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A TWO-LANE BIDIRECTIONAL NONLOCAL TRAFFIC MODEL

H. D. CONTRERAS, P. GOATIN, AND L. M. VILLADA

ABSTRACT. We propose and study a nonlocal system of balance laws, which models the traffic
dynamics on a two-lane and two-way road where drivers have a preferred lane (the lane on their
right) and the other one is used only for overtaking. In this model, the convective part is intended
to describe the intralane dynamics of vehicles: the flux function includes local and nonlocal terms,
namely, the velocity function in each lane depends locally on the density of the class of vehicles
traveling on their preferred lane and in a nonlocal form on the density of the class of vehicles
overtaking in the opposite direction. The source terms are intended to describe the coupling between
the two lanes: the overtaking and return criteria depend on weighted means of the downstream
traffic density of the class of vehicles traveling in their preferred lane and of the class of vehicles
traveling in the opposite direction on the same lane. We construct approximate solutions using a
finite volume scheme and we prove existence of weak solutions by means of compactness estimates.
We also show some numerical simulations to describe the behaviour of the numerical solutions in

different situations and to illustrate some features of model.

1. INTRODUCTION

1.1. Motivation. Our main objective is to model vehicular traffic flow on a two-lane and two-way
road where drivers have a preferred lane, the lane on their right, and the left one is used only for
overtaking slower vehicles, see Figure 1. Lanes are labeled as lane 1 and lane 2 and we denote by
p1 := p1(t,x) and py := pa(t,x) the density of cars traveling from the left to right on the lane 1
and lane 2, respectively; by p1 := pi1(t,z) and po := pa(t,x) the density of cars traveling from the
right to left on the lane 2 and lane 1, respectively; p; is the preferred class of vehicle on the lane
1 and p; is the preferred class on the lane 2. In order to extend the classical LWR (Lighthill -
Whitham [17] and Richards [18]) traffic model over a two-lane two-way road where overtaking of
cars is allowed, we assume that the velocity in each lane depends not only on the density of the
priority class of vehicles, but also on the density of the class travelling in the opposite direction,

eventually overtaking, which leads the following model

Oip1 + 0z (p1v1 (p
Orp2 + Oz (p2v2 (P
dep1 — Oz (P11 (1

Op2 — Ox (P2v2 (P

1+
(1.1)
2 +
where the minus signs in the third and fourth equations in (1.1) indicate that classes p1 and ps
travel in opposite direction to py and p1, respectively. Above, v;(+), i = 1,2, is the velocity of
vehicles, which we assume depends locally on the density of vehicles of the preferential class p; and
in a nonlocal form on the downstream density of vehicles of the class coming in opposite direction on

the same lane. This nonlocal dependence is introduced to avoid collisions with downstream vehicles

traveling in opposite direction on the same lane and is given via the convolution terms p; * w, and
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pi * @, for i = 1,2, [1, 8, 10] which will be defined later. Likewise, H.(-) is a regularization of the
Heaviside function H(-), which keeps the flux smooth to avoid flux discontinuities in the unknown
p. Indeed, without regularization, if v(p1,p2) = vi(p1 + (Pmax — p1)H (P2 * wy))), then we have
v(p1,0) = v1(p1) > 0 and v(p1, P2) = vV1(Pmax) = 0 for pa > 0.

We notice that, if p; = 0, we recover the local LWR model in the first and second equations in (1.1);
the same happens in the third and fourth equations as p; = 0.

In addition, we endow to (1.1) with source terms to model overtaking and returning maneuvers.
We impose the following rules allowing vehicles to overtake: at the position x, a vehicle can overtake
if and only if

(C1) the local velocity v;(p;) is greater than the velocity of the average of cars in front of it;
(C2) there are no vehicles traveling in the opposite direction neither on the other lane nor on the

same lane (overtaking from the other lane);

which is expressed mathematically as follows (see e.g. [11, 15]),
(1.2) So(p,R1, Ra)=Ki(pmax — p2)p1lvi(p1) — v1(R1)]T(1 — Ho(Rog + Ra2))

Above, p = (p1,p2), R2 = (R21,R22), K1 > 0 is a constant, [s]” = max{s,0} and the nonlocal
terms Rq(p1) = w}] *p1, Roi = wg * p; for i = 1,2, describe a weighted mean of the cars traveling in
the same direction, in front of the drivers on the lane 1, and a weighted mean of the cars traveling in
opposite direction, respectively; we also assume that § > 7. Furthermore, we enforce the following
rule so that overtaking vehicles return to the preferential lane:
(C3) Lane 2 is only for overtaking, so that the vehicles in lane 2 have to return to lane 1 propor-
tionally to the capacity of it. It means that we can define the return term to lane 1, Sy, as

follow

(13) SR(P) = KZ(pmax - Pl)PZ,

where K5 > 0 is a constant.
Likewise, we define the terms So(p, R1, ’kz) and Sg(p) for the class of vehicle traveling from right

to left, as follows

(1.4) So(p, R1, R2)=K1(pmax — p2)p1[v1(p1) — 01(7%1)]+(1—Hs(732,1+7~32,2)> ;

(1.5) Sr(p) = Ka(pmax — 1) 2,

where the nonlocal terms 7~31 = (2),1] * p1 and 7~32¢ = cbg * p;, © = 1,2, describe the average of cars, in
the same direction, in front of the drivers on the lane 2, and average of cars traveling in opposite

direction, respectively; here we put @, (-) := w,(—-) and @3 (-) == wj(—-).

1.2. Related Work. Macroscopic models of vehicular traffic low with nonlocal fluxes have been
extensively studied recently, see e.g. [1, 13, 4, 5, 7, 8, 12, 16]. In this kind of models, the velocity
function depends on an integral evaluation of downstream traffic states. In this way, they allow to
describe traffic flow dynamics in which drivers adapt their velocity to downstream traffic. Most of
works present in the literature consider a one-directional road with one class of vehicles. To model
more realistic situations, nonlocal models have been extended to multi-class and multilane settings,

for example, in [8] is studied a system of nonlocal conservation laws modeling multi-class traffic
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Figure 1. Illustration of the model setting. The red car overtake a slower vehicle,

the bus, using the lane 2 and then return to their preferred lane, the lane 1.

flow, providing existence of weak solutions for small times. Concerning multilane flows, Holden
and Risebro, [15] proposed a (local) system of balance laws coupled in the source term. In that
model, it is assumed that the tendency of drivers to change to a neighboring lane is proportional
to the difference in velocity between lanes; the authors proved some bounds for the solutions of
the model and show that solutions convergence to a weak solution. This approach was extended
in [11] considering nonlocal balance laws where the nonlocal source term was used to describe
the lane change rate. More recently, in [9] it has been introduced a system of conservation laws
with nonlocal fluxes, coupled in the velocity functions, to describe two classes moving in opposite

directions, proving existence of weak solutions for sufficiently small times.

1.3. Outline of the paper. This work is organized as follows: In Section 2, we summarize the
proposed mathematical model and all the related assumptions. Afterwards, in Section 3, we in-
troduce a Hilliges-Weidlich (HW)-type numerical scheme, as in [5], and we prove fundamental
properties such as positivity of approximate solutions, L>°— and L!'— bounds and BV estimates,
which ensure the convergence of approximate solutions to a weak solution of the proposed model.

In Section 4, we present numerical examples illustrating the behavior of the solutions of our model.

2. MATHEMATICAL MODEL

The main goal of this work is to study the well-posedness of the nonlocal system of equations

) = —So(p,R1,R2) + Sr(p)
) = So(p,R1,R2) — Sr(p)
) = —S0(p,R1,Ra2) + Sr(p)
) = So(p, R1,Ra2) — Sr(p),

Op1 + Oz(prv1(p1 + ( p1)He(
Op2 + 0z(p2v2(p2 + ( p2)He(
01 — Oz (p1v1(p1 + (Pmax — p1)He(p2 * @y
Op2 — Ox(p2v2(p2 + (Pmax — p2) He(

pmax

(2.1)

where p and p, take values in the set
Q:{p7ﬁ€R2:O§piSpmﬂyogﬁigpmami:172}7
and the convolution terms in the fluxes are defined as
T+n T
pi * Wy = / wp(y —2)pit,y)dy,  pix iy = / wy(y — z)pi(t,y)dy,
T z—n
for i = 1,2, where @, (z) = wy(—x). The initial conditions satisfy

p1(z,0) = p(l)(x) € (Ll NBV)(R; [0, pmax]),  p2(x,0) =0,
:51('7;70) - ﬁ(l)(x) € (Ll N BV)(R, [Oapmax])v /32('%70) =0,

where the initial conditions pa(x,0) = p2(z,0) = 0 means that there is no overtaking initially.

(2.2)

In addition, we consider the following assumptions.
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Assumptions 2.1. The system of nonlocal balance laws (2.1) is studied under the following as-

sumptions:

(Z) Ul,'UQ 6 Cl([oapmax];R+)7 Wlth Ull(p) S O? Ué(p) S 07 p 6 [Onomax];
(i1) wy € CH([0,n]; RY) with wy(z) <0, [ wy(z)dz =1, ¥n > 0.
(iii) wy € CH([0,n];RY) with (wp)'(x) <0, [ w;i(z)de =1, Vn>0;
(iv) w? e CL([0,8);RT) with (w?)(z) <0, f x)dr =1, V6 > 0;

(v) supp(w%) C supp(w3), i.e, § > 1.
Solutions for (2.1)-(2.2) are intended in the following weak sense:

Definition 2.1 (Weak solution). Let p?,5? € (L* "BV) (R; [0, pmax]) satisfying (2.2) for i =
1,2 We say that Pis ﬁz € CO ([O’T]; Ll (R; [Owomax])) ’ with (pi(ta ')’ﬁi(t’ )) € (BV (R; [Ovpmax]))Q
fort €[0,T] and i = 1,2, are weak solutions to (2.1)-(2.2) if, for any p € CL ([0, T[xR;R), it holds

T P1 17)1 (pmax - pl)HE(ﬁ2 * wn)) T
/O/R ( 02 )wt ddt -+ // < p2v2(p2 + (Pmax — p2) He(p1 * wy)) ) o ot
(So — Sr) p1(0, ) _ (0
//< So — Su )wdxdtJr/ch(O,x)(m(O’x)>d$—<0>,
T 1 P1U2 (pmax - ﬁl)HE(pQ * ('DT])) 2
/O/R ( 02 )SOt dodt = // < 27)2 (pmax - ﬁQ)HE(pl *(:}77)) )wx dedt
50 - SR) p1(0, ) (0
L sO—sR ¢dxdt+/ﬁ(0’”(ﬁz<0,w>)d“"‘<o>'

Our main result is given by the following theorem, which states the existence of solutions to
problem (2.1) - (2.2).

and

Theorem 2.1. Let p), 39 € (L NBV) (R;R") satisfying (2.2) for i = 1,2 and Assumptions 2.1
hold. Then, for all T > 0, the Cauchy problem (2.1)-(2.2) admits a weak solution on [0,T] x R in
the sense of the Definition 2.1.

To prove Theorem 2.1, we propose a finite volume numerical scheme with operator splitting and
we derive some important properties of the approximate solutions, as well as compactness estimates

that will allow us to conclude by Helly’s Compactness Theorem.

3. NUMERICAL SCHEME

3.1. Discretization of model (2.1)-(2.2): We take a uniform space step Az and a time step At
subject to a Courant-Friedrichs-Levy (CFL) condition, which will be specified later. For any j € Z,
let z;11/9 = (j + 1/2)Az be the cell interfaces and z; = jAz be the cell centers. We fix T' > 0,
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and set Ny € N such that NpAt < T < (Np + 1)At and define the time mesh as t" = nAt, for
n=0,..., Np. The initial data are approximated, for j € Z and ¢ = 1,2 as

1 [Ti+1/2 - 1 [Ttz
x

j—1/2 Tj—1/2

We denote, for k=0,...,N — 1,

. (k+1)Az L KAz
W ::/ wy(y)dy, Wy ::/ @p(y)dy
KAz (—k—1)Az
and set the convolution term, for i = 1, 2,
N-1
R[z’] (Tjq1/2,t") = (wy * Py ) (Tjg1/2, ") = w’;ﬁﬁ],j+k+17
k=0
N-1
Ri(zj11/2,1") 1= (@ * pij)(@jq1/2, ") = @l g
k=0
where the notation [-], means [1] = 2 and [2] = 1. Likewise, we define a piecewise constant

approximate solution

PA(La) = (PR (L) ph(te)  and  pA(La) = (Pt x), 5 (1)),
as follows, for ¢ = 1,2

A ~ ~
(31) Pi (t,l’) = p’zrf] and pzA(tal‘) = p:ja (t,l’) € [tn,tn+1[X]IEj_1/2,1}j+1/2].

The convective terms in (2.1) are obtained via a Hilliges-Weidlich (HW)-type scheme, [3, 2, 14, 6]
defined by

(3.2) Fijr172 = piv1(pi 11 + (Pmax — PZj+1)Ha(Rﬁ],j+1/2))7
(3.3) Gliljt1/2 = ﬁﬁ},jﬂw(ﬁﬁ],j + (Pmax — ﬁﬁ},j)He( Zj+1/2))7
where the discretizations of convolution terms in the fluxes are given by the expressions
N-1 N-1
> - k~ ._ ~k
Rijir =) W Pfi) k41 Rijir2 =) Gnpljoy
k=0 k=0
Then, we set Fjjﬁ—l/? = [F{fjﬂ/z, F£j+1/2] and G?+1/2 = [Grll,j+l/2’ Gg,j+1/2]‘

In order to compute the source terms in (2.1), we first introduce the following notations for the con-

volutions terms; for kernel functions w, € Cg([0,7]), @, € Cg([—n,0]) satisfying Assumptions 2.1

for some N; € N such that n = AzN; and any piecewise constant function u®
1, A wrn A .
1= (wp o u) (zg,t") = / wh(y — z)u(ty)dy = > Wl p,
T k=0
with coefficients
Az/2 ) (k+1/2)Ax .
S A WMy, k=1, N~ 1
0 (k—1/2)Az

(3.4)

We also define
Ny

1= (@) +u) (@, t") = / Qg = y)ud (ty)dy = Y Ak
xTi;—n k=0
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with coefficients

0 —(k—1/2)Az
Fo = / Gy (y)dy, 5= / Gp(y)dy, k=1,...,N;—1;
—Az/2 —(k+1/2)A

i ~(n-Awf2)
Ny = / Wy (y)dy.
-n

(3.5)

Similarly, for w? € CL([0,6]) and @? € CL([-6,0]) satisfying Assumptions 2.1 for some Ny € N
such that § = AxN», for i = 1,2

2itS No
RE, = )t = [ el e 6y Y G
Ty k=0
with coefficients (i as in (3.4), and likewise we define
z; N2
R 5= (@5 % u) (), t") = /x G~y y)dy & ) G
i k=0

with coefficients fk as in (3.5). Finally, for j € Z and n € N, we can compute the source terms
(1.2) and (1.3) as
So(p}, RY ;R ;) = Ki(pmax — p5 ;)01 ;v (o1 ;) — vi(RT )T
x (1= He(R31 5+ Riy) s
Sr(P}) = Ka(pmax = p1;)P5 5
In the same way, we can compute the source terms (1.4) and (1.5) as follows

L -n o ~ -
SO(P;La ?,Jsz,j) = Ki(pmax — Pg,j)P?,j[UQ(P?,j) — vy ?,j)]Jr

X (1 — H-(Ry, ; + 7@21,24))

SR(ﬁ?) = Ko(pmax — ﬁyll,j)ﬁg,j

The values p] = (p ;, p5 ;) and p} = (p7 ;, p3 ;) are update by using Algorithm 3.1 below, composed

of the HW type scheme with operator splitting, to account for the source terms.

Algorithm 3.1.

Input: approximate solution vectors p? = (pé’ﬁj,pgj) and ﬁ;” = (ﬁ?’j,ﬁgyj) for j € Z and

t=1t"
do j € Z,
n+1/2 n n n y
(3.6) pj+ /2 Py — )\(F’]-+1/2 - Fj—1/2)’ using (3.2)
~n+1/2 ~n n n y
ijr 2 P + )\(Gﬂ_l/2 — Gj—1/2)7 using (3.3).
enddo
do j € Z,

n+1/2 n+1/2 n+1/2 n+1/2 n+1/2
Sj / (—SO(PJ' / atRflyj/le'z,j /)j_SR(pj /)7

~n = -~ ~n o TL+1/2 = ~n
s +1/2 3o (Pj +1/2,721;71/2,’R2,j ) ~ 5 (pj +1/2) :

n+1 n+1/2 n+1/2
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p}@—i-l pn+1/2—|—At[ Sn+1/2’sjn+1/2]

enddo
Output: approzimate solution vectors an = (p?jl,pgjl) and p”"'l = (ﬁ?'}'l,ﬁgjl) for

JEZ and t = "t =" 4 At.

Notation: In the following, we will set for simplicity:

S = S0 (PRI, RE;) . Sty = Su (), 5, =50 (#7.R%, R ).
Sk =Sk (B}) -
In order to prove the existence of solutions of model (2.1), in the next lemmas we will show some
properties of the approximate solutions computed by means of Algorithm 3.1. We start by proving

positivity of approximate solutions. From now on, if not stated otherwise, ||-|| defines for simplicity

the L* norm over the underlying space, e.g., [|v||55 ([0, pmax]) = I?]I-

Lemma 3.1 (Maximum principle). Let Assumptions 2.1 hold. Then under following CFL
condition
. Az 1
(3.8) Atémm{C—f—D’K}’
the approximate solutions computed by means Algorithm 3.1 satisfies
0< p?;rl,p?jl < Pmax, for all j € Z, i =1,2. Here, C = max{||vi]], ||v2]},
D = max{pmax||v} ||, pmax[[v3]|}, and K = pmax max{Ky, Ka}.

Proof. We assume that 0 < pi';, pi'; < pmax for all j € Z, for ¢ = 1,2, then for the convective part

we first have

+1/2 »
’OZJ 2 _ (1 — M1(p} 41 + (Pmax — P?,j+1)Hs(Rﬁ],j+1/2))) Pij
+p7j_1v1(pi -1 + (Pmax — PZj—l)Hs(RE],j—l/z))
> 0,

n+1l ~n+l1

i; Py =0, we need to show first

and similarly we can obtain :0@ nt1/2 > 0. Now, to prove that p;

that pn+1/2 _n+1/2

i < Pmax- To this end, we will simplify the notation, denoting

F(u,w, R) = Uvi(w + (pma:c - w)HE(R))7

for ¢ = 1,2, and observe that

,FW(’U,7 Pmax R) = Uvi(pmax + (Pmax - PmaX)He(R)) =0

and also note that the partial derivatives of F with respect to each argument satisfy the mono-

tonicity conditions

oF = ( (Pmax — w)H:(R) ) >0,
(3.9) BF = ud, ( (Pmax — )Hg(ﬁa)> (1 _ Ha(R)) <o,
05 F =u ! (w + (pmax — w)Hg(f%)) (pmax — w)H!(R) < 0.

With this notation, we can write (3.6) as follows

n+1/2 n n n T n n oD
(3.10) PJ / =pij— A |:F(pi,j7pi,j+17 Ry jr12) — F(pij—1: P75 R[i],jq/z)] .
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By the CFL condition (3.8), we get

PZ}FI/Q < piitA :F(pmax,ij7R[i],j—l/2) — F(pij Py R[i],j+1/2)]
< 5+ AF (pmax, A1 Rpgpj—1/2)
= pijtA -F(pmax’pzyé[i],j—lﬂ) — F(pmax; pmax; R[i],j—l/?)}
= pi;+ )\ —0oF'(v +1/2)<pmax - P?g)}
= (1= AP (1)) o1 = A F (V1 2) Prna
< Pmax;

where Vi €T <(pmax, Pijs R[i]J’_l/g), (Pmax, Pmax; R[iLj_l/Q)). In the same way we can compute

ﬁ;’jm < ( e yal JH/Q))) — AL F (V7,1 13) Pmax
<

Pmax;

where VJ+1/2 el ((pmax,ﬁ?’j,Ri’jH/g), (Pmax, Pmax; Ri,j+1/2)). Now for the reactive term (3.7), we
have the following estimates:

+1/2
Pt = PR Ar(SE, - k)

< i+ Ay

= o ALK (pmax — 1) on
_ (1 _AIK pn+1/2> pn+1/2 +AtK2pmaxpn+1/2
< (1 — AtK: p"“/ 2) Pmax + AtKQPmaxpn+1/ ?
=  Pmax

and also

Pt > P ALSE

n-+1/2 n+1/2\ n+1/2 n n+1/2 n+1/2 n+1/2
=P /2 ALK (pmax — Pa.j / )Pu / [v1(p}) — UI(RLJ' / )" (1 - HE(R2,1,j/ +R2,2,j/ ))

= (1 At e = 755 len ) — 0 (RES P (1= HARGEY + R )i
> 0.
In the same way,

Pt = oy 24 A (S8, — Sk)
< p”“/Q + ALSS

n+1/2 n+1/2\ n+1/2 n n+1/2 n+1/2 n+1/2
=P I + ALK (pmax — P2j / )P1j / [v 1(Pj) —Ul(RL; / )]+ (1 - (RQY‘]/ +R2,;,j/ ))

(1 AtK, pn+ /2 [vl(p}’) B Ul(Rn—i'—l/2)}+ (1 _ HE(R"’LW n+1/2 )) n+1/2

1,5 2,1, 22]

2 n n+1/2 n+1/2 n 1/2
+AtK1PmaXP1+/ [01(p}) — v1(RYS / )]*( (RQT/ 23/ ))

n+1/2 n n+1/2 n+1/2 n 1/2
+ AtK1pmaxP1j / [Ul(P]’) — U (R1Jjr / )]+ ( (RQJ{]/ 245]/

)
= (1= Atk Poa () - o (RS (1= HLRGTY + REEY™))

1,j 2,1,j 22] Pmax
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< Pmax;
and
it = phit? - Ausy,
= oy AU (pmax — 01 P )pn
= (1 — AtKo(pmax — p?f”)) Pyt
> 0.
Following a similar procedure we get 0 < ﬁZ;rl < Pmax- O

Lemma 3.2 (L'—bounds). Let p?, 50 € LY(R; [0, pmax]) satisfying (2.2) for i = 1,2 and let As-
sumptions 2.1 hold. Under the CFL condition (3.8), the approzimate solutions p™, p™ constructed
by means of Algorithm 3.1 satisfy

HpA(t")HLl(R) = leA(t’ ')HLI(R) + H/’2A(t7 ')HLI(R) = H'O(l]HLl(R) + HngLl(R) :

Proof. The proof is done by induction. Observe that by conservation and since pf ; > 0 and py ; > 0

we get
‘p?“ﬂ‘ . o3 ) = 12 Lo gy
‘pg+1/2‘ b 12 L) = HngLl(R)’
and therefore
’ 'O?H/Q‘ L1(R) ’ gH/Q‘ LR Hp[l)HLl(R) t HngLl(R)'

Now let us consider the reactive terms (3.7). Note the fact that when we compute p?jl + pg’;l the

source terms sum up to 0, for which we get again by positivity

1 gy + 105 ey = (|57

n+1/2‘

L1(R) ‘ L1(R)
Hp(l)HLl(R) + HngLl(R) :
In the same way we get

HﬁTlL—HHLl(]R) + HﬁSHHLl(R) = [y HLl(R) + HﬁSHLl(R) - Hﬁ(l)HLl(R) + HﬁgHLl(R) :

O

The next lemma is an important property that will allow us to prove the BV estimates later.

Lemma 3.3. The maps So, Sr, So, Sr defined in (1.2), (1.3) and (1.4), (1.5), respectively, are

Lipschitz continuous in each of their arguments, more precisely,

1S0,j+1 — So,5| + [SR,j+1 — SR,

+[R1j+1 — Ruy

+ [Ra1,5+1 — Ra,

<K (lp1+1 — prjl + [p2,541 — p2,j
(3.11) +[R22,+1 — Ra,0)

So.j41 — SOJ‘ + ‘S’R,j+1 — Sk,
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<K (!ﬁm‘ﬂ — Pl + 1P2g41 = P24l + | Rajir — Rl,j’ + ‘R2,1,j+1 —Ra1,
(3.12) + ‘RQ,Z,jJrl - R2,2,jD ;
for some constant K > 0, depending on K1, Ko and pmax-

Proof. For proving this lemma we will show that maps, Sg, Sgr, So, Sg, are continuous and their
partial derivative with respect to each argument are bounded.
Clearly the maps So, Sr, So, Sr, are continuous. Now on the one hand, for derivatives of So we

get the following estimate,

|0150] < ‘Kl(pmax — p2)[v1(p1) — v1(R1)]T (1 — He(R21 + Raz2)) ‘

+|K1(pmax — p2)p1 (1 — H-(R21 + Ra22)) vi(p1)

< KlpmaXHUlH + Klp?nax””i”?

0250 = [=Kipi[vi(p1) = v1(R)]T (1 = Ho(Ra,1 + Ra2))|
< K1 pmax|v1]],

03S0] < |K1(pmax — p2)p1 (1 = Ho(Ra,1 + Ra2)) 0] (R)l]
< Klprznax”v,luﬂ

0450] = |=K1(pmax — p2)pr[vi(p1) — v1(R1)]THL(R21 4+ Rap2)|
< Kippaxllonll | HZ,

05S0] = |[—K1(pmax — p2)p1[vi(p1) — v1(R1)] T HL(Ro1 + Ray)|
< Kippasllon|l | HZ-

On the other hand, for the derivatives of Sg we get the following estimates

|01Sr| = |—K2p2| < Kopmax,

|825R| = |K2(pmax - p1)| < Kmeax-

The previous facts ensure the Lipschitz continuity of the source terms Sg and Sy with respect to

each of their arguments and at the same time allows us to obtain the estimate (3.11). The estimate

(3.12) is obtained by means of a similar procedure. O
N

Remark 3.1. Let us consider R; = Z YeUjt+k as any of the convolution terms in the source terms,
k=0

then, following [11, Lemma 3.1], the following estimate holds

(3.13) S R =R <D fujer —ugl -
= =

3.2. BV estimates.

Proposition 3.1 (BV estimates in space). Let p?,ﬁ? € (L* NBV) (R;R") satisfying (2.2),
let Assumptions 2.1 and the CFL condition (3.8) hold. Then, for all T > 0, there exist positive
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constants H and G such that p®, p™ constructed through Algorithm 3.1 satisfy the following
estimate: for allm =0,..., Nt,

2 2
i=1 =1
Proof. Taking into account (3.10), we can write
Pij+1 = p; A (pi,j—l—l: Pi,j+2> [z],j+3/2) (pi,j7 Pij+1s [z},g+1/2) .
Setting An++1{?2 p?;:f — pz;rl/Q, for all ¢ = 1,2 we compute the following estimates

AL = (1M (DF (1) = B () 17)) ] A 1o — AF (1) Al s
FAOLF (1 )9) ATy jo — AO3F (4 9) (Rﬁ},j+3/2 - Rﬁ]:j+1/2>
A (/o) (Rﬁuﬂ/z - Rﬁu—l/z)
EXE (1) (Bl a2~ Riygipo)

= [1oA (B F (1) — (€1 12)) | AT

—ARE (1 /2) A jrgjn + AOE(E5 1 2) ATy
HAOE(E] 1 2) [(Rﬁl,mn - Rﬁ]dﬂ/z)—@ﬁl,ﬁzm - RELHI/?)}
+A [33F( aye) — 33F(5?+1/2)} (RELH:’,/Q - RE]J-H/Q)’

where

§iv1ye = <“?+1/2:w?+1/2a 5?+1/2> €1 ((ijvaj-l—lv Ry iv172)s (Pijg1s Pijsas Rﬁ]wsm))-

Observe that the coefficient of the first term in the above equality is positive because of the
monotonicity properties of F' in (3.9) and CFL condition (3.8), so taking absolute values in the

above equality we get
’A?ﬁﬁz‘ < [1 —A (51F (&f1/2) = OB (&1 o )} ’A?+1/2’
N F (€1 2) A ayo| + ANF(EL ) A1 |
(3.14) +A[0s 1| ’R[z a2~ 2R g + Rﬁ},j—m)
(3.15) +>\’53F y2) 33F(§?+1/2)‘ ’Rﬁ],ﬂsﬂ _Rﬁ]:j-ﬂ/Q"
Next, the term (3.14) can be estimated as follow

‘ (B gasse = Biygune) = (B = Biggoage) )

N-1 N—-1
— k ~ k ~
= ‘ (Z W Pl k42 Z wnpﬁ']ﬁkﬂ)
k=0 k=0
N-1 N—-1
k ~ k ~
- (Z W Pli] gkl — Z wnpﬁ],ﬂk)

k=0

N-1 N—-1
k{ ~ ~ ~

- Z W (Pﬁ],j+k+2 Z]7J+k+1) Wn (pﬁ]7j+k+1 - pﬁ],ﬁrk)

=0 k=

o
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N N-1
k=1 ~ ~ k(= ~
= an (pﬁ],ﬂm - Pﬁ],ﬂk) - Z “n (Pﬁmkﬂ B Pﬁ},jﬂc)
k=1

= |3 (b =) (A snnn = Agin) =) (Fgn = )

k—1 k) | ~ 0= ~
(Wn - Wn) ’P?],ﬁkﬂ - Pﬁ]ﬁk‘ Wy )pﬁ]ﬁl - pﬁ]u“ 7
and summing over all j € Z we get

5| (R Biens) - (s~ o)
J

3 (- ) T () + TV (33)

=1

IN

k
207wy (0)TV (5@ .

Now, for (3.15) we have the following estimates, on the one hand,

N—-1 N-1
210 510 _ k~n k~n
Ry sz — R[z‘],j+1/2‘ - Z Wn Pl j+k+2 — Z WPl j+k+1
k=0 k=0
N
_ k=1 _ k) = 0~
= (wn - wn) Pl k1~ WPl g1
1

IA
M= 7

k=1 _ k) - 0~
(wn - wn) Pi.ghrt T @nll a1
k=1

IN

0
2w, prmax

< 2Azwy(0)pmax,

and on the other hand,
|05 F (1 12) = O5F(§1110)| < IV €11/ = o

and by the choice of E;LH /20 the term ’5?“ /2~ {;.1_1 /2’ can be decomposed as follows

(3.16) ‘5}11/2 - f?_l/z‘ = |00} 01 + (1= 0P}y — ppity + (1 — p)pit; 1|
(3.17) + 100710 + (1= 0)pF 1 — ppi i + (1 — )l

+ ‘HRE‘LJ'HM (L= O)RE 11 js — B 1o
(3.18) —(1 =R 1)l

so, for (3.16) we obtain
!902j+1 + (1= 0)pi; — ppi; + (1= M)P%—ﬂ
= |9(P2j+1 —pii) + (=) (pi; — p?,j—l)‘
< [pijn = Pyl + [efy = pijal

Similarly, for (3.17) we have

1007 42+ (L= )P} j1 — Pl n + (L= o] < [pF 40 — PFjn
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77/ ‘
+ |t — il
and finally, for (3.18) we get

’9331,j+3/2 + (1= O Ry 412 — 1B 2 — (1 - “)Rﬁ,j—l/z’

i {9 (ws_l N w’ﬁ) +(1-p) (WiiC - wf?“) } Plil gkt

k=1

= (O + (1 = wwy) Alig i1 + (1= pwy (ﬁﬁ],jﬂ - ﬁfé],]) ‘

<3 {0 (k) + ) () b

0 1\ =n 0
n T (1- N)Wn) Pl j+1 + (1 — M)Wn

Plig+1 ﬁﬁ],j) )
thus,

Z ’0R317j+3/2 + (L= O) Ry j1y2 — #BE jiayp — (1 - “)Rﬁlﬁjflﬂ‘
JET

J+1 z]u’

N
< D (Z( n k“)) + 2wy D+

JEZ ez jEZ
< 4wn(0)[|pf [l ) + Az wy (0)TV (ﬁ&)

Therefore, taking into account all the above estimates, we get

3 ‘A:jj{fz‘ < (14 AtHY) TV (o) + AHTV () + At#s,
JEZ

where
Hi = 8w, [IVIF | pmax;
Hy = 2(|05F on(0) + Ar(en(0)P VO F | )
Mz = 8(wy(0))?[I5f Lt @) | VO F | pma-

Likewise, we can estimate

Apr /2‘ < (1 n At’;%) TV (pi") + AHTV (p}) + AtHs,

JEZ
with
Hi = 80,(0)[VOSF | pumas,
Hy = 2(|0sF ]y 0) + Ay (0) VO F o) .
Hy = 8(@9(0)2 0} L@ IVOE [ pmax.

Thus we get, for i = 1,2

(‘A"ﬁ{%‘ + ]Agf;ﬁ /2]) — (14 APHL) TV (07) + AtH TV (57)

Je
+ AtHs + (1 + Atﬁl) TV (pjy")
+ AtH TV () + AtHs
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- (1 + At (Hl + ﬁz)) TV(p})
+ (1 + At (Hz + 7%1)) TV (")
+ At (’Hg + 7%;»,)
< (14 AtH) (TV(p?) + TV (ﬁﬁ])) + Atg,

where H = max{H; + Ho, Ho + 7:[1} and G = Hs + Hs. If we sum the two lanes, we get

22: (V) V() ) < (1 A 22: (Tveen +7v (7))

=1 =

(3.19) + 2A(G.

Let us now compute the contribution of the reactive step (3.7)

ALy = AT = At((Soge1 — Soy) = (Srysr — Sry)).
An,—;-}-lﬂ = ATQZ,erj-/12/2 + At ((So’j+1 — SOJ) — (SR,J'+1 — SR,J')) .

Now applying absolute value, using the estimates given in Lemma 3.3 on the source terms, and

summing over all j € Z, we get for i = 1,2

> |Arfhe] < (14 a0 D3 A
JEZ

n+1/2 n+1/2 n+1/2
+ AtK Z ( ’A[z ,]—1—1/2‘ + ‘Rl,j-i-l - RLj ‘
n+1/2 n+1/2 n+1/2 n+1/2
+ ‘RQ,L/H R21,]/ ‘ ‘RQ,Q,J'/H R, 2,]/ D,
and by means of (3.13) in Remark 3.1 we get
JEZ

i,j+1/2 i,j+1/2
(3.20) + A“CZ < ’Aﬁﬁ?ﬁ/z) + ‘A?ﬁ{Z‘ + ‘AETQHD
In a similar way for the other class of vehicles we get,
‘ ST | < (o 2at0) 3 AT |
JEZ
s o S ([82] At )

then summing term by term (3.20) and (3.21) we obtain the following estimate

3 (|a0tue] +[Bfih ) < 0 a0 3 (|70 + A
J€ Jje

0y (\Azr;ﬁﬂ\ AR

summing the two lanes and by (3.19) we get

2
;<TV PP +TV(p vﬁrl)) (1 + 5ALK) ;<TV n+1/2 +TV(~F]+1/2))
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2
< (14 5ALK) < (1+AtH) D (TV(pf) + TV(,ag])) + 2Atg>

=1
2
= (1+B5AtK)(1+ AtH) Y (TV (07') + TV(PM))
i=1

+ (1 4+ 5AtK)2AtG

2
< AHOKAH) (Z (TV(p?) 4 TV(ﬁ%)) + 2Atg> ,

=1

then applying an iterative process we get

22: (TV(p?) + TV(%)) T(5K+H) (i: ( ) + TV(pM)) + 2Tg> ,

i=1 =1

Corollary 3.1 (BV estimates in space and time). Let

p?,ﬁ? € (L*NBV) (R;R") satisfying (2.2), let Assumptions 2.1 and the CFL condition (3.8)
hold. Then, for allT > 0, p®, p™ constructed through Algorithm 3.1 satisfy the following estimate:
foralln=1,... Nr,

Npr—1 2
Do DD Atfpli — ol (T~ NTN)Z Pifir = Pl
n=0 i=1 jcZ =1 jez
Nr—1 2
+ YN At - py
n=0 i=1 j€Z

2
< TeTERH (1 4 op) (Z <TV(p2) + TV(ﬁg])) + 2Tg>

=1
Ll(R)) ’

Proof. By means of the BV estimate in space in Proposition 3.1, we have

+278 (8 acey + o

where § = max {[|01S0]| , ||025r|| }

Np—1 2
DD I DEVLIREFIRCREVIN) 3 pl FEREY
n=0 i=1 jeZ i=1 jez
(3.22) < Tl Or+H) (i (TV pY) + TV(PM)> + QTQ) .
i=1
On the other hand, observe that
(3.23) Pt = oy < [t = |+ | o).

Now we estimate each term on right hand side of the inequality (3.23), beginning with the first
term. Observe that So(0,-,-,-,-) =0 and Sg(-,0) = 0, then by (3.7) in Algorithm 3.1 we have

nt+l n+1/2‘<At‘S n+1/2

o n+1/2 ,Rn+1/2 Rn+1/2 RIHL/2

+1/2  n+1/2
» P2 j 2.1, 22]) Sr(py "2, pn /)

1j P2

n+1/2 n+1/2 n+l/2 ontl/2 ntl/2
SAtHS (Pry " Tpag R TRy S Ran )
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n+1/2 ont1/2 ontl/2 ontl/2
=80(0,p2; " Ry T Ra 1 T Ra )

+‘S (o1 H1%,0) 5 <p’fj”2,p§;;”2>\]

n12n12 n+1/2 n+1/2 n+1/2\ n+1/2
<At|:‘815 +/ap2j/ R+/ R2J1rj/ RQ;]/ )p1+/

st |

< ats (o oY

where 9?;1/2 € (O,p?jl/Q) and 9n+1/2 € (O,pgjlp). Then, multiplying by Az and summing over
all j € Z,

AQJZ P?jl njl/zl
JEZ
n+1/2 n+1/2
(3:24) < AfS <‘ i ’ L1(R) ’ p[i]+ ’ LI(R)> '

Now we analyze the second term on the right hand side of (3.23). Since the numerical flux defined in
(3.2) is Lipschitz continuous in all its arguments with Lipschitz constant £ = max{||01F|| , ||02F| , ||05F]| },

we get

n+1/2 n
pz,] - pz,]

= N (P a1, By yj2) = PO By 10))|
+ ’Rﬁ},jﬂ/z - ﬁm—m‘) :

Then, multiplying by Ax and summing over all j € Z, we have
n+1/2

Az i =ty S ALY ok — ol D et — ol
JEL JEL Jez

<AL (}P?J — Pl + [Pl — Py

+> ’Rﬁ},jﬂ/z - Rﬁ'},j—l/z‘ :
JEZL

and computing an upper bound for the last term in the right hand above

N—-1
D >, _ k ~ k ~
Z ’Rﬁ],jﬂ/z - Rﬁ},jfl/z‘ = Z Z W Pl j+k+1 — Z Wn Pl j+k
JEZ jez | k=0 —
Nf
k [~ ~
= Z Wy (p[i],j+k+1 - P[i},jﬂc)
jez | k=0
N-1
k|~ ~
< Z Wn ‘P[i],j+k+1 - P[i],j+k‘
JEZ k=0
N-1
k ~ ~
= Wi > Pl gkt — Pl k]
k=0 JEZL

- T () X - T (7).

=0
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we get the following estimate

(3.25) sz P

JEZL

ig Pig

< 2AtL (TV(p?) + TV(ﬁ’[;])) .
Collecting together (3.24), (3.25) and summing for ¢ = 1,2 we obtain

szz:z

i=1 jez

n+1 n
Pij — Pij

< 9ALS (up?HLl(R) +[lery

o)

2
+2aiLy (TV(p?) + TV(ﬁf;])) :
=1

by using Lemma 3.2 and Proposition 3.1 we get
2

Az >,

i=1 jez

<25 (|l +

n—+1 n
Pij — Pij

ven)

2
(3.26) +2AtLeTORFH) <Z (TV(p?) - TV(ﬁ%)) + 2Tg> :

=1

Finally, collecting together (3.22), (3.26) and summing for n from 0 until N7 —1 we get the following

BYV bound in space and time

Np—1 2 2
Z Z Z At |p2j+1 - PZjl + (T'— NrAt) Z pzj‘v,jTH - pzNJT
n=0 i1 jeZ i—1 jez
2
Az Yt =l
i—1 jeZ

2
< TTORAM) (1 4 o7 (Z (TV(p?) + TV(ﬁg])) - 2TQ>

=1
Ll(R)) '

3.3. Proof of Theorem 2.1. The convergence of the approximate solutions constructed by Algo-

+27 (8] ey +

O

rithm 3.1 towards the weak solution can be proven by applying Helly’s compactness theorem. The
latter can be applied due to Lemma 3.1 and Corollary 3.1 and states that there exists a sub-sequence
of approximate solutions p® and §® that converges in L' to functions p, p € L ([0, 7] x R;R™),
respectively.

Now we need to prove that this limit function is indeed a weak solution to (2.1), in the sense of
Definition 2.1.

Lemma 3.4. Let p?,ﬁ;-) € BV (R;R") satisfying (2.2), and Assumptions 2.1 and the CFL con-
dition (3.8) hold. Then the piecewise constant approxzimate solutions p®™, p™ resulting from the

Algorithm 3.1 converge, as Ax — 0, towards an weak solution of (2.1).
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Proof. Let ¢ € C([0,T); RT) for some T > 0. Multiplying first (3.6) by Azp(t", z;) and summing
over j € Z and over n =0, ..., Np yields

N
AJ/‘ZXT: (P;l+1/2 n) ") +AtZZ( j+1/2 1/2) p(t", x5) = 0.

JEZ n=0 JEZ n=0

11 12

We first consider I,

Np n+1/2 ..\ _ nog. .
n t , X t" x
I = —AtAx E E pP; +1/2 G JA)t al ) — At g pggo((),xj),
JEZ n=0 jEZL

and by the the Dominate Convergence Theorem, we get for i = 1,2

T
fo = [ [ ettt et~ [ polo. 0
o JRr R

We now study I, this term can be rewritten as

t y L '+1) - (p(tn7x')
I ::—JMAxE:ED ]+U2< v 2,

JEZ n=0

and again by Dominate Convergence Theorem we get

t
Iy, — —/ /F@xgo(t,m)dxdt,
0o Jr

where F' = p;jvi(p; + (pmax — pi) He(ppy) * wy)) for i = 1,2, thus

T t
L+ 1 — —/ /pi(t,w)awtp(t,x)dxdt—/p?go(O,x)d:r—/ /F@zgo(t,:v)dxdt.
o Jr R 0o Jr

Now, the next step in the proof is to multiply (3.7) by Azp(t",z;) and summing over j € Z and

over n =0,..., Nt yields
(3.27) AzZZ( AR ARG I (G AmAtZZ( Sy ST o, ) = 0,
JEZ n=0 JEZ n=0

then, by replacing pJ nt1/2 o (3.6) in (3.27) we get
L + 1+ I3 =0,

where

= aeAr Y S (LS S )

JEZ n=0

from which we can derive

T
I — —/0 /R(— (So — Sr) . So — Sr) (t, x)dzdt.

T t
/ /pi(t,:ﬁ)azso(t,:v)dmdtJr/ /Faxgp(t,aj)dxdt
0 R 0 JR

T
+ [ [ (= (S0~ Sr). S0~ Sw)e(t.o)dudt + [ pe(0.2)ds =0,
0 R R

Therefore,
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4. NUMERICAL EXAMPLES

In the following numerical tests, we will solve (2.1) numerically for z € [0, 5], by using Algorithm
3.1, where we set At satisfying CFL condition (3.8). From Example 1 to Example 4 we consider the
velocity functions as v;(p) = Vinax(Pmax — p), ¢ = 1,2 with maximum speed Vi ax = 1 and maximal

density pmax = 1. We consider kernel functions

wy(x) = ;7 er,(l") =2
with length support n = 0.1, and § = 0.5. Regarding the terms K; and K3 in the right hand
side (1.2), (1.3), (1.4) and (1.5) we consider Ky = 2K, and K; = 10 in order to get a faster

return to the preferred lane of the overtaking vehicles class. Additionally, we consider the following

n—x 2(
z)
772

regularization for the indicator function

0, if  z2<0
He(z) = exp(—50(%¢)?), if 0<z<e
1, if  z>e,

with € = 0.1. Finally we consider periodic boundary conditions at z = 0 and x = 5 for all examples.

4.1. Example 1. Overtaking Dynamics only for p;. In this example we consider only vehicles

of the class p; in its preferential road, more specifically we take initial conditions,

0.5, if 0.2<z<0.6, . i
pl(z) = . , p(x) =pl(z) =P (z) =0, x€][0,5].
09, if l<z<?2

In Figure 2 we display a heat map of p2(-,t) = [p1(,t), pa(-,t)] for t € [0,2.5] computed with
Az = 1/160. Initially there are two platoons of vehicles in lane 1, the upstream one with medium
density and the downstream one with high density, where platoon one is shorter than the second.
As time progresses, we can observe that in the head of downstream platoon, a rarefaction wave
is formed, which causes the local velocity at each point to be lower than the average velocity of
the cars in front, so no produce overtaking vehicles. Only the effect of the overtaking vehicles is
observed in the back of downstream platoon and in the upstream platoon, which is due the local
velocity is lower in these points. After a short time it is observed that The vehicles rejoin the

preferential way again.

4.2. Example 2: No collisions. This example shows an extreme case in which the class of
vehicles p; travels on lane 1 and there is a lane invasion by the class of vehicles traveling in the
opposite direction, i.e., py is non zero close to p; on lane 1. The main aim of this example is to
show that the proposed model (2.1) doesn’t allow crashes among vehicles. As initial conditions for

x € [0,5] we consider

0 0.9, 0.5 <x < 1.5 0 0.9, 25<x <35
pi(x) = . po(x) = .
0, Otherwise, 0, Otherwise,

Pl =p5=0.
In Figure 3, we display density profile of approximate solutions at three different simulation times,
t=0,t=03andt =1 At ¢t = 0 we can observe an initial platoon for p; in the preferred

lane, and in opposite direction an initial platoon of vehicles of class po are invading the lane 1. At

t = 0.3 we can observe in lane 1 the rarefaction wave formed for the vehicles of class p; in the
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Lane 2 (Overtaking lane for p;)

0.08
0.07
0.06
0.05
0.04
0.03
0.02

0.01

Lane 1 (Preferred lane for p;)
T T

Figure 2. Example 1: heat map of p2(-,t) for t € [0,2.5]. Overtaking Dynamics
only for p;. Bottom: dynamics of traffic for p; in Lane 1. Top: Dynamics of

vehicles py overtaking in Lane 2.

head of platoon, and some vehicles at the back of the platoon move to lane 2 overtaking others
vehicles, and becoming part of the class po. Meanwhile invading vehicles of class ps return back to
preferential lane 2 becoming part of the class p;. At t = 1 we can observe in lane 1, at the head of
the rarefaction wave an increasing in the density of p;, which is due to the fact that on the horizon
there are vehicles of class ps invading the lane, these vehicles wait for those coming in the opposite
direction to return to their preferred lane. In lane 2, we can observe a rarefaction wave formed by
vehicles of class p1, moreover we observe that density po has decreased over time, due to them have
moved to preferential lane 2 increasing the density of p; over time.

On the other hand, in Figure 4, we display a heat map of p2 (-, t) = [p1(-, 1), p2(-, )] and p2(-,t) =
[p1(-, 1), p2(-,t)], t € [0,2.5]. Initially, we can observe the dynamics vehicles in lane 1 which is
affected at ¢ = 0.5 close to * = 2 increasing the density due to the fact that on the horizon
there are vehicles travelling in opposite direction, subsequently continue its trajectory. On the
other hand, vehicles invading lane 1, return quickly to its preferential lane, then they continue its
trajectory. Finally we can observe the dynamics of vehicles in lane 2 overtaking other vehicles, and
how its trajectory after ¢t = 1.4 is affected by vehicles traveling in opposite directions, moreover we

observe that there are not vehicles try to overtake after this time due to the lane 2 is not empty.
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Lane 2 (Overtaking lane for p;) Lane 2 (Preferred lane for p;)
0.03 T T T T T T T T T 1 T T T T T T T T
=0
= = t=03 0.8
—_—1
0.02
06
N ' —
SN N &
\ 0.4f
0.01F I 1
! \ 0.2
I
L \ -
0 0 .
0 0.5 1 15 2 25 3 3.5 4 4.5 5 0 0.5 5
T
1 1
t=0
0.8F 0.8 - = t=0.3
—f=1
0.6 0.6
g &
041 0.4
02 02k
===
0 0 . . . . T . .
0 5 0 0.5 1 15 2 25 3 35 4 45 5
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Figure 3. Example 2: numerical solutions of system (2.1) at ¢t =0, ¢t = 0.3 and
t = 1. Profile of numerical solution for (Left-top) pe, (Left-Bottom) p;, (Right-top)
01, (Right-Bottom) po

Lane 2 (Overtaking lane for p;)

Lane 1 (Preferred lane for p;)

Lane 2 (Preferred lane for p;)

25

Figure 4. Example 2, heat map of p2(-,t) = [p1(-, 1), p2(-, )] and
pA(,t) = [p1(- 1), p2 (-, 1)], t € [0,2.5]. Dynamics of numerical solution for
(Left-top) pa2 (Left-Bottom) p12 (Right-top) g1 (Right-Bottom) pa

4.3. Example 3: Convergence Test. With this example, we illustrate the convergence of the
approach obtained with Algorithm 3.1. To this end, we consider the same parameters as in Example
2 at time t = 2.5. In Figure 5, we can see several approximate solutions computed by means of
Algorithm 3.1 for Az = 1/20,1/40,1/80,1/160 and a reference solution corresponding to Az =
1/640 computed by means of the same algorithm. As expected, as Az diminishes, the numerical

solutions approach the reference solution, as reported in Table 1, in which the total error, and the
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Experimental Order of Convergence (E.O.C.) in L' norm are shown. The total error is computed

as
eas(u) = eaz(p1) + eas(p2) +eaz(pr) + eaz(pe),

where eaz(p) = ||pret — pll1 and pres is the reference solution.

= Reference
wee Az = 0.05
+A‘Z‘ =0.025

- - -Az =0.0125
e Az = 0.00625

— Reference
08l - Ax = 0.05 i
—+— Az = 0.025
06 - - -Az =0.0125
Az = 0.00625

Figure 5. Example 3. Bottom: Convergence of a sequence of approximate
solutions ,01A to the reference solution. Top: Convergence of a sequence of

approximate solutions ﬁlA to the reference solution.

Table 1. Example 3: Total L'-error eas(u).

T=25

1/Az Total e, E.O.C.

20 0.2173 ---
40  0.1199 0.8
80  0.0628 0.9
160  0.02978 1.0

4.4. Example 4: Invariant Region. The aim of this example is to show numerically that the

numerical approach obtained with Algorithm 3.1 preserve a invariant region
Q:= 1(pis p) € R?: p; + pr < 1, for i =1,2}.
For this example we consider the initial data given by

0.9 if 0.5<z<25 i
ﬁ@ﬁ—{ 5

(2) 0.1 if 0.5 <x<2.5,
€T =
0.1 if 2.5 <z < 4.5, P2

0.75 if 2.5 <z < 4.5,
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and p§ = 5y = 0, i.e., there are vehicles of two classes traveling in opposite directions and occupying
the same cells. In Figure 6 we can see that from z = 2.5 the total density in lane 1 decreases, while
the total density of lane 2 increases. Similarly, for x € [0.5,2.5] the total density in lane 1 increases,
but in lane 2 decreases, remaining less than pmax, i.e., sum of densities in each lane remains less

than 1 over time.

Density on lane 2 (p2 + p1)

0.5 1 15 2 25 3 35 4 45
X

Density on lane 1 (p; + p2)

Figure 6. Example 4. Top: Sum of densities on lane 2. Bottom: Sum of densities

on lane 1.

5. CONCLUSIONS AND DISCUSSION

In this work, we introduced a system of nonlocal balance laws which describes vehicular traffic
flow in a two way and two lane road. Our model allows for vehicles overtaking using the adjacent
lane, and returning to the preferred lane, namely, the right lane. We distinguish four classes
of vehicles, labeled p1, p2, p1, p2, according to the direction of travel and the lane used. We
provided compactness estimates that allowed us to apply the Helly’s Compactness Theorem to
prove convergence and existence of weak solutions, in particular, we were able to prove a maximum
principle for each class of vehicles considered in the model. Additionally, we show some numerical
experiments in which some features of the model are displayed, e.g., no crashes between vehicles

traveling in opposite direction in a same lane, the overtaking and returning maneuvers, etc.

ACKNOWLEDGMENTS

This work was partially supported by the INRIA Associated Team “Efficient numerical schemes
for non-local transport phenomena” (NOLOCO; 2018-2020) and project MATH-Amsud 22-MATH-
05 “NOTION - NOn-local conservaTION laws for engineering, biological and epidemiological appli-
cations: theoretical and numerical” (2022-2023). LMV acknowledges partial support from ANID-
Chile through Centro de Modelamiento Matematico (CMM), project FB210005 of BASAL funds



24

H. D. CONTRERAS, P. GOATIN, AND L. M. VILLADA

for Centers of Excellence. Adicionally, HDC and LMV gratefully acknowledge financial support
from Anillo project ANID/PIA/ACT210030.

1]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

REFERENCES

S. Blandin and P. Goatin. Well-posedness of a conservation law with non-local flux arising in traffic flow modeling.
Numerische Mathematik, 132(2):217-241, 2016.

R. Biirger, H. D. Contreras, and L. M. Villada. A hilliges-weidlich-type scheme for a one-dimensional scalar

conservation law with nonlocal flux. Networks & Heterogeneous Media, 18(2), 2023.

R. Biirger, A. Garcia, K. Karlsen, and J. Towers. A family of numerical schemes for kinematic flows with
discontinuous flux. Journal of Engineering Mathematics, 60(3):387-425, 2008.

F. A. Chiarello. An overview of non-local traffic flow models. Mathematical Descriptions of Traffic Flow: Micro,
Macro and Kinetic Models, pages 79-91, 2021.

F. A. Chiarello, H. D. Contreras, and L. M. Villada. Nonlocal reaction traffic low model with on-off ramps.
Networks and Heterogeneous Media, 17(2):203, 2022.

F. A. Chiarello, H. D. Contreras, and L. M. Villada. Existence of entropy weak solutions for 1d non-local traffic

models with space-discontinuous flux. Journal of Engineering Mathematics, 141(1):9, 2023.

F. A. Chiarello, J. Friedrich, P. Goatin, S. Goéttlich, and O. Kolb. A non-local traffic flow model for 1-to-1
junctions. European Journal of Applied Mathematics, 31(6):1029-1049, 2020.

F. A. Chiarello and P. Goatin. Non-local multi-class traffic flow models. Networks and Heterogeneous Media,
14(2):371-387, 2019.

F. A. Chiarello and P. Goatin. A non-local system modeling bi-directional traffic flows. In G. Albi, W. Boscheri,

and M. Zanella, editors, Advances in Numerical Methods for Hyperbolic Balance Laws and Related Problems,

pages 49—66, Cham, 2023. Springer Nature Switzerland.

F. A. Chiarello and P. Goatin. Global entropy weak solutions for general non-local traffic flow models with
anisotropic kernel. ESAIM: M2AN, 52(1):163-180, 2018.

J. Friedrich, S. Gottlich, and E. Rossi. Nonlocal approaches for multilane traffic models. Communications in
Mathematical Sciences, 19(8):2291-2317, 2021.

J. Friedrich, O. Kolb, and S. Goéttlich. A Godunov type scheme for a class of LWR traffic flow models with
non-local flux. Netw. Heterog. Media, 13(4):531-547, 2018.

P. Goatin and S. Scialanga. Well-posedness and finite volume approximations of the lwr traffic flow model with

non-local velocity. Networks and Heterogeneous Media, 11(1):107-121, 2016.

M. Hilliges and W. Weidlich. A phenomenological model for dynamic traffic flow in networks. Transportation
Research Part B: Methodological, 29(6):407-431, 1995.

H. Holden and N. H. Risebro. Models for dense multilane vehicular traffic. STAM Journal on Mathematical
Analysis, 51(5):3694-3713, 2019.

A. Keimer, L. Pflug, and M. Spinola. Nonlocal scalar conservation laws on bounded domains and applications
in traffic flow. STAM J. Math. Anal., 50(6):6271-6306, 2018.

M. J. Lighthill and G. B. Whitham. On kinematic waves. II. A theory of traffic flow on long crowded roads.
Proc. Roy. Soc. London. Ser. A.; 229:317-345, 1955.

P. I. Richards. Shock waves on the highway. Operations Res., 4:42-51, 1956.




A TWO-LANE BIDIRECTIONAL NONLOCAL TRAFFIC MODEL 25

(Harold Deivi Contreras)
DEPARTMENT OF EXACT SCIENCES, FACULTY OF ENGINEERING, ARCHITECTURE AND DESIGN, SAN SEBASTIAN
UNIVERSITY, CONCEPCION, CHILE.

Email address: harold.contreras@uss.cl

(Paola Goatin)
UNIVERSITE COTE D’AZUR, INRIA, CNRS, LJAD, FRANCE,
2004, ROUTE DES LUCIOLES - BP 93, 06902 SopHIA ANTIPOLIS CEDEX, FRANCE

Email address: paola.goatin@inria.fr

(Luis Miguel Villada)
GIMNAP-DEPARTMENT OF MATHEMATICS, UNIVERSITY OF Bfo-Bfo, CONCEPCION, CHILE,
CI?MA-UNIVERSITY OF CONCEPCION, CASILLA 160-C, CONCEPCION, CHILE.

Email address: 1villada@ubiobio.cl



