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Carbon plasmas generated by excimer laser ablation are often applied for deposition (in vacuum or under controlled atmosphere)
of high-technological interest nanostructures and thin films. For specific excimer irradiation conditions, these transient plasmas
can exhibit peculiar behaviors when probed by fast time- and space-resolved optical and electrical methods. We propose here a
fractal approach to simulate this peculiar dynamics. In our model, the complexity of the interactions between the transient
plasma particles (in the Euclidean space) is substituted by the nondifferentiability (fractality) of the motion curves of the same
particles, but in a fractal space. For plane symmetry and particular boundary conditions, stationary geodesic equations at a
fractal scale resolution give a fractal velocity field with components expressed by means of nonlinear solutions (soliton
type, kink type, etc.). The theoretical model successfully reproduces the (surprising) formation of V-like radiating plasma
structures (consisting of two lateral arms of high optical emissivity and a fast-expanding central part of low emissivity)
experimentally observed.

1. Introduction

Plasma structures are often assimilated into complex sys-
tems, when considering their functionality and structures
[1, 2]. The models commonly used for studying their
dynamics are assuming the differential hypothesis of the
physical quantities describing space and time evolution, such
as energy, momentum, density, and so on, although such
models are limited to large-enough plasma volumes where
differentiability and integrability can be applied [3–5]. The
differential methods become unsuccessful when considering
the physical reality having nonintegral and nondifferentiable
dynamics, for example, instabilities of complex systems that
are generating chaos or patterns. Therefore, it is required
to define explicitly a scale resolution in the expression of
variables and thus implicitly in the equations governing
the systems’ evolution. Consequently, the dynamic variables
remain space and time dependent as in the classical

description, but they become also dependent on the scale res-
olution. Otherwise, instead of using nondifferentiable func-
tions, one can work with various approximations of them,
obtained by averaging at various scale resolutions. Therefore,
dynamic variables behave as the limit of a family of functions,
which at zero scale resolution are nondifferentiable, while at
nonzero scale resolution are differentiable [6–8].

The previous approximation is well applied for complex
system dynamics, because the real measurements are done
for a finite scale resolution. This implies building a physical
theory for a new geometric structure, by introducing the scale
laws (and thus the scale transformation invariance) into the
motion laws (which already are invariant to transformations
of space and time coordinates). These requirements are
satisfied by the scale relativity theory (SRT) [6] and more
recently by the SRT in an arbitrary constant fractal dimen-
sion [7], where the interaction complexity is replaced by non-
differentiability, and motions take place without constraints
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on continuous but nondifferentiable curves in a fractal space
time. Otherwise, when the time scale resolution is large
enough when compared with the inverse value of the highest
Lyapunov exponent [9, 10], potential routes are replacing
deterministic trajectories and positions characterized by
probability densities are substituting the definite ones. There-
fore, the motion curves are both geodesics (in a fractal space)
and fractal fluid stream lines, so that the geodesics are
selected through the external constraints.

When the scale covariance principle is functional, the
transition from differentiable to fractal physics is achieved
by replacing the usual time derivative with the fractal
operator [7]

d̂
dt

= ∂t + V̂
l∂l − iλ dt 2/DF −1∂l∂l, l = 1, 2, 3, 1

with

∂t =
∂
∂t

,

∂l =
∂
∂Xl

,

∂l∂
l = ∂

∂Xl

∂
∂Xl

,

2

V̂
l =Vl

D − iVl
F , i = −1, l = 1, 2, 3, 3

where Xl is the fractal space coordinate, t is the nonfractal
time coordinate having the role of an affine parameter, and

V̂
l
is the complex velocity field, of real part Vl

D, which is scale
resolution (dt) independent, and imaginary part Vl

F , which
depends on the scale resolution. The diffusion coefficient,
λ, describes the fractal-nonfractal transition. For the frac-
tal dimension DF of the motion curves, one can choose
various definitions (Kolmogorov, Hausdorff-Besikovitch,
etc. [9, 10]), but its value has to be kept constant during
the analysis of the complex system dynamics.

The fractal operator (1) behaves as a scale covariant
derivative, and it allows us to obtain the dynamics funda-
mental equations, similarly as in the differentiable case. Thus,
applying the fractal operator (1) to the complex velocity
field (4), it gives

d̂V̂
i

dt
= ∂tV̂

i + V̂
l∂lV̂

i − iλ dt 2/DF −1∂l∂lV̂
i = 0, 4

while for an external scalar potential U , it results with

d̂V̂
i

dt
= ∂tV̂

i + V̂
l∂lV̂

i − iλ dt 2/DF −1∂l∂lV̂
i = −∇U 5

In the present paper, by means of (4), new solutions of
fractal velocity fields are obtained in the hypothesis of con-
stant density, null fractal force, and constant flux momentum
per length unit. Then, the theoretical results are applied
in the field of laser-produced plasma, to explain various
expansion features of carbon plasma obtained by excimer
laser ablation in various focusing conditions. Such transient

plasmas play a significant role in the production of various
nanostructured materials (carbon nanotubes, nanowires,
graphene, etc.) [11–13], and controlling their properties
(expansion velocities, density, and temperature) allows a
significant enhancement of the deposition process [14–16].

2. Theoretical Aspects

Separating the dynamics of the complex system on the
resolution scale (on the differential one through the real
part, Vl

D, and on the fractal one through the imaginary
part, Vl

F) leads to

d̂Vi
D

dt
= ∂tV

i
D +Vl

D∂lV
i
D − Vl

F + λ dt 2/DF −1∂l ∂lV
i
F = 0,

d̂Vi
F

dt
= ∂tV

i
F +Vl

D∂lV
i
F − Vl

F + λ dt 2/DF −1∂l ∂lV
i
D = 0

6

At differential resolution scale, this separation implies
the fractal force,

Fi
F = Vl

F + λ dt 2/DF −1∂l ∂lV
i
F 7

Nullifying its value,

Vl
F − λ dt 2/DF −1∂l ∂lV

l
F = 0, 8

in the condition,

∂lV
i
F = 0, 9

induces a particular velocity field of explicit form given in
the following.

Finding the solutions for these equations can be relatively
difficult, due to the fact that this equation system is nonlinear
[4, 5]. However, for the particular case of a stationary flow
in an x, y symmetry plane, an analytical solution of this
system exists. With the previous assumption, (8) and (9)
take the form

Vx
∂Vx

∂x
+Vy

∂Vx

∂x
= −λ dt 2/DF −1 ∂

2Vx

∂y2
,

∂Vx

∂x
+
∂Vy

∂y
= 0,

10

where VFx =Vx x, y and VFy =Vy x, y are the velocities
along the Ox and Oy axes, respectively.

Let us impose the boundary conditions of the flow

lim
y→0

Vy x, y = 0,

lim
y→0

∂Vx

∂y
= 0,

lim
y→∞

Vx x, y = 0,

11
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and that the flux momentum per length unit is constant,

Θ = ρ
+∞

−∞
V2

xdy = const 12

Such conditions imply that on the limit y = 0, the velocity
is directed on the x-axis and that it is on the y-axis at large
distances, while (12) is the conservation law of a specific
kinetic energy density along the x-axis.

Using the method from [4, 5], the following solutions
result with

Vx =
1 5 Θ/6ρ 2/3

λ dt 2/DF −1x
1/3 ⋅ sec h2 0 5y Θ/6ρ 1/3

λ dt 2/DF −1x
2/3 , 13

Vy =
4 5 Θ/6ρ 2/3

3λ dt 2/DF −1x
1/3 ⋅

y Θ/6ρ 1/3

λ dt 2/DF −1x
2/3 ⋅ sec h2 0 5y Θ/6ρ 1/3

λ dt 2/DF −1x
2/3 − tanh 0 5y Θ/6ρ 1/3

λ dt 2/DF −1x
2/3 14

For y = 0, we obtain in (13) the critical flow velocity
(maximum value along the x-axis) in the form

Vx x, y = 0 =Vc =
1 5 Θ/6ρ 2/3

λ dt 2/DF −1x
1/3 , 15

while (12), taking into account (15), becomes

Θ = ρ
+∞

−∞
V2

x x, y dy = ρ
+dc

−dc
V2

c x, 0 dy, 16

so that the critical cross section of the stream line tube (diam-
eter of the flowing tube corresponding to the critical flow
velocity) of the complex system flow is given by

dc x, y = 0 = Θ
2ρV2

c

= 2 42 λ dt 2/DF −1x
2/3 ρ

Θ
1/3

17
Equations (13), (14), and (15) can be significantly simpli-

fied by introducing the normalized quantities,

ξ = x
x0

,

η = y
y0

,

u = Vx
y20
x0λ

,

v =Vy
y20
x0λ

,

uc =Vc
y20
x0λ

,

Θ/6ρ 1/3

λ2/3
= x0

2/3

y0
,

18

μ = λ dt 2/DF −1, 19
where x0, y0 are the specific lengths,Vc is the specific velocity,
and μ is the fractalization degree (similar to the one defined
in [17]). It results that

u ξ, η = 1 5
ξ1/3μ1/3

sec h2 0 5η
ξ2/3μ2/3

,

v ξ, η = 4 52/3

31/3ξ1/3μ1/3

η

ξ2/3μ2/3
sec h2 0 5η

ξ2/3μ2/3
− tanh 0 5η

ξ2/3μ2/3
,

20

uc =
1 5

ξ1/3μ1/3
21

Relation (20) suggests that, independent of the fractaliza-
tion degree, the fractal velocity field is highly nonlinear: along
the (Oξ) flow axis, it is of soliton type (sech2), while along the
(Oη) flow axis, it is a “mixture” between a soliton type, a kink
type (tanh), and so on [4, 18]. The 3D dependences of the nor-
malized components of the fractal velocity field on the non-
dimensional spatial coordinates are plotted in Figures 1(a)

and 1(b), along with its norm V ξ, η = u ξ, η 2 + v ξ, η 2

(Figure 1(c)), for the fractalization degree μ = 1. It results
with a central symmetry axis of the flow Oξ and a decrease
of the velocity norm from the left boundary. Meanwhile, the
local central maximum is adjacent with two symmetrical
regions of the minimum.

In Figures 2(a)–2(d), the flow velocity field of the fractal
fluid is given for various values of the μ parameter. One
can observe that for low values of μ, a V-shaped fluid flow
exists, having two lateral branches characterized by a
“quasi-stagnating” structure (decreased values of the velocity
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norm—see the arrow marks in Figure 2(a)). Meanwhile, in
the central part, the speed has its local maximum value,
regardless of the values of the μ parameter.

In the following, these theoretical results are applied to
explain the expansion of laser-produced carbon plasma in
various laser beam-focusing conditions.

3. Experimental Aspects

The experimental setup used for measurements is described
in details in [19–21]. Briefly, carbon plasma has been pro-
duced by the ablation of high-purity (99.99%) pyrolytic
graphite targets placed in an evacuated chamber (0.0001Pa)
using a KrF excimer laser (248 nm, 20 ns, and 5Hz). The
beam was directed onto the target surface at a 45° inci-
dence angle and focused through a spherical lens of a
500mm focal length. The laser energy was typically set
to EL= 200mJ/pulse. Before focusing, the beam profile had
approximately a rectangular geometry, with a top-hat energy
distribution for the long axis (24mm characteristic size) and
a Gaussian one for the short axis (10mm full width at half
maximum). The laser fluence was varied in a moderate
regime, below 3 J/cm2, by changing the distance between
the focusing lens and the target surface, further denoted by

the lens position (LP). Using the spot area on the target, we
estimated fluence values of 1.6 J/cm2 for LP=46 cm and
0.9 J/cm2 for LP=41 cm (for the sake of simplicity, only the
LP values will be displayed in the following). The global
(i.e., not spectrally dispersed) plasma emission at different
delays with respect to the laser pulse was recorded by ICCD
fast imaging (Andor iStar DH740-18U-03 camera) in side
view. Each image corresponds to a single laser pulse and
20ns ICCD camera gate time. For ion current measurements,
a Faraday cup (FC) was placed on the axis of the ablation
plume or circularly displaced in various angular positions
with respect to this axis, preserving the same distance of
14 cm from the center of the laser impact spot on the target
surface. A 5mm diameter aperture was used at the entrance
of the FC, to narrow the ion collecting area and to achieve a
better spatial resolution. A voltage of −30V applied on the
FC was determined to be sufficient for repelling the
plasma electrons, in order to record the ion saturation
current. The electrical signals were recorded by using the
50Ω input impedance of a 2GHz oscilloscope (LeCroy),
externally triggered by a fast-response signal photodiode
(2 ns rise time). Each recorded time-of-flight (TOF) signal
was obtained from a single laser pulse directed onto fresh
surfaces of the target.
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Figure 1: Space dependences of the normalized fractal velocity field components (a, b) and its norm (c), as given by (20) for μ = 1.
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In Figure 3(a), the time evolution of plasma images
recorded for LP=46 cm shows the existence of a V-like
radiating shape, having two lateral arms (with an angle of
about 30°) that originate from two “seeds” of plasma
observed after 300ns from the laser pulse. The central part
contains faster particles expanding along the plume axis with
higher velocity, which are hardly discernible in a region of
decreased contrast, for example, at 2000 ns (see dotted red
marks in Figure 3(a)). We note that for each image, relative
intensities (with respect to the maximum recorded value)
were used, to better observe the radiating features.

Such peculiar plasma shape is significantly influenced by
the laser beam focusing on the target. In Figure 3(b), at 500 ns
after the laser pulse, that is, the time sequence considered to
be most relevant for subsequent plasma dynamics, one can
observe that for LP= 41 cm and LP=42 cm, the usual
“ellipsoidal” plume shape was recorded, that is in agreement
with the “top-hat” energy distribution for the long axis of the
laser beam [22]. The V-like shape becomes observable at
LP=44 cm, while for LP= 46 cm, the two plasma “seeds”
appear to be completely separated. In previous works
[20, 21], we observed some correlations with the ablation
crater depth profile. Thus, for LP=41 cm and LP=42, its
shape is mirroring the laser energy distribution, but for
LP=46 cm, two ablation depths were observed, with a deeper
hole in the crater center and two lateral thresholds at
distances similar with the long axis of the laser beam [20, 21].

When plasma expansion takes place in an ambient gas
(Ar, 1 Pa pressure), the well-known drag effect [23–26] can
be observed, as it results (from Figure 3(c)) in various
focusing conditions at 2000 ns delay. The lateral arms of
the V-shaped transform in two radiating “balls,” flying
almost parallel after 2000 ns.

Using the FC as ion collector in various angular positions
θ with respect to the plasma expansion central axis (i.e., the
normal to the target surface in the laser impact spot) shows
that the maximum number of charged particles is always
recorded on the normal direction to the target, regardless
of the laser beam focusing (Figures 4(a)–4(c)). Such result
is unexpected for LP=46 cm, where most of the recorded
optical radiation comes from the lateral arms. However,
in the central regions, prompt and low-emitting particles
were previously distinguished that can explain the FC-
recorded current.

Such fast particles are better evidenced in the presence of
a deposition substrate located at 50mm in front of the target.
In Figure 5, we extracted the emission intensities along the
z-axis (normal to the target surface in the laser spot center)
by cross-sectioning ICCD images (like the ones in Figure 3)
at various delays with respect to the laser pulse (for
LP=46 cm and a fluence of 2.1 J/cm2). One can observe
that fast particles accumulate in front of the substrate starting
with 1500 ns, which roughly means a maximum of expansion
velocity vfast = 3.1·104 m/s. They are followed by a slower
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Figure 2: Flow velocity field as given by (20) for various μ values.
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structure, emitted through a thermal mechanism [27–30]
from the target. For this part, the dependence of the
maximum-emitting positions versus time delays (dashed line
in Figure 5) resulted to be linear and the derived “slow” struc-
ture velocity (vslow= 3.3·103 m/s) is one order of magnitude
lower than the “fast” structure one.

Returning now to the theoretical results given by (20) and
plotted in Figures 2(a)–2(d), let us observe a good agreement

with plasma images given in Figure 3(b). The fractalization
degree used in the model can be correlated with the collision
rate in the ablation plasma, in the sense that increased colli-
sion rates correspond to low values of fractalization μ .
According to (19), the parameter μ is connected with the
“fractal” contribution, by means of fractal-nonfractal transi-
tion coefficient, λ, and scale resolution, dt, and fractal dimen-
sion, DF , of the movement curves. Between two successive
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Figure 4: Temporal traces of FC-recoded signals in various angular positions and different laser beam focusing LP = 42 cm (a), LP = 43 cm (b),
and LP= 46 cm (c).
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Figure 3: Images of the V-like plasma shape obtained for LP = 46 cm at various stages of time evolution (a), comparison between visible
radiating shapes obtained for various laser beam focusing at 500 ns delay (b), and drag effect observed for expansion in ambient gas (c).
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collisions in the ablation plasma, the trajectory of any particle
is a straight line, that is, a continuous and differentiable
curve, while in the impact point, it becomes nondifferenti-
able. Then, assuming that all the collision impact points are
defining an uncountable set of points, it results that the
trajectories become continuous and nondifferentiable curves.
In such conjecture, the more collisional plasma means more
broken trajectories, that is, an increased fractal dimension,
DF , and consequently a decreased fractalization degree μ.
From an experimental point of view, tighter focusing of the
laser beam (i.e., higher LP in Figure 3(b)) leads to a denser
ablation plasma, that is, more collisions between particles,
which explains the very good qualitative agreement between
Figure 3(b) (experiment) and Figure 2 (theory). We note that
in [17], a similar interpretation of the fractalization degree
was able to explain the well-known fast (hot) and slow (cold)
plasma structures ejected through electrostatic and thermal
mechanisms, respectively.

The V-shaped lateral arms of the expanding carbon
plasma obtained for LP=46 cm and LP=45 cm correspond
to “quasi-stagnating” regions of intense optical radiation
emission. Our preliminary spectroscopic investigations show
the dominance in these regions of carbon dimer vibrational
transitions. It is known that the presence of the C2 molecule
in the plasma plume favors the nanoparticle and cluster
production [31, 32]. There are two mechanisms assumed as
responsible for dimer formation: direct ejection from the
target and three-body recombination [33, 34]. In our
opinion, the existence of the theoretically predicted and
experimentally evidenced quasi-stagnating regions promotes
the second mechanism in the enhancement of C2 molecule
content. These investigations are underway and will be
published in a separate paper.

4. Conclusions

A fractal approach is proposed to simulate peculiar dynamics
of carbon plasmas generated by excimer laser ablation, by
substituting particle motions on continuous and differential
curves in a Euclidean space with free motions on continuous
and nondifferentiable (fractal) curves in a fractal space. The

mathematical procedure imposes the use of a motion
operator, having the role of scale covariant derivative and
then obtaining the fractal space geodesics by postulating a
principle of scale covariance. For plane symmetry, stationary
geodesic equations at a fractal scale resolution give a fractal
velocity field with components expressed by means of
nonlinear solutions (soliton type, kink type, etc.).

The theoretical results are applied in the field of laser-
produced plasma, more precisely to explain various dynam-
ics of carbon plasma obtained by excimer laser ablation in
different focusing conditions. The occurrence of a V-shaped
radiating plasma structure, consisting in two lateral stagnat-
ing arms of high emissivity and a fast-expanding central part
of low emissivity, is evidenced, both experimentally and
theoretically. Such peculiar plasma shape results for specific
values of the fractalization degree which are correlated with
the ablation laser-focusing conditions. The more collisional
plasma means more broken trajectories, that is, an increased
fractal dimension and consequently a decreased fractaliza-
tion degree. From the experimental point of view, tighter
focusing of the laser beam leads to a denser ablation plasma,
that is, more collisions between particles, which explains
the very good qualitative agreement between experiment
and theory.
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