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A SECOND-ORDER CORRECTION METHOD FOR LOOSELY COUPLED
DISCRETIZATIONS APPLIED TO PARABOLIC-PARABOLIC INTERFACE
PROBLEMS

ERIK BURMAN, REBECCA DURST, MIGUEL A. FERNANDEZ, JOHNNY GUZMAN, AND SIJING LIU

ABSTRACT. We consider a parabolic-parabolic interface problem and construct a loosely coupled
prediction-correction scheme based on the Robin-Robin splitting method analyzed in [J. Numer.
Math., 81(1):59-77, 2023]. We show that the errors of the correction step converge at O((At)?2),
under suitable convergence rate assumptions on the discrete time derivative of the prediction step,
where At stands for the time-step length. Numerical results are shown to support our analysis and
the assumptions.

1. INTRODUCTION

A number of studies have been reported in the literature on loosely coupled schemes for incompress-
ible fluid-structure interaction (FSI) with thick-walled solids (see, e.g., [19, 5, 20, 12, 26, 30, 13, 27,
28, 10]). In most of these works, either no rigorous error analysis is carried out or error estimates are
provided which are not uniform with respect to the spatial discretization. Robin-Robin loosely coupled
schemes, first proposed in [20] for FSI problems, were recently analyzed in [11, 18, 16, 14, 17, 25]. Both
the parabolic-parabolic and the hyperbolic-parabolic couplings have been considered in [14]. The FSI
case corresponds to the hyperbolic-parabolic coupling with the additional difficulty coming from the
fluid incompressibility constraint [11, 16, 25, 17]. The method is shown to be unconditionally stable
and, for the first time, with a splitting error that is spatially uniform. Sub-optimal convergence rates
in time of order O(v/At) were first proved in [11, 18, 16]. However, this was later improved to nearly
first-order accuracy in [25, 14, 17].

By leveraging the good stability properties and spatially uniform splitting error of the method in
[16, 17], our aim is to construct a higher-order scheme in time by building on the prediction-correction
methodology [9], with the Robin-Robin loosely coupled method as the prediction step. Although
our ultimate goal is to develop a higher-order method for FSI problems, in this paper we start by
constructing and analyzing a method for a coupled parabolic-parabolic problem. Indeed, the parabolic-
parabolic problem is a classical model problem for fluid-fluid interaction, but it also involves some of
the difficulties present in linear FSI problems, making it a good first step. It should be mentioned that
correction methods have been used widely for FSI problems; see for example, [3, 19, 5, 20, 16, 17].
Burman and Ferndndez [19] already argued that one should expect a At improvement for every
correction step. However, there does not seem to be an analysis of this for FSI problems (or for
parabolic-parabolic problems). A method based on subcycling (several correction steps) was proposed
in [7, 6], with linear convergence in the number of steps. In a domain decomposition framework,
focusing on a multi-timestep approach, a Robin-Robin coupling for time-dependent advection—diffusion
was introduced in [21] with numerical investigation of the stability.

In this paper, we aim to provide rigorous evidence of this by proving second-order convergence of a
prediction-correction method with a single correction step, under an assumption of the convergence of
the prediction step. The guiding principle of our correction method is to have discrete time differences
of the prediction step error appearing in the right-hand side of the correction step error equations.
Then, one uses the fact that the discrete time differences converge with second-order accuracy. We
should mention that this strategy has also been used in [1] for a non-linear fluid problem, and the
idea goes back to the work of Stetter and Bohmer et al. [32, 8, 9]. Typically, in the previous work on
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defect-correction for interface problems [1], the physical coupling conditions in fluid-fluid interaction
introduced some dissipation, which made it possible to control the splitting error. This is often the
case for fluid-fluid interactions modelling atmosphere-ocean interaction, where the two systems are
coupled through the drag force on the ocean surface [23, 24, 22, 34, 33, 35, 31, 29]. In our case,
no such dissipative mechanism is present, and therefore the arguments of [1] fail. The conservative
coupling presents an important challenge for the analysis, both for the low-order splitting scheme
and the defect-correction scheme. Indeed, to the best of our knowledge, this is the first time second-
order convergence is proved for a splitting scheme where the coupling conditions are conservative. A
key milestone towards achieving second-order convergence of the correction step was reached in an
accompanying paper [15], where we prove that many of the time difference errors of the prediction
step are indeed second-order accurate in the L?-norm. When the interface is perpendicular to the two
sides of the domain, we also prove that the H?-norm of the time difference errors of the prediction
step also converges as O((At)?). This H? estimate turns out to be a crucial ingredient in the analysis
of the correction method. Although it is nontrivial to prove the H? estimate in a more general setting,
numerical results indicate that the H? estimate also holds for more general cases.
Let us summarize the steps of the prediction-correction method at time #,41:

e Solve the prediction step to obtain the defect solutions u{™", wi™" and A\J*.
e Modify the right-hand side of the prediction step using the solutions ug‘H, w6’+1 and /\(T)H'l7
while keeping the left-hand side of the prediction step unchanged.
e The modification of the right-hand sides is designed in such a way that the right-hand sides
of the error equations of the correction step consists of the term Uj*! — Uy, Wit — Wy,
AP — A? and their gradients.
e Solve the new system with the modified right-hand side to obtain the correction solutions
wt T wl T and AP
Here, Ao denotes the Lagrange multiplier for the prediction step. The terms Uy, W and Af are the
corresponding error terms of the variables ug, w{ and Aj at time ¢,,. As mentioned above, it has been
observed numerically that Uyt — U, Wt — W, and AT — Al converge with rate O((At)?) in
the L?-norm in general. Moreover, we prove that the first two errors are second-order accurate in the
accompanying paper [15]. We also prove that the H2-norm of USLH — Uy is second-order accurate
for a special case. Note that this implies the second-order convergence of the Lagrange multiplier in
L?-norm. In Assumption 3.1 below, we assume the second-order accuracy of this error in order to
carry out the analysis of the correction step. With this assumption we are able to prove second-order
accuracy of the correction step. It should be noted that we perform the analysis for the time semi-
discrete method. Extension to the fully discrete case are non-trivial and will be considered in the
future.

The rest of the paper is organized as follows. In Section 2, we introduce a parabolic-parabolic
interface problem and the corresponding prediction-correction method. In Section 4, we show that
the correction method gives higher-order convergence in time under a crucial lemma when the interface
is perpendicular to the two sides of €. In Section 5, we present two numerical examples that illustrate
the theoretical findings. In Section 6, we consider the interface problem with Dirichlet boundary
conditions and discuss an inconsistency that arises and briefly describe how to remedy it. We conclude
the paper by drawing some future directions in Section 7.

2. PREDICTION-CORRECTION METHOD FOR A PARABOLIC\PARABOLIC INTERFACE PROBLEM

Let €2 be a bounded domain that can be decomposed as ) = QU Q, where the common interface
¥ = 0Q;N08. The subset I‘£ (resp., I'}) of the boundary 02 (resp., 0€);) is the bottom side (resp.,
top side) of the domain Q (resp., ©25). We then denote F{V = 8Qf\(l“£ NY) and I'y, = 909, \ (T'5NE).
See Figure 1 for an illustration.
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We consider the following parabolic\parabolic interface problem.

(2.1a)

(2.1b)

(2.1¢)
(2.1d)

where n = ny and n, are the outward facing normal vectors of ¥ for €2y and €1, respectively. Here
vy and v, are piece-wise constant functions. We also assume that the initial data is smooth and that

Ou — vy Au =0,
u(0, z) =up(),
u =0,
o _
on
ow — vsAw =0,
w(0, z) =wo(z),
w =0,
ow
o
w —u =0,

vsVw-n, +1v;Vu-ny =0,

u and w is smooth on €2y and €2, respectively.

Note that we consider Neumann boundary conditions on two sides of the domain instead of Dirichlet
boundary conditions, this is different from our previous work [14]. There are two main reasons we
consider the problem (2.1). First, the parabolic\parabolic interface problem (2.1) is more applicable in
real-world scenarios, as numerous fluid-structure interaction problems involve a specific section within
a broader domain where the fluid flows from left to right. Consequently, imposing Dirichlet boundary
conditions to two vertical sides of the domain is unsuitable. Secondly, the numerical method for the
Dirichlet problem has some inconsistencies which presents some difficulties in the analysis. We discuss

this in Section 6.

i

FIGURE 1. The domains Q2 and €2, with interface ¥ and Neumann boundaries.

in [0, 7] x Q;,
on Qf,
on [0,T] x I‘fD,

on [0,T] x '},

in [0, 7] x Qs,
on (g,
on [0, 7] x T'p,

on [0,T] x I'y

in [0,7] x %,
in [0,7] x %,

'y
'y
Q. 5
f
FN
Qf
s
FD



4 ERIK BURMAN, REBECCA DURST, MIGUEL A. FERNANDEZ, JOHNNY GUZMAN, AND SIJING LIU

2.1. Variational form. Let (-,-); be the L?-inner product on Q; for i = f, s. Moreover, let <~7 > be
the L?-inner product on X. Consider the spaces

(2.2a) Vi ={ve H'(Qf) :v=0o0nT%},
(2.2b) Ve :={ve H'(Q) :v=0o0nTp},
(2.2¢) V, :=L*(%).

We define the discrete time derivative as

v —v
opgv™ = —
At
and the discrete average in time
n+1 n
rr = T aal
2

Furthermore, define the time step At and an integer N, such that 7= NA¢, and let u™ = u(t,, ),
where t,, = nAt for n € {0,1,2,...,N}. Define | = v;Vu - n; and assuming that | € L?(X) we get
that the solution to (2.1) solves, for all ¢ € [0,T]:

(2.3) (Qgu,v) 5 + vy (Vu, Vo) — (l,v) =0, Yo e Vy,
(atwv Q)s + VS(VW, VQ)S + <|7 q> =0, Vg€V,
<u—w,,u> =0, VpelV,.

2.2. Defect-correction method. We propose the following defect-correction method. The method
consists of two steps, namely, the prediction step and the correction step. The prediction step is a
Robin-Robin coupling method [14]. The correction step is designed by modifying the right-hand side
of the prediction step while keeping the left-hand side of the prediction step unchanged as we discussed
in the introduction.

Prediction step. Find wj ™ € V,, uf*" € V;, and \j ™' € V, such that for n > 0,

2.6a Onewl ™ 2) s + s (Vi ™, V2o + alw?™ —ul, 2) + (A2, 2) =0, Vz eV,
0 0 0 0 0

(2.6b) (ﬁAtug'H,v)f + Vf(Vug‘H, Vou)y — </\8+1,v> =0, YveVy,

(2.6¢) (6T =20) +alug™ —wg™), 1) =0, VYu eV,

Correction step. Find w}™ € V,, uf** € V;, and A} € V, such that for n > 0,
(2.72) (Oarw] ™, 2)s + v (V™! Vo), + a(with —uf, 2) + (A}, 2)
1 ntl

= s (Vwpth, Va), + alwy™ —wi, 2) + (A3, 2) — v (Vg 2,Vz2), — (A 2,2), VzeV,,
(2.7b) (Oarut™ v) ¢ +vp(Vupth, Vo) p — (AT )

=v(Vugtt, Vo) — (NG 0) — Vf(Vuo+2,Vv)f + <)\0+2,’U>, Vv € Vg,
(2'7C) <()‘?+1 - A?) + a(u?Jrl - w?+1)a :u> = <)‘(7)l+1 - 87M>7 Vi € ‘/g
In practice, the splitting method should be implemented sequentially. Assuming the information from
the previous time-step is known, we solve the prediction step (2.6) for wi™*, uitt and It We
then compute the right-hand side of the correction step (2.7) using wg+17 ugﬂ and )\SH and solve
for wi™h wf* and X! using (2.7). Moreover, by design, each problem (2.6), (2.7) can be split into
two sub-problems.
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3. ESTIMATES FOR THE PREDICTION STEP

The key to the analysis of the correction method is the error estimates of the time difference
quantities of the prediction step (2.6). The proof of these results are established in [15]. In this
section, we summarize these estimates. We define the errors

Wy =w" —wy,
(3.1) Uy =u™ —ug,
Ay =1" = )\p.
In [15, Corollary 4.2], we show the following estimates for the prediction step (2.6).

max |[Wgtt = W72,y + _max (UG = U720,

0<n<N-1 0<n<N-1

(3.2) N-1 No1
+ ALY vl VUTT = UG,y + At Y vl VIV = W) 1720,y < C(AD"Y,

n=0 n=0

Additionally, we obtain the following estimate in [15, Corollary 4.2],

M—-1 _
v(Urtt —ounr 4 Uynt
At Z Vf” ( 0 0 0 )

(3.3) a0

||%2(Qf) < C(A1)*Y.

n=0
Here Y and 9 are defined in Appendix A. At last, the following relation is established in [15] as well,
(3.4) AT = VU oy on X
We then make the following crucial assumption.

Assumption 3.1. We have,
N—-1
(35)  max IVUFT = U, + A Y IDATET — U8B, < CADY,
== n=0
where Y contains the reqularity of the solutions.
Due to Assumption 3.1, the following Corollary is valid.

Corollary 3.2. We have,
N—1

(3.6) ALY MG = AGlITa(s < C(ARY
n=0

foranyn=20,1,2,...,N — 1.

Proof. By a standard trace inequality, the relation (3.4) and (3.5), the estimate (3.6) immediately
follows. |

Remark 3.3. If we consider a simple setting where the interface is perpendicular to the two sides
of the domain 2, as depicted in Figure 2, we can prove Assumption 3.1 with Y =Y +9 + Y +
I/fH65’W||i2((07T)7L2(QS)). Here Y and Y are defined in Appendix A. We refer to [15] for the proof of
Assumption 3.1 in this special case. However, it is nontrivial to prove Assumption 3.1 for a more
general case. Nonetheless, numerical results in [15] indicate that Assumption 3.1 holds for general
cases.

4. ERROR ANALYSIS FOR THE CORRECTION STEP

In this section we provide the error analysis of (2.7) under Assumption 3.1. As argued in [14],
the prediction step is first-order accurate. In this section, we will prove that the correction method
produces a second-order accurate method provided Assumption 3.1 is satisfied.
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'y
Iy 0, Iy
by
F{v Qf F{v
I

FIGURE 2. The domains €2y and €, with horizontal interface

4.1. Error equations. To obtain error equations, we write the exact solution in a way that can be
compared to the numerical method.

(4.1a) (Oaw™ ™ 2)s + v (VW V2), + oz<w”+1 —u", z> + <I", z>

= v, (VW V2), + oz<w"'H —u"”, z> + <I"7 z>

. Z/S(VWTLJF%,VZ)S = <I"+%,z> +T1(2), Vz € Vs,

(4.1b) (Opagu™ V)5 + Vf(Vu”H, Vou)y — <|"+1, v>

=vp(Vu" ™, Vo), — (1" ) — uf(Vu”+%,Vv)f + <I"+%,v> +Tr(v), YveVy,
(4.1¢) (M=) + au™t —wth), ) = (T =17 ), Y eV,
where
(4.2a) Ty (2) ==(Oaw™ 1, 2)5 + s (VW2 V2), + (I3 2),
(4.2b) To(v) :=(Opau™ ™ v) f + Z/f(VuM'%,Vv)f - <I"+%,v>.

Now we define the errors
Wi =w" —wl,
(43) T3
AT =1" = AT
Subtract (2.7) and (4.1), we obtain the error equations for n > 0,
(4.4a) (OaWiHh 2)s + v (VW] V) + W] — U, 2) + (A}, 2) = Ri(2) + Ti(2) Vz € Vi,

(4.4b) (Oa U 0) 5 4+ vp (VUL Vo) g — (AT, 0) = Ro(v) + T (v) Vv € Vg,
(44c) (AT = AT + (U = W), ) = (A = Af, ) V€ V.
Here

1 n n n n 1 n n
(4.5a) Ri(2) 5:§Vs(V(W0 W), V2)s + a((Wy -y, z) = §<A0+1 —Ag,2),

1 n n 1 n n
(4.5b) Ry (v) :=§Vf(V(Uo+1 - Ug), Vu)g — §<Ao+1 —Ag.v).

It follows from (4.4c) that,
(4.6) AP AT (U = W) = AT A7 on X
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We use the convention uj = u* = up and wj = w" = wy for 7 < 0.

4.2. Preliminary estimate for the correction step. In this section, we establish some preliminary
estimates that will be used in the convergence analysis. The techniques we use here is similar but
slightly different to those in [15]. First, we define the following quantities for n > 0,

H
2¢

n n n 1 n n n n
ST =A (v [VUT 20,y + vV 1 22q,) + §(||W1 W2 + 10T = UllT20,))

" 1 " 1. . Ata " n
P = WP e o) + S IUT T 20,y + = 10T 1720y + 5= AT 172y,
2 2 f 2

alt, n 1., n
+ T”(Ul —Urth) + E(Al - A1+1)||2L2(Z)'
We will use the following identity where (-,-) is an inner product and || - || is the corresponding
norm:
1
(4.7) (¢ = v, 9) = S(llel” = 1017 + 19 = $II* = 19 = ¢ll*).

We start with the following lemma.
Lemma 4.1. It holds,
(4.8) 27 4 SYt = 70+ AtFPT 4 AR 4 AT %(A;L“, AT = AD),
where
Fitti= — (WL A — AGHY) + (U7 — UL A — AgT),
R =R (Wi + Ro (U1 ),
T =Ty (WP + To(UP).
Proof. To begin, we set z = AtW in (4.4a) and v = AtU]""" in (4.4b) and we obtain, by (4.7),
SIWE ey + S I0FH B + SIWEH = WE B, + 3107 = UF e,
+ v AL VW [T ) + VfAt||VU1n+1”2L2(Qf)

1 n 1 n n n n
(4.9) = §||W1 120,y + §||U1 720,y + A"+ R T,
where
(4.10) I = — (WP = O, WP — (AT, W) (AT U,

After some manipulations and use (4.6), we have
1
JUEL = I (AR - AR - (AT AR — AR 4+ (U7 - UPF AR - AR,
where
1
I = U = UFL U7 4 — (AT = AJPL AT — (U = U AT — AT,

One can easily show that

(4.11) T =S (0 N Zecmy = 0T e sy) + 5 (AT 1720y — AT Z2(s))
« n 1 n
= 21U~ U + (AT = A
Combining (4.11), (4.10) and (4.9) we arrive at the identity (4.8). O

In the following subsections, we give preliminary estimates of all the terms on the right-hand side of
(4.8). To this purpose, we will need the following trace inequality, which follows from the continuity
of the trace operator and from Poincaré’s inequality.
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Proposition 4.2. There exists constants Cy,. such that

(412) ||UHL2(Z) < Ct’rHVUHL?(Qi) YoeV, i= S, f
4.3. Estimate for F]"".

Lemma 4.3. Let 1 < M < N, then

M—-1 M 1
(4.13) At F < Z S+l L Dy (M),
= n=0

where

M-
D+(M) = At Ct2'r CtZT An An+1 2
(M) = At ) I/f [ 0 N2z

n=0

Proof. Tt follows from (4.12) and the definition of ST*! that,

M-1
ALY (=W AR — AGTY + (U7 = UPTL AR — AGTY)
n=0
M-1 M-1
At n At n
S E VS”VWI +1||L2 Qg ) + 16 Z VfHVUl +1||%2(Q‘f)
n=0 n=0
M1 o2 o2 | M-t
+CAL Y (V; tf) IAG = AG ™ Ea(s) < g D_ ST+ CDu(M),
n=0 n=0
which completes the proof.
4.4. Estimate for R"t1.
Lemma 4.4. Let 1 < M < N, then
M—1 | M
(4.14) At Y R < Z St L ODy(M),
n=0
where
M— 02 M—1
D)= 8¢ 3 ( Y15~ AT ey + A 3 m VOV = Wl
n=0 n=0

—1 M—-1
C2. n n
+ At Z QPIWEH = Wil Fa ) + AL Y v VUG - U Z2(0,)-

n=o Vs n=0
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Proof. From (4.12) and the definition of ST™, it follows that

M-1
At > Ry (W) + Ry(U™H)
n=0
M-1 1 1
—AE Y S (VOIVE = W), VW), 4+ a (W = W), Wity — (A = Ag W)
n=0
M1y 1
+ A Y S (VUG = UG), VU — S (AT — A5 U
n=0
Ay M M-1
<3 Z Vs[VWE 72 q,) + CAE Z vsIVWg ™ = Wi)llZ ()
n=0 n=0
02 M-—1
"‘CAt a® Z Wt —wy ||L2 (zy + CAL - Z [AG* — AnHL2(E)
Vs n=0
AtM 1 M-1
+ 5 2 YIVOT  iaa,) + CAL D vV (UG = U 20,
n=0 n=0
02 M—-1 1 M—-1
+CAL=t DA = Afla) < 3 > St 4 CDy(M),

n=0 n=0
which yields (4.14) and completes the proof.

4.5. Estimate for 771,

Lemma 4.5. Let 1 < M < N, then
M-1 LM

1
n—+1 < Z n+1
(4.15) At ; T < max 70+ ;} St 4 CDy(M),
where
M—-1
D3(M) : = AtT (Hamwn+1 = OW(tny 1) 72,y + 10asu™ T = 3t”(tn+;)||2L2(Qf)>
n=0

M—1
+AEY ( SIVW T2 = Vw(t, 1) 220, + vrl VU2 — Vu<tn+;>||%sz>)

M—-1
e AT
+ At Z (< v V:)H' Tz |(tn+;)||2L2(z)>-
Proof. We have, by( 2),
— M—-1
At Z Tn+1 _ Z |:Tn+1(Wn+1) + Tn+1(Un+1):|

n=0
M-1

(]

[(aAtW“H,W{LH) +rg (VW e VWP 4 (I )

n=0
F (Oanu™ L U p 4 g (VU2 YUY, — (175 U |

It follows from (2.4) at ¢, 1 = @ that,

(417) (atw(thr%)’ W1n+1)5 + V8<vw(tn+%)7 VW{LJFI)S + <|<tn+%)7 WITL+1> = 0.
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Similarly, it follows from (2.3) that,
(4.18) Oty s), U ) g +vp(Vulty 1), VU = (I(t41), UTH) = 0.
Subtract (4.17) and (4.18) from (4.16), we obtain

M-1 M-—1
Aty T =AY {T{‘“(W{‘“) + Tt urth)
n=0
M-1

=at Y {(amw1 — 0wty 1), W) s + va (VW' — Vw(t, 1), VW),
(4.19) n=0 )
(I = (), W)

+ (Oapu" Tt — deu(tyy1), Urthy s+ VS(VU”"’% = Vu(t, 1), VUt
1 n
— <|n+2 — |<tn+%)) U; +1>:| )
Consequently, we estimate (4.19) by Cauchy-Schwarz inequality and Young’s inequality as follows,

At
At Z < 3 (19 e + 10T )

M-—1

+ CALT Z (||8AtW = OW(tny 1) T2, + [10acu™ " — 3tu(tn+;)||2L2(Qf)>

M —
A n n
Y (O g VU e

M-1
1 1
+CAL Y (Vs”VW"Jr2 = VWt )2, + el VU2 — Vu(tn+;)|i2(ﬂf)>
n=0
M-1
C't2r Ct2r n+x 2
+ CAt nz::o ((Vf + A 1772 =1ty ) 1Z2y )
which gives (4.15) and hence completes the proof. O

4.6. Estimate for 7([\"“ AR — Ay). In this section we estimate the term
M—1

At
(4.20) — ) (ATTLALTT AR,

@ n=0
Note that VUt - ns is well-defined on Q. Hence we may extend VU, - n; into the domain Q
in a similar fashion as in [15]. Let ¢ : Qy — R be an affine function that is 1 on ¥ and vanishes on
I‘é. Therefore, the following properties are satisfied:

(4.21a) ¢ e Vy,

(4.21D) 0<o<1,
(4.21c¢) p=1 on X,
(4.21d) V6]l 20, < C.

Define the function

(4.22) Aptt = o(vp VU - my).
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Note that AJ™ = Ap** on ¥ and AJ*! € V4, so it is indeed an extension. It then follows that
(4.23) (ATTL AR — A = (ATTADTT — AY).

Denote L™t! := APT! — A7 and L"*! := AZ*! — AZ. Furthermore, owing to (4.4b) with v = L"*!, we
have

(4.24) <A;L+17 £n+1> _ (8AtUin+17 |:n+1)f + Vf(VU{lJrl, v[n-‘rl)f _ RQ(I:TLJFI) _ T2(|:n+1).

Therefore, we obtain

At M—1 1 M— ~ At M-1 B
— D (AL AT AR =~ Z UPt = U0, L g+ = D vy (VU VL),
n=0 n=0

«
(4.25) =0

Q\l>

¢ M- A M=
Ln+1 = Ln+1
The following lemma states the estimate for (4.20), based on the previous identity.

Lemma 4.6. Let 1 < M < N, then

At 1 1

=Y n+l An+l _ An < = n+1 - n
(4.26) >y (AT A Ap) < < z_% S™H 4+ 7 max 7 + CD4(M),
where

M—-1
n A n
Dy(M) :—At Z VL") 2q,) Z IE" 1720,

3M 1 Ln+1 ~n "
ZH 12200, + 2H|- 1720,

02 M-—1 M-1
(4.27) + A= - Z IAGH = AG G2y + A Y v VUG = U2,
n=0 n=0
]\/I 1 M-—1

n+i
Z [0aeu™ = Bpu(t, 4 )ll72(,) + At Z Ve[ Vu"E = Vu(t, )72,
n=0

CT L

+ At Z V; 172 =1t )22 (s)-
n=0

Proof. From (4.25), (4.5b) and (4.2b), it follows that

M-1

At
(AL AT - AF)

n n | n At n n
(U1+1_U17|- H)f"‘ o E , Vf(VU1+1vVL H)f
(4.28) =0 =0
n n 'n 1 n nn
Sr (VUG = Ug), VL) — (Ag ™ — Ag.L “>]

{(8Atu”+1, £n+1)f + z/f(Vu’”%,VIN_"“)f — <|n+%’ |~_n+1>:| .
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By using Cauchy-Schwarz inequality, Young’s inequality and a similar argument as in Lemma 4.5, we
obtain

M—-1
At
(6%
n=0
1 M-—1 B At M—-1 v M—-1 ~
<o S ooptt —up L 5 > vi VU 7 2q,) + CAta—é > VL 1720,
n=0 n=0 n=0
M—1 c2 M-l
+ At Z v | V(UG - U(?)H%%Qf) + At Vt,r Z lAG+! — ANz
n=0 n=0

+C* Z L1z oy +C* Z 10" = Bru(t,y 1)l Z2 ey

M—-1 M—-1

n+i CQr n+i
FOAL Y vl = Vultys e,y + CAL Y TEIME —ltns s
n=0 n=0
JV[ 1 1Mfl
n+1 n | n+l n+1
<1 ZU —up,L )f+§n§::0sl + CDy(M).

By a summation by parts formula, and using U = 0, we have

M-—1 B 1 M-—1 B
-~ Z o N T D (4 S K PR <U1 LMY, — f<U1,L )z

(0%
n=1
M—

1
n |n n 1 I
DU =L+ (U, L)y
1

n=

At "= CT(AL)? =
< 16T Z U1 ||%2(Qf) +t Z

Q=

|:n+1 _ |~_n 2

2 2
@ n=1 <At) L2($y)
UM ||LM|| <! max 7"+ CDy(M).
16171 2@ + L2(Qp) = 1 % 4

The estimate (4.26) then follows by combining the above two inequalities, which completes the proof.
O

4.7. Main result: error estimate. In this section, we state and prove our main result under
Assumption 3.1 and Corollary 3.2. To this purpose, we first need the following lemma.

Lemma 4.7. We have, for 1 < M < N,

(4.29)  Di(M) < C(At)* (Cg + C‘?’“)Y,

vy Vg

(4.30)  Dy(M) < C(At) <02 Ot2’“>Y+<Cy4 +1>y

l/f Vg s
(4.31)  D3(M) < (At)* <T||33W||%2((0,T),L2(Qs)) + T)|07ull 22 0,7), L2 (0,

+ Vs||32WH%2((o Ty,H(2,) T VfHat2u||L2((0,T)aHl(Qf))

czooc2
+< : +t)||33|||%2((0,T),L2(2))>,
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2
Ct T

2
af (vr L Vi v T
(4.32)  D4(M) < C(AD) ((aQ += +1>y+ <a2 t g >Y+ =9

1 CT
+ a||3?UH%2((0,T),L2(QS)) + Vf||at2u||%2((0,T),H1(Qs)) + = ||32|HL2((0 T, L2(E))>

where Y is defined in Remark 3.8 and Y, 2 are defined in Appendixz A.

Proof. For Dy (M), using Corollary 3.2, we have

M-1
C2I‘ 021" n n 021" C'21‘
(4.33) Dy(M)=At Y ( V; ¢ )A — Mg Fam < < V; + t>(At)4Y

Vg
n=0 s

From (3.2) and Corollary 3.2, it follows that

M o2 o2 M-1
Do) =0 3 (G T YIS A5 ) +8¢ 3 v VOV~ W) g,

n=0
Mflc, M-—1

ALY TR W~ W Ry + A Y vy [V = Up) e,
n=0 s n=0

2 2 4
< (Ot - Ct) (ADYY + C(AH)*Y + C%az(m)“% +C(AL)"Y.

vy Vg s

For D3(M), we first notice that (see, e.g., [14] for similar bounds)

(4.34a) Z [[Oasw™tt — 8tW(tn+%)||i2(Qs) < A7f3||81§W||2L2((O,T),L"‘(Qs))’
M—

(4.34b) Z ||V(W"+1 — W(tn+%))||%2(gs) < At3||‘9t2W||2L2((07T),H1(Qs))’

(4.34c) Do =1ty DIy < AU (0.7 225

Hence, from these bounds, we get

M—1

D3(M) = AtT Z <||6Ath+1 = OW(tny 1) T2,y + 10asu™ T — 3tu(tn+;)||2L2(Qf))
n=0
M—-1 .
+ALY (Vs||VWn+2 = VWt )2, +vel[Vu™2 — Vu(tm;)H%z(Qf))
n=0
M—-1
02r C2r n 1
(4.35) +ALY <<V; + Zf) [+ — '(tn+;)lliz<z>>
n=0

T(At)*(]|6; W||2L2((O,T),L2(QS)) + HanH%Z((o,T),Lz(Qf)))
+ (At)4(VsH8t2W||2L2((o,T),H1(Qs)) + Vf||61£2UH%2((0,T),H1(QJ«)))

c:i CZ
+ (At)* (1/; + ;) 102172 07,22 () -

S

13
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For Dy (M), we first estimate the terms involving L™!. From (4.21b), (4.21d), (3.2) and Assump-
tion 3.1, it follows that

M-1
t% Z ||VL"+1H%2(QJ,)

n=0
v M-—1
136 ALY IV - Ui + AL S oyl DHO U)o
n=0 n=0

1/2
< O(At) (ZQ% + aév) .

Similarly, from (3.2), we have

M-1

At e |12 At C
4.37 =3 ey <c= U2t — U2y < = (A1),
am 0, <O S VO Ul < A0
On the other hand, from (3.3), we have
M-1 Fpiq ¢ M—1 n n 1y 12
t)? Z ||L +_ ” _ CT(At)3 S V(Ugtt —2up +Uph)
Lep =" g2 d (A1) :
(438) n=1 L2(Qy)
T 4
< C;(At) 2.
At last, from Assumption 3.1, we get
1~ v v
(4.3 I e, < CEEIVEY ~ Uaqa,) < O L (A1)

The remaining terms in Dy4(M) can be estimated similarly to those of Dy (M) to D3(M) as follows,
using (3.2), (3.6) and (4.34a)-(4.34c), yielding

o2 M=l M-1
At ; D AT = AGlI Ty + AL Y v VUG = Uiz,
n=0 n=0
At n+1 2 - n+3 2
o 2 10 = Bty + A0 3wV = Pl
n=0 n=0
M-1
(4.40) CZ . i1
+ At Z tf Itz — |(tn+%)||%2(2)
n=0
CQ

” —(ADY + C(AH)Y + At4||83u||Lz( (0.7),02(90.))

Ct T

4 21112
v A2 0,1, 2(5))-

+ VfAt4||8?U|\2L2((0,T),H1(QS)) +
We conclude the proof by combining all the above inequalities. ]

We now state and prove the main result of this paper.

Theorem 4.8. The following error estimate holds

N-1

(4.41) Joax ZY + 3 St < oAy,
n=0
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where

2 2 2 2 2y 42
Y1 :<%+%+C’ga2+wta+l>y+ <%’+C’tr+f2f>Y

vy Vs vs a vy Vs «

2 T 83 2 T l 83 2
+ az@ + TNy wllz2(0,7),22(0.)) + | T+ o 105 ullZ20,1),22(02,))

2 2 2 Ct2r Ct2r 21112
+ vsl|Oewl| T2 0,1y, 11 (02, )) T Ve 107 ullL20,7), 0 (24)) + o + o 105 W22 (0,1, L2(5)) -
Here, the notation Y is defined in Assumption 3.1 and'Y, Q) are defined in Appendiz A.

Proof. For 1 < M < N, by taking the sum over n =0,..., M — 1 in Lemma 4.1 and using Lemmas
4.3 and 4.5, we hvave

M-—1 1 4
n+1 < Z n X
Sy osptt< 5, max 7] +C Y Di(M).

n=0 i=1

1

Z]\/[ -
1 +2

Taking the maximum over 1 < M < N, yields

4
1
~ max ZM < C max D;(M).
2 1<M<N I<SM<N 4
Hence, we also get
N-1 4
> s < C max D;(M).
1<M<N 4
n=0 i=1
The estimate (4.41) then follows from Lemma 4.7, which concludes the proof. O

5. NUMERICAL EXPERIMENTS

In this section, we present two examples which numerically illustrate the analysis and observations
of the previous sections. We use the following notations to denote errors of the correction step,

eur = fluy — UNHLQ(Qf)’ ewr = [wy — WN”LQ(QS)’
eaur = ||V (i —u™) 20, ex = 1A = MV le2 ey,
e =[O0 = 1) = (0 =1 D2y

All numerical experiments are performed using FEniCS and multiphenics [2, 4].

Ezample 5.1 (Non-horizontal interface). In this example, we test the defect-correction scheme (2.7)
in a problem with non-horizontal interface. We let 2 = (0,1)? and we take the solution to be

w=u=e 2"t cos(mxy) sin(mwas).

We let X be defined as the straight line connecting (0,0.25) and (1,0.75). We then define Q; as
the region above ¥ and Q; as the region below X (see Figure 1 for an illustration). The diffusion
parameters are both set to be one, vy, = vy = 1. We choose h = At, T = 0.25, « = 4 and use
the piece-wise linear finite element method for the spatial discretization. The results are reported in
Table 1. As we can observe, second-order convergence O((At)?) is obtained for e,; and e, which
is in agreement with the theoretical findings provided by Theorem 4.8. Finally, we also observe that
e1x converges as O((At)?). This matches with Corollary 3.2.



16 ERIK BURMAN, REBECCA DURST, MIGUEL A. FERNANDEZ, JOHNNY GUZMAN, AND SIJING LIU

At eul rates ewl rates e\ rates €1, rates €dul rates
(1/2)2 2.47e-02 — 1.14e-01 - 8.51e-01 - 8.54e-01 - 2.29e-01 —
(1/2)3 1.44e-02 | 0.78 | 5.68e-02 | 1.01 | 5.01e-01 | 0.76 | 3.81e-01 | 1.16 | 7.43e-02 | 1.63
(1/2)4 1.36e-02 | 0.08 | 1.35e-02 | 2.08 | 1.94e-01 | 1.37 | 1.45e-01 | 1.39 | 7.31e-02 | 0.02
(1/2)5 5.89e-03 | 1.21 | 3.20e-03 | 2.07 | 5.34e-02 | 1.86 | 2.44e-02 | 2.58 | 2.82e-02 | 1.37
(1/2)
(1/2)
(1/2)
(1/2)

1/2)¢ || 1.50e-03 | 1.98 | 1.07e-03 | 1.59 | 1.84e-02 | 1.54 | 4.38¢-03 | 2.48 | 6.69¢-03 | 2.08
1/2)7 || 3.59e-04 | 2.06 [ 2.75e-04 | 1.95 | 7.49e-03 | 1.30 | 9.10e-04 | 2.27 | 1.56e-03 | 2.10
1/2)8 || 8.69e-05 | 2.05 | 6.84e-05 | 2.01 | 3.39e-03 | 1.14 | 2.07e-04 | 2.13 | 3.71e-04 | 2.07
1/2)° | 2.13e-05 | 2.03 [ 1.69e-05 | 2.01 | 1.61e-03 | 1.07 | 4.95e-05 | 2.07 | 9.01e-05 | 2.04

TABLE 1. Errors and convergence rates for Example 5.1.

Ezample 5.2 (Different Viscosity). In this example, the defect-correction scheme (2.7) is tested with
an exact solution involing different diffusion parameters in Qy and Q,. We let 2 = (0,1)2, ¥ to be
the straight line x9 = 0.75 and we take the solution to be

(5.1) w=e 2t cos(mxy) sin <47rll//f(9c2 - 0.75)) L u=e 2t cos(mxy) sin (47 (x2 — 0.75)).
S
Notice that w = u and ¥ and vsVw - ns +v;Vu-n; = 0 on the interface ¥. We also have u € Vy
and w € V, if Z—i is an integer. We calculate g1 = Gyu — vyAu, g2 = w — v,Aw and solve the
parabolic—parabolic interface problem (2.1) with nonhomegeneous right-hand sides g1 and go. We
choose vy = 2, v, =1, h = At, T = 0.25, o = 4 and use the piece-wise linear finite element method
for spatial discretization. We use the same notations as that of Example 5.1.

At €yl rates €wl rates ex rates €1, rates €du rates
(1/2)2 5.21e-01 - 3.49e-01 - 1.35e4-00 - 7.90e-01 - 2.63e+00 -
(1/2)3 1.38e-01 | 1.92 | 3.07e-01 | 0.19 | 1.23e+00 | 0.13 | 4.11e-01 | 0.94 | 1.70e+00 | 0.63
(1/2)4 3.81e-02 | 1.86 | 7.14e-02 | 2.10 | 8.42e-01 | 0.55 | 9.23e-02 | 2.15 | 4.89e-01 | 1.79
(1/2)5 9.85e-03 | 1.95 | 1.92e-02 | 1.90 | 4.65e-01 | 0.86 | 1.69e-02 | 2.45 | 1.27e-01 | 1.95
(1/2)6 2.48e-03 | 1.99 | 4.87e-03 | 1.98 | 2.40e-01 | 0.96 | 3.89e-03 | 2.12 | 3.21e-02 | 1.98
(1/2)7 6.22e-04 | 2.00 | 1.22e-03 | 1.99 | 1.22e-01 | 0.98 | 9.54e-04 | 2.03 | 8.06e-03 | 1.99
(1/2)8 1.55e-04 | 2.00 | 3.06e-04 | 2.00 | 6.15e-02 | 0.99 | 2.40e-04 | 1.99 | 2.02e-03 | 2.00
(1/2)9 3.89e-05 | 2.00 | 7.65e-05 | 2.00 | 3.09e-02 | 0.99 | 6.02e-05 | 1.99 | 5.05e-04 | 2.00

TABLE 2. Error and convergence rates for Example 5.2

We can clearly see O((At)?) convergence rates for e,1, €,1 and eq,, which agrees with our analysis.
One also observes the optimal convergence rates for e; » which match with Corollary 3.2.

6. THE DIRICHLET INTERFACE PROBLEM

In this section, we briefly discuss the defect-correction methods for the following parabolic\parabolic
interface problem with Dirichlet boundary conditions on all sides (cf. [14]). As we shall demonstrate
there is an inconsistency in the formulation at the the end points of ¥ when ¥ is not perpendicular to
the two sides of 0. Then, this inconsistency makes the second-order rates of ASH — A{ deteriorate,
which means that the Corollary 3.2 is not valid in this case. This in turn destroys the second-order
convergence rate for the correction method measured in the H* norm. Nonetheless, when measured
in the L? norm the approximations of the correction method seem to be second-order accurate.
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The Dirichlet problem is as follows.

(6.1a) Owu — vy Au =0, in (0,T) x Qy,
(6.1b) u(0,z) =ug(z), in Qy,

(6.1c) u =0, on (0,7) x 09\ &,
(6.2a) Ow — vsAw =0, in (0,7) x Qs,
(6.2b) w(0,z) =wg(z), in Q,,

(6.2c) w =0, on (0,T) x 094\ X,
and

(6.3a) w—u=0, in (0,T)x3,
(6.3b) vsVw-ng+v;Vu-ny =0 in (0,7) x X,

where n; and n, are the outward facing normal vectors for {2y and €2, respectively.
We define the following spaces:

(6.4a) Vi ={ve H' Q) : v =0 on 9Q; \ T},
(6.4b) Ve ={ve H (Q,):v=0o0n 00\ X},
(6.4c) V, =L*(%).

Note that the variational form for (6.1)-(6.3) is the same as that of (2.1). The defect-correction
method for (6.1)-(6.3) is almost identical to that of (2.1), the only difference is that we replace the V'
spaces with the V spaces.

There is an inconsistency of Ay at the end points of ¥. As in (2.6c) we have \JT! — A0 = a(wj™ —
up™) on ¥. Moreover, wj ™" and uj ™ have zero Dirichlet boundary conditions at two end points of
3> which force /\g+1 = Ay at those endpoints. Therefore, )\S‘H does not change in time hence it does

not approximate I"*! at those endpoints and consequently affect the convergence rates on X.

Ezample 6.1 (Non-horizontal Interface for the Dirichlet parabolic-parabolic problems). We now present
a numerical example which shows this phenomena. We let 2 = (0,1)? and we take the solution to be

w=u=e 2! sin(mxy) sin(mwxz).

We use the same notations and parameters as those in Example 5.1. The convergence results are
shown in Table 3.

At eul rates ewl rates e\ rates el rates €dul rates
1/2 211 1.99¢-02 - 4.18e-02 - 7.04e-01 - 6.99e-01 - 2.21e-01 -
1/2 31 7.58e-03 | 1.39 | 5.82e-02 | -0.48 | 5.04e-01 | 0.48 | 1.18e-01 | 2.57 | 4.08¢-02 | 2.43
1/2 21"1.40e-02 [ -0.88 | 1.18e-02 | 2.30 | 2.75e-01 | 0.88 | 1.13e-01 | 0.06 | 7.61e-02 | -0.90

1/2)% || 7.05e-03 | 0.99 | 3.55e-03 | 1.73 | 1.54e-01 | 0.83 | 2.61e-02 | 2.11 | 3.48¢-02 | 1.13
611 1.83e-03 | 1.94 | 1.41e-03 | 1.33 | 1.02e-01 | 0.59 | 6.20e-03 | 2.07 | 9.32e-03 | 1.90
1/2)7 || 4.47e-04 | 2.04 | 3.80e-04 | 1.89 | 7.03e-02 | 0.54 | 1.84e-03 | 1.75 | 2.74e-03 | 1.76

1/2)% || 1.08¢-04 | 2.05 | 9.63e-05 | 1.98 | 4.94e-02 | 0.51 | 5.95e-04 | 1.63 | 1.01e-03 | 1.45
1/2)% || 2.65e-05 | 2.03 | 2.41e-05 | 2.00 | 3.47e-02 | 0.51 | 2.00e-04 | 1.57 | 4.43e-04 | 1.19

(1/2)
(1/2)
(1/2)
(1/2)
(1/2)
(1/2)
(1/2)
(1/2)

TABLE 3. Errors and convergence rates for Example 6.1

We can clearly see that e; ) is not second-order accurate and hence Corollary 3.2 is not valid in this
case. Moreover, the gradient error of u of the correction method, e4,1, is not second-order. Finally, we
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FIGURE 3. The domains 2y and 2, with non-horizontal interface 3.

observe that e,; and e, are second-order accurate. It is worthwhile mentioning that if the interface
is perpendicular to two of the sides of 02 then there is no inconsistency for the Dirichlet problem and,
numerically, one regains second-order convergence for all the variables above. We omit the numerical
experiments here.

We finish this section by stating that there is a remedy for the Dirichlet problem, when vy = vy = v,

in the case X is straight line and that is not parallel to the two sides of 2. To be specific, we denote
T as the tangent vector of ¥ and s as the tangent vector of the side of ). It is easy to see that there
exists constants a and b such that ny = a7 + bs, and hence Vu - ny = aVu -7+ bVu -s. Note that
n, = —at — bs.
Remark 6.2. We take = (0,1)? and let the interface ¥ be the straight line connecting the point
(0,0.25) with the point (1,0.75). In this case, the unit tangent to X is 7 = [2/1/5,1/+/5]*. The normal
ny is ny = [—1/v/5,2/V5]". We let s = [0,1]", hence we can write ny = L7 + gs. See Figure 3 for
an example.

We then define the following modified defect-correction method.
Prediction step. Find wj ™ € Vy, uf* € V;, and \j ™' € V, such that for n > 0,

(6.5a) (Oarwg ™, 2)s + (Vg ™, V2),s + ba{wi™ — uf, 2)
+ au<Vw6L+1 T, z> + <)\”,z> =0, Vz eV,
6.5b Oaul T 0)  + (VT Vo) — (AT ) — (VT 7o) =0, Yo eV,
0 f 0 f 0 0 !
(6.5¢) (T = A0) + alug™ —wgth), u) =0, Vi€ V.

Correction step. Find w}™ € V, u}™ € V¢, and X! € V, such that for n > 0,
(Oarwi ™, 2)s + v(Vuwp ™!, Va), + ba(wi™ —uf, 2)

+ au<Vw?+1 T, Z> + <)\’f, z>

(6.6a) = v(Vwy™,Vz2)s + ba<w8+1 —wg,z) + (A\g, 2) + av{(Vwytt T, z)
- V(ngl+%,Vz)s - <)\g+%72> - a1/<ng+% T, 2), Vz eV,
(Oaruy ™ 0)p + v(VuPt Vo) p — (AT 0) — av(Vupth -1, v)
(6.6b) =v(Vug ™, Vo)p — (AFT0) — av(Vug T 1 v) — V(Vug+%,Vv)f
+ <)\g+%,v> + au<Vug+% -T,v>, Yv € f/f,
(6.60) (0T = XT) it — W), m) = (N = A2, ) Ve,

Remark 6.3. The difference between the original correction method and the modified correction
method (6.5)-(6.6) is the definition of the Lagrange multiplier A**!. The Lagrange multiplier A"*! in
(2.7) approximates vVu"*! . ny while the Lagrange multiplier A" ! in (6.6) approximates by Vu"*!:s.
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Note that if the interface X is not perpendicular to two sides of the domain, )\gH does not converge to
vVu™! . n; at those endpoints. That is why we modify the original method such that the Lagrange
multiplier approximates bvVu™*! . s (which is always 0).

We then show the numerical results of the modified method (6.6) for Example 6.1 in Table 4. We
can clearly see the improvement of ey, e; » and eg,; that match with our observation.

At eul rates ewl rates 3N rates el rates €dul rates
(1/2)2 2.20e-02 - 4.55e-02 - 7.65e-01 - 7.90e-01 - 2.31e-01 -
(1/2)3 5.29e-03 | 2.06 | 5.43e-02 | -0.26 | 5.19e-01 | 0.56 | 1.60e-01 | 2.30 | 3.32e-02 | 2.80
(1/2)4 1.29e-02 | -1.29 | 1.16e-02 | 2.22 | 2.33e-01 | 1.16 | 1.31e-01 | 0.29 | 7.09e-02 | -1.09
(1/2) 7.37e-03 | 0.81 | 4.18e-03 | 1.48 | 6.57e-02 | 1.83 | 2.92e-02 | 2.17 | 3.60e-02 | 0.98
(1/2)6 2.05e-03 | 1.84 | 1.63e-03 | 1.36 | 1.89e-02 | 1.80 | 4.59e-03 | 2.67 | 9.49e-03 | 1.92
(1/2)
(1/2)
(1/2)

[$

1/2)7 || 5.09e-04 | 2.01 | 4.42e-04 | 1.88 | 6.78¢-03 | 1.48 | 8.66e-04 | 2.41 | 2.32e-03 | 2.03
1/2)% || 1.24e-04 | 2.04 | 1.12e-04 | 1.98 | 2.85e-03 | 1.25 | 1.85e-04 | 2.23 | 5.62e-04 | 2.04
1/2)Y || 3.03e-05 | 2.03 | 2.80e-05 | 2.00 | 1.31e-03 | 1.13 | 4.25e-05 | 2.12 | 1.40e-04 | 2.01

TABLE 4. Error and convergence rates for modified defect-correction method (6.6)

7. FUTURE DIRECTIONS

There are several future directions. One, of course, is to prove Assumption 3.1 for problems with
more general interface. This seems to be a challenging problem and new ideas are needed. The second
is to extend the methodology to the wave-parabolic interface problem. Preliminary results are very
promising. Once we accomplish this, we will be ready to tackle the linear FSI problem. Finally, we
will consider the dynamic FSI problem.
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APPENDIX A. NOTATIONS

For readability, we collect various definitions in Section 3 here. We define Y as,

1 1
Y ::7Ha?W“i%O,T;Lz(QS)) + (7f Jr1)”8?””%2(0,T;L2(Qf)))
2 ‘ 3
vi Yy (vf)
+ (@ + E)Ha?uH%P(O,T;Hl(Qf)) T2 H8t2U||ZL2(0,T;H2(Qf))

2

« 1 v
+ 7||81:2u”%2(0,T;L2(2)) + 7f||a$|||%2(O,T;L2(E)) + ;];”atQUHsz(O,T;Hl(Qf))v
S
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define 9) as,

Loa 2 1 412

2 1=;||3t Wl zz20,m52200.)) (7f + D0 ullz20,1:L2(0,))
vy J% ( ) 3
+(@+ )||07 u||L2(0TH1(Qf))+ 16; U||L2(0TH2(Qf))
3 3 Vi s

+ —||(') U||L2 0.75L2() T - ||(’) |||L2 012z T @”at ull o0 0,751 (2 )

define Y as,
1
Y = ||8 o7 W||L2 0,T;02(2.)) T ( + 1|0z 32U||L2(0T L2@;))

2
v v (vg)?
+ (07); + i)Hawatu||%2(0,T;H1(Qf)) + LH@ Oru| 720,17, JH2(94))

2
Ha 8tU||L2(0TL2(z)) T ||8 atlHLZ(OTL2(E)) + 2||8 5'tUHLoc(0TH1(Qf))a

and define Y as,

(1]
2]

(10]
(11]
(12]
(13]

14]

(15]

Yi=2 HE) w207 02 (000 +( + D)[10:0;ull 20,7 12(0,)))

(vg)?
7”3 82U||L2(o T;H2(Q5))
2

vi 2 12
+ (@ + 7)"81’81& UHL2(O,T;H1(Qf)) +
Ha o UHL2(OTL2(Z)) T H8 RNz (0,7;L2(%)) T 2||5 0} UHLoo(OTHl(Qf))
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