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ESTIMATES OF DISCRETE TIME DERIVATIVES FOR THE
PARABOLIC-PARABOLIC ROBIN-ROBIN COUPLING METHOD

ERIK BURMAN, REBECCA DURST, MIGUEL A. FERNANDEZ, JOHNNY GUZMAN, AND SIJING LIU

ABSTRACT. We consider a loosely coupled, non-iterative Robin-Robin coupling method proposed
and analyzed in [J. Numer. Math., 81(1):59-77, 2023] for a parabolic-parabolic interface problem
and prove estimates for the discrete time derivatives of the scalar field in different norms. When
the interface is flat and perpendicular to two of the edges of the domain we prove error estimates
in the H2-norm. Such estimates are key ingredients to analyze a defect correction method for the
parabolic-parabolic interface problem. Numerical results are shown to support our findings.

1. INTRODUCTION

Time splitting methods are popular for fluid-structure interaction (FSI) problems (see, e.g., [2, 16,
4,17, 9, 10, 24, 25, 30, 28, 8])). One of the first stable splitting methods was proposed by Burman
and Ferndndez [16]. Later the same authors [17] developed a related method which was coined the
genuine Robin-Robin splitting method. Both these methods however suffered from a coupling between
the space and time discretization parameters that reduced the accuracy. This constraint was lifted
by eliminating the mesh dependence of the Robin parameter in [15]. The resulting method has been
analyzed in [15, 13, 11]. A very similar method was developed and analyzed by Bukac and Seboldt
[29]. In [13] it was proved for the FSI problems that the method converges as O(v/At) where At is the
time step. Numerical evidence suggested that those estimates were not sharp, and nearly first-order
accuracy was proved (mod possibly a logarithmic factor) in [11] for the analogue method applied to
the parabolic-parabolic and wave-parabolic problems. The analysis was extended to the FSI problem
in [22, 14]. For parabolic-parabolic couplings, there is a rich literature on splitting schemes motivated
by models of ocean-atmosphere interaction. In these models, friction forces on the interface render
the physical coupling dissipative through a Robin-type coupling condition, as discussed in [26]. This
aspect has been successfully exploited in the design of splitting methods [20, 21, 19, 33, 32, 34, 31, 27].
In our case, the coupling conditions consist of continuity of both the primal variables and the fluxes
across the interface. This coupling is conservative, and hence the approach suggested in the above
references fails. Instead, the splitting method uses a Robin condition for the computational coupling,
which turns out to lead to an unconditionally stable algorithm. An approach for conservative fluid-
fluid coupling problems was proposed in [23], using Nitsche or Robin type couplings similar to those
introduced in [17]. In a domain decomposition framework, a splitting method based on subcycling,
i.e., iterative solution, was proposed and analyzed in [6, 5]. In a similar spirit, but focusing on a multi-
timestep approach, a Robin-Robin coupling for time-dependent advection—diffusion was introduced in
[18], with numerical investigation of the stability.

It is well known that discrete time differences for time stepping methods (e.g., backward Euler
method) superconverge. In particular, when the backward Euler method is applied to a parabolic
problem, the first-time difference of the errors converge with order O((At)?). In this paper, we prove
similar results for the splitting method [11] applied to an interface problem. In particular, we will
prove second-order convergence for the scalar fields living on the two sub-domains in the L?-norm.
Moreover, in special configurations (i.e., the interface is flat and perpendicular to two sides of the
domain), we will be able to prove second-order convergence in the H2-norm. Numerically, the H?
second-order convergence rates seem to hold on more general configurations. This appears to be the
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first work where error estimates in stronger norms for splitting methods applied to interface problems
have been considered.

Error estimates of derivatives of the solution are, of course, of interest in their own right in many
applications. However, our main motivation for this work is the application of these estimates in
the analysis of a prediction-correction method [12] that we are concurrently developing. The aim is
to improve the first order convergence of [11] to second order convergence in time through a defect-
correction procedure [7]. The method in [12] uses a prediction step, which is exactly the splitting
method we analyze here. The second-order accuracy of the correction step depends on the second-
order accuracy of time differences of the prediction step, which is precisely the subject of this paper.

As for a single parabolic problem, the idea to prove higher convergence for time differences is to use
that the time differences satisfy a similar discrete equation with new right-hand sides that have time
differences themselves. Then, one uses the error analysis for the original method to proceed. In our
case, we will use the analysis provided in [11] to do this. The main difference here is that we consider
a problem with Neumann boundary conditions on two of the sides of a square instead of pure Dirichlet
boundary conditions, which were considered in [11]. This, in fact, simplifies the analysis slightly, and
additionally, one can remove the logarithmic factor that appears in [11]. It should be mentioned that
we only consider the time discrete case. The fully discrete case is more involved.

The rest of the paper is organized as follows. In Section 2, we introduce a parabolic-parabolic
interface problem and the corresponding Robin-Robin coupling method. In Section 3, we present
stability results for a Robin-Robin method. Section 4 is devoted to the error estimates. Finally, we
provide some numerical results in Section 5 and end with some concluding remarks in Section 6.

2. THE PARABOLIC-PARABOLIC INTERFACE PROBLEM AND ROBIN-ROBIN COUPLING METHOD

Let Q2 = (0,1)? and suppose that @ = Q;UQ;UX. The interface ¥ is assumed to be a line segment
that intersects €2 on the two side edges; see Figure 1. We let I'y denote the two side edges of Q2 and
we let I'p be the bottom and top edges of 2. We let T'Y, = T'y, N 9L, for i = s, f.

I'p
'y
Q, 5
'y
L
Qy
rL
rf,

FIGURE 1. The domains €2y and €2, with interface ¥ and Neumann boundaries.

2.1. The Parabolic-parabolic problem. We consider the interface problem

Owu — vy Au =0, in [0,T] x Qy,
(2.1a) u(0,z) =ug(z), on Qy,
u =0, on [0,T] x I‘é,

Inu =0, on [0, 7] x T'%,
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Ow — vsAw =0, in [0,7] x Qs,
(2.1b) w(0,z) =wo(z), on Qg,
w =0, on [0,T] x T'p,
Onw =0, on [0,T] x T'Y,
(2.1c) w —u =0, in [0,T] x X,
(2.1d) vsVw - ng + vVu - ny =0, in [0,7] x %,

where ny and ng are the outward facing normal vectors for Q2 and €, respectively. We assume that
the initial data is smooth and that u and w are smooth on 2y and 2, respectively.

2.2. Variational form. Let (-,-); be the L?-inner product on Q; for i = f, s. Moreover, let <~7 > be
the L2-inner product on ¥. Let N > 0 be an integer, and define At := %, and let u™ = u(ty,-),
where t,, := nAt for n € {0,1,2,..., N}. We consider the spaces

(2.2a) Vi :={ve HY(Qs) :v=0onI'}},

(2.2b) Vei={ve H' (Q,):v=0o0nT%},

(2.2¢) V, :=L*(%).

By setting 1"t := ¢80, ,u" ™! and assuming that I"*! € L?(X) for all n, the solution to (2.1) also

satisfies the following variational formulation, for n =10,..., N — 1:

(2.3a) (0w 2) s + v (VW V2), + <|"+1, z) =0, ze€eV,

(2.3b) (Qu™ T v)p + vp (VU Vo) p — (1" 0) =0, v eV,

(2.3¢) (Wt — ™ p) =0, pev,.

2.3. Robin-Robin coupling: time discrete method. We define the discrete time derivatives:

n+1 n

N A p—— At_ -,
and
9" = vt — 27 4"t
(At)?
The Robin-Robin method solves sequentially:
(2.4a) Opgw™t — v Aw™ Tt =0, on ),
(2.4b) w™ =0, on T3,
(2.4¢) Opw™ Tt =0, on I'y,
(2.4d) aw™ 4+ usansw”“ =au" — vfOp,u"  on .
(2.5a) Onu™ T — v Ayt =0, in Qy,
(2.5b) u™ =0, on I‘{,,
(2.5¢) Opu™ Tt =0, on F{W
(2.5d) au™ 1 4 Vfanfu”Jrl =aw" T + VfOp,u"  on 3.
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We let A"t = 1,0, ,u"t!. Then, the time semi-discrete solution solves the following: Find w™*! € V,
fOny g
w1 € Vi, and A" € V, such that, for n > 0,

(2.6a) (Oaw™ ™, 2)s + v (V™ Va) s + a(w™ — ™, 2) + (A", 2) =0, 2z €V,
(2.6b) (Oaru™ 1 0)p + vp (VT Vo) p — (A" o) =0, v eV,
(2.6¢) (™ —w™ ) 4 (WA ) =0, peV,

with u® = up(z) and w® = wq(z).
One can re-write (2.6¢) as

(2.7 a(u"tt — "ty = A" — A" on X

3. STABILITY RESULT

In this section we will prove stability results for the Robin-Robin method with a more general
right-hand side: Find w"*! € Vg, u"*! € V4, such that, for n > 0,

3.1a) Ipw™ Tt — v ATt :b?ﬂ, on €,
3.1b) w" =0, on T3,
3.1¢) Opw" T =0, on 'y,

3.1d) aw™ ™ 4+ v, 0w =au™ — ViOn,u" + ertt on X,

3.2a Oppu Tt — v At =pn L in Q,
f 2 f

(3.2b) u"tt =0, on ',

(3.2¢) Oput =0, on I'f,,

(3.2d) o + 05O u T =aw™t 4+ g0, u" + 5T on B

with

(3.3) wW=uw=0=£)=0 i=1,2.

We assumed zero initial conditions for simplicity and this will be enough for the error analysis below.
When analyzing the error of the Robin-Robin method the terms {b'}, {e'} will be the residual terms.

Remark 3.1 (Regularity). We assume that «" ! € H?(Qf) and w"*! € H?(Q;) for the remainder of
this paper.

Remark 3.2 (Notations). For any negative superscripts, we set the values of the terms on the right-
hand side to be zero, i.e.,

(3.4) wW=uw =b =l =0 j<0,i=1,2

We let A" = w0, u"T! and we see that the above solution satisfies, for n > 0,
(3.5a) (Oarw™ ™, 2) s + v (V"™ V2), + a<w”+1 —u”, z> + <>\", z> =Li(z), ze€Vj,
(3.5b) (aAtu”+1,v)f + Vf(Vu"+1, Vou)y — <)\”+1,v> =Ly(v), veVy,
(3.5¢) (a(u™ —w™hy + (AT = N, u) =Ls(n), peV,
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where
Li(z) =07, 2)s + <67f+1, z),
La(v) :=(b3"",v)y,
L3(u) ::<5§+1, ).
For convenience we rewrite (3.5¢) as:
(3.6) a(u™t — "ty = A - AT T on X

We will need to define the following quantities for the stability estimates.

n 1, .. 1, n Ato

Z" (4, ¢,0) 1:§H¢ 7, + §||¢ T2, + 5
mn n n 1 n n n n

S"H (W, ¢,0) :=At(vs |V +1||?:2(Qf) + v [V 22 0,) + i(W =Ty 16" =0 ||%2(Qf))

alAt n L1, o
+—ll¢ 9 +o( =072

1" 72y + %”9 2oy,

We first state a preliminary result.
Lemma 3.3. Let w,u solve (3.1) and (3.2) then the following identity holds.
(3.7) Z"  (w,u, ) + S (w, u, N) = Z™(w, u, A) + ALF T (w, u) + %<€;‘+17 ALY,
where
Frt(w,u) =00 w™ ) + (05w + <€?+1 + 5§+1,w"+1> + <u"+1 - u”,53+1>.

Proof. To begin, we set z = Atw"! in (3.5a) and v = Atu™*! in (3.5b) to get

§||w +1||2L2(QS) + 5”“ +1||2L2(Qf) + §||w 1 —w ||2L2(QS) + 5”“ o ||2Lz(Qf)
(3.8) + VALV 22, ) + v AL VU [T,
1 n 1 n n
= 5”“’ H%z(gs) + 5”“ H%z(Qf) + At
where
(3.9)  JHi=—alw" — ot 0" — (A 0T + (AT ) 4 Ly (w ) + Lo (u ).

Manipulating the first three terms in (3.9) and using (3.6), we obtain
(3.10)  — a{w™™ —u w™ Ty — (A" W) 4 (AT gt
D L T )
with
I = a(u® —u T e é()\” — AP — (u — AT - A,
One can easily show that

Jrt 25(”“ ||%2(2) = [lu +1||%2(z)) + %(”)\ H%Z(z) — A HH?;z(z))
1

—(A" = X" 1225y

_g n _ ,n+l
™ — w4 =
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By combining this identity with (3.9) and (3.10), we arrive at

Jrrt 25(”” ||%2(2) = [lu +1||2L2(z)) + %(”)\ ||%2(2) —[IA —HH%?(Z))
1

—(A" = X")|[2s)

_g n _ ,n+l
™ — w4 =

1
+ Ll(wn-‘rl) + L2(un+1) T 7<€g+17>\n+1> + <€;L+1’wn+l> + <€g+l7un+1 _ un>
o
If we plug in these results to (3.8) we arrive at the identity. O

We can now state an identity for the last term in (3.7).

Lemma 3.4. Let w,u solve (3.1) and (3.2) and assuming that 5" € V then the following identity
holds

At N-1 At N-1 At N-1
1 +1 1 1 +1
S AT == = Wt O Y (v (Fum 1, Vgt - 057 e5*)y)
n=0 n=1 n=0
1 N _N
+ — ,E .
a(“ 2 )r

Proof. We first take v = Ateh ™ in (3.5b) to obtain

At(ef TN = (" — ™ B+ At (Va T, Vel T s — At et g

If we take the sum over n =0,..., N — 1 and use summation by parts, we get
N-1 N-1 N-1
ALY (BTN = — ALY (", 0aiey )y + ALY (V,(vunﬂ, Ventl), — (b3t entt) f)
n=0 n=1 n=0

+ (uN7€év)f - (uov‘?%)'
We conclude the proof by using (3.3). O

To state the stability estimate we need the next definition.

N-1
_ 1, . 1 n
=N (my, ma, 51, 82) :=At E {u||m1+1||%2(gzs) + (Vf + 1) |m2+1|2Lz(Qf)]

S

n=0
No1o l/ 1
+ At (7 On, ™12 1Y gt 2 4 Lpgmrr2 )
7;) Z,fO[z” AtSy HLZ(Qf) a2 IVs3 ||L2(Qf) a” 2 HLZ(Qf)
N-1oy ) 1
+ At Z (;||37f+1 + 53-5-1”%2(2) + ;HSg+1||2L2(Z)) + ?HSQIHQB(Q”-
n=0 s

Theorem 3.5. Let w,u solve (3.1) and (3.2) and assuming that ey € V} then the following estimate

holds
N-1
ZN (w,u, \) + Z S™H (w,u, \) < CZN(by, by, 1, €9).
n=0
Proof. Using Lemma 3.3 and taking the sum we get
N-1 N-1 A V=l
ZN Y Sn+1 A) = ZO A At Fn+1 — n+1 )\n+1 )
(w’u’ )+ Z (wau’ ) (w7u7 )+ Z (wvu)+ o Z<52 ’ >

n=0 n=0 n=0
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Using the Poincaré and trace inequalities, we easily obtain the following bound

N-1 1 N-1 N-1 1 1
ALY F (w, ) Z S (w, u, \) + CAt Z(7||b?“|\%2ms) + ;Hbgﬂniz(m))
n=0 n=0 n=0 S
N—-1 1
+ 08 (et e ) + —Hs”“||Lz<z>).
n=0

Using Lemma 3.4 and the Poincaré inequality we have

Ap N1 1 e
o (g5 AT §1||UN||2L2(Q,«) T3 Z S™H (w, u, \)
n=0 n=0
N-1loy
+ 00N (1088 ey + 5 19 ) + HEA
n=0
At n
+ C* Z (03 +1HL?(Qf) + C ||€2 ||L2(Qf)
n=0
It follows from (3.3) and the definition of Z° that Z°(w,u,\) = 0. We finish the proof by combining
the above estimates. ]

Due to Remark 3.2, the discrete time derivative of 4 and w solves (3.1) and (3.2) with discrete time
derivatives of the data as the right-hand sides, we immediately get the following.

Corollary 3.6. Let w,u solve (3.1) and (3.2) and assuming that Opaeh™ € V; then
N-1
ZN(0arw, Onru, OaaX) + 3 8™ (Oarw, Oaru, 0ar\) SCEN (Darby, Oarbe, Oare1, Oare)
n=0
Similarly, the second-order discrete time derivative of u and w solves (3.1) and (3.2) with the
second-order discrete time derivatives of the data as the right-hand sides, we also have the following.

Corollary 3.7. Let w,u solve (3.1) and (3.2) and assuming that 03,657 € V; then

N—-1

N(aitw, aitua agAt)‘) + Z Snﬂ(aitwv aituv 8it>‘) SCEN(aitblvaith»aitf:lv 8it52)

n=0
Remark 3.8. We can also analyze the problem (3.1)-(3.2) but replacing the homogeneous Neumann
boundary conditions with homogeneous Dirichlet boundary conditions. In other words, the problem
with pure Dirichlet boundary conditions that is I}, = 0Q;\X for i = s, f. In this case exactly the same
estimates hold. Now of course, we assume €5 € Vy where V; has zero Dirichlet boundary conditions
on '), = 90\ 2.

3.1. H? stability in a special case. In this section we prove H? estimates for u in a special
configuration. Again, we assume that Q = (0,1)2, and now assume ¥ is parallel to the z-axis (see
Figure 2). We take advantage of the fact that the sides composing I'y are perpendicular to the z-axis
and, moreover, we also notice that 3 is parallel to the z-axis.

Then, in this particular case we have, for n > 0,

3.11a) Onr0pw™ M — v AW T =0, b7 on Q,
3.11b) Opw™tt =0, on T,
3.11c) Opw" T =0, on ',
3.11d) ad,w" Tt + Vsanf(?anﬂ =0, u" — VfOp, Opu" + Oy 5”“ on X.
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'y
Iy 0, Iy
by
F{v Qf F{v
I

FIGURE 2. The domains €2; and €, with horizontal interface X.

n+1 n+1 __ n+1 .

. tUx - xT —Uxzx ) )
(3.12a) OatOpu vAdyu 0.y in Qf
(3.12b) dpu" Tt =0, on T%,
(3.12¢) Dpu™t =0, on I'y,
(3.12d) adu™tt + V§On, A,u™ ! =ad,w"tt + ViOn, Ozu™ + 8,063“ on X,
with
(3.13) Opw® = 0,u’ = 0,0 = 0,9 =0 i=1,2,

according to (3.3).
We then get an immediate Corollary from Remark 3.8 and Theorem 3.5.

Corollary 3.9. Suppose that % is perpendicular to the two sides of 'y as in Figure 2. Let w,u solve
(3.1) and (3.2) and assuming that O,e% € {v € H'(Qy) : v =0 on NF\X} on F{v then the following
estimate holds

N—-1
ZN (0pw, 0pt, D A) + D 8™ (pw, Oyt 03 0) < CEN (0pby, b, Dner, Onea).

n=0
Corollary 3.10. Under the hypothesis of Corollaries 8.9 and 3.6 we have

N-1

At Z VfHD2un+1||%2(Qf) SC(EN(aAtbh Ontb2, Onie1, Onrea) + =N (9,b1, Oyba, Orer, 3152))
n=0
N-1
+CAL Y wpllb G a0,
n=0

Proof. From Corollary 3.9 we get

N-1
ALY vp| Vo 20,y < CEN (Dub, 0sba, Ouer, Oues).

n=0
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Moreover, using (3.2a) and Corollary 3.6, we have

N—-1 N—1
ALY vl A Faq,) =AY vl da = b 720,
n=0 n=0
N—1
<CEN (Daibr, Oarba, Oarer, Onrea) + 206 > vp|[bf |72,y
n=0
Finally, using the following estimate,
N—-1 N—1
At Z Z/f||a§un+1”%2(§2f) < 2At Z Vf(”agunﬂniz(gf) + ||Aun+1|\%2(gf))7
n=0 n=0
and combining the above estimates we obtain the result. O

4. ERROR ESTIMATES OF THE ROBIN-ROBIN METHOD

In this section we apply the stability results of the previous sections to obtain error estimates of
the Robin-Robin splitting method (2.4)-(2.5) applied to (2.1). We use the following notation for the
erTors :

U™ i=u" — ™, W™ i=w" —w®, A":=" — \".

We use the convention v/ = v/ = ug and w? = w’ = wy for j < 0.
Then the error equations read, for n > 0,

(4.1a) Wt — p AWntH = — h;”'l, on €,
(4.1b) Wt =, on T,
(4.1c) O Wt =0, on T'%,
(4.1d) AW 4 1,0, W =qU" — v 0, U™ + agi™ — gt on 3.
(4.2a) OnU™ M — v AU = — pi T in Qy,
(4.2b) Ut =0, on I'$,,
(4.2¢) 0, U™ =0, on T,
(4.2d) aU™ 4 vp 8y UM =aW™ ! 4050, U™ + g5*! on X
where

h’f“ = Opw" T — Oa WL g?“ T

ntl . 1 1 n+l ._ n+l
hy™ = Ou™ 1t — Gau" T, gy = [Pt

)

The equations (4.1)-(4.2) are well-defined and we also have

(4.3) Wo=0U%=n=¢=0,i=1,2,
(4.4) OaWO = 00 U° = 0paih? = Oa0gY = 0, 1= 1,2,
(4.5) 8itwo = aZtUO = aith? = aitg? =0,i=12
We then extend | to Q in a natural way. We let | = ¢vyVu - ny where ¢ is a function that is one

on ¥ and vanishes on F’];. Then, we define g5 = ["+1 ", By construction gitt e V¢ and g3 = g3

on X. We immediately get the following result if we apply Theorem 3.5 and Corollary 3.6.
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Corollary 4.1. Let u,w solve (2.1) and w,u solve (2.4) and (2.5) then

N—1
(46) ZN(W U7 A) + Z Sn+1(VV7 U7 A) S CEN(hh h27 agy — 92>§2)>
n=0
N—1
W ZN (OpaW, 061U, a1 M) + Y S" T (OpW, 061U, Oar )
: n=0
< CEN(0ath1, Oatha, aOatgr — Oatge, Ontd),
and
N-1
48) ZN (OQW, 03U, 08, 0) + Y S"HHORW. 04,U, 03,0)
: n=0

< CEN(aZthhaithQ’aaQA)‘,gl - 32,592, aQAng)'

Then, it is quite straightforward to get a convergence rate by estimating the right-hand sides. The
proof of the following Corollary can be found in Appendix A.

Corollary 4.2. Let u,w solve (2.1) and w,u solve (2.4) and (2.5) then

N-1
(4.9) ZN(W,U,A) + ) S"THW,U,A) < C(AL)Y,

n=0

N-1

(4.10) ZN(0paW, 061U, 0paN) + Y S™HH(OadW, 0aeU, Oae) < C(AL)Y,
n=0

and

N-—-1
(4.11) ZN(0X,W, 08U, 03, M) + > S™TH0R, W, 03,U, 0%, A) < C(AH)*Y,

n=0

where Y is defined as

1 1
Y ::IZ”atQWH%?(O,T;L?(QS)) + (’Tf + 1)||53U|\2L2(0,T;L2(Qf)))
2 3
vi Y5 (vy)
(4.12) + (? + E)HatUH%%o,T;Hl(Qf)) + o2 ||atuH%2(O,T;H2(Qf))

« 1 V]%
+ ZHatUH%%o,T;Lz(E)) + ;Ha””%?(o,T;L?(E)) + @||3tu||%oo(o,T;H1(szf)),

Y is defined as

1 1
9 ::7|‘83W||%2(0,T;L2(QS)) + (ij + D07ullZ20.7:020,))
2 3
vi | V5 (vr)
(4.13) + (@ + E)||at2u”2L?(O,T;H1(Qf)) + 7\|33U||%2(0,T;H2(Qf))
o 2 112 Lo V? 2 112
+ 7”@ ullz2(0,m;22(5)) ijnat 72007025y + g”at ul| 70 0,751 (2 )
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and %) is defined as

1 1
2 ::7||6?W||2L2(0,T;L2(Qs)) + (7f + 1)”821””%2(0,T;L2(Qf)))

2 3

v | V§ (vy)

(4.14) + (@ + g)||afu||2L2(o,T;H1(Qf)) t 2 107 ullZ2 0,7, 202,
2

« 1 v
+ 7||3?U||2L?(0,T;L2(2)) + 7f||8?|||%2(0,T;L2(E)) + OTJ;HG?UH%OO(O,T;HI(Qf))‘
S

4.1. H? error estimates in a special case. Here we assume that we have the configuration as
in Figure 1. Then, we see that 9,¢>" " vanishes on F{v and Fg and hence belongs to Vy. Hence,
Corollary 3.10 gives the following corollary.

Corollary 4.3. Suppose that X is perpendicular to the two sides of 'y as in Figure 2. Let u,w solve
(2.1) and w,u solve (2.4) and (2.5) then

N-1
At Z Vf||D2(Un+1)H%2(Qf) SCEN(aAthlaaAth%aAt(agl — 92),0atg2)

n=0
+ CEN(9,h1, Oyha, Ox(agr — g2), Onr0232)
N-1
+CALY villBt 32 0,

n=0
Since daU and Oa¢W satisfy the same equations as U, W with time difference right-hand sides,
we have
Corollary 4.4. Suppose that ¥ is perpendicular to the two sides of I'y as in Figure 2. Let u,w solve
(2.1) and w,u solve (2.4) and (2.5), then

N-1

ALY vlID*(0aU™ )72,y SCEN (03,00, 03ha, D2 (g1 — g2), 0X,32)
n=0
(4.15) + CEN(9a10uh1, OntOsha, Onr0z (agr — g2), OatOxdo)
N1
+ CAt Z VfHaAth?Jrl “%2(91‘)'
n=0

Then, it is straight-forward to obtain the convergence rate by estimate the right-hand sides. See
Appendix B for a proof for the following Corollary.

Corollary 4.5. Suppose that X is perpendicular to the two sides of I'y as in Figure 2. Let u,w solve
(2.1) and w,u solve (2.4) and (2.5) then

N-1
At Z VfHDQ(aAtU"H)HZLZ’(Qf) S CA* (Y + Y + vellFwl 7207y, 22 (000 )))

n=0

where ) is defined in Corollary 4.2 and Y is defined as,
1 1
Y ::7H6938§W||%2(0,T;L2(Qs)) + (7f +1)[10:0ul 20,7 12(0,)))

2 3
v v (vr)
(4.16) + (5 D00 ullia 0 im0, + g 19050l 0,120

o? 1 V?c
+ 7|\5’w5t2UH%2(0,T;L2(2)) + ;Hazat2|||2L2(o7T;L2(z)) + g”awafuH%oo(o,T;Hl(Qf)y
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5. NUMERICAL EXPERIMENTS
In this section we provide numerical experiments that agree with our theoretical results. We let
€y = ||UN||L2(Qf)7 eru = UN — UN_1HL2(Qf)7
eon = [(UN =UNTH) = (O = U )| 12(0),
ex = [IAN]L2m),  era = AN = AN Loy
eru2 = lUN = UN o,

All numerical experiments are performed using FEniCS and multiphenics [1, 3]. Although we only
analyze the semi-discrete method, here we present the results for a fully discrete method where we use
the piecewise linear finite element method for the spatial discretization, except for the computation of
€1,4,2, Where we use the piecewise quadratic finite element method because piecewise linear function
do not approximation a function well in H?. In addition, we also present convergence rates for the
Lagrange multiplier.

Ezample 5.1. We consider the domain Q = (0,1)%, Q; = (0,1) x (0,.75) and Q, = (0,1) x (.75,1).
See Figure 2 for an illustration. We take vy = 1 = v, and take the solution of (2.3) to be

w=u=¢ 2t cos(mxy) sin(maa).

We take h = At, T'= 0.25 and a = 4 where h is the mesh size of the triangulation.

At €y rates €1,u rates €2.u rates
(1/2)2 7.65e-02 - 7.73e-02 - 6.57e+01 -
(1/2)3 3.72e-02 | 1.04 | 5.87e-02 | 0.40 | 1.55e-01 | 8.73
(1/2) 1.74e-02 | 1.10 | 1.47e-02 | 1.99 | 7.91e-03 | 4.29
(1/2)5 7.95e-03 | 1.13 | 3.58e-03 | 2.04 | 1.27e-03 | 2.64
(1/2)6 3.52e-03 | 1.17 | 8.41e-04 | 2.09 | 1.75e-04 | 2.85
(1/2)
(1/2)
(1/2)

|

1/2)7 ][ 1.62e-03 | 1.12 | 1.96e-04 | 2.10 | 2.15¢-05 | 3.03
1/2)% [ 7.70e-04 | 1.07 | 4.69¢-05 | 2.06 | 2.62e-06 | 3.04
1/2)% || 3.75e-04 | 1.04 | 1.14e-05 | 2.04 | 3.22¢e-07 | 3.02

TABLE 1. Errors and convergence rates of UV for Example 5.1

At e\ rates e1,) rates €1,u,2 rates
(1/2)2 2.55e-01 - 2.55e-01 - 1.33e+401 -
(1/2)3 9.73e-02 | 1.39 | 2.41e-01 | 0.08 | 1.11e+01 | 0.26
(1/2)4 3.06e-02 | 1.67 | 4.41e-02 | 2.45 | 2.61e-01 | 2.08
(1/2)5 1.62e-02 | 0.92 | 6.69e-03 | 2.72 | 5.76e-02 | 2.18
(1/2)6 9.20e-03 | 0.82 | 2.06e-03 | 1.70 | 1.40e-02 | 2.04
(1/2)
(1/2)
(1/2)

1/2)7 || 4.55e-03 | 1.01 [ 5.28e-04 | 1.97 | 3.32¢-03 | 2.07
1/2)% [[ 2.23e-03 | 1.03 | 1.31e-04 | 2.01 | 8.03e-04 | 2.05
1/2)% || 1.10e-03 | 1.02 | 3.26e-05 | 2.01 | 1.97e-04 | 2.03

TABLE 2. Error and convergence rates of AV for Example 5.1

As we can see from Tables 1-2, the L? error at the final step, e, is of order (At) whereas the
difference of two consecutive errors, e, is (At)? and the second difference, es,, is (At)3. The L?
error of the Lagrange multiplier at the final time, ey is of order At and the difference ey y, is of order
(At)z. It is also clear that the H? error of the difference of U, €1,4,2 is of order (At)2 as we proved
in Corollary 4.5.
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Example 5.2. In this example, we test our algorithm for a non-horizontal interface problem. We
consider the domain © = (0,1)? and we let X be defined as the straight line connecting (0, 0.25) and
(1,0.75). We then define €2, as the region above ¥ and Q as the region below X. We take vy =1 = v
and take the solution of (2.3) to be

w=u=e 2"t cos(mxy) sin(mas).

Other parameters are identical to those of Example 5.1.

We report the convergence results in Tables 3-4. We again observe expected convergence rates for
both UYN and AY. It indicates that our methods also work for a more general interface problem.

At [ rates €1,u rates €2.4 rates
(1/2)2 8.05e-02 - 9.64e-02 - 4.87e+01 -
(1/2)3 5.10e-02 | 0.66 | 4.23e-02 | 1.19 | 1.36e-01 | 8.48
(1/2)4 2.46e-02 | 1.05 | 1.57e-02 | 1.43 | 4.94e-03 | 4.78
(1/2)5 9.20e-03 | 1.42 | 4.07e-03 | 1.95 | 1.47e-03 | 1.74
(1/2)6 3.52e-03 | 1.38 | 8.46e-04 | 2.27 | 1.82e-04 | 3.02
(1/2)
(1/2)
(1/2)

1/2)7 [[ 1.52e-03 | 1.22 | 1.86e-04 | 2.18 | 2.11e-05 | 3.11
1/2)% || 7.00e-04 | 1.11 [ 4.33e-05 | 2.10 | 2.49e-06 | 3.08
1/2)° |[ 3.36e-04 | 1.06 | 1.04e-05 | 2.06 | 3.02e-07 | 3.04

TABLE 3. Errors and convergence rates of UY for Example 5.2

At e\ rates €1,) rates €1,u,2 rates
(1/2)2 8.51e-01 - 8.54e-01 - 2.04e+01 -

(1/2)3 5.01e-01 | 0.76 | 3.81e-01 | 1.16 | 9.67e-01 | 1.08
(1/2)4 1.94e-01 | 1.37 | 1.45e-01 | 1.39 | 3.66e-01 | 1.40
(1/2)5 5.34e-02 | 1.86 | 2.44e-02 | 2.58 | 9.08e-02 | 2.01
(1/2)
(1/2)
(1/2)
(1/2)

1/2)% || 1.84e-02 | 1.54 [ 4.38¢-03 | 2.48 | 1.86e-02 | 2.29
1/2)7 || 7.49¢-03 | 1.30 | 9.10e-04 | 2.27 | 4.04e-03 | 2.20
1/2)% || 3.39e-03 | 1.14 | 2.07e-04 | 2.13 | 9.31e-04 | 2.11
1/2)? || 1.61e-03 | 1.07 | 4.95e-05 | 2.07 | 2.23e-04 | 2.06

TABLE 4. Error and convergence rates of AV for Example 5.2

6. CONCLUDING REMARKS

We analyzed the Robin-Robin coupling methods [11] for parabolic\parabolic interface problems and
proved higher convergence rates in time for the first-order and second-order discrete time derivatives.
We also prove H? estimates of the discrete time derivatives in a special case. All the estimates in
this work are key ingredients in proving that a prediction correction method [12] produces a O((At)?)
convergence rate.
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APPENDIX A. SKETCH OF PROOF: COROLLARY 4.2

Proof of (4.9) in Corollary 4.2. To prove (4.9), it is suffice to bound the term =V (hy, ha, ag) — ga, §2)-

Note that since g5 = g2 on X, we have

N-1
_ ~ 1. 1 n
EN(h1, ha, agr — g2, G2) :=At Z (7|\h1+1||%2(95) + (Z + 1)Hh2+1||2L2(Qf))
n=0 °
+ Atjf ( L
n=0 Vf
= ~n+1 1 ~N (|2
Aty (—naglum + —|| 1320y ) + 5113512,
n=0
=Ti+Tr+...4+Ts.

5 ey + BNV o) + =135 o)

All the terms in =V (hy, ha, agy — g2, §2) can be easily estimated by (A.2b) except the T3 and Ty. For
T3, it follows from (A.5) that,

N-1 N-1 oy
~n+1)2 _ 3 2 Tn+1)2
At nz:% vra? 10a:95™ " [172(q,) = (At) nz:o Va2 [0A™" " I 72(0;)
(A1) B0

via o2 ||62|||L2(0TL2(Qf))
< C(A2 202l 0 1.1, -

The term T4 can be bounded as follows,

3 N—
van*lumf < oartt) Z(nv ) e + ID2W = u)Faqy) )

Here D?u denotes the Hessian of u. Using (A.2a) we get

v ~n
& Z V35 e,y <O 10,00 a0,

The estimates above imply (4.9). O
Before we prove the estimate (4.10), we need the following preliminary results. We use the Bochner
1/2
norms [|v]|p2(4p;x) = (f lv(- ||Xd8) and [|v]] oo (a,0:x) = €88 sup,<.<p ||V (-, s)||lx. For a Sobolev
space X, it is well known that
tnt1
(A.20) o+t — om1% gcm/ 1000(- 8) % ds,
t’Vl
tnt1
(A.2b) st = 0 <0t [ ooC s) Feds
\ n
(A2 [ 19l (b= )l peny
The following identities can easily be shown
2 1 Al 2
A3 O V" = At — |s])0fv(-, ty ds,
(A3) B0 = x| (A= oot b+ s)ds
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and
0% v™ — 93, v 1 1 At
a0 Z(At)g/At(m—|s|)(a§v(-,tn+s)—afu(.,tn,lJrs))ds
(A4) 1 At tn+s
= At —|s / O3v(-, r)drds.
a | e [ e
From these we can show that
C tn+1
(A5) A"y < 57 [ IRl )lFeds
and
92 o™ — 92 1 C tnt1
A At At 2 <7/ 3.0 2 ar
(A6) IR < g | oot

Proof of (4.10) in Corollary 4.2. Tt is similar to prove (4.10). Indeed, let us define, for j = 1,2

+1 _ +1 An41 _ ~n+1 +1 _ +1
G;-l —8Atg? , GS —(%tgg , H]n —8Ath;-l .

We then need to bound the term

EN(H,, Hy, oGy — Gy, G)
No1

1 n 1 n
=At Z(;||H1 Jrl||2L2(Qs) + (; + 1)||H2+1H%2(Qf))
n=0 °
Ry | v 1
~n+112 f ~n+112 ~n+112

813 (510G iy + IV G sy + 165 iem))

=1 1, - 1 -
+ 803 (Gl + - IGE ) + 5168 1)

n=0 s

=Ry +Ro+ ...+ Rs.
For Ry, it follows from the definitions of H{"! and h}™! that,

prtl _opn 2
n+1(2 _ 1 1
IH? " 2200y = /Q (At > dx

s

/ (8twn+1 _ 8Ath+1 — Ow™ + aAth>2
= dzx
o, At

= / (Oat(Opw)™ ™t — 8th")2 dx

s

(A7) = One(Opw)™ T — 92w™ + 9Zw™ — 9%, W ? dr
t f At
Qs

< c/Q (Alt / :”“wfw(tn) - afw<s>>ds)2 da

+ C/QS ((A1t)2 /tn"+1 (At —|s — t,]) (87 w(s) — Ofw(ty)) ds) da

-1

< CAt||at3WH%2((1&”_1,t,l+1),L2(QS))'
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Therefore, we obtain

N-1
1 " 1
(A.8) At Z ||H +1||L2 ) < C(At)2;”a?W”QL?((O,T),L%QS))
_0 S
The estimate of Ry is similar to that of R;. The term Rs3 can be estimated as follow by (A.6),
N-1 N-1 ~ =
1 3 1 0%, —0%," 7,
At TLZ:O I/fOé2 ) = (At) 7122 Vs o2 || At HLQ(Qf)

(4.9) <C<>

2 102113 20,7 L2(Q))

smM&gwwaww@»

For Ry, it follows from the definition of | and the fact Vo2, < C that,

~ ~ ~ 2
~ virtt —ovin + vInt
+112 —

LM 92Vi(s) d 2d
_/Qf At/tnl (At —|s — t,))2Vi(s)ds | da

(A.10) trit . 2
<c / 02Vi(s)| ds | da
Qf tn—1
n+1
< CAt/ / (82V(s))? ds dz
Qp Jtn_1
< CrvAL|0u |L2(tn,1,tn+1;H2(Qf))a
and hence,
— vy 1 ( ?)
~n 2 2
(A.11) At Z §||VG2+ HLZ(Qf) < C(At)? 7”8 UHL?(OTH2(Qf))
n=0

The remaining terms Rs to Rg can be estimated similarly, we give the estimate of Rg here:

1 gt - g1 ’
n+1(2 _ 1
161 ey = [ (D L) ao
/ <Un+l —2un" + un—l)2 d
= g
(A.12) > At

1 tn+1 ) 2
= — At —|s —t,])97u(s)ds | do
Lm )] @i rhotu

S CAHBUlNT2 (1 ten) 12 ()5

and therefore, we obtain
N-1

1
(A.13) At Z 7||aG1HL2(Z) < C ||32U||L2((o T),L2(2))
n=0

We finish the proof by combining all the estimates above.

In order to prove (4.11), we define the following quantities for j = 1,2,
(A.14) G = 0aGTT, HOT = O HTT G5 = 060G
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Note that we also have the following

(A15) e Y i LT B L
| p

(At)? - (At)?

Denote

n+1 n n—1 n—2
3 a1 VT =30+ 30T —w
(A.16) Ox 0" = L ,

thus we see that

cn+1l on 3 Tn+1 3 In
92 — 92 _ 8At| — aAtl

A7 =
( ) (At)? At
Moreover, we see that
83 n __ 83 n—1
A A </ (AL — |]) (B20(-,tn + 5) — D20, tn1 + 5))ds

/ (At — |s]) (87 v(-s tn—1 + 8) — Ofv (-, tyo + 5))ds>

At
:(At)4 </At(At |s |)(8t2v(-,tn +8) — 2020 (-, ty_1 + 8) + OPv(- tp_o + S))ds)

1 At tn+s .
= At —|s / At — |r —t,—1|)0;v(-, r)drds.
aar ) @l [ @l —aotetn)

n—2+s

Therefore, we obtain the following estimate

83 o — 83 Unfl C trnt1
(A18) A < 2 [ ot

tn—3

Proof of (4.11) in Corollary 4.2. We now bound the term ZV(93,h1,0%,h2,0%,(ag1 — 92),0%,:92)
which is 2V (Hy, Ha, (aG1 — G2), G2) according to (A.14). The techniques are similar to those men-

tioned above. We present the key estimates involving H; and G first. It follows from the definition
of J—C?H that,

prH _opn 4 i 2
n+12 o 1 1 1
”:H:lL ”Lz(QS) - /QS ( (At)g > dx

OIS RSN MY Wl
Qs

At

_ / (82, (Bw)™+! — 3%, w2 d

s

(A.19) = / (8Zt(8tw)n+1 — OPw" + Pw" — 6thn+1)2 dx
Qs

1 tnt1 2
< C/QS ((At)2 /tl (At —|s — t,]) (O w(s) — OPw(ty,)) ds) de
1 At tn+s X , 2

< CAUOWI T2 (1 it in) L2020
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We also have, according to the definition of | and the fact ||V¢||Lz(gf) < C that,

. Vit _ovin4vinT! | wit—2vinTlavin2 \ 2
V9n+1 2 :/ At At dr
1985 s = -
1 At . . 2
:/ W/ (At — |8]) (O2VI(-, b+ 8) — V(s tas + 8))ds | do
Qf —At
(A.20) 1 At ptats - 2
<C —/ | OVI(-,r)dr|ds | da
a; \AJ_ae Jo,_14s
tnt1 5
< CAt/ / (O2VI(-,7))? dr dx
Qf t 2
< CV)%AtHath||2L2(tn,2,tn+1;H2(Qf))-
It follows from (A.18) that,
N-1 N—1 ~ ~
1 sl - 3 1 0%, =a%, ",
At nZ:O WII%SQ 2200,y = (At) nZ:O Vi [ AL 220;)
(A.21) (A2 -
< C— 101122072 (0,

Vf()é2
v
< C(At)QOTJ;”a;luH%?(O,T;Hl(Qf))'
Then we follow the same idea as before and obtain the following bound:
(A.22) EN (31, Ha, (aG1 — G2), G2) < C(A1)*Y,
where Q) is defined in (4.14).

APPENDIX B. SKETCH OF PROOF: COROLLARY 4.5

Proof. According to Corollary 4.4, we need to bound the terms on the right-hand side of the inequal-
ity (4.15). The first term in (4.15) is bounded in Corollary 4.2 while the last term in (4.15) can be easily
bounded according to (A.7). At last, the analysis to bound the term ZV (9a;0,h1, a¢Orha, OO (cigr —
g2), Oa¢0:G2) is almost identical to that of the term ZN (Hy, Ha, oGy — G, ég) except the additional

partial derivative which does not affect the techniques. Therefore, we obtain the bound
(B.1) =N (0at0zh1, OnrOzha, Ont0s(agr — g2), 0ardsga) < C(AL)?Y,
where Y is defined in (4.16). This finishes the proof.
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