
HAL Id: hal-04528668
https://hal.science/hal-04528668v1

Preprint submitted on 30 Apr 2024

HAL is a multi-disciplinary open access
archive for the deposit and dissemination of sci-
entific research documents, whether they are pub-
lished or not. The documents may come from
teaching and research institutions in France or
abroad, or from public or private research centers.

L’archive ouverte pluridisciplinaire HAL, est
destinée au dépôt et à la diffusion de documents
scientifiques de niveau recherche, publiés ou non,
émanant des établissements d’enseignement et de
recherche français ou étrangers, des laboratoires
publics ou privés.

Added nonlinear damping of homogenized
fluid-saturated microperforated plates in Forchheimer

flow regime
Lucie Gallerand, Mathias Legrand, Raymond Panneton, Philippe Leclaire ,

Thomas Dupont

To cite this version:
Lucie Gallerand, Mathias Legrand, Raymond Panneton, Philippe Leclaire , Thomas Dupont. Added
nonlinear damping of homogenized fluid-saturated microperforated plates in Forchheimer flow regime.
2024. �hal-04528668�

https://hal.science/hal-04528668v1
https://hal.archives-ouvertes.fr


Added nonlinear damping of homogenized fluid-saturated
microperforated plates in Forchheimer flow regime

Lucie Galleranda, Mathias Legrand b, Raymond Panneton c, Philippe Leclaired, Thomas Dupont a
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Microperforated plates (MPP) are commonly used in the field of acoustics for sound absorption purposes. Recent
research in the area of structural dynamics revealed that they also provide additional viscous damping in the
low-frequency range because of fluid-solid interactions in the microperforation boundary layers, mainly through
viscous friction mechanisms. It is now established that the vibratory behavior of these systems can be modelled
using a homogenization procedure that produces a pair of coupled partial differential equations (PDEs) collectively
governing the dynamics of both a structural plate and a fictitious virtual fluid plate. It has been observed that
the added damping achieves its maximum at a characteristic frequency governed in particular by the size of the
perforations. It is also known that these systems, which can be implemented in hostile environments such as
aircraft turbines, involve nonlinear mechanisms for large mechanical and/or acoustic excitations. Two causes
of nonlinearities can be distinguished: (i) one associated with a high amplitude harmonic speed of the fluid
in the perforations, and (ii) one associated with large harmonic structural deformations. The two causes can
combine under strong excitation. The present paper focuses exclusively on the first cause of nonlinearity. As
the fluid velocity increases inside the perforations, resistive and inertial phenomena arise within the perforations,
influencing the structural response. These effects can be partly captured analytically by the Forchheimer correction,
materialized by an additional quadratic nonlinear damping term in the governing PDE governing the dynamics of
the fictitious fluid plate. The governing equations are solved numerically, and sensitivity analyses are carried out
on the added damping to the excitation level. The proposed model is validated by experiments conducted on an
equivalent cantilevered MPP. Analytical and experimental results show that the added viscous damping depends
on the relative fluid-solid velocity. The added damping effect can, depending on the perforation diameter, reach a
maximum for a critical value of the relative fluid-solid velocity, with all other independent parameters fixed. In the
nonlinear framework, the added damping is a function of space and depends not only on the perforation diameter
as in the linear framework, but also on the relative fluid-solid velocity, and is defined as a function of space.

Keywords: Microperforated plates — Added nonlinear damping — Forchheimer’s law

1 Introduction 2

2 Model 4

2.1 Dynamics of a finite-size microperforated plate saturated by a light fluid . . . . . . . . . . . . . . . 4

2.2 Added damping in linear regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

2.3 Added damping in nonlinear regime . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 Resolution procedure 6

3.1 Harmonic method balance . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6

3.2 Convergence analysis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

4 Sensitivity of microperforated plates vibratory response to nonlinear damping 9

4.1 Frequency response . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 9

4.2 Normalized resistance and maximum of added damping in nonlinear regime . . . . . . . . . . . . . 10

4.3 From a characteristic frequency to a critical relative velocity . . . . . . . . . . . . . . . . . . . . . . 11

4.4 Space distribution of the added damping . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 12

5 Experimental validation 14

5.1 Experimental set-up . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

5.2 Relative displacement . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14

5.3 Experimental and analytical results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 15

6 Conclusions 16

References 17

Email addresses: lucie.gallerand.1@ens.etsmtl.ca (Lucie Gallerand), mathias.legrand@mcgill.ca
(Mathias Legrand ), raymond.panneton@USherbrooke.ca (Raymond Panneton ), philippe.leclaire@u-bourgogne.fr
(Philippe Leclaire), thomas.dupont@etsmtl.ca (Thomas Dupont )

1

https://orcid.org/0000-0002-4455-6604
https://orcid.org/0000-0003-0058-6315
https://orcid.org/0000-0002-6718-0339
https://orcid.org/0000-0002-4455-6604
https://orcid.org/0000-0003-0058-6315
https://orcid.org/0000-0002-6718-0339


Nomenclature

Primary quantities introduced in the paper are recalled below with emphasis on the main explicit dependencies to other
quantities. They are no repeated in the text. When deemed appropriate, secondary quantities with appropriate dependencies
are directly introduced in the text.

Geometric constants

Symbol Description Explicit dependencies Unit

d diameter of perforation – m

h plate thickness – m

Lx plate length in x direction – m

Ly plate length in y direction – m

Macroscopic parameters

Symbol Description Explicit dependencies Unit

α∞ effective tortuosity ϕ, d –

ϕ perforation ratio d –

σ nonlinear fluid-flow resistivity ϕ, d, x, y, t Nsm−4

σ0 static fluid-flow resistivity ϕ, d Nsm−4

ε Forchheimer’s parameter ϕ, d, h sm−1

Cd discharge coefficient ϕ, d, h –

Mechanical parameters

Symbol Description Explicit dependencies Unit

α Biot’s elastic coupling coefficient – –

η loss factor – –

ηi nonlinear loss factor of mode i ϕ, d, ω, ε, ẇ –

ηL
i linear loss factor of mode i ϕ, d, ω –

µf fluid dynamic viscosity – kgm−1 s−1

ν Poisson’s coefficient – –

ρ plate effective density ϕ kgm−3

ρf fluid density – kgm−3

ρs structure density – kgm−3

D bending stiffness ϕ GPam3

E Young’s modulus – GPa

Kf fluid bulk modulus – kPa

Mf Biot’s elastic coefficient – Nm−2

Other parameters

Symbol Description Explicit dependencies Unit

(x, y) coordinate system attached to plate – m

(xe, ye) coordinate of excitation point – m

(xg , yg) coordinate of observation point – m

x vector of Fourier coefficients ω m

ω driving angular frequency – rad s−1

ωi MPP angular frequency of mode i – rad s−1

Ψi modal shape of mode i x, y –

f̃ext forcing force in frequency domain ω N

f̃NL nonlinear force in frequency domain x, ω N

fc characteristic frequency ϕ, d Hz

Fext forcing force amplitude – N

fext forcing force in time domain x, y, t, ω N

fNL nonlinear force in time domain x, y, t N

N number of degrees-of-freedom – –

Nh number of harmonics – –

RL normalized linear resistance ϕ, d –

RNL normalized nonlinear resistance ϕ, d, x, y, w –

t time – s

V amplitude of ẇ x, y, ϕ, d ms−1

Vcr critical relative velocity ϕ, d, ω ms−1

w fluid-solid relative displacement x, y, t m

ws solid displacement x, y, t m

1. Introduction

Microperforated plates (MPP) are commonly used as lightweight acoustic-absorbing materials, serving
as a viable substitute for porous materials and conventional acoustic resonators. MPP have versatile
applications in acoustic reduction across various settings, including acoustic rooms, acoustic linings
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within flow ducts [1], and even in nuclear engines and reactors [2]. These simple structures can also be
crafted from various materials, ensuring greater safety and environmental friendliness with reduced risk of
degradation. Moreover, these structures are well-suited for use in challenging environments characterized
by substantial excitations or high temperatures, such as in engine enclosures as acoustic barriers and
within sound suppressors, to provide a few examples.

Theoretical and experimental studies were carried out to characterize the linear response of the acoustic
absorption of microperforated plates. Maa [3] proposed to model an MPP using Kirchhoff’s equations.
Atalla and Sgard [4] used the Johnson-Allard approach to model the microperforated plate as an equivalent
fluid. They proposed a modified tortuosity to account for the distortion of fluid flow at the end of
the perforations and the interaction between them. The observed acoustic absorption was induced by
dissipative frictional mechanisms in the thermal and viscous boundary layers for a perforation diameter
of the order of their thickness. In the area of structural dynamics, Gallerand et al. [5, 6] proposed an
analytical model, validated by experimental measurements, to explore the dynamic response of a finite-size
MPP saturated by air. It was shown that additional damping, occurs around a characteristic frequency,
because of dissipative mechanisms appearing in the thermoviscous boundary layers at the fluid-solid
interface of the perforations.

However, microperforated plates are likely to be used in harsh environments subject to strong mechanical
and/or acoustic excitations. This is why MPP, traditionally used as acoustic materials, have been studied
under high levels of acoustic excitation. In the context of nonlinear acoustics, the acoustic velocity
of particles in perforations can attain high values. This results in flow separation and vortices at the
sharp edges of the perforations. The formation of vortices absorbs the acoustic wave energy and thus
increases the acoustic resistance of the MPP’s perforation [7, 8, 9]. Acoustic impedance is then modified to
accommodate nonlinear effects. In this context, Maa [9] proposed a formulation of the acoustic impedance
for an MPP at a high pressure level and found a relationship between the nonlinear resistance and the
Mach number defined from the particle velocity in the perforation. Cummings [10, 11] proposed a model
to predict the temporal behavior of reactance (the imaginary part of the acoustic impedance). It was
shown that the energy absorbed by the material depends on the sound level but that there is no linear
relationship between these two parameters. Melling [12] provided a nonlinear reactance model based
on a quasi-stationary approximation of acoustic flow through perforations. Experimentally, Ingard and
Ising [13] showed that, in the nonlinear regime, the fluid separates at the perforation outlet in the form of
jets. They also showed that pressure and velocity amplitudes were linked by a square-law relationship.
Forchheimer [14] proposed an empirical relationship between velocity and pressure to correct for resistive
effects when fluid flow rates in porous media become significant. The relationship is an extension of
Darcy’s linear law for large fluid flow rates in porous media. At the viscous term of Darcy’s law, this
expression includes a quadratic or cubic inertial term [14, 15]. Adler et al. [16] showed that there is
no quadratic correction to Darcy’s law for small Reynolds numbers Re (less than unity). Conversely,
quadratic correction dominates in the case where Re > 1. In the context of MPP, Re > 1 is expected for
airflow velocities greater than 1mms−1 in millimeter perforations.

The law proposed by Forchheimer has been applied and used for MPP under high-acoustic excitations.
Using the equivalent fluid model and the approach proposed by [4], this previously defined approach for
porous materials can be applied to MPP. The Forchheimer correction was used by Tayong et al. [7] to
investigate the acoustic absorption of MPP supported by an air cavity. They demonstrated that absorption
coefficient increases with the Mach number up to a critical Mach number. If the critical Mach number
of an MPP is too low (meaning that the critical Mach number is within the linear amplitude regime),
the absorption coefficient of the MPP only decreases with the Mach number in the nonlinear amplitude
regime. In another work, Tayong et al. [17] experimentally explored the interaction between multiple
perforations in a nonlinear acoustic regime. Forchheimer’s quadratic law was also used by Laly et al. [18]
who proposed a model to characterize the acoustic impedance of an MPP at high acoustic pressure. They
modeled the microperforated plate as an equivalent fluid using the Johnson-Allard approach.

In all of the works presented above, the MPP is considered rigid. For low excitation amplitudes
(acoustic and mechanical), there are approaches that consider structural vibrations of the MPP. However,
no studies have examined the combined vibrational and acoustic behavior of a flexible MPP in the nonlinear
excitation regime. In order to grasp the nonlinearity domain of the present study, it is nevertheless
important to emphasize that numerous studies are available on the response of conventional plates
or perforated plates [19]. These studies assume that there is no interaction between the fluid in the
perforations and the structure, subjected to high amplitudes. In linear theories, it is assumed that the
deformations are small compared to the thickness and that the shear deformations in the straight section
can be neglected. This assumption is no longer valid for large-amplitude excitations. Consequently,
the derivation of governing equations with large deflections requires special attention. Von Kármán’s
nonlinear plate theory was widely used to explore the forced harmonic vibration of plates, beams at large
amplitudes [20, 21, 22, 23] or more complicated geometry like a plate with acoustic black hole [24, 25].
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In these studies, only structural/geometric nonlinearities are considered. For MPP saturated with air
in a dynamic context, we therefore distinguish two types of nonlinearity: (i) acoustic nonlinearity, and
(ii) geometric nonlinearity. The geometric nonlinearity can be captured by cubic stiffness terms [22, 23],
while acoustic nonlinearity can be captured by quadratic stiffness terms [7]. As the magnitude of the fluid
particle velocity increases in the perforation, the acoustic nonlinearity may be activated first, before the
geometric nonlinearity. Indeed, via viscous fluid-structure coupling, the solid will impose its motion on
the fluid. This coupling is strongly affected by the thickness of the visco-thermal boundary layers. Thus,
for perforation diameters largely smaller than the thickness of the visco-thermal boundary layers, the fluid
is totally “pulled” out of the perforation. Its velocity in the perforation is therefore zero. For perforation
diameters significantly greater than the thickness of the boundary layers, fluid movement in the center
of the perforation will not be affected by solid movement. In some cases, the fluid velocity is also zero.
In these cases, the relative velocity between the fluid and the solid is equal to the velocity of the solid,
and the acoustic nonlinearity linked to the fluid-structure coupling will not appear. Between these two
limits, the reduction in air flow surface during the movement of the MPP results in a fluid velocity in the
perforations greater than that of the solid. Acoustic particle velocity increases significantly when the wave
is compressed in the microperforations [13]. Nonlinearities caused by fluid-structure coupling (related to
the fluid) will thus appear before those related to the solid. In this paper, we are only interested in the
acoustic nonlinearity, also called Forchheimer’s nonlinearity, due to the fluid into the perforations. In the
Forchheimer regime, a high harmonic flow velocity through the perforations is assumed.

This article is organized into four sections. First, Section 2 proposes a nonlinear vibratory model based
on the linear vibratory MPP model adapted to a nonlinear acoustic framework using Forchheimer’s law.
This leads to a system of two coupled partial differential equations (PDE). Secondly, Section 3 provides
details on the procedure for solving the resulting nonlinear PDE. Thirdly, Section 4 analyzes the effects of
the nonlinear damping on the MPP behaviour. Finally, Section 5 presents experimental results to validate
the developments.

2. Model

This section recalls the equations governing the dynamics of a finite size microperforated plate saturated
by a light fluid, as proposed in [5]. They are then extended to the nonlinear framework where the velocity
of the fluid in the microperforations is large and the inertial effects in the microperforations are no longer
negligible. The latter are captured by a correction term proposed by Forchheimer [14, 7]. This correction
leads to an additional antisymmetric quadratic damping term in the governing equations.

2.1. Dynamics of a finite-size microperforated plate saturated by a light fluid

A simply supported finite-size MPP of dimension Lx ×Ly × h placed in the xy plane is investigated. Only
displacements along the z-axis is considered. The plate is excited by an external force fext. The equations
of motion read [5]

h(ρẅs + ρfẅ) +
(
D +

α2Mfh
3

12

)
∇4ws = fext (1a)

ρfẅs +
ρfα∞

ϕ
ẅ + σ0ẇ + αMf∇2ws = 0, (1b)

where ∇ is the classical gradient differential operator. They are obtained by considering the MPP as
a particular porous plate [4] using an alternative form of Biot’s theory [26]. Equation (1) governs the
vibratory response of the MPP in the linear regime where ws is the solid motion and w = ϕ(ws − wf)
is the relative fluid-solid motion with ϕ the perforation ratio and wf the fluid motion. Equation (1a)
represents the elastic response of the homogeneous solid plate, while Equation (1b) corresponds to the
relative fluid-solid motion. The fluid-solid density mixture ρ = (1− ϕ)ρs + ϕρf is a function of the solid
density ρs and fluid density ρf. The parameters α and Mf are elastic coefficients defined by Biot [27]. In
the context of an MPP saturated by a lightweight fluid the Biot’s coefficients are simply written α = ϕ
and Mf = Kf/ϕ [26] where Kf is the bulk modulus of air. The coefficient D is the bending stiffness. In
order to consider the influence of the microperforations in the MPP stiffness, D is updated to [28, 29]

D =
ECh3

12(1− ν2)
with C =

(1− ϕ)2

1 + (2− 3ν)ϕ
, (2)

where E and ν are respectively the Young’s modulus and Poisson’s coefficient for the non-perforated plate.
For a vibrating MPP saturated with a lightweight fluid, the elastic modulus of the plate is much larger
than that of the fluid, i.e. E ≫ Mf. In this case, with MPP vibrating in air, this condition is fulfilled and
only inertial interactions are accounted for in the plate equations. In Equation (1), the stiffness coefficient,
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D + α2Mfh
3

12 can be approximated by D, as considered in the rest of the present paper. Also, the bulk
modulus of air Kf is considered constant and equal to its adiabatic value in the resolution of the system
of Equation (1). All Johnson-Champoux-Allard (JCA) parameters defined for a porous medium can be
rewritten for an MPP as a function of ϕ and the diameter of the perforations d. Thus, the static airflow
resistivity and the tortuosity are defined by

σ0 =
32µf

ϕd2
and α∞ = 1 +

2ϵ

h
, (3)

where µf is the fluid dynamic viscosity and ϵ = 0.24
√
πd2(1− 1.14

√
ϕ) [4] is an end correction factor used

to consider the fluid radiation inside the perforations and the distortion of the fluid flow at the perforation
orifices.

2.2. Added damping in linear regime

In a linear context, an MPP exhibits viscous added damping due to energy dissipation induced by
fluid-structure interactions coupled with thermo-viscous ones between shearing adjacent fluid layers near
the perforation solid walls. The loss factor resulting of these mechanisms writes in terms of ω, the angular
frequency [5],

ηL

i = −hωI
(2)
i I

(3)
i

DI
(1)
i

αMfϕ
2ρfσ0I

(3)
i

(α∞ρfωI
(3)
i )2 + (ϕσ0I

(3)
i )2

, (4)

where I
(p)
i with p = 1, 2, 3 is the ith component of the projection matrix I(k) defined from Ψ(x, y) which

stores the Ψi(x, y) term corresponding to the ith mode shape function such that1

I(1) =

∫∫
S

∇2Ψ(x, y)∇2ΨT(x, y)dxdy, I(2) =

∫∫
S

∇2Ψ(x, y)ΨT(x, y)dxdy,

I(3) =

∫∫
S

Ψ(x, y)ΨT(x, y)dxdy.

(5)

The loss factor, provided in Equation (4), reaches a maximum at a characteristic angular frequency ωc

given by [5]

ωc =
32µf

α∞ρfd2
and its corresponding frequency fc =

16µf

πα∞ρfd2
, (6)

defined from Biot’s frequency for porous materials [30, 26] and adapted for the MPP case. The added
damping delivered by the microperforations is maximum at the characteristic frequency, but also has
an effect in a range of frequencies around fc. Since fc is a function of d, the perforation diameter can
be adapted to induce maximum added damping at a resonance frequency of the MPP, i.e. to make fc
coincide with a natural frequency of the MPP.

2.3. Added damping in nonlinear regime

When the fluid velocity in the microperforations becomes sufficiently high, the airflow resistive effects
occurring in the microperforations are no longer constant and increase linearly with the fluid velocity [7, 31].
They are incorporated into the model using Forchheimer’s law, which is defined for a rigid porous material
subjected to high flow velocity in the pores. According to Forchheimer’s law, the airflow resistivity
reads [15, 18]

σ = (1 + ε|ẇf|)σ0. (7)

with ε, the Forchheimer’s parameter. In the context of a vibrating MPP, the relative fluid-solid velocity
corresponds to the fluid velocity for a rigid frame MPP, that is w corresponds to wf, and Equation (7)
becomes

σ = (1 + ε|ẇ|)σ0. (8)

In fact, the absolute fluid velocity used in Equation (7) corresponds to the relative velocity between fluid
and solid in the case of a vibrating MPP.

1More details about the spatial and temporal discretization of the PDE are provided in Section 3.
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The Forchheimer parameter is obtained though airflow resistivity measurement on a high-flow resistivity
meter (Mecanum Inc. HF-SIGMA high-flow resistivity-meter). The Forchheimer parameter is determined
by measuring the pressure drop along the sample at several flow rates and using straight-line interpolation
at zero flow velocity, in accordance with Equation (7) [32, 33]. Through this procedure, measurements on
an MPP were conducted with d = 2.8mm, ϕ = 10% and h = 1mm yield2 ε = 1.43± 0.025 sm−1. Another
way to determine ε is to use the empirical expression [18]

ε =
βρf(1− ϕ2)

πhϕC2
dσ0

ϕ, (9)

where Cd is the discharge coefficient, commonly with Cd ∈ 0.6− 0.8 and set here to 0.76. The unitless
constant β is assumed to be equal to 1.6 according to [18]. Using Equation (9) to determine ε for an
MPP d = 2.8mm, ϕ = 10% and h = 1mm provide ε = 1.42 sm−1. Comparison between Equation (9) and
the experimental method suggests that Equation (9) appears a reasonable estimate for ε. Note that the
Forchheimer’s parameter depends only on the perforation parameters (d and ϕ) and the MPP thickness.

From Forchheimer’s law in Equation (1) is derived the system

h(ρẅs + ρfẅ) +D∇4ws = fext, (10a)

ρfẅs +
ρfα∞

ϕ
ẅ + σ0ẇ + σ0ε|ẇ|ẇ + αMf∇2ws = 0, (10b)

in which temporal and spatial dependencies were dropped for readability. A supplementary quadratic
damping term σ0ε|ẇ|ẇ, equivalent to a modal force always opposite to the direction of the velocity and
proportional to its square, is incorporated.

3. Resolution procedure

3.1. Harmonic method balance

This subsection provides details on the discretization procedure and the resolution of Equation (10).
Solutions for ws, w and fext are developed on the basis of orthogonal or quasi-orthogonal eigenfunctions Ψ.
For instance, the plate displacement is assumed to be of the form

ws(x, y, t) =

N∑
i=1

ws
i(t)Ψi(x, y), (11)

where ws
i is the generalized coordinate of modeshape Ψi, i ∈ N∗and N is the number of degrees-of-freedom

(dof). Index i corresponds to a reorganization of the pair of eigenmodes (m,n) ∈ (N∗,N∗). Similar
expressions are assumed for w and fext is chosen as a force applied at the point (xe, ye) and is written for
the ith mode such as

fext(xe, ye, t) = Fext

N∑
i=1

Ψi(xe, ye)q
ex
i (t). (12)

After projection on eigenmode basis of a non-perforated plate, the matrix form of the dynamics reads

M1ẅs(t) +Mẅ(t) +K1ws(t) = fex(t), (13a)

Mẅs(t) +M2ẅ(t) +Cẇ(t) + fNL(ẇ(t)) +K2ws(t) = 0, (13b)

where

K1 = D

∫
S

∇2Ψ(x, y)∇2Ψ⊤(x, y)dxdy, K2 = hαMf

∫
S

∇2Ψ(x, y)Ψ⊤(x, y)dxdy,

C = hσ0

∫
S

Ψ(x, y)Ψ⊤(x, y)dxdy, M = hρf

∫
S

Ψ(x, y)Ψ⊤(x, y)dxdy,

M1 = hρ

∫
S

Ψ(x, y)Ψ⊤(x, y)dxdy, M2 =
hρfα∞

ϕ

∫
S

Ψ(x, y)Ψ⊤(x, y)dxdy.

(14)

2The perforation parameters and plate thickness used to experimentally determine the Forchheimer parameter correspond
to those used in the experimental validation section (Section 5).
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where S = Lx × Ly. Entry i of the nonlinear force vector fNL(ẇ(t)) reads

fNL
i (ẇ(t)) = hσ0ε

∫
S

N∑
j=1

ẇj(t)Ψj(x, y)
∣∣∣ N∑
p=1

ẇp(t)Ψp(x, y)
∣∣∣Ψi(x, y)dxdy. (15)

The Harmonic Balance Method (HBM) is implemented and the contributions are assumed to be periodic
and therefore expressed as Fourier series truncated at the harmonic Nh [34, 35, 36]:

ws(t) =
1

2
A0 +

Nh∑
k=1

Ak cos kωt+Bk sin kωt and ẇ(t) =
1

2
C0 +

Nh∑
k=1

Ck cos kωt+Dk sin kωt. (16)

The vectors Ak,Bk,Ck and Dk store respectively the coefficients Aik, Bik, Cik and Dik with k =
1, 2, . . . , Nh and i = 1, 2, . . . , N are the Fourier coefficients to be found. Only the velocity and ac-
celeration of the fluid-solid relative displacement is considered here because there is no stiffness term on w
in the equations of motion. Term-wise differentiation in time is achieved, such that

ẇs(t) =

Nh∑
k=1

kω(−Ak sin kωt+Bk cos kωt), ẅs(t) =

Nh∑
k=1

−k2ω2(Ak cos kωt+Bk sin kωt), (17a)

ẅ(t) =

Nh∑
k=1

kω(−Ck sin kωt+Dk cos kωt). (17b)

The temporal contribution of the excitation force is assumed periodic and reads

qex(t) =
1

2
Aex

0 +

Nh∑
k=1

Aex
k cos kωt+Bex

k sin kωt, (18)

where Aex
k and Bex

k are a priori known. Usually, the excitation force is considered monoharmonic and the
only non-zero coefficient is Aex

1 . The Fourier expansion of every entry of the nonlinear vector reads

fNL
i (ẇ(t)) = hσ0ε

(1
2
Λi +

Nh∑
k=1

(Γik cos kωt+Πik sin kωt)
)
, (19)

where Λi, Γik and Πik are nonlinear functions of the Fourier coefficients stored in Ck and Dk, as follows:

Λi =
1

2

∫
S

( N∑
j=1

ΨjCj0

)∣∣∣ N∑
r=1

ΨrCr0

∣∣∣Ψi dxdy, (20a)

Γik =
ω

π

∫ 2π
ω

0

∫
S

( N∑
j=1

Ψj

Nh∑
ℓ=1

(Cjℓ cos ℓωτ +Djℓ sin ℓωτ)
)

×
∣∣∣ N∑
r=1

Ψr

Nh∑
s=1

(Crs cos sωτ +Drs sin sωτ)
∣∣∣ cos kωτΨi dxdydτ, (20b)

Πik =
ω

π

∫ 2π
ω

0

∫
S

( N∑
j=1

Ψj

Nh∑
ℓ=1

(Cjℓ cos ℓωτ +Djℓ sin ℓωτ)
)

×
∣∣∣ N∑
r=1

Ψr

Nh∑
s=1

(Crs cos sωτ +Drs sin sωτ)
∣∣∣ sin kωτΨidxdydτ. (20c)

Substituting Equations (16), (17), (19) and (20) into Equation (10), and equating the coefficients associated
with each harmonic component cos kωt and sin kωt with k = 1, 2, . . . , Nh, yields a system of (4N)×(2Nh+2)
equations. In order to simplify the expressions, it is possible to rewrite Equation (10) in a matrix form in
the frequency domain as

H(x, ω) = G(ω)x(ω) + f̃NL(x, ω)− f̃ex(ω) (21)

where

x(ω) = [ 12A
⊤
0 ,

1
2C

⊤
0 ,A

⊤
1 ,B

⊤
1 ,C

⊤
1 ,D

⊤
1 ,A

⊤
2 ,B

⊤
2 ,C

⊤
2 ,D

⊤
2 ,. . . ,A

⊤
Nh

,B⊤
Nh

,C⊤
Nh

,D⊤
Nh

]⊤. (22)
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stores the Fourier’s coefficients Aik, Bik, Cik and Dik (the ω contributions are dropped for readability
purpose). The matrix G = blockdiag(0,G1,G2, . . . ,GNh

) is a block matrix with each block of dimension
of 4N . The elementary block k reads

Gk(ω) =


−ω2k2M1 +K1 0 0 ωkM

0 −ω2k2M1 +K1 −ωkM 0
−ω2k2M2 +K2 0 C ωkM

0 −ω2k2M2 +K2 −ωkM C

 . (23)

The n(4Nh + 2)-dimensional vectors f̃ex(ω) and f̃NL(x, ω) contain respectively the Fourier coefficients of
the external forcing contribution and those of the nonlinear force contribution, and read

f̃ex(ω) = [
1

2
(Aex

0 )⊤,0, (Aex
1 )⊤, (Bex

1 )⊤,0,0, (Aex
2 )⊤, (Bex

2 )⊤,0,0, . . . , (Aex
Nh

)⊤, (Bex
Nh

)⊤,0,0]⊤ (24a)

f̃NL(x, ω) = hσ0ε [0,Λ
⊤,0,0, (Γ1)

⊤, (Π1)
⊤,0,0, (Γ2)

⊤, (Π2)
⊤, . . . ,0,0, (ΓNh

)⊤, (ΠNh
)⊤]⊤. (24b)

The vectors Λ,Γk(ω) and Πk(ω) are obtained for each value of ω through Equation (20). For known
values of Aex

k and Bex
k , Equation (21) is solved using the Python built-in fsolve function, which returns

the roots of the nonlinear equation H(x, ω) = 0 and leads to the unknown coefficients Ak, Bk,Ck and Dk.
The fsolve function is a version of the root-solving Powell’s hybrid method. This approach combines the
Gauss-Newton algorithm with gradient descent and approximates the Jacobian matrix by direct differences
at the starting point. This method causes no convergence issue even with the nonlinear absolute value
function involved in the formulation of the problem, meaning there was no reason to opt for a potentially
more advanced solver.

Using the single-mode assumption, the temporal and spatial contributions in Equation (15) can be
decoupled. Otherwise, the quadratic damping term implies elastic coupling between the modes due
to the absolute value function in Equation (20). Then, temporal and spatial dependencies cannot be
separated and Equation (20) must be calculated for each nonlinear step of the algorithm. The integral is
approximated numerically using the Python built-in function nquad.

3.2. Convergence analysis
First, a convergence analysis is performed on the number of harmonics and the number of dof in the
approximation. The overall residual is denoted r(ω) = ∥r(ω)∥ with r(ω) = [(r(1)(ω))⊤, (r(2)(ω))⊤]⊤ where
the vectors r(1)(ω) and r(2)(ω) are determined from Equations (13a) and (13b) by the integrals

r(1)(ω) =
ω

2π

∫ 2π/ω

0

(
M1ẅs(t) +Mẅ(t) +K1ws(t)− fex(t)

)
dt, (25a)

r(2)(ω) =
ω

2π

∫ 2π/ω

0

(
Mẅs(t) +M2ẅ(t) +Cẇ(t) + fNL(ẇ(t)) +K2ws(t)

)
dt. (25b)

Equation (25a) is numerically computed using the Python built-in nquad. The vector fNL(ẇ(t)) depends
on the mode shape and therefore on x and y. After discretizing the three axes x, y and t, a three-
dimensional Riemann sum is used to numerically approximate Equation (25b) thanks to a Gauss-Legendre
quadrature with 100 points for spatial discretization and 300 points for temporal discretization to guarantee
accuracy. The vectors ws(t) and w(t) are obtained by injecting the Fourier coefficients stored in x(ω) in
Equations (17), (19) and (20). The residual and its corresponding computation time tf are evaluated for a
simply-supported aluminum MPP of dimension 490mm × 570mm × 1mm with d = 2.2mm, ϕ = 10%
and ε = 0.87 sm−1. The sensitivity to N and Nh of the normalized residual

Lr(ω) = 20 log10

( r(ω)

rref(ω)

)
, (26)

is indicated in Figure 1 for ω = ω1 where ω1 is the first resonance frequency of the linear MPP. The
solution vector x(ω) is obtained for ω1 = 115 rad s−1 from the procedure presented in Section 3. The
residual is computed for N = 1, 3, 5, 7 and for Nh = 1, 3, 5, 9, 13, 17. Even numbers of harmonics are not
studied, as the nonlinearity is odd, so only odd harmonics contribute. The residual reference rref(ω1)
in Equation (26) is set to 1× 10−11, which corresponds to r(ω1) obtained for N = 7 and Nh = 17 and
to the relative error between two consecutive iterations imposed as a stopping criterion in fsolve. In
light of Figure 1, it is clear that for moderate excitations, Nh = 1 is sufficient to accurately predict the
structural response of the system. The residual for N = Nh = 1 is equal to r(ω1) = 4× 10−7. Moreover,
the computation time increases significantly as N and Nh increase, from 0.64 s for N = Nh = 1 to around
3 hours for N = 7 and Nh = 17. Most of the computing time is allocated to calculating triple integrals
(Equation (20)). In fact, the time required to compute an integral of Equation (20) increases from 0.02 s
for N = Nh = 1 to 977 s for N = 7 and Nh = 17. Consequently, in the remainder of this paper, only the
fundamental harmonic is considered in the HBM resolution.
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Figure 1: Influence of the number of harmonics on the forced response of the first mode of a simply supported microperforated
plate. (a) — normalized residual calculated from Equation (25) for Fext = 0.1N; (b) — computation time (inverted axes for
readability).

4. Sensitivity of microperforated plates vibratory response to nonlinear damping

4.1. Frequency response

Equation (13) is solved using the methodology described in Section 3 considering a single mode and
only the contribution of the fundamental harmonic that is N = Nh = 1. In Figure 2, the mobility at
the center of an MPP is plotted to investigate the influence of the amplitude of the external excitation
on the vibration response. An aluminum simply supported microperforated plate is excited by a point
force at (xe, ye) = (60mm, 70mm). The mobility at point (xg, yg) = (Lx/2, Ly/2), that is the solid
displacement normalized by the amplitude of the external force, is plotted in function of the normalized
angular pulsation of the excitation ω/ω1. Here ω1 is the angular frequency of the first linear resonance of
the MPP with added damping, obtained by assuming ε = 0 in Equation (10). The mobility is plotted for
different amplitudes of Fext ∈ [10−4; 0.4] N. The aluminum microperforated plate is simply supported with
Lx × Ly × h = 490mm× 570mm× 1mm, d = 2.2mm and ϕ = 10%. The corresponding Forchheimer’s
parameter is ε = 0.87 sm−1. In this configuration, the characteristic frequency is lower than the first
MPP resonance frequency. Setting ε to zero and solving Equations (10a) and (10b) leads to the MPP
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p
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10−1

100
Fext (N)

Figure 2: Mobility at the center of the simply-supported MPP for different amplitudes of the external force with d = 2.2mm
and ϕ = 10%. The mobility is given for Fext ∈ [10−4; 0.4] N and for: ( ) Fext = 10−4 N that correspond to the linear
case; ( ) Fext = 0.16N which corresponds to the case where the maximum of the normalized displacement passes through
a minimum. The ε-parameter is obtained from Equation (9). The resolution procedure is performed for N = Nh = 1.

response in the linear case, and thus to ω1.
In Figure 2, the linear case is obtained for Fext = 10−4 N. In this configuration, the first resonance

frequency is ω1 and the displacement amplitude is governed by the added viscous damping in the linear
regime and thus by the loss factor given in Equation (4). When the excitation amplitude Fext increases,
there are two prominent effects: the equivalent stiffness of the system is reduced, and the added damping
can increase or decrease with the excitation amplitude.
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In fact, the maximum displacement amplitude decreases and passes through a minimum, which
corresponds to Fext ≈ 0.16N in this particular case, before rising with Fext. As mentioned in Section 2.2,
the linear and, by extension, nonlinear damping added by microperforations is related to the thickness of
the boundary layers. For a microperforated plate, viscous dissipation and thus the damping is governed
by the airflow resistivity. Due to the Forchheimer correction presented in Equation (8), σ depends on
the relative fluid-solid velocity. Thus, viscous dissipation can reach a maximum at a particular relative
fluid-solid velocity, referred to in this paper as critical relative velocity in reference to the critical mach
number defined by [7]. This critical velocity is a function of the perforation parameters3. As the relative
fluid-solid velocity is linked to the excitation amplitude Fext, there is an excitation amplitude value for
which the size of the boundary layers maximizes the viscous damping effect. In the zero forcing limit, the
plate velocity and the relative fluid-solid velocity are very low. Resistive effects are equal to σ0 and do
not depend on external excitation. This corresponds to the linear case represented by the dashed line in
Figure 2. In the limit of infinite forcing, solid and fluid velocities will also tend towards infinity. In this
case, the resistivity, which varies linearly with the relative fluid-solid velocity, tends toward infinity, and
no dissipative effects occur in the perforations. In this case, the added damping will not be maximal and
the amplitude of the peaks will increase with forcing. Between these two limits, damping passes through
a maximum4.

4.2. Normalized resistance and maximum of added damping in nonlinear regime

It has been established that in a linear context, the maximum added damping is reached for f = fc [5],
but this maximum evolves with relative velocity under nonlinear regime. The evolution of the maximum
of the added damping with relative velocity is analyzed using the normalized resistance. In Figure 2,
it was observed that the added damping reaches a maximum for Fext = 0.16N (this corresponds to the
minimum of the amplitude maximum in Figure 2). In this configuration, the amplitude of the relative
fluid-solid velocity is equal to 2.4m s−1 and the normalized nonlinear resistance [18]

RNL(ẇ) = RL(1 + ε|ẇ|), (27)

with the normalized linear resistance

RL =
hσ0

ρfc0ϕ2
≈ 1. (28)

In Equation (28), c0 is the sound velocity in the fluid. The linear resistance depends on fluid parameters
(c0 and ρf) and perforation parameters (ϕ, d and h).

In an acoustics framework, it was noted that the maximum of the acoustic absorption coefficient could
pass through a maximum for an MPP subjected to a high level of fluid pressure. From the results of
Tayong et al. [7], it can observe that the maximum of the acoustic absorption coefficient for an MPP,
backed by an air cavity, is obtained when the imaginary part of the total normalized impedance is equal
to zero and the real part is equal to 15. For an MPP, the dissipation mechanisms are the same for
acoustic absorption and vibration damping. In both cases, viscous effects are maximized when normalized
resistance is equal to 1. In the acoustic nonlinearity regime, the maximum of added damping can only
be reached if RNL = 1. According to Equation (27), the nonlinear normalized resistance is an increasing
function of |ẇ|. It can only increase with the relative fluid-solid velocity. Depending on the value of RL,
three cases can be distinguished:

1. RL < 1 — The maximum viscous dissipation is not reached in the linear regime but can be reached
in the nonlinear regime. Indeed, the maximum of the added damping can pass through a maximum
by increasing the amplitude of the external forcing Fext and the corresponding magnitude of ẇ. Thus,
RNL = 1 is obtained for a particular value of |ẇ| called critical relative velocity. Consequently, the
maximum of added damping obtained in a linear case for f = fc increase until Vcr which correspond
to its maximum and then decrease according to the relative fluid-solid velocity.

2. RL = 1 — This corresponds to the limit case. The maximum of the maximum added damping is
reached in the linear regime. The maximum of added damping decreases with relative fluid-solid
velocity from its maximum value. The dissipation mechanisms are maximal for both linear and
nonlinear regimes.

3Details concerning this critical velocity are given in Section 4.3.
4Similar behaviours have been observed for systems with dry friction where the linear term is proportional to |u̇| with u̇

the structural velocity [37, 38]. However, for MPP, it is important to emphasize that these observations are only valid under
a regime of nonlinearity exclusively linked to the fluid; all other nonlinearities (in particular those related to the solid) are
neglected.

5The reader is invited to refer to Equation (19) of [7] for further details.
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3. RL > 1 — The normalized nonlinear resistance will always be greater than 1, and the maximum of
the maximum added damping will not be reached in either linear or nonlinear regime. The plate
parameters cannot achieve maximum viscous effects in the nonlinear regime.

In the following, the preceding paragraphs are discussed using an example. To this end, three MPPs
whose perforation parameters have been chosen to illustrate the following three cases are analyzed: RL > 1
for MPP 1○, RL = 1 for MPP 2○, and RL < 1 for MPP 3○. The perforation ratio for all MPP considered
is set to ϕ = 10%. The linear resistance depending on σ0 the perforation diameter is adjusted to
accommodate the three required cases. For each MPP, the thickness is fixed to h = 1mm and the length
and width are adjusted so that the first resonance frequency is close to the characteristic frequency of each
MPP. The MPP parameters, as well as fc and RL are stored in Table 1. For all MPP, the Forchheimer’s

MPP 1○ MPP 2○ MPP 3○

Lx 0.248 0.405 0.800
Ly 0.300 0.406 0.697
d [×10−3] 0.800 1.195 2.20
ε 0.12 0.26 0.87
fc 84.1 30.4 7.3
RL 2.23 1 0.29

Table 1: Microperforated plate parameters for three cases: RL > 1 for MPP 1○, RL = 1 for MPP 2○, RL < 1 for MPP 3○.
For the three MPP, Lx and Ly are chosen so that the first resonant frequency of the structure coincides with fc.

parameter is obtained from Equation (9).
In order to represent the added damping in the nonlinear regime, Equation (4) is adapted to the

acoustic nonlinear framework by modifying the airflow resistivity using the Forchheimer law given in
Equation (8). Again, since N = Nh = 1, the time and space dependencies in ẇ are separable and it is
possible to express it in a complex form as

ẇ(x, y, t) = Ψ1(x, y)V exp(jωt), V =
√

C2
11 +D2

11, (29)

where C11 and D11 are the unknown coefficients obtained from HBM. Substituting Equation (29) in
Equation (4) yields an expression of the loss factor in the nonlinear case only for the first mode with the
sole fundamental harmonic:

η1(ω, εV ) = −hωI
(2)
1 I

(3)
1

DI
(1)
1

· αMfϕ
2ρfσ0(I

(3)
1 + εV I

(4)
1 )

(α∞ρfωI
(3)
1 )2 + (ϕσ0(I

(3)
1 + εV I

(4)
1 ))2

, (30)

where

I
(4)
1 =

∫
S

Ψ1(x, y)
2|Ψ1(x, y)|dxdy (31)

carries the Forchheimer acoustic nonlinear mechanism. The added loss factor is plotted as a function
of the amplitude of the relative fluid-solid velocity for MPP 1○, MPP 2○ and MPP 3○ in Figure 3. The
studied MPP are excited by a harmonic force of amplitude Fext at the point (Lx/10, Ly/10) and the
plate vibratory responses are observed at their centers. In Figure 3, the maximum of the added damping
evolves towards a maximum only when RL < 1. The lower the linear resistance in front of 1, the higher
the maximum added damping will be for larger values of the relative fluid-solid velocity amplitude. In
this configuration, a critical relative velocity is reached, at which the adjusted damping maximum passes
through a maximum. For RL = 1, the maximum of the maximum added damping is reached when V
tends towards 0. For RL > 1, the maximum added damping is not reached. In this configuration, viscous
effects cannot be maximized, whatever the relative fluid-solid velocity.

4.3. From a characteristic frequency to a critical relative velocity

In this subsection, the notion of the characteristic frequency provided in Equation (6) is extended to
the acoustic nonlinear framework. When RL < 1, the loss factor passes through a maximum at Vcr, the
critical relative velocity that correspond to the value of V solution of the equation

∂η1(ω, εV )

∂V
= 0. (32)

The critical relative velocity reads

Vcr =
cI
ε

(
ω

ωc
− 1

)
with cI =

I
(3)
1

I
(4)
1

and ω ≥ ωc, (33)
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Figure 3: Loss factor of the first MPP mode obtained by Equation (30) for three MPP: (a) — MPP 1○ corresponding to
RL > 1 ( ); (b) — MPP 2○ corresponding to RL = 1 ( ) and (c) — MPP 3○ corresponding to RL < 1 ( ). The
perforation ratio is set to ϕ = 10%. The Forchheimer parameter is calculated for each MPP configuration from Equation (9).
Corresponding values of fc obtained from Equation (6) and RL obtained from Equation (28) as well as plate parameters
(d, Lx, Ly) are given in Table 1.

where ωc is given by Equation (6). Equation (33) depends on the beam functions in the spatial projections

of the coupled equations for the first linear plate mode I
(3)
1 and I

(4)
1 and perforation parameters d and ϕ

in particular. For a specified perforation diameter, the added damping reaches a maximum when V = Vcr.
Therefore, for a given MPP size and knowing V , we can adjust d to maximize the added damping.

This behavior has already been observed in the context of sound absorption of an MPP in the nonlinear
Forchheimer regime. In fact, the critical relative velocity found in this paper is similar to the critical Mach
velocity observed in [7]. The only difference is that in the case presented in this paper, the critical relative
velocity given in Equation (33) involves the beam functions in the spatial projections of the coupled
equations for the first linear plate mode.

4.4. Space distribution of the added damping

Since the added damping depends on the relative fluid-solid velocity, it is therefore a function of space.
The present subsection proposes the analysis of the spatial-dependent damping of a simply-supported
MPP of dimension 490mm×570mm×1mm with d = 2.2mm and ϕ = 10%. The single-mode assumption
is considered here, and it is assumed that the contributions of harmonics of order greater than one are
negligible (c.f Section 3.2). To compute the loss factor and therefore the damping added at each point,
the plate is discretized along the x and y axes into P elements of equal size. Each point is defined by its
spatial coordinates (xg, yg) where g = 1, 2, . . . P . A harmonic excitation of Fext amplitude is applied on
the excitation point (xe, ye) as given in Equation (12) applied to the considered mode. The Forchheimer
parameter is set to ε = 0.87 sm−1 from Equation (9). The HBM resolution is performed and outputs
the amplitude of the relative fluid-solid velocity at the resonance frequency at each considering point
(xg, yg). Since the amplitude of the relative fluid-solid velocity is known, the loss factor is obtained from
Equation (30).

The overall loss factor at ω = ω1 can be estimated by performing the spatial average of the nonlinear
loss factor such that

η1(ω1, εV ) =
1

LxLy

∫
S

η1(ω1, εV (x, y))dxdy, (34)

where η1(ω1, εV (x, y)) is given in Equation (30). To this end, a point harmonic excitation of amplitude
Fext ∈ [10−4; 0.3] N is applied and the amplitude of the fluid velocity is calculated for each observation
point that corresponds to each point (xg, yg) in the plate discretization. Figure 4 plots the normalized
overall loss factor of the added damping, given by

Lη1
=

η1(ω1, εV )

η1(ω1, 0)
, (35)

where η1(ω1, 0) represents the loss factor in the linear case obtained for ε = 0, as a function of the
spatial mean relative fluid-solid velocity ⟨V ⟩. The normalized overall loss factor reaches a maximum for a
specific value of the mean relative fluid-solid velocity that corresponds to a particular value of the relative
fluid-solid amplitude. For small excitations, the overall loss factor of the MPP is about 4.6× 10−3. The
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Figure 4: Normalized overall nonlinear loss factor as a function of the forcing amplitude. The microperforated plate is
simplify-supported, and the parameters for the perforations are d = 2.2mm and ϕ = 10%. The Forchheimer parameter is
determined using Equation (9), resulting in ε = 0.87 sm−1. The excitation amplitudes of points A○, B○, C○ and D○ as well
as their corresponding coordinates are listed in Table 2.

range in which the normalized overall loss factor remains relatively constant defines the linear regime. In
this case, the loss factor obtained with Equation (30) is equal to its value in the linear regime given in
Equation (4). It increases with excitation level up to a critical value before decreasing. Finally, Figure 4
shows that there exists an excitation level from which the added damping becomes lower than that
obtained in the linear case (for a fixed diameter).

Excitation A○ Excitation B○ Excitation C○ Excitation D○

Fext (N) 0.02 0.08 0.15 0.55
η1(ω1, εV )[×10−3] 4.78 5.13 5.34 4.92

⟨V ⟩ (m s−1) 0.09 0.34 0.87 2.21

Table 2: Coordinates of interest points of Figure 4 and corresponding external amplitude force Fext.

In Figure 4, four forcing amplitudes of interest are highlighted whose coordinates and corresponding
Fext are shown in Table 2. For each point of interest, the added loss factor is spatially represented at the
first resonance frequency in Figure 5. In Section 4.3, it was shown that the added damping can reach

A○ — Fext = 0.02N

(a)

B○ — Fext = 0.08N

(b)

C○ — Fext = 0.15N

(c)

D○ — Fext = 0.55N

(d)
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Figure 5: Spatial distribution of the loss factor η1(ω1, εV (x, y)) on the plate, obtained from Equation (30) at the first
resonance frequency ω1 for the four points listed in Table 2 and shown in Figure 4.

a maximum at a particular relative fluid-solid velocity. The same results are obtained here. As Fext

increases, the nonlinearities are activated and the added damping is maximal for the space-dependent
critical relative velocity. The higher Fext, the greater the relative displacement at the center of the plate.
If the critical relative velocity is exceeded, the added damping will decrease at the center of the structure.
However, since the velocity is a field, Vcr is reached at other points of the MPP. The maximum added
damping will follow the zone where |ẇ| ≈ Vcr. This is because damping is governed by the thickness of
the boundary layers in the perforations, which are themselves modified when the fluid flow velocity and,
therefore, the relative velocity in the case of a vibrating MPP, becomes significant.
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5. Experimental validation

5.1. Experimental set-up

Experimental measurements on samples of free-free microperforated plates excited at the center to
reproduce the vibratory behavior of a cantilever beam according to [39], are carried out to validate the
analytical model. The experimental set-up is presented in Figure 6. An aluminum microperforated plate

x

zy

Lx

h

Shaker

Microperforated
plate

Laser vibrometer

(a)

x

y

z

ShakerLaser vibrometer

(b)

x

xe xg

(c)

Figure 6: Experimental set-up and sample used for the frequency response of microperforated plate: ((a)) and ((b))
represent the experimental set-up respectively in the plan xz and xy; ((c)) provides the microperforated sample investigated
experimentally with xe the abscissa of the excitation point and xg the abscissa of the observation point. The MPP is made of
aluminum and has a dimension of 560mm× 30mm× 1mm. The perforation parameters are set to d = 2.8mm and ϕ = 10%.

of dimension 560mm × 30mm × 1mm with d = 2.8mm and ϕ = 10% is considered. The perforation
diameter is chosen in order to have RL = 0.18 < 1 and fc < f1. The plates are chosen to be longer than
they are wide, so that the experimentally observed peaks can be easily associated with the proposed
theory. In this configuration, mode shapes along y do not participate in the low-frequency range. The
previous model is simplified using the Euler-Bernoulli theory. The MPP is excited by a sine-point force
along the z−axis at the abscissa xe = 0. In this configuration, only even modes of a free-free beam are
excited. Its modal behavior is similar to that of a clamped beam of half its length [39]. In fact, the
displacement relative to the imposed motion and its spatial derivative are zero at xe

ws(xe, Ly/2, t) = w(xe, Ly/2, t) = 0, and
∂ws(x, Ly/2, t)

∂x

∣∣∣∣
xe

=
∂w(x, Ly/2, t)

∂x

∣∣∣∣
xe

= 0. (36)

In order to localize the resonance frequencies, the proposed MPP is first excited by white noise to
obtain the reference frequencies. Next, the frequency response is measured, which corresponds to the
velocity Vg of the solid at point (xg, yg) = (0.26m, Ly/2) divided by the base velocity Ve of the solid at
the excitation point. To do this, the base acceleration is fixed at the excitation point and must remain
constant for the duration of the measurement [40, 41, 42]. During measurements, velocities are measured
with a laser Doppler vibrometer (Polytec PSV400 scanning laser vibrometer). Since the excitation is
harmonic, the base acceleration ẅe(t) is obtained from 2πfeẇe(t) where fe is the forced frequency. The
shaker amplitude level is manually adjusted to compensate for and avoid force drops near resonance due
to the interaction of the structure with the shaker. The forcing frequency fe is then adjusted to sweep the
frequencies around the first MPP resonance f1 with a frequency step of 0.1Hz. For each measurement
point, 30 measurements are averaged by the laser vibrometer.

5.2. Relative displacement

The configuration investigated experimentally corresponds to an MPP subject to an excitation at its base.
The displacement measured at the end of the structure is the relative displacement, i.e. the absolute
displacement at the end of the beam with respect to the base displacement imposed by the excitation of
the point of force. The model gives the total/absolute solid displacement. In order to be able to compare
the relative solid motion fields obtained analytically and experimentally, the model presented in Section 2
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is adapted so that the base excitation acts as a forcing point. The total displacement of a structure
cross-section can be therefore decomposed as

ws(x, Ly/2, t) = we(t) + wsr(x, Ly/2, t) and w(x, Ly/2, t) = we(t) + wr(x, Ly/2, t), (37)

where we(t) is the base displacement. The relative solid displacement and the relative fluid-solid displace-
ment with respect to the base displacement are respectively noted wsr(x, y, t) and wr(x, y, t). Equation (37)
is substituted into Equation (10) which leads to

hρẅsr + hρfẅr +D∇4wsr = −ẅe(hρ− ϕhρf), (38a)

ρfẅsr+
ρfα∞

ϕ
ẅr+σ0(ẇr−ϕẇe)+σ0ε(ẇr−ϕẇe)|(ẇr − ϕẇe)|+ αMf∇2wsr = −ẅe(ρf − ρfα∞). (38b)

For a harmonic base excitation, the base acceleration writes

ẅe(t) = γe cosωet, (39)

where ωe is the forcing pulsation, and γe the amplitude of the base acceleration. The relative displacements
wsr(x, y, t) and wr(x, y, t) are expanded onto the natural mode basis as in Equation (11) and the resulting
system of equations is solved following the procedure introduced in Section 3. It should be noted that the
nonlinear function in Equation (15) is updated by considering the base displacement, such that

fNL
i (q̇(t)) = hσ0ε

∫
S

N∑
j=1

(q̇j(t)Ψj(x, y) + ϕẇe(t))
∣∣∣ N∑
p=1

(q̇p(t)Ψp(x, y) + ϕẇe(t))
∣∣∣Ψi(x, y)dxdy, (40)

where q̇(t) = [q̇1(t), q̇2(t), . . . , q̇N (t)]⊤ stores the temporal contribution of wr(x, y, t). Experimentally, the
resonant response of the structure at the point xg is measured for several input accelerations and the
amplitude at the resonance of the relative solid displacement wsr(xg, Ly/2, t) is noted zr and writes from
Equation (11)

zr = zmax
Ψ(xg, Ly/2)

Ψmax
, (41)

where zmax is the amplitude of the transversal MPP motion where the deformed shape is maximum. The
corresponding value of the mode shape is Ψmax = max |Ψ(xg, Ly/2)|. For the first MPP mode of the
configuration proposed in Figure 6, the maximum of the deformed shape is reached at the end corner
(Lx, Ly) of the structure.

5.3. Experimental and analytical results

This subsection presents the experimental results, for non-perforated plate (Figure 7) and for microperfo-
rated plate (Figure 6(b)), obtained from the setup presented in Figure 6(a), compared with those derived
from the analytical model. The forcing frequency is linked to the base acceleration, which is chosen from
the range γe ∈ [10, 90] mms−2. Firstly, experimental measurement are performed on a non-perforated
plate subjected to base excitation. In Figure 7, the normalized velocity Vg/Ve is given as a function
of the normalized frequency fe/f1 with f1 = 10.05Hz. In Figure 6, the base accelerations are set to
γe = 70mms−2 and γe = 90mm.s−2. The aim here, is to delimit the range of γe to be imposed in order
to remain in the acoustic nonlinear regime induced only by large fluid displacements. Figure 7 shows
that for the γe values considered, the level amplitude has no influence on the plate transfer function.
The vibratory response of the plate without perforation evolves linearly with γe and therefore with the
amplitude of the forcing. Assuming that the structural behavior of the non-perforated plate and the MPP
are similar6, it can be stated that for γe ≤ 90mms−2, geometric nonlinearities are not activated.

Thus, the experimental measurements for MPP are performed for γe values lower than 90mms−2in
Figure 8. This figure presents the normalized velocity as a function of the normalized frequency, with a
comparison between experimental measurement and analytical results for four base accelerations. The
forcing frequency is normalized by f1 = 9.28Hz that corresponds to the resonance frequency with added
damping in the linear case. The amplitude variations observed in Figure 8 are therefore only due to
the nonlinearities associated with fluid-structure coupling in the perforations. In Figure 8, analytical
results are provided by solving Equation (38) using the procedure detailed in Section 3 for ε = 1.43 sm−1

which is experimentally measured on a high airflow resistivity meter (c.f. Section 2.3). The value of ε

6It was experimentally confirmed that mode shapes were the same between non-perforated plate and microperforated
plate.

15



0.97 0.98 0.99 1 1.01 1.02 1.03

50

100

150

Normalized frequency fe/f1 with f1 = 10.05Hz

N
o
rm

a
li
ze
d
v
el
o
ci
ty

V
g
/
V
e

Figure 7: Non-perforated plate velocity normalized by base velocity around the first plate resonance f1 for two base
acceleration (experimental results are represented by points and the analytical result by a solid line): γe = 70mms−2 ( );
γe = 90mms−2 ( ) and ( ). Experimental results are obtained through the set-up presented in Figure 6.
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Figure 8: Microperforated plate velocity normalized by base velocity around the first plate resonance f1 for four base
acceleration (experimental results shown by points and corresponding analytical results shown by solid or dotted lines):
γe = 10mms−2 ( ); γe = 45mms−2 ( ); γe = 60mms−2 ( ); γe = 80mms−2 ( ). Experimental results obtained through
the set-up presented in Figure 6 and solving Equation (38) with ε = 1.43 sm−1. The perforation ratio is set to ϕ = 10% and
the perforation diameter d = 2.8mm is chosen to have RL = 0.18 < 1.

used corresponds to the average obtained for a series of 8 experimental measurements. The comparison
between experimental values and analytical results presented in Figure 8 allows us to validate the proposed
model for the range of γe. Their comparison leads to the conclusion that, with regards to the normalized
resonance frequency, the stiffness of the system is respectively reduced as the level of the forcing amplitude
increases. In the case of the investigated MPP, the perforation diameter is chosen to have RL < 1 with
RL = 0.18. As the amplitude of the forcing increases, the normalized amplitude of the plate velocity
passes through a minimum that corresponds to a maximum of added damping and RNL = 1. Thus, in
Figure 6(b), the added damping reaches a maximum around γe = 60mms−2 before increases with the
forcing amplitude.

It can be noticed that the differences between the model and the measurements, noticeable in Figure 8,
are probably due to the uncertainty in the measurement of the base acceleration. This is because the
displacement amplitude is smaller, and measurement errors are greater.

6. Conclusions

This paper proposes a dynamic model to capture the forced vibration behavior of the microperforated
plate in the context of the nonlinear acoustic regime, derived from the linear model proposed by the
authors in a previous work [5]. The resistive effects due to the high fluid velocity of the airflow in the
perforations is captured analytically by using the Forchheimer’s correction, a function of the fluid-solid
relative velocity in the perforations. Introducing this correction into the governing equation of motion
leads to a PDE system with an added damping quadratic term multiplying the relative fluid-solid velocity
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in the equation of motion associated with fluid-structure coupling. The resulting system is numerically
solved in the forced regime using a harmonic method.

For an MPP the maximum added damping is for when a resonance frequency coincides with the
characteristic frequency. The value of this maximum damping varies as a function of the relative fluid-plate
velocity. It has been shown that the maximum viscothermal effect is reached when the normalized nonlinear
resistivity is equal to 1. Thus, if a resonance frequency coincides with the characteristic frequency and
the normalized nonlinear resistivity is equal to 1, a characteristic relative fluid-solid velocity is defined
for which the added damping reaches a maximum. Since the normalized nonlinear resistance is a linear
increasing function of relative speed, there are three categories of MPP : (i) MPP with a normalized
linear resistance of less than 1, in which case the maximum damping is reached in the nonlinear regime,
(ii) MPP with a normalized linear resistance equal to 1, in which case, the maximum of the damping
maximum is reached in the linear regime and decreased with the relative fluid-solid velocity, and (iii)
MPP with a normalized linear resistance greater than one, in which case the viscous dissipative effects are
not maximized in the nonlinear regime.

As the relative fluid-solid velocity is a spatial function, the maximum nonlinear added damping follows
the zone where the relative velocity is equal to the characteristic relative velocity. It is found a value of
the forcing amplitude for which the overall averaging nonlinear damping is maximum.

The proposed model is validated by measurements on a microperforated plate.
As a final comment, it should be mentioned that other phenomena must be considered making an

accurate model for higher levels of excitation. First, in the case of large deflections, two other types of
non-linearity must be added to the model: (i) geometric non-linearity, to reflect the fact that stresses
are no longer proportional to deformations, and (ii) quadratic drag damping, to account for friction with
surrounding air on both sides of the structure’s surface.

CRediT authorship contribution statement

Lucie Gallerand: Conceptualization, Methodology, Software, Validation, Writing - original draft, Writing
- review & editing. Mathias Legrand: Methodology, Software, Supervision, Writing - original draft,
review & editing. Raymond Panneton: Writing - original draft, review & editing. Philippe Leclaire:
Conceptualization, Methodology, Supervision, Writing - original draft, review & editing. Thomas Dupont:
Conceptualization, Methodology, Supervision, Resources, Funding acquisition, Writing - original draft,
review & editing.

Acknowledgment

This work was supported by the Natural Sciences and Engineering Research Council of Canada (NSERC)
through the project of the reference number RGPIN-2019-06573 and by Fonds de recherche du Québec -
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