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ABSTRACT: We demonstrate that the solutions of three-dimensional gravity obtained by
gluing two copies of a spacetime across a junction constituted of a tensile string are in
one-to-one correspondence with the solutions of the Nambu-Goto equation in the same
spacetime up to a finite number of rigid deformations related to worldsheet and spacetime
isometries. The non-linear Nambu-Goto equation satisfied by the average of the embedding
coordinates of the junction emerges directly from the junction conditions along with the
rigid deformations and corrections due to the tension. Therefore, the equivalence principle
generalizes non-trivially to the string. Our results are valid both in three-dimensional flat
and AdS spacetimes. In the context of AdS3/CFT2 correspondence, our setup could be
used to describe a class of interfaces in the conformal field theory featuring relative time
reparametrization at the interface which encodes the solution of the Nambu-Goto equation
corresponding to the bulk junction.
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1 Introduction

The equivalence principle follows from the consistency of Einstein’s theory of gravity. The
conservation of the stress tensor of the point particle, which is necessitated by the Bianchi
identity, implies that the particle should move along a geodesic. The Nambu-Goto equation
generalizes the geodesic equation by implying that the string’s motion should extremize its
worldsheet area. Could the Nambu-Goto equation also follow from gravity?

We examine this question in pure three-dimensional gravity in flat and AdS spaces. We
consider solutions which are obtained by gluing two copies of a spacetime M across a junction
constituted of a string with a finite tension. We find that such solutions of pure gravity are in
one-to-one correspondence with the solutions of the Nambu-Goto equation for the motion of
the string in M up to corrections due to the finite tension and a finite number of possible rigid
deformations. By rigid deformations, we mean additional contributions that arise due to the
worldsheet isometries or are related to displacements of a hypersurface via isometries of the
embedding spacetime which preserve its extrinsic curvature.! In particular, we show that the
Nambu-Goto equation is recovered in the tensionless limit in absence of the rigid deformations.

The equivalence principle thus generalizes non-trivially to the string since the inclusion
of the backreaction on the three-dimensional spacetime due to the tension does not preserve
the extremality of the worldsheet area for the motion of the string. However, when the
string tension and rigid deformations vanish, a solution of the Nambu-Goto equation for the
string in M is obtained by taking the average of the embedding coordinates of the junction
in the two copies of M. We will demonstrate these claims by employing a perturbative
expansion around trivial solutions of the junction conditions. It should be possible to obtain
a non-perturbative proof, but we will leave this for future work.

!We discuss possible physical interpretations of the rigid deformations especially in section 5.



Our results lead to a fresh perspective on Einstein’s dilemma of whether to consider the
right hand side of his eponymous equations of gravity as ugly. The usual formulation of string
theory prioritizes the right hand side. It geometrizes and unifies matter as quantum vibrations
of a fundamental string, and also makes semi-classical gravitational spacetimes emerge from
the worldsheet. However, our results imply that the classical motion of the fundamental string
is itself a consequence of spacetime dynamics in three dimensions. Therefore, it is natural
to ask whether the spectrum and quantum dynamics of the (first quantized) fundamental
string [1-5] can also be part of quantized pure three-dimensional gravity in which junctions
with a finite tension are included.?

Furthermore, the holographic correspondence states that the classical gravitational
dynamics of pure AdS3 can be described by a universal sector of two-dimensional conformal
field theories with large central charges (see [6] for a review with discussions on applications
to black hole physics). It is then also natural to ask if the Nambu-Goto equation can
also emerge from dynamical interfaces in conformal field theories with large central charges
implying that the fundamental string can be found directly in the dual field theory.? As
discussed later, our solutions with junctions in anti-de Sitter space can indeed have holographic
interpretations as a class of interfaces in the dual conformal field theory where there is relative
time-reparametrization at the interface encoding the Nambu-Goto solution corresponding to
the bulk junction. In this way we generalize previous works that used backreacted strings
with tension in AdS as bottom-up models of conformal defects and boundaries, see [9-14].

In the rest of the paper, we proceed by first discussing the setup of our calculations and
then giving a precise statement of our results in section 2. Subsequently, we demonstrate
the one-to-one correspondence between the solutions of the Nambu-Goto equation and
the gravitational solutions with junctions carrying finite tension in three-dimensional flat
space and anti-de Sitter space in sections 3 and 4, respectively. Finally, we conclude with
discussions on the implications of our results in section 5.

2 Setup and statement of results

2.1 The question and why D = 3 is special

Consider a junction ¥ constituted by a co-dimension one brane with tension 7y embedded in
a D-dimensional manifold M. The full manifold M involves the union of two D-dimensional
spacetimes My and Mp which are glued at the brane junction 3. The Einstein-Hilbert

2Since we are discussing three-dimensional gravity, we cannot hope to recover the full spectrum of the
fundamental string in critical number of dimensions.

3Remarkably, a precise version of AdS3/CFT2 correspondence has been derived in [7, 8] in which the
quantum gravity in AdSs is described by a superstring theory. In this case, the spacetime has extra compact
directions (S*x T*) and also one unit of NS-NS flux, and the dual CFT can be written in terms of free
fields. Here, we are in the limit in which the gravitational dynamics is classical and described by Einstein’s
equations so that the dual CFT has a large central charge and is also strongly interacting. Quantization could
require the presence of extra dimensions for consistency. However, the three-dimensional classical solutions
with junctions described here should be dual to interfaces between states in the universal sector involving the
Virasoro identity block only.



action with a cosmological constant with the brane source is

1
S p—
167G N

/ AP /=g(R +20) + T / dP~1y/= + GHY terms, (2.1)
M >

where ¢ is the bulk metric, v is the induced metric on ¥ and GHY terms stand for the
Gibbons-Hawking-York boundary terms.* It is to be noted that the bulk metric g is the only
physical field in this action. The embedding of ¥ should be determined from the junction
conditions obtained from extremizing this action with respect to variations of the bulk metric
at the junction, and not from separate equations of motion. Therefore, the limit Ty — 0
need not correspond to the probe brane in an Einstein manifold.

The natural question is whether we can identify a generic solution of the gravitational
theory described by the action (2.1) with solutions of the worldvolume extremization equations
of a co-dimension one brane in M. We can readily argue this is not possible for D > 4,
and that the case D = 3 is special, as follows.

Instead of using continuous bulk coordinates in which the normal and the tangents of %
are continuous across the junction, it is convenient for our purposes to adopt the methodology
of [12] (but without restricting to only linear perturbations about a simple solution and
assuming any specific boundary conditions). Following [12], we adopt coordinates (t1,xr, 21)
for Mr, and (tg, R, Zr) for Mg, where t1 g are the time coordinates, while 27, g and the
Zr,r with D — 2 components are the D — 1 spatial coordinates in the respective halves. The
hypersurface ¥ has two images in My and Mg, which are ¥; and Xy respectively, and
should be glued via solving the junction conditions. The hypersurface ¥ in Mg is given by

xrp = fr(tr, ZL). (2.2)
Similarly, the hypersurface Y g in Mp is given by
rr = fr(tR, ZR). (2.3)

Furthermore, M, is the set of points x;, < fr(t1,2r) while Mp is the set of points zp >
fr(tr, ZR).

A point Pp, on Xy, is identified with another point Pgr on X if these points carry the
same brane coordinate labels (7, 5). However, we also need to fix the diffeomorphisms on the

brane. It is convenient to fix the diffeomorphisms on the brane via these gauge conditions:
1 I .
7= 5(te(Pr) +tr(Pr)), & =5 (ZL(PL) + Zr(PR)). (2.4)

Therefore, the parametric forms of ¥; and X are

tp(r,0) =7 —714(7,0), Zp(1,8) =8 — G4(7,8), xp(r,0)= fr(tp(r,d),ZL(1,5)),
tr(1,0) =7+ 74(7,0), Zr(7,0) =0+ 84(7,5), zgr(r,0)= fr(tr(r,d),2Zr(1,5)), (2.5)

where 7, = (1/2)(tg — t1,) and &, = (1/2)(Zr — Z1) are the relative time and spatial shifts
which are not fixed by the choice of gauge and should be determined via the junction

4There are two GHY terms associated to 3 as it is the part of the boundary of both M, and Mpg. If there
are additional boundaries, then there are more GHY terms. However, the latter will not be relevant for the
current discussion.



conditions. In total, the junction conditions need to determine D + 1 functions of 7 and &,
namely the D — 1 relative coordinates 7, and &,, and fr, and fr which give the images of
the embedding of the brane. Solving the D + 1 variables we can determine the geometric
embedding of the brane in the bulk spacetime completely.

Explicitly by extremizing the action (2.1), we obtain Einstein’s equations

1
Ryn — §R9MN + Agun =0, (2.6)

away from 3, i.e. away from ¥; and Xp in My and Mg, respectively. Above, M and N
stand for the D bulk indices. The extremization on the junction gives [15]

f)/uu|2R - 'Y,U,V‘EL - 07 (27)
(K;w - K'Y,uz/)ZR - (K,uu - K’V;w)EL = 87TGNTO'7,LLW > (2'8)

where p and v are the D — 1 brane indices, and K, is the (respective hypersurface’s)
extrinsic curvature. The above are called the Israel junction conditions [15]. The combination
K., — K7, is also called the Brown-York stress tensor [16].

The first set of junction conditions (2.7) involving the continuity of the induced metric
give D(D — 1)/2 equations. Although the second set of junction conditions (2.8) involving
the discontinuity of the Brown-York stress tensor give D(D — 1)/2 equations as well, D — 1
of them are redundant as the Brown-York stress tensor of any hypersurface is identically
conserved (in the background given by the induced metric) on an Einstein manifold by virtue
of the Gauss-Codazzi equations. Therefore, the junction conditions give in total

D(D—-1)—(D—1)=(D-1)?

equations. However, we have already seen that the embedding of the junction is determined
by D + 1 variables. We readily observe that for D > 3,

(D—-1)>>D+1,

with this inequality saturated only when D = 3. Therefore, for D > 4, there are more
equations that are obtained from the junction conditions than the number of variables which
determine the geometric embedding of the brane. This argument implies that we cannot
recover generic solutions of the worldvolume extremization equations of the brane from the
junction conditions in the tensionless limit for D > 4.

The case D = 3 is special as the junction conditions give 4 equations that can fully
determine the 4 variables which in turn completely specify the geometric embedding of the
brane. In this paper, we will show that the naive counting argument is indeed correct and
we can identify any solution of the gravitational equations as the backreaction of a string
which satisfies the Nambu-Goto equations in the probe limit (75 — 0) up to a finite number



of rigid deformation parameters in this case. We will describe our setup and summarize
our results precisely in the following subsection.’

2.2 Setup and results

In this paper, we study the solutions of the action (2.1) in D = 3. However we also further
specialize to the case of gluing two identical copies of an Einstein spacetime satisfying the
equations (2.6) for the simplicity of understanding how the Nambu-Goto equation arises
from the junction conditions. For the sake of clarity, we describe our setup from scratch
instead of falling back upon the general discussion in the previous subsection although many
aspects of the discussion are going to be repetitive.

Consider two copies of a 2+ 1-dimensional Einstein manifold M, which is locally flat or an
AdS space. We label the copies of M as M7 and Ms. Let X1 and X5 be two 1+ 1-dimensional
hypersurfaces embedded in M; and Mo, respectively, and splitting each of these spacetimes
into two halves. We will study solutions of Einstein’s equations obtained by gluing one of
the halves of M with one of the halves of Ms by identifying points in ¥; and Y9 such that
the induced metrics and extrinsic curvatures satisfy the Israel junction conditions [15]. As
mentioned before, our methodology is similar to that adopted in [12], except that allow more
general boundary conditions and also not restrict ourselves to linear perturbations about
a simple solution. See figure 1 for an illustration of the setup in AdS.

Let ¢, z and = be the coordinates of M, where t is the time coordinate, and z and =
the spatial coordinates. The identical copies M7 and My of M are endowed with identical
copies of the coordinate charts of M, and the respective coordinates are (t1,21,21) and
(t2,z2,22). The hypersurface 3; in M; is given by

r1 = fi(t1, z1), (2.9)

and we will call the half of M; with 1 < fi(¢1, 21) as My 1, and the other half as M; g.
Similarly, the hypersurface > is given by

ry = fo(ta, 22), (2.10)

which splits My into My 1, with g < fa(t2, 22) and Mg g. We can glue either of the two
halves of My with one of the halves of Ms.

In order to describe the gluing, it is convenient to fix a coordinate system (7,0) on the
identified hypersurfaces 31 and ¥y such that there is a pair of points, P; and P, belonging
to X1 and X, respectively, corresponding to each (7,0) (see figure 1). We use the following
choice of the junction (worldsheet) coordinates — for each P, = P», we assign (7, 0) such that

T = %(fl(Pl) + tQ(PQ)), o= é(zl(Pl) + Z2(P2))- (211)

5The case D = 2 is also special. It can be shown that in this case, the general solutions involve gluing two
copies of flat spaces (A = 0), or two AdSz (A < 0), or two dSz (A > 0) spacetimes with identical metrics, but
with an isometry performed on one of the two copies. The junction follows the geodesic equation and this
geodesic is invariant under a one parameter family of isometries. The isometry which is operated on one of
the two bulk copies of flat space, AdS2 or dSs is within this one parameter family, and is determined by the
conserved charge of the geodesic. (For every isometry, a geodesic has a conserved charge.)



Figure 1. Ilustration of the setup in AdS. We consider two copies of a locally AdS3 spacetime,
namely M; and My with coordinates (¢1, 21, x1) and (te, 22, 22), respectively. Each of these manifolds
is further subdivided into two regions by the hypersurfaces X1 and Y5 which are respectively given by
r1 = fi1(t1, 21) and w3 = fa(ta, 22). My p(g) corresponds to x1 < (>)fi(t1, z1) and similarly for Mo.
We glue My j, with My g by identifying points on X7 and X9, such as (blue dots) P; and P; in the
figure, which have the same worldsheet coordinates 7 and o. The gluing should satisfy the junction
conditions with the stress tensor of a tensile string at the junction hypersurface resulting from the
identification of ¥; and Xs.

Having chosen this gauge fixing for the worldsheet diffeomorphisms, ¥; and Y- take the
parametric form

tl(Tv U) =T Ta(T’U)v 21(7—7 U) =0 — 0'(1(7—7 U): xl(Ta U) = fi (t1(770)721(7—7 U)):
to(1,0) =7+ 14(7,0), z22(7,0) =0+ 04(1,0), w2(T,0) = fa(ta(T,0),22(7,0)). (2.12)

Note 7, = (1/2)(t2 — t1) and 0, = (1/2)(22 — 21) are determined by the junction conditions,
and not by the worldsheet gauge choice (2.11). Together with f; and f2, we thus obtain
four functions which should be solved to obtain a gluing of one of the halves of M; with
one of the halves of Ms. For later purposes, let us define

(fl (tl(Tv 0)7 21(7-7 U)) + f2 (t2(7—7 0)7 22(7-7 U))) )

2 (f2 (t2(7—’ U)v 22(7-7 U)) - N (tl(T’ U)v 21(7-7 0))) ) (2'13)

so that z is the average and x, is the relative x-coordinate of ¥; and .

zs(T,0) =

[ = Do =

xo(T,0) =

For the sake of convenience, let us consider gluing M1 1 with My g first. In this case,
the normals to both 3; and Y9 are oriented along the directions in which the respective
x-coordinate increases. Let fy}w and fyfw be the induced metrics, and K }W and wa be the
extrinsic curvatures of ¥; and g, respectively (p and v are worldsheet indices). Then
the first junction condition

viV(T,J) = ’)/ZV(T, o) =Y (T,0), (2.14)



implies the continuity of the induced metric. The second junction condition states that the
discontinuity of the Brown-York tensor K, — K+, should equal 87G times the (conserved)
stress tensor of the junction, which is Ty, if the junction consists of a string with a tension
Ty (G is the three-dimensional Newton’s constant). Let A = 87GTy. It is easy to see that
the trace-reversed second junction condition takes the following form,

K, (1,0) = K (1,0) = =Xyu(7, 0). (2.15)

Henceforth, we will refer to A as the tension. The two junction conditions give six equations.
However, the Brown-York stress tensor is identically conserved on any hypersurface of an
Einstein manifold by virtue of the Gauss-Codazzi equations and this guarantees that the
traceless part of the Brown-York tensor is continuous at the junction even when A # O.
Therefore, the gluing conditions (2.15) give only one independent equation which together
with (2.14) amount to four equations for determining the four variables, namely 74, o,
fi and fa.

We will see that a solution of the junction conditions depends on the tension A and a finite
number of integration constants §;, that we call rigid deformations. The latter are associated
with worldsheet isometries and rigid displacements of the hypersurface via isometries of the
embedding spacetime which do not change its extrinsic curvature.

The main results we obtain in this paper are the following;:

e Given a solution of the junction conditions, the hypersurface Yy¢g in M given by
t=71, z=o0, x=uzsT,0;)\0), (2.16)

satisfies an equation which reduces to the Nambu-Goto equation in the background
M in the limit A, d; — 0. We readily note that Xy has the average of the embedding
coordinates of ¥ and ¥5. Both the Nambu-Goto equation and the junction conditions
(which give the deformed Nambu-Goto equation) can be solved with the same boundary
and /or initial conditions for x4, and this leads to a one-to-one correspondence between
solutions zs(A = 0,d; = 0) of the Nambu-Goto equation and solutions zs(A, d;) of the
junction conditions. Generically, zs(\, d;) are smooth deformations of the corresponding
Nambu-Goto solutions zs(A = 0,6; = 0).

e The other three variables 7,, o, and z, are always determined uniquely by the Nambu-
Goto solution z4(A = 0,0; = 0) for fixed values of A and ;.

We will demonstrate the above results both in flat space and in AdS3 using a perturbation
expansion in which the tension is treated as a small parameter and we expand around solutions
with zero tension. At the leading order, we choose an embedding for the junction which is a
hypersurface with vanishing extrinsic curvature and which is also a simple solution of the
Nambu-Goto equation. The generic solutions of the Nambu-Goto equation appear at higher
orders in the expansion. As a special case, when the solution is the trivial one, we recover
the non-linear static solution of [17] for x, which is determined solely by the tension.

If we glue M and My instead of gluing M and My g, we can use the same
parametrizations in (2.12) for 3; and X3, but because of the change of orientation of the



normal of ¥, the second gluing condition (2.15) will be modified to
K}LU(U,T) + wa(a, T) = =AY (0o, 7). (2.17)

The new solutions for the junction conditions are simply the same solutions for gluing M
and Moy r but with xs and x, interchanged. Therefore, in that case, z, instead of x, coincide
with the solutions of Nambu-Goto equations when the rigid deformation parameters including
the string tension vanish. One can similarly discuss the cases of gluing M r and My g,
and gluing M; g and My 1.

Although the junction’s stress tensor vanishes in the tensionless limit, it is not clear
whether the spacetime is smooth in this limit. We need to construct coordinates in the
bulk such that the tangents and the normal to the junction hypersurface are continuous to
clarify this issue. This can be done in practice by utilizing the freedom of changing bulk
coordinates on one side of the junction, but we leave this to the future. The discontinuities,
if present, are determined by the rigid deformation parameters ¢; and the solution of the
Nambu-Goto equation which fully characterize the junction.

3 Junctions in flat space and the Nambu-Goto equation

3.1 Solving the junction conditions perturbatively

We choose M to be Minkowski space R*! endowed with the metric
ds? = —dt* 4 d2? + da?®. (3.1)

As described in the previous section, we consider two copies of M denoted by M and Moy,
each of which is split into two halves by the hypersurfaces Y1 and Yo, respectively. The
parametric forms of these hypersurfaces are given in (2.12). We then glue M 1, and M3 g
with the junction conditions (2.14) and (2.15). Here, we proceed with considering A to be
small, i.e. A = O(e), so that we can determine the four functions 7,, o4, f1 and fo by solving
the junction conditions perturbatively in e.

To set up the perturbative expansion, we choose Y1 and Yo identically at the zeroth
order such that their extrinsic curvatures vanish, while the continuity of the induced metric
holds trivially at this order. This is accomplished by the choices

fi=x0+0(), fa=z0+0(e), 74=0,=0(e), (3.2)

so that 31 and 35 are the planes x1 = xg and x9 = xg, respectively, at the zeroth order. To
proceed systematically, the perturbative expansions of 7, and o, are taken to be

Ta(T,0) = Z *rap(t,0), ou(r,0) = z o n(T,0), (3.3)
k=1 k=1
and similarly,
fi=ao+ ) Ffin(ro), fo=ao+ > " far(r,0). (3.4)
k=1 k=1



It is convenient to use the average and relative coordinates z; and x, as defined in (2.13).
Obviously, the coefficients of their perturbative expansions are

xs,k(7_7 U) = %(fl,k(’]—? U) =+ f2,k’(7_? U)): xa,k(7—7 U) = %(f?,k(Tv U) - fl,k(’r? U)) (35)

for K = 1,2,---, and at the zeroth order z,9 = z9 and z,0 = 0.

It turns out that x4 is the only propagating degree of freedom. Therefore, we need to
specify initial /boundary conditions for z, just like for a scalar field satisfying Klein-Gordon
equations in 1 + 1-dimensions. Here we will use an arbitrary length scale implicitly to make
7 and ¢ dimensionless. For the sake of illustration, we will choose these initial conditions
for x4 at 7 = O:

25(0,0) =xo+ Asino, #5(0,0) =0, (3.6)

where f denotes partial derivative of f w.r.t. 7. We will also assume that A = O(e) so
that the initial conditions for z,1 is

251(0,0) = Asino, 51(0,0) =0 (3.7)
while the initial conditions for zj are
zsk(0,0) = d54(0,0) =0, fork=2,3,---. (3.8)

We will find the most general solutions of the junction conditions corresponding to these
initial conditions. These general solutions will have additional six rigid constant parameters
as explained below.

As mentioned, the junction conditions are trivially satisfied at the zeroth order because

’.Y;:E/V = 7;21V = Nuv + 0(5)7 K}LV = K/%V = O(E)? (39)

where 17, = diag(—1,1).
At the first order, the junction conditions (2.14) for the continuity of the induced
metric give

7La,l = 0) da,l - T(;,,l = O) 0-(/1,71 = 07 (310)

/

where ~ and ’ imply partial derivatives w.r.t. 7 and o, respectively. At this order, the

junction conditions (2.15) give

" )\

Bo1 =3, d1=0, gy =7 (3.11)

Notice that at this order, the junction conditions do not give an equation for xs;. The
solutions for 7,1 and o041 are

Ta,l = Bh + Y0, Oa1 = o + T, (3.12)

which imply that the vector £# = (74,1, 04,1) is a generic Killing vector on the worldsheet in the
background of the zeroth order metric 7,,. We note that ay, and 3} correspond to spacetime
translations on the worldsheet while 7, is a worldsheet boost. The generic solution for x,; is

A
Ta 1 :_1(72_02)+ak+5k0+7}c7’- (3.13)



It is easy to see that oy, B and i are rigid displacement parameters that preserve the
extrinsic curvature of a hypersurface. Explicitly, these correspond to infinitesimal isometries of
the embedding flat space which do not keep the hypersurface x = 0 (where ¥; and ¥ coincide
at the zeroth order) invariant; oy is a transverse spatial displacement, [ is an infinitesimal
rotation and - is an infinitesimal transverse boost. The other three isometries, namely time
translation, longitudinal spatial displacement and the longitudinal boost keep z = 0 invariant.

It will turn out that the higher orders in the expansion will not introduce new parameters,
so that in total ap, Bh, Yh, @k, Bx and i give six rigid parameters which together with the
initial conditions for z uniquely specify a solution of the junction conditions to all orders. By
assumption, all these six rigid parameters are small, i.e. O(¢). Although these infinitesimal
rigid parameters are related to worldsheet and spacetime isometries, at higher orders they
generically affect the full non-linear solution non-trivially. Furthermore, these parameters
should be determined by appropriate boundary conditions depending on the physical context,
and therefore can generally be physical parameters. We will discuss boundary conditions
explicitly in the context of junctions of AdS in the next section.

Continuity of the induced metric at second and higher orders. At second and
higher orders, the junction conditions (2.14) for the continuity of the induced metric take
the following form

A
7.—a,n - <27— - ’Yk) its,n—l = -/451(7-7 U)y (314)
. / A / A . F
Gan = Tan + 5T =W | Tono1 = (50 + Bk ) Esn—1 = Apo(T,0), (3.15)
A
J(/lan - (20 + Bk) x;,n—l = A7I§3(T7 J)? (316)

where AL, AL, and AL, are sources which are constituted of lower order terms, and also
depend on the tension and the rigid parameters. These sources vanish for n = 2. However,
they are non-trivial for n > 3.

We use the following algorithm determine 74, 04, and xs,—1 uniquely:

o We solve (3.14) and (3.16) first to obtain
Ua,n(Ta U) = hnl (7_) + ﬁkl‘s,nfl(Ta U)
A o
+ 5/0 doy (012, 1 (7, 01) + Ajs (7, 01)),

Tan(T:0) = hn2(0) — YTsn—1(7,0)

)\ T
+5 [N an (im0 + 4B (n,0)) (3.17)
0
o Substituting (3.17) in (3.15) we obtain
. )\ o T
hn1(T) — hlo(0) + 5 (/ doy 0'11‘,‘;’”71(7', o1) — / dn lejls’n—l(Tlv O')) (3.18)
0 0
A -

=3 (0dsn1(r.0) = 72l 1(7,0)) = 81 (7,0),

where SF gets contribution from AL}, AF, and AL
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« Differentiating (3.18) first w.r.t. 7 and then w.r.t. o (or the other way around) we
obtain
Fsn-1— Thp_y = —0:0,8 (1,0). (3.19)

With the initial conditions (3.7) and (3.8) we obtain unique solutions for zs,_;. As
mentioned the source vanishes for n = 2 yielding just the massless Klein-Gordon
equation for x5 on the worldsheet. It turns out that at the third order, 878035 =0
(although S:f # 0) implying that z, also follows the just the massless Klein-Gordon
equation without any source term. We will show in section 3.2 that the equations (3.19)
are just the deformations of perturbative expansion of the non-linear Nambu-Goto
equations.

o Substituting the solution for z;,—1 in (3.18) we get
hn1 (T) = Bpa(0) = 0, (3.20)
whose solutions are
hni(T) = ahn + YT, hn2(0) = Brn + Yhno, (3:21)

where apy,, Brn and ~p, are constants. From (3.17) it should be clear that these
constants just modify the isometries given by 7,1 and 04,1, and can be absorbed into
ap, Bn, and vy, respectively. Therefore, these constants can be set to zero.

At the second order, the initial conditions (3.7) give
xs1(T,0) = Asino cosT (3.22)
and then we obtain explicitly that
Ta2(T,0) = —Avy,cosTsino + ) (TcosT —sinT)sino,
: AN
04,2(T,0) = AP cosTsino + > (osino + coso) cosT. (3.23)
At the third and fourth orders, the initial conditions (3.8) give
xs2(7,0) =0,
1

xs3(T,0) = 1 <;A sino <T(2A2 + (281 4+ Ao )?sinT

A? 1
+ (AT = 29)% 4+ 2)?) — <4 + 2)\27'2> cosT + 1A2 cos(37)>
L s SN2
+ QA sin(3c0) cos 7(sin 1)

— A28 + Ao) coso ((2vk + A7) sinT + 7(A\T — 27y,) cos T) ), (3.24)

and so on.
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It is important to point out that we cannot obtain the Nambu-Goto equations if we
directly work with A = 0 instead of taking the limit A — 0. We do not obtain the equations
for x4, given by (3.19) from (3.18) when A = 0. In this case, the sources S vanish and
we obtain (3.20) directly from (3.18) so that 7,, and o4, are given by z;,_; and lower
order terms, and z, as expected can be chosen arbitrarily.® On the other hand, if we take
the limit A — 0, z,, coincides with a rigid deformation of a perturbative solution of the
Nambu-Goto equation.

Discontinuity of the extrinsic curvature at second and higher orders. The other set
of junction conditions (2.15) relating the discontinuity of the extrinsic curvature to the stress
tensor of the junction yield the equations which determine z,, for n > 2. Schematically,
these equations are

i‘a,n = Brljl (T’ 0)> j’{z,n = 852(7—7 U)’ :Eg,n = 653(7—3 0)7 (3'25)

where BE, BL, and BZ; are sources determined by lower order terms and A. These equations
are of the same form as (3.11) which appear in the first order except for more complicated
source terms. As already discussed, the condition (2.15) gives only one independent equation.
This implies that the source terms are not independent. Our general strategy for solving
these equations is as follows:

o Use the last equation in (3.25) above to obtain
o o1
B = bt (1) + kno(P)o + [ dor [ don Bly(02,7) (3.26)
0 0

o Substituting the above form of z,, into the second equation in (3.25) simply yields

kno (T) = Fnl(T)a (327)

with Fy,1(7) derived from BE, (7, o) and BE,(7, ), and thus
bua(7) = B + [ driFun(m). (3.28)

This statement is far from obvious since both 852 and z,, depend on both 7 and o.
However, as noted before, due to the conservation of the Brown-York tensor on any
hypersurface in an Einstein manifold, the junction conditions (2.15) are not independent
of each other.

o Finally substituting the above form of x,, and ky2 into the first equation in (3.25)
simply yields
kn1 (1) = Fa(7), (3.29)

with Fy2(7) derived from BL, (7, o) and BE,(7, ), and thus
T T1
k‘n2(7') = Qkn + VenT + / dTl / dT2 an(Tg). (330)
0 0

Once again this statement is far from obvious but fundamentally is also a result of the
consistency of the junction conditions.

SAt least when z, = 0, ¥; and 3 can coincide on any arbitrary hypersurface giving back the full spacetime
after gluing when we set A = 0.
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o Finally, we set agyn, Bkn and yi, to zero as these can be absorbed into ay, S and v,
respectively which appear at the first order and give generic rigid deformations of a
hypersurface which do not change its extrinsic curvature. Thus we fully determine z, 2.

At the second order, we obtain
Za2 = A(ap + 1) cosTcoso — A(By + o) sinTsin o, (3.31)

and so on. We can immediately note from the form of z, 2 that the tensionless limit A — 0
is non-trivial since x,2 is actually independent of the tension like z, ;.

We also readily note that the perturbative expansion breaks down at large |7| and large
|o|. Therefore, we cannot determine the asymptotic behavior of the junction; this issue
could perhaps be addressed by studying the problem in the Bondi coordinates of M. We
leave this to the future.

3.2 Matching with the solutions of the Nambu-Goto equation

Let us consider the hypersurface ¥ yg in M whose parametric form is
t=1, z=o0, z=f(r,0). (3.32)

The Nambu-Goto equation for this hypersurface in three-dimensional Minkowski space is

F+r2) - (=12 -2irf =o. (3.33)

We can solve this perturbatively via the following expansion in ¢ (the amplitude of the
linearized perturbation):

f(r,0) =z + i ek f(r, 0). (3.34)
k=1

In order to examine the correspondence with the gravitational spacetime with junction, we
use the same initial conditions (3.6) for x, i.e.

f(0,0) =9+ Asino, f(0,0) =0. (3.35)
Assuming that A is O(e), the above amounts to
f1(0,0) = Asino, f1(0,0) =0 (3.36)

and
fu(0,0) = f1.(0,0) =0, fork=23---, (3.37)

which coincide with the initial conditions for x, as given in (3.7) and (3.8).
Since the Nambu-Goto equation (3.33) is odd in f, clearly f,, vanishes when n is a
positive even integer. Else we obtain,

fl - f{, =0, f2n+1 - f§/n+1 = SQFn+17 forn > 1, (3.38)

where SI 41 are sources constituted of lower order terms.
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At the first order, the initial conditions (3.36) give
f1 = AsinocosT. (3.39)

We note that f; is identical with z,; which given by (3.22). At the third order, the initial
conditions (3.37) give

1
f3 = §A3 sin o sin 7(27 + cos(20) sin(271)), (3.40)

and so on. Using trigonometric identities, we can check that f3 coincides with z, 3 (given
by (3.24)) when A, aj, B and 7, vanish.

Generally, we can verify that when X\ and the six rigid parameters oy, Bn, Y, Qk, Bk and
Vi vanish, then zy,, vanish for positive even integral values of n, while z, , coincides with
fn for positive odd integral values of n. This implies that f coincides with x5 when A and
the rigid deformations vanish. Thus when we set identical initial conditions for x; and f,
there is a one-to-one correspondence between the solutions of the junction conditions and
the Nambu-Goto equations up to the six rigid deformations.

We emphasize that the specific choice of initial conditions is not important to show
this correspondence since the perturbative expansions of the Nambu-Goto equation (3.38)
themselves coincide with the equations for z,, given by (3.19) when the string tension
and the rigid parameters vanish. As for illustration, the source terms appearing in (3.19)
and (3.38) at the first non-trivial order are

—0,0,SI" := 443 cos Tsin o (2 — cos 2T + cos 20)

+2A (Ao — 29;) sin 7 (206k cos o + A(o cos o + 2sin o))
A
+ 5 Co8T (—4)\(2Bk + Ao)coso + (()\T — 2% + (Ao + Qﬁk)2> sin O') ,

SI = 4A3cosTsino (2 — cos 2T + cos 20) .

which source z, 3 and f3, respectively. Clearly these sources agree in the limit A — 0, 5, —
0,7 — 0.

4 Junctions in anti-de Sitter space and the Nambu-Goto equation

4.1 Solving the junction conditions perturbatively

Here we will study the case of gluing two identical copies of a locally AdS3 spacetime M
across a stringy junction. As in the case of flat space, we will glue My ; with My g.

Especially motivated by applications to the holographic correspondence and to the
understanding of black holes, we consider the locally AdSs space to be a Banados-Teitelboim-
Zanelli (BTZ) black hole [18, 19] with a finite mass M. For simplicity, we consider the
case of vanishing (angular) momentum. We proceed with the choice of units in which the
radius of AdSs is unity and the following convenient coordinates in which the metric of
the BTZ black hole is of the form:

dz?
22— M

— (22 = M)dt? + 2%da?. (4.1)
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Note that z is the radial coordinate and the spacetime boundary is at z = co. There is a
coordinate singularity at the horizon z = v/M. Note that z is not periodic so the above
is the metric for the black hole in Poincaré AdSs.

We set up the perturbative expansion exactly like in the case of flat space with the tension
A = O(e). We choose ¥; and ¥ to be the hypersurfaces x; = xg and x9 = xg, respectively
at the zeroth order, and we choose the worldsheet gauge to be (2.11) so that the average
time coordinate ts = 1/2(; + t2) and the average radial coordinate zs = 1/2(z1 + 22) coincide
with 7 and o, respectively. At the zeroth order, the induced metrics on the hypersurfaces
31 and 9 are trivially identical. Explicitly,

PYf}T = ’772—7— = _(02 - M) + O(E)a ’771'0 = ’772'0 = 0(5)7

1
1 2
= =—— +0(e). 4.2
Yoo Yoo o2 - M (8) ( )

This induced metric at the leading order is locally AdSs. It actually describes a AdSy black
hole with horizon at ¢ = v/M and boundary at o = co. Furthermore, the extrinsic curvatures
K /1“, and K 2,/ vanish at the leading order. The perturbative expansions for 7, and o, are
given by (3.3), while those of f; and fy are given by (3.4). Obviously, zs0 = zo, Zq0 = 0,
and at higher order expansions of z; and z, are given by (3.5).

Once again x; will be the only propagating degree of freedom emerging from solving the
junction conditions. To specify the solutions for x, we need to specify boundary conditions
just like for a scalar field in AdS,. We impose Dirichlet boundary conditions at o = oo for z,
so that we can readily compare the solutions of x5 with those of the Nambu-Goto equation for
a string in M in which the endpoint of the string is pinned to a fixed value at the boundary
of M. Particularly, this boundary condition implies that

Jh_{lgo Ts = T, I.e., Uh_)ngo zs; =0, fori=1,2,---, (4.3)

since x50 = 7o identically. Furthermore, we also demand that =, and therefore each z;
individually satisfy the ingoing boundary condition at the worldsheet horizon o = v/M. These
boundary conditions are also natural when we compare these solutions with the solutions of
the Nambu-Goto equations. In both cases, we will obtain the same spectrum of quasi-normal
modes and there will be a one-to-one correspondence between the two solutions even at the
non-linear level up to rigid deformations. Although here we will restrict our analysis to the
ingoing boundary condition at the horizon and Dirichlet boundary condition at the boundary
of AdS, we expect the correspondence to be valid for other boundary conditions as well.

As in the case of flat space, we study general solutions of the junction conditions with
the above boundary conditions for zs. We find that these solutions have additional finite
number of rigid parameters. However, in the case of AdS, it is well motivated to impose the
Dirichlet boundary conditions on both z; and x2 so that the boundary spacetime remains
unmutilated; therefore we require that

lim z1 =2 ie. lim o = xp. 4.4
o0 L 0 P e 0 (44)

This implies that the endpoints of both 1 and Yo at the boundary of M; and Mo, re-
spectively, are pinned to the same constant value xy. To implement this, together with
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the Dirichlet boundary conditions (4.3) on zs we need to impose the following Dirichlet
boundary condition for x,:

lim z, =0, ie, limx,;=0, fori=1,2,---, (4.5)
g— 00 g— 00

since z,0 = 0 identically. It is not at all obvious that such boundary conditions can be
implemented since x,, unlike s is not a degree of freedom. However, as discussed below,
we will see that the boundary conditions (4.3) and (4.5) can be simultaneously imposed if
we reduce the number of possible rigid deformations.

One crucial point is that we do not impose any boundary conditions on 7, and o,. In
fact, these will be given by two rigid parameters related to worldsheet isometries at the
leading order.” The diffeomorphisms related to these two parameters preserve the worldsheet
boundary at ¢ = oo but induce relative time-reparametrization at the junction since 7,
does not vanish at the boundary of AdS.

Unlike the case of flat space, our perturbative expansion will be valid near the boundary
although it will be unreliable near the horizon.

At the zeroth order, the junction conditions are trivially satisfied just like in the case of
flat space discussed previously. At the first order, the conditions (2.14) for the continuity
of the induced metric at the junction gives

. o
Ta,1l + maa,l =0,
, 1,
Tal T (2 ARl 0,
o
O-r,z,n - o2 _ Mo-a,n =0, (4.6)

while the other set of junction conditions (2.15) relating the discontinuity of the extrinsic
curvature at the junction to the worldsheet stress tensor gives

. MNo2 - M
Gqq —o(0® — M), = _(20)’
oo Miw
ol (02 — M) ’
302 —2M A
" - = 4.7
Ta,1 o(c? — M) Ta,l 20(0%2 — M) (47)
The general solutions for (4.6) are
_ o 4 ViIr Vi
Ta,l = Qp + aZ—M( Bre + Yne )7
Gan =\ M (0% = M) (BreY™™ + e ™M) | (48)

and it is easy to check that " = (7,,1,04,1) is a generic Killing vector in the zeroth order
background metric, which in this case is the locally AdSy metric (4.2). The parameters oy,
B, and vy, therefore correspond to the (infinitesimal) generators of the SL(2, R) isometries.

"This is in contrast to the setup of [12], where they imposed Dirichlet boundary conditions on all the
variables and found a unique solution for each given frequency in pure AdS.
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We note that although the boundary at o = co is preserved, the time is reparametrized at
the boundary. The general solutions of (4.7) are

A Vo2—M A
Tlg=——+ o+ f (ﬂkem‘r + ke VM ) (4.9)

’ 20

Just like in the case of flat space, the parameters g, B, and 7, parametrize the rigid
infinitesimal deformations of a hypersurface which preserves its extrinsic curvature. As in
the context of flat space, these correspond to infinitesimal isometries of the background
metric which do not preserve the zeroth order hypersurface = 0.8 The rigid parameters
affect the generic full solution of the junction at higher orders non-trivially. Generally, the
boundary conditions can determine some of the rigid parameters, and the remaining ones
could physically characterize the nature of the interface dual to the bulk junction. We will
comment more on this in the concluding section.

Specifically, imposing the Dirichlet boundary condition on both z; and z9, leads to
the boundary conditions (4.5) for z,; implying that it should vanish at ¢ — oco. This
can be satisfied if

ay =B = =0. (4.10)

We will find that the junction conditions can be solved perturbatively only when the exponen-
tially growing modes [, and i are set to zero when we impose ingoing boundary conditions
for x5 at the worldsheet horizon. We will proceed below with imposing Dirichlet boundary
condition on x4 only to keep our discussion more general and so we will not set oy, Sk, and
vk to zero. Later we will impose the Dirichlet boundary condition on z, as well.

Continuity of the induced metric at second and higher orders. At second and higher
orders, the continuity of the induced metric gives

o VMo

Tant 5 1% T g (e M7 = eV M) g = AR, (4.11)
, 1 - 1 A N eVMT M B+ e VM7 ;
- g 5 -
e (g2 = M)2TY" g2 - M\ 2 o2 - M kT /02 — ]\4%’C sn—1
v M i v
+ e (VM — YTy ) 2y = A, (4.12)
o2 - M ’
’ g
Ua,n - o2 — Mo'a,n

— 5(02 — M)'/? ()\v 02 — M +2Me VM7, 4 2Mem7ﬁk) Ty = A2 (4.13)

8Explicitly, the six Killing vectors of the metric (4.1) with parameters a1, az, as, a4, b and ¢ are

z 22— M

z _ 2 _ by — 2 Y=c—
6 - z Ma(t71:), § b M\/mata(t7x)7 f c ZM

Oza(t, ),

with
a(t, 33) _ ale\/ﬁ(x-&-t) + aQe\/ﬁ(x—t) + age—\/ﬁ(w-&-t) + a4e—m(9¢—t).

Comparing (4.9) with £” after setting z = o (as at the zeroth order) and z = 0, we find that ax, 8; and o
correspond to the isometries which do not preserve the hypersurface x = 0.
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where the sources A% are constituted of lower order terms. The second order sources .Aj;
vanish. We determine 7, 04n, and xs,—1 from these equations following the algorithm
mentioned below which is very similar to the case of flat space. It is based on the nested
structure of these equations (it may be helpful for the reader to recall the discussion in
the previous section).

o We first solve (4.13) to obtain o,, and substitute this form of o,, into (4.11) to
determine 7,,. From these equations, we can readily see that we determine these up to
two additive functions of only ¢ and only 7 respectively. Explicitly, we obtain

hnt (T) + th(O'),

g

Ta,n = Sln(T, 0') — \/ﬁ
Oan = 82”(7—3 U) +Vo? — Mhnl (’7’), (414)

where s1,, and sg,, are determined fully by z,—1 and lower order terms while hy(7)
and hpa(o) are undetermined functions of 7 and o, respectively.

o When the above forms of o, 5 and 7, , are substituted in (4.12), the latter assumes the
form we call £ (of course € should vanish). Similarly to the case of flat space, we find
that (£(o? — M)3/2) = 0 implies a differential equation for x,_; which takes the form:

1 5 2(20% — M)

migﬂl—l - (J - M)x” s;n—1 — ‘§71?7 (415>

s;n—1 pu

where 5;14 is determined by AZ‘Q, $1n and s9,. As discussed in the next subsection, the
above matches ezractly with the perturbative expansion of the Nambu-Goto equation in
M when the rigid parameters and A vanish. For n = 2 and n = 3, the source vanishes
and the above results in identical homogeneous equations for =, and s> which match
exactly with the linearized Nambu-Goto equation in M.

 Finally, when x,_1 satisfies (4.15), we find that (4.12) (i.e. £) reduces to
frnt = My (7) = (0% = M) 2 hly(0) = Ky (7, 0). (4.16)

This equation is not guaranteed to have a solution. However, when the exponential
growing modes [, and [ vanish, it turns out that

Kn(1,0) = Fu(71), (4.17)

a function of 7 only. Then we obtain that

hnl (T) = Bh,ne Mr + Vh,ne_\/MT

VMt o7 VMt 7
+ € / dmy e_‘/MTan(Tl) ¢ / dry e‘/MTan(Tl),
2V M Jo 2vM Jo

hng(a) = ah’n. (4.18)

We readily see by comparing (4.14) with (4.8) that the parameters oy, p, By, and yp 5,
can be respectively absorbed into ap, B and 7y, the infinitesimal generators of the
SL(2, R) isometries of the zeroth order locally AdSs worldsheet metric (4.2). Therefore,
we set app, Bnyn and 7y, to zero for n > 2. Note that 35 and i should also vanish
for (4.16) to have solutions as mentioned above.
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Thus the above algorithm determine the solutions for 7,, and o4, for n > 2, and z,, for
n > 1 up to four rigid deformation parameters, namely «ap, vu, ar and % since solutions
of (4.11), (4.12) and (4.13) exist only when (5, = fr = 0. The latter is an artefact of
choosing in-going boundary conditions for z;, at the worldsheet horizon. If we would have
chosen outgoing solutions instead, then we would have needed to set v, = v = 0. Thus
the perturbative expansion breaks down either in the far past or in the far future, and we
choose B, = B = 0 so that the expansion works in the far future.

As mentioned above, z ,, satisfies the Dirichlet boundary conditions (4.3) at the boundary
of the worldsheet and also the ingoing boundary condition at the worldsheet horizon. For
n =1, (4.15) is a homogeneous equation whose general solutions satisfying these boundary
conditions are:

© o
zs1(T,0) = Z Ane*(2+n)m7 ale%—l—n () ’ (4.19)
n=0 v M

where Qf(z) is an associated Legendre function of the second kind. Explicitly,

2 8z 8(1 + 5z?)

Qf(x) = T2 Qi (x) = T2 Qi(x) = A (4.20)

Note that A,, are all O(e) and are defined with phases so that x; is real. The general linear
solution (4.19) is a superposition of quasi-normal modes with spectrum —i(2 + n)v' M (where
n=0,1,2,---). Asymptotically, all Q%+”(m) falls off like 1/22 as  — oo when n is a non-

negative integer, and therefore z falls off as 03

as 0 — 00. As mentioned, x5 2 also satisfies
the same homogeneous equation but we can set it to zero since its amplitudes can be absorbed
into those of z,1. Let us choose Ay # 0 and A; = 0 for 7« > 1 for the sake of illustration.
In addition to the boundary conditions, we should set an initial condition to get a unique
solution. Here we will follow an alternative strategy. In order to get a unique solution at
third and higher orders, we will demand that they vanish faster than ¢=3 as ¢ — oo so

3

that it removes the ambiguity of adding homogeneous pieces which falls off as ¢7° as noted

above. Then the solution for z,3 is

4(TM — 810?) 1
— A3 —6vV Mt A M)\Q —2v/ M~
Ts,3 0¢ 2103(02 — M)3 + 4o € 403(c2 — M)
M — 502 M — 752

+A0M)\7ke_3\/MT + +AOM2,7]%€—4\/MT

o302 — M)3 o3(o? — M)* 20

The first term above is exactly the first non-linear correction to the solution of the Nambu-
Goto equations when we consider the same boundary conditions for the latter as discussed
in the next subsection. Note that, the second term proportional to AgA? implies that we
get further corrections even when the rigid parameter v vanishes. Similarly, we get unique
solutions for x4, etc. which reproduce the non-linear corrections to the solutions of the
Nambu-Goto equation when A and the rigid parameters vanish. Explicitly, 7,2 and 0,2 are

_ M + o2 _ v M
Ta,2 = _AO)\e 2V 2M3/2(0-2 M) - 2A0’}/k€ 3\/MT(2]\4)3)
_ o2 _ 2
M + o2 M
Oa2 = —AerfQ‘/MT% - 2A07ke*3m727M, etc. (4.22)
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Note that

_ AO)\ —2v/ Mt 1 _ AO)‘ —2v/ Mt 1
Ta,2 — 72M3/26 + O <0‘> s 0'a72 = *WS O'+ O <a_) . (423)

Therefore, we note that even when we impose the Dirichlet boundary conditions for both z;
and zo (the coordinates transverse to 31 and X9, respectively) so that ax = v = 0, there
is a non-trivial relative time-reparametrization at the boundary which encodes the solution
of the Nambu-Goto equation corresponding to the bulk junction. Furthermore, this is true
even when we set «yp, and 7y, which parametrize the linearized isometries, to zero. (In the
above case, the time-reparametrization at the boundary reveals that we have turned on only
the lowest order quasi-normal mode at the linear order.)
Furthermore, we note that when o = v, = 0, we have

My, (48A(2) e=5VMT | 332 6_\/MT((72 —M)%— 4?2 e=3VMT 52 (o*—4Mo?+ 3M2))

Ta3 = 240 (02 — M)5/2 ’
M3/2,Yh (1614% 675\/M7'+)\2 efmT(UZ —M)2 _47}% 673\/M702(04_M2>)
0a3 = 802(c2 — M)3/2 (4.24)
Near the boundary ¢ — oo, these functions behave as
= _EM 3 ,—3VMr 1 _ L5 5 —sviir 1
Ta,3 5 Y, € +O <U> . 043 2M Vi € o+ O (0> . (4.25)

Therefore, even when we set A = 0 and impose the Dirichlet boundary conditions on both
x1 and x2, there is a non-trivial time-reparametrization at the boundary at higher orders
as well even when the tension vanishes.

Discontinuity of the extrinsic curvature at second and higher orders. The junction
conditions (2.15) giving the discontinuity of the extrinsic curvature at the junction in terms
of the worldsheet stress tensor are of the form

Gam — o(0? = M)z, = Bi, (4.26)
i
Ll (4.27)

e g(e? — M)

302 —2M
ont (or—ap)en = B (42%)

for n > 2 with B;?i being sources constituted by lower order terms and A. These equations

are in nested form. Solving (4.28) first gives

70
LTan = gn(7—7 U) + %k‘nl (T) + kn2(7_)7 (429>

where §,(7,0) is fully determined by 87?3, and k,; and k,s are undetermined functions of
7. Substituting (4.29) into (4.27), we simply get

keno(T) =0, (4.30)
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and then substituting (4.29) into (4.26) and using the above, we get
fin1 (1) = M1 (1) = Ko (7) (4.31)

with K, (7) determined by lower order terms when (3, = f; = 0. Both of these are highly
non-trivial. In fact the simultaneous solutions of (4.26), (4.27) and (4.28) exist only because
the junction conditions (2.15) are not independent of each other as discussed before and as
we have seen previously also in the case of flat space. The general solutions of k,; and ko are

kn1 (T) = 5k,ne M + Vk,ne_mT

VMt 1 -V Mt T
€ —vMr € VMr
+ / dre YK (1) — / dr e LK (1),
o/MJo N T ()
knao(0) = ot - (4.32)

Comparing (4.29) with (4.9), we readily see that ay ,, Sk, and v, can be absorbed into
the parameters ay, S, and ~; which give infinitesimal rigid deformations of the hypersurface
that preserve its extrinsic curvature. So we can set ay, n, Bk, and 7, to zero. We note again
that both g and Sk should vanish for (4.26), (4.27) and (4.28) to have solutions similar to
the case of the junction conditions related to the continuity of the induced metric. Thus we
can determine x,, to all orders. As for an illustration, explicitly

1
M M2
2V Mr + 8A07h€_3m7 2 (433)

Zq2 = 4Aoane” , ete.
“ o(c? — M) (02 — M)

wlw

for the choice of solution of xs corresponding to Ag # 0, A;>1 = 0 (cf. eq. (4.19)).

The above discussion should make it clear that z,, for n > 2 are completely determined
by the choice of solution for zs, which is the only degree of freedom, and the four rigid
parameters, namely ap, vh, o and vg. So, it is not obvious that we can satisfy the Dirichlet
boundary conditions for z, given by (4.5). However, just like in the case of z,1, we can
satisfy (4.5) to higher orders simply by requiring that aj = v, = 0. In this case, we are only
left with two rigid parameters, namely a4 and ~;, corresponding to worldsheet isometries
at the leading order.

We also observe that the Dirichlet boundary conditions for 7, and o,, the relative time
and spatial coordinates of the worldsheet, can be imposed only if we choose the trivial solution
for x5, namely x5 = xo (so that xs; = 0 for ¢ > 1) as should be clear from the asymptotic
behavior of 7,2 and 0,2 (see eq. (4.23)), and also set oy, and ~y;, to zero as should be clear
from the asymptotic behavior of 7,1 and 0,1 (see eq. (4.8)). In this case, we obtain only a
unique static solution for x, which is determined only by the tension and which vanishes when
the tension goes to zero. This static solution agrees with the solution reported in [17] where
Dirichlet boundary condition was imposed for all four variables, namely xg, x,, 7, and og.

As discussed before, the Dirichlet boundary conditions on 7, and o, can be relaxed
because the Dirichlet boundary conditions on x5 and z, are enough to ensure that both 3,
and Y9 end at a common spatial point at the boundary of the full spacetime although the
time coordinates at the boundaries of these hypersurfaces can be non-trivially related to each
other. Therefore only two rigid parameters, namely «j and ~y, related to the worldsheet
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isometries at the leading order, parametrize such general solutions with Dirichlet boundary
conditions on both ¥; and 3. In fact, as discussed above (recall the discussion about 7, 2),
the boundary time-reparametrization persists to higher orders even when we set oy and v,
to zero, and the solution of the Nambu-Goto solution corresponding to the bulk junction can
actually be decoded from the relative time-reparametrization at the boundary.

We note from the explicit expressions above that the perturbation expansion breaks
down near the worldsheet horizon ¢ = v/M. The same is true for the solutions of the
Nambu-Goto equation.

4.2 Matching with the solutions of the Nambu-Goto equation

To compare with the solutions of the Nambu-Goto equation, we proceed as in the flat space
case by choosing the following parametric form of a hypersurface:

t=71, z=o0, x=f(1,0). (4.34)

The Nambu-Goto equation for this hypersurface in the background metric (4.1) is

1 2\ : 2(20% — M
(02_M+0_2f/)f_(O_Q_M_O_QfQ)f//_ ( - )f/
2 ot f 3M i2 g1 2 2 4y 13
o2 —
With the perturbative expansion for f given by (3.34), we obtain the following equations:
| R 2(20% — M)
mfn—(UQ_M)fg—Tﬂz:Sf (4.36)

where the sources S vanish for n = 1 and is constituted of lower order terms for n > 3.
Since the Nambu-Goto equation is odd in f, we can set f, = 0 for positive even integral
values of n. Also, S vanishes for all positive integral values of n. For odd values of n, we
can solve the above equations by demanding Dirichlet boundary conditions for f,,, i.e. they
vanish at ¢ = 0o, and that they satisfy the ingoing boundary condition at the worldsheet
horizon as discussed in the context of xy,. Furthermore, in order to obtain f, uniquely for

3&80’—)00.

n > 3, we need to further demand that it vanishes faster than o~

When A and the rigid parameters ap,, vy, ax and v; vanish, x5, also vanishes for positive
even integral values of n like f,,, and for positive odd integral values, the equations of z;, given
by (4.15) coincide with that those of f,, given by (4.36). Therefore, x5 coincides exactly with
f when X\ and the rigid parameters ap, Yn, ar and v, vanish. As for illustration, if we keep
only the lowest quasi-normal mode for fi, then f3 is just the first term of z, 3 given in (4.21)
which is the only surviving term when X\ and the rigid parameters oy, vn, i and 7y, vanish.

Since x,, 7, and o, are determined by the chosen solution of x4 and the rigid parameters
as demonstrated earlier, it follows that there is a one-to-one correspondence between the
solutions of the junction conditions and the Nambu-Goto equations. We have checked that
this correspondence holds up to the seventh order in the perturbative expansion. As discussed
before, the number of rigid parameters is only two, namely aj and ~y if we further impose
Dirichlet boundary conditions on both the hypersurfaces.
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It is not clear whether the limit A — 0 produces a smooth spacetime in the presence of
rigid deformations since the relative transverse coordinate x, does not vanish in this case
when the tensionless limit is taken. These solutions are still in one-to-one correspondence
with the solutions of Nambu-Goto equations up to the rigid deformations.

We also want to emphasize that the tensionless limit produces non-trivial solutions even
when we impose the Dirichlet boundary condition identically on both the hypersurfaces so
that ap = 7, = 0 and we have only the deformation parameters aj and ~; related to the
worldsheet isometries at the leading order. Nevertheless, when all the rigid parameters vanish
implying that the Dirichlet boundary condition is imposed on all the four variables (74, 04,
xs and x,), the solutions of the junction conditions are trivial in the tensionless limit as z,,
T, and o, vanish leading to a smooth spacetime, while x4 coincides exactly with a solution of

the Nambu-Goto equation representing just a probe string in this spacetime.’

5 Discussion

Using a perturbative approach in which the string tension and the amplitudes of fluctuations
of the hypersurfaces from a common configuration with vanishing extrinsic curvature are small,
we have demonstrated that the Nambu-Goto equation directly emerges from the junction
conditions of gravitational equations both in a locally AdS and a locally flat spacetime with
three spacetime dimensions. Here, we have glued two identical copies of a spacetime. However,
there are other possible solutions in which two different Banados spacetimes [20], e.g. two
BT7Z black holes with different masses and angular momentum can be glued. Solutions of
such type have been studied in [12, 13, 17], and solutions with null interfaces have been
explored in [21, 22]. We should also study solutions where the two spacetimes glued at the
junction can have different cosmological constants.

While we have obtained our results by solving the perturbative expansion up to eighth
order, it would be very interesting to have a non-perturbative proof of our statements. This
would probably uncover some deep structural reasons underlying the correspondence between
the Nambu-Goto equations and the junction conditions.

A natural question is the interpretation of our solutions and their generalizations within
the AdS3/CFTy correspondence. We recall that when we glue two copies of a BTZ black hole
and set Dirichlet boundary conditions for all the four variables 7,, o4, s and x,, we obtain a
unique static solution in which xg is a trivial constant solution of the Nambu-Goto equation
while 7, and o, vanish, and x, is determined just by the tension. This solution corresponds
to a defect [23-25] in the dual conformal field theory with large central charge, where the
string tension A is simply a parameter that characterizes the defect. The tension determines
the full spacetime, and thus the dual correlation functions. Furthermore, it was shown in [13]
that the bulk junction conditions indeed reproduce the reflection and transmission coefficients
of the defect which had been analyzed in [26-28].

9However, when A # 0, the Dirichlet boundary condition can be imposed on 74, and o4, (recall the
case of 74,2) only if we choose the trivial solution for xs, which is s = zo, implying that all the fluctuations
corresponding to the Nambu-Goto quasi-normal modes should vanish. For non-vanishing A\, we simply recover
the known static solution for x4, while 7, and o, vanish as discussed before, when all the four variables satisfy
the Dirichlet boundary condition.
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Our general solutions which correspond to the Nambu-Goto solutions up to the rigid
deformations should be interpreted as general state-dependent interfaces in the dual conformal
field theory. Note that the Nambu-Goto equation has no intrinsic dimensionful parameters,
and the quasinormal mode spectrum that characterize the solutions is determined by the mass
of the background spacetime, i.e. the dual state. When we impose the Dirichlet boundary
condition identically on both the hypersurfaces (i.e. for both x4 and x,), the solutions should
holographically represent dynamical interfaces between two copies of the same state in the
dual CFT, particularly two thermal states with the same temperature since the BTZ black
hole is dual to a thermal state. No transfer of energy and momentum occur through the
interfaces. Nevertheless, the interfaces have their own dynamics, which are characterized by
the solutions of the Nambu-Goto equations and the rigid parameters of the bulk solution. All
these parameters and the solutions of the Nambu-Goto equation together with the tension
determine the correlation functions of the full system. In this aspect, it could be important
to recall that two sides of the interface necessarily have a relative time-reparametrization
(given by the asymptotic limit of 7,) which can decode the non-trivial Nambu-Goto solution
in the bulk. This feature is not present in a usual defect. In this context, it is important to
understand such interfaces in the vacuum which correspond to bulk junctions in pure AdSs.

The holographic interpretation of our solutions would be important to understand whether
the rigid parameters are related to the physical properties of the interface. The appropriate
boundary conditions for the junction corresponding to the dual interface set the values
of some of the rigid physical parameters (as we have seen in the context of the Dirichlet
boundary condition in AdS). The remaining rigid parameters may actually characterize
physical properties of the interface. Although the latter can be absorbed via relative isometries
at the leading order, they might correspond to physically inequivalent solutions (as in the
case of improper diffeomorphisms in AdS/CFT). In the context of AdS, these issues can also
be addressed by the computation of holographic entanglement and Renyi entropies, which
can directly reveal the full bi-partite state in the CFT glued at the interface, and also clarify
whether the tensionless limit leads to a trivial interface.

In the future, we would like to construct such interfaces between two identical thermal
states in two-dimensional conformal field theories and generalizations of such setups because
such constructions can reveal how the fundamental string of the dual string theory emerges
directly from the conformal field theory even beyond the strong coupling and large central
charge limit. As a special case, it would be also interesting to see how the solutions of
the junction conditions discussed here which appear in the limit of vanishing string tension
correspond to non-trivial dynamical interfaces in the strongly coupled conformal field theory
with large central charge.

The general solutions describing junctions between two different Banados spacetimes with
the same or different (negative) cosmological constants should represent interfaces between
two different states in the same or different CFTs and these could give fresh insights into
bulk reconstruction in holographic duality (see [29, 30] for reviews). Furthermore, these
constructions should have their own utilities in the study of quantum thermodynamics of non-
equilibrium ensembles and quantum engines. In the latter aspect, the study of null junctions
has shown that holography can give novel understanding of quantum thermodynamics of
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irreversible entropy production in phase transitions in many-body systems and also in quantum
channels like the Landauer erasure implemented in many-body systems [21, 22] (in the latter
case it has shown the utility of novel non-isometric dense encodings for quantum memories
which cannot be erased in microscopic time-scales).

A related question is whether we can go beyond a perturbative approach and formulate a
way to solve the gravitational equations with the junction conditions via numerical relativity
setting necessary initial conditions and also boundary conditions. In fact, a fundamental
question in this context is which types of initial data would lead to non-singular spacetimes
such as those not having closed time-like curves. Such an initial value formulation should
lead to the most general constructions of gravitational solutions involving junctions which
can be interpreted as novel interfaces holographically.

Another fundamental question is whether we can quantize our three-dimensional gravita-
tional solutions with junctions generalizing the approach in [31-33] (based on rewriting
three-dimensional gravity in AdS as PSL(2,R) x PSL(2,R) Chern-Simons theory [34, 35]
and further work in [36, 37]) and obtain part of the spectrum of first quantized bosonic
string theory in background flat space [1, 2] or AdS space [3-5] within the full Hilbert space.
The latter should however also include boundary gravitons that scatter off the quantum
string. Aspects of quantum string theory can thus emerge directly from lower dimensional
gravity together with additional degrees of freedom. The presence of rigid deformations of
the Nambu-Goto equations arising from the junction conditions implies that the quantized
string theory obtained from quantizing such gravitational solutions can have other non-trivial
features as well. Of course, we can generalize the junctions in the context of gauged super-
gravities and wonder if some aspects of classical and quantum superstring theory can emerge
similarly from super-spacetime dynamics in three dimensions.
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