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Abstract

This work takes up the developments around the logarithmic strain ten-

sor and uses the invariants of this tensor to propose a new approach to

multi-axiality of fatigue experiments for elastomers. This study leads to the

introduction of a new notion, modality, which is intended as the microscopic

counterpart of uni- and multi-axiality. This notion is quantified by the K3

invariant (mode of deformation) of the logarithmic strain tensor, and is used

to rationalize tension-torsion experimental campaigns. It is illustrated us-

ing two examples: the perfect cylinder and the AE2 "diabolo" sample. We

then propose a methodology for building a test campaign based on this new

definition.
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1. Introduction

Soft materials such as elastomers, gels, and biological tissues have the

ability to deform significantly without breaking. This ability is exploited in

many industries, such as transport or energy for various applications, but

also in the medical field. However, these properties go hand in hand with a

complex mechanical response that must be carefully modeled in part design

tools. In this context, uni-axial tensile tests are widely used to determine

relevant constitutive equations of these materials (Case et al., 2015, Wang

and Chester, 2018, Lane et al., 2018, Kim et al., 2023) as well as their fatigue

properties (Hainsworth, 2007, Flamm et al., 2011, Shangguan et al., 2014).

Nevertheless, uni-axial tensile tests are rarely sufficient to completely

characterize the three-dimensional mechanical response of soft materials. In-

deed, in the case of complex loading of a part whose geometry is itself com-

plex, it becomes necessary to account for the multi-axiality of strain and

stress. With this in mind, two types of mechanical experimental campaigns

can be distinguished to characterize the multi-axial response. Following the

seminal work of Treloar (Treloar, 1944), the most common one simultane-

ously considers uni-axial tensile, biaxial tensile, and planar tension tests (see

for example(Bitoh et al., 2011, Ahmad and Ajaj, 2022)). The second one

is less classical and is motivated by the recent development of commercial

characterization machines: it involves simultaneous tension along an axis and

torsion around that axis (Suphadon and Busfield, 2009, Ayoub et al., 2011).

The advantage of experiments is the experimental simplicity using only one
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machine and one kind of sample. In the former type of experiments, the

fitting of the parameters of the constitutive equation is made thanks to the

analytical solutions of the simple loading tests (uni-axial tension, biaxial ten-

sion, and planar tension). In the latter type, the characterization is made

using the analytical solution of tension-torsion test of the perfect cylinder

(Suphadon and Busfield, 2009, Lectez et al., 2014).

Concerning fatigue, the multi-axial properties are mainly investigated

using uni-axial tension and torsion tests, both can be combined to produce

tension-torsion tests (Saintier et al., 2006a, Ayoub et al., 2011, 2012, Luo,

2020, Le Mire et al., 2021). These tension-torsion loading conditions are now

the standard technique for the study of multi-axial fatigue in elastomers: a

single and easy-to-produce specimen is used to investigate several deforma-

tion modes. This is reflected in the recent development of adapted commer-

cial hydraulic or electric tension-torsion machines. While the tension-torsion

test has been gradually standardized, the geometry of the corresponding sam-

ples differs from one study to another. However, as emphasized by Tee et

al. all specimens belong to the same family referred to as diabolo, hour-

glass shape, or 3D dumbbell in bibliography (Tee et al., 2018). Such samples

are designed to ensure that stress and strain concentrate in the center of

the specimen, and that fatigue failure occurs in this zone. Example of such

samples are shown in Fig. 1.

Even if all these diabolo samples (the term “diabolo” will be used through

the rest of the paper) allow to explore the multi-axial response of soft mate-
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(a) Cylinder. (b) AE42.

(c) AN5. (d) AE2.

Figure 1: Examples of diabolo samples for tension-torsion experiments.

rials, the question of generalization arises: is it possible to compare results

obtained with different experimental triplet sample/loading/material? For

example, it is obvious that the perfect cylinder sample (Fig. 1a) and the

AE2 sample (Fig. 1d) do not admit the same strain and stress distributions

for similar loading conditions. The difficulties in comparing the response of

these two samples are two-fold: the multi-axial nature of the fields and their

inhomogeneity throughout the AE2 sample. So, it is difficult to compare

two different experiments. At present, this question is avoided by defining

tests in terms of the loading conditions prescribed by the machine. More

specifically, this implies that the specimens can be in states of multi-axial

deformation ranging from pure uni-axial tension to shear, since the machine
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can impose all types of loading conditions between uni-axial tension and pure

torsion (Harbour et al., 2008). A second question arises, how to define and

quantify the multi-axiality of such an experimental triplet?

In the present work, we propose to revisit the definition of multi-axiality

by adopting the “material viewpoint” rather than the machine one, i.e. local

rather than global multi-axial strain and stress states. To avoid confusion, we

use the term “modality” to refer to the local mode of deformation. Thanks to

this new definition and digital tools, we propose a rational method to develop

a multi-axial experimental campaign for fatigue of soft materials. Note that

all tools used in the following are freely available to the reader (Martin et al.,

2024).

The paper is organized as follow. The next section deals with the me-

chanics of the tension-torsion test of both perfect cylinder (Fig. 1a) and AE2

sample (Fig. 1d). Only these two sample geometries are considered because it

is admitted that the mechanical response of other diabolo samples (Figs. 1b

and 1c) follow the same trends. In Section 3, a thorough analysis of the

strain field in AE2 specimens (made of materials with various stress-strain

responses) allows us to propose a new local definition of uni- and multi-

modality, and a method to develop a “multi-modal experimental campaign”

for soft materials. Then a discussion on the influence of the material response

on the stress in samples and on the previous definitions is proposed. Finally,

the paper closes with a methodology to develop a multi-modal campaign for

soft materials.
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2. Mechanics of tension-torsion experiments

In this section, we first derive the deformation of both perfect cylinder

and AE2 samples made of hyperelastic materials subjected to tension-torsion

loading conditions. Then the strain fields are analyzed to propose a defini-

tion of their multi-axiality. In what follows, it is assumed that the loading

conditions are prescribed displacements. This reflects the experimental tech-

niques most often used for flexible materials, which differ from those for rigid

materials (steel, composites, etc.), where the emphasis is on imposed forces.

2.1. The tension-torsion problem

2.1.1. Samples and loading conditions

As stated in the Introduction, two classical geometries of samples are

considered: the perfect cylinder and the AE2 sample. The corresponding

dimensions are presented in Fig. 2: the radius and the length of the perfect

cylinder are respectively A = 15 mm and L = 30 mm, and the AE2 sample

can be considered as a notched version of the perfect cylinder (the radius of

curvature of the notch is equal to 2 mm); the AE2 sample is superimposed to

the perfect cylinder in Fig. 2. Considering that these samples are deformed

in a loading machine, the loading conditions are the vertical displacement

U and the absolute angle α prescribed to the upper face of the sample, the

lower face has been kept fixed.
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Figure 2: Perfect cylinder and AE2 samples: dimensions and loading conditions.

2.1.2. Constitutive equation

In a classical manner, rubber-like materials are considered homogeneous,

isotropic and incompressible. Their elastic mechanical response is modeled

by hyperelastic constitutive equations, based on the definition of an isotropic

strain energy function W that depends on the two first invariants of the

Cauchy-Green strain tensors (see for example (Boyce and Arruda, 2000, Mar-

ckmann and Verron, 2006)). Let first recall some basic notations in large

strain continuum mechanics (Holzapfel, 2002). We consider the deformation

of a body from a given reference configuration (C0) where the position of ma-
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terial points is
→
X to the current deformed configuration (C) at time t defined

by the position field →x
(→
X ; t

)

. The corresponding deformation gradient is

F =
∂→x
∂
→
X

∣

∣

∣

∣

t

, (1)

and the left Cauchy-Green strain tensor is defined as

b = F F
T , (2)

where the superscript ·T stands for the transposition. The two first principal

invariants of b are

I1 = tr(b) (3)

and

I2 =
1

2

[

I21 − tr(b2)
]

, (4)

in which tr(·) is the trace. Note that the third principal invariant, det b (det(·)

being the determinant), is always equal to 1, due to the incompressible nature

of the considered materials.

Here, in order to investigate the influence of the stress-strain response of

the material on the results, nine possible material responses are considered.

They are all based on the Arruda-Boyce (or 8-chains) definition of the strain
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energy function (Arruda and Boyce, 1993):

WAB (I1) = µλm
2

[
√

I1
3λ2

m

η + log

(

η

sinh η

)

]

(5)

with

η = L−1

(
√

I1
3λ2

m

)

. (6)

In this equation L(·) stands for the Langevin function, and (µ, λm) are the

two material parameters: the former is the shear modulus and the latter

is the maximum stretch a polymer chain can undergo (it is related to the

chain length). So the nine material response are defined by the combinations

of the following values of the parameters: µ = {0.1, 1.0, 10.0} MPa and

λm = {1, 3, 200}. The values for the shear modulus µ are respectively repre-

sentative of unfilled silicon rubber (Gour and Kumar, 2022), polymers such

as PDMS (Nunes, 2010) and filled charged rubber (Yang et al., 2007). The

values for the maximum chain extension λm are also representative of the

different stretch ratios required to reach the hardening of the strain-stress

curve (Gour and Kumar, 2022). Note that the three models defined with

λm = 200 reduce to the classical neo-Hookean formulation for realistic strain

levels because the stretch ratio necessary to activate the strain-hardening is

about 1,000% which will not be considered in the present study.

Similarly than in Arruda and Boyce (1993), the finite element Abaqus

software used in the present study considers an approximate form of the

model based on the five-term series expansion of the inverse Langevin func-
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tion:

W (I1) ≈ µ

5
∑

i=1

Ci

λm
2i−2

(

I i1 − 3i
)

, (7)

where C1 = 1/2, C2 = 1/20, C3 = 11/1050, C4 = 19/7000, and C5 =

519/673750 MPa. It is possible to calculate the effective (or initial) shear

modulus µ0:

µ0 = µ

(

1 +
3

5λ2
m

+
99

175λ4
m

+
513

875λ6
m

+
42039

67375λ8
m

)

. (8)

The corresponding values are given in Table 1.

λm

1 3 200

µ [MPa]
0.1 0.338 0.107 0.1
1.0 3.38 1.07 1.0
10.0 33.8 10.7 10.0

Table 1: Initial shear modulus µ0 [MPa] of the nine material responses.

For a given deformation described by the left Cauchy-Green tensor b,

the true stress tensor σ is (where q is a Lagrange multiplier related to the

incompressibility and I is the identity tensor):

σ = −qI + 2
∂W

∂I1
b. (9)

The nominal (first Piola-Kirchhoff) and true (Cauchy) stress of the uni-
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axial compression-tension response of the model are:

P = 2
∂W

∂I1

(

λ− 1

λ2

)

≈ 2µ
5
∑

i=1

i
Ci

λm
2i−2 I1

i−1

(

λ− 1

λ2

)

, (10)

and

σ = 2
∂W

∂I1

(

λ2 − 1

λ

)

≈ 2µ
5
∑

i=1

i
Ci

λm
2i−2 I1

i−1

(

λ2 − 1

λ

)

, (11)

respectively. λ is the stretch ratio in the loading direction (λ > 1 for tension,

λ < 1 for compression). The corresponding stress-stretch curves for the

nine sets of parameters of Tab. 1 are shown in Fig. 3. As emphasized above,
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µ = 10 MPa & λm = 3

µ = 10 MPa & λm = 200

Figure 3: uni-axial tension-compression stress-strain response of the nine models (nominal
stress vs. stretch ratio).

11



A
cc

ep
te

d 
M

an
us

cr
ip
t

depending on the values of the material parameters, very different mechanical

responses are obtained in the considered strain range (0.5 ≤ λ ≤ 5.0). As

example, for (µ = 0.1 MPa, λm = 1) the curve corresponds to a very soft

material with strain-hardening, e.g. a hydrogel, for (µ = 10 MPa, λm = 3) it

corresponds to a rigid polymer (convex curve), and for (µ = 1 MPa, λm = 3)

we recover the classical S-shaped curve of elastomers.

2.1.3. Kinematics of the samples under tension-torsion loading

Analytical model of the perfect cylinder. The governing equations of the si-

multaneous tension and torsion of a perfect cylinder are well-known (see for

example (Rivlin and Rideal, 1949, Ciarletta and Destrade, 2014)); they are

briefly recalled in the following. The problem and the necessary notations are

defined in Fig. 4. The cylinder of nominal radius A and length L deforms into

a cylinder of radius a and length l. Consider a material point P0 (R,Θ, Z)

in the reference configuration (C0) that transforms into P (r, θ, z) in the de-

formed configuration ()C). We denote (e⃗R, e⃗Θ, e⃗Z) the coordinate system in

the reference configuration and (e⃗r, e⃗θ, e⃗z) the coordinate system in the de-

formed configuration. Thus, the corresponding positions in (C0) and (C) are

→
X (P0) = Re⃗R + Ze⃗Z and →x (P ) = re⃗r + ze⃗z. (12)

12
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→
e1

→
e2

→
e3

L

A

R

P0

Z

Θ

−→
eR

−→
eZ

−→
eΘ

(C0)

→
e1

→
e2

→
e3

l

a

r

P

z

→
er

→
ez

→
eθ

θ

Fixed face

→
U →

α

(C)

Figure 4: Deformation of a perfect cylinder under tension-torsion loading conditions.

The kinematical equations that transform these positions are































r = 1√
λ
R,

θ = Θ+ τλZ,

z = λZ,

(13)

where λ is the macroscopic stretch ratio in the e⃗Z direction and τ is the

torsion angle per unit of deformed length. They are related to the vertical

13
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displacement U and the prescribed rotation α by















λ = l
L = 1 + U

L ,

τ = α
l
= α

λL
.

(14)

The corresponding deformation gradient tensor is given by

F =
1√
λ

(

e⃗r ⊗ e⃗R + e⃗θ ⊗ e⃗Θ

)

+Rτ
√
λe⃗θ ⊗ e⃗Z + λe⃗z ⊗ e⃗Z , (15)

and the principal stretch ratios can be easily calculated; they reduce to

λI =

√

β +
√

β2 − 4λ

2
, (16)

λII =
1√
λ
, (17)

λIII =

√

β −
√

β2 − 4λ

2
, (18)

with

β = R2τ 2λ+ λ2 +
1

λ
. (19)

Numerical model of the AE2 sample. In contrast to the previous case, the

tension-torsion of the AE2 sample does not admit analytical solution and

the problem must be solved numerically. As mentioned above, the com-

mercial Abaqus finite element software is used and the previous constitutive

models is considered. The numerical model is axisymmetric with possible
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out-of-plane twisting. The vertical section of the sample is meshed with

3,876 CGAX8H (8-node biquadratic, axisymmetric stress/displacement hy-

brid with linear pressure and twist) finite elements, as shown in Fig. 5a. The

(a) Mesh of the AE2 sample. (b) Loading conditions.

Figure 5: Axisymmetric numerical model of the AE2 sample.

loading conditions consist in a vertical displacement U and a torsion angle α

prescribed on the upper face and zero displacement of the lower face of the

sample is fixed throughout the simulation, as shown in Fig. 5b.
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2.2. Definition of multi-axiality for tension-torsion of the samples

2.2.1. The invariants of the Hencky strain tensor

A milestone in the quantification of multi-axiality for deformed soft ma-

terials was reached by Criscione et al. (Criscione et al., 2000). In their paper,

the authors derive three particular invariants of the Hencky (or logarithmic

or true) strain tensor, denoted h in the following, to describe a given state of

deformation. This proposal can be seen as the kinematic counterpart of the

classical Lode invariants (or coordinates) of the Cauchy stress tensor widely

used in metal plasticity (see for example Brannon (2007)).

The Hencky strain tensor, also referred to as true or logarithmic strain

tensor, is defined as

h =
1

2
log(b). (20)

Criscione et al. derive the three following invariants:

• the change in volume

K1 = tr (h) = log(J), (21)

where J = detF is the Jacobian of the deformation,

• the magnitude-of-distorsion

K2 =
√

dev (h) : dev (h), (22)

in which dev (·) stands for the deviatoric part of a tensor: dev (·) =

16
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· − Itr (·) /3,

• the mode-of-distorsion

K3 =
3
√
6

K3
2

det [dev (h)] (23)

which takes values between −1 and 1: K3 = −1 for uni-axial com-

pression and equibiaxial tension, K3 = 0 for simple shear and planar

tension, and K3 = 1 for uni-axial tension and equibiaxial compression.

In the special case of incompressible materials, J = 0 then K1 = 0, and

dev (h) = h. Moreover, considering the three principal stretch ratios (λi)i=I,II,III ,

the two non-null invariants can be written as

K2 =

√

log (λI)
2 + log (λII)

2 + log (λIII)
2, (24)

and

K3 =
3
√
6

K2
3 log (λI) log (λII) log (λIII) . (25)

It is to note that these invariants represent a local measure of the deformation

state: they are defined in each point of the body.

Remark on the physical meaning of the invariants. The two considered in-

variants are not usual in the study of the elastomers subjected to large strain.

The magnitude-of-distorsion K2, defined by Eq. (24), is the logarithmic coun-

terpart of the principal Cauchy-Green strain invariant I1 (Eq. (3)), which is

17



A
cc

ep
te

d 
M

an
us

cr
ip
t

the basic kinematic quantity for hyperleastic models, whether phenomeno-

logical (Yeoh or Mooney-Rivlin models for example) or derived from the

statistical rubber elasticity theory (neo-Hookean or 8-chains models for ex-

ample). The mode-of-distorsion K3, defined by Eq. (25) describes the way

the material is deformed and it echoes the importance of the various exper-

iments (uni-axial, planar and equibiaxial tension) in model fitting (Treloar,

1944, Kawabata et al., 1981).

2.2.2. Application to the perfect cylinder sample

Using Eqs (24-25) and (16-19) and after some basic algebraic manipula-

tions, it is possible to calculate the functions K2(λ, τ) and K3(λ, τ) at any

points of the cylinder throughout the deformation. For a given radius, these

two functions do depend on neither the vertical position z or the initial angle

Θ.

Let consider a material point on the external surface of the cylinder, i.e.

R = A. For numerous loading conditions U ∈ [−2, 10] mm and α ∈ [0, 100]◦,

it is possible to compute and plot the ”maps” of the invariants K2 and K3

with respect to the loading parameters λ and τ . The corresponding results

are shown in Fig. 6. The K2-map (Fig. 6a) shows the magnitude-of-distortion

in points of the external surface with respect to the loading conditions (λ, τ)

applied to the sample. The solid black curves represent the contour lines of

K2. The K3-map (Fig. 6b) presents the mode-of-distortion as a function of

the loading conditions (λ, τ). The two dotted black lines highlights special

18
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Figure 6: Maps of the invariants of the Hencky strain tensor for the perfect cylinder.

values of K3: the horizontal line τ = 0 corresponds to K3 = 1 which is gener-

ally associated with uni-axial tension and the vertical line λ = 1 corresponds
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to K3 = 0 associated with simple shear which is obtained by pure torsion.

It is to note that the iso-K3 curves are not evenly distributed in the (λ, τ)-

plane: as example a large part of the plane corresponds to K3 ∈ [0.9, 1],

i.e. near uni-axial tension conditions. It should be noted that applying a

(λ,τ) loading, and therefore the corresponding machine prescriptions (U ,α),

to keep K2 or K3 constant throughout an experiment, we need to interpolate

the contour lines of either card.

2.2.3. Application to the AE2 sample

Conversely to the perfect cylinder sample, the kinematics of the AE2 sam-

ple subjected to tension-torsion is not known. Moreover, the kinematic fields

are not homogeneous as shown in Fig. 7. Thus, the maps of the invariants

(a) K2. (b) K3.

Figure 7: Isovalues of Hencky’s tensor invariants in AE2 samples.

are more difficult to compute: they necessitate to solve the complete me-

chanical problem for every possible couples (λ, τ). The results are collected
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and post-treated as follow.

The numerical method developed to produce the counterpart of Fig. 6 for

the AE2 sample is now presented.

1. The range of loading conditions is chosen. It consists of magnitude

intervals and steps for the global displacement U and the torsion angle

α which are denoted (U i)i=1..n and (αj)j=1..m respectively. It leads to

the corresponding ranges of λ and τ thanks to Eq. (14). Minimum,

maximum and step values of the loading conditions are set by the user.

2. For each pair (Ui, αj), the finite element computation is performed.

To limit the number of computations, a series of fixed torsion angle

αj simulations is performed: for each j, a given simulation consists in

prescribing an increasing top displacement from U1 to Un.

3. A UVARM subroutine is added in Abaqus to compute the invariants

K2 and K3 from the Hencky strain tensor. Then, at each node of the

mesh, the invariants K2 and K3 are computed for the considered load-

ing conditions. Practically, a Python script executed by the Abaqus

internal interpreter automates the simulations, projects the values of

invariants at Gauss points onto the nodes, and then extracts data.

4. For the nodes (or material points) chosen, all corresponding values of

the invariants are extracted. An interpolation function is applied to

the data to produce the K2- and K3-maps for all these nodes. Practi-

cally, a second Python script is used to post-process the data extracted

at the nodes chosen by the user and the multiquadratic radial-based
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functions implemented in Python Scipy.interpolate module are used to

interpolate the mapping (Scipy Community).

In the following, only one node is retained: the node on the external

surface at the mid-section of the sample (the material point at which the

fatigue cracks should initiate).

3. Results

In the following the previous numerical technique is used to investigate

the influence of the material response on the maps of invariants for the AE2

sample. Then, thanks to these results and the perfect cylinder ones, defini-

tions of uni- and multi-modality of experiments are proposed. Finally, the

concept of "multi-modal experimental campaign" is proposed.

3.1. Maps of invariants for the AE2 sample

For each invariants, K2 and K3, the maps corresponding to the nine

material models defined in Section 2.1.2 are drawn and commented.

3.1.1. Magnitude-of-distortion K2

Fig. 8 presents the maps of K2 for the AE2 sample; for the sake of clarity,

the organization of the sub-figures is the same than in the Tab. 1. First,

Fig. 8 shows that only the limiting stretch λm influences the map: for a

column (same λm, different µ) the three maps are almost identical. On the

contrary for a given row (different λm, same µ) the three maps differ. More

precisely, for the same load, the value of K2 increases with the value of λm.
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Figure 8: Maps of K2 for the nine material models.

This evolution can be explained by the physical meanings of the invariant

and the parameter. The invariant K2 is the magnitude-of-distorsion, and the

larger the strain the material undergoes, the larger the value of the invariant

is. The parameter λm describes the length of the chains, and the higher its

value, the longer the chains making up the polymer. Thus, low values of λm

imply a lower maximum extension and therefore a lower value of K2 than for

high values of λm.

Second, for all plots in Fig. 8 the magnitude-of-distortion is higher in

the AE2 sample than in the perfect cylinder (Fig. 6 left), for both tension

(λ > 1) and compression (λ < 1). This result is easily explained by the effect

23



A
cc

ep
te

 

cr
ip
t

of strain and stress concentration in the AE2 sample due to the notch.

3.1.2. Mode-of-distorsion K3

Fig. 9 presents the maps of K3 for the AE2 sample; for the sake of clarity,

the organization of the sub-figures is the same than in Tab. 1.

Figure 9: Maps of K3 for the nine materials. The bold dotted black line correspond to
constant mode-of-deformation K3 = 1.

Similarly than for the magnitude, Fig. 9 shows that only λm influences

the distribution in the maps (same maps in column, different ones in row).

To highlight this influence, Fig. 10 presents the (λ, τ ) paths that keep K3

constant at the notch during a loading cycle, for the three materials defined

by µ = 1 MPa and λm = 1, 3, 200 (the three maps of the central column
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in Fig. 9). Two deformation states are considered: K3 = 1, in Fig. 10a and,

(a) Curves associated with K3 = 1. (b) Curves associated with K3 = 0.

Figure 10: Loading paths to maintain K3 constant at the notch throughout the experiment,
for the three values of λm.

K3 = 0 in 10b. As emphasized in Fig. 10a maintaining uni-axial tension

K3 = 1 at the notch of the sample necessitates to apply mixed tension-

torsion loading conditions (τ ̸= 0). It highly differs from the perfect cylinder

for which the deformation mode K3 = 1 on the external surface is simply

induced by uni-axial tensile loading conditions (τ = 0). A similar observation

applies for shear in Fig. 10a, even if in this case the difference with the perfect

cylinder is small as shown by the values of λ involved (less than 1.02).

3.2. Definitions

Thanks to the previous results, it is now possible to propose several def-

initions.

3.2.1. Uni- vs. multi-modal experimental test

On the one hand, multi-axiality is defined theoretically by the state of

strain (for soft materials) or stress (for rigid materials) in the gauge length
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of the sample. On the other hand, it is experimentally linked to the loading

conditions prescribed by the testing machine (tensile-torsion tests in Ayoub

et al. (2011) or equibiaxial tensile test in Treloar (1944) for example). This

difference in definition can lead to ambiguity in the interpretation of results,

as the state of strain (or stress) is never homogeneous in a real sample. For

example, during fatigue tests carried out by Le Mire (2022) on cylindrical

specimens (Saintier et al., 2006b, Le Mire et al., 2021), fatigue cracks often

appear at the foot of the specimen where the targeted state of strain for the

gauge length is not respected.

To overcome this ambiguity, we propose “local” definitions, i.e. definitions

that applies at a material point. To avoid any confusion with the classical

terms of uni- and multi-axiality widely used in experimental studies, the

term “modality” (in reference to “mode-of-distorsion” used in Criscione et al.

(2000)) is introduced to qualify experimental tests in the light of their local

strain states.

Definition 1. An experimental test is “uni-modal at a given material point”
if K3 remains constant at this point throughout the test.

Definition 2. On the contrary, an experimental test is “multi-modal at a
given material point” if K3 varies during the test.

Note that these definitions apply for both monotone experiments, for example

to fit a constitutive equation, and cyclic experiments, for example for fatigue

investigations. It should be added that while the second definition covers

a very wide variety of tests, multi-modal iso-K2 tests are interesting cases

among them.
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3.2.2. Multi-modal experimental campaign

Thanks to the two previous definitions and the mapping tools proposed

above, it is now possible to propose different methods to develop a multi-

axial experimental campaign. They can be represented in the K3-map as

exemplified in Fig. 11.
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Figure 11: Two possible multi-axial campaigns: a series of uni-modal experimental tests
in black (iso-K3) and a series of multi-modal experimental tests in yellow dashed line (iso-
K2). The map corresponds to the material with µ = 0.1 MPa and λm = 1.

To recover the notations of Fig. 2, the loading conditions (λ, τ) corre-

sponding to these experiments can be easily converted into U(t) and α(t)

input signals that are applied by the testing machine (see Eq. (14)). The
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corresponding machine loading paths for the uni-modal case K3 = 1 and for

the multi-modal case K2 = 0.5 are shown in Fig. 12. For the AE2 geometry,

the vertical displacement U and the torsion angle α can be out-of-phase to

maintain constant the corresponding invariant. To keep the mode of defor-

mation constant K3 = 1, the torsion angle α has to be non zero and the

angle has to be large: Fig. 12a shows that for a vertical displacement U ≈ 9

mm, the torsion angle is approximately 100◦.
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Figure 12: Vertical displacement and twist angle associated with K3 = 1 and K2 = 0.5
for AE2 sample and comparison with the perfect cylinder case.
The paths correspond to the material model with µ = 0.1 MPa and λm = 1.
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4. Discussion

The previous developments are entirely based on the kinematics of the

tension-torsion problem. Such approach is consistent with machine control

for testing of soft materials: displacements and angles are prescribed, and

forces and torques are measured. Nevertheless, in the large majority of stud-

ies the mechanical loading modes are defined with respect to stress rather

than strain; for example uni-axial tension corresponds to an uni-axial stress

tensor.

In the following, we first discuss the stress tensor along the loading path

for the uni-modal case K3 = 1, then along the loading path for the uni-modal

case K3 = 0. Without loss of generality, the next investigations focus on the

first material model of the series, defined by µ = 0.1 MPa and λm = 1. It

corresponds to the maps of the upper left corner in Figs 8 and 9, the one in

Fig. 11.

4.1. K3 = 1: uni-axial tension

In order to apply the loading conditions that corresponds to the dotted

black line of the upper left map in Fig. 9, the corresponding function τ(λ) is

fitted by a simple power function

τ(λ) =
3
∑

i=1

ai (λ− 1)βi . (26)

The corresponding values of the parameters (ai, βi)i=1,2,3 are given in Table 2.
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a1 β1 a2 β2 a3 β3

-1.637 1.896 0.396 1.090 1.344 2.103

Table 2: Parameters of Eq. 26 for the function τ(λ) such that K3 = 1.

Thanks to this interpolating function, it is now possible to simulate the

path K3 = 1 with Abaqus. The corresponding history of the Cauchy stress

tensor at our point of interest at the notch is extracted and expressed in

the basis (e⃗R, e⃗Θ, e⃗Z) of the undeformed configuration. Same is done for the

Hencky’s strain tensor. These tensors are diagonalized throughout the load-

ing path and the principal stresses (respectively stretch ratios) are denoted

σI , σII and σIII (respectively λI , λII and λIII). The convention used here

is σI ≥ σII ≥ σIII (respectively λI ≥ λII ≥ λIII). Moreover, the Baker

and Ericksen inequality states that the principal stresses σi have the same

ordering than the principal stretches ratios λi (Baker and Ericksen, 1954),

σi − σj

λi − λj

> 0 with i ̸= j. (27)

Here, the principal stretch ratios are derived from the diagonalization of

Hencky’s tensor.

In the classical case of uni-axial tension (UT), tensors b and σ can be
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written, in the eigenvector basis Bp:

b
UT =













λI
2

λII
2

λIII
2













Bp

=













λI
2

1/λI

1/λI













Bp

(28)

and

σ
UT =













σI

σII

σIII













Bp

=













σUT

0

0













Bp

. (29)

Using the Arruda-Boyce hyperelastic model (Eq. (7)), the analytical non-

zero component of the Cauchy stress tensor is,

σUT = 2
∂W

∂I1

(

λI
2 − 1

λI

)

≈ 2µ
5
∑

i=1

i
Ci

λm
2i−2 I1

i−1

(

λI
2 − 1

λI

)

. (30)

Fig. 13 compares the eigenvalues obtained numerically with Abaqus and

the analytical values for both b and σ. Plots are functions of the reduced

time of the simulation t/T for the principal stretch ratios (Fig. 13a) and

as functions of the largest principal stretch ratio λI for the principal true

stresses (Fig. 13b). It confirms the state of uni-axial stress at the material

point under consideration.
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Figure 13: uni-modal path K3 = 1: comparison of numerical results with the analytical
solution.
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4.2. K3 = 0: planar tension and simple shear

A similar method is employed to follow a loading path that maintain

K3 = 0 at the notch. In this case, a one-term interpolation is sufficient to

accurately approximate the path, the corresponding function is

τ(λ) = 0.324(λ− 1)0.377. (31)

The mode of deformation K3 = 0 is associated to both planar tension

(PT) (Yeoh, 2001) and simple shear (SS) (Nunes and Moreira, 2013). The

Cauchy-Green strain tensors for planar tension, bPT , and simple shear, bPT ,

are the same in their corresponding principal bases (BPT
p and BSS

p respec-

tively):

b
PT = b

SS =













λI
2

λII
2

λIII
2













=













λI
2

1

1/λ2
I













. (32)

The kinematics of the planar tension is driven by the stretch ratio in the

perpendicular direction of the clamps. The simple shear is described by the

amount of shear γ and the largest principal stretch ratio λI is a function of

γ:

λSS
I =

√

γ2 + 2 + γ
√

γ2 + 4

2
(33)

Nevertheless, the two corresponding true stress tensors, σ
PT and σ

SS,

differ. For planar tension, the plane stress assumption in the thickness di-

33



A
cc

ep
te

d 
M

an
us

cr
ip
t

rection is adopted. Then

σ
PT =













σPT
I

σPT
II

0













BPT
p

(34)

with

σPT
I = 2

∂W

∂I1

(

λI
2 − 1

λI
2

)

≈ 2µ
5
∑

i=1

i
Ci

λm
2i−2 I1

i−1

(

λI
2 − 1

λI
2

)

, (35)

and

σPT
II = 2

∂W

∂I1

(

1− 1

λI
2

)

≈ 2µ
5
∑

i=1

i
Ci

λm
2i−2 I1

i−1

(

1− 1

λI
2

)

. (36)

On the other hand, the simple shear test is carried out with blocks and it is

difficult to identify the Lagrange multiplier associated with incompressibility,

and then to isolate the stress tensor. Charlton and Yang showed that the

largest principal stresses for simple shear and planar tension are linked by a

universal relation (Charlton et al., 1994):

σPT
I

σSS
I

=
2
√

γ2 + 4

2 + γ2
(

1 +
√

1 + 4
γ2

) (37)

In the present case, as the studied point is at the surface of the sample,

the principal stress normal the the surface is null and the corresponding

principal stretch ratio remains equal to one. Hence, the Cauchy stress tensor
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is

σ =













σSS
I

0

σSS
III













BSS
p

(38)

with

σSS
I = 2

∂W

∂I1

(

λI
2 − 1

)

, (39)

and

σSS
III = 2

∂W

∂I1

(

1

λI
2 − 1

)

. (40)

Figure 14 compares the eigenvalues obtained numerically with Abaqus

and the analytical solution for both planar tension (Eqs. (35)-(36)) and sim-

ple shear (Eqs. (39)-(40)). As in the K3 = 1 case, plots are drawn with

respect of the reduced time for the largest principal stretch ratios (Fig. 14a)

and with respect of the largest principal stretch ratio λI for the principal

true stresses (Fig. 14b). It confirms the state of simple shear at the material

point under consideration.

At present, we can only observe that the results correspond to simple

shear in a specific case where one of the principal stresses is zero. In future

work, we intend to investigate in more detail the still open question of the

relation between simple shear and the planar tension and stress states. There

is already a substantial literature on the subject (Belik and Fosdick, 1998,

Destrade et al., 2012, Nunes and Moreira, 2013, Thiel et al., 2019).
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Figure 14: uni-modal path K3 = 0: comparison of numerical results with the analytical
solution
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5. Conclusion

In this work we offer a new perspective on the issue of multi-axiality in

soft materials testing. Based on the logarithmic strain tensor, we propose

to introduce the new concept of uni- and multi-modality. This term can be

seen as the local counterpart of the widely used term multi-axiality, a term

we reserve to a macroscopic point of view (related to the testing machine).

It as been shown the non-equivalence between axiality and modality.

Thus to the numerical study of an AE2 specimen, we demonstrate that a

uni-axial test is not a uni-modal test except in specific cases such as uni-

axial tension.

We believe that the notion of modality has numerous and relevant ap-

plications. For example, it may be possible to produce a digital shadow of

a complex part subjected to specific loads, evaluate the areas most at risk

and use modality mapping to reproduce the same loads on a simple specimen

to predict service life, a proposal for a multi-modal experimental campaign

is given in the appendix. To close the paper, we now propose a detailed

methodology and the necessary numerical tools for mapping the evolution

of material intensity and mode for a given material point. These maps can

then be used by an experimenter to build a multi-modal test campaign.

We believe that this work can be an important step towards better control

of multiaxial tests, in particular tensile-torsion experiments, by providing a

possible quantification of the strain and stress states induced by the loading

conditions. Experimental loading conditions are currently chosen with no
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justification other than to cover "a wide range of strain histories" (Mars and

Fatemi, 2005) or "a wide range of fatigue lives" (Ayoub et al., 2012). By

way of example, the present quantification avoids the pitfall encountered by

Le Mire et al. (2021): for tensile-torsion tests, even large prescribed loading

angles can produce almost uniaxial tensile tests along the gauge length.
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Appendix A. Detailed methodology

Here we propose an explicit methodology to build a multi-modal cam-

paign of testing for a material. Such a campaign can be carried out with the

following steps:

1. characterize the hyperelastic material to be studied, it will be required

to implement a numerical model in a finite element software,

2. select a specimen geometry that localizes crack initiation and failure,

3. define the necessary deformation modes and intensities by choosing the

values of K2 and K3 that are relevant for the studied case,

4. interpolate the input signals associated to the desired modes and in-

tensities from the maps using the λ and τ quantities and convert it into

U and α signal (it can also be done by directly interpolating U and α),

5. carry out the tests.
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Highlights

Towards a rational approach for multi-axial experimental cam-

paigns for rubberlike material

Benjamin Martin, Erwan Verron, Michel Coret, Nathan Selles

• Contribution to experimental techniques for characterizing rubberlike

materials.

• Emphasis on local rather than global multi-axial strain and stress

states.

• Proposal to revisit multi-axiality definition from a material viewpoint.

• Introduction of the concept of "modality" to describe local modes of

deformation.

• Methodology for developing multi-modal experimental campaigns for

elastomers.


