of the Estimated Density Ratio Test and its bootstrap equivalent. As
before, we simulate samples corresponding to Settings A, B, and C. We simulate mixtures sampled
from (1 —6) x fO+ 61! for 6 varying between 0.0003 and 0.3. The results are reported in Figure 4.
Note that the computation time of MMD is much larger than that of the Estimated Density Ratio
Test and its bootstraped version, and becomes prohibitive for test sample sizes above 100000. For
example, MMD is approximately 30 times slower than BEDRT for n!"®" = 100000.

Figure 4 reveals that in settings corresponding to large and intermediate signal strength, the
power of the Bootstrap Estimated Density Ratio Test is comparable to that of MMD for small sample
sizes, and significantly better as the sample size increases. Additional experiments, presented in the
Appendix, confirm this phenomenon by showing that the detection rate for MMD decreases as n~9?,
while the detection rate of the Bootstrap Estimated Density Ratio Test approaches n~! in these
settings. In contrast, when the sample size is small, and the signal is low, MMD outperforms the
Bootstrap Estimated Density Ratio Test. It is important to note that both the Estimated Density
Ratio Test and the Bootstrap Estimated Density Ratio Test utilize the sample X! to estimate the
density f!. When the sample size is small, the information provided by this sample becomes less
significant. Moreover, histogram-based tests, such as the Estimated Density Ratio Test and the
Bootstrap Estimated Density Ratio Test, retain less information than MMD. These factors may
explain the relative loss of performance of these tests for small sample sizes in low signal settings.

3.4 Application to flow cytometry data

Cytotrol FlowCAP III dataset We illustrate our test on flow cytometry data by applying it to
the T-cell panel of the Cytotrol FlowCAP III dataset provided by the Human Immune Phenotyping
Consortium (HIPC), available on the ImmuneSpace website. This dataset consists of 62 samples,
representing 3 replicates of analyses conducted on 3 patients across 7 different laboratories (one
dataset has been duplicated, so we exclude one of the copies). For each cell, seven biological
markers have been measured. These samples have been manually annotated, and the cells have
been categorized into the following 10 types: CD4 Effector (CD4 E), CD4 Naive (CD4 N), CD4
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Figure 4: Proportion of runs for which the Estimated Density Ratio Test (EDRT), Bootstrap

Estimated Density Ratio Test (BEDRT) and MMD test (MMD) rejected the null hypothesis for
varying values of 6 and of training sample size n!"®". Each experiment is reproduced 300 times.

Central Memory (CD4 CM), CD4 Effector Memory (CD4 EM), CD4 Activated (CD4 A), CD8
Effector (CD8 E), CD8 Naive (CD8 N), CD8 Central Memory (CD8 CM), CD8 Effector Memory
(CD8 EM), and CD8 Activated (CD8 A). Each sample contains a varying number of cells, ranging
from 15,554 to 112,318 cells. Additionally, the cell proportions vary significantly, with proportions
typically ranging from 1% to 25% of the sample. There is notable variability between samples, with
standard deviations as high as 94% of the mean proportion for certain cell populations.

Experiment We focus our study on 4 types of cells, each with varying prevalence in the sample.
More precisely, we focus on detecting the cells CD4 N, CD8 E, CD8 EM, and CD8 CM whose
average prevalence in the sample represent respectively 17%, 1%, 11% and 24% of the sample cells.
We investigate the ability of our test to detect the presence of those cells. For each cell type ¢ € {CD4
N, CD8 E, CD8 EM, CD8 CM}, we treat cells of type ¢ as being drawn from distribution fi, while
the remaining nine cell types are considered drawn from fy. We assess the power of our test against
alternatives characterized by different prevalence levels 6. Because of the large computation time
required by MMD, we limit the test sample size to 10000 cells. Details of the implementation can
be found in the Appendix. The result of this experiment is presented In Figure 5.
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Figure 5: Detection rates for different types of cells and different prevalence. The full line indicate
the true average in-sample cell prevalence. The dashed (resp. dotted) line indicate the power of
BEDRT (resp. MMD) against the alternative for varying levels of prevalence 6.

Results The average type I error is approximately 0.040 for the BEDRT, and 0.038 for the
MMD test. The results illustrate the good performances of BEDRT, demonstrating its ability
to accurately identify cells such as “CD4 N," “CD8 CM", and “CD8 EM" with probabilities nearly
reaching 1 at their actual prevalence levels. Additionally, BEDRT successfully detects the rare cell
“CD8 E" with a probability exceeding 0.75 at its true prevalence level. In stark contrast, MMD
consistently falls short, achieving low power for the specified prevalence levels. Furthermore, the
substantial computational time demanded by MMD prohibits the analysis of large samples. In
contrast, BEDRT, being significantly faster, can efficiently analyze larger datasets.

4 Conclusions

In this paper, we study a problem of supervised contamination detection. We design a test for this
problem, and we establish non-asymptotic bounds on its type I error, and on its power. The efficacy
of this test depends heavily on the judicious selection of a partition for estimating the densities
of inliers and outliers. We introduce a partitioning algorithm designed to efficiently capture the
signal for the test. Both the resultant test and partitioning algorithms yield results that are easily
interpretable.

Implementation of this test is straightforward using available packages for Classification And
Regression Trees. We demonstrate the good performance of the test through extensive simulations.
These simulations indicate that the test tends to be excessively conservative. To address this, we
propose a calibration method employing a bootstrapping approach. Simulations and experiments
conducted on flow cytometry data showcase the superior performance of the bootstrapped test,
surpassing benchmark tests for two-sample testing by a significant margin.
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A  Proofs

A.1 Proof of Theorem 1

To make the proof easier to read, we divide Theorem 1 into two results, concerning the type I error
and type II error respectively. These results are then proved in sections A.1.2 and A.1.3 respectively.
Then, we characterize alternatives corresponding to power 1 — a.

Lemma 5. Assume that n® > n', and that 3¢° < €' < 1. Then the Density Ratio Test has type I
error lower than 1 — «.

The next lemma establishes a lower bound in S (X) that holds with high probability under the
alternative.

Lemma 6. Assume that n® > n', and that 3¢° < €' < 1. Under Hypothesis Hy, with probability
larger than 1 — «,

a i i [10uK 5?2
S(X) > <(1_ (:1)4>82— (;)4)0_ ( %Jr (1361’Q1’+4€1|901’+360’Qo‘)>

~— |6t - t ~
_\/02\/ (1+0+9max]rk - 1]) — — max [r, — 1.
n k N k

Finally, next lemma characterizes alternative such that the test is rejected with probablity larger
than 1 — a.

Lemma 7. Assume that n® > n', and that 3" < €' < 1. Under the alternative hypothesis Hy, the
Density Ratio Test rejects the hypothesis Hy with probability larger than 1 — « if 0 verifies

t  400y/uK' 30&'K° uK
6> \/ ) —= |-
_(353 —5+ T =g H 64

where K1 = |Q' + Q% and K° = |Q°).

A.1.1 Concentration results on the estimated probabilities ﬁg and ?L,lc

Before proving Lemmas 5, 6, and 7, we provide a list of concentration results relating the estimators
hg and h}C to their population counterpart hg and h,1€. The concentration results bellow rely on
Bernstein’s theorem, which we recall here for completeness:

Theorem 2 (Bernstein inequality, see, e.g., Theorem 3.1.7 in [GN15]). Let X;, 1 < i < n be indepen-
dent centered random variables a.s. bounded by ¢ < oo in absolute value. Seto? =1/n> .. E [Xf]
and Sy =Y, Xi. Then, for all u >0,

i<n

P (Sn > V2no?u + %) <e™Y,

Lemma 8 shows that on an event £ of large probability, 32 and E}C are close to h% and h,lC
simultaneously for all k.
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Lemma 8. On an event £ of probability at least 1 — 4Ke™", simultaneously for oll k < K and

a € {0,1}, one has
N¢ uhf U uhf U
o © [h%_ V2~ Bt e 2 T g

Np  V2uNE N 2N+3]
na '

(8)

a
k
nae " pa + na na (9)

hy € [
The proof of Lemma 8 is postponed to Appendix A.1.5.

The following lemma provides sharp bounds on the distance ‘hz — 71\% for a =0 and a = 1, for

bins where the density have been thresholded and for bins in which they have not.

Lemma 9. Assume that n® > n' and that ®,¢! < 1. On the event € of Lemma 8, for a € {0,1}
and for all k € Q% U QO

h§ < h. (10)
Moreover, for all k ¢ Q% U QO
~ 10uh?
hg —hi| < k. 11
P IS a (11)
and
h§ —he| < 2h. (12)

The proof of Lemma 9 is postponed to Appendix A.1.6.

Finally, the following Lemma provides a lower bound on the signal term Y, (75 — 1) h} depend-
ing on the estimated signal 52.

Lemma 10. Assume that n® > n' and that €, < 1. On the event € of Lemma 8,

1 1
ST (- 1) ht > (1 - (“1)> 52— (%) — (' (13192 + 4]2%Y)) + 3¢°Q°)) .
k

n

The proof of Lemma 10 is postponed to Appendix A.1.7.

A.1.2 Proof of Lemma 5

We apply Bernstein’s inequality (2) conditionally on the samples XY and X! to the random variables
Ai = Y e (T — 1) (1{X; € Bx} — h?). Note that the random variables A4; are centered, that
A; < maxg<p [Py — 1| a.s., and that 137, E[AZ] < 37, (7 — 1) hY. Then, under Hy, for all
t>0, - B

. 2t t
H fon) o~ 2 o~ —_
Pibx | S(X) = > F—1)ng+ = > (F—1)7 Y + o max|7 — 1] | <e t (13)
k<K k<K -
To prove Lemma 5, we provide upper bounds on the bias
By= Y (fx—1)hj,
k<K

and on the variance

Vo= (=1
k<K
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Bound on the bias By We begin by bounding the bias term. We decompose the By as follows:
Bo=Y -1+ 7 -1 (hg —Eg) .
k<K k<K

1

Using the definition of 7 = %—’g yields
k

Bo= Y- > h+ Y (F-1) (n) - hR).

k<K k<K k<K

By definition of ﬁ,{z, ZkgKﬁllc <1+ 3¢ (|QY +[Q%), and ZkgKﬁg > 1. Thus,

By <3¢ (12 +10) + 3 (7~ 1) (hg —ﬁg) .
k<K

To bound » ;o (7 — 1) (h,(z —ﬁg), we consider separately the cases where k € Q° U Q% and
k¢ Q°U QP On the one hand, for all k € Q°!, iALg =3¢l = ﬁ,lc, so 7, =1 and

S R 1) (h(,g —ﬁg) —0.

keQot

Similarly, for all k € QO, E% = 3. Moreover, /l\LllC > ¢! > 3¢%. Thus, for all £k € Q°, we see that
T > 1. Moreover, Equation (10) in Lemma 9 shows that for £ € QU Q. ) < h). Thus,

S -1 (hg _ﬁg) <0.

ke

It remains to bound 3, sqo g0 (T — 1) (hg - ?Lg) Equation (11) in Lemma 9 implies that on the
event &,

- ~ 10u - ~
PR TR VA= SRR}

k¢QOUQO! kgQo
].OU ~ 270
S Z (T —1)" Ry,

k<K

Now, Jensen’s inequality implies

S\ Fe—1)*h) < VK52,

k<K

10uK 52
By < 3¢ (]| + |12°)) + \/02700. (14)
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Bound on Vg Next, we control the variance term under H, defined as
~ 2
Vo= Y (Fr—1)°h).
k<K

On the event £, Lemma 9 implies

Vo<3> (7 —1)°hy =357 (15)
k<K

Conclusion Combing Equations (13), (14), and (14), we find that under Hp, on the event &£, with
probability 1 —e~¢,

~ 10uKo? 6to2 t
5(x) <361(\91+1901)+\/ 1;0" +\/ 7"+ X max[f — 1.

n 3n k<K
Note that for v = log(%), the event £ holds with probability 1 — §. Choosing ¢ = log(2), we see
that the test described in Lemma has type one error lower than a.

A.1.3 Proof of Lemma 6

Recall that under Hj, the sample X has a density given by 6 x fo+(1—60) x fi. Applying Bernstein’s
inequality conditionally on the samples XY and X!, we see that under Hy, for all ¢ > 0,

P§5X1<§(X)§(1—9)Z(rk—l YR+ 0> (Fr—1)h

k<K k<K

2t o 210 o 21 0 t -~ —t
- = S =120 +0> (7 —1)* (hf — hY) —%%aé(yrk—u < et
k<K k<K
(16)
To prove Lemma 6, we provide lower bounds on the bias under H;
Bi=(1-0)> Fe—-1h)+0> (Fx—1)h,
k<K k<K
as well as upper bounds on the variance

Vl:Z('f‘k—l —i-HZ Tk—l hg)

k<K k<K

Bound on B; We begin by providing a lower bound on
Blz(l_G)Z(k_1h+QZ k—l
k<K k<K

To do so, we first provide a lower bound on Zkg x (T —1) h%. Following the proof of Lemma 5, we
note that for all k € Q° U QO 7, > 1. Thus,

D F - = > (Fe-1)h

k kg QOUQOL
70 71 -~ 0 70
> Y W-m- Y \rk—1|)hk—hk‘.
kgQounot k¢Qounot
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Now, 3 peqouao B9 = 1= (€21Q°] + €'Q0Y)), and Y qoq0 hf < 1+ 3€!|QL]. Thus,
S F— DAY > — (3QY + LI + Q%) - S A -1 ‘h% —ﬁg( .
k kg QOUNO!

Following the proof of Lemma 5, we find that on the event &,

[10u
|rk—1]‘h0 h0‘< 0“ Z \ (P — 1)? 10

kg QOUQO! kgEQOUQOl

Combining these results, we find that

10uKo?

(1=0)> (F—1)h) > —(1—0) (3e"|Q"] + €°|Q°] + €'|Q°]) — 5

k<K

To conclude the lower bound on Bjp, we rely on Lemma 10. We find that

1\ ~ 10uK 5?2
B > <<1 - (%) 4) 52— ( “1) > 0 — (y/“og + (1361 Q"] + 4€' Q% + 312 | . (17)
n n n
Bound on V; Next, we provide an upper bound on the variance
Vi=> (F—12h+0> (7 —1)" (b} — k).
k<K k<K

On the one hand, as shown previously, on &,

> (7 —1)"h) < 35%.

k<K
On the other hand,

hl

S (7 — 1) (B — K0 < max ‘Z
k<K k<K

1 0

-0 hkr

k hg
1
To bound maxy |h i , note that on the £, Lemma 8 implies that h1 < Shk and ho < 3h0 Thus,
[ — ki

0 * =0
k h ko R kR
< 3(ml?x?k V).

Moreover, necessarily maxy 7, > 1. Finally, this implies that

> Fe—1)7(hy—h)) <3 <ml?x\?k— 1] +1> X 52

k<K
1 < 352 <1+9+0ml?,x|?k—1|>. (18)
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Conclusion Equation (16) implies that for all ¢ > 0, with probability at least 1 — e,

~ 2t t .
S(X) >B; — \/EVl - 3—n%1§al><<]rk —1J.

Plugging the bounds on By and V; given respectively in Equations (17) and (18), we find that under
Hjy, on the event £, with probability at least 1 — e,

1 1 =
(X) > <<1 - (%) 4) 52 — (;ﬁ)‘*> 0 (\/mgo(a + (136191 + ¢! Q0 + 360|QO|)>

— |6t ~ t ~
—\/02\/ <1+9+9max|rk - 1]) — —max |[r; — 1].
n k 3N k

)

A.1.4 Proof of Lemma 7

To prove Lemma 7, note that the test presented above rejects the null hypothesis if

. — ( [10uK 6t t .
S(X)z\/02< Tlg-i- n)—|—?mml?x\rk—l\—i—?)el(]QOlH-]Ql]).

Thus, according to Lemma 6, the test rejects the hypotheses Hy with probability larger than
1 — « under the alternative hypothesis H; if € is such that

—( [TouK ~ [6t) ¢ _
N <\/TO+ \/>> + o max |7, — 1] + 3¢ (|Q%] + Q)
n n 371 k

1 1
< <<1 - (%) 4) 52 (“1>4> 0 — (136" || + 4¢11Q%] + 3€°|2°))

n

6t 10uK t
o (\/n ( +9+9m}3x]rk \) +4/ 0 ) Snmkax|rk |

1 1
<(1 - <”1>4> 52 — (“J“) 0 — (16|21 + 7€110%] + 3¢%)Q7))
n n
6t 40uK 2t
V= (N =1 +1) +1/—— | — = max|f), — 1| >
o ( - <\/ +0+9m]?x|rk | + >+ 0 ) 3 ’?xlrk | >0
To simplify this expression, note that it is verified if
1 1 o~
7\ A~ i 6to2 ~
1_(£>4 02_<£)4 R 14 max [f, — 1| | V0
nl nl n k
— 24t 40uK 2t P
— ((1661|Ql\+761m°1|+3e°\90)+x/02 (\/—l—\/ lﬁ) >+max|7"k—1|> >0
n n 3n k
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Using (v/a + vb)? < 2a 4 2b, we see that this is verified if

0> 6ta (1+maxk\rk—1\)

(- @ ()

(1661 |Q] + 7€t |Q0] + 3€°1Q0)) + V5?2 ( 4ty ,/4%) + 2L maxy, 7, — 1|

+2

or equivalently if

o)
V
—
—
|
~
e
SN—
G .
—
+
Q
[\o}
N—
~—
[N}
X
N
3
U
N
—
+
=
o
W
)
w
|
=
~_
~

1 32| + 14 Q0| + 660\90\ 96t 160uK 4t .
+ T 52 052 3 —5 max |7 — 1]
P no k

(19)

To simplify this expression, note that if ¢! < 1, % <
n
Equation (19) is verified if

W=

o (1- ()1 (1+a2))71 < 5. Thus,

150t 160e Q] + 70e Q0] + 30€0(Q° 96t
¢9><1+max\rk1|> 1+ 6,\|2 |+ 30¢7) |+5 —
g

45 160uK n 10t ’,\ 1‘
\/ max |[r, — 1/.
nV52 3062 Kk

Moreover, setting k* € argmax;, [T, — 1|, we have

no2

max |7 — 1260 < [Fe — 112 x B < 52,

t t — to?
~ max [ — 1] < \[\/eomaxm —1R <y 2=
n k n k n

Thus, Equation (19) is verified if

t  400y/uK' 30°KY uK
> \/ 4 —— | .
6_(353 —5+ ST + = 64

where K1 = |Q!] + |Q°] and K° = |Q°].

SO

A.1.5 Proof of Lemma 8

Fora € {0,1} and k < K, applying Bernstein’s inequality 2 to the random variables (1{ X" € Br} — h{),.,.a>
we see that -

Ny

p(_

he| >

na na 3n?

ha,
ok, U ) <27, (20)
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“731‘;2 + 2% forall k < K, a € {0, 1}} occurs with proba-

3na

<1/2

Thus, the event £ = {‘ﬁ — h{

bility larger than 1 —4Ke *. Note that on this event, Equation (8) is verified for all @ € {0,1} and
k < K. Moreover,

Ng  fyuhiw

hi — —% — — <0.
koopae nd 3n®
Thus, hi < r2, where r is the positive root of the polynomial z? — 251 — (% + 32@)' Direct
calculations show that
N¢  \/2uNg}  3u
rP< kg VIR (21)
ne ne ne
Similarly, on &,
Ng uh$ u
hg — =k 4 4/2—F > 0.
ko pa na + 3n®
us, > r'“, where ' 1s the positive root of the polynomial x“ + —=r— —: — == |. Straight-
Thus, h¢ > 1’2, where r/ is the positi f the polynomial 22 4 , /22 ME _ Ju). Straigh
forward calculations show that
N 2uN2
P>k VTR (22)
no ne

Combining Equations (21) and (22) yields Equation (9).

A.1.6 Proof of Lemma 9

We begin by proving Equation (10). For @ = 1 and k € Q' UQ°', we have that N,% < e'n'. On the
event £, Lemma 8 implies that

2uel  3u 2¢€1 2
hi <€l g B! i h=.
pse o= (1t + ()

3

Since €! <1, we see that h} < 3¢l = /f;k, which proves Equation (10) for a = 1.
For a = 0 and k € Q°, we have that N,g < %09, On the event &£, Lemma 8 implies that

0 ~
2UC LU <30 R,
n

0 0
hksf‘i' TLO

Finally, for a = 0 and k € Q°!, we have that N < ¢'n®. On the event £, Lemma 8 implies that

2uel  3u
0 1
hk <e + "0 + E
Since n' < nP, this implies that
2uel  3u
0 1
W <e T+

The same arguments as previously show that this implies that

RO < 3¢t =Tl
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~ 0
We now turn to the proof of Equation (11). For a = 0 and k ¢ Q°U Q% we have that h) = %,

<

~ 70
so Lemma 8 implies that on the event &, )hg - hg 21:1’“

hg >V = i—% Thus,

- 2uh? 3uh? 10uh?
0 0 k k k
‘h _hk‘g\/no +\/n0 S\/ no -

Using i—% < /ﬁg, we also find that

~ PN ~
’h%—h% < \/;h2+h2 < 2R,

We then prove Equation (11) for a = 1 and k ¢ Q' U QO : in this case, we have that ﬁ,lg =

+ 2—% Moreover, since k ¢ Q0 U Q01

1
Ny
il

~ 71
so Lemma 8 implies that on the event &, h,lC - h}C‘ <4/ 22?’“ + i—ﬁ‘ Moreover, since k ¢ Q0 U Q01

~ 2
h,l€ > el > (61> = i—ﬁ‘ Thus,

~ 2u/l{1 3u/f\L1 10u/f\L1
1 1 k k k
‘hk_hk‘g\/ nl \/ nl <—\/ nl

Using U /3 < hl we also find that
n n k>

~ 20~ ~
’h}c — h,{:) < \@h}f + h}, < 2hj.

A.1.7 Proof of Lemma 10

We begin by decomposing >_,.(7 — 1)hj. as

> Fr—Dhy =Y F—Dhi+ > Fr—Dhi+ > (Fr— Dhy

k keQ! keQol kgQluQol
We obtain a lower bound on the first term by noticing that 7, — 1 > —1. Thus,

> (Fe—Dhp == > hi

keQ! keQ!

—~1
Using Equation (10) in Lemma 9, we find that for all k € Q!, h} < hj, = 3€!. Thus,

> (Fe = Dby > —3€'Q1.
keQ!
On the other hand, for & € Q!, 7, < 3. Thus,
> (7 — Dby < 66|01,
keQ!

This shows that

S G-k = S @ - Dk - 960,

(23)



To obtain a lower bound on the second term, we note that for & € Q°1, /l\zg = E/%; Thus, 7, —1 =0,
and

S - Dhy = > (7 — Dy (24)

keQol keQol

Finally, we derive a lower bound on ;40100 (Tk — 1)h}. We note that by Lemma 8, on the

event &, for all k < K,
Nklj 1 2u
Y
nl N}

> 1/2—1{, so N} > v/3un!. This implies in particular that
). Thus,

i

Y

N,
n

&

Moreover, for all k ¢ Q! U QO /ﬁ,lg =
for all k ¢ 1 UQY, hi >Rk (1- (&

3 ?kh}c2<1—<sl)i> S R

kgQ1UN0 kg QU0

=

|

This implies that

> Gz (-3 (X avit)s X aem-(4) Y

kg QLU0 kg QLU0 kg Q1UQOL kg QLU0
(25)
Now, on the one hand, ZkgéQlUQOl h,lC < 1. On the other hand,
71 N, 1(101 01
o ohp=1- ) =z 1-€ (|27 +]2%)
kgQluQol keQluQol
and 3 pg01,000 ﬁ,lc < 1. Thus,
N w7 N ~ w7
> F-1Dhp > (1— (m)‘*) > (Fr—Dhy+ (§>4 —e (|2 +19%)  (26)

kg Q1 U0 kgQ1UQ01

Combining Equations (23), (24), and (26), we find that
1 1
I 1 U\ 1 ~ 1 U \7a 1 1 01
zk:(rk—l)hk > (1— (=) >Zk:(rk—1)hk— (=5)" =€ (1ol +10).

To conclude the proof, we note that

k
=Y " Fe—Dhi+> hp—> hi
k k k

Thus,



As previously, we have that >, E% <14 3€%Q% + 3€HQ% ], and Y, iAL}C > 1. Thus,
7 (Fe— by > 5% 3 (100 + Q)
k
which implies
! w L
S (- 1) bt > (1 - (=) 4> 7= (23)" = (€ (130" + 410°)) + 3°000))
n n
k
A.2 Proof of main lemmas and corollaries
A.2.1 Proof of Lemma 1

Before proving Lemma 1, we emphasize that when fO and f! are positive on [0, 1]¢, o is finite, and
(fl(Xﬂ - 1) belongs to L2((1 — ) x f° 46 x f1) for all 6 € [0, 1].

fO(X1)
Moreover, under Hy, E [(ﬁ’gi; - 1)} =0, and V [(;;gi; - 1)} = ¢2. Then, the Central
Limit Theorem implies that
n(X
M i N (07 1) .

Vo?

Thus, the test presented in Lemma 1 is asymptotically of level a.

To prove the second part of the Lemma, we consider alternatives 6,, = Ln for some h > 0. Let
us denote P, the law of the sample X1, ..., X, under Hy, and Q,, the law of the sample X1, ..., X,
under the alternative indexed by #,. Under the assumption that fO and f! are positive on [0, 1],
it is easy to see that the family of models indexed by @ is differentiable in quadratic mean (using,
e.g., Lemma 7.6 in [Vaa98|). Then, using Theorem 7.2 in [Vaa98|, we find that

o (3e0) = 2 (e 1) - (g ) +ont

i<n

The Law of Large Numbers implies that

B2 fl(Xi) 2 p h2g2
%1Kn(fwxn‘”g Ty

and the Central Limit Theorem implies that

i fHX3) _ d 2,2
\m§<mm 1) SN (00),

) () (2 )

Now, Le Cam’s third Lemma (see, e.g., Example 6.7 in [Vaa98|) implies that under Q,,

Thus, under P,

VnSy, (X) 4 N (ho?,0%).
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Applying Theorem 14.7 in [Vaa98|, we find that the power function

" <;ﬁ> = O (Sn(X) > ‘/"7@(\1@— @>1>

converges as follows :

Tn <;ﬁ) —1-3(@ (1 —a)— ho).

This concludes the proof of Lemma 1.

A.2.2 Proof of Lemma 2
Let us define
tho= [ P and g = [P

To prove the first part of the Lemma, note that under Hy,

P Z]I{XiERn}:O =exp (nlog (1 —p% ).

i<n

Using the bound log(1 — z) > =% x #=£ for z < 1, we find that

2 —p%

i<n

Thus, this test has type I error lower than « if

2n — A
>1-— —Ax —— ).
a>1 exp( AX2(n—A)>

This proves the first part of Lemma 2.
To prove the second part of Lemma 2, note that under the alternative Hy,
Py, | Y 1{X; € R} =0| = (1-0pk)".
i<n
Using the bound log(1 — z) < 72 for z € (0,1), we find that

—2pLnd
By, [ S 1{X; € RY =0 §p<2_ppe)
R

—2Bn'=70
=P 500 )

i<n

Thus, to ensure that the test has power 3, it is enough to have
2Bn!'=70
2—n=0

log(1/8)
Bnl-7 -

> log(1/8).

This is in particular verified if § >
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A.2.3 Proof of Lemma 3

Recall that o}, is assumed to be finite. Defining B = {k : h) > 0} and B = {k : h) = 0}, we see
that {k : h,lC = 0} C B. This implies in particular that Q° = (), and that B ¢ Q°'. Now, for all

Ee QO 7 =1, so
AN
X (1)

keB k
A2
=> <(A’j]) —2h,1€+h2>
keB hk

k¢B

(hy)?

Similarly, we have E% = keB 55— — 1. Combining these expressions, we find that
k

(h)?  (hp)?

67 — 75| <50+

0
keB k hk
]ﬁ,g - h}c‘ (Rt + i) 10 ~
<50+ ) o + )= =1 Ay
keB k keB hy,

Now, Lemma 8 shows that on the event &, for all k ¢ Q! U Q0!

10u

‘hk hk’ <y r

On the other hand, for all k£ € Q' U QO

27u

‘hk hk‘<3 <, /2

n

Moreover, Lemma 8 shows that on the event &, h,lC < 3/511C Thus,

Z\ﬁi—hi\(ﬁhh \/QTUZW
7 |

keB keB

Similarly, Lemma 8 reveals that for all k,

2u u
ho nOh0 +-3n0h0
7_1 k k
hU _ [ 2u_ _ _u
1 nOh? 3nOhY
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This proves that

2uh
2Tu 2h;, + 3,
72 ol <5y ol + [T T Y — @rfi
kGB nohg

keB 3n0hY
0
Now, for all k € B, hg is stricly positive. Then, for n®, n' and n large enough, mink(ho — 2% —
300) > €', s0 Q' N B = (). When n° is large enough so that 2uh + k < 1/2, there exists a
constant C- 70 71 - depending only on ?% 7;;, and K such that
P 7?7

o< (e
P T dp.K nl nd /)’

A.2.4 Proof of Corollary 1

Let us assume that n, n® and n' are large enough so that Lemma 3 holds, and that on the event &,
P b < 72

Arguments similar to that of Lemma 3 show that for n, n® and n! large enough, K = K' = 0.
Moreover, for n, n® and n' large enough, K° —sz < VK and KO,/# < 1. Then, Theorem 1

proves that the Density Ratio Test has power 1 — « against alternatives such that

o)

The proof of Lemma 7 follows from noticing that if hl > 5—?, Lemma 8 implies that on &,

N
>

A.2.5 Proof of Lemma 4

so k¢ QLU QY On the other hand, the same reasoning as in the proof of Lemma 10

nl )
1 1

shows that this implies that hl,lg > hy, (1 — (%)Z) Moreover, since Z—Qf <1, (1 - (%)Z> > %

Thus,

Now, applying Theorem 1, we find that the Density Ratio Test has power 1 — « against alternatives
such that

t Vu u
0 >CK — — | .
- ( no? * 524/nl * n002>

Note that

Vu - Su "
52v/nt — Vol /R
Since vVnlh} > 1,




Moreover, € = % \% 3 , so the Density Ratio Test has power 1 — « against alternatives such that

for some constant C, x depending on « and K.

A.2.6 Proof of Corollary 2

First, we note that by construcrion, there are at most 2K,,,,, different bins in the partition sequence
(Pr) k < Kpaz), and that those nodes correspond to inner and outer node of the tree corresponding
to PKk,,..- Lherefore, to control the error of h% and h,lC uniformly for all bins k in all K, partitions
Px, it is enough to control the error of h% and h}c for the 2K,,,4, bins k corresponding to inner and
outer nodes of the largest tree. We choose u = log(8Kmaz/cr) and t = log(2/a), and we follow the
same proof as in Lemma 8 to show that the error bounds hold with the same probabilities for all
bins in partition Pg+. Then, the control of the type I and type II error follows similarly.

A.2.7 Signal decreases after approximation

In this Section, we show that approximating the densities f° and f! using piece-wise constant
functions leads to a decrease in the test signal.

Lemma 11. For all functions f°, f! positive on [0,1]¢, and for all partition P of [0,1]¢,
E% < 2.

Proof. Note that it is enough to show that for all bin By, of partition P,

(G- e, () o

The results will follow by summing over the different intervals. Now,

hi 2
(_1> B— B 42m) — R,

hO (hi)Q
and
f(z) > 0 / fH(z)? 1 0
dr — 2 x)dr + x)dz
f (Gt 1) ree= [ Giiae =2 [ Pt [ 1)
'(z)? 1, 40
= dx — 2h;, + hpdx.
B, f0@) B
We conclude the proof by showing that hO <[ By ];o(x)) dx. To do so, note that
(h )

<@F=(mﬂwmf
(/ i?)f%))Q
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Applying Cauchy-Schwarz inequality, we find

fl 2
e < [ fo((“j) o [ e
SO
2
(h)? f(=)
<, Pw)
which proves the claim. O

B Additional simulations

B.1 Robustness in the case of mixture model f°

In some scenarios, there might be reasons to suspect that the distribution f° could undergo changes
between the training and test phases. For instance, in the context of flow cytometry data, f° may
be viewed as a multi-modal distribution, with each mode corresponding to a different type of cell.
In contrast, f! is often a uni-modal distribution representing a specific type of cells of interest.
The proportions of the different cell types in f9 can vary between individuals, and f° may be
more accurately modeled as a mixture distribution with varying proportions of its components. In
the following experiment, we explore the robustness of the Density Ratio Test in the face of this
phenomenon.

More precisely, we consider f° as a mixture of two truncated Gaussians, denoted as g, and

g, With covariance matrix (1/500 1/(1)00) and means equal to (3/10,6/10) and (6/10,3/10), respec-

tively. The distribution f! is chosen as in Setting 2: a truncated Gaussian with covariance matrix

<1/(1)00 1/(1)00) and mean equal to (6/10,6/10). We set the training sample size n® + n' to 1000000

with n® = 0.7 x (nf%"). We investigate the type I error of the test, as well as its power against
alternatives @ = 0.015. In the first scenario, we assume that at training time, f* = 0.5x g, +0.5 X gp,
while in the test sample, fO = 7 x g, + (1 — 7) x g, for m varying from 0.5 to 0.9. In the second
scenario, we assume that at training time, f* =7 x g, + (1 — 7) x g3 for 7 varying from 0.5 to 0.9,
while in the test sample, f° = 0.5 x g, + 0.5 x g5. Each experiment is reproduced 300 times. The
results are presented in Tables 1 and 2, respectively.

™ | 05 | o : : :
Proportion of rejects under Hy 0.00 | 0.00 | 0.00 | 0.00 | 0.00
1

Proportion of rejects under H; with # = 0.015 1

Table 1: Proportion of experiments where H is rejected. The training sample X° has distribution
% =0.5 x g, + 0.5 x gy, while for the test sample fO =7 x g, + (1 —7) X gp.

The results presented in Table 1 indicate a certain robustness of the Density Ratio Test against
reasonable variations in the proportions of the components of the mixture distribution f°. Indeed,
the type I error remains lower than the desired level @ = 0.05 for all proportions considered in
the first experiment, and as long as m > 0.2 in the second experiment. This should come as no
surprise: the partition chosen by our algorithm favors bins where the density under £ is low, while
the density under f' is relatively large. When such bins exist, they contain the majority of the
signal and carry the most weight in the test, leading to rejection of the hypothesis when the number
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™ | 05|06 |07 ]08]09
Proportion of rejects under Hy 0.00 | 0.00 | 0.00 | 0.00 | 1
Proportion of rejects under Hy with § = 0.015 1 1 1 1 1

Table 2: Proportion of experiments where Hy is rejected. The training sample X? has distribution
fO =7 x ge+ (1 —m) x gp, while for the test sample O = 0.5 x g, + 0.5 X gp.

of points falling into these bins is sufficiently large. On the contrary, the relative weight of the
different regions with a large weight under f° can vary between the training and test times without
significantly increasing the type I error, as these regions have a limited influence on the test result.

B.2 Detection rate of Density Ratio Test, Bootstrap Density Ratio Test and
Maximum Mean Discrepancy

In this section, we investigate the detection rate of the Density Ration Test, the Bootstrap Density
Ratio Test, and Maximum Mean Discrepancy. Figure 3 suggests that the detection threshold
decreases more rapidly in the high signal setting than in the low signal setting. To confirm this
intuition, we investigate the values of 6 such that the Density Ratio Test has power between 0.15
and 0.85 for different training sample sizes. The corresponding values of the pairs (nf"@" @) are
plotted on a logarithmic scale in Figure 6.

We consider the distributions f° and f' of Settings A, B and C, corresponding respectively
to an easy, intermediate and hard contamination detection problem. We assume again that n® =
0.7 x (n'""™) and we let the number of training samples vary from 1000 to 1000000 (for DRT and
BDRT) or to 100000 (for MMD, due to larger computation times). We then conduct test with a
test sample size given by n = 0.1 x (n!"*"). We simulate mixtures sampled from (1 —6) x f0+6f!
for 6 varying between 0.0003 and 0.3. We investigate the values of 6 such that the Density Ratio
Test has power between 0.15 and 0.85 (for DRT) and between 0.3 and 0.7 (for BDRT and MMD)
for different training sample sizes. The corresponding values of the pairs (n"*", ) are plotted on
a logarithmic scale in Figure 6.

Figure 6 reveals that the slope of the linear regression log(f) = alog(1/n'"*") 4 b is larger
(in absolute value) in the high signal setting (Setting A): the detection threshold indeed decreases
more rapidly in this case. More precisely, we note that the slope a in Setting A is approximately
—0.97: the test detects alternatives corresponding to approximately constant power at a rate close
to n=%% (up to a multiplicative constant). In this large signal setting, the Density Ratio Test
almost achieves the fast detection rate n~!. The slope a in the intermediate setting is somewhat
lower, approximately —0.76. By contrast, the slope is approximately —0.65 in the low signal setting.
By contrast, the slope are respectively —0.51, —0.52 , and —0.5 for the MMD test (in settings A,
B, and C), and —0.95, —0.76, and —0.7 for BDRT.

B.3 Analysis of the HIPC dataset

Data pre-processing We pre-process the observations so as to ensure that each measurement
lies in the range [0,1]. More precisely, we center each coordinates, and we apply an inverse sinus
function. Finally, we rescale the result to the range [0, 1].

Experiment We conduct the following experiment for each cell type, and each of the 62 samples.
We consider the current sample of cells as the test sample, with the remaining 61 samples serving
as training samples. Initially, we use 12 randomly selected samples (out of 61 samples) to determine
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Figure 6: Values of pairs (n'"®" ) such that the Bootstrap Density Ratio Test (left) and MMD
Test (right) have empirical power between 0.15 and 0.85 for DRT, and between 0.3 and 0.7 for
BDRT and MMD for an alternative parameterized by 6 when the training sample size is n° + n',
plotted on a logarithmic scale. The color correspond to the empirical power, the shape of the dots
to the setting of the experiment (low, intermediate or high signal).

the partition. Subsequently, we calibrate the Bootstrap Density Ratio Test to achieve a desired
significance level o with a type one error of 5%. This involves estimating the distribution of the
statistic under the null hypothesis using 25 samples (excluding all cells labeled “c") and applying
the test on the remaining 24 samples (also excluding all cells labeled “c"). We choose a as the
largest value that ensures the test declares at most one false positive.

Finally, we execute our test for various prevalence levels 8 of cell type c¢. To achieve this, we
re-estimate the distribution of the test statistic under the null hypothesis using the same 49 samples
used for calibration. Subsequently, we generate a synthetic test sample with a sample size of 10
000 cells, and with varying prevalence levels 6 for cell type ¢. This is done by randomly selecting
the corresponding number of cells of type ¢ and cells of other types (without replacement if the
number is smaller than the actual count, with replacement otherwise). For each prevalence level 6,
we repeat this sampling process 10 times. Averaging across the 62 samples, we obtain an estimate
of the test’s power for detecting each of the three cell types against alternatives characterized by
varying levels of prevalence 6.

We proceed similarly to estimate the power of MMD.
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