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Abstract: This work deals with wave propagation into a coaxial cable, which can be modelled by
the 3D Maxwell equations or 1D simplified models. The usual model, called the telegrapher’s model,
is a 1D wave equation of the electrical voltage and current. We derived a more accurate model from
the Maxwell equations that takes into account dispersive effects. These two models aim to be a good
approximation of the 3D electromagnetic fields in the case where the thickness of the cable is small. We
perform some numerical simulations of the 3D Maxwell equations and of the 1D simplified models in
order to validate the usual model and the new one. Moreover, we show that, while the usual telegrapher
model is of order one with respect to the thickness of the cable, the dispersive 1D model is of order
two.

Keywords: coaxial cables; Maxwell’s equations; telegrapher’s models; finite elements; asymptotic
analysis
Mathematics Subject Classification: 35A01, 35B40, 65M06, 65M12, 65M60

1. Introduction and motivation

An electrical cable is a structure whose transverse dimensions are smaller than the longitudinal
one. In particular, a co-axial cable is a dielectric material that surrounds metallic inner-wires and is
surrounded by a metallic shield. A dielectric material is characterised by its dielectric permittivity &
and its magnetic permeability u. The study of the propagation of electromagnetic waves along such a
cable is an important issue in many industrial applications, such as wire troubleshooting. See [2] for
a general review of wire troubleshooting, [1] for the detection of soft fault diagnosis in a simplified
transmission line, and [5] for reconstruction of the underline graph of an unknown network. The
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simplest way to models a coaxial cable is to consider a 1D model called the telegrapher model, which
deals with the propagation of the voltage V> and the current /Y along infinitesimal LC quadripoles:

(1.1)

C(z)0,V*°(t,z) + 0, I°°(t,2) = 0,
L(z) 8,1°°(t,2) + 8, V*°(t,2) = 0,

where the variable z represents the longitudinal variable of the cable, C the capacitance, and L the
inductance.

However, the real propagation of electromagnetic waves is governed by the 3D Maxwell equations.
Solving the 3D Maxwell’s equation is a not a trivial task: complex geometry due to defaults, or the 3D
mesh for the thin cable. Indeed, performing such 3D simulations when the cable is thin can be a
numerical challenge. One of computational difficulties comes from the fact that the transversal scale
of the mesh must be small compared to the thickness ¢ of the cable, whereas the longitudinal scale of
the mesh must be small in regard to the typical wavelength of input. The practical regime

0 < (typical wavelength)

implies that
(transversal scale of the mesh) < (longitudinal scale of the mesh).

In [9], we proposed an efficient numerical method to solve the 3D Maxwell equations in an elongated
cylindrical coaxial cable. We used an anisotropic prismatic mesh, with a transverse mesh and a
longitudinal mesh, which is consistent with the thin cable geometry, while relying on a hybrid
implicit-explicit scheme. However, as the simulations are costly, engineers are not usually interested
in the full electromagnetic fields, but rather in the electrical voltage and current that are 1D quantities.
On the other hand, one could derive 1D models, called the telegrapher models. This leads to a good
approximation of the solution of our 3D problem (see [4, 15]). It is also worthwhile to mention that
such models can be extended to the multi-conductors case: see [20] in the electromagnetism literature
or [6] for a more rigorous approach. The simplified 1D models have been derived by performing an
asymptotic analysis of the 3D Maxwell equations as the thinness of the cable tends to zero. In this
asymptotic analysis, we assumed that the electromagnetic fields can be expanded in powers of ¢
where ¢ is the thinness parameter. The derivation of the simplified 1D models gives an explicit way to
compute the effective inductance L(z) and the effective capacitance C(z) at each point z from the
geometry of the cross-section at point z and the characteristic of the dielectric material. Unfortunately,
this model cannot be used for fine wire troubleshooting since it is blind to some geometrical defaults
and neglects some dispersive effects that are measured in practical experiments. Indeed, coefficients L
and C are invariant under a conformal mapping, i.e, for two sections connected by a conformal map, L
and C are the same. We expect a 1D model that takes into account all the geometrical defaults, or at
least crushing, but it will require further analysis so as to have a model that is as exhaustive as
necessary. A more accurate model was derived in chapter 5 of [4] by considering the second order
terms in the asymptotic expansion. In that case, the electrical capacitance C and inductance L become
spatial differential operators. More precisely, (1.1) must be replaced by

(1.2)

C**(2,0,) 0, V*2(t,2) + 0, I(1,2) = 0,
L5%(2,0.) 9,1%%(t,2) + 9, V*2(t,2) = 0.
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In the particular case where the permittivity and the permeability do not depend on the longitudinal
variable z, the capacitance and inductance operators are second order elliptic operators given by

C(z,0;) = C(1 - °,.d2) and  L(z,0,) = L(1 - 8°k,02).

where «, and «,, are computed from the geometry of the cross-section at point z and the characteristic
of the dielectric material. Note that when «, and «,, are constants, one finds the equations of the linear
ABCD-Boussinesq’s model of shallow water-wave propagation (see [11]). We could not find any case
in the classical literature on coaxial cables [20] where our new effective coefficients are introduced.
This is because in the aforementioned literature the standard telegrapher’s model is only valid for
cylindrical cables with constant permittivity and permeability. In fact, under these hypotheses, our new
effective coeflicients k, and «,, vanish. The coefficient x, cannot vanish in the case where,

e the cable is made of cylindrical, concentric, different layers of homogenous dielectric material,
known as an onion-like structure (from now on),
e the velocity of electromagnetic waves is not homogeneous.

In that case, the dispersion effect due to C%? cannot be neglected. From 1D models, one can
reconstruct electromagnetic fields whith explicit formulae in order to make some comparisons with
the 3D Maxwell equations. In particular we will see that the wusual Transverse
Electro-Magnetic (TEM) hypothesis is no longer true. This hypothesis states that the electric (and
magnetic) field lines are all restricted to perpendicular directions to the direction of propagation. This
is widely used to justify 1D models in the classical literature [20]. In [9], we also made comparisons
between numerical simulations of (1.1) and between numerical simulations of the 3D Maxwell’s
equations. But, we have not shown the order of convergence with respect to ¢, which is to say

I(3D model) — (1D model (1.1))l];e 2
I3D mOdel)||L;>°L§

(1.3)

Moreover, as we have already stated, one expects more efficient approximations that take into account
dispersives effects. The aims of the paper are threefold:

(1) We will be presenting the second order 1D model as well as a way to calculate the characteristic
coeflicients involved in the equations. Moreover, we will show that it is a well-posed problem (see
Theorem 2.1).

(2) We will give a formal derivation of this second order model in the context of onion-like
structures (see Theorem 3.1).

(3) We perform numerical comparaisons between the 1D model and the 3D Maxwell’s equations in
a periodic domain. More precisely, we aim to show (1.3) and

I(3D model) — (1D model (1.2))l] ;2
I(3D model)|| 2

~
~

We are able to perform numerical simulations of the 3D Maxwell’s equations only in the cylindrical
case. This is why we will only consider cylindrical cables in this paper. Moreover, we will assume
that the inner-wire and the shield are perfect conducting materials. That is, the electromagnetic waves
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are confined in the dielectric part of the cable so that we can neglect the skin-effect. See [7] for the
derivation of the resistance from the skin-effect in the 1D model.

Notations: The usual Sobolev spaces are denoted by H”, and H/‘R refers to Sobolev space with null
average, i.e.,

Hi (S) :={ueHS)| fu = 0}.
S
2. 3D and 1D models of waves propagation in a co-axial cable

A cylindrical co-axial cable is a waveguide
Q=S5 xR

such that all cross sections S X {x3} are identical, and each cross section has a closed inner hole O with
non-null area included in a bounded disk B of R?. Therefore, the domain S has a boundary made of
two connected parts

0.8 :=0SNO and 9.5 :=0S NA(B\ (S UO))

that assume to be Lipschtiz continuous. The boundary 0_S is usually called the inner boundary,
whereas 0.S is usually called the outer boundary. The cable Q is made of a dielectric material
characterised by the electric permittivity and magnetic permeability

e:Q—->R and u:Q->R

that are piecewise regular bounded positive functions.

2.1. Wave propagation in a thin co-axial cable

A thin co-axial cable €° is a co-axial cable Q on which we apply a transverse scaling

Gs: BXxR — BxR

(xr,x3) = (0x7,X3) (2.1)

parametrized by a small parameter 6 < 1 which refers to the thickness of the cable. More precisely,
one has

Q° = G5(Q).

Moreover, the characteristic coefficients of the thin cable Q° are obtained from the reference cable
Q by p° = po@G;', where p = & u. The notation x; € R will always refer to the longitudinal
variable, whereas x; = (x, x,) € R? will always refer to the transverse variables. The propagation of
electromagnetic waves along the thin cable is described by the electromagnetic fields

(E°,H%) : Q° - R?,
which solve the 3D Maxwell equations

86atE6 - V(XTJCS) x H’ = 0, in Q6,
[OQH? + VX E° =0, inQ, 2.2)
E°xn=0, at 0Q,

AIMS Mathematics Volume 9, Issue 4, 8981-9019.
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with initial conditions
§ _ 6 5 _
E, _y=E, and H,_,=0,

where V., ,,)X stands for the usual 3D curl operator.
Note that we have made the three following simplifications:

(1) (Dielectric conductivity) We assume that there is no loss in the dielectric material. If we want to
take it into account, we shall consider £°9,E° + 0° E° -V, .,y X H® instead of °0,E° —V ,, ,,,X H°
where ¢ is the electrical conductivity. For a practical cable, this conductivity is very small, i.e.,
of order O(6%). However, if the cable is wetted the conductivity, could be of order O(1). This
work was conducted in [6] when the 6> terms are neglected.

(2) (Metallic conductivity) The boundary condition E° x n = 0 means that we consider the inner-wire
and the metallic shields as perfect conducting materials. A more realistic model should consider
highly conductive material instead of perfect conducting material. See [7] where the 62 terms are
neglected.

(3) (Easy data) The hypotheses on the initial conditions are not necessary, but they are just given for
sake of simplicity. One could consider more general initial conditions.

(4) (Sole inner-wire) We consider only one inner hole O. The case of several inner wires is treated
in [6].

To compare with practical experiments, one can extract the voltage V°(x3, r) and the current 1°(x3, 1)
from the electromagnetic fields. The way to extract it will be detailed in (6.1). Given the difficulty in
solving the Maxwell equations, one can consider a 1D model of wave propagation. In this model, the
unknowns are not the electromagnetic fields, but the voltage V%2(x3, 1) and the current I%?(x3, ) which
solve the following telegrapher’s equations:

C(S’Z(X3, (9x3) G,V‘u + (93 1%? 0,

(2.3)
L52(x3,0,,) 0,1%* + 03 Vo2 = 0.

Here, the generalised capacitance C*? and inductance £%* operators are differential operators that will
be defined later.
Let us note some consequences of the four simplifications we made:

(1) (Dielectric conductivity) If there is electrical conductivity of order O(1), then we shall
consider C*2(x3,8y,,0;) 0,V + GV%? + K x, Vo2 instead of C**(x3,d,,)8,V%? in the first
equation of (2.3). The operator C*?(x3, 0,,,0;) becomes non-local in time, but the expression is
complex These are described in Fourier frequency space in chapter 5 of [4].

(2) (Metallic conductivity) Considering highly conductive material instead of perfect conducting
material leads to replacing £2(x3, dy,) 8,1°% by L2(x3,8y,) d1°% + 6RO, *1%? — 6Ly I°?, where the
resistance R is described in [7], the fractional derivative (’)tl /2 stands for the Fourier multiplier
associated to Viw in Fourier frequency space, and the coefficient Ly is described in chapter 7
of [4] (see Theorem 7.5.2).

(3) (Easy data) If we consider general initial conditions, we need to add a source term in the 1D
model (see chapter 5 of [4]).

(4) (Sole inner-wire) If we consider several inner wires, then the electrical voltage and current become
vectors whose dimension coincide with the number of inner wires.

AIMS Mathematics Volume 9, Issue 4, 8981-9019.



8986

With the electrical voltage V2 and current /2, one can reconstruct an approximation (E%2, H%?)
of the electromagnetic field (E°, H°) (see section 2.4). Note that if we formally take § = 0 into (2.3),
one has the usual telegrapher Eq (1.1) whose solutions are denoted by V? and I°°. One can also
reconstruct an approximation (E*°, H%?) of the electromagnetic field (E°, H°) from V*° and I°°. In [4],
some error estimates are proved in the case where the characteristic coefficients of the dielectric &°
and u’ are continuous. Our aim is to illustrate such error estimates with numerical simulations when
£° and u° are piecewise constant.

Main result 1. Numerical results of (1.1), (2.2) and (2.3) satisfy

2
Vo —ve ||L;°L§ IE® ~ EM”L;X’L%

2 2
= an —_— = 6
IVl e 2 IE|| o2 ’
whereas s s s 0
e —ve ||L;°°L§ IE® — E® ||L;°L§ 5
= an ~ 0.
||V6||L;>°L§ ||E6||L;>°L§

Finally, our results justify the use of 1D models instead of the full 3D Maxwell equations. Moreover,
they also justify the preference for the second order 1D model (2.3) instead of the usual model (1.1).

2.2. Harmonic potential and description of the effective capacitance and inductance

To define the generalised capacitance and inductance operators, one needs to introduce the harmonic
potentials

@(p), ¥(p) € H'(S),

which are the solutions of the following elliptic equations in the reference geometry

div (oVe(p)) =0, inS,

plp) =1, atd_s, (2.4)
¢(p) =0, at 4.5,
and
div (oVy(p)) = 0, inS\T,
(p) =0, at oS, 05)
W(e)lr=1, [pd4(0)lr =0, throughT,
v =0,
where:

e the differential operator V and div refer to the usual 2D gradient and divergence operators on the
cross-section S,

e the artificial cut I is any artificial 1D curve which links the inner 7 to the outer TV*2 boundaries,
and [-]r the jump through the cut. Even if we can take any cut, we choose I' := § Ne;, where ¢ is
the abscissa axis. Since the gradient of ¥/(p) has null jump through the cut, we can extend Vi (p)
on S. Then, if the harmonic potential /(o) depends on the artificial cut, its gradient does not. This
is why we say that I is artificial. This property can be seen in the fundamental example of the

AIMS Mathematics Volume 9, Issue 4, 8981-9019.
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case where the cross section is a circular annulus and p is radial. Indeed, in that case one has in
polar coordinate system (e,, ey)

0 1
Yp)=1- o and Vy(p) = —%69. (2.6)

First, note that neither y/(p) nor Vi(p) depend on the weight.
They are called harmonic potentials since they span the harmonic spaces. More precisely, one can
show that (see chapter 1 of [4])

E(p) :={E € L(S)*|div(pE) = 0, ot E = 0 and E X nlss = 0} = span{Ve(p)}, 2.7)
and
H(p) := [H € L*(S)? | div(oH) =0, rotH =0 and H - n|ss = 0} = span{Vy(p)}, (2.8)
where
divT = 61T1 + (92T2, rotT = (91T2 - (92T1 for 2D fields T : § — Rz, (29)
and
T-n:=Tyn+Ton,, Txn:=Tyny,—Ton; for2D fieldsT:S — R (2.10)

These two harmonic potentials are conjugated in the sense that they satisfy the Cauchy-Riemann-like
relations

{pV¢<p>=C(p)VLw<p-l>, i {c<p>=fspr¢<ﬂ>'2’ @.11)

p V(o) = =L(p) V*e(p™"), Lp) = [; plVy (o),
where the 2D vectorial rotational V+ stands for

vVt = (axy _ax| ).

We will use extensively this conjugation relation (see chapter 1 of [4] for the proof).

We can take as weight p the electric permittivity (respectively the magnetic permeability) which
yields an harmonic potential ¢, of electrostatic type (respectively i, of magneto-static type) and its
conjugated potential ¢, (respectively ¢,,). More precisely, one has

Pe = ()0(8)’ Um = lﬁ(ﬂ)» v, = l//(g_l) and ©Om = ‘p(ﬂ_)

We also define the oscillating part

—_ Js 1m _ J e
Y =Yy ——F— and Y, =y, — )
Js# Js#

Definition 2.1. The capacitance and inductance coefficients are defined by

C(x3) := C(e(x3)) and  L(x3) := L(u(x3)).

The effective capacitance and inductance operators are defined by the bilinear form

f CV)U = f CVU +8° f &(0xp)V + (9 = )0 V)00V + (@ ~ 913, U)
R Q

Ry

AIMS Mathematics Volume 9, Issue 4, 8981-9019.
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forall V,U € H', and

f (L0 ] = f S f (@ + G = 9001080 + G = G0 )
Ry, Q

R.,
foralll,J € H'.

First, we notice that the definitions of the effective capacitance and inductance operators are still
valid when there is a variable cross-section, i.e., the cable is not cylindrical. In that case, d,,¢, must
be interpreted as the Eulerian shape derivative ¢, with respect to the variation of the shape of each
cross-section. In that case, one needs to assume that the cross-sections are more regular than Lipschitz
continuous. We refer the readers to [12] for the definition of Eulerian shape derivative. The explicit
computation of d,,¢, is given in proposition 4.1.4 in [4].

In the particular case where the permittivity and the permeability satisfy the property

e(xr, x3) = er(xr)es(xz)  and  p(xr, x3) = pr(xr)us(x3),
the capacitance and inductance operators are second order elliptic operators given by
C**(x3,0x,)- = C(x3) = %05 (ke(x3)0y,-)  and  L2(x3,8y,)- = L(x3) = 670y (km(x3),°) ,

where

Ke :=f8|90e—90m|2 and Ky, := fﬂl%—@lz (2.12)
S S

are constants. Indeed, in that case, one gets d,,¢, = 0, and 6x31;,,; = 0 and thus with an integration
by parts in the definition of C>? and 7%2, one has the expected expressions. The new coefficients «,
and «,,, are respectively the electric and magnetic dispersion coeflicients. If the electromagnetic wave
velocity ¢ = 1/ +/eu is constant, then the dispersion coeflicients «, and «,, are null. Indeed, ¢. = ¢,
and ¥, = i, as a consequence of

div (u™'Ve,) = ¢*div (eVg,) = 0,

which ensure that ¢, solves the problem satisfied by ¢,, (and so on for i, that solves the problem
satisfied by ¢,,). In the following we shall be interested in cables for which dispersion occurs. One
important class of dispersive media is provided by cables whose internal structure is made of finitely
many materials structured in an onion-like manner. By this we mean that the coefficients are piecewise
constant in successive concentric layers. This is the topic of the following subsection.

First, we want to underline that, under suitable geometric assumptions, the capacitance C and the
inductance L are bounded from above and below. Indeed, in the case of a circular annulus of inner
radius r_ and outer radius r, and constant permittivity and permeability, one gets C = £2nx/In(r,/r_)
and L = uIn(r,/r_)/(2n) by directly solving Eqs (2.4) and (2.5) in the polar coordinate system (e,, ey).
In more general cases, see the following proposition:

Proposition 2.1. (i) Suppose that the hole O has a positive area |O), then

min(e)C_ < C and L < sup(u)C-",

AIMS Mathematics Volume 9, Issue 4, 8981-9019.
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where C_ := Ap|0| > 0 and Ap denotes the lowest eigenvalue for the Dirichlet problem associated to
the Laplace operator in the domain S U O.
(ii) Suppose that there exists an ellipse &_ with semi-major axis a_ and semi-minor axis b_ that
surround the hole O without touching the exterior boundary. We denote by
2n

C, = < +00,

In (1 + —d*f;,;fbf)

where

d, =dist(&E_,0,S)+ (D —a_) and b, = \/2a_d* +d? + b?,

where D is the distance between the center of the ellipse &_ and the point of &_ which is the closed to
the exterior boundary. One gets

C <sup(e)C, and inf(u)C;' <L.

Proof. (1) This is a consequence of Lemma 5.3 of [6]. (ii) For the higher bound of C, we need to remark
that the elliptic annulus & of the inner ellipse &_ (respectively outer ellipse &, ) characterized by semi-
major axis a_ (respectively a, := a_ + d.), semi-minor axis b_ (respectively b, := \/2a_d* +d? +b?)
is included in S. Thus, by the Dirichlet principle, we have C < sup(e)Cap* where Cap* = fa V™| is
the capacity of the potential ¢* solution of

Ap* =0, in&",
' =1, oné&_,
¢ =0, on &,.

Since &_ and &, have the same focal ¢ = \/a% - b2 = \/ai — b2, the Joukowsky transform

o ] xi(l+55)
T ~ 2
2 )Cz(l—m)

maps conformally & to the circular annulus of inner radius (a_ + b_) and outer radius (a, + b,). Thus,
since the capacity is invariant by conformal mapping, we have

2

d,+b.-b_\’
ln(l + == )

Cap* =

which concludes the proof for the higher bound of C. The lower bound of L is a consequence of the
conjugation relationship (2.11).

It was shown in [6] that the capacitance C and the inductance L become positive-definite matrices
when we consider several inner wires.

Remark 2.1. This proposition implies that the effective capacitance and inductance operators are

non-negative:

f (CU)U 2 inf(e) C_|UIZ,  and f (L2 U 2 inf) C;' Ul YU € L®).
R, Ry

3

AIMS Mathematics Volume 9, Issue 4, 8981-9019.
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We can do better by showing that the operators are in fact coercive on appropriate spaces.

Proposition 2.2. One has for all V,U € H'(R)

fR C?V)U = f [C + 6% (1. — Oy x )]V U +6° f Ko 0,V 0., U, (2.13)

Ry Ry

where

Ke Z=f8|(,06—<,0m|2, Ne ::fglaxs()oelz and  x. ::f8(¢e_¢m)(axg¢e)~
S

3 S
Proof. For all V,U € H'(R), one gets

f CP*V)U :f (C+ 6 )VU+6 f Ke 0,V 0, U
Rx3 RXS RX

3

+ fg (ax3‘10e)((pe - (pm)Va)q U+ f & (ax390e)(‘pe - ‘Pm)Uax3V
Q Q

By integration by parts with respect to the longitudinal variable x3, one has

Lg(ax3cp6)(90e - ‘pm)vax3U = - L S(GX3SOe)(‘;Oe - ‘10m) ax3v U - Lam [8 (a)@‘pe)(‘pe - (pm)] VU

and thus we have the expected formula.

Remark 2.2. In order to show that C** is a coercive operator from H'(R) to H'(R), one needs to
assume that C + 6*(n, — d,,x.) = 0 (which is in accordance with the smallness of 5) and to show that k,
does not degenerate. As we will see later, this is indeed the case in the onion-like structure.

2.3. Simplification in onion-like structure
We will assume that our cable has an onion-like structure whenever

o the cross-section § is made of N concentric layers S” such that

N
S:US” and S"NS™=0forn#m (2.14)

n=1

and such that

1
(inner boundary) X =08,
1
(layers separations) ZZ:Z =08S"NaS™! forl <n<N,

(outer boundary) Zfé =0,
are 1D regular loops with non null perimeter that surround the inner-hole and never touch each
other,
e for any x3 € R, the electric permittivity &(x7,x3) and magnetic permeability u(xr, x3), are
transversely piecewise constant according to the partition (2.14), i.e., for any x; there exist
positive bounded coeflicients (£"(x3), 1" (x3)) such that

e(xr,x3) = €'(x3), p(xr,x3) =pu"(x3) forxreS", 1<n<N. (2.15)

AIMS Mathematics Volume 9, Issue 4, 8981-9019.
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We want to show that under appropriate hypotheses, the effective telegrapher’s Eq (2.3) is well-
posed and deals with dispersive media.

Hypotheses 2.1. (HI) The cable Q) has the onion-like structure as described above.
(H2) The velocity ¢ = 1/ «[eu is not constant with respect to the transversal coordinate.
(H3) The hole O has a positive area, and there exists an ellipse that surrounds the hole O without
touching the exterior boundary.
(H4) The functions x3 — &"(x3) and x3 — u"(x3) are bounded, regular, positive, and have non-null
minima.
The main result of this section is the following:

Theorem 2.1. Assume hypotheses 2.1, and that the parameter § is small enough such that C + 6*(n, —
O0xxe) 2 0. Let r > 0 be a real number, and let (1‘5’2, Vg,z) € H'(R) x H*'(R) be initial conditions.
Then, problem (2.3) is globally well-posed in C*(R., H'(R) x H*'(R)).

The dispersion plays a significant role. On the one hand, if the dispersion is neglected (6 = 0),
then (2.3) becomes the usual wave equation. Then, accordingly to the usual Lummer-Phillips theorem,
the solution has the following regularity:

[ C®Re H(®R) x H™ ' (R)),

s=0
if the initial condition lies in H"(R)x H"*!(R). To gain one temporal regularity, one must pay one spatial
derivative. On the other hand, when there is dispersion, the solution has the following regularity
C*(R,, H'(R) x H"'(R)).

To prove Theorem 2.1, one needs to introduce a mapping that lets us work in the simplest geometry,
which is a circular annulus. We denote by v” the volume of each layer S” and by 2r, the diameter of S.
We construct a piecewise volume-preserving mapping

Tv:S — B, r"), (2.16)

such that the restrictions 7' := ﬂ‘sn transform each layer " into an annulus C" := C(rz,r1)
where the radii are finding through the following induction:
N =,

rn—l+% — rn+% "

The annuli C" are constructed such that area(S")=area(C").
Proposition 2.3. In the onion-like structure, one gets
me:'ﬁe:%:@:%

where W is the solution of the harmonic problem

A =0, in S\T,
0w =0, on 08,
Wir=1[04lr=0 onT,
Jyw=o.
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Proof. We denote by
U= guo T, ToS),

the solution of

A =0, in C"\T,

3,1!// =0, ) at oS, @.17)
[WIr=1, [wylr =0, throughT,

J; w(o) = 0.

We remark that = (1 — %) satisfies system (2.17), which admits a unique solution. Consequently,
¥, depends only on the geometry and not on the permability 4. The same reasoning holds for ..

Moreover, one has
[Lwi= [ s0-0

Thus, since 7, is a piecewise volume-preserving mapping , one gets

‘fuw=f;¢=0
S S

U =, = .

and therefore

In particular, the effective inductance operator is just the inductance coefficient, namely
£6,2 =L

Moreover, the conjugation relationship (2.11) becomes

(2.18)

eVyp, = CV*y,
uViy = —=LV-+g,.

Remark 2.3. The level set of ¢, and ¢, are always orthogonal to the level-set of
V.-V =V, - Vi =0.

This remark is a consequence of the previous proposition and the conjugation relation (2.11). Indeed,
one has

Vg, -V = Ve, Vg, = —&'C"' Vg, Vg, =0.
¢ l//proposition2.3 ¢ w (2.11) & ¢ ¢

Proposition 2.4. Under hypotheses 2.1 and assuming C + 8*(1j, — OxXe) = 0, one has that, for all
Ve H'[R),

ZJ‘@mWVZHﬂ@CJW@+§mMmWQ
R,
where C_ > 0 is given in proposition (2.1) and &, := miny, k.(X3) is a positive constant.
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Proof. LetV € H'.
Step 1. Proposition 2.2 implies, together with C + 6°(5, — 0., x.) = 0,

f CPV)V > 52f Kel0x VI
R,
Then, using proposition 2.1, one gets
2 f (C**V)V > inf(e)C_||[VI|2 + 6 f k|0, VI
' Ry,

Step 2. We show that there exits a positive constant x, such that

Ke = f‘9|‘10e - ‘10m|2 > Ko, (219)
S

when ¢ = 1/ 4/eu is not constant with respect to the transversal coordinate (hypothesis (H2)).

We notice that (2.19) is invariant under volume-preserving maps. Thus, we can work under the
simple geometry given by the transformation 7. The harmonic potential satisfies (see step 3)
= (p) ~ In(r) + B"(p), (2.20)

TVS”

®(p)

where the coeflicients B"(p) are given by the sequence

C 1 |
Bn+1(p) Bn(l)) — (p) ( — _ _n) ln(rn+§)’
1Y Y
where, initially,
B =1- S0 gt
2rp!

is the solution to (2.4) under this simple geometry. This will be shown in Step 3. Then, one has
1 C H n ne, —1
s = 2 (— - —) In(r) + B"(e) = B"(u ),

Pe — Pm L

and thus after straightforward (but tedious) calculations, one gets

foeten=gaP = Bl (- ) B
(=) (e ) Bt (2.21)

T \g"

+(Be) - B (M’)]

Moreover, one can show by induction that (B”(s) B'"(u~ )) is null if and only if (5 - #T) =0.
Thus, (2.21) is null if and only if, for all n, one has LC = &"u".
Step 3. (2.20) is indeed the solution of (2.4) in 7S .
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The function A7)
®(p) = In(r) + B"(p)

T,S" pn

satisfies Agp(p) = 0 on each layer 7, 5". It remains to find the expression of A" and B". Moreover, we
have with the jump of the normal derivative at each s

A" (p) = A"(p),
such that A”(p) = A(p). In polar coordinates (e,, e5), one gets,

n N f+ 4
Vo :A(p)%e, and C(p):[izlln(r )]

T,S" pn

and we deduce that

Cp)
Ap =52,
T
which is the expected expression. Taking the jump of ¢(p) at "2, we have
C 1 1
BM@—W@+JQ( ——%mﬁh
2 pn+l pn

Taking the value of ¢(p) on the boundaries, we have

Al(o)In(r_) + B'(p) = 1, A¥()In(r,) + B¥(p) = 0.

Proposition 2.4 with the Lax-Milgram theorem shows that C>? : H™*> — H" is a linear invertible
operator for every real number r > 0. This is the keystone to ensure well-posedness.

Proof of Theorem 2.1. Let r > 0, and initial conditions (I3%, Vo*) € H'(R) X H™*'(R).
Using the fact that (C%%)~! : H"(R) — H""%(R) is a regularized operator of order 2, we can write the

telegrapher Eq (2.3) as the ODE
d 15,2 , 16,2
1 \yo2 =¢ yez )

where € : H'(R) x H*'(R) — H"(R) x H*'(R) is the linear Lipschitz field on Banach spaces defined
by

2 6,2\~1 52 . %2
| paa) = ~LDTV? € H®) L0

The local well-posedness is a consequence of the Cauchy-Lipshitz theorem.
An energy estimate

) — _(66,2)—13x316,2 e HH—](R).

d|1
— = [ (V) V2 + LI =0
wLL( ) I
is obtained by multiplying the first equation of (2.3) by V%2, the second by /*2, summing both, and

integrating over R,,. In particular, it implies that it is globally well-posed.

If we remove assumptions (H1), (H2), and C + 6*(, — Oy xe) = 0, the problem (2.3) is still well-
posed in C°(R,, L*(R) x H'(R)). The proof is more complicated since «, can degenerate. This may be
found in [4].
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2.4. 1D model as good approximation of 3D model

We say that the 1D model is a good approximation of the 3D Maxwell equations since we can
reconstruct the electromagnetic fields (E°, H%) from the 1D voltage V%? and current /*? and the
harmonic potentials through the formulae

o6 0
ES2(x0, x%) = VO(xd) (V%(F,XQ)_H;[ 2 )
s R (Pe = em)CE 2D (0, VP208)) + VO () Do), )
s (Ei;i(;ﬂxg )
0

)

(2.22)
and

X 52 (% s
HO (0, 30) = 1P2(xd) (V‘/’m(OFT’ xg)) + & (HT,R(O?’ & ) (2.23)
for all (x5, x5) € Q° where

Ey% = VO2VE,  + (8, VO Ve + (02, VP VE, 3,
Hyg = @V 'V + 005V 1V L,

while

fe,] = é‘:[ax3 (8 (ax3‘;0e))]’ ‘fe,Z = g[ax3 (8 (‘pe - Som) +& (aX3‘10e))]’ fe,3 = 6[8 (Soe - Som)]’
and
gm,l = {[8 (0X3Q06)]§m,2 = ([8 (Qoe - Qom)],

where, for all f € L2(S), the potentials £[f] € H'(S) and Z[f] € H'(S) are the solutions to the
following elliptic problems:

{div(avg[f]): —f, inS, {rot(ﬂlwg[f]): f, inS,
and (2.24)

E[f1=0, on dS, l[f1=0, on 0S.

Such reconstruction formulae will be derived in section 3, and a rigorous justification in Theorem 3.1.

An important feature for troubleshooting is that the electromagnetic wave could not be TEM of
order O(0), not even if the multilayer cable is cylindrical. In fact, we will see in the next section, that it
can never be TEM if as the characteristic coefficients are different on each layer. Taking 6 = 0 in (2.22)
and (2.23), one has that, for all (x4, x3) € Q°,

G5 s s
ESO(d, x0) = VOO(d) (V%(Og,)@)) and  HO(D, x8) = I°0(xd) [V'ﬁm(og,xg)J ’ (2.25)

which are a less accurate approximation of the 3D Maxwell equations.
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3. Derivation of effective telegrapher equation

In order to derive a 1D model, we first transform the 3D Maxwell’s Eq (2.2) to 1D and 2D
considerations. So, the reader must be careful with the differential operators: some are 3D
(Vixrans ViranX), others are 2D (V,div, V*,rot). We have postulated in [6] an Ansatz of the
electromagnetic fields in the form of a polynomial series of power 6

- x4
E°(x8, x%) = Z 6" EP (?T xg) +0(5%),
P Vv with  (x9, xg) e, 3.1
HO(, ) = ) 6" H” (—T, xz) +0(5%),
p=0 o

where each coeflicients
(EP,H"): Q — C°

are given by injecting Ansatz (3.1) into the Maxwell’s equations. This was done in [6]. We will just
recall the cascade of equations to determine (E”*!, H”*') from (E?, H?). To do that, we separate for
each 3D fields, the tangential component and the longitudinal one

E? = Ey ith EV = Ey d for H?
=|gr|] W 7 =|pr| andsoonfor H”.
3 2

We consider the fields T in H(div, S ) and ¢ in H'(S). In this context, the operators (div, rot) are duals
of (V, V4) in the sense of Green’s formulae as follows:

fdiVTgo:—fT-V<p+f T-ne where T -n:=T\ny +Tyny, 3.2)
s S as
frotTgo:fT-VL(p—f Txne whereTXxn:=Tn,—T,ny. 3.3)
s S as
One also gets
rot (Vo) =0 and div(V*e) = 0. (3.4

We can see that the 2D rotational and gradient are linked by a rotation of 7/2
e3sx Vo =Vy wheree; xT :=(-T,,T)). (3.5)

The cascade of equations is the following:
e transverse electric fields

div(z E}) = -0,(e E;"), inQ,
rot B} = —pd,HY™', inQ, (3.6)

Ef xn=0, on 0Q),
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e transverse magnetic fields
div(u Hy) = -0, (u HY '), inQ,
rot H) = s@,Eg_l, in Q,

Hf -n=0, on 0Q,

e longitudinal magnetic fields

eEP -y, (e;x HY)— V*HY™V =0, inQ,

[
S

e longitudinal electric fields
poHE + 9, (3 x ED)+ VFEY™V =0, inQ,
Egp+1) =0, on 0Q,

with the convention
EP =H? =0 forp<0.

The Egs (3.8) and (3.9) have meaning if and only if we can write

€0,E} —d,,(e3x HY) and pdHy + 0., (e; X EY)

(3.7)

(3.8)

(3.9)

as a 2D vectorial rotational V+. Since they both be free-divergence fields, we need to prove that every
divergence-free fields can be a rotational of 1D fields as consequence of (3.6) and (3.7) . It is obvious

for simply connected domains, but one must check it in a non-simply connected domain like S.

Lemma 3.1. Any fields u € L*(S) such that div(pu) = 0 can be written as a vectorial 2D rotational

w=p Ve puen, Dy 0™
with y(p~") defined in (2.5) and { the solution of the following elliptic problem:

find £ € H)(S) such that VI € H)(S),

fp_lVLg-VlZ:fu-VlZ.
s s

ii=u—p 'Vt [{ +{ou-n, 1) w(p_l)] € &(p) = span{Vy(p)},

H 2(05Nnd0)

Proof. One gets

such that

prTVgp(p):O = u=0.
s

(3.10)
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By the definition of iz, we have

fspﬁ-Vso(p) = fpu-Vso(p)—fVL{-W(p)

S N

~Guen by, [ Ve Ve

From Green’s formula (3.2) and div (o u) = 0, one has

_ ) Ly _
[ Ter = un v, 1y and [V Tet) 0

S

Moreover, one has with the conjugation relationship (2.11)

fS V™) - Velp) = Cp)! fs pVe(o) - Ve(p) = 1.

Thus,

fpft'V¢(p)=<pu'n, b (l—fVLlﬁ(p_l)-Vw(p))=0,
N S

H 2(0-5)

which concludes the proof.

3.1. Order 0 in the polynomial series Ansatz

3.1.1. The longitudinal fields of order O

Equations (3.8) and (3.9) with p = —1 show that the limit electromagnetic field is transversely

polarized, namely
H}=0 and EJ=0

as it is usually assumed in the engineering literature (see [20]).

3.1.2. Structure of the transverse fields of order O

Equations (3.6) and (3.7) for p = 0 show that (see (2.7) and (2.8)) there exists functions

Vo:R—>R and [(:R—>R

(3.11)

representing the electric voltage and electric current respectively, such that for all (x7, x3) € S X R one

has

ES(t, x7, x3) = Vot, x3)V@e(xr, x3) and  HY(t, x7, x3) = Io(t, x3)Vir(xr),

where we recall that v, = ¢ (see proposition 2.3) in the onion-like structure.

3.1.3. Equations for the electric voltage and current

The first equations of (3.8) and (3.9) with p = 0 do not provide closed equations for (E7

(3.12)

, HY) due

to the presence of (Ej, H;). To get rid of them, as in [6] we take the scalar product in L*(S) of (3.9)
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and (3.8) with Vg, and Vi, respectively. Using the expression (3.12) of Eg and Hg, the Remark 2.3
and the definition (2.11) of coeflicients C and L, we then get

catv0+6310—fv¢e-vi H; =0,

S (3.13)
Lat10+83V0+fVlﬂ'Vl E;ZO

S

Finally, we remark that the terms involving E; and Hj in the above equations vanish. Indeed, using
Green’s formula (3.3) and the fact that ¢, is constant on each connected part dS, one has

f Vo, - V* Hj = f rot (Vo )H; + | (Vo x n)H; = 0.
s s as
Again, using Green’s formula (3.3) and the fact that E; = 0 on dS (see (3.9) with p = 0), one has
fw -V E} = frot(w)E; + f (V¢ xn)EL =0.
s s as
Finally, one gets the telegrapher’s equation

C@,VQ + 0310 = O,
L&,IO + (93‘/() = O,

(3.14)

with initial condition

1
Voli=o = EETlt:O Vg, and Iy =0.

This 1D wave problem is of course well-posed. More precisely, for any r > 0 if Vy|,—o € H™"'(R) then
one has

Vo € [ C*(R.., H™*'7*(R)) and consequently I € | C**!(R,, H'(R). (3.15)
s=0 s=0

3.2. Order 1 in the polynomial series Ansatz
3.2.1. The longitudinal fields of order 1
The Eqs (3.9) and (3.8) with p = 0 and the expression of (EY, H?) given in (3.12) become
H (atIO)V'vb - 6}63 (VOVJ_QDe) + VJ_EI = 0,

and
£, Vo)V, + (0,10) Vv — V*H) = 0.

Using the conjugation relationship (2.18), one has
V4 (~@u(Ldo) = 0, (Voge) + E}) =0 and  V* (¢ (CO,Vo + 0, o) — H}) = 0.
Finally, using the telegrapher’s Eq (3.14), E} = 0 on 4S and fs uH; = 0 one has
E} = (pe = pn)0i, Vo + @up) Vo and  Hj = 0. (3.16)
We can first notice that the electromagnetic field cannot be transversely polarized since, in an onion-

like structures, one has fs &lpe — @l > 0.
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3.2.2. The transverse fields

Equations (3.6) and (3.7) for p = 1 show that (see (2.7) and (2.8)) there exists functions V; : R - R
and /; : R — R such that, for all (x7, x3) € § X R, one gets

Er(t, x7,x3) = Vi(t, x3)Vo(x7, x3) and  Hp(t, xr, x3) = I; (t, x3)Vr(xr). 3.17)

Applying the same reasoning as in section 3.1.3 with Eqs (3.8) and (3.9) with p = 1 instead of p = 0,
one has

Ca,Vl + 3311 =0,
(3.18)
L8,11 + (93V1 =0,
with null intial conditions. Thus, one has
Vi=I =0, (3.19)
and finally
E; =H; =0. (3.20)

The structure of first order fields (E', H') are completely different from the one at limit order (E°, H®).
On one hand, the limit order field is transversely polarized. On the other hand, the first order field is
longitudinally polarized.

3.3. Order 2 in the polynomial series Ansatz
3.3.1. The longitudinal fields of order 2
Using (E;, Hy) = (0,0), the Eqs (3.9) and (3.8) with p = 1 become

VEE2=0, inQ, VIH; =0,  inQ,
and
2
E; =0, f pH; = 0.
S
Thus, one has
E;=H;=0. (3.21)

3.3.2. Structure of transversal fields of order 2

Equations (3.6) and (3.7) for p = 2 give

div(s E%) = —(9x3(s (e — Pm)0x, Vo + £(0,,00) VO), inS,
rot EZ =0, in§, (3.22)

E7 xn=0, on 4§,
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and
div(u H2) =0, in s,
rot H}. = £ (ge — )00y, Vo + £ (0,0.) 0;Vy, inS, (3.23)
H} -n=0, on dS.

We introduce

Efg = VOVED4 (8 (00))] + (0, V") VEID (8 (00 = om) + € (D] + (7, V") VELe (@ — @],

and
HZp = @0V Ve (0,,00)] + (80, VO u™ VAL e (00 — @),

where, for all f € L*(S), the potential £[f] € H'(S) and £[f] € H'(S) are the solutions of the elliptic
problems (2.24).
Thus, there exists functions

V,: R>R and L :R—>R
representing the electric voltage and electric current respectively, such that one has

E; =VoVg,+Ef, and Hj = LVy + Hyp. (3.24)

3.3.3. Equations for the electric voltage and current

The first equations of (3.8) and (3.9) with p = 2 do not provide closed equations for (EZ, H%) due
to the presence of (E3,H§). To get rid of them, as it was done in section 3.1.3, we take the scalar
product in L*(S) of (3.9) and (3.8) with V¢, and Vi, respectively. Using expression (3.12) of E7 and
H% Remark 2.3, and the fact that (same reasoning as in section 3.1.3)

fvgoe-VlH;:fw-VlE;:o,
S S

LSE%’R Vo, = fSﬂH%,R -V =0,

C@tVo + 8310 — f6x3 (e3 X H72',R) . VgDe =0,
S

and the fact that

we then get

(3.25)
Latlo + (93‘/0 + f8x3 (e3 X E%,R) . Vl,[/ =0.
S

By algebraic calculus, one gets
f Oy, (&3 X Hi ) - Vo, = f 0 Hip- Ve, and f O, (€3 X Ef5) - VY = f 0uEf - VY.
s s s s
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On one hand, using Green’s formula (3.3) and Eqs (3.22), one gets

fa)@E%,R Vi = f8x3 (rot E%,R)lﬁ + f Oy, (E%’R xn)y = 0.
s s s

On the other hand,

fa&H%,R Vi, = 01y (f H%,R : Vléoe) - fH%,R ) Vl@X;SDe’
S S S

fax3H]2",R ’ Vlgpe = ax3 (f H%,R : Vl(‘)oe - ()Dm)) - fH%R : VLaxﬁDe,
S N S

since by the orthogonality relation and conjugation relation

fH%’R . Vl‘ﬁm =0.
N

Then, using Green’s formula (3.3) and the fact that d,,¢, = ¢, — ¢, = 0 on 45, one gets

fasz%,R Vi, = 0,, (f rot Hy g (¢, — gom)) - frot Hj 3 0.0
s s s

Thus, with (3.23), one has

which becomes

faxgH%,R : V_LSDe = 6}63(’(68):38;“/0) + (a)C3Xe - ne)atvo’ (326)
S

where «,, 7., and y, are defined in proposition 2.2. To sum up, one has one gets the telegrapher’s
equation
C6,V2 + 6312 = (9x3(K86x3(9tV0) + (6x3/\/e - ﬂe)a,V(),
(3.27)
L@,Iz + 83‘/2 =0.

This 1D wave problem is of course well-posed. More precisely, for any natural numbers s > 0 and
r>s+2if Vy € CS(R,, H"'"*(R)), one has

V, e C*(R,, H'2(R)) and I, € C**'(R,, H*(R)). (3.28)

3.4. Error estimates

In the previous sections, closed equations to compute (E?, H?, VP, I?) for p = 0,1,2. We can then
compute

2 2 2 2
Egp = D "EP,  Hymy:= D PHP,  Vomo:= > 6"V, L i= > 6"I". (3.29)
p=0 p=0 p=0 p=0
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These aim at being good approximations of the approximate models (E%?, H%?) and the electromagnetic
fields (E°, H®)

E6,2 ~ E5,2

trunc

o ggl ~ Eé’ H6,2 ~ H5,2

trunc

- 6,2 2
ogél ~ H(S’ , V5,2 ~ V ;. ~ V(S’ 15,2 ~ 15,

trunc trunc

~ [6
in the sense that we have the following error estimates

o modeling error estimation  |(E®*, H?) = (Egics Home) © G ey = 0(8%),  (3.30a)
e truncature error estimation ||(E°, H) — (Efr’fnc, Hfr’fnc) o le llzer2) = 0(8%), (3.30b)

o global error estimation  ||(E°, H°) = (E**, H*?)||1=12(0) = O(6°). (3.30c)
Note that since E*7  is defined in the reference geometry Q whereas (E°, E*?) are defined in the thin
geometry Q°, one needs the scaling G5 to compare them. The global estimation (3.30c) is the expected
estimation and the consequence of (3.30a) and (3.30b). The proof of (3.30b) is beyond the scope of
this paper, and was shown in [4]. We only show the modelling error estimation and illustrate with
numerical simulation that we get an error of order O(6%). The main theorem of this section is the
following:

Theorem 3.1. Take natural numbers r > 3 and s € [1,r — 2] and initial condition Vy|—y € H*'(R).
One has for the electrical voltage and current

2 2
”Vé’z - [Z 611 Vp) ||CS(R+,H’”’S’2(R)) + ||I6’2 - [Z 5p1p) ||C”1(R+,H”S’2(R)) = 0(64)
p:O p:o

One also has for the transverse electromagnetic fields

2
02 _ PP -1 _ 4
”ET Z 6 ET ° g& ||C‘Y(R+,L2(R1T)®H'+1’S’4(Rh)) - 0(5 ),
p=0 ’

and
2

0,2 _ D P -1 _ 4
”HT Z 6 HT ° gé ”CS’I(R+,L2(RXT)®H”S’2(RX3)) - 0(5 ),
p=0 ’

and for the longitudinal electromagnetic fields

2
6,2 14 —1 _ 4
IES? — (Z 5PE3] © G5 lles(r i otrace ) = 0@,
p=0 ’

and
2

0,2 p P -1 _
||H2 [Z 6 H3] o g& ”C”l(R+,H1(RXT)®H'"_°'_2(RX3)) - O

p=0

Note that if one considers more general initial conditions and source terms, then one has O(5%)
estimates instead of O(6%).
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Proof. The effective telegrapher’s Eq (2.3) takes into account the telegrapher’s Eqs (3.14), (3.18)
and (3.27) that gives the electrical voltage and current at each order. Indeed, the combination

(2.3) - [(3.14) +68(3.18) + 52(3.27)],

and the proposition 2.2 gives an equation on the modelling error
2 2
V=V - [Z 6”Vp] and T :=I%- [Z 5p1”)’
p=0 p=0

{ C(S,Z at(v + 83‘[ = 64(776 - ange - axg (Keax_g))atVZa

which is

With » > 3 and initial condition Vil € H™*'(R), (3.15) and (3.28) imply that
Vs, € C5(R,, H™"'=*"2(R)). Then, since (C*?)~! is a regularised operator of order 2, one has

(06’2)_1 (ne - ax3)(e - ax3 (KeaX3 ))atVZ € Cs_l (R+’ Hr+]_s_2(R))’

and thus

VIl = 0(5").

CS(R+,H’+I’S’2(R)) + ||I||C‘Y+1(R+,H”S’2(R))

Similarly, the combinations

(2.22,2.23) - [(3.12, 3.11) + 6(3.20,3.16) + 6*(3.27, 3.21)]

give
£ B ) it = (V(V(G)D ) N 6((% - som)(ax{?/) + (V(ax390e)) (3.31)
+62 ((V Véei +(0:V) z&,z +(%V) vges) , :
and
=0

Thus, using the estimates on “V, one can conclude the expected modelling error estimates.
4. Space-time discretization of the 3D model

For the 1D-3D comparisons, we will use the method that we introduced in [9]. The only purpose
is to point out that, in the algebraic formulation of the problem, the matrices are affected by the small
parameter o representing the transverse dimension of the cable and to emphasize once more the fact
that the CFL stability condition is independent of 6. Practical cables are thin in the sense that 6 < 1. As
mentioned in the introduction, this impies some numerical difficulties. In the considered applications,
the wavelength is large compared to the diameter of the cross-section, but small compared to the size
of the cable. This feature has two impacts on the time discretization:
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e an implicit scheme would be too costly given the size of the problem,
e an explicit scheme is to be avoided because the corresponding CFL condition would be too
constraining.

To take care of this, we use an anisotropic prismatic spatial mesh and a hybrid implicit-explicit
scheme for the time discretization. This method has some similarities with the ADI schemes proposed
by Fornberg and Lee (see [14, 17, 18] for an analysis). A prismatic spatial mesh means that hy < h
where A7 is the transverse step size /iy and £ is the longitudinal step size h. To implement this method,
the first step is to make a longitudinal discretization of the cable, then a transverse discretization of
each section, and finally a discretization in time. We do not want to discretize a thin coaxial cable Q°,
we introduce the rescaled electric field E® = (Eﬁ, E‘;) and magnetic field H® = (ﬁ?, ﬁg) that are casted
in the reference cable Q. They are defined by

Eﬁzgéoggl’ Hﬁzﬁﬁoggl.

Thus, the electric field is the solution of

{SG?ET - 63(#‘1(93§T) + 6_2 e (,u_lrot ET) + (93(/,1_1(5_1 \Y E3) = 0, (4 1)

86?53 + rot (/.1_16_2 v+ E:;) + 5_1 diV(/1_163ET) =0.

The details of computation from Maxwell’s Eq (2.2) to the second order formulation of the rescaled
Maxwell’s Eq (4.1) are given in [9]. The discretization is performed in the reference geometry Q.

e For the discretization in the longitudinal variables, we decomposed the cable Q into small
cylindrical cells

Cj+% ={(xr,x3) € Q| jh<x3 <(j+ 1h}, forall jeZ.

These cells of size h in the x3 direction are separated by transverse cross sections S ; for all j € Z,
where, by definition, S, = {(x7, vh), xr € S}, for all v € R.

e For the discretization in the transverse variables, we introduced a conforming triangular mesh 7~
of the section S with step size Ar.

The transverse field E7 will then be approximated by Nedelec elements in each section S ; and by
piecewise affine elements along the longitudinal direction. On the other hand, the longitudinal field E;
field will be approximated by P; elements on each S ;,,,, section and by P, discontinuous elements
along the longitudinal direction (See Figure 1).

The transverse field

ET,h = {ET,j}

The longitudinal field ﬁ%"

E3n = {E3,j+%} ‘@

in each section Sit1 ve% %

Figure 1. Two types of degrees of freedom.
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The fully semi-discrete variational problem reads: find (ET,h,E’h) € Vy such that for
any (E7p, Esp) € Vh,

L _ L L
— my(Ern, Ern) + Ks(Ern, Ern) + 6 2 Kew(Ern, Ern) — 6 ¢3r(Esn, Ern) = 0,

2
‘32 4.2)

p m(Esp, Esn) + 6 kr(Esn, Esn) — 6~ car(Esn, Ern) = 0,

where the space Vy, is the space of prismatic edge elements, namely,
Vi = {Eh € H(I‘Ot, Q) | Y PK,j € ﬂD’ EhlPK,j S R}, (43)

with

Pk, = K X [jh,(j+ 1)h], where K is a triangle in the triangular mesh 7,
7~3D = {501{,]' / K e 7-,] c Z}, such that Q = UK,j?)K,j’
R ={E = (Er, E3) | Er(-, x3) € P1(R; Nap), E3(-, x3) € Po(R; Pi(R?))} € PS.

To write the problem in an algebraic form, we introduce the (infinite) vector of degrees of freedom (see

Figure 1), namely,

Ern Er;

Eh = = (S Vh = Vh,T X Vh,3, (44)
Esp E;, j+i

where Vy, 7 and V3 are, respectively, the Hilbert spaces
Vhr = 04(Z,RY) and Vi3 = *(Z,RY).
Thus, (4.2) admits the algebraic form

d*E,,

M
b e

+ KpEp =0, 4.5)

where My, and K}, are the mass and stiffness matrices in Vy. According to the decomposition of Vy,
between transverse and longitudinal fields, the mass matrix My, has the following block diagonal form

M 0
M, = | (4.6)
0 M

and, in particular, thanks to the numerical quadrature, M ( M;) is block diagonal by sections. The
numerical quadrature corresponds to a weighted trapezoidal rule, which is fundamental to the
efficiency of our method (partial lumping) (for more details see Remark 2.1 in [9].) On the other
hand, the stiffness matrix Ky, can be written, according to (4.2), as

Ksp + 52 Krn 5! Csrn
Kh = .

4.7)
5 Cyn 62 Krn

We used bold (normal) letters when they apply to transverse (longitudinal) fields. The index -7 means
that only transverse derivatives are involved, while the index -3 means that only x;-derivatives are
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involved. Oppositely, Csrp couples the transverse and longitudinal fields and mixes the x; and
transverse derivatives.
This method uses a tricky decomposition of the stiffness matrix Ky = K + K¢, where

i (672 Krn 0 e [ Ksn  6'Csra
Kh‘( 0 5—2KT,,,) and Kh‘(é—l C; o f

3Th

The interest of the decomposition lies in the following two observations:

e K{ is adapted to implicit time discretization since the matrix is positive and, thanks to x; quadrature,
block diagonal by section, and thus easy to invert.

e K is adapted to explicit time discretization since it corresponds to the discretization of the differential
operators in the x3 direction; this matrix couples all the interfaces and has no sign.
As a consequence, we propose the following scheme

Byt - 2B + B

A2
{Eﬁ}g =0 Eﬁ“ + (1 —26) E;’l +6 Eﬁ‘l.

h + K¢ Ef + K] {Ef}y = 0,

(4.8)

1
4

A a1
\/ . 4.
n S\ a0 4.9)

where ¢* := sup(e ,LL)_% is the maximum velocity of the electromagnetic wave and is independent of 6.

It was shown in [9] (Theorem 2.3) that discrete scheme (4.8) is stable under 6 >
CFL condition

and the following

5. Numerical resolution of 1D effective telegrapher’s model

5.1. Computation of effective coefficients

This preliminary step consists of computing an approximation of the coeflicients
C(x3), L(x3), k.(x3),m.(x3), and y.(x3). To do so, one needs to solve for each x3 the 2D elliptic
problems (2.4) and (2.5) whose solutions are ¢(p(x3)) and ¥(o(x3)), respectively. Since the cable is
cylindrical, x; that plays the role of a parameter. We recall that, in the context of an onion-like
structure, one has ¥(p) =  that does not depend on x;.

The potentials ¢(p(x3)) and ¢ are first approximated as a result of a P; finite-elements approximation
of the boundary value problems (2.4) and (2.5) with a triangular mesh of the cross section S with step-
size hr

(@nr (P)C X3, Yy ()G, X3)) € Vou, X Vi,
where V;;, and VMT are the Galerkin approximation sub-spaces for H(l) (S)and H}R(S \I), respectively.
Then, C(x3), L(x3), k.(x3), .(x3), and y.(x3) are approximated by

|2

{ Chy :jfs Ve, Py Ly = [ 1V s iy = [ Elens = Ol 5.1)
s

My = [y 810%; Cens s Xnr =[5 £@e = @) 0y00).
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5.2. Resolution of the 1D evolution problem

In order to compare the 3D and 1D simulations, we will also write the 1D telegrapher’s Eq (2.3) in
the second order formulation

C*%(x3,0y,) 0; V&2 =07 L' V¥ = 0. (5.2)

5.2.1. The semi-discretization in space

The semi-discretization in space of the 1D model (5.2) is done using 1D finite elements (for instance
continuous P, ), and mass lumping with a uniform mesh of step-size 4. The resulting algebraic problem

takes the form )
v
M; —5" + K; Vi =0, (5.3)

where V(1) = (V/(1)) is the vector of degrees of freedom at time ¢ for the semi-discrete voltage V(t) €
H'(R) (the nodal values at the points jh),

M. := M) + 6D,
is the effective mass matrix, and K, is the stiffness matrix. More precisely, one has
° Mg = diag(m;) > 0 is the diagonal mass (like) matrix (divided by % for homogeneity) such that
mj = Cp, (jh),
e K, := (ki)

ijez. is the stiffness (like) matrix, which is symmetric and positive, such that

(ki,j) = jR:L;lTl 8x3ul- 6x3uj,

e D, :=(d;)); jez 18 the dispersive matrix witch is symmetric and non-negative defined by

(d;)) = fR Ny Ui Uj + L Kny Oy, Oxsuj + fR Xhy Ox Ui Uj + fR Xhy Ui OxsUj,

where (u;);cz 18 the basis of

Py = A{uy € C'R)NL*R) |V J € Z, uplijncjriym € Pi}

5.2.2. The time discretization
For the time discretization, we use a leap-frog scheme with a constant time step At

Vpp V=2V v
h N

+ K, V; =0, 5.4)
where V7 is the vector of degrees of freedom of V' € H '(R), an approximation of V,(nAt). We use the

same scheme for the discretization of the zero-order model (1.1) with 6 = 0, i.e.,

0,0,n+1 6,0,n 6,0,n—1
, Ve 200 4 o

h N

+K;, V0" =0, (5.5)
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where VZ’O’" is the vector of degrees of freedom of Vl‘f’o € H'(R) ( an approximation of VZ’O(nAt)).
In [8], the ODE structure explained in the proof of Theorem 2.1 is used to propose a scheme different
from (5.4). Indeed, by inversion of C*2, one can write equations as a conservative law with non-local
flux. We have decided not to use this strategy since we want to use the same type of scheme for the
second-order model and the first-order model. This is done with (5.4) and (5.5).

5.2.3. Stability analysis of the fully discrete scheme

Theorem 5.1. The numerical scheme (5.4) is L*-stable under the sufficient CFL condition

At Ve
c,tT n <1496 gé%(/l /Ch,), (5.6)

where cy, is the velocity of 1D waves such that, for all x; € R,
_1 _1
Cnp(x3) = Cpp(x3) 2Ly (x3)72, ¢ 1= sup ¢, (x3), (5.7
R

and A~ is the minimum of the eigenvalues of the matrix Dy,.

Note that when ¢ vanishes, one has the usual CFL condition for the leap-frog scheme (5.5) adapted
for the 1D waves (1.1).

Proof. We needs to introduce the factor
ai = sup L, (5.8)

where the notation ﬁ{ f refers to a quadrature formula in x3. More precisely, for f € C°(R) N L'(R),

we set Fart f
5@ f=h Q=5 f= R, (5.9)
J

The proof is done in two steps using an energy approach.
Step 1. Lower bound on the dispersive matrix.
We first want to show that, for U, € P),; associated with the vector U, € P;, D), satisfies

(D Un, Uy) = B~ (MU, Uy), (5.10)

A
h " =1inf — > 0.
where )géRChT

We shall introduce the notation (-, -) for inner products in Py,

(Vi Vi) = Y V;- ¥, (5.11)

JEZ

Let U, € Pj, be associated with the vector U, € P;, then we have that D), is a positive symmetric
matrix, which allows us to deduce the inequality

(DU, U,) > A (U, Uy),
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where, A~ > 0 is the minumum of the eigenvalue of the matrix Dj,.
We define

A
B~ = inf

x3€R ChT

> 0.

Thus, we obtain
(DyUy. U,) = B~ (MU, Uy).
Step 2. Discrete energy conservation.
We use this standard key identity:

Vi={(Vih =2 (Vi =2Vy+ Vi) with (V)= 0V + (1-20) V) + 0V,

1
1
This allows us to rewrite our scheme as a perturbation of the ‘—l‘—scheme

VAP AR

0 n —
M{(Ar) e + K, (V)} =0,
where we have set
M(Ar) = M - &£ K, (5.12)
VZH—VZ_I

Taking the scalar product (in P;) of the above equation with ———
the symmetry of all matrices, the conservation of the discrete energy

, we classically deduce, thanks to

2 2 )’ 2

il 1 Vn+l _Vn Vn+l _Vn Vn+1 +Vn
& ;:_[(Mg(Ar) L w L m h)+(K,,( h h

Vi 4 VZ)

Step 1. Derivation of the sufficient stability condition (5.6).

1
This will be simply obtained from showing the positivity of the discrete energy 82”, that amounts
to the positivity of the modified mass matrix Mi(At).
Since K, is positive, using (5.10) we have for any vector U, € P,

(MU, Uy) 2 (1+ 6 B7) (MU, U,), (5.13)

where
B = inFR(ﬁ_/ChT) > 0.
We control the matrix K, with the help of the mass matrix Mg that appears in the lower bound (5.13).

This is where the space step h will appear via a;,. More precisely, let U, € P;,; be associated with the
vector U, € Py, and by definition of K,

(KU, Up) = f L, 10,,UP.
Q

By definition (5.8) of @}, and since each function U, belongs to P; 5, one has
(KyUp Uy) < a; 56 [UL(x3)I dxs,
R
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so that
(K Up,, Up) < a;(M Uy, Uy). (5.14)

Joining (5.13) and (5.14) with definition (5.12) of Mg(At), we obtain
(MYAN T, U) 2 (1+6° B — ) 4F) (M, U, Uy). (5.15)
The stability condition is obtained by writing

(1+8p —at ) >0. (5.16)

In addition, for any u;, € Py, and by definition (5.7) of c;:T, we obtain
fLZ,Tllbt},l2 < (i) fChrlui,lz-
R R

1 (j+1)h
Chpjst = ;lfjh Cy(x3) dxs. (5.17)

Since u; is piecewise constant, we have, with u; := u,(jh) and by definition (5.17) of C hy b

We define

'y Ujel = UjJ2
f Ly * < (cfp )? ZC,W% %' .
R ez
By lujr1 — u* < 2 (lujil* + |ujl?), we deduce,
4(cy )? P + 4(cy )’
—1y,,712 hr J Jj+l _ hr 2
fR Lyl < — Zchm% ( 5 )= - gichr lupl?. (5.18)

jez

Finally, using (5.16) and (5.18), we get the CFL condition (5.6).

5.3. Reconstruction of the 3D electric field

Once the discrete voltage V}'(x3) is computed, using the formula (2.22), one can reconstruct the
rescaled 3D electric field at time nAt as the P;-interpolant of the following transverse fields, defined
for each j, namely,

EX(xr, jh) = VIRV @u(xr, jh) + 6> Ep p(xr, jh),
! (5.19)
E!(xr, (j + D) = 8 (pear, jh) = e, I AViY, + 6 Vi) teCer, )
where N
E} g(xr, jh) = ViGih) V & Gep, jh) + (Vi) V &, jh) + (Vi) V &Cxr, jh),
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6. Comparison between 3D and 1D calculations.

We notice that from definition (2.22) of field E*2(x, £), one has

Vé’Z(X3, t) = C(x3)_l fg(" X3) E(ys:z(" X3, Z‘) -V ‘Pe(', X3).

S

This suggests that we define the 1D voltage V°(x3, t) for the 3D problem as

Vo(x3,1) = C(x3)™" j;s(w%) ES(,x3,0) - V o, x3). (6.1)

For the comparisons of the rescaled electric field, we can compare the 3D fields, E%? (issued for the
effective 1D model) with E° (issued for the 3D model), or we can compare the 1D voltages, V92 the
solution of problem (5.2), with the voltage V° obtained by post-processing the 3D solution E?..

We define the relative space-time error |||- |||, that we will use for the comparison between 3D and 1D

calculations as D .
sup [|U7(0) — U7 Ollr2qo.ny

1€[0,T]
o' — || =

: (6.2)

3D
sup U720,
t€[0,T]

where T is the time of the simulations and L is the longitudinal size of the considered domain. In the
simulations of this paper, one takes 7 = 6 and L = 12.

6.1. Problem’s data

For the numerical computations, one considers a finite cylindrical coaxial cable
Q=S5 x[0,12],

with periodic boundary condition at the left end x; = 0 and right end x; = 12.

One assumes that the cross section S is made of three layers § = S' U S2 U S3.

Concerning the characteristic coefficients of the model, we consider a heterogeneous onion-like
structure cylindrical cable:

g'(xr, x3) = &" p(x3), and p"(xr, x3) = p" p(x3),
where (g", u") for n € {1, 2,3} are taken as
) =23, p)=(12, and (&1)=(1), (6.3)
and p can be seen as a perturbation in the longitudinal direction, in the numerical experiments, we shall

take
—80 (x3—8)* )

p(x3) :=(1+3e
so that the velocity of electromagnetic waves, i.e., ¢ = (e,u)‘%, satisfies
c(x3) = p(x3)/ V6 in S' X R, c(x3)=p l(x3)/ V2in S XR, c(x3) = pl(x3) in SP xR, (6.4)
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and is in particular heterogeneous (we recall that the heterogeneity of the velocity of electromagnetic
waves is essential to have a 1D dispersive model).

We also take initial conditions that are localised near x3 = 6 and are well prepared with respect to
the expected asymptotic result (5.19) . More precisely, Hy(x7,x3) = 0 and

o (7: Ve + 6 (FVE+ 0 FIVE+(LF)IVE)

B h — o T (1367 6.5
' 0 (ax37:) (()De - QDm)(X) + 6?:ax3§0e ) where T(X3) e ( )

The time interval for the numerical experiments is [0, 7] with T = 6, so that, taking (6.4) into
account, it implies that the waves will not reach the transverse boundaries x; = 0 and x3 = 12 before
the final time 7. In other words, the periodic boundary conditions in x3; will not play any role. If
one considers a longer final time such that the waves can reach the boundaries, then one cannot use
periodic boundary conditions. In that case, one needs to (artificially) bound the domain of computation.
To do this, one can use perfectly matched layer (PML) techniques. More precisely, one encloses the
computational domain with an absorbing layer. One perfectly matched layer is such an absorbing layer
such that there is no reflection at the interfaces between the layer and the domain of computation. It
is easy to build such a PML for the 1D dispersive telegrapher’s Eq (2.3) if one considers «, constant
for |x| > L with L finite since (2.3) is similar to Boussinesq-Abbott equations for |x| > L. In [10] a
stable PML was proposed for Boussinesq-Abbott equations. However, we can not succeed in building
a stable PML for the 3D Maxwell’s Eq (2.2) in the case of non-homogeneous velocity [3].

6.2. Discretization parameters
6.2.1. Data for the transverse discretization

The cross section S is meshed by a triangular mesh represented Figure 2. In particular, there are 40
mesh points along the cut I', and the typical diameter of each triangle in the mesh is 4y ~ 0.04. This
mesh is used not only for the 2D transverse problems (2.4) and (2.5) for computing the
potentials (¢,, @, ¥, ¥.) and the coeflicients (C, L, «,, 1., x.), but also for the 3D computations (4.8).

Figure 2. Left: the domain Q, right: the section S of the domain. Each color corresponds to
a different material.

6.2.2. Data for the longitudinal discretization

We consider 7 = 0.06 for the longitudinal step size. This is well adapted to the discretization of
the Gaussian . This same longitudinal mesh is used for the discretization of the 1D problem (5.4)
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(cf. (5.2)) and for the 3D computations. As already said, the 3D computations are more restrictive in
terms of the longitudinal step size. We use the same for performing comparaison between 1D and 3D
simulations.

6.2.3. Data for the time discretization

For the comparison between the 1D and 3D results, we shall use the same time step At for both 1D
and 3D computations. The choice of Az will be constrained by the 3D condition (4.9), which is more
restrictive than the 1D condition (see Theorem 5.1). For the 3D computations, we shall take 6 = 1/3,
in which case the CFL (4.9) becomes c¢*At/h < 1/2. In practice, we choose At = 0.95 h/(2 c*).

7. Numerical results

7.1. The potentials

We show in Figure 3 the computed potentials ¢, and i, in the first cable section. The right picture
shows the level lines of ¢, (which are “parallel” to the boundaries), and those of ¥, (which intersect
the boundaries). This illustrates Remark 2.3.

Figure 4 shows (¢, — ¢,,) and (¢, — ¢,,). The numerical results proves that x, > 0 and the two
potentials ¢, and ¥, are equal (this is a numerical interpretation of Proposition 2.3).

Figure 3. Potentials ¢, (left) and ¥, (center), and associated isolines (right).

1.00+00
[0.9
~os
—or7
06
tu.s
Lo04

03

02
[0.]
-1.06-02

Figure 4. Left: the potential ¥, — i,,. Right: the potential ¢, — ¢,,.

7.2. Comparisons of voltages

In Figure 5, we compare the evolution of the 1D voltage V*? issued from the numerical resolution
of the 1D model (5.2) to the 1D voltage V? for the 3D problem, defined by (6.1).
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-0.2 -0.2
0 2 4 6 8 10 12 0 2 4 6 8 10 12

0 =0.075 0 =0.05
Figure 5. The voltages V° (in blue) and V°? (inred) at T = 6.

More precisely, we compare the above functions in space for different values of 6. The solution
V92(x3,T) is in red, while V°(x3, T) is in blue. Numerical results confirm that the approximation of
V(x3,1) by V%%(x3, ) improves with the decrease of 6. We observe that V%2 and V? already almost
coincide for 6 = 0.05. It is also important to note that the main effect of local perturbations p is the
appearance of reflection phenomena.

7.3. Comparison of the transverse electric fields

In Figures 6 and 7, we represent for different values of ¢ the Euclidean norms |E‘}| and |E‘5T’2| at
final time 7 = 6 on the boundary Q. We observe that the result obtained with 6 = 0.075 cannot be
distinguished from the one obtained with the 1D model (E?Z), while a substantial difference exists for
0 = 0.15. As found in the 1D results, we also observe that the electric wave is reflected because of the
perturbation p localised at x3 = 8.

4&«.&

Figure 6. IE‘STl with 6 =0.15,6 =0.15,6 =0.1,6 =0.075 at T = 6.

— f 2.8e-01
0.25
—02
—0.15
—0.1

[ 0.05
1.0e-117
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2.8e-01

| B 0.25
—02
—0.15
-~ 0.1

[ 0.05
1.0e-117

Figure 7. |E2?| with 6 = 0.15,6 = 0.1, = 0.075,6 = 0.05 at T = 6.

7.4. Comparison of the longitudinal electric fields

Finally, in order to check the asymptotic transverse polarisation of the electric field, we show in
Figures 8 and 9, again along 0Q at time T = 6, the longitudinal electric fields Eg and Eg’z. We observe
that the two longitudinal fields tend to O when ¢ tends to 0. On the other hand, for 6 = 0.15 we see that
these fields are really non-transversely polarised.

X3
—2.1e-02
0.01
-0.01
-2.1e-02

Figure 8. Eg withd =0.15,6 =0.1,6 = 0.075,6 = 0.05at T = 6.

'L 4

Figure 9. E2” with 6 = 0.15,6 = 0.1,6 = 0.075,6 = 0.05 at T = 6.

7.5. Error between 3D and 1D models: order of convergence.

In Figure 10, we show in red the relative error between the voltage V° obtained by the 3D
computations with the voltage V%2 of the second-order 1D model (5.2) for different values of ¢ and at
a final time 7. On the same figure we display in blue the relative error between the electric voltage V°
obtained by the 3D computations with the solution voltage of the 1D limit model V% ( the solution
of (5.2) when 6 = 0).
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Figure 10. In blue |||V° — V°°||| and in red |||V° — V*2|||, for T = 6. (On the “loglog” scale).

) Ve = V2|l Order of convergence Nve = vl Order of convergence
0.15 0.154 0.452

0.1 0.064 2.02 0.305 1.2

0.075 0.028 0.216

0.05 0.018 0.12

Table 1. The order of convergence of the voltages according to 6.

The numerical results obtained in Table 1 show that the second-order model is a better
approximation with respect to ¢ than the limit model (6 = 0). More precisely, its convergence is of
order two, whereas the convergence of the limit model is of order one.

In the Figure 11, we show in red the relative error between E° and E%?. and in blue the relative error
between E° and E°, for different values of ¢ at a final time 7 = 6.

— 5 0,2
IIE- €2
~ Il E%- £

10-2 L

0.05 ‘ o1 o015

Figure 11. In blue, [||E° — E||| and in red, [||[E® — E*2||, for T = 6. (On the “loglog” scale).

As for the electrical voltage, the simulations show that the second-order is a better approximation
with respect to ¢ (see Table 2). The error between the electric field solution of the 3D Maxwell

AIMS Mathematics Volume 9, Issue 4, 8981-9019.



9018

equations and the reconstruction of the electric field from the second-order model is of order 0(5?),
whereas one gets only O(9) for the limit model.

) IIES — E*2]| Order of convergence IES — E*O||| Order of convergence
0.15 0.033 0.035

0.1 0.018 2.13 0.023 1.21

0.075 0.011 0.017

0.05 0.003 0.009

Table 2. The order of convergence of the 3D electric field according to 6.

8. Conclusions

We have presented a second-order effective 1D model that takes into account dispersive effects.
We have also developed a stable numerical scheme for its space-time discretization. Finally, we have
carried out and performed the validation of this new effective model by comparing its results with those
obtained for the 3D Maxwell model for small values of §. Our numerical results illustrate the interest
of this new dispersive 1D model compared to the usual one. However, it is important to note that all
the results obtained in this paper are only valid for cylindrical coaxial cables. For this reason, it will be
interesting to study the extension of these ideas to the case of non-cylindrical coaxial cables.
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