
HAL Id: hal-04535050
https://hal.science/hal-04535050

Submitted on 5 Apr 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Interacting, running and tumbling: The active Dyson
Brownian motion

Léo Touzo, Pierre Le Doussal, Grégory Schehr

To cite this version:
Léo Touzo, Pierre Le Doussal, Grégory Schehr. Interacting, running and tumbling: The active Dyson
Brownian motion. EPL - Europhysics Letters, 2023, 142 (6), pp.61004. �10.1209/0295-5075/acdabb�.
�hal-04535050�

https://hal.science/hal-04535050
https://hal.archives-ouvertes.fr


Interacting, running and tumbling: the active Dyson Brownian motion
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1Laboratoire de Physique de l’École Normale Supérieure, CNRS,
ENS & PSL University, Sorbonne Université, Université de Paris, 75005 Paris, France
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We introduce and study a model in one dimension of N run-and-tumble particles (RTP) which
repel each other logarithmically in the presence of an external quadratic potential. This is an
“active” version of the well-known Dyson Brownian motion (DBM) where the particles are subjected
to a telegraphic noise, with two possible states ± with velocity ±v0. We study analytically and
numerically two different versions of this model. In model I a particle only interacts with particles
in the same state, while in model II all the particles interact with each other. In the large time limit,
both models converge to a steady state where the stationary density has a finite support. For finite
N , the stationary density exhibits singularities, which disappear when N → +∞. In that limit, for
model I, using a Dean-Kawasaki approach, we show that the stationary density of + (respectively
−) particles deviates from the DBM Wigner semi-circular shape, and vanishes with an exponent 3/2
at one of the edges. In model II, the Dean-Kawasaki approach fails but we obtain strong evidence
that the density in the large N limit retains a Wigner semi-circular shape.

Introduction. There is a tremendous current interest
in the study of interacting active particles both from the
theoretical and experimental point of view [1–7]. At vari-
ance with a passive particle, an active particle has a self-
propelled motion modelled by a driving “active” noise,
with a finite persistence time. A paradigmatic model is
the so-called run-and-tumble particle (RTP) – a motion
exhibited by E. Coli bacteria [5, 7], driven by telegraphic
noise [8–10]. It was also studied in the math literature on
“persistent” random walks [11, 12]. Even a single RTP
exhibits interesting properties, e.g. in the presence of a
trapping potential, the system reaches a non-Boltzmann
stationary state, retaining the effect of activity even at
late times [9, 13–18].

A crucial question is what happens to these stationary
states in the presence of interactions between the RTP’s.
Interacting RTP’s are known to exhibit remarkable col-
lective effects, such as motility-induced phase separation,
clustering and jamming even for repulsive interactions
and in the absence of alignement [1, 3, 7, 19–28]. To de-
scribe the effects of interactions beyond numerical simu-
lations, hydrodynamic approaches and perturbative ex-
act results have been developed [7, 21, 29–31]. At present,
very few exact results exist, even in one dimension, be-
yond two interacting RTP’s on the line [19, 20, 32–37],
and harmonic chains [38, 39]. Recent exact solutions have
also been obtained for some specific many-particle mod-
els on a lattice with contact interactions [40–43].

In the passive case, a well studied model of N inter-
acting particles in one dimension is the Dyson Brownian
motion (DBM) [44–46]. In this model, the particles in-
teract via a pairwise logarithmic potential and are sub-
jected to independent white noises. There is a host of
exact results in the limit of large N , principally due to
the connection between the positions of the particles and

the eigenvalues of a random matrix. In the presence of
a quadratic external potential, these matrices belong to
the celebrated Gaussian β-ensemble [45]. An important
result in that case is that the scaled particle density con-
verges at large time and large N to the Wigner semi-
circle density ρsc(x) =

2
πx2

e

√
x2
e − x2, which has a finite

support [−xe, xe]. It is then quite natural to look for
an extension of this model to the realm of active mat-
ter, where each particle becomes an RTP. An interesting
question is whether exact results can also be obtained
in that case, and what kind of new phenomena can be
expected as compared to the passive DBM model. In
particular, let us recall that the stationary density for
independent RTP’s in a quadratic potential also has a
finite support [−x+, x+], of the form ρ1(x) ∝ (x2

+ − x2)ϕ

where the edge exponent ϕ ∈] − 1,+∞[ can vary con-
tinuously [7, 9, 15]. One can thus ask if, by turning on
the interactions, one may eventually interpolate between
these two density profiles.
To address such questions we introduce and study in

this paper a model that we call the active DBM. It is
defined by the evolution equation for the positions xi(t)
of N particles

ẋi(t) = −λxi(t) +
2

N

∑
j ̸=i

gσi(t),σj(t)

xi(t)− xj(t)
(1)

+ v0σi(t) +

√
2T

N
ξi(t) .

Each particle can be in two internal states σi(t) = ±1 of
velocities respectively ±v0, and flips its sign with a con-
stant rate γ. In addition each particle is submitted to
an external potential V (x) = λ

2x
2 and to a thermal noise

at temperature T/N , where the ξi(t)’s are independent
standard white noises. The particles interact via a re-
pulsive pairwise logarithmic potential (i.e. a 1/x force)
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of strength gσ,σ′ ≥ 0 which depends a priori on their
internal states. We will focus on two cases

gσ,σ′ =

{
g δσ,σ′ (model I) ,

g , ∀(σ, σ′) (model II) .
(2)

Model II looks a priori like the most natural extension of
the DBM to RTP particles. However, its non-interacting
limit g → 0 is singular (see below). On the other hand,
model I interpolates naturally between the independent
RTPs limit and the usual DBM.

The simplest observables are the densities of each
species σ = ±1

ρσ(x, t) =
1

N

∑
i

δσi(t),σδ(x− xi(t)) , (3)

as well as the total density ρs(x, t) = ρ+(x, t) + ρ−(x, t),
normalized to unity, and ρd(x, t) = ρ+(x, t) − ρ−(x, t).
The model (1)-(2) is invariant under the symmetry
(xi, σi) → (−xi,−σi), which implies that ρ−(x, t) =
ρ+(−x, t) for all time t if the initial condition is symmet-
ric. For model II, Eq. (1) with v0 = 0 describes the stan-
dard DBM for the Gaussian β-ensemble with β = 2g/T
[45], leading to the stationary semi-circle density with
xe = 2

√
g/λ, which is independent of T . The factors of

N in (1) are chosen so that the support of the stationary
density is of O(1), which, as we will see below, remains
true for the active case.

In this paper we study the model defined by Eq. (1)
for v0 > 0 and focus on the limit T → 0 with fixed g and
λ, which is the purely active problem with repulsion. By
combining analytical tools and numerical solutions of Eq.
(1), we obtain results at finite N as well as in the large
N limit for various observables. This includes the sta-
tionary limit of the densities defined in (3), which have a
single support with edges at x±,N . We demonstrate that
the two models I and II exhibit very different behaviors
(see Fig. 1). For model I, particles of opposite velocities
do not interact and can thus cross, and we find that the
hydrodynamic description, based on the Dean-Kawasaki
(DK) approach [47, 48], becomes exact at large N . This
allows to show that in that limit the stationary density
of + (respectively −) particles deviates from the Wigner
semi-circular shape. It vanishes with an exponent 3/2
at one of the edges and we obtain its dependence on the
parameters (see top panel of Fig. 1). In model II, parti-
cles cannot cross, and as a result they tend to aggregate
into clusters at small g. In this case the hydrodynamic
approach at large N fails and we characterize the distri-
bution of the sizes of the clusters as well as the stationary
density numerically (see bottom panel of Fig. 1). We ob-
tain strong evidence, e.g., by computing perturbatively
the fluctuations of the particle positions, that the density
in the large N limit still retains a Wigner semi-circular
shape.
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FIG. 1. Top: Shape of the particle density in model I in
the plane (gλ/v20 , γ/λ) in different limits. The density ρ+ is
plotted in red and ρ− in blue. When the two coincide they
are plotted in black. The light dashed curves represent the
density slightly away from the limit considered. The dashed
circular line in the diagram symbolizes infinity. The diffusive
limit, which requires a specific scaling between v0 and γ, is not
shown here. Bottom: Shape of the total density ρs in model
II as a function of the parameter gλ/v20 showing the different
regimes at large N . The results were derived in the limit
γ → 0 but simulations suggest that they are valid beyond
this limit. The dashed red line shows the semi-circle. The
spatial extension of the density as a function of the model
parameters is also shown in the different regimes.

General properties of both models. We start with
some general observations which are valid for both model
I and model II. First, notice that, in the limit T → 0 that
we consider in this paper, there are only two dimension-
less parameters v0√

gλ
and γ

λ . Hence, from now on we set

λ = 1. For each model there are four interesting limits
discussed below: (i) the passive limit v0 = 0 (ii) the limit
g → 0+, (iii) the limit where the velocities are frozen
γ = 0, and (iv) the diffusive limit γ → +∞, v0 → +∞
with D =

v2
0

2γ fixed.

For a single particle, N = 1, we know that the parti-
cle density has a finite support [−v0, v0] with edges ob-
tained by solving f(x±,1) = ±v0 where f(x) = −x is
the force due to the harmonic potential [18]. For N > 1
the support is still finite [x−,N , x+,N ], but it is modified
by the interactions. We find the upper edge x+,N by
fixing σi = +1 for all particles (hence it is the same for
models I and II) and computing the equilibrium positions
{xeq

i }1≤i≤N of the particles. Then x+,N corresponds to
the largest xeq

i (and x−,N = −x+,N by symmetry). From
Eq. (1), we thus see that we need to solve the following



3

3 2 1 0 1 2 3
x

0

1

2

3
s(x

)

3 2 1 0 1 2 3
x

0.0

0.4

0.8

s(x
)

3 2 1 0 1 2 3
x

0.0

0.1

0.2

0.3

s(x
)

3 2 1 0 1 2 3
x

0.0

0.5

1.0

1.5

s(x
)

3 2 1 0 1 2 3
x

0.00

0.25

0.50

s(x
)

3 2 1 0 1 2 3
x

0.0

0.1

0.2

0.3

s(x
)

FIG. 2. Total particle density ρs(x) in model I (top) and II
(bottom) for N = 2, 3 and 5. The other parameters are g = 1,
v0 = 1 and γ = 0.25. When Nγ ≤ 1 we observe singularities
in the density. The red lines show the predicted edges of the
support.

set of equations

v0 − xi +
2g

N

∑
j ̸=i

1

xi − xj
= 0 for i = 1, · · · , N . (4)

The solution is found as xi = v0 +
√

2g
N yi where the

yi’s are the zeroes of the Hermite polynomials, HN (y) =
0 [49, 50]. This allows to show that limN→+∞ x±,N =
±(v0 +2

√
g), with O(N−2/3) corrections, see [51] for the

systematic expansion. However we will see below that for
N = +∞ strictly, the support is also an interval which
we denote [x−, x+]. This interval must be included in
[−v0 − 2

√
g, v0 + 2

√
g] but can be strictly smaller (see

[51]). Finally note that since for γ > 0, + particles can
change into − particles at any time and vice-versa, ρ+(x)
and ρ−(x) necessarily have the same support.

To understand the stationary measure for finite N it is
useful to consider first the case γ = 0, in which case the
σ⃗ = (σ1, ..., σN ) are frozen. This allows to identify the
”fixed points” of the dynamics, which will also determine
the singularities of the stationary measure for γ > 0. For
each given σ⃗ there is a set of fixed points in the space
x⃗ = (x1, ..., xN ), which correspond to the local minima
of the potential

Vσ⃗(x⃗) =
1

2

∑
i

x2
i −

2

N

∑
i<j

gσi,σj
log |xi−xj | − v0

∑
i

σixi

(5)
which is invariant by a global permutation τ of the parti-
cles (xi, σi)→ (xτ(i), στ(i)). Indeed the potential (5) has

the property that any fixed point ∂tx⃗ = −∇⃗Vσ⃗(x⃗) = 0
is fully stable hence is a local minimum [51]. Therefore,
starting from a given initial condition there is a unique
accessible fixed point.

In model I, for γ = 0 and for any given initial condi-
tion, the system ends up forming two groups with the N−
particles with σ = −1 shifted to the left, and the N+ par-
ticles with σ = 1 shifted to the right. Within each group

the particles keep their initial order. Note that the two
groups can overlap. Up to a permutation τ of the parti-
cles the fixed points are thus labeled by (N+, N−), hence
there are N +1 of them. The positions of the particles in

each group are xi = σiv0 +
√

2g
N yσi

i , where the y±i ’s are

again the zeroes of the Hermite polynomials HN+
and

HN− respectively, see [51], leading in the large N limit
to two shifted semi-circles.

In model II, for γ = 0, since the particles cannot cross
it is convenient to assume that the xi’s are ordered (which
is always possible up to a permutation τ). Then each σ⃗
leads to a different fixed point, so that in total there are
2N different fixed points. It is difficult to compute them
analytically.

These fixed points lead to singularities in the station-
ary state for γ > 0 which are visible in the stationary
particle density ρs(x), determined numerically in Fig. 2.
Each time the velocity of a particle switches sign, the
system flows towards the corresponding fixed point until
the next change of sign. The smaller γ, the longer the
particles stay near the fixed point x⃗. This leads to an
algebraic singularity in ρs(x) of the type |x− x∗|Nγ/λ−1

around all x∗ which coincide with one of the xi’s (see also
[52]). There are generically N(N+1) (model I) and N2N

(model II) such singularities in ρs(x) (some of which may
coincide). Note that it agrees with the known result for
N = 1 [7, 9, 15]. In the large N limit these singularities
are washed out in the bulk and at the edge they result in a
shrinking of the support of the density mentioned above.
We now study this limit for each model separately.

Model 1 and large N limit. Consider now interac-
tions between the same species only, i.e. the model (1)
with the choice gσ,σ′ = g δσ,σ′ in (2), for any T . To study
the limit of large N we extend the DK approach [47, 48]
to derive evolution equations for the densities ρ±(x, t)
defined in (3) in presence of the active noise. As shown
in [51] for the model I, they take the form at large N

∂tρσ(x, t) = ∂x

[
ρσ(x, t)

(
x− v0σ − 2g

 
dy

ρσ(y, t)

x− y

)]
+ γ (ρ−σ(x, t)− ρσ(x, t)) +O(1/

√
N) , (6)

for σ = ±1 and where
ffl

denotes the Cauchy principal

value. The correction terms are (i) a O(1/
√
N) ran-

dom term coming from the active noise, (ii) deterministic
terms of order O(1/N) (which in the standard DBM case
v0 = 0 can be written exactly), see [51] for more details
on these terms. As in the case of the DBM one intro-
duces the ”resolvents”, i.e., the Stieltjes transforms of
the ρσ(x, t)

Gσ(z, t) =

ˆ
dx

ρσ(x, t)

z − x
=

1

N

∑
i

δσi(t),σ

z − xi(t)
(7)

for z in the complex plane minus the support of the den-
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sities. Their asymptotic behaviors are

G±(z, t) ≃z→∞
1

z

ˆ
dxρ±(x, t) =

p±(t)

z
(8)

with pσ(t) = 1
N

∑
i δσi(t),σ and p+(t) + p−(t) = 1. In

the limit N → +∞ one can neglect the O(1/
√
N) terms

in (6) and the time evolution of the density becomes de-
terministic. This equation can be rewritten as a pair of
equations for G±(z, t)

∂tGσ = ∂z(−v0σGσ + zGσ−gG2
σ) + γG−σ − γGσ . (9)

These equations allow to study the stationary densities of
the system, which we denote ρ±(x) – each being normal-
ized to 1

2 by symmetry. Setting the time derivatives to
zero and introducing the densities ρs = ρ++ρ− and ρd =
ρ+ − ρ− and their Stieltjes transforms Gs = G+ + G−
and Gd = G+ −G− respectively, we get from (9)

0 = ∂z(−v0Gd + zGs −
g

2
(G2

s +G2
d)) , (10)

0 = ∂z(−v0Gs + zGd − gGsGd)− 2γGd . (11)

The first equation can be integrated, using the large z
behaviors in (8)

−v0Gd + zGs −
g

2
(G2

s +G2
d) = 1 . (12)

In the case v0 = 0, one finds that Gd = 0 is indeed
a solution, as expected, together with Gs(z) = z

g (1 −√
1− 2g

z2 ) which recovers the semi-circle density

ρs(x) =
1

π
ImGs(x− i0+) =

1

πg

√
(2g − x2)+ (13)

for the total density ρs. It has support over [−
√
2g,
√
2g]

which is indeed strictly included in [−v0−2
√
g, v0+2

√
g]

as discussed above.
We now turn to the case v0 > 0. In the limit g → 0,

one obtains the solution Gs(z) =
1
z 2F1

(
1
2 , 1; γ + 1

2 ;
v2
0

z2

)
and v0Gd(z) = zGs(z)− 1, which is consistent with

ρs(x) = A

(
1−

(
x

v0

)2
)γ−1

+

, ρd(x) =
x

v0
ρs(x) (14)

with A =
Γ(γ+ 1

2 )√
πv0Γ(γ)

which recovers, as expected, the so-

lution for a single RTP (i.e., N = 1) [15]. In the case
g > 0 the coupled equations (11)-(12) are more dif-
ficult to solve. Interesting observables are the integer
moments ⟨xk⟩± of the densities 2ρ±(x) (normalized to
unity), as well as ms

k and md
k of ρs and ρd. They are

obtained exactly by recursion from the large z expansion

2G±(z) =
∑∞

k=0
⟨xk⟩±
zk+1 . From the unicity of the station-

ary state [53] we have the symmetry ρ+(x) = ρ−(−x)

leading to ms
2p = ⟨x2p⟩+ = ⟨x2p⟩− as well as md

2p+1 =

⟨x2p+1⟩+ = −⟨x2p+1⟩−, and ms
2p+1 = md

2p = 0. One
finds

md
1 = ⟨x⟩+ =

v0
1 + 2γ

, ms
2 = ⟨x2⟩+ =

v20
1 + 2γ

+
g

2
(15)

The higher moments are obtained from the following re-
cursion relation

⟨xk⟩+ =
k
2

k
2 + γδk,odd

(v0⟨xk−1⟩++
g

2

k−2∑
l=0

⟨xl⟩+⟨xk−2−l⟩+)

(16)
with δk,odd = 1 if k is odd and 0 otherwise. Explicit ex-
pressions are given in [51], where we also obtain exactly
the first three moments for any N . These predictions are
in excellent agreement with our numerical simulations.
It is also possible to obtain predictions for the time de-
pendent moments (beyond stationarity) from the large z
expansion of Eq. (9) and the agreement with numerics is
also excellent.
From the recursion (16) we compute the moments to

a high order. This allows to determine numerically [54],
for N → ∞, (i) the position of the edges x+ = −x−,
(ii) the behavior of the densities near the edges. Over a
wide range of parameters (v0, g, γ), we obtain the large
k behavior compatible with

⟨xk⟩+ ≃ xk
+(Ak−

3
2 + (−1)kBk−α−1) , α ≈ 3

2
. (17)

This indicates that the density ρ+(x) exhibits two dis-
tinct behaviors near the upper and lower edges, i.e.,
ρ+(x) ∼ (x+−x)1/2 (as for the semi-circle) and ρ+(x) ∼
(x + x+)

3/2 respectively. The fact that the exponents
near ±x+ differ by unity appears to be a more general
feature also valid for the finite N singularities [51]. The
value α = 3/2 is confirmed by a small γ expansion, as we
now discuss.
We start from the integrated version of (9) (in the

stationary state)

−v0G+(z) + z(G+(z)−
1

2
)− gG2

+(z) (18)

= γ

ˆ z

−∞
[G+(z

′) +G+(−z′)]dz′ (19)

where we have used G−(z) = −G+(−z) and G+(z) ∼ 1
2z

when z → ±∞ [55].
Let us first discuss the limit γ = 0+ [56]. From (19) one

obtains G+(z) ≃ z−v0
2

(
1−

√
1− 2g

(z−v0)2

)
correspond-

ing to a semi-circle density of support [v0−
√
2g, v0+

√
2g]

ρ+(x) =

√
(2g − (x− v0)2)+

2πg
(20)

Similarly ρ−(z) is a semi-circle of support [−v0 −√
2g,−v0 +

√
2g]. The total density ρs(x) is thus the

superposition of two shifted semi-circles centered at ±v0.
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FIG. 3. Left: Density ρ+(x) for g = 1, v0 = 2 and γ = 0.1,
for N = 100. The dashed black line shows the limit γ = 0+

for N → +∞. The small red lines show the edges x± of
the support for N → +∞, computed numerically using (16).
Inset: same density close to the left edge in log-log scale. The
dashed red line has slope 3/2. The 3/2 exponent is observed
in a small window between the finite N exponential regime
around the edge and the bulk regime. Right: Same plot as
the inset for γ = 1 which shows that the 3/2 exponent is valid
beyond the γ → 0 limit.

It is possible to carry a systematic expansion in powers
of γ [51]. One finds that the semi-circle exponent 1/2
near x+ survives for γ > 0, ρ+(x) ≃ A

√
x+ − x, with a

O(γ) shift in the position of the upper edge x+ and in
the amplitude A, given explicitly in [51]. Interestingly,
near the lower edge x− = −x+

ρ+(x) ≃
γ(x− x−)

3/2

3π21/4g3/4
√

v0(v0 +
√
2g)

, (21)

which confirms that α = 3/2, as anticipated above in Eq.
(17) and in agreement with numerics (see Fig. 3).

Another solvable limit is the diffusive limit v0, γ →
+∞ with a fixed ”effective” diffusion constant

v2
0

2γ = D.
In that limit the telegraphic noise converges to Gaus-
sian white noise and it is natural to ask whether model I
recovers the physics of the DBM. From (11) one finds
Gd ≃ v0

2γ ∂zGs and from (12) we obtain the following
equation for Gs

(zGs − 1)− g

2
G2

s +D∂zGs = 0 . (22)

If in (22) D ≪ 1 (e.g., one takes γ to infinity while v0
remains finite), see Fig. 1, one recovers the semi-circle
density with edge ±√g. On the other hand, here D =
O(1) which corresponds to a white noise in (1) with T =
DN . Our Eq. (22) is then the same equation as in [57],
where they considered the DBM with β = 2c

N and c = g
2D .

Performing the change of units, and using the solution
given in [57] we obtain the total density in our model as

ρs(x) =

√
D

2π

1

Γ(1 + c)

1

|D−c(ix)|2
(23)

D−c(z) =
e−

z2

4D

Γ(c)

ˆ +∞

0

dx e−
1
D (zx+ x2

2 )

(
x√
D

)c−1

(24)

where D−c(z) is the parabolic cylinder function. This
density interpolates between the semi-circle for c→ +∞
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FIG. 4. Left: Density of particles for λ = 1, g = 1, v0 = 1 and
γ = 1 for different values of N . Right: fraction of particles
above the right edge of the semi-circle as a function of N , for
the same set of parameters. It decreases as 1/

√
N .

and the Gaussian for c = 0. It is thus interesting to
see that the diffusive limit of model I corresponds to the
DBM in the special limit β = O(1/N), well studied in the
context of random matrix theory [58–60]. Note also that
the effective coupling constant is actually g/2, instead
of g, since at any given time each particle interacts only
with half of the system.
Model 2 and large N limit. We now turn to the

fully interacting version of the model. One important
difference with model I is that the trajectories of the par-
ticles cannot cross, so that they keep the same ordering
at all times. This case is more difficult to study analyt-
ically and in particular we do not have the equivalent of
the DK approach (its standard version fails, see below).
Based on a thorough numerical study, we find a quite
interesting feature of the model, namely that there are
three different regimes as g

v2
0
is varied (see Fig. 1). Let

us first focus on the first two regimes. For g
v2
0
= O(1),

the stationary density is consistent with a Wigner semi-
circle, independently of γ > 0. On the other hand, for
g
v2
0
→ 0+ while keeping the non intersection constraint,

the particles tend to form clusters which we characterize
numerically. The crossover between the two regimes ap-
pears to occur on a scale g

v2
0
= O(1/N) so we surmise,

based on our numerical results, that

ρs(x) ∼
1√
g
f

(
x√
g

)
,

g

v20
≫ 1

N
, (25)

ρs(x) ∼
√
N

v0
ϕ

(√
N

x

v0

)
,

g

v20
≪ 1

N
, (26)

where f(z) and ϕ(z) are scaling functions which we dis-
cuss below.
Let us start with the regime g

v2
0
= O(1). The naive

generalization of the DK equation to this case amounts

to Eq. (6) where one replaces [51] 2g
ffl
dy ρσ(y,t)

x−y by

2g
ffl
dy ρs(y,t)

x−y since each particle interacts identically with

both species (we recall that ρs = ρ+ + ρ−). However
this equation does not hold even at large N as we have
carefully checked numerically. To understand this we
consider for both models the exact equation satisfied by
pσ(x, t) = ⟨ρσ(x, t)⟩ where ⟨. . . ⟩ denotes the average over
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FIG. 5. Time evolution of the positions of N = 100 particles
for the effective model g = 0+ of model II, for λ = 1, v0 = 1
and γ = 0.1, 1 and 10 from left to right.

the different histories σ(t). This equation is not closed
but involves, in its interaction term, the pair correla-

tion p
(2)
σ,σ(x, y, t) for model I and p

(2)
σ,s(x, y, t) for model

II (see [51] for details). For model I, we have checked
numerically that at large N this pair correlation can
be replaced by its factorized form pσ(x, t)pσ(y, t) lead-
ing to a closed equation for pσ(x, t) which coincides with
the DK equation. By contrast, for model II, we find
that replacing the pair correlation by its factorized form
pσ(x, t)ps(y, t) is inconsistent with the numerics, even at
large N [51]. Remarkably, we find that, in that case,
the density ρs(x) converges to a Wigner semi-circle with
support on [−2√g, 2√g], i.e., it takes the scaling form

as in (25) with f(z) = fsc(z) = 1
2π

√
4− z2, indepen-

dently of γ. This convergence is shown in Fig. 4 (left)
for g = 1 where we also see that the density ρs(x) ex-
hibits ”wings” outside the semi-circle, with total weight
scaling as N−1/2, see Fig. 4 (right). In addition we find
that ρd(x) = ρ+(x)− ρ−(x) vanishes at large N .
The second interesting regime is g

v2
0
≪ 1/N . In the

limit g
v2
0
→ 0+ the interactions still play an important

role since they forbid crossing of the particles. One finds
that a reliable effective model in that limit can be defined
as follows. When particles meet they form a point like
cluster. The instantaneous velocity of each cluster is the
mean velocity of all the particles in the cluster. A cluster
is characterized by the ordered list of the velocities of
the particles which have joined. For γ > 0 each particle
can change its velocity, which may result in breaking of
the cluster in pieces, according to precise rules (see [51]
for details). For small γ the particles tend to form large
clusters, see Fig. 5, as observed in some RTP lattice
models [19, 28, 42]. We have determined numerically
the distribution p(n) of sizes n of these clusters. For
γ = 0, p(n) decays as 1

n , for n ≤ N , while for γ >
0 the leading behavior is exponential in n with a rate
depending on γ, see Fig. 6. Finally, our numerics are
consistent with the scaling form in Eq. (26) for the total
density, with a scaling function ϕ which depends on γ,
see Fig. 6. Interestingly, this scaling function seems to
exhibit a power law tail ϕ(x) ∝ 1/x3 for large x [51].
Here also, we find that ρd(x) vanishes at large N .

To understand better the above regimes for model
II and in particular the appearance of a semi-circle for
g
v2
0
= O(1) it is useful to study the fluctuations of the po-
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4 2 0 2 4
x N
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1 N
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N = 1000
N = 10000

4 2 0 2 4
x N
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)

= 0
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= 10

FIG. 6. Left: Fraction r(n) of particles in clusters of size

n, with r(n) = np(n)/
∑N

m=1 mp(m), in the limiting model
g = 0+ for N = 10000 and different values of γ (averaged
over 106 realisations for γ = 0 and over a time 105 for γ > 0).
r(n) is independent of n for γ = 0 and decays exponentially

for γ > 0. Center: Rescaled particle density ρs(x/
√
N)/

√
N

for different values of N in the limiting model g = 0+ for
γ = 1. With this rescaling all the plots collapse on the same
curve, which is compatible with (26). Right: Rescaled particle
density for N = 10000 and different values of γ.

sitions xi of the particles. We consider the limit γ = 0+

such that at large time the system is with equal proba-
bility near the fixed point corresponding to any of the 2N

values of σ⃗. We perform an expansion for small v20/g of
δxi = xi − xeq

i , where xeq
i denotes the equilibrium posi-

tions for v0 = 0. One can diagonalize the Hessian matrix
Hij = ∂xi

∂xi
Vσ⃗(x⃗)|x⃗=x⃗eq associated to the potential in

(5), either approximately as in [46], or exactly [50]. To
linear order one has δx⃗ = v0Hσ⃗, and using ⟨σiσj⟩ = δij
we find the following estimates at large N [61]

Var(δxi) ∼
v20

Ngρ2i
, Var(δxi − δxi+n) ∼

v20n

g2ρ4iN
2

(27)

where here ρi = ρs(x
eq
i ) is the local mean density, which

in the bulk is ρi ∼ 1/
√
g. The first quantity is dom-

inated by soft large wavelength fluctuations which are
cutoff by the quadratic well. It allows to predict the
various regimes as g/v20 varies, summarized in Fig 1. If
δxi is much smaller than the size of the support ∼ √g
the semi-circle density which holds for v0 = 0 remains
unchanged. This yields the condition g/v20 ≫ 1/N .
For g/v20 = O(1/N) a crossover occurs to the regime
g/v20 ≪ 1/N where particles tend to aggregate as in
Fig. 5. These conclusions are compatible with the forms
in (25) and (26). Note that for very large g, δxi is much
smaller than the interparticle distance 1/(Nρi) =

√
g/N ,

which explains why for g/v20 ≫ N the density exhibits
peaks at the interparticle scale (see Fig. 1 and [51]).
Since we observe numerically that the fluctuations de-
crease as γ increases the above discussion remains valid
for γ > 0. Finally, the second result in (27) indicates
that the variance of the number of particles in an inter-
val grows linearly with its size. This is in contrast with
the case of the standard DBM where a similar calculation
leads to logarithmic growth (see [46]).

As a final remark, in the diffusive limit γ → +∞, v0 →
+∞ and

v2
0

2γ = D fixed, we expect model II to converge

to a variant of the DBM, where β = 2g/(ND)≪ 1, with
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an additional hard-core repulsion, which remains to be
studied.

Conclusion. We introduced a model of interacting
active particles in one dimension, the active Dyson
Brownian motion, with two different variants, and
studied the stationary density. While for finite N it
presents singularities (corresponding to the fixed points
of the γ = 0 dynamics), for N → +∞ those singularities
are washed out and the density becomes smooth inside
its finite support. We developed an analytical approach
to compute it for model I and found 1/2 and 3/2
exponents at the edges. For model II, the particles
tend to form clusters, and we found strong evidence
that the density takes a semi-circular shape in a wide
range of parameters (see Fig. 1). Our results raise
several challenging open questions. The first would be
to obtain analytical results for model II, such as for the
stationary density, the gaps, and the cluster statistics.
This requires a better understanding of the failure of the
DK equation for model II, which in turn could provide
a new insight into the study of active particle systems
through hydrodynamic equations. Second, the effect of
additional passive noise (T > 0) should be important for
model II since for T > 2g it enables particle crossings.
Third, the g = 0+ effective model clearly deserves
further investigation. Finally an intriguing question is
whether there exists a matrix model associated to the
active DBM.
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[4] É. Fodor, and M. C. Marchetti, The statistical physics of
active matter: from self-catalytic colloids to living cells,
Physica A 504, 106 (2018).

[5] H. C. Berg, E. Coli in Motion, (Springer Verlag, Heidel-
berg, Germany) (2004).

[6] M. E. Cates, Diffusive transport without detailed balance:
Does microbiology need statistical physics ?, Rep. Prog.
Phys. 75, 042601 (2012).

[7] J. Tailleur, and M. E. Cates, Statistical mechanics of in-
teracting run-and-tumble bacteria, Phys. Rev. Lett. 100,
218103 (2008).

[8] G. H. Weiss, Some applications of persistent random
walks and the telegrapher’s equation, Physica A 311, 381
(2002).

[9] P. Hänggi and P. Jung, Colored Noise in Dynamical Sys-
tems, Adv. Chem. Phys. 89, 239 (1995).

[10] J. Masoliver and K. Lindenberg, Continuous time per-
sistent random walk: a review and some generalizations,
Eur. Phys. J. B 90, 1 (2017).

[11] M. Kac, A stochastic model related to the telegrapher’s
equation, Rocky Mountain J. Math. 4, 497 (1974).

[12] E. Orsingher, Probability law, flow function, maximum
distribution of wave-governed random motions and their
connections with Kirchoff’s laws, Stoch. Process. Their
Appl. 34, 49 (1990).

[13] A. P. Solon, Y. Fily, A. Baskaran, M. E. Cates, Y.
Kafri, M. Kardar, and J. Tailleur, Pressure is not a state
function for generic active fluids, Nature Phys. 11, 673
(2015).

[14] S. C. Takatori, R. De Dier, J. Vermant, and J. F. Brady,
Acoustic trapping of active matter, Nature Comm. 7,
10694 (2016).

[15] A. Dhar, A. Kundu, S. N. Majumdar, S. Sabhapandit and
G. Schehr, Run-and-tumble particle in one-dimensional
confining potentials: Steady-state, relaxation, and first-
passage properties, Phys. Rev. E 99, 032132 (2019).
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XL (pp. 241-246). Springer, Berlin, Heidelberg (2007).

[64] https://dlmf.nist.gov/18.16
[65] https://mathworld.wolfram.com/

DiagonallyDominantMatrix.html

[66] L.C.G. Rogers and Z. Shi, Interacting Brownian partic-
ules and the Wigner law, Prob. Th. Rel. Fields 95, 555-
570 (1993).

http://arxiv.org/abs/2208.02124
http://arxiv.org/abs/2202.04459
http://arxiv.org/abs/2208.05937
http://arxiv.org/abs/2207.01317
http://arxiv.org/abs/2207.01321
http://arxiv.org/abs/2105.03795
https://dlmf.nist.gov/18.16
https://mathworld.wolfram.com/DiagonallyDominantMatrix.html
https://mathworld.wolfram.com/DiagonallyDominantMatrix.html


9

. .



10

Supplementary Material for
Interacting, running and tumbling: the active Dyson Brownian motion

CONTENTS

References 7

I. Definition of the models 10

II. Finite N 12
A. N = 2 case 12
B. Fixed point for N particles in the same state and support of the density 13
C. Stability of the fixed points and their determination in the general case 15
D. Effect of γ > 0 15

1. Simple argument in the generic case 15
2. More refined argument, and the marginal case Nγ = 1 18

III. Dean-Kawasaki versus Fokker-Planck equation 19
A. Dean-Kawasaki equation 19
B. Fokker-Planck equation, large N limit and stationary state 22

Derivation of the Fokker-Planck equation 22
Large N limit and the stationary state 23

C. Equation for the resolvent for model I 24

IV. Main results for model I 25
A. Moments of the density 25

Moments in the stationary state for N → +∞ 25
Moments in the stationary state for finite N 28
Time evolution of the moments 28
Fluctuations of the moments at finite N 29

B. Small γ expansion 30

V. Details of numerical simulations and further results 34
A. Model I and II: numerical details 35
B. Model II: further results 35
C. Definition of the limiting model g = 0+ 35
D. Results for the g = 0+ model 37

We give the principal details of the calculations described in the main text of the Letter. We display additional
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I. DEFINITION OF THE MODELS

The two models studied in this paper (model I and model II) consist of N interacting particles whose positions
xi(t) evolve according to the stochastic equation

ẋi(t) = −λxi(t) +
2

N

∑
j ̸=i

gσi(t),σj(t)

xi(t)− xj(t)
+ v0σi(t) +

√
2T

N
ξi(t) , i = 1, 2, · · · , N (28)

gσ,σ′ =

{
g δσ,σ′ (model I) ,

g , ∀(σ, σ′) (model II) .
(29)
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In Eq. (28) the variables σi(t) = ±1 are independent telegraphic noises which switch sign with a constant rate γ,
and the ξi(t) are independent standard white noises. We take g > 0 so that the interaction between the particles is
repulsive. Each particle is subject to an external potential V (x) = λ

2x
2 (in the rest of the paper we set λ = 1). In

this paper we restrict our study of model I and II to the case T = 0.
For v0 = 0 (but T ̸= 0) model II corresponds to the stationary version of the well-known Dyson Brownian motion

(DBM), with β = 2g
T (see e.g., [46] Section 9.4 setting T = 1 there). In this case the stationary measure for the joint

distribution of the positions of the N particles is given by

Pjoint(x1, ..., xN ) =
1

ZN
e−

Nλ
2T

∑
i x

2
i

∏
i<j

|xi − xj |β , (30)

where ZN is a normalization constant. This joint probability density function (30) coincides with the joint distribution
of eigenvalues for the β-ensemble of random matrices [45]. It is well known that in this case the one-particle density
converges in the N →∞ limit to the Wigner semi-circle law

ρsc(x) =
λ

g

√
( 4gλ − x2)+

2π
, (31)

where we used the notation (x)+ = x if x > 0 and 0 otherwise. The limiting density thus has a finite support
[−2
√
g/λ,+2

√
g/λ].

For the Dyson Brownian motion at T = 0, as well as for the model II at v0 = 0 and T = 0, the equilibrium positions

of the particles for any finite N are given by the zeros of the rescaled Hermite polynomial HN

(√
Nλ
2g x

)
[44, 49] (see

below for a quick derivation). In the limit N → +∞ the density of these zeros converges to the Wigner semi-circle
(31). For the DBM the density remains the same semi-circle for any T = O(1), i.e. the thermal noise scales as
O(1/

√
N) and its effect is weak. Note that the average characteristic polynomial remains equal to the same Hermite

polynomial, see e.g. Section 6.1 in [46]). However if one takes instead T = O(N), i.e. β = O(1/N) (i.e. the passive
noise term is of order O(1)), the particle density is not anymore a semi-circle and extends on the whole real axis [57].
In model II at T = 0 and v0 > 0 the noise is instead purely active, but scales as O(1). Hence it is not obvious whether
the stationary particle density will be a semi-circle or not. This question is discussed below and in the main text.
Surprisingly, our numerical simulations for model II suggest that the density seems to remain a semi-circle in the limit
of large N . This is at variance with model I where the stationary density is never a semi-circle. In the diffusive limit
discussed in the text, model I converges again to a DBM but in the high temperature regime β = O(1/N). For the
same reason we expect model II to converge to a DBM with β = O(1/N), but with the additional constraint that the
particles cannot cross. For β < 1 this constraint changes the statistics of the process [62, 63], which remains to be
studied in the present context.

Non interacting case. Finally, let us briefly mention some existing results concerning the non-interacting case (g =
0). In this case the density was computed exactly and is very different from an equilibrium Boltzmann distribution:
it has finite support [− v0

λ , v0
λ ] and exhibits singularities at the edges of the support (see e.g. [15])

ρs(x) = A

(
1−

(
λx

v0

)2
) γ

λ−1

, −v0
λ
≤ x ≤ +

v0
λ

, (32)

ρ±(x) =
A

2

(
1± λx

v0

) γ
λ
(
1∓ λx

v0

) γ
λ−1

, −v0
λ
≤ x ≤ +

v0
λ

, (33)

with A = (λ/v0)
Γ(1/2+γ/λ)√

πΓ(γ/λ)
. The difference of 1 between the exponents at the left and right edges of ρ±(x) is actually

more general, and valid even for a large class of external forces f(x) – such that the support is a single interval
[x−, x+], i.e. f(x±) = 0, with the additional assumption f ′(x±) ̸= 0. One predicts that

ρ+(x)

ρ−(x)
≃x→x+

1

x+ − x
,

ρ+(x)

ρ−(x)
≃x→x− (x− x−) . (34)

Indeed, replacing the harmonic force −λx with an arbitrary external force f(x) (still without interactions) the ex-
pression in (32) becomes [15, 18]

ρ±(x) =
B

v0(v0 ± f(x))
exp

[
2γ

ˆ x

0

dy
f(y)

v20 − f2(y)

]
, (35)
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with B a normalization constant. Here f(x) is assumed to derive from a potential with a single minimum, which
we choose to be at x = 0, and this solution is valid on the interval [x−, x+] where x± is the point closest to x = 0
such that f(x±) = ∓v0. From (35) we immediately see that if the derivative of f(x) does not vanish at x = x±,
the exponent with which ρ+(x) vanishes at x = x+ will be smaller by 1 compared to the exponent of ρ−(x) (and
conversely at x = x−). We will observe something similar in our model in the presence of interactions, see Fig. 10
below.

II. FINITE N

In this section we study the dynamics of the system for finite N . One starts with the case γ = 0 where the particles
do not change their internal state. In that case there are equilibrium configurations which are fixed points of the
dynamics. We will study these fixed points in detail. Next we will consider γ > 0 and see that the above fixed points
play an important role to understand the form of the stationary measure for γ > 0. In particular, the support of the
stationary measure can be determined by studying the fixed point corresponding to a state where all particles have
the same velocity.

For γ = 0, for each given σ⃗ = (σ1, ..., σN ) there is a set of fixed points in the space x⃗ = (x1, ..., xN ) which are by
definition all the solutions of (we have set λ = 1)

ẋi = σiv0 − xi +
2

N

∑
j ̸=i

gσi,σj

xi − xj
= 0 for i = 1, . . . , N . (36)

Note that the center of mass x̄ = 1
N

∑
i xi satisfies the simple equation

˙̄x = v0
1

N

∑
i

σi − x̄ . (37)

Hence at any of the fixed point one has x̄ = v0
1
N

∑
i σi. Each of these fixed points corresponds to a stationary point

of the following potential

Vσ⃗(x⃗) =
1

2

∑
i

x2
i −

2

N

∑
i<j

gσi,σj
log |xi − xj | − v0

∑
i

σixi (38)

i.e. ∂tx⃗ = −∇⃗Vσ⃗(x⃗) = 0. The potential and the set of fixed points are invariant by a global permutation τ of the
particles (xi, σi)→ (xτ(i), στ(i)). We will show below that all fixed points are stable, i.e. attractive for the dynamics.

A. N = 2 case

Let us illustrate the structure of fixed points for two particles N = 2. We consider the two cases:
(i) Model II, with gσ,σ′ = g. The equations for the fixed points are:

v0σ1 − x1 +
g

x1 − x2
= 0 , v0σ2 − x2 +

g

x2 − x1
= 0 (39)

which are easily solved introducing x = x1 + x2 = v0(σ1 + σ2) and y = x1 − x2 which obeys v0(σ1 − σ2)− y+ 2g
y = 0.

For each pair of values (σ1, σ2) we get 2 fixed points: x = ±2v0 and y = ±√2g or x = 0 and y = ±v0 ±
√
v20 + 2g.

Taking into account the exchange symmetry between the two particles, this corresponds to 4 different situations, see
Fig. 7 :

• both particles are in a state of velocity +v0 (resp. −v0) and have positions x1,2 = v0 ±
√

g
2 (resp. −v0 ∓

√
g
2 )

• the particles want to move away from each other and have positions x1,2 = ± 1
2 (
√

v20 + 2g + v0)

• the particles want to move towards each other and have positions x1,2 = ± 1
2 (
√

v20 + 2g − v0)
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1 2

Model I Model II(σ1,σ2)

(+,+)

(-,-)

(+,-)

(-,+)

1 2

12
OR

OR
12

1 2

1

2
OR

OR
12

2

1

2 1

1 2

1 fixed point

2 1
OR

21

2
OR

2 1

1
 2 fixed points, 

not related by relabeling

2 fixed points,
identical up to 
a relabeling 

FIG. 7. Schematic description of the fixed points for N = 2 in model I and II together with the corresponding values of (σ1, σ2)
(first column). There is a total of 6 fixed points in model I and 8 in model II, which reduces to N + 1 = 3 (for model I) and
2N = 4 (for model II) up to a permutation of the labels. The notation ”OR” means that the fixed point reached under the
γ = 0 dynamics depends on the initial condition. Indeed, the ordering of the particles is conserved in model II, and in model I
for particles in the same internal state.

Note that in model II since the particles never cross each other, for each pair (σ1, σ2) the fixed point reached by the
dynamics is determined by the initial ordering of the particles.

(ii) Model I, with gσ,σ′ = gδσ,σ′ . The equations are

v0σ1 − x1 + g
δσ1,σ2

x1 − x2
= 0 , v0σ2 − x2 + g

δσ1,σ2

x2 − x1
= 0 (40)

and the fixed points correspond to 3 different situations, see Fig. 7:

• both particles want to move to the right (resp. left) and have positions x1,2 = v0 ±
√

g
2 (resp. −v0 ∓

√
g
2 )

• the particles want to move away from each other and have positions xi = v0σi.

In model I, if the particles are in states with opposite velocities, the fixed point which is reached by the dynamics is
independent of the initial condition, see Fig. 7 (bottom left).

B. Fixed point for N particles in the same state and support of the density

As explained in the main text, and anticipating a bit on the following sections, the fixed points which correspond
to all N particles being in the same state (all velocities being +v0 or all being −v0) allow to determine the edges of
the support of the density for γ > 0. The upper edge x+,N for finite N is given by x+,N = max1≤i≤N xeq

i where the
xeq
i are the solutions of the following set of equations valid for both models (setting all σi = +1 in (36))

v0 − xi +
2g

N

∑
j ̸=i

1

xi − xj
= 0 for i = 1, ... , N (41)
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Performing the change of variable xi = v0 +
√

2g
N yi we obtain :

−yi +
∑
j ̸=i

1

yi − yj
= 0 for i = 1, ... , N (42)

The solution of this set of equations is well known to be given by the zeros of the Hermite polynomials, HN (y) = 0
[49, 50]. We briefly recall the proof here for the sake of completeness.

We write equation (42) under the form :

−yi
∏
k ̸=i

(yi − yk) +
∑
j ̸=i

∏
k ̸=i,j

(yi − yk) = 0 for i = 1, ... , N (43)

Introducing the polynomial P (y) =
∏N

l=1(y − yl), this can be written :

−yiP ′(yi) +
1

2
P ′′(yi) = 0 for i = 1, ... , N (44)

The polynomial P ′′(y)− 2yP ′(y) is of degree N and has N common roots with P , therefore it is proportional to P .
Looking at the coefficient of yN to find the proportionality factor, we obtain

P ′′(y)− 2yP ′(y) + 2NP (y) = 0 (45)

for which the solutions are of the form C1HN (y) (where C1 is a constant) plus a non-polynomial term, which has to
be zero in this case.

Similarly the lower edge is obtained from the fixed point with all σi = −1, which is simply obtained from the above
by changing v0 → −v0. Let us denote y = ζNk the kth largest zero of the Hermite polynomial HN (y). We thus obtain
that the two edges of the support of the density are

x±,N = ±
(
v0 +

√
2g

N
ζN1

)
(46)

a result valid for both models I and II.

Large N asymptotics of the support. In the limit N → ∞ with fixed k = O(1) the asymptotics of the kth

largest zero of HN (y) is known to be given by [64]

ζNk =
√
2N + 1 + 2−1/3(2N + 1)−1/6ak +O(N−5/6) (47)

where ak is the kth zero of the Airy function, which for large k is given by ak = −( 3π8 (4k− 1))2/3 +O(k−4/3). Taking
k = 1 and using (46) we get

x±,N = ±
[
v0 + 2

√
g

(
1 +

a1
2
N−2/3 +

1

4
N−1 +O(N−4/3)

)]
(48)

More generally, at finite N , in the case of model II where particles cannot cross, this computation also gives us
the support of the stationary measure for each particle individually. Indeed, consider the particle located at the kth

position starting from the right and denote xk its position. One expects that xk cannot be larger (resp. smaller) than
its equilibrium value corresponding to the state where all the particles have σ = +1 (resp. −1). According to the

computation above, this means that xk is always included in the interval [−v0 +
√

2g
N ζNk , v0 +

√
2g
N ζNk ]. This is at

variance with model I where every particle has the same support [x−,N , x+,N ].
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C. Stability of the fixed points and their determination in the general case

Let us now look at the stability of the fixed points. For now, let us consider σ⃗ to be given and fixed. For both
models, the Hessian takes a simple form for any configuration x⃗:

Hσ⃗(x⃗) =

(
∂2Vσ⃗(x⃗)

∂xi∂xj

)
1≤i,j≤N

= I +A (49)

Aij = Aji = −
2

N

gσi,σj

(xi − xj)2
≤ 0 for i ̸= j (50)

Aii = −
∑
j ̸=i

Aij (51)

(note that Hσ⃗(x⃗) does not depend on σ⃗ in model II). From the relations (50) and (51) we see that the matrix A
is a symmetric diagonally dominant real matrix (i.e. |Aii| ≥

∑
j ̸=i |Aij |) with non-negative diagonal entries (see e.g.

[65]). For such matrices, a classical result of linear algebra states that A is positive semi-definite. Therefore all the
eigenvalues of Hσ⃗(x⃗) are larger or equal to 1 (and 1 is an eigenvalue associated to the eigenvector (1, ... , 1), which
describes the relaxation of the center of mass). Actually it turns out that the matrix Hσ⃗(x⃗) can be diagonalised
exactly (see Ref. [50]) and its eigenvalues are simply the integers from 1 to N . Thus the eigenvalues of Hσ⃗(x⃗) are
always strictly positive for any configuration x⃗. This implies that all the fixed points are attractive for the dynamics.
In addition, the potential Vσ⃗(x⃗) is strictly convex on any subspace such that the interaction term does not diverge.
For model II each such subspace corresponds to a given ordering of the particles. For model I each such subspace
corresponds to a given ordering of the particles with σi = +1 and a given ordering of the particles with σi = −1.
Hence for each of these subspaces, in both models, from convexity there is a unique fixed point, which is attractive. In
other words the basin of attraction of that fixed point is the subspace in question. For each σ⃗ the number of subspaces
is N ! for model II and N+!N−! for model I, where N± is the number of σi = ±. For N = 2 this is illustrated in Fig. 7.

One can now ask what is the total number of fixed points as σ⃗ is varied. In model I, we see that all vectors σ⃗
with the same N+ will give the same fixed points up to a global permutation τ of the particles. Therefore if we are
interested in the number of distinct fixed points up to a permutation of the particles when varying σ⃗, there will be
only N + 1 of them in model I. In contrast, in model II each value of σ⃗ will lead to a different fixed point a priori, so
that there are generically 2N fixed points in this case.

Although for model II it is difficult to compute all the fixed points for arbitrary N , it is possible to do so in model I,
which we now focus on. Indeed in this case there is no coupling between + and − particles and they can be treated
as two independent sets of particles with positions x⃗± subject to a potential

V ±(x⃗±) =
1

2

∑
i

(x±
i )

2 − 2g

N

∑
i<j

log |x±
i − x±

j | ∓ v0
∑
i

x±
i (52)

This potential has a form similar to the one studied in II B (since it describes particles which all have the same sign)
and therefore the results from this section can be applied here independently to both sub-systems with N± particles.
Note that in both sub-systems, the interaction strength remains 2g/N [see Eq. (52)] and not 2g/N±. Hence the

equilibrium positions can be written as x±
i = ±v0+

√
2g
N y±i where the y±i ’s are the zeroes of the Hermite polynomials

HN+
and HN− . For finite N , all + particles are therefore included in the interval[−v0 − 2

√
2g
N ζ

N+

1 ,−v0 + 2
√

2g
N ζ

N+

1 ]

and all − particles in the interval [v0 − 2
√

2g
N ζ

N−
1 , v0 + 2

√
2g
N ζ

N−
1 ]. Therefore, in the N → +∞ limit, using the

asymptotic behavior of ζ
N±
1 from Eq. (47), one finds that the density will thus be the sum of two semi-circles of

support [v0 − 2
√
gp+, v0 + 2

√
gp+] and [−v0 − 2

√
gp−,−v0 + 2

√
gp−] where pσ = Nσ/N is the fraction of particles

with sign σ.

D. Effect of γ > 0

1. Simple argument in the generic case

The next question is how do these fixed points manifest in the stationary joint distribution Pstat(x⃗), and in the
stationary particle density ρs(x) for γ > 0 ? For N = 1 these two quantities are identical and given in (32). For
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FIG. 8. Support of the stationary joint distribution Pstat(x1, x2) for γ > 0 in the (x1 + x2, x1 − x2) plane for N = 2, for model
I (left) and model II (right). The figures were obtained by simulating the dynamics and saving the successive positions of both
particles. Since on each half plane x1 − x2 ⋛ 0 the set of points obtained is convex, it is enough to plot the convex hull of this
set of points on each half plane. The red dots are the fixed points which are listed in Fig (7) and whose coordinates are given
in the text in Section (IIA). Since the support is independent of γ we used γ = 0.01 (small values of γ allow particles to spend
more time close to the fixed points so that shorter simulations are required). All other parameters have been set to 1. In model
I the two particles can cross hence there is a unique ergodic component, while there are two components in model II.

any N , each time one particle switches sign, the system flows towards the corresponding fixed point until the next
change of sign, at which point the potential will suddenly change leading to a different fixed point. The smaller the
value of γ, the more time the particles will spend near the fixed point and the more we expect them to be visible as
singular points in the joint distribution and in the density. It is important to note that the support of both the joint
distribution and the density is independent of γ. For N = 2 this support is plotted in the space (x1, x2) in Fig. 8 for
both models I and II. The positions of the fixed points are visible in the figure as corners. The density itself ρs(x)
exhibits non-analyticities which we now analyze.

Let us denote by x⃗∗ = (x∗
1, . . . , x

∗
N ) any one of those fixed points (we consider here both model I and II). For N = 1,

we know that there are only two fixed points at x∗ = x∗
1 = ±v0 which correspond to the edges of the support, see (32)

setting λ = 1. From the exact formula, we see that the density near x∗ behaves as C±|x− x∗|γ−1, where C± refers to
the amplitude of the singularity on either side of x∗. Since in this case x∗ is also an edge, one of the two amplitudes
vanishes. This behavior can actually be recovered from a simple heuristic argument, which we will generalize below
to N > 1. Let us consider for instance the upper edge x∗ = x+ = v0. When σ is fixed to 1 the position of the particle
satisfies the equation ẋ = −x+ v0, or after a change of variable y = x− x+:

ẏ = −y ⇒ y(t) = y0e
−t (53)

The probability for a particle to still have σ = +1 after a time t is proportional to e−γt. Combining those two
information, we can write the stationary probability density p(y) of y as

p(y) =
p(t)

|dydt |
∝ e−γt

|y| ∝ |y|
γ−1 (54)

which is indeed the correct result for the exponent of the singularity.
This argument can be generalised to arbitrary N (and g > 0). Let us assume that all the σi remain fixed for a time

t≫ 1/λ = 1. Let us consider the vicinity of a fixed point and y⃗ = x⃗− x⃗∗, where x⃗ ∈ RN is the vector of all particle
positions. In the limit of large time the convergence to the fixed point is dominated by the smallest eigenvalue of
the Hessian Hσ({xi}), which is equal to unity, and corresponds to an eigenvector (1, . . . , 1) [see the discussion below
Eq. (51)]. Hence one has |y⃗| ∝ e−t for t large enough. Since the probability that all the N particles keep the same
σ for a time t decays as e−Nγt, the stationary joint probability density p(y⃗) of y⃗ behaves as p(y⃗) ∝ |y⃗|Nγ−1. Since
the dominant eigenmode corresponds to a global translation of all the particles, it is clear that the total density will
inherit the same singularity near any point x∗ = x∗

i with i = 1, . . . , N (i.e. which corresponds to any coordinate of
the fixed point). Note that x∗ can be either one of the two edges of the density, x∗ = x±,N , or a point inside the
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support. There are thus two main cases:

(i) In the case γ < 1/N the density diverges at x∗ as ρs(x) ∼ C±|x− x∗|Nγ−1. This holds both for edge points or
for internal points. Note that for general λ the exponent is Nγ/λ− 1.

(ii) In the case γ > 1/N the density has a smooth part and a singularity of the form ρs(x)−ρs(x∗) ∼ C±|x−x∗|Nγ−1.
Note that if x∗ is at the edge of the support of the density, x∗ = x±, then one can show that ρs(x

∗) = 0, i.e. the
density vanishes at the edge.

In both cases, for edge points and the internal points which correspond to the same fixed point in phase space as
the edge point, one of the two amplitudes vanishes. For the other internal points both can be non zero (they can be
different).

In the limit N → +∞ the singularity in the density becomes weaker and weaker. Hence the density becomes
vanishingly small in the vicinity of the edge. This explains the fact that the support of the density for N → +∞
(which is studied in the text and below) is strictly smaller than the limit for N → +∞ of the support for finite N
given in (48).

Finally note that we have studied here the singularities of ρs(x). One can also study the singularities of ρ±(x)
for finite N . In particular, concerning the edges x±,N , we have observed that the difference of 1 in the exponents
discussed for the non interacting case in (34), seems to hold also in presence of interactions. This is shown in Fig. 10
for model II and N = 2, but we expect it to be more general.
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x+, 2 x
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C|x+, 2 x|N / 1
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FIG. 9. Comparison of simulations with the predictions of the singularity exponent Nγ/λ− 1 for the density for two particles
N = 2 for model II with v0 = 1, g = 1, λ = 1, in log-log scale (we get similar results for model I). Right: Density of particles
near the right edge of the support for γ = 0.25 (Nγ/λ − 1 = −0.5). Center: Same plot for γ = 1 (Nγ/λ − 1 = 1). Right:
Density of particles near the second largest fixed point (at the left of the singularity) for γ = 0.5 (Nγ/λ− 1 = 0), in log-linear
scale. We can see the log divergence in this case.
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FIG. 10. Density of particles ρ+(x) (left panel) and ρ−(x) (right panel) near the right edge x+,2 of the support for model II
with N = 2 particles with γ = 1, v0 = 1, g = 1 and λ = 1, in log-log scale. We observe a difference of 1 between the exponents.
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2. More refined argument, and the marginal case Nγ = 1

The argument above is valid for x∗ at the edge of the support as well as for internal points x∗ corresponding to the
same fixed point in phase space as one of the edge points (in general there are 2N such points in both model I and
II). Those points can only be reached by the corresponding particle (x∗ = xi) if σ⃗(t) remains constant for an infinite
time, which is an underlying hypothesis of the reasoning above. Numerically we observe that for those singularities
the argument above predicts the correct behavior for any γ (see Fig. 9). However, there are other cases. Consider
now a singular point x∗ in the bulk together with the corresponding fixed point x⃗∗ which has a generic σ⃗∗ (not all
σ∗
i ’s being equal). During the evolution, the system (x⃗(t), σ⃗(t)) can ”by chance” be in the vicinity x⃗(t) ≈ x⃗∗ while

σ⃗(t) ̸= σ⃗∗. In this case, it turns out that the result above still applies, except in the case Nγ = 1 where we observe
a logarithmic divergence (see Fig.9 right panel). This phenomenology is similar to what has been observed in the
case of a single particle with 3 states σ = −1, 0 or 1 [17]. Explaining this log divergence requires a slightly refined
argument which we now describe.

To understand better the behavior of the density near fixed points, we consider a simplified model of model I and
II near a fixed point with a fixed set σ⃗. Consider dynamics of the center of mass x̄(t) = 1

N

∑
i xi(t). Let us denote

x(t) its deviation from its value at the fixed point, i.e. x(t) = x̄(t)− v0
N

∑
i σi. It satisfies the equation of motion (37)

dx

dt
= −x . (55)

This can be considered as an effective single particle model by adding some injection and absorption processes, which
allow to study the density of particles on a finite interval x ∈ [0, x0]. The effective Fokker-Planck equation together
with its stationarity condition for the PDF Pσ⃗(x) reads

∂Pσ⃗∗(x)

∂t
=

∂

∂x
(xPσ⃗∗(x))−NγPσ⃗∗(x) + r = 0 . (56)

In the right hand side of Eq. (56), the term proportional to −Nγ takes into account the flips from σ⃗∗ to any another
configuration σ⃗. The constant term r takes into account the fact that particles with σ⃗ ̸= σ⃗∗ which are in the interval
[0, x0] can switch to σ⃗ = σ⃗∗. Since we consider a small interval and we do not expect Pσ⃗ ̸=σ⃗∗(x) to vary strongly in
this interval (contrary to Pσ⃗∗(x)), we will assume Pσ⃗ ̸=σ⃗∗(x) = cst ≡ p0 on the interval. Thus we just need to add to
the Fokker-Planck equation a constant source term r = Nγp0: this explains the third term in the rhs of (56). Note
that in the case described in Section IID 1 where all the σ∗

i ’s are equal, e.g. to describe the edges of the support, one
has r = 0. In addition, particles which are already in the state σ⃗∗ can enter the interval [0, x0] at x0. This fixes the
density at x0 to a certain value q0. Thus the solution of Eq. (56) reads

Pσ⃗∗(x) =
r

Nγ − 1
+

(
q0 −

r

Nγ − 1

)(
x

x0

)Nγ−1

, for Nγ ̸= 1 (57)

= q0 − r ln
x

x0
, for Nγ = 1 (58)

Using the fact that p0 < 1
x0

it is easy to check that both expressions are positive for any values of γ and for any x in

[0, x0]. For r = 0 this refined argument recovers the exponent xNγ−1 for the singularity of the density ρs(x) given in
Section IID 1. In addition, this model predicts a logarithmic divergence of the density ρs(x) for Nγ = 1 when r ̸= 0
(i.e. at the internal points). Such a logarithmic divergence in the bulk was also found from an exact solution in a
3-state model. In the case of the 3-states model, x represents the position of a particle near x∗ = 0. For 1 < γ < 3
we get a maximum with a cusp if r is sufficiently large (i.e. if the density of particles with σ ̸= σ0 is large enough),
as in [17] (see Fig. 2 there). However, this simplified model does not reproduce the quadratic behavior found in [17]
for γ > 3.
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III. DEAN-KAWASAKI VERSUS FOKKER-PLANCK EQUATION

A. Dean-Kawasaki equation

Here we show how to extend the Dean-Kawasaki approach [47, 48] to derive the evolution equations for the densities
ρ±(x, t) defined in (3) and in (61) in presence of the active noise. We start from the general equation :

ẋi(t) = −W ′(xi(t))−
∑
j ̸=i

V ′
σi,σj

(xi(t)− xj(t)) + v0σi(t) +

√
2T

N
ξi(t) (59)

where the σi(t) are independent telegraphic noises and the ξi(t) are independent Gaussian white noises. For the model
of interest here (28) one has

W (x) =
λx2

2
, Vσ,σ′(x) = −2gσ,σ′

N
log |x| , (60)

where, as in the text, we will set λ = 1.
Consider an arbitrary function f . We first introduce :

ρσ(x, t) =
1

N

∑
i

δ(xi(t)− x)δσi(t),σ , Fσ(x⃗(t)) =
1

N

∑
i

f(xi(t))δσi(t),σ =

ˆ
dxf(x)ρσ(x, t) (61)

Then :

dFσ(x⃗(t))

dt
=

1

N

∑
i

δσi(t),σf
′(xi(t))ẋi(t) +

T

N2

∑
i

δσi(t),σf
′′(xi(t)) +

1

N

∑
i

f(xi(t))
dδσi(t),σ

dt
(62)

We can write δσi(t),σ = σσi(t)+1
2 so that

dδσi(t),σ

dt = σ
2
dσi(t)

dt . Thus we get using eq. (59) :

dFσ(x⃗(t))

dt
=

1

N

∑
i

δσi(t),σf
′(xi(t))[−W ′(xi(t))−

∑
j ̸=i

V ′
σi,σj

(xi(t)− xj(t)) + v0σ +

√
2T

N
ξi(t)]

+
T

N2

∑
i

δσi(t),σf
′′(xi(t)) +

1

N

σ

2

∑
i

f(xi(t))
dσi(t)

dt

(63)

We now need to distinguish model I and model II. In model I the interactions are limited to particles with the same
σ, so that we write Vσi,σj

(xi − xj) = Ṽ (xi − xj)δσi,σj
, where here we will consider later Ṽ (x) = − 2g

N log |x|. In model

II all particles interact together and we simply have Vσi,σj (xi − xj) = Ṽ (xi − xj). Let us first consider for simplicity,

as in [47], the case where Ṽ ′(0) = 0. In that case we obtain

dFσ(x⃗(t))

dt
=

ˆ
dxρσ(x, t)[v0σf

′(x)− f ′(x)W ′(x)− f ′(x)

ˆ
dyNρ̃(y, t;σ)Ṽ ′(x− y) +

T

N
f ′′(x)]

+
1

N

∑
i

δσi(t),σf
′(xi(t))

√
2T

N
ξi(t) +

1

N

σ

2

∑
i

f(xi(t))
dσi(t)

dt

(64)

where ρ̃(y, t;σ) = ρσ(y, t) in model I and ρ̃(y, t;σ) = ρs(y, t) = ρ+(y, t) + ρ−(y, t) in model II. After integration by
part we obtain

ˆ
dxf(x)∂tρσ(x, t) =

ˆ
dxf(x)

(
∂x(ρσ(x, t)[−v0σ +W ′(x) +

ˆ
dyNρ̃(y, t;σ)Ṽ ′(x− y)]) (65)

+
T

N
∂2
xρσ(x, t) +

1

N
ζ̂σ(x, t)−

1

N
∂xΞσ(x, t)

)
The last two terms correspond respectively to an active noise ζ̂σ (originating from the telegraphic noises) and a passive
noise Ξσ (originating from the thermal white noises). Let us examine these two terms.
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The passive noise term Ξσ is Gaussian and reads

Ξσ(x, t) =

√
2T

N

∑
i

δσi(t),σδ(xi(t)− x)ξi(t) (66)

Hence it is fully determined by its covariance which is (here we use . . . indifferently for averages over the thermal and
telegraphic noise)

Ξσ(x, t)Ξσ′(x′, t′) = 2Tδσ,σ′ρσ(x, t)δ(x− x′)δ(t− t′) (67)

since δσi(t),σδσi(t),σ′ = δσ,σ′δσi(t),σ. Hence we can write :

Ξσ(x, t) =
√

2Tρσ(x, t) ησ(x, t) , ησ(x, t)ησ′(x′, t′) = δσ,σ′δ(x− x′)δ(t− t′) (68)

where η± are two independent unit Gaussian white noises.
The active noise term reads

ζ̂σ(x, t) =
σ

2

∑
i

δ(xi(t)− x)
dσi(t)

dt
(69)

To deal with the term dσi(t)
dt , we discretize time into small intervals dt. In the time interval [t, t+ dt], dσi(t)

dt = − 2σi(t)
dt

with probability γdt and 0 otherwise. Thus dσi(t)
dt = −2γσi(t). Separating the mean from the fluctuations we get :

ζ̂σ(x, t) = −γ
∑
i

σσi(t)δ(xi(t)− x) + σ
√
Nζ(x, t) (70)

= −γ
∑
i

δσi(t),σδ(xi(t)− x) + γ
∑
i

δσi(t),−σδ(xi(t)− x) + σ
√
Nζ(x, t) (71)

= −γNρσ(x, t) + γNρ−σ(x, t) + σ
√
Nζ(x, t) (72)

using that σσi = δσi,σ−δσi,−σ and where we have defined (the factor
√
N is conveniently chosen so that the fluctuating

part ζ is of order unity, see below)

ζ(x, t) =
1

2
√
N

∑
i

δ(xi(t)− x)ri(t) , ri(t) =
dσi(t)

dt
− dσi(t)

dt
(73)

which we will study in detail below. In particular we will show that it becomes Gaussian at large N with a covariance
function that we compute explicitly.

Let us return to the equation (65). Using that it holds for any f we obtain the stochastic evolution equation for
the densities

∂tρσ(x, t) = ∂x[ρσ(x, t)(−v0σ +W ′(x) +N

ˆ
dyρ̃(y, t;σ)Ṽ (x− y))]− γρσ(x, t) + γρ−σ(x, t) (74)

+
T

N
∂2
xρσ(x, t) +

1

N
∂x[
√

2Tρσ(x, t)ησ(x, t)] +
σ√
N

ζ(x, t)

We now want to specialize this equation to model I and II, with W ′(x) = x and Ṽ ′(xi − xj) = − 2g
N

1
xi−xj

. The

difficulty comes from the fact that in this case Ṽ ′(x) diverges at x = 0. This leads to a self-interaction term that
we should remove. It is possible to treat correctly this interaction term for model I. To this aim we go back to the
discrete sum in (63)

− 1

N

∑
i

δσi(t),σf
′(xi(t))

∑
j ̸=i

V ′
σi,σj

(xi(t)− xj(t)) =
2g

N2

∑
i

δσi(t),σf
′(xi(t))

∑
j ̸=i

δσi(t),σj(t)

xi(t)− xj(t)
(75)

=
g

N2

∑
i

∑
j ̸=i

f ′(xi(t))− f ′(xj(t))

xi(t)− xj(t)
δσi(t),σδσj(t),σ . (76)



21

Following Rogers-Shi [66], we rewrite it as

g

N2

∑
ij

f ′(xi)− f ′(xj)

xi − xj
δσi,σδσj ,σ −

g

N2

∑
i

f ′′(xi)δσi,σ = g

ˆ
dxdy

f ′(x)− f ′(y)

x− y
ρσ(x, t)ρσ(y, t)−

g

N

ˆ
dxf ′′(x)ρσ(x, t)

= −2g
 

dxf(x)∂x[ρσ(x, t)

ˆ
dy

x− y
ρσ(y, t)]−

g

N

ˆ
dxf(x)∂2

xρσ(x, t) . (77)

Introducing β = 2g
T this leads us to the Dean-Kawasaki equation for model I:

∂tρσ(x, t) = ∂x[ρσ(x, t)(−v0σ + x− 2g

 
dy

1

x− y
ρσ(y, t))]− γρσ(x, t) + γρ−σ(x, t) (78)

+
T

N
(1− β

2
)∂2

xρσ(x, t) +
1

N
∂x[
√

2Tρσ(x, t)ησ(x, t)] +
σ√
N

ζ(x, t) .

It is tempting to try to perform the same manipulations for model II. If we forget the subtlety about the self inter-
action term, we arrive as in (74) to the same equation (78) replacing

ffl
dy 1

x−yρσ(y, t) by
ffl
dy 1

x−y (ρ+(y, t) + ρ−(y, t)).
However one cannot show this convincingly, since we find that the method used above for model I fails. Indeed
in (75) one must replace δσi(t),σj(t) by 1. If we attempt to symmetrize as in (76), one finds the combination
δσi,σf

′(xi)−δσj ,σf
′(xj) instead of f ′(xi)−f ′(xj) in the numerator. As a result one fails to extract the self-interaction

term. Although this may seem only a technical difficulty, the study in the next section shows that Eq. (74) fails
for model II in a more fundamental way. As we will again discuss below, note that if we sum the two equations for
ρ+(x, t) and ρ−(x, t) the above symmetrization works, and leads to a correct equation. However this equation is not
closed.

More details on the active noise. We now argue that the active noise term ζ(x, t) defined in (73) is of order
O(1) at large N . Discretizing time as before :

ri(t) =
dσi(t)

dt
− dσi(t)

dt
= −2σi(t)

dt
+ 2γσi(t) with probability γdt (79)

= 2γσi(t) with probability 1− γdt (80)

Since ζ(x, t) has zero average, we need to compute its covariance to obtain some information on its order in N

ζ(x, t)ζ(x′, t′) =
1

4N

∑
i,j

δ(xi(t)− x)δ(xj(t
′)− x′)ri(t)rj(t′) . (81)

In the case where i ̸= j or t ̸= t′, ri(t) and rj(t
′) are uncorrelated (and with zero average) given σi(t) and σj(t

′), so
that we can write

ri(t)rj(t′) = 0 . (82)

In the case i = j and t = t′ we find

ri(t)2 = (−2σi(t)

dt
+ 2γσi(t))2γdt+ 4γ2(1− γdt) =

4γ

dt
− 4γ2 +O(dt) (83)

In the general case we can write

ri(t)rj(t′) = (
4γ

dt
− 4γ2)δijδt,t′ +O(dt) . (84)

Taking the limit dt → 0, we replace
δt,t′

dt by δ(t − t′) and we obtain (as in standard calculations for the Brownian
motion)

ri(t)rj(t′) = 4γδijδ(t− t′) . (85)

This heuristics derivation yields the covariance function for ζ(x, t)

ζ(x, t)ζ(x′, t′) =
γ

N

∑
i

δ(xi(t)− x)δ(x− x′)δ(t− t′) = γδ(x− x′)δ(t− t′)(ρ+(x, t) + ρ−(x, t)) , (86)
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which is thus of order O(1). We can also examine the higher cumulants of ζ(x, t). We find:

ri(t1)rj(t2)rk(t3)
c
= 0 (87)

ri(t1)rj(t2)rk(t3)rl(t4)
c
= 16γδijδikδilδ(t1 − t2)δ(t1 − t3)δ(t1 − t4) (88)

which leads the fourth cumulant of ζ(x, t) as

ζ(x1, t1)ζ(x2, t2)ζ(x3, t3)
c
= 0 (89)

ζ(x1, t1)ζ(x2, t2)ζ(x3, t3)ζ(x4, t4)
c
=

γ

N
δ(x1 − x2)δ(x1 − x3)δ(x1 − x4)δ(t1 − t2)δ(t1 − t3)δ(t1 − t4)ρs(x1, t1)(90)

where ρs = ρ+ + ρ−. This suggests that at large N the active noise becomes Gaussian.

B. Fokker-Planck equation, large N limit and stationary state

Derivation of the Fokker-Planck equation

Another useful approach is to define a probability density in the 2N -dimensional phase space of the model (x⃗, σ⃗),
Pt(x⃗, σ⃗) = P(x1, ..., xN ;σ1, ..., σN ). In the absence of thermal noise it satisfies the Fokker-Planck equation (for both
models)

∂tPt(x⃗, σ⃗) =
∑
k

∂xk
[(−v0σk + xk −

2

N

∑
l ̸=k

gσk,σl

xk − xl
)Pt]−NγPt + γ

∑
k

τ1kPt (91)

where τ1kPt(x⃗, σ⃗) = Pt(x⃗, σ1, . . . ,−σk, . . . , σN ). The initial condition which has been implicitly chosen in the previous
section – see Eq. (61) – (and from which we derive the Dean-Kawasaki equation) reads

Pt=0(x⃗, σ⃗) =
∏
i

δ(xi − xi(0))δσi,σi(0) (92)

with a fixed set of x⃗(0) and σ⃗(0). However within the present method more general initial conditions can be considered.
Let us define

pσ(x, t) = ⟨ρσ(x, t)⟩Pt = ⟨
1

N

∑
i

δσ,σiδ(x− xi)⟩Pt =
∑
σ⃗

ˆ
dx⃗

1

N

∑
i

δσ,σiδ(x− xi)Pt(x⃗, σ⃗) (93)

Note that contrarily to the empirical density ρσ(x, t) of the Dean-Kawasaki equation which for finite N is a stochastic
function, pσ(x, t) is a (deterministic) probability density for any value of N (with

∑
σ

´
dxpσ(x, t) = 1). As for

the empirical density we will denote ps = p+ + p− and pd = p+ − p−. We also need to introduce the two-point

density function involving one particle of sign σ and one particle of sign ϵ, p
(2)
σ,ϵ(x, y, t), which is normalized such that∑

σ,ϵ

´
dxdyp

(2)
σ,ϵ(x, y, t) = 1, namely

p(2)σ,ϵ(x, y, t) =
∑
σ⃗

ˆ
dx⃗

1

N(N − 1)

∑
k ̸=i

δσ,σi
δϵ,σj

δ(x− xi)δ(y − xk)Pt(x⃗, σ⃗) , (94)

as well as p
(2)
σ,s(x, y, t) = p

(2)
σ,+(x, y, t) + p

(2)
σ,−(x, y, t). Multiplying (91) by 1

N δσ,σiδ(x− xi), summing over all particles i
as well as over all configurations σ⃗, and integrating over all components of x⃗ we can obtain an equation for pσ(x, t).
The first two terms on the left-hand side become∑

σ⃗

ˆ
dx⃗

1

N

∑
i

δσ,σiδ(x− xi)
∑
k

∂xk
[(−v0σk + xk)P(x⃗, σ⃗)] = ∂x[(−v0σ + x)pσ(x, t)] , (95)

which is obtained after integrating by part and using that ∂xk
δ(x− xi) = −δik∂xδ(x− xi). The last term in (91) can

be rewritten

γ
∑
σ⃗

ˆ
dx⃗

1

N

∑
i

δσ,σi
δ(x− xi)

∑
k

Pt(x⃗, σ1, . . . ,−σk, . . . , σN ) = γ
∑
σ⃗

ˆ
dx⃗

1

N

∑
i

δ−σ,σi
δ(x− xi)Pt(x⃗, σ⃗)

+ γ
∑
σ⃗

ˆ
dx⃗

1

N

∑
i

∑
k ̸=i

δσ,σi
δ(x− xi)Pt(x⃗, σ⃗)

= γp−σ(x, t) + (N − 1)γpσ(x, t) (96)
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The result above combines with the term −γNPt in Eq. (91) to give γp−σ(x, t) − γpσ(x, t). Finally the interaction
term in (91) gives

−2g

N

∑
σ⃗

ˆ
dx⃗

N

∑
i

δσ,σiδ(x− xi)
∑
k

∂xk

∑
l ̸=k

δ̃σk,σl

xk − xl
Pt(x⃗, σ⃗) = −

2g

N
∂x
∑
σ⃗

ˆ
dx⃗

N

∑
i

∑
l ̸=i

δσ,σiδ(x− xi)
δ̃σi,σl

xi − xl
Pt(x⃗, σ⃗)

(97)

where δ̃σk,σl
= δσk,σl

for model I and δ̃σk,σl
= 1 for model II. We then introduce 1 =

´
dy δ(y − xl) to rewrite this as

−2g
(
1− 1

N

)
∂x

ˆ
dy

1

x− y
p̃(2)(x, y, t;σ) (98)

where

p̃(2)(x, y, t;σ) =

{
p
(2)
σ,σ(x, y, t) , for model I ,

p
(2)
σ,s(x, y, t) = p

(2)
σ,+(x, y, t) + p

(2)
σ,−(x, y, t) , for model II .

(99)

Putting everything together we obtain

∂tpσ(x, t) = ∂x

[
(−v0σ + x)pσ(x, t)− 2g

(
1− 1

N

)ˆ
dy

1

x− y
p̃(2)(x, y, t;σ)

]
+ γp−σ(x, t)− γpσ(x, t) . (100)

Large N limit and the stationary state

In the limit N → +∞ one naively expects ρσ(x, t) to converge to its average pσ(x, t). Thus equation (100) should be
the same as the Dean-Kawasaki equation (78) for N → +∞. For this to be valid one needs the following decoupling
condition to hold in this limit for any couple (σ, ϵ)

p(2)σ,ϵ(x, y, t)→ pσ(x, t)pϵ(y, t) (101)

We have checked numerically that this condition indeed holds for model I in the stationary state. This is shown in
Fig. 11 where, in the left panel, the different terms of (100) are plotted for model I. The interaction term is computed

in two different ways: either using the exact expression where p
(2)
σ,σ(x, y) is evaluated from the simulations, or by

approximating p
(2)
σ,σ(x, y) ≃ pσ(x)pσ(y) (i.e., neglecting the correlations). The results of these two computations are

compared and we see that they overlap exactly. Thus (101) is a good approximation in this case in the large N limit.
This implies that the Dean-Kawasaki equations given in the text (6) hold for large N .
However this is not necessarily true in general, and in particular we find that it is not true for model II (see below).

In general there can be an additional correlation term:

−2g
(
1− 1

N

)ˆ
dy

1

x− y
p̃(2)c (x, y, t;σ) = −2g

(
1− 1

N

)ˆ
dy

1

x− y
p̃ac (x, y, t;σ) (102)

with p̃(2)c (x, y, t;σ) = p̃(2)(x, y, t;σ)− pσ(x, t)p̃(y, t;σ) (103)

and p̃ac (x, y, t;σ) =
1

2

(
p̃(2)c (x, y, t;σ)− p̃(2)c (x, 2x− y, t;σ)

)
(104)

where p̃(y, t;σ) = pσ(y, t) in model I and ps(y, t) in model II. Note that only the antisymmetric part of the correlations
p̃ac (x, y, t;σ) contribute to the integral. For the rest of this discussion we will focus on the stationary state, so that we
drop the time dependence.

The case of model II is quite different from model I. To understand this it is useful to write down the stationary
equations for ps and pd in the case of model II (these equations are exact)

0 = −v0pd(x) + xps(x)− 2g

(
1− 1

N

)ˆ
dy

1

x− y
p(2)s,s(x, y) (105)

0 = ∂x[−v0ps(x) + xpd(x)− 2g

(
1− 1

N

)ˆ
dy

1

x− y
p
(2)
d,s(x, y)]− 2γpd(x) , (106)
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where p
(2)
s,s(x, y) = p

(2)
+,s(x, y) + p

(2)
−,s(x, y) and p

(2)
d,s(x, y) = p

(2)
+,s(x, y) − p

(2)
−,s(x, y). The different terms of these two

equations are plotted in Fig. 11. Again we compare the interaction term computed by taking into account or neglecting
the correlations. For (105), the two results again overlap perfectly, which means that (101) is valid for this equation.
Hence the following equation holds for large N (equivalent to a Dean-Kawasaki equation for the total density)

0 = −v0pd(x) + xps(x)− 2g

ˆ
dy

1

x− y
ps(x)ps(y) . (107)

However the same cannot be said for (106). Indeed the first numerical observation is that for model II, pd(x) ≈ 0 as
N → +∞ (see Fig. 19). This implies that if one neglects correlations in (106) one obtains a vanishing interaction

term in the limit N → +∞ (see right panel of Fig. 11). However using the exact expression where p
(2)
d,s(x, y) is

evaluated from the numerics one finds that the interaction term does not vanish at all. This explains the failure of the
Dean-Kawasaki equation for this case. Note however that being valid, the fact that pd(x) ≈ 0 immediately implies
that the density ps = ρs is a semi-circle as discussed in the text.

This effect of correlations in model II may be due to the clustering which is often observed for active particles which
cannot pass each other. A + (resp. −) particle at position x will create an accumulation of − (resp. +) particles

immediately at its right (resp. left) because they cannot cross. This results in a symmetric contribution to p
(2)
s,s, which

is unimportant for the computation of the interaction term, and an antisymmetric contribution to p
(2)
d,s, which may

explain the discrepancy observed. In model I this effect is absent because only particles of the same sign interact
together.
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FIG. 11. Left: Different terms of the rhs of Eq. (100) for model I and their sum, which is zero in both cases as expected,
for N = 100 and all other parameters equal to 1. The interaction term obtained by neglecting correlations is also plotted. It
matches perfectly with the true interaction term. Center and Right: Different terms of the rhs of eq. (105) (center) and (106)
(right) for model II and their sum, which is zero in both cases as expected, for the same parameters. The interaction term
obtained by neglecting correlations is also plotted. It matches perfectly with the true interaction term in (105) (center) but
leads to a completely wrong result in (106) (right). In all cases the interaction term (including correlations) is used to compute
the total sum.

C. Equation for the resolvent for model I

In this subsection we show how to use the two approaches discussed above to obtain an equation for the resolvent,
which is defined for z in the complex plane minus the support of the density (which for finite N is a collection of
points on the real axis)

Gσ(z, t) =

ˆ
dx

z − x
ρσ(x, t) . (108)

As defined in (108), Gσ(z, t) is a stochastic variable (since, at finite N , ρσ(x, t) is a stochastic variable). We will also
consider below its average, denoted Gσ(z, t).

We first start from the Dean-Kawasaki equation for model I (78) and multiply (78) by 1
z−x and integrate over x.

We then use integrations by parts (the density has finite support so there are no boundary terms) and the identity
(∂x + ∂z)

1
z−x = 0 to rewrite the different terms. The second term on the right hand side can be rewritten using the

identity ˆ
dx

1

z − x
∂xxρσ(x, t) = ∂z

ˆ
dx

x

z − x
ρσ(x, t) = ∂zz

ˆ
dx

1

z − x
ρσ(x, t) = ∂zzGσ(z, t) , (109)
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while the interaction term yieldsˆ
dx

1

z − x
∂x[ρσ(x, t)

ˆ
dy

x− y
ρσ(y, t)] = ∂z

ˆ
dxdy

1

(z − x)(x− y)
ρσ(x, t)ρσ(y, t) (110)

=
1

2
∂z

ˆ
dxdy

1

(x− y)
[

1

z − x
− 1

z − y
]ρσ(x, t)ρσ(y, t) (111)

=
1

2
∂z

ˆ
dxdy

1

(z − x)(z − y)
ρσ(x, t)ρσ(y, t) (112)

=
1

2
∂zG(z)2 (113)

where in the second step we used the symmetry between x and y. This leads to the following exact equation for the
resolvent (recall that in that equation Gσ is thus a stochastic variable)

∂tGσ = ∂z(−v0σGσ + zGσ − gG2
σ) + γG−σ − γGσ +

T

N
(1− β

2
)∂2

zGσ +O

(
1√
N

)
, (114)

where O(1/
√
N) denotes the active noise term which has zero mean. This equation is thus useful only at large N .

Let us now use the Fokker-Planck approach and, still in the case of model I, derive an equation for the averaged
resolvent starting from (100). Defining

Gσ(z, t) =

ˆ
dx

1

z − x
pσ(x, t) (115)

G
(2)

σ,σ(z, t) =

ˆ
dx

ˆ
dy

1

z − x

1

z − y
p(2)σ,σ(x, y, t) (116)

we get from (100)

∂tGσ = ∂z

(
−v0σGσ + zGσ − g

(
1− 1

N

)
G

(2)

σ,σ(z)

)
+ γG−σ − γGσ (117)

which is valid for any value of N . Note that the rewriting of the interaction term is only valid for model I. We did
not find a way to obtain an equation for the resolvent in the case of model II.

Finally, in the stationary state one has the symmetry (x, σ) → (−x,−σ), ie ρ+(x) = ρ−(−x), which implies
G+(z) = −G−(−z). Using this identity, (114) can be rewritten as (in the stationary state, for large N)

0 = ∂z(−v0G+(z) + zG+(z)− gG2
+(z))− γG+(−z)− γG+(z) +O

(
1√
N

)
, (118)

and similarly for (117). This form will be useful in the next section.

IV. MAIN RESULTS FOR MODEL I

In this section we present the derivations of the results given in the text, together with additional results. We use
extensively the approaches introduced in the previous section.

A. Moments of the density

Moments in the stationary state for N → +∞

In the stationary state, to determine the moments ⟨xk⟩± of the densities 2ρ±(x) (each being thus normalized to
unity), we can write a large z expansion for Gs and Gd defined in the text under the form :

Gs(z) = G+(z) +G−(z) =
1

z
+

∞∑
k=1

ms
k

zk+1
=

∞∑
k=0

1

zk+1

1

2
(⟨xk⟩+ + ⟨xk⟩−) =

∞∑
k=0

⟨xk⟩
zk+1

(119)

Gd(z) = G+(z)−G−(z) =

∞∑
k=1

md
k

zk+1
=

∞∑
k=0

1

zk+1

1

2
(⟨xk⟩+ − ⟨xk⟩−) (120)
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where ⟨·⟩σ denotes an average restricted to particles with spin σ and ⟨·⟩ the average over all particles. Injecting these
expansions into equations (11)-(12) we can compute recursively the moments for the distributions of the + and −
particles in the stationary state. For the first 4 moments this gives :

ms
1 = 0 ; md

1 = ⟨x⟩+ = −⟨x⟩− =
v0

1 + 2γ
(121)

ms
2 = ⟨x2⟩+ = ⟨x2⟩− =

v20
1 + 2γ

+
g

2
; md

2 = 0 (122)

ms
3 = 0 ; md

3 = ⟨x3⟩+ = −⟨x3⟩− =
6v30 + 3gv0(3 + 2γ)

2(1 + 2γ)(3 + 2γ)
(123)

ms
4 = ⟨x4⟩+ = ⟨x4⟩− =

3v40
(1 + 2γ)(3 + 2γ)

+
gv20(3 + 5γ)

(1 + 2γ)2
+

g2

2
; md

4 = 0; (124)

We see that ⟨xk⟩+ = (−1)k⟨xk⟩+, as it should be from the symmetry (x, σ) → (−x,−σ). Note that the odd

moments vanish in the diffusive limit v0, γ → +∞ with D =
v2
0

2γ . These predictions, together with finite N corrections

(see Fig. 14 below), were tested numerically for N = 100 and a total time t = 10000 (107 simulation steps with
dt = 0.001) for different values of the parameters. The relative errors obtained were all between 0.1 and 0.5%.
In general, using the equation for G+ (118) and its expansion in 1

z :

G+(z) =

∞∑
k=0

⟨xk⟩+
2zk+1

⇒ G2
+(z) =

∞∑
k=0

k∑
l=0

⟨xl⟩+⟨xk−l⟩+
4zk+2

(125)

we obtain the following recursion relation (valid for any positive integer k with the convention that the sum is zero
for k < 2) :

⟨xk⟩+ =
1

1 + (1 + (−1)k+1)γk
(v0⟨xk−1⟩+ +

g

2

k−2∑
l=0

⟨xl⟩+⟨xk−2−l⟩+) (126)

Application of (126) to determine the support and the singularity. Solving numerically the recursion

(126) up to large values of k (using Mathematica) gives information on the singularities of G±(z) =
∑∞

k=0
⟨xk⟩±
2zk+1 (see

e.g. [54]), and in turn on the support and singular behaviors of the densities ρ±(x). For instance, in the well known
example of the semi-circle, we can compute the expansion directly from the explicit expression (with k = 2p)

G(z) =
z

2
−
√(z

2

)2
− 1 =

∞∑
p=0

1

p+ 1

(
2p

p

)
1

z2p+1
. (127)

For large p the coefficient of 1/z2p+1 behaves as 1√
π
p−3/222p (while the coefficient of 1/z2p vanishes identically).

The exponential part tells us the location of the leading singularities, which correspond to the edges of the support
(z = ±2) while the p−3/2 indicates a square root singularity. For our model we find a good numerical fit with the
form given in the text (17), which we reproduce here

⟨xk⟩+ ≃ Ak−
3
2xk

+ +Bk−α−1(−x+)
k , α ≈ 3

2
, (128)

where the constants A, B, and the value of the edge x+ are determined numerically. These fits are shown in Fig.
12. It is observed that the difference between even and odd terms is subdominant at large k, with a common k−3/2

behavior. To determine α numerically it is useful to compute

κp =
(2p)

3
2 ⟨x2p⟩+
2x2p

+

− (2p− 1)
3
2 ⟨x2p−1⟩+

2x2p−1
+

∼ B(2p)
1
2−α +B(2p− 1)

1
2−α ∼ 2B(2p)

1
2−α . (129)

By plotting κp vs p we are able to obtain the value of α with reasonable accuracy. The results suggest that α = 3
2 for

any set of parameters as long as γ > 0 (however the prefactor B seems to decrease towards zero when γ decreases).
This is indeed greater than 1 as we would expect from the simulations.

From (128) one can obtain the support and the singular behavior of the density ρ+(x) near its edges. The first
term corresponds to the right edge at x+ with a singular behavior ρ+(x) ∼ (x+ − x)1/2. The second term in (128)
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corresponds to the left edge at x− = −x+ with a singular behavior ρ+(x) ∼ (x−x−)
α with α consistent with α = 3/2.

Note that in the simpler case of an exact semi-circle density, there is a perfect symmetry of the density near the two
edges ±2, which leads to the cancellation of the odd moments, i.e. the coefficients of 1/z2p in (127). Here however, the
even-odd effect in (128) shows that these behaviors are different (they even have different exponents). To check these
predictions obtained here by series expansions and directly for N = +∞, we have also performed a direct calculation
of the densities ρ±(x) from the numerical solution of the equation of motion, as explained in Section V. The results
are shown in Fig. 13, where two distinct behaviors for ρ+(x) at the two edges x+ (left panel) and x− (right panel)
are observed, in good agreement with our theoretical predictions. Note that at finite N there are exponential tails
which extend beyond the infinite N support (as was discussed in Section II) which are also visible on the figure and
make the determination of the exponent more delicate.
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FIG. 12. Left and center: coefficients ⟨xk
+⟩/2 of the 1

z
expansion of G+(z) as a function of k, before (left panel) and after (center

panel) renormalizing by xk
+, for λ = 1, g = 1, v0 = 1 and γ = 1. In log-lin scale the non-renormalized quantity converges to a

line of slope lnx+ for large k, while the renormalized one converges to a line of slope − 3
2
in log-log scale. Right : quantity in

eq.(129) as a function of p. The slope is −1 in log scale which is compatible with α = 3/2.
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FIG. 13. Density ρ+(x) in the vicinity of the edges x+ (left) and x− = −x+ (right), for N = 100 and all parameters equal to 1.
On the left panel, the exponent 1/2 can clearly be seen far enough from the edge. On the right panel, the exponent 3/2 near
x− can be observed in a small window between the finite N exponential tail regime (discussed in the text) around x− and the
bulk regime.

We can also mention that the difference of 1 between the two exponents 1/2 and α = 3/2 can also be naively
expected from the fact that the explicit (−1)k term in the recursion (126) comes with a 1/k coefficient, subleading at
large k. That may explain the factor 1

k between the xk
+ term and the (−x+)

k term in (128).

Finally, note that ρ+(x) and ρ−(x) have the same support as soon as γ > 0 (we assume γ to be independent on N)
because particles switch sign independently of their position. In addition since one has the symmetry ρ+(x) = ρ−(−x)
the support of ρ±(x) is always symmetric around x = 0 (ie x− = −x+) which is compatible with what we obtained
here.
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Moments in the stationary state for finite N

For N = 1, the moments can be computed since the distribution is known (see equation (32)). For the first four
moments we get

⟨x⟩+ = −⟨x⟩− =
v0

1 + 2γ
(130)

⟨x2⟩+ = ⟨x2⟩− =
v20

1 + 2γ
(131)

⟨x3⟩+ = −⟨x3⟩− =
3v30

(1 + 2γ)(3 + 2γ)
(132)

⟨x4⟩+ = ⟨x4⟩− =
3v40

(1 + 2γ)(3 + 2γ)
(133)

For intermediate values of N , we can compute the moments from equation (117) by expanding Gσ and G
(2)

σ,σ in 1
z .

For this computation we will directly use the symmetry (x, σ)→ (−x,−σ) to write them as:

Gσ(z) =

∞∑
k=0

σk ⟨xk⟩+
2zk+1

(134)

G
(2)

σ,σ(z) =

∞∑
k=0

σk
k∑

l=0

⟨xl
1x

k−l
2 ⟩+,+

4zk+2
, (135)

where we have introduced the moments for pairs of + particles. Inserting this in Eq. (117) we can directly obtain the
first three moments

⟨x⟩+ = −⟨x⟩− =
v0

1 + 2γ
(136)

⟨x2⟩+ = ⟨x2⟩− =
v20

1 + 2γ
+

g

2

(
1− 1

N

)
(137)

⟨x3⟩+ = −⟨x3⟩− =
6v30 + (1− 1

N )3gv0(3 + 2γ)

2(1 + 2γ)(3 + 2γ)
. (138)

Interestingly, the average position is independent of N . The first three moments as a function of N are compared
with their nunerical determination from the solution of the equation of motion in Fig. 14. The agreement is very
good. For large N these three moments converge to the predictions for N = +∞. Unfortunately, equation (117) does
not allow to obtain the moments of order 4 of higher. Indeed it leads to a system of equations which does not close,
as it involves unknown correlations between the particles.

Time evolution of the moments

We consider now the time evolution of the system towards the stationary state. It can be studied from the equations
obeyed by the time dependent resolvents Gs(z, t) and Gd(z, t) (which can be obtained from (114) by taking the sum
and differences and neglecting terms subdominant at large N)

∂tGs = ∂z(−v0Gd + zGs −
g

2
(G2

s +G2
d)) (139)

∂tGd = ∂z(−v0Gs + zGd − gGsGd)− 2γGd (140)

Upon expanding in powers in 1/z one obtains the time evolution for the moments ms,d
k (t) =

´
dxxkρs,d(x, t) for

N → +∞. Focusing on the first two moments, we obtain the linear evolution equations :

∂tm
s
1 +ms

1 = 0 (141)

∂tm
d
1 + (1 + 2γ)md

1 = v0 (142)

∂tm
s
2 + 2ms

2 = 2v0m
d
1 + g (143)

∂tm
d
2 + 2(1 + γ)md

2 = 2v0m
s
1 (144)
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FIG. 14. Left: Values of the first three moments of the stationary distribution of the positions of the + particles in model I, as
a function of N . All the parameters of the model are set to 1. The dots correspond to the results of the numerical simulation
(averaged over 100 realisations) while the dashed lines correspond to the predicted values given in Eqs.(136)-(138). Right: first
and second moment of the distribution of the position of the + particles, given by ⟨xk⟩+ = ms

k+md
k when the initial proportion

of + and − particles are equal, as a function of time. At t = 0 the particles are spaced equally over the interval [0, v0/λ+2
√
gλ].

All parameters are set to 1. The trajectories were obtained by averaging over 1000 realisations with N = 100. The dashed
lines correspond to the predicted evolution for N = +∞.

which for γ ̸= 1/2 leads to :

ms
1(t) = ms

1(0)e
−t (145)

md
1(t) =

v0
1 + 2γ

+

(
md

1(0)−
v0

1 + 2γ

)
e−(1+2γ)t (146)

ms
2(t) =

v20
1 + 2γ

+
g

2
+

2v0
1− 2γ

(
md

1(0)−
v0

1 + 2γ

)
e−(1+2γ)t

+

(
ms

2(0)−
v20

1 + 2γ
+

g

2
− 2v0

1− 2γ

(
md

1(0)−
v0

1 + 2γ

))
e−2t if γ ̸= 1

2

=
1

2

(
v20 + g

)
+ v0

(v0
2
−md

1(0)
)
te−2t +

(
ms

2(0)−
1

2

(
v20 + g

))
e−2t if γ =

1

2

(147)

md
2(t) =

2v0
1 + 2γ

ms
1(0)e

−t +

(
md

2(0)−
2v0

1 + 2γ
ms

1(0)

)
e−2(1+γ)t (148)

The case γ = 1/2 is degenerate and leads to a separate set of equations. These predictions are compared with the
simulation results in Fig. 14, showing a perfect agreement.

Fluctuations of the moments at finite N

In this section we study a measure of the active noise in the Dean-Kawasaki equation of motion. The observable
that we can easily compute numerically is the absolute value of the difference between the predicted value for the first
three stationary moments (including the finite N correction) given in Eqs. (136)-(138), and their empirical values
computed from the simulations by averaging over some fixed time window. Since the values computed for the moments
are exact at all N , this corresponds to the fluctuations due to the telegraphic noise. These results seem to confirm
that these fluctuations scale as 1√

N
, for large N .
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FIG. 15. Absolute value of the difference between the predicted value of the first 3 moments of the + particles distribution
(including the finite N correction) and the empirical value computed from simulations by averaging over a time tsim = 100.
After taking the absolute value this was averaged over 10 simulations. The results seem compatible with a 1√

N
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line).

B. Small γ expansion

Although we could not solve (118) explicitly, we were able to obtain a perturbative expansion for the stationary
density in the limit of small γ. Let us start from the integrated version of equation (118) :

−v0G+(z) + (zG+(z)−
1

2
)− gG2

+(z)) = γ

ˆ z

±∞
[G+(z

′) +G+(−z′)]dz′ (149)

where we used G+(z) ∼ 1
2z when z → ±∞. The integral in the right hand side represents formally taking the

primitive of a function of the complex variable z (in the upper half complex plane) which vanishes at infinite z.

The bound of the integral can be chosen among ±∞ arbitrarily. Indeed one has :
´ +∞
−∞ [G+(z

′) + G+(−z′)]dz′ =´ +∞
−∞ [G+(z

′) − G−(z
′)]dz′ = 0 by symmetry and using that

´
dxρ+(x) =

´
dxρ−(x). In the following, we will take

g = 1 for simplicity (the parameter g can then be reintroduced by dimensional analysis). We write G+ as :

G+(z) = g0+(z) + γg1+(z) +O(γ2) (150)

where the gi+ are of order 1. g0+ is the solution of the equation

−v0g0+(z) + zg0+(z)−
1

2
− (g0+(z))

2 = 0 (151)

which has the correct behavior at ±∞ ie :

g0+(z) =
z − v0

2

(
1−

√
1− 2

(z − v0)2

)
(152)

which as we know corresponds to the semi-circle density centered at v0 with radius
√
2, normalized to 1

2 :

ρ0+(x) =

√
(2− (x− v0)2)+

2π
(153)

At first order in γ, we get the equation :

(z − v0 − 2g0+(z))g
1
+(z) =

ˆ z

±∞
[g0+(z

′) + g0+(−z′)]dz′ (154)

ie :

g1+(z) = −
1

(z − v0)
√

1− 2
(z−v0)2

ˆ z

±∞

[
v0 +

1

2
(z′ − v0)

√
1− 2

(z′ − v0)2
− 1

2
(z′ + v0)

√
1− 2

(z′ + v0)2

]
dz′ (155)
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It is quite straightforward to see that outside the interval [−v0−
√
2, v0+

√
2], g1+(z) has no imaginary part, so that the

density remains zero outside this interval, as we expect. We now focus on the interval [max(v0−
√
2,−v0+

√
2), v0+

√
2],

and choose the bound to be +∞. We want to compute the first order correction to the density :

ρ1+(x) = −
1

π
lim

ϵ→0+
Im g1+(x+ iϵ) (156)

On the interval we consider, there are 2 contributions :

ρ1+(x) =
1

π
√
2− (x− v0)2

[ˆ v0+
√
2

x

[v0 −
1

2

√
(x′ + v0)2 − 2]dx′ +

ˆ +∞

v0+
√
2

[v0 +
1

2

√
(x′ − v0)2 − 2− 1

2

√
(x′ + v0)2 − 2]dx′

]

≡ 1

π
√
2− (x− v0)2

(Ĩ1(x) + I0) . (157)

Computing the first integral yields :

Ĩ1(x) = v0(v0 +
√
2− x) +

1

4
[(v0 + x)

√
(v0 + x)2 − 2− 2(2v0 +

√
2)

√
v0(v0 +

√
2) ]

− 1

2
[ln(v0 + x+

√
(v0 + x)2 − 2 )− ln(2v0 +

√
2 + 2

√
v0(v0 +

√
2) )]

=
x→v0+

√
2
(v0 −

√
v0(v0 +

√
2))(v0 +

√
2− x) +O((v0 +

√
2− x)2) (158)

Taking into account the prefactor, this term vanishes as a square root near the edge v0 +
√
2. The second integral

gives :

I0 =

[
v0x+

1

4

(
(x− v0)

√
(x− v0)2 − 2− (x+ v0)

√
(x+ v0)2 − 2

)
−1

2

(
ln(x− v0 +

√
(x− v0)2 − 2 )− ln(x+ v0 +

√
(x+ v0)2 − 2 )

)]+∞

v0+
√
2

= −v0(v0 +
√
2) + (v0 +

1√
2
)

√
v0(v0 +

√
2)− 1

2
ln(
√
2v0 + 1 +

√
2v0(v0 +

√
2) ) (159)

(the expression in the brackets vanishes at +∞ and only the contribution from the bound v0 +
√
2 remains). Since

this expression is non-zero for any v0 > 0, this term leads to a divergence with exponent 1
2 at v0 +

√
2. Overall (using

1√
2−(x−v0)2

= 1

23/4
√

v0+
√
2−x

+

√
v0+

√
2−x

8×21/4
+O((v0 +

√
2− x)3/2)) we get :

ρ1+(x) =
1

π
√
2− (x− v0)2

(
ln 2

4
− v0x+

1

4
(v0 + x)

√
(v0 + x)2 − 2− 1

2
ln(v0 + x+

√
(v0 + x)2 − 2)

)
(160)

=
x→v0+

√
2

I0

π23/4
√

v0 +
√
2− x

+
1

π

(
I0

8× 21/4
+

1

23/4
(v0 −

√
v0(v0 +

√
2 ) )

)√
v0 +

√
2− x+O((v0 +

√
2− x)3/2)

The divergence can be interpreted as follows. Assume that near the edge of the support, ρ+ behaves as :

ρ+(x) = A
√
x+ − x+O(zc − x) with x+ = x0

+ + γx1
+ +O(γ2) and A = A0 + γA1 +O(γ2) (161)

In this case we know that x0
+ = v0 +

√
2 and A0 = 1

π21/4
. Then we have :

ρ+(x) = A0

√
x0
+ − x+ γA1

√
x0
+ − x+ γ

A0x
1
+

2
√

x0
+ − x

+O(γ2, γ(x+ − x)) (162)

We can identify the terms of order 1√
x0
+−x

at first order in γ in equations (160) and (162) to obtain the first order

correction for the edge x
(1)
+ :

x
(1)
+ =

√
2I0 = −

√
2

(
v0(v0 +

√
2)− (v0 +

1√
2
)

√
v20 +

√
2v0 +

1

2
ln(
√
2v0 + 1 +

√
2v20 + 2

√
2v0 )

)
(163)
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which is a negative, monotonically decreasing function of v0 for any v0. Note that we can also compute A1 but we
will not display it here.

We now focus on the interval [−v0 −
√
2,min(−v0 +

√
2, v0 −

√
2)]. Here it is simpler to choose the bound of the

integral as −∞. In this case, ρ1+ only has one contribution :

ρ1+(x) =
1

2π
√
(x− v0)2 − 2

ˆ x

−v0−
√
2

√
2− (x′ + v0)2dx

′ (164)

=
1

2π
√
(x− v0)2 − 2

(
1

2
(x+ v0)

√
2− (x+ v0)2 + arcsin

(
x+ v0√

2

)
+

π

2

)
(165)

Near the edge −v0 −
√
2, this behaves as :

ρ1+(x) =
(x+ v0 +

√
2)3/2

3π 21/4
√
v20 +

√
2v0

+O((x+ v0 +
√
2)5/2) (166)

Thus we recover the 3
2 singularity as well as its amplitude, as given in the main text, where the dependence in g has

been restored.
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FIG. 16. Left : Sketch of the densities ρ±(x) in the two possible cases: overlap (v0 <
√
2) and gapped (v0 >

√
2). Center-left:

Numerically measured density ρ+(x) for N = 100, g = 1, v0 = 2 and γ = 0.01. The dashed line is the γ = 0 result for ρ0s(x),
i.e. two semi-circles. Center-right : ρ+(−1) as a function of γ. For small γ it is linear in γ (the dashed red line as slope 1).
Right : ρ+(x

∗) as a function of γ, in log scale. The dashed red line as slope 1/2. This is consistent with the scaling form of the
boundary layer in (172).

Boundary layer form for the density ρ+(x) at x = v0 −
√
2.

One can perform a similar analysis for the last remaining interval [−|v0 −
√
2|, |v0 −

√
2|]. We will not do it in

details here. However we will address one point which is still not clear, that is the origin of the divergence in the
small γ expansion in (165) at x∗ = v0 −

√
2. Starting from γ = 0 there are two situations either v0 <

√
2 and there is

an overlap between the two semi-circles, or v0 >
√
2 and there is a gap between these two semi-circles. In both cases

the small γ expansion of ρ+(x) has a singularity at x∗ = v0−
√
2 as can be seen in (165) (and the expansion of ρ−(x)

has a similar singularity at −x∗ = −v0 +
√
2).

For x near x∗ we expect a boundary layer to form at small γ. To understand better what happens near this point,
we thus perform the expansion a bit differently by writing

G+(z) ≈ g0+(z) + γβf

(
z − x∗

γν

)
, (167)

where the scaling function f(ϵ) and the exponents β and ν are determined self-consistently below. By injecting this
expansion (167) in Eq. (149) one obtains

γβ
√
(z − v0)2 − 2 f

(
z − x∗

γν

)
− γ2βf

(
z − x∗

γν

)2

= −γ
ˆ +∞

z

[G+(z
′) +G+(−z′)]dz′ (168)

Introducing ϵ = z−x∗

γν and keeping only the leading order in ϵ we get :

γβ+ ν
2 23/4

√
−ϵ f(ϵ)− γ2β [f(ϵ)]2 = γC0 + γβ+1C1 (169)



33

where C0 =
´ +∞
x∗ [g0+(z

′) + g0+(−z′)]dz′ and C1 =
´ +∞
x∗ [f

(
z′−x∗

γν

)
+ f

(
−z′−x∗

γν

)
]dz′. Since β > 0, the last term on the

right hand side can always be neglected at first order in γ. We then choose β and ν such that the remaining terms
are all of the same order. This leads to β = 1

2 and ν = 1. The plot in Fig. 16 shows that the leading correction near
x∗ is indeed of order

√
γ, which explains the divergence when expanding in integer powers of γ. This leads us to a

simple second degree equation :

f(ϵ)2 − 23/4
√
−ϵf(ϵ) + C0 = 0 (170)

We choose the solution which gives back the 1√
−ϵ

behavior for large ϵ→ −∞ :

f(ϵ) =

√−ϵ
21/4

−
√
−C0 −

ϵ√
2

(171)

Taking the imaginary part we obtain the density which takes the scaling form for x−x∗ = O(γ) (inside the boundary
layer)

ρ+(x)− ρ0+(x) ≃
√
γ ρ̃+

(
x− x∗

γ

)
+O(γ) , ρ̃+(ϵ) = −

1

π
Imf(ϵ) (172)

where ρ0+(x) is the semi-circle density for the + species at γ = 0, see (153). In the case where v0 >
√
2 (the two

semi-circles do not overlap), we obtain C0 = −Is + iπ2 with Is = −I0 − Ĩ1(v0 −
√
2) > 0 ∀v0 >

√
2. When v0 <

√
2,

C0 = α − iI3 with α = v0(
√
2 − v0) > 0 and I3 = (v0 − 1√

2
)
√

v0(
√
2− v0) +

1
2 arcsin(

√
2v0 − 1) + π

4 > 0 ∀v0 <
√
2.

This leads to :

ρ̃+(ϵ) =
1

π
√
2

√√√√√(
Is −

ϵ√
2

)2

+
π2

4
− Is +

ϵ√
2
−
√
(ϵ)+

π21/4
for v0 >

√
2 gap case (173)

=
1

π
√
2

√√√√√(
α+

ϵ√
2

)2

+ I23 + α+
ϵ√
2
−
√
(ϵ)+

π21/4
for v0 <

√
2 overlap case (174)

For ϵ→ +∞, one can check that the first expression behaves as − Is
23/4π

√
ϵ
(i.e. with a negative prefactor) and the

second as α
23/4π

√
ϵ
(i.e with a positive prefactor). For ϵ → −∞ the first expressions behaves as 1

2×23/4
√

|ϵ|
and the

second as I3

23/4π
√

|ϵ|
. The difference ρ+(x)−ρ0+(x) in (172) should match with γρ1+(x), which we recall has a divergence

at x = v0 −
√
2, see e.g. (157). More precisely, the above limits should match

√
γρ1+(v0 −

√
2 +
√
γϵ) in the limit

ϵ→ 0. However, since we only computed ρ1+(x) on [−v0−
√
2,−|v0−

√
2|] and [|v0−

√
2|, v0 +

√
2], we can only check

this matching on the right for v0 >
√
2 and on the left for v0 <

√
2. Using equations (157) and (165) respectively, we

see that the limits indeed match in these two cases.

We have compared these predictions to a numerical simulation. The plots shown in Fig.17 show that for γ = 0.01
the agreement with the simulations is quite good (i) in the bulk and (ii) in the boundary layer, both in the case with
an overlap (v0 <

√
2) and in the case with a gap (v0 >

√
2). The sizeable difference between the prediction and the

simulation just at the right of x∗ is probably due to finite N effects.

Perturbation theory to order O(γ2). It is possible to carry out the perturbation theory to the next order in
γ. Since the calculations are quite heavy we will not reproduce them here. Let us give one of the main results. First
we find that the expansion performed above remains fully consistent to the next order. Second, we we find that the

second order correction x
(2)
+ of the upper edge reads

x
(2)
+ =

√
2I2 − I0

(
7

8
√
2
I0 + 2(v0 −

√
v0(v0 +

√
2) )

)
(175)
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FIG. 17. Left : Bulk perturbation theory in γ, comparison of the first order predictions (order γ) for the density ρ+(x) on the
interval [−v0 −

√
2,min(−v0 +

√
2, v0 −

√
2)], see formula (165), with the simulations results for N = 100, for γ = 0.01 and

v0 = 1 (left) and 2 (right). Right : Boundary layer form around x∗, comparison of the density ρ+ near x∗ = v0 −
√
2 after

subtracting the 0th order in γ, with the prediction at order
√
γ given in Eq. (172), for γ = 0.01 and v0 = 1 (left) when there

is an overlap, see (174), and v0 = 2 (right) when there is a gap, see (173).

where

I2 = −
ˆ +∞

v0+
√
2

dx′

(
1√

(x′ − v0)2 − 2
+

1√
(x′ + v0)2 − 2

)
Ĩ0(x

′) (176)

Ĩ0(x) =− v0x−
1

4

(
(x− v0)

√
(x− v0)2 − 2− (x+ v0)

√
(x+ v0)2 − 2

)
+

1

2

(
ln(x− v0 +

√
(x− v0)2 − 2 )− ln(x+ v0 +

√
(x+ v0)2 − 2 )

) (177)

with Ĩ0(v0 +
√
2) = I0. The integral I2 has to be computed numerically.

In Fig. 18 we see that taking into account this second order correction x
(2)
+ significantly improves the agreement

with simulations for γ = 0.1, and that the residual error is indeed of the order O(γ3). For γ = 0.01, the numerical
errors are too high to see a real improvement.
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FIG. 18. Comparison of the correction to x+ up to second order O(γ2) computed in (175) with the numerical prediction using
the 1

z
expansion, for γ = 0.01 (left) and 0.1 (right), with v0 = 1, g = 1 and λ = 1.

Remark: we have shown that ρ+(x) ∼ (x − x−)
3/2 both from a perturbation approach for small γ as well as,

numerically, from the behavior of the moments (see Section IVA). Since ρ−(x) ∼ (x − x−)
1/2, this exponent 3/2 is

again consistent with what seems to be a general property that the difference between the two exponents is 1, as
shown in the noninteracting case in Eq. (34).

V. DETAILS OF NUMERICAL SIMULATIONS AND FURTHER RESULTS

In this section we explain a few details of the numerical methods for model I and II and the limiting model g = 0+.
We also present additional numerical results that support the discussions/claims in the text.
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A. Model I and II: numerical details

For model I and II each plot of the density was obtained using a single run of the stochastic dynamics given by Eq.
(28), with λ = 1. We wait for the system to reach the stationary state and then we collect the histogram of positions
for all particles over a time window of the order of 104. The time-steps used are typically of the order of 10−3 for
N = 100. For smaller values of N we use a larger time-step and collect statistics over a larger time window.

B. Model II: further results
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FIG. 19. Left: The measured density ρd(x) = ρ+(x) − ρ−(x) for λ = 1, v0 = 1, γ = 1 and g = 1 for different values of N .

Right: the total integral
´ +∞
0

ρd(x) dx as a function of N , for the same set of parameters. It appears to decrease as N−3/4.

Let us now justify the claim in the text that for model II the stationary density ρd(x) vanishes at large N . Fig. 19
shows the behavior of ρd(x) as N increases. For any value of N , ρd(x) averages to zero in the bulk of the distribution,
meaning that the + and − particles are well mixed. This is because in model II the particles cannot cross and change
their velocities randomly (γ > 0). There is however an accumulation of + (resp. −) particles at the right (resp. left)
edge, which disappears as N is increased. Surprisingly the exponent with which those wings disappear does not seem
to match the exponent 1/2 observed for ρs(x) (see Fig. 4 in the text). Instead it seems to be closer to 3/4.

We have also studied for model II the effect of varying γ on the distribution ρs(x). As mentioned in the text this
effect is very weak. This can be seen in the left panel in Fig. 20. As discussed in the text, for N → +∞, ρs(x) seems
to always converge to the semi-circle. Therefore it becomes independent of γ in this limit. For finite N however we
observe a small effect of γ on the edges of the distribution: the wings seem to disappear as γ is increased.

Finally, we have also studied the effect of varying the interaction parameter g on the distribution ρs(x) for model
II. This was schematically depicted in Fig. 1 in the text where we identified three regimes: (i) g/v20 ≤ 1/N , (ii)
1/N ≤ g/v20 ≤ N and (iii) N ≤ g/v20 . Here we show the results of the simulations in Fig. 20 for various values of g/v20
in the intermediate regime (ii). The data confirms the scaling form proposed in the text in (25), where the scaling
function is a semi-circle (f = fsc). Furthermore, we can see that there are wings for intermediate values of g, which
is an effect of finite N , as can be seen in Fig. 4 in the text. In addition, as g becomes very large, i.e. in regime (iii),
the density is not smooth anymore and develops spikes. This is because the particles become more localized, leading
to oscillations in the density.

C. Definition of the limiting model g = 0+

For model II we noticed that decreasing g does not yield back the independent particles model. Indeed even for very
small values of g, the interaction term still diverges at coinciding points, which leads to a hard-core repulsion between
particles. This has a strong influence even at the level of the one-particle density. In order to better understand this
limit we introduced a discrete-time model in which the only type of interaction between particles is a non-intersecting



36

3 2 1 0 1 2 3
x

0.0

0.1

0.2

0.3
s(x

)

= 0.01
= 0.1
= 1
= 10

semi-circle
4 2 0 2 4

x/ g

0.0

0.1

0.2

0.3

0.4

0.5

g
s(x

)

g = 100
g = 10
g = 1
g = 0.1
semi-circle

FIG. 20. Left: Total density of particles ρs(x) for different values of γ for N = 100 and all other parameters set to 1. Increasing
γ decreases the size of the wings. Right: Scaled density

√
gρs(

√
gx) (defined as in (25) in the text) for model II, for different

values of g for N = 100 and all other parameters set to 1. One can see the convergence to a semi-circle in the scaling regime
1/N ≪ g ≪ N . Decreasing g increases the size of the wings, while when g is increased much above Nv20 the particles become
localized leading to oscillations in the density.

condition. For infinitely small time-steps this should correspond exactly to the limit g = 0+ of model II (see Fig.
21 left panel for a numerical check of this statement). We will take λ = 1 and v0 = 1 so that the only remaining
parameters are the total number of particles N and the time-step dt.
For this new model, the dynamics cannot be simulated in the same way as in the case g ̸= 0, since the interactions

between particles cannot be described by a conventional force. Instead we consider that particles which collide form
a point-like cluster for which we will describe the dynamics below. It is more convenient to define the whole system
as a set of clusters (possibly containing a single particle), each of them characterized by :

• Its position x
• The vector σ⃗ containing the spins of all the particles in the cluster, ordered from left to right

Between two collisions, such a cluster follows the equation (obtained by summing the equations of motion for all the
particles in the cluster, which have the same position, and dividing by the size n of the cluster) :

ẋ = −x+
1

n

∑
i

σi . (178)

We start with only clusters of size 1 distributed uniformly on the interval [−1, 1] (for g = 0 particles are confined
to this interval), which we sort according to their position (xk < xk+1 ∀k). Then at each time-step we perform the
following steps in order :

• Flip each spin independently with probability γdt
• For each cluster containing more than one particle for which at least one spin has flipped, determine if it breaks
into several clusters (see below)

• For each cluster compute its speed v = −x+ 1
n

∑
i σi and its new position xnew = x+ vdt

• For k = 1...Nclusters: if x
new
k > xnew

k+1 (it means there has been a collision), then:

– compute the collision time dtcol =
xk+1−xk

vk−vk+1

– compute the position of the collision x′ = xk + vkdtcol

– create a new cluster with σ⃗ being the concatenation of the σ⃗’s of the two clusters and :

∗ v = −x′ + 1
n

∑
i σi

∗ xnew = x′ + v(dt− dtcol)

∗ x = x′ − vdtcol (position of the cluster before the update if it had already existed - useful in case of a
new collision at the same step)

• Repeat the previous step until there are no collisions
• Update the position of all clusters x← xnew
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To determine if a cluster breaks, we perform the following :
• Decompose the cluster into a list of mini-clusters for which all + particles are on the left and all − particles on
the right

• Compute for each mini-cluster k its number of particles nk and its average spin σ̄k =
∑

i σi

nk

• For k = 1...Nminiclusters: if σ̄k > σ̄k+1, merge mini-clusters k and k + 1
• Repeat until the σ̄k’s are ordered .

The idea is that a cluster breaks if it can be divided into smaller clusters which have individual speeds driving them
apart from each other.

Another way to obtain the same decomposition is to use the following characterization: a list of spins σ⃗ of size n
forms a cluster iff the running average Sk = 1

k

∑k
i=1 σi reaches its minimum at the end of the list, i.e. kmin = n.

Indeed in this case, if we try to divide the list in two at any position, the part on the left will have a larger speed
than the part on the right, so they will form a cluster. If the global minimum is reached before, i.e. if kmin < n, and
if cut the list just after this minimum, the part on the left will have a smaller speed than the part on the right, hence
will be a genuine cluster, and the two parts will separate. One then repeats the operation for the part on the right.

We can therefore apply the following algorithm:
• Compute the running average at each position.
• Find the global minimum.
• The part on the left of this minimum (including the minimum) forms an independent cluster.
• Repeat the process removing the independent cluster from the computation of the running average, until the
global minimum is at the end of the list.

This method is faster than the other one if the clusters do not decompose too often (i.e., when γ is not too large), as
we have to go through the list only once if there is a single cluster (which is not the case with the previous algorithm).

As for model I and II, the quantities of interest (see below) are computed by running the dynamics and averaging
over a large time window. With this code, the simulations are much faster than for small non-zero values of g with
the usual code, since we can use larger time-steps (and if there are a lot of large clusters, e.g. for small γ, there are
few positions to update). The results obtained with this model are very similar to what we observe in model II with
small values of g (but we can go to larger values of N more easily), see Fig. 21 left panel. In fact as g → 0+ the
density in model II seems to converge to the density in this effective model.

Finally, we also studied the double limit g = 0+ and γ = 0+. In this case the results were simply obtained by
drawing a random list of N independent spins, each one being 1 or −1 with equal probability, and decomposing this
list into clusters as described above. Since by definition the clusters cannot cross if there are no spin flips, each of
these clusters then reaches its equilibrium position on time scales much smaller than 1/(Nγ) (where here we assume
γ ≪ 1/N). This equilibrium position is given by xeq = 1

n

∑
i σi, where the sum is over the spins in the cluster of size

n. By definition these positions form a strictly increasing sequence. The quantities of interest are then obtained by
averaging over a large number of such realisations. The argument is again that the clusters will spend much time near
their equilibrium positions before a flip occurs. Hence a random sampling of the spins is appropriate. In all cases the
results are very close to what we obtain for small values of γ using the dynamics described above, suggesting that the
γ → 0 limit is well defined for the g = 0+ model.

D. Results for the g = 0+ model

The first observable of interest in the model g = 0+ is ρs(x). In the text we proposed that it takes a scaling form
given in (26) with a scaling function ϕ(z). This property is tested numerically in Fig. 6. In the middle panel, it is
shown for γ = 1 and we see that the scaling works very well as a function of N for large N . However the right panel
in Fig. 6 shows that the scaling function ϕ(z) depends on γ. We have characterized numerically the tail of this scaling
function ϕ(z). It is shown in Fig. 6 (center panel) in log-log scale. It seems that this function has a power law tail
ϕ(z) ∼ |z|−a with a ≈ 3 independently of γ. Note that the density has a step at x = ±v0 (edges of the support) of
height = O(1/N). Furthermore it seems that the scaling function ϕ(z) has a well defined limit γ = 0+, as can be seen
in Fig. 6.

Another important observable is the distribution of cluster sizes in the stationary state. As discussed in the text,
this distribution becomes broader as γ increases. We first define Nn(t) the number of clusters of size n at time t and

the total number of clusters at time t, N (t) =
∑N

n=1Nn(t) ≤ N . Then we measure

p(n) =

∑
tNn(t)∑
tN (t)

, (179)
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FIG. 21. Left: Density ρs(x) for small values of g, with N = 100 and all other parameters set to 1. The density converges to
the one of the limiting model g = 0+ as g is decreased towards zero. Center: Rescaled particle density in the g = 0+ model for
N = 10000 and different values of γ, all other parameters being set to 1 (same figure as in Fig. 6 right panel given in the main
text in log-log scale). For all values of γ the tail clearly decays as x−3. Right: Average size of the largest cluster as a function
of N for γ = 0 and γ = 1. In both cases it behaves linearly in N .

where the summation is over the discrete time steps of the simulation. In the stationary state we expect that this is
also equal to p(n) = ⟨Nn⟩/⟨N⟩, where the brackets denote averages with respect to the stationary measure. We have
discussed in the text the main features of the distribution p(n), in particular that it is well fitted by p(n) ∼ 1/n when

γ → 0. We have also introduced r(n) = np(n)/
∑N

m=1 mp(m) which is the fraction of particles belonging to clusters
of size n. One can also define the size of the largest cluster, which we call nmax which for small γ is expected to be
of order O(N), since there seems to be a very large cluster where a finite fraction of the particles condense (see Fig.
5 in the main text). In Fig. 21 we are showing the average value of nmax measured in the simulation, as a function
of the total number N of particles. We see clearly that this average value is proportional to N .
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