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Abstract

Turbulent cascades characterize the transfer of
energy injected by a random force at large scales
towards the small scales. We construct a linear
equation that mimics the phenomenology of en-
ergy cascades when the external force is a statis-
tically homogeneous and stationary stochastic
process. In the Fourier variable, this equation
can be seen as a wave equation, which corre-
sponds to a wave operator of degree 0 in phys-
ical space. Our results give a complete charac-
terization of the solution: it is smooth at any
finite time, and, up to smaller order corrections,
it converges to a fractional Gaussian field at in-
finite time. We apply a finite volume method
in the Fourier variables formulation in order to
reach the invariant measure of the equation.
Keywords: Stochastic PDE, Turbulence, Frac-
tional Gaussian fields, Non-self-adjoint Opera-
tor, Finite Volume

1 Phenomenology of turbulence

We are interested in modelling and studying the
behaviour of a fully turbulent fluid which moves
freely and where no particular direction is pre-
dominant. It is possible to measure the stream-
wise velocity of a turbulent fluid. This recorded
velocity looks very rough. Formulating a pre-
cise prediction about these recorded signals is
a difficult task, due to the chaotic nature of
the signal, and to the many scales that make
it up. Nevertheless, a statistical description of
such signals is possible, and many predictions
regarding its behaviour exist dating back to Kol-
mogorov. When the Reynolds number is large,
a 3D fluid that is stirred by a statistically sta-

tionary force will eventually reach a statistically
stationary state in which the velocity variance
is finite. In order to dissipate the energy that
is constantly injected into the system, the ve-
locity field of the fluid will develop a complex
multiscale structure ending up with high values
of the velocity gradients. In other words, the
fluid has transferred the energy pumped by the
forcing at large scales towards small scales (and
gets rough). These well-established experimen-
tal facts are known as energy cascade.

2 A transport equation in Fourier space

This aforementioned cascade phenomenon has
no rigorous mathematical explanations in the
case of the Navier-Stokes equations. Turbulence
is usually associated with a nonlinear equation.
For example, in the case of wave turbulence,
nonlinearities create wave interactions which al-
low the transfer of energy to higher and higher
wavenumbers. Surprisingly, nonlinearities might
not be the only way in which such loss of regular-
ity can occur. Indeed, in [3], the authors have
shown that, in the context of internal waves,
a loss of regularity can also take place in the
case of a linear equation with an operator of
degree 0. In [1], we have constructed a stochas-
tic linear partial differential equation that mim-
ics the phenomenology of energy cascades when
the random external force f is a statistically ho-
mogeneous, isotropic and stationary real-valued
Gaussian field. We moreover assume that E[f(t, x)] =
0 and

E
[
f(t, x)f(t′, x′)

]
= δ(t− t′)Cf (x− x′),

where the notation δ(t) stands for the Dirac
distribution, and the correlation function Cf is
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a smooth real-valued function. In the Fourier
variable k, the equation of [1] can be seen as a
linear transport equation:

∂tû+ divk
(

k
|k| û

)
+

(H+ 1
2
)

|k| û = f̂ , |k| > κ,

û(t, k) = 0 |k| ≤ κ,

û(t = 0, k) = 0.

(1)
where ·̂ stands for the spatial Fourier-transform,
κ > 0 corresponds to the inverse of the integral
length scale and H ∈ (0, 1) is the Hurst-index.

3 Dynamic in the physical space governed
by an operator of degree 0

The solution of the previous equation is the Fourier
transform of the solution of ∂tu+Au = f, where
the unbounded operator A : D(A) → X is de-
fined by

A : u 7→ F−1

[
divk

(
k

|k|
û

)
+

H + 1
2

|k|
û

]
,

with F−1 denoting the inverse Fourier trans-
form, with the domain

D(A) := {u ∈ X |∂|k|û ∈ L2(Rd
k \B(0, κ))

and û||k|=κ = 0 },

and X stands for the following Hilbert space:

X := {u ∈ L2(Rd
x) | û(k) = 0 for all |k| < κ }.

The operator A is the sum of a differential op-
erator of degree 0 plus a regularizing operator.
One can show that the operator A is not self-
adjoint and have no discrete spectrum. Our re-
sults give a complete characterization of the so-
lution: it is smooth at any finite time, and, up to
smaller order corrections, it converges in law to a
fractional Gaussian field at infinite time. More-
over, this limiting field is Holder-continuous. This
loss of regularity at infinite time is what is ex-
pected in linear turbulence.

4 Numerical scheme

It is worth mentioning that we are mostly inter-
ested in the statistical behavior of the model, in
the large time regime: it is therefore sufficient
to propose numerical algorithms which are effi-
cient for the approximation in distribution of the
stochastic processes (instead of their trajecto-
ries). The numerical simulation of the stochas-
tic evolution equation (1) requires to solve sev-
eral non-trivial issues. Indeed, our objective

is to study the long-time behavior of the sys-
tem, in order to observe the power-law behav-
ior of the generated fractional random fields.
We thus need to ensure first that the numer-
ical approximation reaches a stationary state,
which depends on the chosen numerical scheme
and on the numerical discretization parameters,
and second, that this stationary state is an ac-
curate approximation of the stationary state of
the system (1). Even for deterministic dynam-
ical systems, crude methods may fail and the
design of effective methods is a non trivial task.
The addition of stochastic external forcing nat-
urally introduces additional difficulties, see for
instance [2]. In this work, the fact that the
external forcing is δ-correlated in time t and
in the Fourier variable k is an important chal-
lenge. We have first discretized in the Fourier
domain using the finite volume method and we
then describe the temporal discretization using
a splitting method and exponential integrators
for Ornstein-Uhlenbeck dynamics. We conduct
numerical simulations in one, two and three spa-
tial dimensions.
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