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A FABER-KRAHN-TYPE INEQUALITY FOR THE
LAPLACIAN WITH DRIFT UNDER ROBIN BOUNDARY
CONDITION

FRANCOIS HAMEL AND EMMANUEL RUSS

ABSTRACT. We prove a Faber-Krahn-type inequality for the Laplacian
with drift under Robin boundary condition, provided that the g param-
eter in the Robin condition is large enough. The proof relies on a com-
pactness argument, on the convergence of Robin eigenvalues to Dirichlet
eigenvalues when (8 goes to infinity, and on a strict Faber-Krahn-type
inequality under Dirichlet boundary condition. We also show the ex-
istence and uniqueness of drifts v satisfying some L constraints and
minimizing or maximizing the principal eigenvalue of —A +v -V in a
fixed domain and with a fixed parameter 5 > 0 in the Robin condition.
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1. INTRODUCTION

Throughout this paper, d > 1 is an integer. For all z € R?, denote by |z|
the Euclidean norm of z and define
x

er(z) : 2] for all z € R\ {0} .
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2 F. HAMEL AND E. RUSS

Let Q C R? be a bounded domain (connected open set) of class C2, with
outward unit normal v on 99Q. If v € L>=(2,RY) is a bounded measurable
vector field, set

0]l = Ilolll -

We are interested in the principal eigenvalue of the operator —A + v -V
in 2 under Robin boundary condition on 9. More precisely, let 5 > 0.
By [15, Theorem A.4] and Krein-Rutman theory [2], there exists a principal
eigenvalue )\f (Q,v) of the problem

—Agpgﬂ) +uv- V«pgm = )\f(ﬂ, v)Lpgyv in Q,

(1.1) 8‘Pg,v

ov

+ B, =0 on 9.

This principal eigenvalue is simple, the corresponding eigenfunction gog v

is positive in Q by [2, Theorem 4.5], and none of the other eigenvalues
corresponds to a positive eigenfunction (see the discussion after [I5, Theo-
rem 1.3]). By W?2? elliptic regularity (JI5, Theorem A.29]), the function gogm
belongs to W?2P(Q) for all p € [1,00) and then to C1*(Q2) for all a € (0,1).
The first line in is therefore understood almost everywhere in €2, while
the second line is understood in the classical sense. We usually norma-
lize gogm by

(1.2) mﬁaxcpgm =1.

Moreover, there holds
A (Q,v) > 0.

The C? smoothness of 00 is used to derive the regularity of gog , S0 is it
in some arguments of the proofs of the following main results. We leave as
an open question the derivation of Faber-Krahn-type inequalities for weaker
formulations of under weaker assumptions on 0f2.

Fix 7 > 0 and m > 0. We are interested in the infimum of )\f(Q,v)
when 2 and v vary under the constraints |2| = m (throughout the paper,
|A| denotes the n-dimensional Lebesgue measure of A for all measurable sets
A C R?) and

(1.3) [l < 7-
In the sequel, Q* stands for the Euclidean ball centered at 0 such that
€] = (9.

Our main result states that, when €2 is not a ball, )\f (Q,v) is (strictly)

greater than the corresponding quantity in 2* when v = 7e,, provided
that § is large enough:

Theorem 1.1. Let Q C R? be a bounded C? domain and 7 > 0. Assume
that € is not a ball. Then there exist By > 0 and € > 0 with the following
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property:
VB3> By, Vv € L®(Q,RY) such that ||v|| <,

1.4
(4 A, 0) > A (QF Te,) + e

When 7 =0, i.e. when —A+v-V = —A is merely (minus) the Laplacian,
it was proved in [9, 10} [13],[14] that, for all 5 > 0, the following Bossel-Daners
inequality is satisfied:

(1.5) A2 (9,0) > M (Q,0),

and equality holds if and only if Q = Q* up to translation. When 7 # 0,
Theorem provides on the one hand a quantified strict inequality if 2 is
not a ball, but the conclusion is only established above some threshold for 5,
contrary to [10, Theorem 1.1], and it actually can not hold for all 5 > 0,
since
lim A (Q,v) = lim A re,) = 0
for each v € L>(Q,R?) (as follows from Lemma below). On the other
hand, when € = Q* the uniqueness part in Theorem below ensures
that, for all v € L>®(Q* RY) with |jv|| < 7, if v # Te,, then )\f(Q*,v) >
A (Q*, Te,) for all B> 0.
The following question nevertheless remains open:

Open problem 1.2. Let Q C R? be a bounded C? domain, 7 > 0 and
v € L®(Q,RY) with ||v||, < 7. Does the inequality

)\f(Q, v) > )\f(Q*, Te,)
hold for all B >0 ¢

Recall that, under Dirichlet boundary condition, it was proved in [I7,
Theorem 1.1] and [I8, Remark 6.9] that, whenever (1.3]) holds,

(1.6) AP, v) > AP, re,),

where AP (Q,v) stands for the principal eigenvalue of —A + v - V under
Dirichlet boundary condition. Moreover, equality holds in (|1.6) if and only
if, up to translation, 2 = Q* and v = 7e,. The inequalities 1) are
called Faber-Krahn-type inequalities. This terminology originates from the
results of Faber [16] and Krahn [22] 23], who proved that

AP (€2,0) > AP (2%,0),

with equality if and only if, up to translation, €2 = Q*. The latter in-
equality means that a radially symmetric membrane which is fixed at its
boundary has the lowest fundamental tone among all equimeasurable mem-
branes, answering a conjecture of Rayleigh [29] set in dimension d = 2. Since
these pioneering papers, much work has been done on various related opti-
mization eigenvalue problems for elliptic operators, for instance on higher
eigenvalues or functions of the eigenvalues of —A under Dirichlet boundary
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condition [3], 4, [©, 1T], 12} 26], 27, 28] 32], under Neumann boundary condi-
tion [28, 30, B1], or for the first eigenvalue of A% under boundary conditions
o= g—f =0 on 0N [5, 25]. We refer to the surveys [7, 20, 21] for many more
references on these topics.

The second main result deals with an optimization problem when the
domain  is fixed and v varies under the constraint . Define, for all
B> 0and 7 > 0 given:

(1.7) M (Q,7) = inf {X)(Q,0) : o], < 7}
and
(1.8) N(Q.7) = sup A/ (0) : [lo]l, <7}

We claim that these lower and upper bounds are positive real numbers,
are uniquely reached and provide an identity relating the optimizing vector
fields and the corresponding eigenfunctions:

Theorem 1.3. [Optimization in fived domains] Let Q@ C R? be a bounded
C? domain, T >0 and 3 > 0.

(1) There exists a unique v € L®(Q,R?) meeting ||v||,, < T such that
(1) = )\f(ﬂ,y). One has |v(x)| = 7 for almost every x € Q.
Moreover, if ¢ := ‘ng is the corresponding eigenfunction, then

(1.9) v(z) - Vo(z) = —7|Vo(z)| for almost every x € Q.
Lastly, if A € R and ¢ € (1<peno W2P(Q) satisfy
{ “AG— 7|V =Ab and ¢ >0 inQ,

(1.10) %%-BQZ):O on 09,
v

and maxg ¢ = 1, then A\ = M(Q, 1) and ¢ = @ in Q.
(2) Similarly, there exists a unique v € L®(, RY) meeting |0, < T
such that XB(Q,T) = )\f(Q,ﬁ). One has |[v(z)| = 7 for almost every
x € Q. Moreover, if p := gpgﬁ is the corresponding eigenfunction,
then
(1.11) v(z) - Vo(z) = 7|Ve(z)| for almost every x € ).
Lastly, if A € R and ¢ € (N1<peno W2P(Q) satisfy

{ —Ap+7|Vo|=Ap and ¢ >0 in Q,

1.12 0
(1.12) 9¢ +B8p=0 on 08,
ov
and maxg ¢ = 1, then \ = XB(Q,T) and ¢ = in Q.
(3) If Q = QF, thenv = Te,, V= —Te, inQ* and the functions o and @
are radially decreasing in €2*.
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Remark 1.4. Notice that, in part (1) of Theorem from elliptic regu-
larity theory applied to , since ¢ and |V¢| belong to C%%(Q) for all
a € (0,1), the function ¢ belongs to CZQOCO‘(Q) for all @ € (0,1), and the first
line of holds in the classical sense in €. Similarly, in part (2), the
solution ¢ of belongs to CZQOS‘(Q) for all € (0,1), and the first line
of holds in the classical sense in €2.

We point out that similar properties had been derived in [17, 18] for the
extremal quantities A(€,7) and A(Q,7) defined like \*(Q,7) and XB(Q,T)
in (1.7)-(1.8) with the Dirichlet eigenvalues A;(£2,v) instead of the Robin
ones )\f (©,v). The asymptotic behavior as 7 — 400 of the eigenfunctions
associated with A\(€2, 7) was analyzed in [19].

The paper is organized as follows. In Section [2| we provide comparisons
results between Robin, Dirichlet and Neumann eigenvalues in a fixed do-
main and for a given drift, and prove convergence of the Robin eigenvalues
when 8 — 400 (resp. when § — 0) to the corresponding Dirichlet (resp.
Neumann) eigenvalues. Section [3|is devoted to the proof of Theorem
Finally, we establish Theorem [I.1]is Section [4}

2. COMPARISONS AND CONVERGENCE RESULTS BETWEEN ROBIN,
DIRICHLET AND NEUMANN PRINCIPAL EIGENVALUES

This section is concerned with some comparisons and convergence results
for Robin and Dirichlet principal eigenvalues in a given domain €. The
results will be used in the proofs of the main Theorems and

We first start with an auxiliary comparison lemma between sub- and
super-solutions.

Lemma 2.1. Let p € R, >0, and v € L¥(Q,RY). Let ¢, € W?P(Q)
for all 1 < p < oo, such that p > 0 and ¢ > 0 in Q, ||¢| = ¢l =1,
and

—AY+v-Vip > up  ae in €,
—Ap+v-Vo<pup ae. in .

Assume also that

%+5w202%+6¢ on ON).
ov ov

Then 1 = ¢ in Q.

Proof. The argument is reminiscent of the proof of [I7, Lemma 2.1]. Re-
member first that 1) and ¢ belong to C1*(Q2) for all a € (0,1). Furthermore,
¥ > 0 in € from the interior strong maximum principle (otherwise, ¥ would
be identically 0 in 2, contradicting |||« = 1). Observe now that ¢» > 0
on 0. Indeed, if there exists ¢ € 92 such that (z9) = 0, then the Hopf
lemma shows that g—f(xo) < 0, which is impossible by the boundary condi-
tion satisfied by 1. Thus, being continuous in Q, 7 is bounded below by a
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positive constant, so that there exists v > 0 such that vy > ¢ in 2. Define

¥ i=1inf{y>0:v9¢Y > ¢ in Q}

and w := 7" — . Note that, since ¢ > 01in Q and [|¢|[cc = 1, 7v* > 0. The
function w is nonnegative in 2,

a—w+ﬁw200n89
ov

and
—Aw+v-Vw— pw >0 a.e. in Q.

If w > 0 in €, then, as before, w is bounded below by a positive constant
in Q, so there exists § > 0 such that w > dp in €2, which entails in turn

*

g
1496
contradicting the definition of 4*, since v* > 0. Therefore, there exists
xo € Q such that w(xp) = 0, and since w > 0 in , the strong maximum
principle indicates that w(z) = 0 everywhere in Q and then in Q by conti-
nuity, meaning that v*¢ = ¢ in Q. The condition ||¢||, = [|[¢||,, = 1 finally
yields ¢ = v in Q. ([

¥ > pin §,

Let now Q C R? be a bounded C? domain and v € L>®(2,R?). Denote
by AP (Q,v) the principal eigenvalue of —A+v-V in Q under Dirichlet bound-
ary condition and by cpg’v € Ni<peoo W2P(Q) the corresponding principal
eigenfunction (which is positive in ) normalized by

=1.

D
HQDQ,U

[e.9]

We will show that the map 3 — )\’f (©,v) is increasing in (0,00) and con-
verges to AP (€, v) at infinity, and to 0 (that is, the principal eigenvalue of
—A+v -V in Q under Neumann boundary condition) as 8 — 0:

Lemma 2.2. Let Q@ C R? be a bounded C? domain and v € L=(Q,R%).
Then the map B — )\’f(Q, v) is increasing in (0, +00). Furthermore,

(2.1) Jim AJ(9,0) = AP (@ 0).

and
lim A (Q,v) = 0.

Proof. Let 0 < 81 < 82 and assume by way of contradiction that )\?2 (Q,v) <
)\fl(ﬂ,v). Set ¢ = goglyv and g = go?f’v. Both functions ¢1 and o are

positive in O and they satisfy
{ —Ap1+v-Vo = )\fl(Q, V)1 a.e. in €,
—Aps +v-Vipg = )\'fQ(Q, v)pa < )\fl(ﬂ,v)wz a.e. in Q,
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together with

01 _ Opa D2

> R —
av o 2>,
Lemma jpplied with (u, 8,1, ) = (Afl(Q,v),ﬁl,cpl,@g) then entails
p1 = 2 in €, contradicting the strict inequality in (2.2). Finally,

AL, 0) < A2(0,0),

(2.2) + Bipr = + B1p2 on 0f).

and the map (8 — )\’f(Q, v) is increasing in (0, 400).
Let now 8 > 0 and assume by way of contradiction that )\f (Q,v) >
AP (9, v). Both functions ‘Pg,v and cpg’v are positive in € and they satisfy

—Agog’v tu- V‘pg,v = )‘f(ﬂv U)Qﬁg,v a.e. in Q,
—Ag(ng C V(ng = /\?(Qﬂ))%@gv < )\5(97'0)(,08’” a.e. in Q.
Furthermore, the Hopf lemma implies that Lp“ v < 0 on 91, whence
&PB Il
(2.3) an+B QU—0> aQU—I—BQOQUoné?Q

Lemma applied with (u, 8,1, ¢) := (Xf(Q, v), B, (pQ v ch’v) then entails
gog v = gogm in Q, contradicting the strict inequality in (2.3]) (or the fact
that Lpg > 0= gogm on 02). Finally,

A (Q,0) < AP(Q,v)

for all g > 0.

Let us now turn to the proof of . Pick up any increasing sequence
(Br)ken of positive real numbers with limg_, o S = 400 and set A\ =
)\f’“(Q,v) for all k£ € N. The sequence (A;)ken is increasing and bounded
above by AP (2, v) and therefore converges to some pu < AP (2, v). For all k,
if ¢y, is defined as ¢y := chpg’fv with 6y > 0 such that [¢k|[z2(q) = 1, then

{ —Apr+v-Vor = Appr a.e. in §,

8(;% + Brpr =0 on 0f).

We claim that the sequence (¢ )ren is bounded in H'(€). Indeed, for all

keN,
/\k/ vr = —/«pkAwar/(v-Wk)wk
Q Q Q
, O
= /\Vsokl —/ Py, +/(U'v90k)90k
Q o0
= /\V¢k|2+5k/ <Pk+/(U'V90k)<Pk
Q o0 Q

(2.4)
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From this, we derive, for all € > 0,

[ival o o < [ ol [ oo
(2‘5) Q o0N 1 Q .
Ak + — ) 24 Z
(et 5z lolle) [ et + 5ol [ [V

Provided € ||v||, < 2, recalling that the sequences (Ar)ren and (|||l 2 () ) ken
are bounded, one obtains that the sequence (¢g)ren is bounded in H'(€),
that is, there is M € Ry such that

Ikl = /lerlZaoy + 1190kl 220y < M

for all k& € N. Therefore, there exists ¢ € H'(Q2) such that, up to a subse-
quence,

IN

(2.6) @ — ¢ weakly in HY(Q), ¢, — ¢ strongly in L*(1),
' Y — p a.e. in

as k — 400, whence

(2.7) ¢l =1 and ¢ >0 a.e. in Q.

Moreover, since limy_, 1, B = +00, (2.5) shows that

(2.8) lim tr(px) = 0 strongly in L?(99),
k—+o0

where tr : HY(Q) — L?(0Q) denotes the trace operator. Since this trace
operator is compact from H'(Q) to L?(99) with the topologies induced by
the norms (see [24, Corollary 18.4]), and since pp — ¢ weakly in H'(2) as
k — 400, it follows that tr(pg) — tr(p) strongly in L?(99Q) as k — +oo,
whence tr(¢) = 0 by (2.8), meaning that ¢ € Hj(2). Consider now ¢ €
C°(92). One has

/QVLp~Vw+/Q(v-V<p)w = lim /QVSOk'WWr/Q(U'V@kW

k—+o00

= lim )\k/ww
Q

k—+o0

= M/Qsm,b,

which means that ¢ is an H}(2) weak solution of

—Ap+v-Vo=pup inQ,
tr() =0 on 0f.

Elliptic H? and W?? estimates show that ¢ € W2P(Q) for all 1 < p < oo,
and, since ¢ > 0 in Q and [|¢|z2() = 1, the strong maximum principle
entails that ¢ > 0 in Q. Thus, by uniqueness of the principal eigenvalue of
—A 4 v - V under Dirichlet boundary condition, one gets that

= )‘ID(Q’U)v
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which ends the proof.

Lastly, let us investigate the limit of )\f (Q,v) as f§ — 0. Pick up any
decreasing sequence (8 )ken of positive real numbers with limg_ o B = 0
and set \p = Xf’“(ﬂ,v) for all £ € N. The sequence (Ag)ren is decreasing
and bounded below by 0, and therefore converges to some A > 0. For all k,
if py, is defined as ¢y := Hkgog’fv with ), > 0 such that [|¢k||12(q) = 1, then as
above (2.4)-(2.5)) still hold and there exists ¢ € H' () satisfying (2.6)-(2.7),

up to a subsequence. Pick now any ¢ € H'(Q). For all k € N, one has

Ak/gsom:/ka-vw+ﬁk/fjgsok¢+/52<v-Vsok>w.

But B — 0 as k — +o0o and the sequence (tr(¢y))xen is bounded in L?(99)
(since so is (¢r)ren in HY(Q)). Hence, by (2.6), the passage to the limit as
k — 400 in the above formula leads to

A/Qsow:/Qw-vw/Q@-ww.

In other words, ¢ is an H!(£2) weak solution of
—Ap+v-Vo=Ap 1inQ,
0
a—f =0 on 0f).
Elliptic H? and W?P estimates show that ¢ € W2P(Q) for all 1 < p < oo,
and by (2.7) the strong maximum principle and Hopf lemma entail that
¢ > 0 in Q. Thus, by uniqueness of the principal eigenvalue of —A +v -V

under Neumann boundary condition, one gets that A = 0. The proof of
Lemma [2.2] is thereby complete. O

3. OPTIMIZATION OF THE PRINCIPAL EIGENVALUE IN A FIXED DOMAIN

This section is devoted to the proof of Theorem

Proof of Theorem[1.3] Part 1. We first focus on the infimum problem and
begin with the existence part. Let (vg)gen be a sequence of vector fields in
L>°(Q,R?) such that |vg||,, < 7 for all k and

lim A (Q,v) = A%(Q, 7).
k—+o0
For all k € N, define A\, := Af(Q, vg) and let @ = gogmk be the correspond-
ing eigenfunction, normalized with maxg ¢, = 1. Since (vg)ren is bounded
in L>=°(Q,R?) and the sequence (Ag)xen is bounded, W2P elliptic estimates
([15, Theorem A.29]) show that the sequence (¢ )ren is bounded in W?2P(£2)
for all 1 < p < oco. Up to a subsequence, there exist ¢ € ﬂ1§p<oo W2P(Q)
and f € L*°(Q) such that, as k — +oo,

©r — ¢ weakly in WP(Q)
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for all 1 < p < 0,
@ — ¢ strongly in C1(Q)
for all a € (0,1), and
v - Vo — f weak-x in L>(Q).
As a consequence,
—Ap+ f =X (0 1)p ae inQ

and
—Ap —7|Vp| <A (Q,7)p ae. in Q.
Moreover, ¢ > 0 in Q, ||¢]|,, =1 and

¢ + By = 0 on 0.
ov
Define now v € L>®(Q,RY) by
Vo(z)
(3.1) o(@) = 7T|Vg0(x)| if Vo(x) # 0,
0 if Vo(z) = 0.

Notice that ||v|, < 7, which entails that \*(Q,7) < /\f(Q,v). On the one
hand,

(3.2) —Ap+v-Vo=—-Ap—1|Ve| <N (Q,1)p < /\f(Q,v)tp a.e. in .

On the other hand, gog ,>01in Q,
020

Yo g8 _o_ 9%
£y +B¢Q’v 0 7 + B on 0f)

and HSO?MHOO =1. Lemmaapplied with (i, 8,1, ¢) = (x\’f(Q,v),ﬁ, go%T,gp)
yields
gpgv = in Q.
As a consequence, all inequalities in (3.2)) are equalities and
X(2,7) = X (Q,0).
Furthermore, since ¢ € W2P(Q) for each 1 < p < o0, it follows that

[V (0z,0)| X La, p=0y =0 a.e. in Q
for each 1 <1 < d, where 0., := %, whence
Ap x ggp—gy =0 a.e. in Q.

Since —Ap +v -V = /\f(Q,fu)go > 0 a.e. in £, one gets that the set
{x € Q: Vp(x) = 0} is negligible. Therefore, in addition to v-V¢ = —7|V)|
a.e. in €, also entails that |v(x)| = 7 for almost every € Q. The
vector field v := v and the function

Q= =0h,
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then fulfill the required conclusions of part 1 of Theorem
Let us now turn to the uniqueness result in part 1 of Theorem[I.3] Assume
that w € L>(Q,R?) is such that ||w|ls < 7 and /\f(Q,w) = )?(Q,7). One
has
(3 3) { 7A<p?2,v tw- vsog,fu > 7A90€,v - T|v¢?),v| = A/B(Q’ T)Sagl,”u’
—AgG T Vg, =M (QT)e] .

a.e. in €, together with

s N Qw B8
ov B Qv 0 ov b Quw © 2.

Furthermore, both functions 4,0?2 , and gpg » are positive (in Q), with L™

norms equal to 1. Lemma applied with
(11, 8,00, 0) 1= (N (,7), 8,00, Pr.00):
and the vector field w instead of v, then entails
905/82,1) = apgw in Q.
Consequently, the first line in then yields
w - Vgpg’v = —T|V<pg’v| a.e. in €,

that is, w- Ve = —7|Vy| a.e. in . Since Vi # 0 a.e. in Q and [|w|ec < 7,
one concludes that
Vo
Vel

a.e. in 2,

that is, w = v a.e. in ().
Lastly, let A € R and ¢ € ;<)oo W2P(Q) satisfy

—Ap—7|Vd|=Xp and ¢ >0 in Q,
% +Bp=0 on 01,
v

and maxg ¢ = 1. Define g € L>™(Q,R?) by

Vo)
o) = TIVoa)

if Vo (x) # 0,
if Vo(z) = 0.

Notice that ||q||,, < 7. Since —7|V¢| = ¢ - V¢ a.e. in 2, the nonnegativity
of ¢ and the uniqueness of the pair of principal eigenvalue and principal
normalized eigenfunction imply that

A=X(Q.q) >3 (Q,7), and ¢ =g, in Q.
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Both functions ¢ = cpg g and p = gog , are positive in O with L° norms

equal to 1, and they satisfy

(3.4) { “Ag, v Ven, = —A¢g, — TIVe| = X (200,
_Agog,v + - Vgpém — Aﬂ(ﬂ, T)(pg,v < Af(Q, q)gog -

)

a.e. in §2, together with

690?2 5906
,q B A Qv B
a5 + ﬂ(pﬂ’q =0= 5 + 5(,097” on 0f).

Lemma applied with (u, 8,1, ) = ()\?(Q, q), B, cpéjq, gogm) then entails
gpg,q = cpgﬂ] in Q,
that is, ¢ = ¢ = ¢ in Q. Furthermore, all inequalities in ([3.4) are equalities
and
N (Q.7) = X (2.0),

whence A = )\ (Q, 7). All properties in part 1 of Theorem have now
been proved.

Part 2. Notice that, for all v € L>(), )\f(Q, v) < AP(9,v) by Lemma [2.2
Since
sup 2P (Q,v) < 400
veEL® (QRY), ||v]|eo<T
by [8, Proposition 5.1], [I7, Theorem 1.5] or [I8, Theorem 6.6], it follows that
the quantity X’B(Q,T) defined in (1.8) is a real number. Then, arguments
similar to those in part 1 above yield the conclusions of part 2.

Part 3. Consider now the case 2 = Q* and denote
B
¢ = SOQ*,TGT'

This function ¢ is positive in Q*, it is of class W2P(Q*) forall 1 < p < oo, and
maxgy ¢ = 1. For any R € O(d) (the group of orthogonal transformations
in R%), the function ¢ o R satisfies the same equation as ¢ in Q* and the
same boundary condition on 9€2*. The uniqueness of the pair of eigenvalue
and principal normalized eigenfunction then entails that ¢ o R = ¢ in Q*
for any R € O(d), that is, ¢ is radially symmetric in Q*. Let R denote the
radius of Q*. For any o € (0, R], there holds

—A¢p+7e, - Vo =N (0 7e,)0 >0

almost everywhere in {z : |z| < o} and ¢ is constant on the sphere {y :
ly| = 0}. The weak maximum principle then implies that ¢(z) > ¢(y) for
all |z| < |y| = o, and the Hopf lemma even yields e, - Vo(y) < 0 for all
ly| = 0. As a conclusion, ¢ is radially decreasing and

TEr - v¢ = _T|v¢|
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everywhere in O* \ {0} and the function ¢ then fulfills (1.10) in Q* with

A= )\’f (Q*, 7e,). It then follows from the last result of part 1 of the present
theorem that

M@, 1) = M (QF, 7e,),
and the uniqueness of the vector field minimizing )\f (Q*,v) implies that
v = Te,.
By denoting ¢ := gpg* _re,» One proves similarly that ¢ is radially de-
creasing and one still has Te, - Vi = —7|V|, that is, —7e, - Vb = 7|V,
everywhere in Q* \ {0}. Part 2 of the present theorem then implies that

Xﬁ(Q*, T) = )\f(Q*, —Ter)
and ¥ = —7e,. The proof of Theorem is thereby complete. U

4. PROOF OF THE MINIMIZATION RESULT

Let us now prove Theorem Arguing by contradiction, assume that
the conclusion does not hold. There exist then a sequence (Sk)gen of
positive numbers such that limy_, o S = +00 and a sequence of vector
fields (vi)ken such that, for all k € N, |lvg||,, < 7 and

1

(4.1) AR (Q, v) < NPE (O, 7e,) + T

For all k € N, write

P = cp’g’ka and A\, = )\f’“(Q,vk).

One has
—Agpk + v - Vgok = Ak(pk a.e. in Q,
1 6()0143
— = = — Q-
v Pk on 0

Lemma shows that A\ < AP(Q,v;) for all k& € N, while [8, Proposi-
tion 5.1] ensures that the sequence (AP (€, vy))ren is bounded (recall that
vkl < 7 for all £ € N). Furthermore, each A is a positive real num-
ber. Therefore, the sequence (A;)ren is bounded. Arguing as in the proof
of Lemma one concludes that the sequence (¢p)ren is then bounded
in H'(9), which entails that the sequence (tr(¢g))ken is bounded in H? (092).
Therefore, together with the boundedness of the sequence (1/8k)ken, [
Theorem 15.2] implies that the sequence () ken is bounded in W22(Q), and
a bootstrap argument therefore shows that (¢g)rey is bounded in W?2P(Q)
for all 1 < p < oo. Thus, there exist 4 € R, ¢ € (Nj<peo, W?P(©2) and
f € L>*(Q) such that, up to a subsequence, -
lim A\, = pu,

k—+o0

or — ¢ weakly in W*P(Q) and ¢ — ¢ strongly in C*(Q)
o] k——+o0

k—+
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forall 1 <p < oo and all @ € (0,1), and
v - Vi — f weakly-* in L™°(Q).

Furthermore, as in the proof of Lemma there holds tr(pr) — 0 as
k — +oo strongly in L?(992). One therefore has

—Ap+ f=pp ae inQ,

p>0 in Q,
tr(p) =0 on 092,
maxp =1

Q

and f > —7|V| a.e. in ), so that
—Ap —T7|Vp| < pp ae. in Q.

Define

if Vo(z) # 0,
0 if Vo(z) =0,

so that |lv|, < 7 and
—Ap+v-Ve < up ae. in Q.
Let now ¢ := gog’v, so that ¢ > 0 in 2 and
—AY 4 -V = AP(Q,0)1 ae in Q.
If u < AP(Q,v), then
—Ap+v-Vo < pp < AP(Q,0)p ae inQ,

and [I7, Lemma 2.1] implies that ¢ = ¢ in Q, therefore u = AP (Q,v), a
contradiction. Finally,

AP (2,0) < .
But and Lemma imply that
p <AL Tey),
and one therefore obtains
AP (Q,0) SAP(Q7, 7ey),

which contradicts the “equality” statement in [I7, Theorem 1.1] since Q is
not a ball. This concludes the proof of Theorem O
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