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QUANTUM TRAJECTORIES. SPECTRAL GAP, QUASI-COMPACTNESS

& LIMIT THEOREMS.

TRISTAN BENOIST, ARNAUD HAUTEC(EUR, AND CLEMENT PELLEGRINI

ABSTRACT. Quantum trajectories are Markov processes modeling the evolution of a quan-
tum system subjected to repeated independent measurements. Inspired by the theory of
random products of matrices, it has been shown that these Markov processes admit a unique
invariant measure under a purification and an irreducibility assumptions. This paper is de-
voted to the spectral study of the underlying Markov operator. Using Quasi-compactness, it
is shown that this operator admits a spectral gap and the peripheral spectrum is described
in a precise manner. Next two perturbations of this operator are studied. This allows to
derive limit theorems (Central Limit Theorem, Berry-Esseen bounds and Large Deviation
Principle) for the empirical mean of functions of the Markov chain as well as the Lyapounov
exponent of the underlying random dynamical system.
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1. INTRODUCTION

Quantum trajectories are Markov processes describing the evolution of quantum systems
undergoing indirect measurements. These physical models have been instrumental in the re-
cent advances in quantum optics. From a physical point of view, their study is motivated by
both practical applications and fundamental inquiries, as they delve into the central aspects
of measurement and collapse phenomena in quantum mechanics. Among the most remark-
able groundbreaking experiments, one can mention the one of the Serge Haroche’s group (see
for example [GBD*07a, GBDT07b|) or David Wineland’s result [Win13, LBMWO03| which
have been recognized by a Nobel prize in physics. The physics literature is flourishing and
we refer to [Car93, HR06, WM10, BP02| for some introduction to the subject. Drawing
an analogy with classical physics models like the Langevin equation that portray generic
systems perturbed by some environment, quantum trajectories provide insight into the evo-
lution of a quantum system influenced by both environment and measurement backaction.
Their long time behaviour linked with their ergodic properties and stationary regimes is of
central interest.

From a mathematical point of view, a quantum trajectory is a Markov chain (z,) on the
projective space P(CF), defined by

l’n+1:Vn'In:Vn...‘/i'$0,

where V}, is a My (C)-valued random variable with law ||vz,|[?du(v) and for A € M(C) and
x € CF such that Az # 0, A - % is the element of P(CF) representing Az. The measure y is
a measure on My (C) that satisfies

/ v'udu(v) = Ider. (1)
Mg(C)
The associated transition kernel is given by
@) = [ fo-)orlduto), 2
Mg (C)

where f is any bounded and measurable function. The study of these processes is particularly
rich in intriguing mathematical problems. Notably, the transitions of the associated Markov
chains are singular, and they do not exhibit generic p-irreducibility [BFP23, Proposition 8.1|.
Consequently, standard Markov technologies, as outlined in [MT09|, can not be applied
directly. Another perspective is to view them as so-called place-dependent iterated function
systems (IFS); however, they diverge from the standard criteria of contractivity for IF'S (refer
to [BDEGS8| for conventional IFS results).

A particular interesting approach is portrayed by the analogy with the theory of random
products of matrices. This theory was pioneered by Kesten and Furstenberg in [FK60|. The
theoretical framework considers sequences of independent and identically distributed (i.i.d.)
matrices (A;), with a primary emphasis on the top Lyapunov exponent, as discussed in
[FK60, LP06, AS21|: there exists 7 € [—00, 00| such that

1
v =lim —log||A, ... A;||, almost surely. (3)
non

This result notably constitutes a generalization of the law of large numbers within a non-
commutative context. In order to obtain results in this field, one is particularly interested
in the study of the Markov chain (%), defined by #,+1 = A,11 - &,. This is the essence of
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the analogy with quantum trajectories. Comprehensive insights into this field are available
in reference books such as [BL85] and [BQ18|. Numerous contributions have addressed limit
theorems pertaining to the random products of matrices, with the law of large numbers in-
tricately connected to (3). Subsequent refinements, including the central limit theorem, have
been addressed in [Hen97, BL85, XGL21, BQ16]. For analyses involving large deviations,
results are presented in [BM16, Ser19, XGL22, GMS89, Led86].

A particularly robust methodology for deriving limit theorems involves the examination
of the invariant measures and spectral properties of associated Markov chains. Beyond the
simple analogy of the random products of matrices and quantum trajectories, the strategies
and tools developed in this field are particularly pertinent to the study of the long-term
behavior of quantum trajectories. Nevertheless, while quantum trajectories share a strong
connection with the theory of products of random matrices, there are crucial differences
that render their study particularly intriguing and involved. The main difference is that the
random matrices (V},), are non-i.i.d. Their law is defined by ||vz,|[*du(v). Thanks to this
alternative law that depends on the initial state Z, in contrast to the conventional theory of
random products of matrices where matrices are necessarily invertible, this requirement is
not mandatory in the context of quantum trajectories. This fundamental distinction render
the theory of products of i.i.d. matrices not sufficient in our context but leads to results
requiring weaker assumptions on .

In [BFPP19], given a purification assumption (equivalent to the typical contractivity as-
sumption in the theory of products of random matrices) and an irreducibility assumption
(weaker than the commonly required strong irreducibility assumption), it has been demon-
strated that the Markov operator defined in Equation (2) possesses a unique probability
invariant measure vy, (i.e. satisfying v, Il = 14,,). Subsequently, by introducing a statis-
tical estimator of (#,) based on maximum likelihood, exponential convergence toward the
invariant measure, measured in Wasserstein distance, has been established.

The next natural step is to study the spectral properties of the Markov transition operator
I1. This is one of the main aim of this article. Of particular significance in this context is
the quasi-compactness of II. We refer to [HHO1| and references therein for a comprehensive
presentation of quasi-compact operators, we refer to [GLP16, GLP16, GGP15| for some
applications and inspiration in the field of random products of matrices. Here, we prove that
the operator II is quasi-compact on Banach spaces of Holder continuous functions. Within
this approach, we make explicit the peripheral spectrum of the operator II and we provide
the corresponding eigenfunctions. Next, we study two different types of perturbations of II.
These perturbations are tiltings as used in some proofs of large deviation principle and limit
theorems for Markov chains. We similarly obtain limit theorems for the empirical mean and
the top Lyapounov exponent of the quantum trajectories. Such approach follows the usual
one for random products of matrices [BL85, HHO1| but the specificity of our model imposes
to develop new estimations and new arguments. In particular, the fact that the matrices
(V,,) are not invertible prevents exploitation of the known results from random products
of matrices. Furthermore, since strong irreducibility is not assumed, several results on the
support of invariant measures cannot be used and several key steps have to be completely
re-investigated. This is particularly evident for the tilting analysis.

The tilting method allows us to derive central limit theorems and large deviation principles.
These limit theorems complete the ones obtained in [BFP23|. The approach in [BFP23]
exploited the geometric convergence towards the invariant measure to construct solutions
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to Poisson equations and then martingale limit theorems. Here, all the limit theorems
are consequences of the spectral gap property and the operator perturbation theory. Unlike
[BE'P23|, we derive a large deviation principle as a restricted variant of Gartner-Ellis Theorem
(only moderate deviation principle were presented in [BFP23|). Here, as in [BFP23], we
derive central limit theorems for the empirical mean but we extend it also to the Lyapounov
exponent. Furthermore, we strengthen them by deriving Berry-Esseen type results which
are out of the scope of [BFP23].

The paper is structured as follows. In Section 2, we properly define quantum trajectories,
introducing the Markov operator II and its tiltings. Section 3 presents the main results of
the paper, focusing on the spectral properties of the operator Il and the analyticity of its
perturbations. Additionally, we detail various limit theorems derived from the perturba-
tion results. Section 4 is dedicated to proving the quasi-compactness of the operator II and
making precise the whole peripheral spectrum. Following that, Section 5 provides the proof
the perturbations are analytic. In Section 6, we finally present the proofs of the limit the-
orems, specifically central limit theorems, speed of convergence (Berry-Esseen bounds) and
restricted large deviation principles. Several technical tools are deferred to the appendices.

2. DEFINITIONS

This section introduces our main objects. We mostly use the definitions and notations of
[BEPP19]. We use the convention, N = {1,2,...}.

For k € N fixed, we consider the complex vector space C* as a Hilbert space with the
canonical inner product and denote by ||.|| the 2-norm on C*¥. Our main process takes value
in the projective space P(CF). We equip it with its Borel o-algebra B. For a nonzero vector
r € C*, we denote & the corresponding equivalence class of z in P(C*). Accordingly, given
#, we denote by z one of its representative of unit norm. We equip P(C*) with the metric

d(i’,@) =V 1- |<xvy>‘2
For 0 < a < 1, C*(P(CF), C) is the space of a-Hélder continuous functions of P(C*) valued

in C (we shall also need sometimes to consider C*(P(C*),R)). We consider it as a Banach
space with norm

[flla = [fllse + 1m0 (f)

for any function f € C*(P(C*),C) where ||.||s is the sup norm and m,(f) is f Holder
coefficient. The spectral radius of an endomorphism L of C%(P(C¥), C) is denoted p,(L).

We study a Markov chain on P(CF) through the spectral analysis of its transition kernel
I1, and perturbations of it, as linear maps on C%(P(C*),C). For a matrix v € M(C) we
denote v - T the element of the projective space represented by v whenever vz # 0. We
equip M(C) with its Borel o-algebra and let u be a measure on My (C) with a finite second
moment, ka(C) |v]|? diu(v) < oo, that satisfies the stochasticity condition

/ v'udu(v) = Ider, (4)
My (C)

as already presented in Introduction. We define the Markov chain (2,,) on P(C*) as follows :

Tn41 = Vn * T,
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where V,, is an My, (C)-valued random variable with law knowing #,,, ||vx,|*du(v). Condition
(4) ensures this is a probability measure for any #, € P(C*). More precisely, such a Markov

chain is associated with the transition kernel given for a bounded measurable function f :
P(C*¥) — C and & € P(C*) by

I1f(2) = E(f(21)] 20 = ) = /M © fv-a)[lvzl*dp(v). (5)

Since f is bounded, the quantity f(v - Z)[jvz||? is well defined even if ||vx||? = 0, where in
this case f(v-2)|vz]|? = 0. Now, since

/ oz |2dgu(v) = 1,
M, (C)

the operator II is then well-defined as a linear map from bounded measurable functions to
bounded measurable functions.
For any probability measure v, we denote vII the probability measure defined by

) =Bl = [ 05

for any continuous function f. A measure v is called invariant if vII = v.

We shall also need to consider another Markov chain (V,,, Z,,),, where we keep the memory
of the matrix V,, inducing the transition z,_; to Z,,. To this end we follow the construction of
[BEPP19]. We consider the space of infinite sequences € := M (C)™, write w = (vy, vy, . ..)
for any such infinite sequence, and denote by 7, the canonical projection on the first n
components, m,(w) = (v1,...,v,). Let M be the Borel o-algebra on My (C). For n € N, let
O, be the g-algebra on 2 generated by the n-cylinder sets, i.e. O, = 7, }(M®"). We equip
the space ) with the smallest o-algebra O containing O,, for all n € N. We let B be the
Borel o-algebra on P(CF), and denote

T =B®O,, J=B®O.

This makes (P(Ck) x0T ) a measurable space. With a small abuse of notation, we denote
the sub-o-algebra {0, P(C*¥)} x O by O, and equivalently identify any O-measurable function
f with the J-measurable function f satisfying f(Z,w) = f(w).

For i € N, we consider the random variables V; : Q© — M(C),

Vilw)=v; for w=(vg,vy,...), (6)
and we introduce O,-mesurable random variables (W,,) defined for all n € Ny as Wy = 1d,
W,=V,...V.

With a small abuse of notation, we identify cylinder sets and their bases, and extend
this identification to several associated objects. In particular, we identify O, € M®" with
7-1(0,), a function f on M®" with f o, and a measure u®" with the measure pu®" o m,,.
Since p is not necessarily finite, we can not extend (u®") into a measure on €.

Let v be a probability measure on (P(C*), B). We extend it to a probability measure P,
on (P(C*) x Q, J) by letting, for any S € B and any cylinder set O,, € O,,,

P.(S % Op) = / W (w)a|*dv(2)du®" (w). (7)

SxOpn
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From relation (4), it is easy to check that the expression (7) defines a consistent family
of probability measures and, by Kolmogorov’s extension Theorem, this defines a unique
probability measure P, on P(C*) x Q. In addition, the restriction of P, to B® {0, Q} is by
construction v.

We can consider the random process (V,,, Z,,) whose transition is given by
P[Vai1 € A, Tp1 € Blz, = 2] = / 1p(v - 2)||ve||*du(v),
A

for all Borel sets A of M(C) and all Borel sets B of P(C*). The process (Z,) on (2 x
P(C*), J,P,) has the same distribution as the Markov chain defined by II and initial prob-
ability measure v. The process (V},, Z,,), will be usefull in Section 3.4.2 and more precisely
in the proofs of the results of the Lyapounov exponent. The process (W,,) will also be used
in Section 3.4.2.

Note that the couple (V,,,2,) is the original Markov process (Z,) with the memory of
which matrix V,, induced the transition from ,,_; to Z,. It is defined only for n > 1. Note
that on its own the sequence (V;,) is not a Markov chain. Actually it is a hidden Markov
chain with underlying Markov chain (z,). This fact differs crucially from the usual theory
of random products of matrices where the choice of matrices is i.i.d, thus Markov.

We are now in the position to present the two classes of tiltings of Il so as to derive some
limit theorems for the Markov chain (&,). First, for any h € C*(P(C*),R) and z € C, let I,
be the linear map on C*(P(C*),C) defined for all € P(C*)

I f(2) =/62h(”'f)f(v-i)llwllzdu(v) = (e f) (2).

Remark that IT, = II. This first tilting (we shall use also the name perturbation from time
to time) is related to the Markov chain ().

Second, assuming there exist 7 € (0,2) and § > 0 such that [ ||v[|*"*du(v) < oo for any
s € (—7,9), for any z in the strip {w € C : Re(w) € (—7,6)}, let I, be the linear map on
C*(P(C*),C) defined by

1) / Flo - &)e 81 g | 2dp(v)

for all 2 € P(C*). Again, Iy = II. This tilting is related to the Markov chain (V,,, Z,,).

The tiltings I, and I', are particularly useful to study limit theorems. Proofs of limit
theorems using that method require some smoothness with respect to z in a neighborhood
of 0. This is what we will prove on top of the spectral gap for II.

3. RESuULTS

3.1. Assumptions. We prove our results under the same two assumptions as in [BFPP19,
BEP23|. Their motivation and meaning are discussed in both these references. Especially, in
[BFPP19] a comparison with usual assumptions for i.i.d. products of matrices is provided.
One notable difference with the i.i.d. situation is that we do not assume v is invertible
p-almost everywhere.

The first one is a purification hypothesis. It means that there is no subspaces of CF
of dimension greater or equal to 2 on which product of matrices from the support of u are
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proportional to unitary matrices. It is akin to the contractivity assumption for i.i.d. products
of matrices — see [BFPP19, Appendix A].

(Pur) Any orthogonal projector 7 such that wvy---viv, - -vy7m o 7 for p®"-almost every
(v1,...,v,) is of rank one.

Here the symbol o means "proportional to" with 0 an allowed proportionality constant.
The second assumption concerns the irreducibility of the map ® : X — [v*Xvdu(v) -
see [BFPP19, BFP23|. It is weaker than the strong irreducibility assumption used for i.i.d.
products of matrices. Note that the map & is called a quantum channel in the quantum
mechanics and information communities.

(Erg) There exists a unique minimal subspace E # {0} of C* such that vE C E for y-almost
every .

All our results are formulated assuming (Pur) and (Erg) hold. We recall them when
useful but do not repeat them systematically.

3.2. Spectral gap. One of our first result is that II is a quasi-compact endomorphism of
C*(P(CF),C). In particular it possesses a spectral gap.

Theorem 3.1. Assume (Pur) and (Erg) hold. Then, for every 0 < a < 1, there exist two
subspaces F (independent of ) and G, of C*(P(CF),C) such that

(1) C*(P(C*),C) = F & Ga,

(2) IIF C F and 11G, C G,

(3) pa(lllg,) < pa(Il) =1,
(4) F is finite dimensional and the spectrum of Il| £ is a finite subgroup of U(1) = {z €
C,|z| =1}

iton
o(l|z) ={e+* |1=0,..,p—1}.
In addition, all these eigenvalues are simple.

In summary, if (Pur) and (Erg) hold, IT can be written as,

—_

.
I = ¢y 4+ T (8)
l

Il
=)

in the sense that for all bounded and measurable functions f, we have

p—1

IIf = Zei%%fl’/l(f) +  T(f)

1=0
Here, we have that
fre C(P(CY),C), v eC(P(CY),0)" and wu(fi)=di
and
T:C0*P(C"),C) = C*(P(C"),C), puo(T)<1 and Tfi=0, yT =0
for any I,k € {0,...,p—1}.
Note that along the proof of part (4) of Theorem 3.1, we give the explicit form of the

functions f;,l = 0,...,p — 1. They are obtained in Lemma 4.10. This gives a complete
characterization of the space F as the linear span of those functions. These eigenfunctions



8 TRISTAN BENOIST, ARNAUD HAUTEC@UR, AND CLEMENT PELLEGRINI

are defined in terms of eigenvectors of the linear operator ® associated to p whose study is
postponed to Appendix C.

Theorem 3.1 is proved in Section 4. It is based on a generalization of a theorem by Ionescu-
Tulcea and Marinescu [[TM50] that can be found in [HHO1]. These tools were used to prove
quasi-compactness for i.i.d. products of matrices — see [GLP16| and references therein.

3.3. Tiltings. The two tiltings we have defined are analytic with respect to z.

Theorem 3.2. Assume (Pur) and (Erg) hold. Then, for any 0 < a <1, as an endomor-
phism of C*(P(C*),C), the map
z — II,

s analytic on C.

Theorem 3.3. Assume (Pur) and (Erg) hold. Assume there exist 7 € (0,2) and § > 0
such that [ |[v|>=™ + ||v]|**?du(v) < co. Let a = 1 —7/2. Then, as an endomorphism of
C(P(C*),C),

z — I,
is analytic on the strip {z € C: Re(z) € (—7,9)}.

The proof of Theorem 3.2 is provided in Section 5.1 and the one of Theorem 3.3 in
Section 5.2. Both are made using explicit series expansions in z since the dual spaces of
C*(P(C*),C) is non trivial. For II,, the proof is quite direct. For I',, the proof involves
a relatively fine analysis of the function ¢ — log"te*'°¢* on R,. This technical part of the
proofs is postponed to Appendix B.

These strong smoothness properties of both these perturbations imply some limit theorems
for the Markov chain (Z,,).

3.4. Limit theorems. In [BFPP19], a major result was the uniqueness of the invariant
measure that we recall here.

Theorem 3.4. Assume (Pur) and (Erg) hold, there exists a unique probability measure
Vinw 0n P(CF) such that Vi, I1 = Vi,

In [BFP23| different limit theorems following from the results of [BFPP19] were proved.
Using Theorems 3.2 and 3.3, we can prove different type of limit theorems. The only theorem
already proved in [BFP23] is the central limit theorem for the empirical mean of quantum
trajectories. Here we complement it with a Berry-Esseen bound quantifying the rate of
convergence.

In all these theorems, N'(0,0?) is the probability measure of a normal centered random
variable of variance o%. If 02 = 0, N'(0,0?%) stands for the Dirac measure in 0. If X ~
N (0, %), the notation N (0,02)(¢) will stand for N'(0,0%)(¢) = E[¢(X)], for any integrable
functions ¢. We shall also use N(0,02)((—o0, u]) = P[X < u).

3.4.1. Quantum trajectory empirical mean. For any function h : P(C¥) — R and n € N, let

Sn(h) = h(d).
=1

Then, for any h Holder continuous function, (S,(h)) verifies a central limit theorem with a
speed of convergence given by a Berry-Esseen bound.
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Theorem 3.5 (Central Limit Theorem). Assume (Pur) and (Erg) hold. Let h € C*(P(CF),R)
such that €, [h] = 0. Then there exists a* > 0 such that:

(1) For every ¢ € Cy(R) and every probability measure v on P(CF),

i [E {as (Sjﬁ’”)} — N(0,0)(6)] =0,
(2) 0% =tim 1K, [S,(h)?].

(3) If 0® > 0, there exists C > 0 such that for every probability measure v on P(CF):

C
sup |P,[S, < uov/n| — N(0,1)((—o0,u])| < —.
up [P,y < ur/i] = (0. 1) (o0, u])| < =
The proof of the theorem is a direct consequence of Theorem 3.2 and [HHO1, Theorems A
and BJ. It is provided in Section 6.1.
The sequence (S,,(h)) also verifies a restricted large deviation principle.

Theorem 3.6 (Restricted Large Deviation Principle). Assume (Pur) and (Erg) hold.
Then, for any h € C*(P(C*),R) and any probability measure v on P(CF), there emist
0_ <0 <6y and an analytic convez function A : (0_,0,) — R such that,

(1) ¥0 € (0-,0.),
Tim 7 log E, (exp(05,(h))) = A(0) = log(pa(ITy)).
(2) For any open subset A of (95 A(6-), 5 A(65)),
lim LlogP, (15, (h) € A) = — inf I(z),

n—oo z€A
where the rate function I is given by
I(x) = sup 6z — A(0).
0e(6_,04)

Given Theorem 3.2, the proof of the above theorem is a consequence of Kato’s perturbation
Theory [Kat95] and Gértner—Ellis Theorem (see [DZ09]). It is provided in Section 6.2. Note
that we call this theorem a restricted large deviation principle because it is restricted to sets
Ain (95 A(A-),0, A(A)) and we have no control on 6.

3.4.2. Lyapunov exponent. For any n € N, recall that
W,=V,--- V.

The quantity log ||W,|| is called the Lyapunov exponent and is one of the main focus of
research in random products of matrices — see [BL85] for example. In [BFPP19, Proposition
4.3], in the case E = C* it was proved that, if [ ||v||?log |lv||du(v) < oo, there exists v €
[—00, 00| such that
Tim L log Wzl = lim Llog W, =
almost surely for any law of the initial state 3. Theorem 3.3 leads to finer limit theorems
without the assumption F = CF.
First, a central limit theorem holds with Berry-Esseen like convergence bounds.

Theorem 3.7 (Central Limit Theorem). Assume (Pur) and (Erg) hold. Assume there
exist T € (0,2) and & > 0 such that [ |Jv]|*™™ + |lv]|*dpu(v) < co. Then, there exists o2 > 0
such that for every probability measure v on P(CF),
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(1) Almost surely,

lim %log |Whzo| = lim %log | W] :/ log ||v]| HUSL’sz/J,(U)deU(i’) = .
n—00 n—00 M,(C)xP(Ck)

(2) For every bounded continuous function ¢,

. log [[Waz| —ny\] _ . log [[Wall = v\ _ 2
i £, [ (221 — lin £, [0 (L) |- w0,.0%)00)
(3) If 0> > 0, then there exists C > 0 independent of v such that

sup [P flog | Waal| — ny < uo/] — N(0,1)((—o0, u)| <

uER

Bl

and there exists C' > 0 independent of v such that

sup P flog W]l — ny < wov/n] = N (0, 1)((—o0, u])| <

EI»—" OF

As for Theorem 3.5, this theorem is a corollary to Theorem 3.3 and is proved in Section 6.1.
The subtlety added compared to Theorem 3.5 is passing from log ||W,,z|| to log |[|[W,,||. That
is the reason why we only have a n~7 convergence rate for log ||W,||. We do not believe this
rate is optimal and a n~2 rate should hold. However, proving it implies studying the process

W,/ |IW,|| directly and the related tilting of IT and it is not within the scope of this article.
Second, a large deviation principle holds.

Theorem 3.8 (Restricted Large Deviation Principle). Assume (Pur) and (Erg) hold. As-
sume there exist T € (0,2) and § > 0 such that [ ||v]|>~"+]v||*"du(v) < co. Let a = 1—7/2.
Then, for any probability measure v on P(CF), there exists s_ < 0 < s, and an analytic
convez function Y : (s_,sy) — R such that,

(1) Vs € (s-,54),
lim ;log E, (exp(slog [Wazol|)) = T(s) = log(pa(Ts))-

n—oo
(2) For any open subset A of (0FY(s_),0; Y (s+)),
nh_)rrolo ~log P, (5 log [Wyz|| € A) 1}}1612 J(w)
where the rate function J s given by

J(w)= sup ws—T(s).

s€(s—,s4)

If moreover, E,(|(z,y)|) = [|{x,y)|dv(&) > 0 for any y, such that |ly|| = 1 (that is the
support of v is not included in a hyperplane),
(1) Vs € (S—u 8+)7
lim L log E, (exp(slog | Wall)) = T(s).

n—o0

(2) For any open subset A of (0FY(s_),0; Y (s+)),
lim $logP,(<log ||[W,| € A) = — inf J(w).
n—oo " n weA
As for Theorem 3.6, this theorem is also a corollary to Theorem 3.3 and is proved in

Section 6.2. As for Theorem 3.7, the subtlety added compared to Theorem 3.6 is passing
from log | W,x|| to log ||W,||.
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4. PROOF OF THE SPECTRAL GAP, THEOREM 3.1

We first prove II is quasi-compact. It yields Items (1) and (2) of Theorem 3.1. Along
the way we prove p,(II) = 1 and thus Item (3). Then, using quasi-compactness, we prove
the peripheral spectrum is a finite group of simple eigenvalues. That yields Item (4) of
Theorem 3.1.

4.1. Quasi-Compactness. In this section we prove Items (1,2,3) of Theorem 3.1.

Definition 4.1. Let (B, || -||) a Banach space and QQ a bounded operator on B. The operator
Q@ 1is quasi-compact if there exists a decomposition of B into disjoint closed Q-invariant
subspaces,

B=F®H,
where F is a finite dimensional space, all the eigenvalues of Q|x have modulus p(Q) and
p(Qly) < p(Q) where p denotes the spectral radius function.

The main result of this section is the following theorem.

Theorem 4.2. Let 0 < oo < 1. Assume (Pur) holds. Then the operator 1l is a quasi-compact
operator on (C*(P(C*),C), ||.|la). Moreover, p,(I) = 1.

Once this theorem is proved, Items (1) and (2) of Theorem 3.1 follow from the quasi-
compactness definition. The equality p,(IT) = 1, stated in Item (3) of Theorem 3.1, requires
a supplementary argument that we provide at the end of this section. Item (4) of Theorem 3.1
will be proved in next section.

The main tool we use to prove this theorem is Ionescu-Tulcea Marinescu’s Theorem
[ITM50]. It gives very useful sufficient conditions to prove that an operator is quasi-compact.
The following theorem is the version of [HHO1].

Theorem 4.3 (Theorem 2.5 in [HHO1|). Let (B, || - ||) @ Banach space and Q a bounded
operator on B. Let|-| a continuous semi-norm on B and @Q a bounded operator on (B, || -||)
such that:

(1) QHf : feB|fll <1}) is relatively compact in (B, ] -|).
(2) There exists a constant M such that for all f € B,

|Qf < M]f].
(3) There exist n € N and real numbers r, R such that r < p(Q) and for all f € B,
Q" fIF < RIfI+r"|[£]]-
Then () is quasi-compact.

Using this theorem, quasi-compactness of Il is the consequence of the three following
properties.

(i) IL({f : f € B,]||f|la < 1}) is relatively compact in (C*(P(C¥),C),||.|lec)-
(ii) For all f in C*(P(C*),C),

ML f floo < 1 flloo-
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(iii) There exist n € N and real numbers 7, R such that r < p,(II) and for all f €
Ce(P(C),0),
M flla < Rl flloo + 7" Flla-

The norm ||.||« plays the part of the semi-norm in Theorem 4.3.

Item (ii) is a direct consequence of the fact that IT is a Markov kernel. Items (i) and (iii)
require more arguments. The main one is an appropriate estimation of |[II"||,. It relies on
a sub-additive function introduced in [BFPP19].

On P(C*), the metric d(Z,9) = /1 — |(z,y)|? is naturally associated to the notion of
exterior product. We recall the relevant definitions. For z1, 2, in C* we denote by z; A x5

the alternating bilinear form (yi,y9) +— det ((a:l, yj))?j:l' Then, the set of all 1 A x5 is a

generating family for the set A2CF of alternating bilinear forms on C*, and we can define a
Hermitian inner product by

2
<$1 A T2, Y1 A y2> = det ((xi7yj>)i7j:1a
and denote by ||x1 A 2| the associated norm. It is immediate to verify that

d(z,9) = llz Ayl = llms — mgll = 3llmz — w1, (9)

with 7z the orthogonal projector onto Cx and ||.||; the trace norm.
For a linear map A on C*, we write A2A for the linear map on A2C* defined by

/\2A (ZL’l N ZL’Q) = ALEl VAN ALEQ. (10)
Let g : N — R, be the function defined by

g(n) :/ | A2 W S (o, . 0).
M (€)™
Remark that || A A|| < ||A||? implies g(n) < ([ ||v]|?du(v))” for any n € N. The following

lemma concerning ¢ is proved in [BFPP19].

Lemma 4.4 (Lemma 3.6 in [BFPP19]). The function g is sub-multiplicative and if (Pur)
holds, there exist ng € N and 0 < X\ < 1 such that for all n > ng, g(n) < ™

Then next lemma unlocks the proof of Items (i) and (iii).

Lemma 4.5. For every f € C*(P(CF),C) and every n € N
" flla < 35" "g()"| flla + (25 + D f ]l
Hence, 11 is a bounded operator on C*(P(CF),C).
Proof. For any #,9 € P(CF), let
M(z,y) = {A € Mp(C) : [|Az|[ > [|Ay][}.

Fix n € N, 2,9 € P(CF), and f € C*(P(C*),C). We consider the following (x,%) dependent
decomposition My (C) = M(z,y) U M(y,z) U{A € My(C) : || Az|| = ||Ay||}. By definition

(@) = /M o W B WP
k‘ n
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Using the decomposition of My(C),
an(i) - an(ig) = Qx,y(f) + Qy,w(f)

) i . 11
-/ (F(W, - 8) = S, ) [ Wi, (Y
[Wrz||=Wnyl
with, for any 2,9 € P(C*),
Qay(f) = / FWo - @) [Woz || — f(We - 9)[[Wayldu®"
WneM (z,y)
We bound Q. ,(f) for any #,9 € P(CF). For any z,7 € P(C"),
Qay(f) =/ FWo - &) ([Woz||* — [Way?)du®" (12)
Wn€M (z,y)

s (W d) - fW )W P (13)

WneM (z,y)

Remark that ||W,z|| > [[W,y|| implies ||[W,z|| > 0 so that W), -y and W}, - & are well defined
with respect to the measure 1y, ez ||Wayl/2du®™.

We first tackle the bound on the right hand side of (12). For any A € M;(C), ||Az|* —
| Ayl||? = tr(A*A(7; — 7). Then Holder’s inequality for Schatten norms on matrices implies

[[[Az* = | Ay|*| < tr(A"A) |5 — 5]

Using d(z,9) = ||mz — 73|, it follows,

FWo - @) ([Waz||* = [Way[*)dpu®"

‘ WneM(z,y)
A " n 14
< |1 lled(, §) / wrwdpen (19

WneM (z,y)

= k[|fllood(2,9)

where we used [ tr(W W, )du®" = k since [ WiW,du®" = Idex.
We now deal with the bound on Equation (13). Since f is an a-Hélder continuous function,
for any A € My (C) such that || Az||||Ay| > 0,

FA-2) = FA- 9 < ma(f)d(A-A-§)°
) I A2 A e Ayl
= Ml ) e Ay

Then, the triangular inequality and ||[W,z||~* < ||[W,y|~® imply

| / (f(Wi - &)= F (Wo - 9)) [ WaylPdp®"
nE€M (z,y)

< ma(f) / | A2 W, 2 A g oWy |20 du®™,
WnEM(Z‘,y)
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Using, ||[W,y|* < tr(WW,,) and denoting P the probability measure defined by dP®|p, =
=tr(WiW,)du®™ — see [BFPP19, Page 314] — it follows that,

) / (f(Wo - &)= (W - 9)) Wyl *dp®"
n€EM (z,y)

< ma(f) / | A2 W, & A gl (L (W) d s

WneM (z,y)
| A2 W,
(ptr(WrW,,))e

< k' (f)Epen < ) d(z,9)".

Jensen’s inequality applied to the concave function x — z® implies,

‘ / (f(Wo - &)= fF(We - 9)) Wy 2dp"
nEM(x,y)

- | A2 W] C (15)
< kma(f) ([E““h (W)) i(.9)
= k' my(f)g(n)*d(z,9)".

A similar argumentation leads to the bound

/ (F(W )= F (W ) WP < B ma(Plo()d(d )" (16)
[Wr||=[Wnyl

for the third and last term of the right hand side of Equation (11).
Using Equations (15) and (14),
|Quy (£l < K =g(n)* | fllad(2, 9) + Kl fllcd(, §).
Since d(z,9) € [0,1], d(z,9) < d(Z,9)* and

‘mey(f)‘ -« a
A g = Eg ()| flla + Kl lloo- (17)

Applying this bound to @, ,(f) and Q,.(f), and the bound from Equation (16) to the first,
second and third terms on the right hand side of Equation (11) respectively, leads to,

" f(@) — 1 f(9)]
d(x, g)

Finally, ||II" f]|lc < || f]lc and the definition of the Hélder norm yield the lemma. O

< 36 (n)* 1 flla + 2K f ]l -

Proof of Theorem j.2. As already mentioned, it is sufficient to prove Items (i), (ii) and (iii)
and p,(IT) = 1.

For Item (i), Lemma 4.5 leads to the equicontinuity of the set II({f € C*(P(C¥),C) :
| flle <1}). Indeed for all f € {f € C*(P(C*),C) : ||flla < 1}, since ||f]loo < || f]la, we have

ITLf|la < K'=og(1)" + (2\/§k + 1) - K, (18)

with K independent of f. This yields the equicontinuity.
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For every & € P(CF), the set {ILf(%) : f € C*(P(CF),C), || flla < 1} is relatively compact
in C. Indeed,

11/ ()] < / f(o - &) oz 2dp(v)

My (C)

< / 1ozl 2dga(v)
Mg (C)

<N fllse < flla <1,

which shows that {IIf(2) : f € C*(P(C*),C),]||flla < 1} is bounded and then relatively
compact. We can then apply Ascoli’s Theorem proving that the set II({f € C*(P(C*),C) :
| flla < 1}) is relatively compact in (C°(P(C*), C), ||.||s). Equation (18) implies there exists
K > 0 such that for any f € {f € C¥P(C*),C) : ||flla < 1}, |IILf|la < K. Hence, IIf
is a-Holder with a uniform constant and the relative compactness in (C*(P(C*), C), ||.||o0)
follows. Then Item (i) is proved.

As already mentioned, Item (ii) is a direct consequence of I1 being a Markov kernel.

For Item (iii), first, [I1 = 1 implies p,(II) > 1. Then, from Lemma 4.4, there exist ny € N
and A < 1 such that for n > ng, g(n) < A". Let n > ng be such that r = (3k) ="\ < 1.

Then, 3k *g(n)* <r"™ < 1 and Lemma 4.5 yields

I flla < Bl flloo +7(|.f[la

with r <1 < p,(II) and R = 2k + 1.
[t remains to prove p,(I1) < 1. Lemmas 4.5 and 4.4 imply there exist ng € N and A < 1
such that for any n > ny,

" flla < KA flla + (26 + 1)1 -

Since || flloo < | flas
0" < (344 2% 4 1)

Taking the limit n — oo leads to p,(II) < 1. Hence, p,(IT) = 1 and the theorem is
proved. 0

4.2. Peripheral spectrum. In [Hen95, §9], the concepts of period and cycles are introduced
for arbitrary quasi-compact Markov kernels. This article being in french and our model
allowing us to explicitly prove the peripheral spectrum is a finite subgroup of U(1) and
simple, we prefer an explicit proof. It also has the upside of providing an explicit expression
for the space F of Definition 4.1. The interested reader can prove the results, except the
explicit description of F, using [Hen95, §9].

First, since IT is a contraction on (C°(P(C*),C),||.||s), its peripheral eigenvalues are semi-
simple. This is expressed in the following lemma which is a consequence of the fact that
sup,, |[II"|| < oco. In particular, the operator II is said to be of diagonal type [HHO1, Propo-
sition I11.1]

Lemma 4.6. Assume (Pur) holds. Let z € U(1) be an eigenvalue of I1. Then its algebraic
and geometric multiplicities are equal.

Now we define cycles and period.
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Definition 4.7 (Cycles of u). A l-cycle of p is a set of orthogonal subspaces {E1,. .., E¢}
of E, such that,

E-E & 0k
and for p-almost every v and i € {1,...,0}, vE; C E;yq with Epyq = Fy.

Definition 4.8 (Period of u). The period of p denoted m is the mazimal ¢ such that there
exists a (-cycle of .

This definition corresponds to the definition of period for a quantum channel —see [BFPP19,
Definition 3.1].
Using these definitions, we can prove the peripheral eigenvalues form a finite subgroup of

U(1).

Lemma 4.9. Assume (Pur) and (Erg) hold. Let m be the period of . Then, the peripheral
spectrum of I1 is the set of m™ roots of unity:

{z €specll:|z| =1} = {=>,r=0,...,m — 1}.

Proof. From Theorem 4.2, II is quasi-compact. Therefore, the elements of modulus 1 of
its spectrum are eigenvalues. Since II1 = 1, 1 € {z € specll : |z| = 1}. Let z be an
eigenvalue of II with modulus 1 distinct from 1 and f an associated eigenvector. Then, from
the convergence in distribution shown in [BFPP19, Theorem 1.1, we have for any 2 € P(C*),

m—1
: 1 r4+mn 2 — .
Jim o E_OiH F(&) = Vino (),

where v, is the unique Il-invariant probability measure. Since z # 1 and IIf = zf, using
Vinoll = Vi, it implies, v, (f) = 0. Then, we also have

m—1 m—
. 1 r+mn 2 — 1; n 1l
fi s 2 0 (2) JE&( mZ )

mnyg __

Choosing z such that f(&) # 0 and taking the limit along a subsequence such that limy_,, z
1 leads to

—_

3

Il
o

It follows that z is an m"™ root of unity.
It remains to show that all the m'™ roots of unity are in {z € specIl : |z| = 1}. For
le{l,...,m}, let

th

:E»—>Ze’ ™ (x, M,x)

where the positive semi-definite matrices MT are the ones defined in Proposition C.2. Note

that the functions (f;) are well defined since the value (z, M,z) = tr(M,m;) does not depend

on the representative of Z. Furthermore, since (z, Ax) = tr(An;), by Holder’s inequality for

Schatten’s matrix norms, for A positive semi-definite, & — (z, Az) is tr(A)-Lipschitz and

therefore a-Holder. As finite sums of a-Hoélder functions, the functions f; are a-Holder.
Recall the definition of ® as the map from M (C) to My (C) defined by

O X — v* Xv dp(v).
M;(C)
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Following Proposition C.2, ®(M,) = M,_; with My = M,,. By definition of II, we have
Wh(e) = Yoo [ for, Myva) fusdto)
My (C)

ei:riz“/ (x,v*M,vzx)du(v)
M, (C)

M= 1M 10

e (. ®(M,)z)

%
Il
,_.

L (r+1)1 o

e m (x, M.x).

NE

[y

r—=
Hence, I1f; = ¢'w?7 f; and then e¢'w2™ € {z € specIl : |2| = 1} and the lemma is proved. [
It remains to prove the peripheral spectrum is simple.

Lemma 4.10. Assume (Pur) and (Erg) hold. Let m be the period of p. Then, the subspace
F spanned by the eigenvectors of I1 corresponding to eigenvalues of modulus 1 is the linear
span of the functions

T (x,M,z), re{l,...,m}

where the positive semi-definite matrices M, are the ones defined in Proposition C.2.
In particular dim F = m and the peripheral spectrum of 11 is simple.

Proof. From Lemma 4.9, {z € specll : |z| = 1} = {e'm?",r = 0,...,m — 1}. Following
Lemma 4.6 all these eigenvalues are semi-simple. Then, quasi-compactness of II implies that

II can be written as
dim(F)

M= > MNP, +T.
i=1
In the above decomposition, the operators P, are the Riesz projectors onto the eigenspaces
of the eigenvalues ); which belong to {¢'m?",r = 0,...,m — 1}. We have p,(T) < 1 and
TP,, = P\,;7 = 0. Therefore we can define 1l,, = lim,_,,, [I™". This is the Riesz projector
onto F.
Lemma C.3 implies that for any function f € C°(P(C*),C),
. 1 «
Moo f(3) = — > (w, Mea)i(f),

r=1

where v, is the unique invariant probability measure of II™ such that v,({Z € P(CF) : x €
E,}) = 1. That yields the lemma. O

The combination of Lemmas 4.9 and 4.10 imply Item (4) of Theorem 3.1 and we proved
the other three statements in the previous section, so Theorem 3.1 is proved.
5. PROOFS FOR TILTINGS

5.1. Proof of Theorem 3.2. The goal of this section is to prove Theorem 3.2. We follow
the strategy of [BL85|.
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Let 2€C,0<a<1andh:P(C*) = R a a-Hélder continuous function. Recall that the
operator II, is defined as follows. Let f be a mesurable function and & € P(C¥), then

/() = /M O ),

First, next proposition shows II, is a bounded C*(P(C*), C) endomorphism.

Proposition 5.1. For every f € C*(P(CF),C), Il.f € C*(P(C*),C). Moreover, for any
z € C,

sup ||IL f|la < o0.
Ffillflla=1

Proof. Remark that II, f = Ile*" . The function & ~— zh(%) is bounded since h is continuous
and defined on a compact set. On any compact subset of C, w + €% is Lipschitz continuous.
Hence, & — e*"®) is a-Holder. Lemma 4.5 implies

T flloe < 8K =g (1) € flla + (2K + 1)el @M= £ .

Since the norm ||.||, is sub-multiplicative and || f||o > ||f||c0, for any f such that || f|l. = 1,
we have

1T £l < 3K g(1)* [ ]|o + (2K + 1)l Rl

and the proposition is proved. 0

Now that we have established that II, is bounded for all z € C. We can attack the
problem of analyticity which is the content of Theorem 3.2. To this end, we introduce the

operators II,,, defined as follows. For n € N and for f : P(C*) — C a measurable function
and & € P(CF)

@) = | MR Do)

The main point is then to show the expansion in series
x  _n
z
Hz = E _'Hn7
n!
n=0

with a convergence in norm. It is a consequence of the convergence of the series > |
Fubini’s Theorem implies the equality of the series with II..

Proof of Theorem 3.2. Since h and f are a-Holder and bounded, A" f is a-Hélder and bounded.
From Lemma 4.5, using IL, f = IIA" f, we obtain,

Lo flla < 36" g(D)*[R" flla + (25 + DA f .
The sub-multiplicativity of the norms ||.||, and ||.||« implies,
T flla < 35" g([1RlG 1 lla+ 2% + D215 1flle-
Since ||flloo < ||f|le and z — x™ is increasing for non negative x,

T flla < (38 9(1) + (2k + 1)) 1All5 [1f]la-

o
n=0 n!

|=[™

Tl

Then the series $°°° B[, ||, is convergent for any z € € and the map z — II, is analytic

n=0 n!

on C. ]
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5.2. Proof of Theorem 3.3. Recall that in this context, we assume there exist 7 € (0,2)
and 0 > 0 such that

/ ||| "du(v) < +oo and / 0|2 dpu(v) < 4o0.
M, (C) M, (C)

Then for z such that Re(z) € (—7,6), we study I, defined by :

ILf(@) = /M o F B o)

for all f € C*(P(CF),C), and all # € P(C¥). When |Jvz|| = 0, we extend by continuity and
set elogllvzll||yz |2 = 0.

Our goal is to show z +— I, is analytic in norm with respect to some Holder norm. The
Holder exponent is constrained by how close to 0 the real part of 2+ z can be, hence by the
value of 7.

We first prove that I', is bounded on the appropriate space. The proof uses the fact that
T ||Az||* f(A- 2) is a-Holder for any a-Holder function f and Re(z) > 0 with appropriate
bound on the ||A|| dependent coefficient.

Lemma 5.2. Let z € C be such that Re(z) > 0. Fiz o € (0,min(1,Re(2/2))) and f €
C*(P(C*),C). Then for any matriz A € My(C), the function fa : &+ 18142l f(A. %) and
fa(z) = 0 whenever Ax = 0, is a-Hdlder continuous with

2/2]

a*

I falla < 27 === A flla

with o = min(1, Re(z/2)).

Proof. First, from sup-norm submultiplicativity, || fallee < [[A]%®|| f]lso-
Second, let #,9 € P(C*) be distinct. We use the shorthand #* for e*1°8¢, Without loss of
generality we can assume || Az| > [|Ay]|.

fa(@) = fa@)] < 11 Az|” = [ Ayl*) F(A- 2)| + Ay | f(A-9) - f(A-2)] (19)

where 0 X f = 0 even when the argument of f may be undefined.
We shall apply Lemmas A.1 and A.2. Namely, we apply Lemma A.2 with K = [0, || A[]?]
and o* and f, set to a* = min(1, Re(z/2)) and f = max(1, Re(2/2)),

I1Az(l* = Ay (7| = (1 Az]*)* — (|| Ay[*)*/?]

|z/2] _
2 sup #871)|Az|)? — || Ay|)?

. * (Lemma A.2)
ar o412

* 2 * *
< o B2l a0 g age, g (Lomma A1)
@)

*

o Z/2| e(z oY
= 2 7’|A||R()d(%y) -

Since a < o* and d(z,7) < 1,

2/2]
a*

([ Az ] = [ Ay[I*) f(A - 2)] < 27 == | A O] fllood (2, 9)° (20)
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For the second term on the right hand side of Equation (19), we can assume ||Ay|| > 0

and therefore || Az| > 0. It follows from d(A -z, A-y) = m%,

A2 Al
[Az|*]Ay]l~

Since ||Az|| > ||Ay]|, t — t* is non decreasing, ||z A y|| = d(Z,9) and || A% Al| < ||A||%,
[AY[[* [ f(A - g) = f(A-2)] < [[Ay] B2 AP ma(f)d(@, §)*.

By definition of a, Re(z) — 2a > 0, thus ¢ +— #7°(*)=2 i5 non decreasing. Hence,

1AY[I*@ [ f(A-§) — F(A-2)] < [ Ay[[*ma(f) [l Ayl

1Ay [FE | F(A-g) = F(A- @) < A" ma(f)d(,9)". (21)
It follows from Equations (20) and (21), ma(fa) < ||A||R) (mo(f) + 2‘“'2@ flleo)- Since
2“*% > 1, it follows,
«|2/2
ma(£2) < AP0 E2 g
and
ot 12/2 o(z
Ialle < 20" E2 e
Hence,
ot 12/2 o(z
Ialle < 2 2 e gy,
and the lemma is proved. O

Proposition 5.3. Let « = 1—7. Then, for every z such that Re(z) € (—7,9), I'; is bounded

on C*(P(C*),C). More precisely,

IT:[lo < 2 ol *2dp(v)

1+ z/2|
ar Mg(C)

with o = min(1,1 + Re(z/2)).

Proof. By Lemma 5.2, for py-almost every v, f, : & — ||vz|** f(v - 2) is a-Hélder with
o |1 + Z/2| e(z
| folla < 25 == [0l £ (22)
The triangular inequality implies,

IT. Al < / 1 follad.
M (C)

Hence, bound (22) and the p-integrability of v + ||v>*®¢(®) yield the proposition. O

We now turn to the proof of Theorem 3.3. The first step is to show that the operators
(I'2),en defined on C%(P(C*), C) for a = min(1, 1+ Re(z/2)) by

(@) = /M o log([[val)" f (v - &)l ||***du(v)

are well defined and bounded for z € C with Re(z) € (—7,9).
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Then, we show [|T'Z||, is small enough so that for any z € C such that Re(z) € (—7,9),
there exists n, > 0 such that for any 0 < n < 7.,

X n
n
> LT o
] n
"0 n.

is a convergent series. Then Fubini’s Theorem implies for any |w| < n,,
o wn B
Do = Z ﬁrm
n=0
and z — I', is analytic on {z € C: Re(z) € (—7,0)}.

The core of the proof exploits the continuity properties of the function £, . : t —
log"t e*1et on t > 0 for n € N and Re(z) > 0. We postpone the study of this function
to Appendix B. We first show & — F,, . o(||vz||?) is r-Hélder continuous with r € (0, 1] such
that Re(z/2) > r. We moreover bound the associated Hoélder norm.

Lemma 5.4. Let z € C be such that Re(z) > 0 and 0 > 0. Let r € (0,1] be such that
Re(z/2) > r. Then, there exists C > 0 such that for any matriv A € Mg(C) and any integer
n > 2, the function Gy, : & — F, ,;5(||Az||?) is r-Hélder continuous and

[e.e]

(Gl e () max(r, ] )
with Vo = min(Re(z/2),0/2) and
my(Gpz) < Ce™ (%) max (1, || A|[*E 720 A
0

with 7o = min(Re(z/2) —r,0/2).

Proof. By Lemma B.4 and ||Az|| < ||A] yields the bound on ||G,, ;|-
By Lemma A.1, Z — ||Az||? is Lipschitz with coefficient upper bounded by 2||A||?. Then,
since ||Az||* < ||A]|?, by Lemma B.4, there exists C' depending only on z,r and 6 such that

n " e\z2)—4r '
(o) < C (7) max(L, | AR +0)]| 4]

and the lemma is proved. O

Proof of Theorem 3.5. Fix z € {w € C : Re(w) € (2 - 7,2+ 9)}. Let r = min(1,1 —
7/2) = 1 —17/2 since 0 < 7 < 2 by assumption, it follows that » < Re(z/2). Let f
be r-Holder and A € Mg (C). Our preliminary goal is to bound the r-Holder norm of
Gyt &+ Fo.po(||Az||?) f(A - &) where the function is set to 0 whenever ||Az|| = 0 and
n is an integer n > 1. First, by sub-multiplicativity of the norm applied to F, .,»_, and
H, : &+ ||Az||* f(A - &) and the first point of Lemma 5.4, for any 6 > 0,

Gz aslloo = sup [Fuzp(llAz])]| Azl = H,(z)| (23)
ZeP(CF)

= sup |F,.p(||Az]*) H,(2)] (24)
ZeP(CF)

-n n " e(z)—2r r
<o (1) man(t, A AP ) (25)
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with v = min(Re(z/2 —1),0/2).

We turn to the r-Holder coefficient. Let 2,4 € P(C*) such that & # . Without loss of gen-
erality we can assume ||Az|| > ||Ay||. We can also assume ||Az|| > 0, otherwise G, . 4 (Z) —
Gnz.4¢(y) = 0 and any strictly positive bound over |G, . 4 f(2) — Gy.2,4.£(9)|/d(Z, 9)" holds.
Now, with these assumptions, the triangular inequality implies,

Gz (2) = Grza ()] < [Fnepa([[AyIDI(F(A-2) — f(A- )] (26)
+ (A @) Foep2(|AYI") — Fozpa((lAz]*)]. (27)

By definition of F}, . s, the right hand side of Equation (26) is equal to
| Fn o= ([ AY I A P71 £ (A - 2) — f(A-9)].

Using the second point of Lemma 5.4, for any 6 > 0, the right hand side of Equation (26)
verifies the upper-bound

oo (| AYDIIF(A - 8) — F(A-5)]
<o (%) max(L, A2 | A2 m, () (@, ) (28)

with the same « as in Equation (23) and where we used the same arguments as in the proof
of Lemma 5.2 with o = r to upper bound ||Ay||*"|f(A-z) — f(A-9)|.
Following Lemma 5.4, Equation (27) verifies; for any 6 > 0, the upper bound

[f(A- D) [ Fn ([ Ay]) = F (] Az]])]

n (T " e(z)—2r r AOANT
< flluCe (;) max(L, [ A2+ A d(z, g, (20)

with again the same ~.
From Equations (28) and (29), it follows that there exists C' > 0 depending only on z,
r=1—7/2 and 6 > 0 such that

n n
My (G,e,n ) < Ce™ (;) max(L, [| A=) AP £, (30)

with v = min(Re(z/2) — r,0/2). Together with Equation (23) it leads to the existence of
C' > 0 depending only on z, r =1 — 7/2 and 6 > 0 such that, for any integer n > 1,

—MNn n " e\z)—4r '
[Grmaflls < Ce (;) max(L, [ AJR=O-24) A2 [I£]]. (31)

with v = min(Re(z/2) — r,0/2). For n = 0, setting Go. Ay : & +— e/2lel4l® f(A . 7).
Lemma 5.2 with a = r and the same z yields,

1Gozasll: < CIAIFP £, (32)

with C' > 0 depending only on z.
The bounds on the Holder norm of G, . 4 s being established, we prove the convergence
of the series of (||I'Z]|,). Since,

Ffzf(:i') = 2_nGn,2+z,v,f(i)a
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the triangular inequality implies,

nn nn B
S < S % 2| Gl 2t | dpa(0).
- n! H n || = . nl /k(C) H 24z, 7f|| M(U)

Then, from Equation (31) and (32), for any 6 > 0, there exists C' > 0

n B n n e "n,
S oim< ey (5)

max([[o]*", [Jo] ) dp(v).

k

Setting 6 = 0 — Re(z), since r =1 — 7/2,

[/ n\" e "n" - 2468
"z, < ¢ (—) [ max(loll ol )duto),
;”! zn: n-/  nb e

with 1, = min(Re(z) + 7,0 — Re(z)). A straightforward use of the series expansion of the

exponential function implies that for alln € N : e™ > ", and then sup,, &
integrability condition on p implies that for any 2 € {w € C: Re(w) € (-, 5)} there exists
C > 0 depending only on z and g, such that for any 0 < n < n,,

> il < (ﬁ) .
n! .

Hence, the series ), “:I'Z is norm convergent for any z € {w € C : Re(w) € (—,4)} with
convergence radius at least min(Re(z) + 7,6 — Re(z)). That proves the theorem. O

6. PROOFS OF LIMIT THEOREMS

6.1. Proofs of Central Limit Theorems. The Berry-Esseen bounds in Theorems 3.5
and 3.7 are expressed without reference in the constant to the Holder operator norm of v.
This is a consequence of the following lemma.

Lemma 6.1. Let v be a probability measure on P(CF). Then,

W= sup v() = 1.
Fillflla=1
Proof. First, the constant function equal to 1 (denoted 1) is a-Holder, so ||v|, > 1.
Second, since v is non negative, we can restrict the supremum to non negative functions.
Since ||flla > || flloos ||flla = 1 implies f < 1 for any non negative function f. It follows
v(f) <1 for any non negative function such that || f|lo = 1. Hence, ||v||o < 1 and the lemma
is proved. U

Proof of Theorem 5.5. Theorems 3.1 and 3.2 imply assumptions #[oo] and D of [HHO1,
Page 9] hold with Q = II, B = C*(P(C¥),C) and ¢ = h. Then Theorem A and B in [HHO1]
and Lemma 6.1 yield the theorem. O

Before proving Theorem 3.7, we shall need the following Lemma.

Lemma 6.2. Assume there exist 7 € (0,2) and § > 0 such that [ ||v|>~+||v||*Fdu(v) < cc.
Then,

/Ilog(llv!|)|!|v||2du(v) <00
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In particular, for any probability measures v on P(CF)
Ep, [|log([[Viz1])]] < oo.

Proof. The first part follows from a direct function analysis proving there exists C' > 0 such
that for all z > 1, logz < Ca2® and for all 0 < z < 1, —logz < Cz™". In particular, it
implies that |log(||v|)|l|v]]* < C ([v]|* " Lo<puy<t + [[v]*1y>1) and finally

[ 1os(lelllelPdt) < € [ ol + ol auto)

The second part follows by the same argument since

Er, og(VizalDl] = [ og(lez ) vsldv(@)du(o)
and

C (Ilval* "Locpue<t + [[02]*F1)j0ey=1)

C (Ilol= + [lol***)

| Log([lvz)[|vz®

since |lvz| < ||v| and 2 — 7 > 0. O

Proof of Theorem 3.7. Let us start with Item (1). In [BFPP19, Proposition 4.3], a similar
result is proved but the assumption £ = C* is required and the expression of v was not
provided. Here, we shall use the perturbation theory to prove the result in full generality.
We borrow the expression

lm 4 log £ fexp(s1og | W,zo)) = T(5) = log(pa(T.).

from Theorem 3.8 with & = 1 — 7/2 and we aim to apply Theorem I1.6.3 of [ElI06]. The
above convergence is also a result of the perturbation theory and is expressed for example
in [HHO1, Lemma VIIL.5|. The differentiability of T, required in [EII06, Theorem I1.6.3|,
follows from the fact that the function T is actually analytic in a complex neighborhood of 0.
Indeed the analyticity of z — p,(I',) comes from usual perturbation theory (one can consult
[Kat95, Chapter 7, Section 1.3] or [HHO1, Lemma VIIL.1]). This way, since p,(I'g) = 1,
there exists a sufficiently small neighborhood U of 0 such that for all z € U, p,(I',) € C\ R_
and z — log(pa(I',)) is analytic. Then Theorem I1.6.3 of [Ell06] implies that there exists a
constant v, such that almost surely

) 1
lim — log(||Wyhzol|) = -
n—oo N,

Now we have proved the existence of v, let us give the expression. To this end, we shall use
that

1 1 <
lim —log||[Wyz|| = lim — E log || Vi@ |-
n—oo N n—oo M P



QUANTUM TRAJECTORIES. SPECTRAL GAP, QUASI-COMPACTNESS & LIMIT THEOREMS. 25

Note that the Markov chain (V},, &,) is P,, , invariant. Indeed we have, for all bounded and
continuous functions f on M (C) x P(C*):

o (Vi )

- / . fUn, o1 .. v - 2)||Un - .le||2d,u®"(vl, ey U ) AV (2)
C)»xP(CF)

[E[Pl/

_ / / Fmtn - (O 01 - ) [0m - - 0122w () (0rs - 00)
My (C (c)

= / / f(Un,Un'(vn_l...vl-:i’))x
My (C)» JP(CFK)

Up—1-...01T

X ||vp

m ‘ ||’Un—1 .. .U1x||2dyinv(i,)dlu®n(vl’ o ’Un)
n—1---

/ F (0 (O - 01 - B)) X
P(C*)
X |[vn(Vnet .. 01 D) P vnt - - - v12]|P AV, (2)dp®™ (v, . . ., v,)

Evie [f(Un, Up in—l)anxn—lHﬂ dp(vn)
Evine [f(Un, Up i0)||Unx0’|2] dp(vn)
f(

Uns U - )| 00| Ao () dpa (01,

/.
/N[k(c)
/N[k(c)

In line 6, we have used the v, invariance of (&,). Since (V,,,Z,) is defined for n > 1, we
have the desired invariance. Then Lemma 6.2 allows to use the Birkhoff ergodic Theorem
which implies that there exists an integrable random variable X, such that E,, (X&) =
£, (log||[Viz1]|) and P, -almost surely

Vinv

hm Zlog Vo, =

Then, the definition of the constant ~ yields that P, -almost surely, X, is a constant and

1= Xoo =y (Xo) = B, (log [Vir ) = [ log vz | g (v) v (2).
Md C)x (Ck)

Second, for Items (2) and (3) for log ||W,z||, the tilting I';; cannot be expressed as
it is in [HHO1]. However, in that reference, the only place where the expression of T';
(Q(t) in [HHO1|) matters is in Section V, where Q(t)(z,dy) is assumed to be expressed
as Q(t)(x,dy) = w(z,y)Q(x,dy). That specific expression is only used in Lemma V.9.
Thankfully, the proof of this lemma adapts straightforwardly to our tilting defined by
Li(2,A) = [1a(v - 2)e'slel|pz|2dpu(v). Hence, as in the proof of Theorem 3.5, us-
ing Theorems 3.1 and 3.3, we can apply Theorems A and B of [HHO1|, this time with
£(z) = log ||vz|| — v and Lemma 6.1 yields Items (2) and (3) for log ||W,z||.
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Third, Item (2) for log||W,|| is a consequence of Slutsky’s Lemma and Item (3) in

[BEPP19, Proposition 4.3]. Indeed we have lim,, ””VL/I}‘;”” = ¢(z) > 0 P,-almost surely.
Then,

nh_)rrolo ﬁ(log |[Whx| —log [|[Wy]) =0, P,-as.

log |[Wn|—ny
NG )

Finally, Item (3) for log ||W,,|| relies on a small modification of the proof in [HHO1, § VI.3].
As usual, the proof of Berry-Esseen theorem relies on (Berry-)Esseen Lemma ([Durl0, Section
3.4.4] or [HHO1, Lemma VI.3|) bounding distance between cumulative distribution function
using characteristic functions. We shall study the quantity

sup [P, [log |Wal| —ny < u/n] = N0, 1)((~00,u])

and Slutsky’s Lemma yields the convergence in law of

Let 7 > 0. Using [HHO1, Lemma VI.3], one has

sup P flog [Wall — ny < uov/n] = N(0,1)((—00, u])]

- l/JTﬁi E, [eit%}
™ n

1 /JT\/ﬁ 1
S — -
™ n

24 1
m207y/n

it lesUWn )=y it lesUlWne|) =
[ vn — e " :| dt
L1 /‘”ﬁ 1 Pt%} 24 1
T - T 207'\/_

Using the element of proof of [HHO1, Lemma VI.3], we have (for some constants ¢ > 0,

0<n<1landCs>0)
1 /”ﬁ 1 L [eitlog(u%znm] 24 1
T - /2 oTy/n

oo Cs 24 1
< 2 1-— Tadt — + —= .
- ﬁUf(an(( R /—0064 )+\/ﬁ+7r 20T\/n
Indeed this is exactly the term that has to be handled to obtain Berry-Essen bound for
log ||W,z||. For the other term, it follows from Jensen’s inequality and |sin(z)| < |z| that

g (\1 L)

Vi W]

At this stage, since ||[W,z|| < ||W,|| and z — —z*log x is bounded by 1 on [0, 1], we have

IWoal ) /‘ Wy ||‘
[Ey(\log _ Wl Pdpu(Wi)dv(2)
A A
/‘mg 1Woall| [Wo?
A

AR
/ Wl Pdu(W,

n J—

o log([Wna|)—y s log([Wn )=~
, [ezt U ezt o :|

Wl [2d (W) dw ()

IA
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Now, it is clear that for any orthonormal basis {e;,i = 1, ..., k} of C*, [|[W,]|? < S2F | [|[Whei|?
and since [ [|[W,y||*du(W,,) = 1, for all y, we have

© (Jos ] <

As a consequence, by gathering the terms with respect to their importance, we get

C
sup [P [log [ Wl — ny < uov/n] = N0, 1) (=00, u])| < :

G , Gy
TV

In particular 7 = n='/* is the optimal choice and yields the desired bound. O

6.2. Proofs of restricted Large Deviation Principles.

Proof of Theorem 3.6. Theorems 3.1 and 3.2 imply Assumptions H[oo] and Dy, (Page 50) of
[HHO1] hold. Then, since for f = 1, the measure P,,, defined in [HHO1, Page 53] is v, [HHO1,
Lemma VL.5| implies Item (1) — remark that in the proof of this lemma the assumptions
v(£) = 0 and 0% > 0 are not necessary. As a limit of convex functions, 6 — A(6) is convex.
The analyticity of A is proved with the same arguments to the one used for T in the proof
of Theorem 3.7.

Then Item (2) is a consequence of Gértner-Ellis Theorem as formulated in [JOPP12,
Theorem A.5] with Z = N, M,, = P(C*) x Q, F, = J, and P, = P,. That proves the
theorem. O

The proof of the restricted LDP for log ||W,z|| follows the same lines. The proof for
log ||W,]| relies on a lemma whose proof is adapted from [GLP16, Lemma 2.7].

Lemma 6.3. Let v a probability measure on P(CF) such that for anyy € C*\{0}, E,(|{y, x)|) >
0. Then, for any s > —2, there exist Cs(v) > 0 and cs(v) > 0 such that for any v € My (C):

cs(W)oll® ||v$||2dV(fE)§/ lvz]|*"2dv (@) < Cu(v HUII/ lz]*dv(z).  (33)
P(ck) P(CH)

Proof. Assume there exists v such that [, q, [loz]*dv(2) = 0 or fP(ck) |vz|*T*dv(z) = 0.

Then, v-almost every x € kerv. That implies E,(|(y,z)|) = 0 for any y € kervt. That
contradicts our assumption on v therefore

/ |vz||?dv(2) >0 and / |vz||*T2dv(2) > 0
P(CF) P(Ck)

for any v € My(C). It follows the function

fp(ck) [oz||**2dy(2)
ol fory ToalPd(3)

is continuous away from v = 0. Since the inequalities we aim to prove are stable by division
by ||v]|**? we can assume |[v|| = 1. The unit sphere of M (C) is compact and R, is continuous
on this sphere. Therefore Cy(v) = sup,, =1 Fs(v) < oo. Moreover, the minimum on the
unit sphere, cs(v), is reached at some vy. Since the function R, takes non-negative values,
cs(v) > 0. If ¢5(v) = 0, it implies fP(Ck) |lvoz||>T*dv(2) = 0 which we already proved is

R,:v—

impossible. Hence, ¢4(v) > 0. O
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Proof of Theorem 3.8. Since, E, (e*!¢IWnzll)y = yI'1 the proof for log ||W,z|| is the same as
the proof of Theorem 3.6. We do not reproduce it.

For log||[W,]|, it is sufficient to prove Item (1) since Item (2) follows using the same
arguments as in the proof of Theorem 3.6. Using Lemma 6.3, for any s > —2, there exist
Cs(v) > 0 and ¢4(v) > 0 independent of n such that,

cs(V)E, (e8Il < |, (es s IWnelly < € (1), (e 1B 1MW),
Then it follows that
lim 1 log E, (exp(slog||W,]|)) = lim 1logE,(exp(slog ||W,z))
n—oo

n—o0

for any s > —2 such that the second limit holds. Hence, Item (1) for log||W,z|| implies
Item (1) for log ||W,,|| and the theorem is proved. O

APPENDIX A. SOME LEMMAS
Lemma A.1. Let A € My(C). Then & — ||Az||? is (2| A||*)-Lipschitz.

Proof. By definition of 7z, ||Az||* = tr(Am; A*). Hence, ||Az||* — || Ay|]* = tr(A*A(m: — 7).
Holder’s inequality for matrix Schatten norms implies

[[Az])* = [[Ay[l*] < [|AIl|lms — m5llx = 2[|Al*d(%, )
with ||.||; the trace norm and the lemma is proved. O

Lemma A.2. Fizz € C such that Re(z) > 0. Let a* = min(1,Re(z)) and f = max(1,Re(z)).
Then the function t — €218t continued in 0, is o*-Hélder continuous on any compact subset
K of Ry with Holder coefficient bounded from above by

with t* = 1 for any t € R,.

Proof. Let t,s € K be such that t > s > 0. For s = 0, since |e?!°8?| = tR¢(*) if Re(z) < 1, the
lemma follows from |z|/ Re(z) > 1. If Re(2) > 1, t8() <t sup, ; u**)~1 and the lemma
follows from |z| > 1.

We now assume ¢t > s > 0. Since u — zel*"D1°g js the derivative of u — e?1°8%  the
fundamental theorem of calculus and triangular inequality imply

z—1)

||
Re(z)
For Re(z) < 1 the lemma follows then from the Re(z)-Hélder continuity of = + 28 with

Holder coefficient 1. For Re(z) > 1, taking the supremum over u € K in the integral proves
the lemma. 0

t
‘ezlogt . ezlogs| < |Z‘ / uRo(z)—ldu — (tRo(z) . SRo(z)>.

APPENDIX B. ON THE FUNCTION t 3 log"t e*los!

For any integer n such that n > 1 and z € C such that Re(z) > 0, we define the function
for all t € RT

F,.(t) = log"t e*'°8".

Let us first prove this function is bounded with appropriate bounds.
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Lemma B.1. Lett > 0. For everyn > 1, z € C such that Re(z) > 0,

n " n\”
sup |Fy.(s)| < max <e‘" ( ) e (_) tRo(z)+9) .
SE[OJ}‘ ) Re(z) 0
Proof. If s < 1, |F, .(s)| = (= log s)"efe®) o5 Since for s € [0,1], ¢,d > 0

sup s%(—logs)=e~° (E) :
s€[0,1] d

the bound is proved for s < 1.

If s € [1,t], |F,.(s)| = log"s s%(). Since, on Ry, x ++ 2°%€7% reaches its maximum in
x = ¢/ for a fixed § > 0 and ¢ > 0. Then we have logu < e ¢ (g)cue for any 6 > 0,
c € [0,+00) and v > 1. The bound is then proved for s € [1,¢] and the lemma holds. O

Ox

We now prove that this function is a locally Lipschitz continuous function and bound the
Lipschitz coefficient.

We introduce an appropriate constant. Forn € N, n > 2, 2 € C, Re(z) > 1, ¢t >0, 0 > 0,
we write

K(n,zt,0) =n"e”"Ymax (2|2] (Re(z) — 1)7", (|2| + )=+ =) |
Remark that for z and 6 fixed, there exists a constant C' > 0 such that,

K(n,zt,0) < Cmax (e‘” (ﬁ) e " (%) tRC(z)_He) : (34)
Lemma B.2. Lett > 0. For everyn > 1, z € C such that Re(z) > 1 the function F, . is of

class C' on (0,t) and verifies

sup |FL,(5)] < K(n, 2,1,0)
s€(0,t) ’

for any 6 > 0.

Proof. In the whole proof we use the convention that 2° = 1 for any x real. For any s € (0, 1),
differentiating F), . leads to

F) (s) =log"'s e D18 (11og s + n).

Thus F), . is of class C" since n > 1.
For any s € (0, 1),

£ ()] < s log ()| 4 [2] s log(s)]™.
Using |logs| = —log s for s € (0,1], for ¢ >0,d >0

sup s%(—logs)®=e° (E) :
s€(0,1] d

Then for all s € (0, 1],

1 n—1 n n
F/ < —(n—l) ni —n e .
[Frz(s)] < me Re(z) — 1 T lzle Re(z) — 1

'is non decreasing, (n — 1)"~! < n""! so that,

Pl < (Re(s) = 1+ e (o)

Using = — 2"~
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Then 2|z| > Re(z) — 1 + |2| implies the lemma holds for the supremum taken over (0, 1].
For any s € [1,t), since, on R, x — 2% is maximum in z = ¢/6 for a fixed § > 0 and

c>0,logfu<e© (g)cue for any § > 0, ¢ € [0,+00) and u > 1,

—1 n—1 n
|F7/L7z(8)‘ < ne—(n—l) (n ; ) SRo(z)—1+9 4 ‘z|€—n (%) SRe(z)—l—l—@'

Then the inequality n"~* > (n — 1)"~! and the fact that u +— uR¢=)~1%% is non decreasing
yield the lemma for s € [1,¢) and the lemma is proved. O

We can now prove the continuity properties of F,, ..

Lemma B.3. Foranyn > 1,t> s> 0,0 > 0 and z € C such that Re(z) > 0, for any
r € (0,1] such that Re(z) > r,
|Foz(t) — Foz(s)] <r "K(n,z/r,t",0)|t —s|".
Proof. For any u > 0 and n € N, F,.(u) = r"F, ./, (u"). Let r € (0,1] be such that
Re(z) > r. Then, Re(z/r) > 1 and Lemma B.2 implies
|Fo () = Foz(s)| = 17" Fppe(t7) = Foyape(s)] S v 7" K (n, z/7, 17, 0)[t" — s"|.
Since u — u" is r-Holder with coefficient 1,
|Fo2(t) — Fns(s)] <r "K(n,z/r,t",0)|t —s|"
and the lemma is proved. O

We finish with a lemma bounding the Hélder norm of F, .. For a a-Holder continuous
function F' : [0,¢] — C, let

F(u)—F
s(F) = F) = FO)
u,s€[0,t]:uts |u - S|a
and
[E]le = sup |[F(s)].
s€[0,t]
Lemma B.4. For any z € C such that Re(z) > 0, r € (0,1] such that Re(z) > r and 6 > 0,
there exists C' > 0 such that for any natural number n > 1,t > 0,

-n n\" Re(z)+0
n,z|(|t = )
| Fozlle <e <—) max (1, )
7

(e}

with Vs = min(Re(z),0) and

mt,?‘(Fn,z) < Ce™ (ﬁ) max (1’tRC(Z)—7‘+9)
7o

with o = min(Re(z) — r,0).

Proof. The first bound is a consequence of Lemmas B.1 and sub-multiplicativity of the
maximum.

The second bound is a consequence of Lemma B.3 with the bound of Equation (34) using
sub-multiplicativity of the maximum. Setting C' to be the constant in Inequality (34) yields
the lemma. U
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APPENDIX C. CYCLES FOR QUANTUM CHANNELS WITH UNIQUE INVARIANT STATE

We investigate the consequence of our definition of period for y on the eigenvectors of
the map ¢ : X — ka(C) v* Xovdp(v). Recall the definition of cycles and period given in
Section 4.2.

Definition C.1. A (-cycle of p is a set of orthogonal subspaces {Es, ..., E;} of E, such
that,

E=E® --®E

and for p-almost every v and 1 € {1,...,0}, vE; C E;yq with Epq = Fy.
The period of p denoted m is the maximal ¢ such that there exists a {-cycle of .

Proposition C.2. Assume (Erg) holds. Let m be the period of pn as defined in Defini-
tion C.1. Then there exist positive semi-definite matrices {M,,r = 1,...,m} such that

(I)(MT,) = Mr—l with M() = Mm
and a m-cycle {Fy, ..., E,} of E such that
MT’PET- = PETMT’ = PET- and MTPET/ = PET/MT’ = 0 ZfT 7é ’l"l

with Pg, the orthogonal projector onto E,..
Moreover their normalization can be chosen such that > " M, = Id.

Proof. Let L(E) be the space of endomorphisms of £. By assumption, the map ®g : L(F) —
L(E) defined by ®5(X) = ka(«:) vXgv*du(v), with Xg the natural embedding of X in
Mg(C),is an irreducible trace preserving completely positive map. From Perron-Frobenius
theory — see [EHKT78| — its spectral radius is 1 and its peripheral spectrum {\ € spec @ :
IA| = 1} is simple and equal to {¢/m2™ k = 1,...,m} where m is the period of 1 as defined
in Definition C.1.

By definition of F in Assumption (Erg), for any density matrix p € My (C),

llm PEL¢*n(p)PEL = 0,
n—oo

with P the orthogonal projector onto E+. Indeed by invariance of E, we have ®*(PgpPg) =
PgrpPg, for all p. This way Pri®*"(p)Prp1 = Ppi®*"(PpipPgi)Pg., for all n and all p
which justifies the fact that the previous limit is equal to 0. Indeed if it was not true
since Pp1®*(PgpipPp1) Py is completely positive, there would exist a p-invariant subspace
E' ¢ E+ and E would not be unique. It follows that any eigenvector of ®* with eigenvalue
of modulus 1 is an element of PeM(C)Pg with Pg the orthogonal projector onto the space
E. Hence, the peripheral spectrum of ®* and therefore ® is also {e'm2™ k =1,...,m} with
simple eigenvalues.

From [Woll2, Theorem 6.16|, there exists {p,,7 = 1,...,m} C PgMy(C)Pgr a set of
density matrices such that range p, = E, where E,. is a cyclic class of Definition C.1 and
®*(p.) = pra1 With ppae1 = p1. It follows that the eigenspace of ®*™ associated to the
eigenvalue 1 is spanned by the orthogonal basis {p,,7 = 1,...,m}. Moreover, 1 is the only
eigenvalue of ®* with modulus 1. Hence, there exist matrices {M,,r =1, ..., m} such that

n—oo

qi(p) = lim & (p) =3 ptr(M,p), (35)
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for any density matrix p. By positivity of ®* each M, is positive semi-definite. Moreover,
since ®* is trace preserving, > -, tr(M,p) = 1 for any density matrix p € My(C). Hence,
o M, =1d.

Using that v E,. C E, for p-almost all v, on the one hand, tr(M,p) = 1 for any density
matrix p € Mg (C) such that range p C E,. On the other hand, tr(M,p) = 0 for any density
matrix p € My(C) such that rangep C E,. for some r’ # r. Hence Pg, M,Pgr, = Pg, and
Py, M, Py, = 0 for ©' # r. Then, since M, is semi-definite and > | M, = Id, Pp M, =
M’I‘PET = PET and PET/MT‘ = M’I‘PET/ =0 for 7”/ 7A r.

It remains to prove ®(M,) = M,_;. From Equation (35) and ®*(p,.) = p,11 with p,41 =
p1, we deduce

O(X) = Mtr(p1X) + R(X)
r=1
with lim,,_ o ||R"H% < 1. It follows that ®(M,) = M,_; with My = M,, and the proposition
is proved. [l

We prove an auxiliary result on the m time steps Markov chain defined by II"™. The proof
relies on the results of [BEPP19|. This result can be seen as an addendum to [BFPP19].

Lemma C.3. Assume (Pur) and (Erg) hold. Then there exist a unique set of probability
measures {v,,7 = 1,...,m} such that v,(P(E,)) = 1 and v,II"™ = v,. Moreover, for any
function f € C°(P(C*),C),

lim 1™ f () = > (z, M) (f),
r=1

where the matrices M, are the ones defined in Proposition C.2.

Proof. From [BFPP19, Proposition 3.5|, (Pur) implies there exist (3,) an O-measurable
sequence of random variables taking value in P(C*) such that there exist C > 0 and \ € (0, 1)
such that for any probability measure v on P(C*) and I,n € N,

E, (d(Zm(nt), Jmn © 0™)) < CA (36)

with 6 the left shift 0(vy, va,...) = (ve,vs3,...).
Following Equation (22) in the proof of [BFPP19, Proposition 3.4], for any O-measurable
bounded function f and any density matrix p € M (C),

E°(f o 0) = E¥)(f)

with E? the expectation with respect to the probability measure defined, using Kolmogorov
extension theorem, by

dP?(v1,va, ... ) = tr(pvivs - - - viv, - - vy )dp®™ (v, g, . . . )

See [BFPP19, § 2] for details.
Then it follows from Equation (35) that

lim EP(f o 6™) = E* @ (f) (37)

n—o0

for any bounded O-measurable f.
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As in the proof of [BFPP19, Theorem 1.1, combining the uniform convergence in [ of
Equation (36) and the convergence in [ of Equation (37), for any f : P(C*) — C continuous,

m

lim s, (f(Zn)) = D (2, Mea) EP (f (Gn)) = 0.

From [BFPP19, Appendix B| applied to IT™,

T E°7(f(Gnn)) = E,((2)

with v, the unique II"-invariant probability measure such that E,, (7;) = p, with m; the
orthogonal projection onto Cz. That proves the lemma. U
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