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Nonlinear stability for active suspensions

Michele Coti Zelati, Helge Dietert, and David Gérard-Varet

ABSTRACT. This paper is devoted to the nonlinear analysis of a kinetic model introduced by Saintillan and
Shelley to describe suspensions of active rodlike particles in viscous flows. We investigate the stability of
the constant state W (¢, z,p) = ﬁ corresponding to a distribution of particles that is homogeneous in space
(variable € T?) and uniform in orientation (variable p € S?). We prove its nonlinear stability under the
optimal condition of linearized spectral stability, without any addition of spatial diffusion. The mathematical
novelty and difficulty compared to previous linear studies comes from the presence of a quasilinear term in x
due to nonlinear convection. A key feature of our work, which we hope to be of independent interest, is an
analysis of enhanced dissipation and mixing properties of the advection diffusion operator
O+ (p+ult,z)) Vi —vA,

on T? x S? for a given appropriately small vector field w.
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1. The model and main results

Microswimmers are organisms (e.g. bacteria) or objects operating in a fluid at the microscale. They
exhibit inherent self-propulsion driven by mechanisms such as flagellar motion, cilia beating, or synthetic
1
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fluid flow inducers. Beyond understanding the individual behaviour of microswimmers [14], special at-
tention was paid recently to their collective motion, with impact on fluid mixing, rheological properties or
self-organization of biological active matter [9,11,17,18,20].

We focus in this paper on one popular model, due to Saintillan and Shelley [19], describing dilute
suspensions of self-propelled rodlike particles. This model, relevant to the dynamical behavior of bacteria,
is a coupled fluid-kinetic model, detailing the interaction of the particles with the surrounding fluid medium
and encapsulating the propulsion mechanisms governing their motion. It reads

O + (Uop+u) - VU +V,- (Ppl [(YE(u) + W (w))p] q;) — VAT,

—Awu+vzq=m-/ U(t,z,p)p @ pdp, (1.1)
SQ
Ve -u=0,
where
1 1
B(u) =5 [Vou+ (Vou)']  and  W(u) =5 [Veu— (Vou)'] (1.2)

are the symmetric and skew-symmetric parts of V u, respectively. The unknowns of the model are ¥ =
U(t,z,p), the distribution of rodlike particles in space and orientation, and v = wu(t,z), ¢ = q(t,z) the
fluid velocity and pressure. The space variable z is taken in a periodic box Ty, := (R/LZ)3 of size L > 0,
while the orientation of the particles is given by p € S%. The first equation in (1.1) describes the evolution
of U under three effects:

e transport by the fluid velocity (¢, x) and by the self-propulsion Uy p with velocity Uy > 0.

e rotation by angular velocity P,1 [(yE/(u) + W (u))p], where P,. denotes projection tangentially
to the sphere. This expression for the angular velocity is due to Jeffery [13] and corresponds to the
angular velocity of a slender particle in a Stokes flow: interactions are neglected as the suspension
is assumed to be dilute. The constant v € [—1,1] is related to the geometric properties of the
particle.

e rotational diffusion, with small coefficient v > 0.

Finally, the last two equations in (1.1) are Stokes equations for the fluid flow. They incorporate an additional
stress X, where

¥ =1V, / V(t,z,p)p®pdp
SQ

reflects the constraint exerted by the particles on the flow. It is obtained by a continuous approximation of
the sum of all single particle contributions, modeled as dipoles of opposite forces along p. Parameter ¢ # 0
distinguishes between two types of swimmers: pullers (resp. pushers) correspond to ¢ > 0 (resp. ¢ < 0).
We refer to [19] or to the introduction in [8] for more on the derivation of the model.

Of special interest is the stability of the constant state equilibrium W#*° = 1/47, which corresponds
to a distribution of particles homogeneous in space and uniform in orientation. In particular, physicists are
interested in loss of stability, with possible emergence of collective patterns and rheological changes. It is
therefore natural to work with

1

7/1:\1’_\1’7;50:\1]_47-
T

Moreover, one can put the system in dimensionless form, introducing
U qL vL LL

Ui=—, (qi=-—, Vi=—, L=

X
L L Uy’ U U T Uy
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Then, forz € T, p € S?,

3
o+ (p+u) - Veb — ﬁ(p ®@p): E(u)+ Vp- (IP},l [(vE(u) + W (u))p] dJ) = vApY, (1.3a)
—Apu+Vyuq =1V, - / Y(t,z,p)p @ pdp, (1.3b)
SQ
V., u=0. (1.3¢)

Since the seminal paper [19], system (1.3) has been the matter of several numerical and theoretical
studies. In particular, simulations align well with experimental observations of suspensions of bacteria.

e For ¢+ > 0 (pullers), no coherent behaviour is observed, which can be interpreted as stability of
\I/iso‘

e For + < 0 (pushers), one observes formation of patterns when hydrodynamic interactions are
increased.

Such observations are valid for small rotational diffusion. They were confirmed analytically in [19], in the
special case v = 0, for the linearization of (1.3) around v = 0 (that is the linearization of (1.1) around
U = W) Spectral stability was studied, through a mode by mode Fourier analysis in variable 2 and
refined in subsequent works [12,16]. Specifically, all perturbations located at mode k € 27Z3 decay if and
only if

el

—-— < I
||

where the threshold I'. is given by:
e if L > 0, I'. = 400 (unconditional stability)
o ift <0, I, = m with b, =~ 0.623 the unique positive root of the function

1-5
1+0

4
s(b) = 2b° — b+ (b* = b*)In
In particular, all modes decay under the condition

pil]

<T.. 1.4
o c (1.4)

In the recent work [1], such linear stability for I' < I'. in the non-diffusive case v = 0 was revisited and
linked to a mixing phenomenon, that is a transfer from low to high frequencies in p. This phenomenon is
related to the free-transport operator 0; + p - V, itself related to the self-propulsion of the particles. It leads
to the decay of integral quantities in p, notably to the decay of the right-hand side of the Stokes equation in
(1.1) and from there to the decay of the velocity field u. As v = 0, explicit computations are possible, and
the stability analysis comes down to the decay of Fourier transforms on the sphere (as the orientation p € S?
substitutes to the usual velocity variable v € R? in other kinetic models). One key feature is that the decay
of such Fourier transforms is limited, leading to a weaker mixing than in classical kinetic models, where the
orientation variable p € S? is replaced by a usual velocity variable v € R¢.

In our recent paper [8], we carried a sharp stability study of the linearized version of (1.3) for both
v =0and 0 < v < 1. We provided slightly more accurate stability results in the case v = 0, but more
importantly, were able to show that the linear stability criterion (1.4) is still the right one for small v > 0.
The introduction of rotational diffusion makes the analysis much harder, as all explicit expressions are lost.
We will recall elements of this analysis below.

The purpose of this paper is to extend the linear stability result of [8] to the full nonlinear model (1.3).
We present in the next paragraph our main result, explain the main difficulties, notably in comparison to
previous linear results. We also provide the general strategy of proof.
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1.1. Statement and sketch of proof. Our main result can be stated as follows.

THEOREM 1. Let s > % Assume (1.4). There exists Cy, vy, 0y > 0 depending on v and ¢ such that for
all v < vy, for all initial data "™ satisfying

; 3
10" sz < dov> (1.5)
system (1.3) has a unique global in time solution 1) that satisfies
[e.e]
sup 605+ [ 190l e < Cov 07 By (1.6
>0 zp 0 ztp zp

This theorem shows nonlinear stability of the solution W%° of (1.1) (or equivalently of the solution 1) =
0 of (1.3)), under a smallness condition on the initial datum that is explicit in terms of v. In other words, the
nonlinear stability threshold (1.5) provides an estimate of the basin of attraction of the uniform equilibrium
Uis° depending on the strength of rotational diffusion. To determine the optimal threshold is an interesting
open problem, that was resolved recently in other contexts, such as the stability of Couette flow in the
Navier-Stokes equations (see [3,15,23] and references therein) or the stability of global Maxwellians in the
Vlasov-Poisson-Landau system [4]. See also [22] for an optimal stability criterion for nematic suspensions
through an entropy method.

Theorem 1 has two main features. First, it shows stability under condition (1.4), which is optimal in
view of the linear analysis carried in [1,8,19]. Second, it does not require any spatial diffusion kKA, to be
added to the evolution equation in (1.3). One could as well include such term and prove stability under the
same stability threshold (1.5), independently of . From this perspective, our result is quite different from
the ones appeared recently in [1], where such translational diffusion is added to the right-hand side of (1.3a).
In the case of pullers (¢ > 0), the authors prove the nonlinear stability of the incoherent state W**°, both for
x € T? and 2 € R?, under the condition

1™ | 215 < min(v, 5).

Second, in the case of pushers (¢« < 0), they prove nonlinear stability of the incoherent state under the
stringent assumption T' = o(v*/?) instead of ' < T, and under the initial constraint

||¢m”Hng < v min(v'/? K1/?).

These restrictions allow to put the terms u - V9 and i—;(p ® p) : E(u) at the right-hand side of (1.3a) and
to treat the model as a perturbation of the advection-diffusion equation

O+ p - Vath — vAY = 0.

Relaxing these smallness requirements forces us to adopt another strategy, that we now explain.

The general scheme of our stability proof is based on a classical bootstrap argument. We introduce the
maximal time 7" on which various smallness assumptions on u and v are satisfied (see (BA0)-(BA1)-(BA2)
in Section 4.1), and we show that improved smallness conditions hold up to time 7', see Section 4.3. This
automatically implies that 7" must be infinite, and that the stability estimate holds. To show improvement of
these bootstrap assumptions, the key idea is to deduce from (1.3) an infinite-dimensional Volterra equation

¢
u(t) + / K(t,7)u(r)dr = f(t)
0
where the kernel K (¢,7) € L(H}, H;) and the source term f(¢) € H; are defined by integral quantities
(with respect to p), which involve the operator solution S, (¢, 7) associated with the operator
at+(p+U)Vx _VAp

on T? x S2. This reformulation through a Volterra equation, and expressions for K and f, are detailed in
Section 4.2. From there, one proceeds in four steps:
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e The first main step, interesting in its own right and further described in the next Section 1.2,
establishes enhanced dissipation and mixing decay estimates for the solution of the advection-
diffusion equation

09+ (v+p) Vag=vDpg,  gli—o=g"

under appropriate smallness assumption on v (to be replaced by u afterwards). Mixing estimates
are notably based on the use of the vector field method.

e Once these estimates are obtained, decay in time estimates for the kernel K and for the source term
F in the Volterra equation are deduced, see for instance Proposition 4.1.

e Then, by an analysis of the Volterra equation above, still under the bootstrap assumptions on u and
1), one can improve the smallness on » and show integrable decay for it.

o Finally, with decay and smallness of u at hand, one finally goes back to the equation satisfied by ¢
to improve the smallness conditions on ).

We stress that this strategy based on the Volterra equation for v and a sharp analysis of the advection-
diffusion operator was already implemented in our linear analysis [8]. However, in the linear case, only
the case u = 0 is considered, which allows a Fourier in x mode-by-mode analysis. Inclusion of the extra
advection term requires to couple all modes, which induces several mathematical difficulties. In particular,
this change is critical to the mixing estimates by the vector field method. These estimates are based on
a family of fields indexed by Fourier modes k, of the form x(p)Ji(t, V),) where the localization x is
compactly supported away from p = —k/|k|. This localization through yj is ruined by the coupling of
modes.

The estimates for the advection-diffusion are independent of the active suspension model and will be
explained in more detail in the next paragraph. They are hopefully of independent interest and will be proved
separately in Sections 2 and 3. The remaining steps of the proof of Theorem 1 for the active suspension
model will be performed in Section 4.

1.2. Advection-diffusion equations on the sphere. An important and independent part of our analysis
are the mixing and enhanced dissipation properties on the sphere. These are the properties of solutions
g = g(t,z,p) for x € T3 and p € S? solving the advection-diffusion equation

ohg+ (W +p)-Veg=v0yg,  glimo=g", (1.7)

where ¢'" is the assigned initial datum, v € (0, 1) is a diffusivity parameter, and v = v(¢, x) is a divergence
free vector-field satisfying adequate smallness and decay assumptions. We are interested in semigroup-type
estimates for (1.7) that describe enhanced dissipation, as well as mixing estimates for integrated quantities.

To state our results, we expand g and v in Fourier series in z, calling k € Z? the corresponding Fourier
variable. For k # 0, (1.7) becomes

Ok +1p- kge = gk + [k Vigr, Vg :=—i > k- vk g, (1.8)
Lez3

where k := k /|k|. Without loss of generality, we will assume gg = 0 initially, as this mode simply satisfies
the standard heat equation

Orgo = vApgo (1.9)
and hence such condition is preserved by the evolution. Besides providing estimates on g, we are interested
in integrals of the form

Vila = [ au0) Z) Vo ) . (1.10)

for an arbitrary family {Z} }10 of smooth, possibly vector-valued, functions. Our main result is based on
the assumption that

1
() 5 5
wMNMW+</|MW%&)Sa% H)
t>0 0
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for some s > 3 and ¢ € (0, 1) small enough.

THEOREM 2. Let s > % There exists absolute constants Cy, €, vy, 1 > 0 with the following properties.
For all v < vy, if (H) holds, then the solution to (1.7) satisfies the enhanced dissipation estimate

1 .
lg(®)ll g2z < Coe™™ "> llg™ |l L2, (1.11)

and the mixing estimate

1

3
1_ v?2 . . ,
SR Vil (@) < Co | ———— | sup (11Z4l12,10 + 124113 ) g™, Vg™, V29" I3 2,
520 min{1,v2t} k » P P

(1.12)
forallt > 0.

Remark 1.1. A look at the proof of the theorem shows that only the weaker condition

sup [|v(t) | e < evi
t>0

is needed for the enhanced dissipation estimate (1.11). We remind that the expression enhanced dissipation
refers to the fact that the typical timescale of exponential decay (in our case v~/2) is much shorter than
the usual time scale ! of the heat equation (see [5,7]). This is related to mixing, which transfers low
frequencies to high frequencies in p, on which the viscous dissipation —vA,, acts more efficiently.

The proof of Theorem 2 is quite involved and is not using special properties of the sphere S. The two
basic ingredients are the derivation of hypocoercive estimates, inspired by [2,21], and the use of the vector
field method, inspired by [4, 6].

Regarding hypocoercivity, the key estimate, related to the simple advection-diffusion operator

L,=0+p-V,—vA,

(that is with u = 0), is established in Section 2. Compared to the linear analysis in [8], we provide a more
general version of this hypocoercive estimate, where
e the function g is replaced by a general tensor Y (which will later be g or .Jg or J?g for some good
vector field J)
e a source term is included. This source term will later come either from the convection (—v - Vg
or —J(v - V,g) or —J?(v - V,g)), or from commutators between J and L,,.
This hypocoercive estimate will reveal better decay properties for the quantity V(p - k)Y, which vanishes at
p= +k.

Actually, considering Y = g and the source term —v - V,g would be enough for the exponential
decay (1.11). However, the derivation of polynomial decay estimates for integral quantities, uniformly in v,
requires appropriate vector fields.

Introduction of such vector fields and subsequent estimates are developed in Section 3. Like in [8], after
Fourier transform in x, the vector field takes the form

I

1/2 A
Jp = apVp +1 <V> BiVp(p - k)

where

(ks Br) = (ks B (1) = (a, B) (W2 [R[ 1)
for well-chosen functions «, 8 (with a slightly different and slightly better choice than the one in [8]). The
evolution of the coefficients g, i is chosen to have a better commutator with L,,. More precisely, one
key feature is that the most annoying term in this commutator vanishes near p = k. This helps, as the
hypocoercive estimate yields better decay properties for quantities that vanish at p = +k. Still, this implies
to introduce an additional cut-off y(p), where x is localized away from p = —k.
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The problem is that such localization is partly destroyed by the convection term, which is non-local in
Fourier. This forces to conduct two types of estimates, suboptimal non-localized ones and optimal localized
ones. This process is carried in Paragraphs 3.1 and 3.2. The suboptimal nonlocal bounds are the main
limitation in the stability threshold (1.5).

Once this analysis is done, the abstract source term F’ is replaced by the convection term (—u-V;)g. Due
to coupling of Fourier modes, only summation over modes yields closed estimates, as seen in Paragraph 3.3.
Finally, mixing estimates for integral quantities are given in Paragraph 3.4.

1.3. Notation. We write a < b if a < Cb for a constant C' only depending on the constants v and ¢,
and write a ~ bif a < band b < a. Note that in Sections 2 and 3 which only deal with equation (1.7) and
variations around it, notation a < b will refer to a < Cb for an absolute constant C. For any s, we also
denote H® = H3(T?), H® = H3(T% L2(S?)), and finally Z2 = Z* \ {0}.

2. Advection-diffusion with forcing: hypocoercivity

Equation (1.8) can be seen as a forced advection-diffusion equation, as long as we impose mild as-
sumptions on the right-hand side. In this section, we derive energy estimates for a slight generalization of

(1.8).

2.1. A general hypocoercivity setup and enhanced dissipation. The basic starting block is to find
the hypocoercive dissipation functional for a tensor Y solving the advection-diffusion equation (1.8). We
will then first apply this estimate with Y = g and then later with some vector fields Y = Jg, Y = JJg, for
a suitable J. As a small generalization of (1.8), we study a family of (0, n)-tensors (Y% ),czs evolving as

(O +ip -k —vA,)Y) = |k|Fy, 2.1
for some forcing term Fj. From the analysis in [8], we expect enhanced dissipation on the time-scale
O(l/f% |k:|7%) so that we set hh = 12 |k| 2¢ and define the time-dependent weights

(aka bk:a Ck’) = (av b> C)(h)7 (a§g7 ?w C?c) = (alv bl? cl)(h)
for non-negative functions a, b, c to be specified below. Denoting by (-, -) and || - || the L? inner product and
norm, for any smooth non-negative function x = x(p), we define the sesquilinear form

1
~ ~ v 2 ~
By ke (Ye, Yi) == (Yax, Yix) + <‘k|> ap(VpYix, VpYix)

+ b (iVp(p - k)Y, VpYax) + b (Vo Yix, iV,(p - k) Yix)

1

+ <|Z|> Vo (p - B Y Vi (p - ) Vi0) 2.2)

and the corresponding energy functional

N

1%
B (Ye) = By (Y Yi) = [Yix|? + () 0V, Vil

||
o (2.3)
. 2 v 2 ~
2RV DY V0 + () el Tt il
We also define the dissipation functional
1
v
Dkl = 9 Hodl? + o () 192?

L 2.4)

-A 2 —_— V E cA 2
0V DY+ e ()19 (Tt ) 112

The first lemma shows that for a good choice of a, b, ¢, these functionals provide a good estimate.
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Lemma 2.1. Let x = x(p) a smooth cut-off and set
a(h) = Amin(h,1), b(h) = Bmin(h? 1), ¢= Cmin(h31)
for positive constants A, B, C. There exist constants vy, Bg, M > 0 such that for v < vy, B < By and

10082
A

A= BZ/S, C = (2.5)

any (0, n)-tensor solution Yy, of (2.1) satisfies

1d 3
§aEX,k(Yk:) + Z'k‘ Dy (Yx) — |k|Re B\ & (Y, Fi)

1

v 2
< k| Mey (M) 1Y

v

Id

3 1
v\ 2 v\ 2 .
HkaXm() aknvnwuu() V(- WYV -

+ |k|M
|| 14

Remark 2.2. As we shall see, a, b, c satisfy the condition that bz < %akck. This makes the quadratic form
E, 1 is coercive, in the sense that

ST

1

1
2 v - ~
||ka||2+(,,€> akuvpmn%(w) IV, (p - BYix|2 < By (Ya).

Remark 2.3. The statement of the lemma would still be true on any Riemannian manifold for which (0, n)-
tensors Z satisfy |[V, A]Z| < |VZ|. To illustrate this, we will not use the fact that on S%, [V,, A,]Z =
—V,Z has some extra coercivity property.

PROOF OF LEMMA 2.1. Through the change of variables

V= —, th=klt, K :=— (2.6)
14

we can restrict to the case |k| = 1, so that k = k. To lighten notations, we drop the subscript k, writing Y’
instead of Y}, F' instead of F}, and so on, as well as the subscript p on the various differential operators. We
find through standard estimates that

1d
§a||YXH2 +V[[VYx[? < Re(Yx, Fx) + 2v[[VY x| [Y V. 2.7

Similarly, as
VY +ip- kY —vAVY =VF, —iV(p- k)Y +v[V,AlY,
we get
1d 9 9
S IVYXIF +VIVVY X < Re(VY X, VEX) + 2v|[VVY X[ [VY V]|
VY X[V - B)Y x|l + v(I[V, AIY X[[[[VY x|

(2.8)

Also, using

(iV(p-k)Y)+ip-k(iV(p-k)Y) —viV(p- k)AY =iV (p- k)F,
VY +ip-kVY — vWAY = VF —iV(p- k)Y,



NONLINEAR STABILITY FOR ACTIVE SUSPENSIONS 9

we find
d .
3 Re(iV(p- k)Y x, VYx) + V(- )Y X
<v({iV(p- k)AYx, VYx) + v({iV(p- k)Y x, VAYX)
+Re(iV(p- k)Fx, VYx) + Re(iV(p - k)Y x, VFY)
<v[[VVY x| 2[V(V(p- B)Y)x| + Y x| +2(V(p- k)Y VX|]
+Re(iV(p-k)Fx, VYx) + Re(iV(p - k)Y, VEFY).
Finally using

H(iV(p-k)Y)+ip-k(iV(p-k)Y) —vA(iV(p-k)Y) =iV(p-k)F + v[iV(p- k),A]Y
together with the commutator formula (see [8])
AV(p-e)@Y)=-V(p-e)@Y —2(p-e)VY + V(p-e) ® AY, (2.9
we get
HV(p Y X2+ V(Y (- k)Y)XI? + v V(p- k)Y x|

<20|V(V(p-B)Y)x[ IV(p- k)Y Vx| +Re(V(p- k)Y x, V(p- k) Fx)
+2v[|V(p- K)Y x| VY x|l

2dt

Hence, gathering these estimates leads to:

1d

2 dt
1 3

<vd |[VYx|P* +v2a|| VY x| [V(p- )Y x| + v2al| [V, A]Y x| [ VY x|

1 .
+ vz Re(iV(p- k)Y x, VY x) + 20b||[VVY X |([V(V(p - B)Y)x|| + Y x|l + IV (p - k)Y V]|)
1
+ V(- k)Y X|? + 2v2c|V(p- k)Y x| VY X]|
3 1
+ 20| VY x| Y VX + 2v2a|| VVY x| [ VY V|| 4+ 2v2¢[|[V(V(p - B)Y) x| |V(p - k)Y V]

E\(Y)+ Dy(Y)—ReE\ (Y, F)

We are now ready to list the constraints on the coefficients a, b, ¢ in order to absorb most of the terms of the
right-hand side. It is suffices that
e a/ < 555 to absorb the first term at the right-hand side by the term v||VY x||? in the dissipation
functional D, (Y") at the left-hand side.
e a? < ;5 to absorb the second term by the term || VY x||? + b||V(p - k)Y x|
ea<l1 and v small to absorb the third term by v||VY x||?.

. (b’)2 < 100 to absorb the fourth term by v||VY x||? + b||V(p - k)Y x||%.

o VL2 3 < 11(2)06 to bound the fifth term by

1
10

the ﬁrst two terms being absorbed by D, (Y") at the left-hand side.
o g 100 to absorb the sixth term by b||V (p - k)Y x||2.
o ? < 100 to absorb the seven term by v||VY x||2 +b||[V(p - k)Y x||2.

1 1
(v2all T2y X2 + eV (V(p- k)Y ) |2+ w3V xl? + vie| (- )Y V)

These conditions are satisfied with our choice of a, b, c. The last three terms involving V' can be treated
classically using Young’s inequality, without further constraints on a, b, c. U
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2.2. The energy inequality for g. As a first application of Lemma 2.1, we deduce an energy inequality
for the solution g to (2.1). For the trivial cutoff x = 1, we use the shorthand notation F}, = E, ; and
Dy, = D, . By the previous lemma, taking Y}, = g, we get:

Lemma 2.4. Assume that the scalar function g satisfies (2.1). Then with the same functions as in Lemma 2.1
we find (for possible smaller vy and By) that

1
d v\ 2 5
§&Ek(gk) + |kl a (!k) lgrll* + g’k\ Dy (gr) — |k| Re Ex(gk, Fi) < 0. (2.10)

For the proof, we first recall the following interpolation result, see [8, Lemma 4.2].

Lemma 2.5. For all o € (0,1], all vectors e € S* and all complex-valued g € H'(S?), the following
inequality holds

1 o
oz)lgl* < SIIVgl* + 2[V(p- e) gl 2.11)
We now can perform the proof.

PROOF OF LEMMA 2.4. Applying Lemma 2.1 yields

1d

1
3 v 2
35700 + 21K Dulan) — W Re Buon, 1) < Wt (7)ol 212

|k
By the change of variables (2.6), we can again restrict to |k| = 1. We distinguish between long times and

short times. First, for long times ¢ such that v < by, = b(uét), we apply the interpolation result with o = b%'
It gives

1.3 2
v2bg gl

N |

Di(gx) = V|V gkll* + 0xl|V (0 - k)grl* >

1
As b} > aj, > cy, this gives the claimed control and allows the absorption of the right-hand side in (2.12).
For the smaller times ¢ such that v > by, we find by Poincaré inequality that

1 1 1
k2| gill® S erv® || Varl® + ek ||V (p - k)gr||*-

As for such times ¢, < u%and ci, < by, we can also absorb it in the dissipation and control the right-hand
side of (2.12). O

3. Advection-diffusion with forcing: vector fields

To deduce mixing estimates for (1.7) that are uniform in the diffusivity parameter v, we make use
of vector fields adopting the strategy in [8]. Proving enhanced dissipation for g essentially relies on the
energy inequality of Lemma 2.4 together with a suitable treatment of the forcing term given by advection
(see Section 3.3), as done in Section 3.3.2. However, the proof of uniform-in-v mixing estimates is more
involved: the use of vector fields requires cut-offs to localize and improve basic L? estimates near the south
pole p = —Fk, see Remark 3.2 and Lemma 3.4.

To treat the convection term in a sharp way, we need to introduce two hypocoercivity schemes in Section
3.3.3: a non-localized version (Lemma 3.5), without losses with respect to the convection term, and a
localized one (Lemma 3.6), allowing the derivation of a sharp energy inequality. These results are then
applied in Section 3.4 to obtain mixing estimates that are uniform in v.

Our goal is to construct vector fields that have good commutation properties with the advection-diffusion
equation (1.7). We look for vector fields of the form

k| 2 3
Jk = Odkvp +1i (U) ,BkV(p : k) (3.1)
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where we again introduce the good time-scale i = V2 K| 3t
ag(t) = alh),  Br(t) = B(h)
for functions «, 3 to be specified. The factor in front of 3, is inspired by the fact that as v — 0, we want to

1
recover o = 1 and (I—l]f') * B = |k|t. The reason is that the vector field V,, 4 i|k[tV(p - k) commutes to
the free transport part. For the full operator in (1.7) we find the commutators

0 +ip-k — vAp, arV,| = v2|k|2a/V, — ilk|aV(p- k) — av[A,, V)]

and )
_ (k)2 .
O +ip-k —vA,,i ~ BV (p - k)
~ 1 1 ~ 1 1 A~
— k|8 (p- k) — K28V (p - k) + 20b K28V (- )|
so that

Oy +ip -k — vAp)JpYs = —ilk|(a — B)V(p- b)Yy + v2|k|2(d + 2iBp - k)V,Y;
— av[Ay, VY + w2 k|2 8V (p - k)Y
Clearly, for the O(1) term at the right-hand side to disappear, the condition o« = 3’ is necessary. A key idea
from [8] is to complete this condition in such a way that the second term at the right-hand side vanishes at

the north pole p = k. The goal is to benefit from estimates for quantities V(p- k)Y;, or V(V(p- k)Y;) better
than those for Y}, or VY}, alone. In [8], we achieve this by imposing

B(h) = a(h),  o'(h) = —2iB(h).
Together with the initial data «(0) = 1, 3(0) = 0, this provides
1+i

a(h) = cosh((1 —i)h), B(h) sinh((1 —1i)h).

.. . .. . 1,1 .
This is a good choice up to the critical time v~ 2 |k|~ 2. However, afterwards both terms behave asymptoti-
cally with the factor e(=Dh which is growing fast. Hence, we rather consider here

. 1 .
a(h) = e~ cosh((1 —i)h) = (1 + e—%e?lh) (32)
and Lo Lo
B(h) = e—(l—i)h% sinh((1 — i)h) = & Il) (1 - e_2hezih> : (3.3)
Remark 3.1. With this new choice of « and 3, we have the important property that
a~1, B2~b

where b is the function appearing in Lemma 2.1 (and now fixed).

In light of (3.2)-(3.3), we compute the commutator between .J;, and the advection-diffusion equation as
1

2
[0y +ip-k —vAy, Jip] + |k|(1 —1) <‘Z|>

Jun

v

= [kj2i3 (W)% V[0 k-1 + 1k

_WQ[A% Vp] —1i (W) BV (p- if)] .

Hence we find for a tensor Y}, solution of (2.1) that J Y}, satisfies
1

. ) v \?
(&5 +ip-k— Ap)JkYk + V{?’(l — 1) <> Jp Y = ‘k‘|Jka + ‘k‘|RkYk, (3.4)

Id
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where
1

RLY;, = 2iB; <|k|> Vol(p- k- 1)Y;) — |k| ar[Ap, V,)Yi (é) C BeV(p- )Yy (3.5)

is a remainder term.

=

Remark 3.2. We insist that through our choice of vector field J, the worst term at the right-hand side of

1

(3.5), namely 2ify, <|—Z| 2 Vol(p- E— 1)Y%], vanishes at p = k. This will allow us to benefit from the better
controls that we have on V(p - k)Y}, or V(V(p - k)Y}), see the dissipation functional (2.4). Still, this better
control will only be achieved away from the south pole p = —k. Indeed, near the south pole, V(p - k)Yk
vanishes while our term at the right-hand side does not, so that the former cannot control the latter. Namely,
we will achieve optimal estimates only for Jygr Xk, where xj is zero near the south pole p = —k. To
obtain control near this south pole, we would need to define another vector field Hy, replacing the relation
o/ ~ —2if3 which was our starting point for J; by o’ &~ +2i3. All the estimates we obtain for J; Y% x%, with
X% = 0 near the south pole, would readily extend to Hy Yy gx, with g = 0 near the north pole.

3.1. L? estimates. We start with a basic estimate for .J; Y.
Lemma 3.3. There exists M > 0 such that for all k # 0O it holds that

1d
2dt

v

— || JeYel® + |k\ =
|K|

1
2
YTl o+ Ik ( ) 1Yl = [k Re(JiYiox, JoF)

41k| (3.6)

< |k|M [bg||Yil|* + Di(Ys)] -

PROOF. As before, we can take the time rescaling from (2.6) and assume |k| = 1. We also get rid of
the subscript k in the notation when no confusion arises. Performing an L? estimate on (3.4), we find
5 dtHJYH2 +v||VJIY|? + % |JY||> = Re(JY, JF) < Re(JY, RY).
To bound the right-hand side, we integrate by parts the first term in the definition (3.5) of R, and get

1 1
Re(JY, RY) S [Blv2|[VIY [l[[(p -k = DY || + vlal[JYVY ][ + [Blv2 | JY[[[V(p - )Y
1.1 1.1
S v Pl IVIY Y+ vl JY VY] + w2 b2 [TY IV (P - )Yl

where we used Remark 3.1 for the last bound. The result follows then classically from Young’s inequality.
O

We now show an improved L? bound, when localized away from the south pole p = —k.

~

Lemma 3.4. Let k # 0, let xi, = xx(p), Xt = Xk (D) be two smooth functions, which are zero near p = —k,
and such that | xx| + |V x| < Xk Then, for some M > 0 independent of k, we have

1d

Yixell? + |k
thHJk eXkl” + | ’

1
v 2
Yol + [kl () 1Tk Yexell? — [kl Ik Yixe Tk Fioce)

4 k| 14

< |k|M [ Y RI? + D5 a0

|k
PROOF. As before, we can through (2.6) assume that |k| = 1. We further omit the subscript k£ from our
notations. The localized L? estimate yields
1d
2dt
Thanks to the definition of J and Remark 3.1, we find that

1Y Vx[I? < [alP VY VXI? + v BRIV (- k)Y VXIP S IVYXIP + v bl V(p - k)Y X1

LYY A2 + UIVIY X2 + 1 [TV X2 = (Y x, TEX) < 20 9TV lIlTY Vx| + Re(JY x, RY ).
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It follows that the first term at the right-hand side satisfies for some M > 0:
WV IY ATV VX < SoIVIY AP + M (VY I + 89 WY RP)
For the second term, we integrate by parts the first term at the right-hand side of (3.5), and find
Re(JYx, RYX) S B2 IVIY X[ (- k= DY x| + B2 7Y x| (- k= 1)Y Vx|
+ vl [T XYY x| + 1812 [TY x|V (p - k)Y x|
S VIV + 1Y) (222 IV - kYR + v Y )

Note that besides Remark 3.1, we have used crucially that [(p - £ — 1)| < |V(p - k)| on the support of x, a
property that was missing in the proof of Lemma 3.3. One can conclude using Young’s inequality that for
some M > 0:

1 1 - -
Re(JYX, RYX) S gvIIVIYXI* + gl TYxX[* + M (VY XI* + 8]V (p - B)YXI?) -
The lemma follows. U

3.2. Hypocoercive estimates. To control JY in the hypocoercivity functional, we first show a non-
localized bound, where we do not benefit from the localization and thus lose in terms of scaling in v.

Lemma 3.5. Assume the setup of Lemma 2.1. For possibly smaller vy, By and a new constant M we find
that
1d

5 3
—-—F Y; —|k| D Y; -
53 o (JeYr) + 8|’<?| k(Jk k)+4|k| <

14

||

1 1
v 2 v\2c?
< |k|M | — D(Yi)+ | — AN AN

PROOEF. By the change of variables (2.6), we can restrict to |k| = 1. We omit as before the subscript k.

1
2
) Ey(JkYr) — |k| Re By (Jk Yk, J Fy)

Then, (3.4) and Lemma 2.1 imply (taking into account the extra term (1 — i)l/% JY)
1d 3

1 1 2
5 PUY) + [ DY) +viE(JY) — Re E(JY, JF) < Re E(RY, JY) + Mev?||JY|P.

The last term on the right-hand side can directly be absorbed by the third term at the left-hand side, as ¢ < 1.
For Re E(RY, JY'), first note that

[RY > < (v[B)* + V2ol VY ? + v|BPIV(p- k)Y [P SvIVY P+ ub|V(p- k)Y *, (37
where we used Remark 3.1 for the last bound. Then split Re E;(RY, JY) as
Re Ey(RY,JY) =I° + 1% + I° + I°,

where
I° = Re(RY, JY),
I° = avz Re(VRY, VJY),
I =bRe(iV(p- k)RY,VJY) + bRe(iV(p - k)JY, VRY),
I°=cv 2 Re(V(p- k)RY,V(p- k)JY).
Clearly

1 < ||RY| | JY]],
so that for a constant § > 0 it holds that
I —6u3 | JY |2 S 6w B |RY 2 S 67w s (V|VY R + | V(p- B)Y|?) S 6 v 2 D(Y).
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For I® we find after an integration by parts that
—Sav? |V2JIY |2 < 5 tav 2 ||RY |2 < 6 w2 |RY |2 < 6 lvmE D(Y).
For I we get
b2
—SuEc[|V(V(p- k)IY) > + |TY|?] S 6 ?y “2||RY|2 <6 w2 |RY |2 < 6 v e D(Y).
Finally, we need to bound 7¢. We find that
— b V(p- k)Y |2 S 6T HV<p k)RY||*
i 2 2
ST (IVe-B)VYIP + bV k)YF)
o 2, c? 2 2
S5 (AN DYIP + SV + VG- Y )

1 1 02 1 2
<o w2 <bV2HY|| + D(Y)) .
The lemma follows. t

Using a cutoff, we can obtain a sharp estimate.

Lemma 3.6. Assume the setup of Lemma 2.1 and X, X as in Lemma 3.4. For possible smaller vy, By and
a new constant M we find that

1
1d 5 3
3 q ek (IiYe) + SIk] Dy (JkY) + \k\ (\k|) ok (JkYe) — [k Re By, x(Jx Y, JF)
1
v v\ 2 “
< it | () It + D) + () Vo BAYevl?

PROOF. Again, we can make the change of variables (2.6) as in the proof of Lemma 2.1, and assume
that |k| = 1. Starting from Lemma 2.1, we find that (omitting as before the subscript k)

1d 3
5 Ex(IY) + 1Dy IY) + v2E,(JY) — Re B\ (JY, JF)

< Re B\ (RY,JY) + Mcv2||JY y| (3.8)
+M [VHJYvXu? 12| VIV VX2 + vEe||V(p - k) JY V2

We first treat the term Re E, (RY, JY'). A preliminary remark is that [p-k — 1| ~ |V (p- k)|? on the support

of , from where it is easily deduced that, pointwise in the support of :
[RY [ S vlBlP [IV(V(p- B)Y) P + [V (p- k)Y ] + v?[al?|VY ? 3.9)
Svh[IV(V@- kYY) +[V- kY] + VY] '

The first term splits as
Re B\ (RY,JY) =I° + I + I° 4+ I°,
where
= Re(RY'x, JY x),
I° = av2 Re(VRY y, VJY x),
I’ =bRe(iV(p - k)RY x, VJY X) + bRe(iV(p - k)JY x, VRY x),
I° = cv 2 Re(V(p- k)RY X, V(p - k)JYx).
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For I°, after integration by parts of the first term in the definition (3.5) of RY, we get
1
1101 < 218w {IVIY x| I(p - & = )Y x| + 21T x| | (p - k = DY Vx|}
1
+ vl [|[JY X[ I[A, VIY X ||+ vz [BIIITY X[ [[V(p - k)Y X]-
Hence we find for a constant 4 > 0 that
1] = 6v[| VY x|* = v TY x|
_ 1 3 _

HIBRIV (- WYX + 18PV3 [V (- Y VI + 3 VY X2} S 67 Dg(Y),

taking into account that | 3|2 ~ b. For I note that
1
(1] < avz [|[VVIY X[ [[RY x| + 2|V Y x| [RY Vx]]] -
so that
1% — 612a|VVIY x| — 5v||VIY X2 S 6 1w 2a|| RY x||® + 6 'a®| RY Vy||2.
Hence, from (3.9), we find (taking into account that ab ~ c):
1% — 512a||VVIY x| — 6v||VIY x| < 61Dy (Y).
For I° note that
1P < BIRY X|| 21V (V(p - k) TY )x|| + [TV x[l] + 20| RY Vx| [V (p - k) TY x|,

so that . .

[1°] = 62| V(V(p- k)JY)xH2 — ovz [ JYx|[* = 8b|[V (p - k)JY x|

<5132 \|RYX||2 + 6B RY V|2 S 57 Dg(Y),

where the last inequality comes again from (3.9) (note that b? ~ a, b ~ a?, so that the right-hand side is
similar to the one for I,). For I¢, the treatment is more involved. Note that

Vip-k)R=2vV,[(p-k—-1)(JY —aVY)] — 215V%VV(p k) p-k—-1)Y
—vaV(p- k)A, VY —iw28V(p- k)V(p- k)Y.
We remind that on the support of X, [p -k — 1| ~ |V(p - k)|? so that
((p-k=DVY|S|V(V(p-K)Y)[ +|V(p-k)Y].
Hence, we find that
1 S vae V(Y- B)IY )X LIV @ BTV x| + IV (V- BY)x] + V(- k)Y X[}
+v2e|[V(p- B)IY XV (- k) JY Vx| + V(Y- B)Y)Vx] + V(- k)Y Vx|}
Fu 3|V KV {39 k)Y Xl + AV (V- kY )+ vy}
Hence we can bound /€ as
1] = 6v2 | V(Y (p - k)TY)X| = 60|V (p - k)JY x|
S 6w {|V(p- k)Y X+ IV (Y- kY )X + V(- k)Y x|?}

2
_ C
+ 0 v {[IV(p - B)IY VX + [V(V- BY)VXIP + V(e - k)Y Vx|

P talcli W V(- k)Y |2+ 6 1/—{||V R)Y)XIP + Y}

S5’1V§CHV(19-/€)JYXHQ+5’1D( )6 HV(p B)JY Vx| + 6 ws HYXH2
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The first term at the right-hand side can be absorbed by D, (JY") at the left-hand side As regards the third
term, note that by the definition (3.1) we can estimate directly

62 02 C2
v V- R)IYVXI? S v (VY- RY)VXI? + 1Y VXIP) + 2 1BPIV (- k)Y Vi

~

2
C
S De(Y) + v YV,

The last step of the proof is to control the second to fourth term in the right-hand side of (3.8). The second
one can be absorbed by the term U%EX(J Y') at the left-hand side, as ¢ < 1. For the next one, we note that
by definition (3.1):
v TY Vx| S vIVY VXI? + bil[V(p - k)Y Vx| S Dy(Y).
For the fourth term, again by (3.1):
v2a|VIYVX|* £ v2a| VVY VAP +v2ab|[V(V(p - k)Y )VX|* < Da(Y).

Putting all the above estimates together, we conclude the proof. (Il

3.3. The role of convection. In this section, we now specialize the discussion to the case in which the
forcing term F}, is of the form
VY = —ik Y vp_eYe, (3.10)
‘
for a divergence-free velocity field v. This is precisely the setting in (1.8). As we do not have a strong
enough gain of regularization in x, we cannot neglect the gains arising from the divergence-free property.
This translates into losing the possibility of working mode-by-mode in &, as all the xz-modes are coupled,
and instead we work with energy functionals that include all the non-zero z-modes.
Therefore, we look at
Eys(Y) =Y [K* By 1 (Ye) G.11)
k
for a family of cutoffs (1 )x-o (that we can think of as x; = x(p - l%)) The divergence-free cancellations
can be seen through the following lemma.

Lemma 3.7. Consider a divergence free velocity field v, so that ), k - v, = 0, and weights W : R3 5 R,
and W : R3 — X for some normed space X satisfying

Ve iz 2 s W) SW) W@y < IW).

Vo, () - W)l < (”ijf”x v ”W&)”X> eyl

Then for any non-negative sequences { Hy } .73, { Gk } nezs, we have

ZW MW (k) = W(1)|x [vk—c - €| He G

S(Zlk!Hk)(ZW )W (k \|X|Uk|> (ZW W (k HXG2>
+(Zllek)(ZW I (R oel2)* (32 W) I () 23

(S el (S WO ere) (S woav o9 2)

N
N

D=
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PROOF. We split the sum in three:

2= T+ )

ke |k[=20e]  le1=2lk]  el/2<]k[<2](|

We find
> WEW (k) = W(0)|lx [ve—e - €| He Gy
|k|>2]¢|
<SS (YW= OIW = 0)lx [orel) (VWEIW () x Ge) [0H
|E|>2]¢|
s(ZwHk)(ZW T @) (ZW W )xGE)*.
k

Similarly, as vgp_p - £ = vy - K,

Y WHEIW (k) = W) x [vr—e - €] He G
=

> WOIW (k) = W(0)|x [ve—e - k| He G
|€]>2]K]|

s(Zwak)(ZW I ®lxlocl) (ZW I wlx?)

Eventually,
Yo WEIW (k) = W(O)||x vk £ Hy Ge
€l/2< k| <2[¢]
W (k W (¢
|21/2< k| <2]l]
Y \/|W(k)|HW(k)||X \/IW(f)lllVT/(f)IIX |k — {f|vk—e| Hi, Ge
€l/2<|k|<2¢]
1 1
< (D Iklfonl) (ZW )W ()]l x HE ) (ZW )W (k)] xGE)*.
k
The proof is over. U

Using the cancellation from the divergence-free condition, we control the error in the hypoelliptic esti-
mate by the following bound.

Lemma 3.8. Assume the setup of Lemma 2.1, and let (x1)r+0 a family of smooth functions. Then, the
convection operator defined in (3.10) obeys the following estimate, for all s > %, forall § > 0:

1
Z [K[255 Re By, p(VYi, Vi) = 602 Y k% |[Yioxul* — 60 ) [K* | ViYexe]®

~ _l s ~
—ov2 YRR V(V(p - R)Yi)xal® = 0+ follasr™2) D 1k eV (p - ) Ve
ST ol Y RPNV + 7 ollgs D IRV YRl

Remark 3.9. Note that the localisation through a cut-off is lost in the last two terms. This will be the main
constraint on the size of v. Note also that the requirement s > 5 ensures that >, 575 |k||vg| < [|v]| =, an
inequality that will be used implicitly each time we apply Lemma 3.7.
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PROOF OF LEMMA 3.8. We use for short notation V}, instead of V'Y),. We decompose

Z k[>T Re By, (Vi Yi) = I° + I + 1" + I°,
k

where

17 =3[R+ Re(Vioxk, Yixw)
k

1 s—1
I°=v2 Y [k** 20, Re(VpVixe, VpYixs),
k

"= k> o [Reﬁv(p - B)Vioxe, VYixk) + Re(iV(p - k) Yixe, VVkaﬂ ,
k
1 3 ~ ~
I°=v72 Y [k[* T2 ek Re(V(p - k) Vixx, V(p - k) Yixw)-
!

Using that v is real, we find from the definition that

1° = " |k[** Re(ikvp—eYoxk: Yixe)
]

1

1
= 5 D Re (L (K hxE = [0 0xF) - ve—eYe, Yoy = 5 D Re (i (KX — [2°XF) vh—e - Y2, Vi)
k.l k.l

where the last equality comes from the divergence-free property: vi—s - k = vi—p - £. We can split the
difference as

k1% X7 — [€17x7 = 1k1*x Oce — xe) + (16 = 1€1%%) xexe + 0% xe(xi — Xe)-

Hence, using the symmetry in k£ and /,
1
0 2 2 2
10 < 3 1Bl = Xelloolvr—e - AVl Vel + 5 D (1K = 1612 fos—e - €11 Vexe | 1Yl

We apply Lemma 3.7, taking W = |k|?* and W (k) = x4, for the first sum, and W = 1, W (k) = |k|?* for
the second sum. We get

1 1
1 S lollars (D2 IRPIYIR)* (3 IR 1ioad ?)

For I* we find in the same way (that is replacing xx(p), function of p, by xx (p)a(ullk]%t), function of p
and t) that

1
"= % ZRG@ [|’f|25_%ak><i - Wzs_éazxﬂ Vg—g - {VYy, VYy)
1 1 1 1 1
<z Y |72 lag xk — af xelloolvh—e - LIV Yl af [ VY x|

1
V2 1 1 1 1
#2102 o - o] 9 Vil af VY

Hence we find that

1 -1 2 -3 :
1 5 v ol (3 R HI9Y2)* (30 2 S e Vil 2)

For I°, we find by the definition

I"=Y Re <i [bk|k|25V(p B2 = btV (p- é)x‘ﬂ Vb—e - LYy, VYk> :
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where we split the bracket as
belk[**V (p - k)xk — etV (0 D)x
= |K[**V (p - B)oixi (xie = xe) + | KV (- B)bx — €V (p - £)be | xixe

+ 1017V (p - )bexe(xk — Xe)-

Hence we find that
1% < RSk = Xelloolvr—e - €] 1Yl bV (p - &)V Vi xk |
+ > PV (0 k)bor, — 117V (0 - Dbelloo|vr—e - €] [[Yoxell |V Yaxll
+ Z B2k — Xelloolvr—e - €] | VYl bV (0 - &) Yixxll-

This yields that
%
1" < ol g (ZWIQSHYHIQ) (Z k[ bE ||V (p - k)VYkaIIQ)
k k
1 1
2 2
+HvllHa< IkIQSIIYmIF) <Z|k|25||VYkaH2>
k
2
+HvHHs< |k|23||VYkII2> (ZIkIQSb IV(p- k)YkaII2>
For I¢ we find

—ZRe< [\k|28+2ckwp B)V(p- k)2 — ye|28+%cN(p.é)V(p-é)Xﬂ vk_g-m,yk>.
We split the difference as

k220, Y (p - )V (p - k)xd — [0 2 eV (p- OV (p- D)x]
— Ik V(- B) [k MY R — cf wﬁwp-zf)xl} "
[w%" 02573 G K39 - R)xuc? €12V (p - D)
ISRV -0 [ef - e = 10590 D e
Hence we find that

c -1 2s—1 % 1 . % 1 i % 1 7.
I°<v 2 Y (kP2 |2 k2 V (p- k) — 2V (p- )| [ok—e - LIYelleE k12| V (p - k) Yixal)

_1_72’%‘25—7 ‘£|25

Applying Lemma 3.7, we obtain that

1 1
19 v s ollms (30 1Y) * (DD I eV (0 - k)il ?)
_1 sl ~
v ol (3 PRV (- B)Yiul?)

~ 1 1 ~
(- O)Yexelleg [k12[[V(p - k)Yixkl|-
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Collecting the estimates, we therefore find

1 1
>R Re By (Vi Yi) S lollizs (32 1P 1Y202) * (32 IR 1ioel?)
k
1 1 1 1
ol (S 9AIR)” (S vl

+ vl ae (ZIkI2SIIYkH2> (ZkIQSb IVip- k)VYkaH2>
k

N

=

k
>

+ [0l (Z\kIZSHYmHz) ( \klzs\IVYkaW)

k

2

+llvllzs (Z\M%HVYW) (Z K[ 0]V (p - /f)YkaH2>

k k %
+ 172 o]l s (ZIkIZSIIYkV) ( k[ * e[V (p k)YkaHz)

k

+ v |o]| e (Z \k|28+%ckuwp-k)kakn?) .

k

Splitting the right-hand side with Young’s inequality then gives the claimed control. ([l

Using the cancellation from the divergence-free condition, we control the error for the energy by the
following estimate.

Lemma 3.10. Let (xi, = xx(p))k20 a family of smooth functions. Then, the convection operator defined in
(3.10) obeys the following estimate, for all s > %

1 1
SR Re(VY X Y S lolirs (30 1P IYRI2) (32 IR 1iocel?)
k

PROOF. See the computation for I° in the previous lemma. g

3.3.1. Commutator with the vector fields. In order to control Jg and JJg, we need to understand the
commutator with the convection term, that is we need to understand the influence of

SYi =Y Ju(—ikvg )Yy = Y (—ikve_) JoYe. (3.12)
‘ ¢

To control .Jg in L?, we prove a first commutator estimate.

Lemma 3.11. Let (x1)r20 a family of smooth functions. We find

1 1
> kP Re(SYixn, JkYaxn) — 0v2 > k[>T 2 | Ty Vx|
k

1 1
2 2
—1 -3 1
S llvll s (E k\QS\VYk!P) <§ !k\QsHJkYmW) TR Ly D IR Y

k k k
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PROOF. We estimate the o term in SY as
> [P Re((ag, — ag)(—ive— - O)VYoxk, JeYixn)
S Rl — cellsolvr—e - QI VY2l [T Vix |

1 1
S ol (32 RPIVYEI2)* (32 0 I Yel?)

For the 8 term we find
vE Y R (BIREV (- F) = Bl €1V (0 Divk—s - Y, TkYiexs)
1 1 7 : )
v SR BRV(p - B) — Bl (p - D)loolon—e - A1 Vel | Tk Yixal

1 1 i 1
S (et A D R (s FA TSN
Splitting gives the required estimate. 0

Svozo|

Remark 3.12. By a slight modification, the 8 term can also be bounded by
1 1
(IR HIYRIZ) 2 (152 Tk Yaxell) ® -

_1
vl

For the hypoelliptic functional, we control the commutator by the following estimate.

Lemma 3.13. Let (x1)k-0 a family of smooth functions. Then,
SR Re By b (SYi, JiYe) = 8 [ S IR D o (i) + 2 D K2 | Vil
SOTIZ Ly [ D PR + 02 Y R P

PROOF. From the definition we find that
> k[>T Re Ey, g (S, JeYz)

= k> Re By, & (o — ) (—ivg—g - ) Ve, Je V%)
+073 > [k Re By (i(ﬁkm\%wp- k) — Bell|2V (p - £))(—ivg_q - )Yz, JkYk) .
We split as before the contributions in 10, ¢, I® and I°. For I° we find
1= |k Re((ag — o) (—ivk—c - O)V Yo, T YiXk)
+ 07 Y R Re((Belk[2V (p - k) = Bl €3V (p- D) (050 - O)Yixe, JeYiexn)-

The first sum can directly be estimated by Lemma 3.7 as

> 1k Re{(on — ) (—ivk—r - ) VYoxk, JeYexn)

1 1
S lollas (D0 IRPI0YI2) (D0 IR 7 Yeel?)

For the second sum, we find by Lemma 3.7 that

v 37 k2 Re((Bilk| 2V (p - k) — Bel€|2V (- 0)) (vre - ) Yoxws TnYexn)

1 1
_1 s+1 2 s+1 2
S ol ey (IR RIIR) (S IR 2 1Yol )
For 1%, we find
1 1 .
I"=v2 Y |k 2 Reag((ar — o) (—ive—g - () VVYexk, VIeYixn)

+ 3 k272 Re ar(V(iBklkI2V (p - k) — iBel]2 V(p - ) (—ivi—e - €)Yexn, VIeYixe)-



22 M. COTI ZELATI, H. DIETERT, AND D. GERARD-VARET

In the first term, we integrate by parts and then find by Lemma 3.7 that

1
1" S vl oy (D2 P2 9Yi?) (Z!’f\%’%ai”wﬂm” )’
1
2

e (3 6 IV + I%1) ) (32 61V i )

For I® we find

I° = Z k% Re(i(ay — ap)(—ivp—e - £)VYoxu: bV (p - k)VJLYixe)
+ ) |E[** Re(V (g, — ) (—ive—g - O)VYoxr, 10:V (p - ) JeYixs)
72 YR Re(i(iBulk|2 Y (p - k) — iBel €12V (p - £))(—ivie - O)Yaxw, brl K2V (p - k) VIR Yixs)
v YR Re(V(iBulkI2V (p - k) — iBel €12V (p - 0))(—ivh—e - O)Yexu, iV (p - k)ox k|2 Tk Yioxs)

so that we find (after integration by parts of the second and fourth terms)

1 R 1
105 ol (32 RIVYIR)* (3 620 (IV (V- )Tl + 7Y ?) )

1 .
N u_%HUH " <Z ’k‘Qs-&-lHYkHQ) 2 <Z ‘kﬁsbz (”V(V(p : k)JYk)XkHQ + HJkYkaHQD

N

For 7€ we find
=v 2 Z [ Re(V (p - k) (i — ag) (—ivg—e - )V Yoxn, cilk[2V (p - k), Yixe)
+ o3 KPRV (p - ) BrlkIZV (p - k) — Belt1ZV (p - ) (—tog—g - O)Yoxa, ek V(p - B) nYixs).

Hence we find that
1 S S
1 S v H ol (3 VY )) (§j|k:2+1 AV BAvoul?)’

ooy (RPN (S G960 Badioal?)

where the first term comes from the a-term and the second from the 3-term.
The inequality of the lemma can then be established as in the proof of Lemma 3.8, through splitting and
O

N

Young’s inequality.
To control JiJig, we need the following estimate.

Lemma 3.14. Let (x1)r20 a family of smooth functions.

1 1
> kP Re(JkSYixe, JedeYixe) — 6v2 > B2 | Je i Yixel* — 60 ) k(1Y Jo Tk Yixel|?
k k k
5 st 3 _3 sl
SO IRPEE YR+ vz ol g R

<y ERIR
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PROOF. Expanding the definition of J;SY}, we find

’k’J}cSYk = Zak(ak — Oég)(—ivk,g : E)VVYE
4

+073 3 (B EV (0 B) — 1503V (p - £)) (—ivx— - 0)Y7)
14

+072 Y 1Bk ZV(p - k) (ar — ) (kg - O)VY,
V4

. 1 A 1 N 1 p .
+ Y B[V (p - B) (B K2V (p - k) — 1Bel€12V (p - £)) (—ivg—g - )Yy
‘
The contribution of the first term can be bounded, after integration by parts, by

D 1kl — aellsolvr—e - 4 VY2l (IVTe Tk Yixzll + 201k Tk Yaxsl Vil )

1 1
2 2
S [lollae (Zkl2s\VYk|!2) (Z:|/f\zs(HVJkachk\2 + \JkaYkaHQ)> :

k k
The contribution of the second term can be bounded by

1 1 ~ 1 N
D kP2 |BlEZV (0 - k) = Belt]2V (p - )los [vg—e - LIV Yl | T Yixi
1 1 ~ 1 A
+ Y kP BlkZVE (0 - k) = Belt]2 V2 (p - oo [og—e - €l 1Yl 1T Tk Yixi |

1 1
_1 sl > P} >
Sv ol e (E R 2 (VY] + HYkH2)> (Z B2 || Te i Yixl” |-

k k
The contribution of the third term can be bounded by

11
ST RP 073 g — alloo [kt - €] I VYl [Tk Tk Y2l

1
_1 1 2 1
S bl (z\m%wnmw) (z|k|28+2||Jkamk||2)
k k

The last term can be bounded by
1 - 1 p _1
D IR IBKIE2V (p - k) = Belt12V (- O)lloo [vg—c - 1 IYell K| 2| Tk Tx Yixx |

1 1
_ 543 : P
Sv vl s (Z |k ? +2HYkH2> <Z |k? +2!JkaYk><kH2> :
k

k
The result follows from all these bounds and Young’s inequality. U

[N

N =

3.3.2. Application to the density g. Under suitable assumptions on the velocity field v, we can now
obtain controls on g and its vector-fields. Notice that we request something less stringent than (H). We
begin from g.

PROPOSITION 3.15. There exists €y > 0 with the following property: if ¢ € (0,¢0) and
1

+o0 9 1 1
sup o)+ ([ Io(o)lde)” < e
t>0 0

then for any T' > 0 there holds

T T
1 1 .
sup !k\QsEk(gk)JrV?/o > !k!%“angkHer/o > 1k Di(gr) < 19" s 2.
k k

0<t<T L
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As a consequence, (1.11) holds.

PROOF. We start from the inequality in Lemma 2.4: we take I}, = V g, multiply by |k|?* and sum over

k. To bound the term 5" |k|?* Re Ex(gx, V i), we apply Lemma 3.8 with Y3, = g, x = 1. We find
d 9 1 2541 2 25+1
i WP Bo v S Rl + 37 Dula)
1 1 _
S Ov2 + 57w olFe) D IR gkll® + (v + 5 H[vllF) D kP Vil

1 ~ _1 s A
+ 602 S KPRV (V- B)gn) |12+ (6 + loller2) SR e Vip - k)gell?,

for any 6 > 0. We take 0 = e. If g € (0, 1) is small enough, most terms at the right-hand side can be
absorbed in the dissipation functional, and we end up with

1
d S S v 2 S
G 2 I Beton) + I () ol + 3D I D)
k k k

1 1 —
< (evd + e ol ) ol o

(3.13)

In particular,

d 1 1
Slallmrz S (v + v ol ) gl s (3.14)

so that our assumptions and Gronwall lemma yield

1 .
lg()lrrgrz < MM g™ gz, VE>0

for an absolute constant M > 0. If ¢ < v %, injecting this bound in the right-hand side of (3.13) and
integrating on (0, T") proves the lemma. If ¢ > V™2, we first integrate (3.13) on (0, 1/_%), resulting in

D IKPEr(an)l,_ -y < e llg" I -
k

v

. 1
?k”";:, we deduce that at time ¢ = v~ 2 (time for

Using again the interpolation inequality (2.11) with o =
which ¢ < 1 if v is small enough):

1 1,1 1 1,1 -
Ex(gk) > Hng2+§akv2\kl 2||Vpng2+§cw 2|k|2(|Vp(p - k)grll?

1 1
> (1 + z(aka)é) lgill” = (1 + 2(A0)5> g%,

and eventually

llg( I)H < g™l A 7eM€O
v 2 sr2 < S72, = <1
9 H3L2 9 llHsL2 1 %( C)%
taking £ < g¢ small enough. Iterating this bound gives exactly (1.11) and concludes the proof. (|

3.3.3. Application to the vector fields. The analogous of Proposition 3.15 for vector fields is contained
in Lemma 3.17 (estimate without cut-off) and Lemma 3.18 (estimate with cut-off) below. We start with an
L? estimate.

Lemma 3.16. Let (x1)r-0 a family of smooth functions with x;, = 0 near p = —k. There exists €9 > 0
with the following property: if € € (0,e¢) and

o 3
sup [[o(0)|| - + < / ||v(t)\|%{5dt> < et
t>0 0
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then for any T > 0 there holds

T
_1 _1 1
sup > [k[** 2||Jk:gk:Xk||2+/ v Y RV TkgrxklP + 12 D R Tkgrx]?
0<t<T < 0 . %

in || 2 in |2
S ||9m||H;Lg + ”VQMHH;LE'

PROOF. We first establish an estimate without cut-off, starting from Lemma 3.3. We take Y, = gi,
Fy, = VY, = VJigg, multiply by ]k\%*% and sum over k. We find

d _1 o1 1
S SR el + v Y KPRV el + vE S K gl
1 sl 541 s41
SO KPR kg, ViITegi) + Y 1P T2 (Jrgrs Sgr) + D 1R T 2bellgill® + > 1k 2 Dy(gr).
k

k
(3.15)
The first term at the right-hand side is bounded thanks to Lemma 3.10 (applied with Y = Jg, x = 1):

1 1
> kT2 Re(V Tege, Jrgr) S lollas > 1P 2 (| Tkgic]l .
k

It can be absorbed by the left-hand side, as ||v|| s < v2. The second term in the right-hand side is estimated
thanks to Lemma 3.11 (applied with Y = g, x = 1):

> K[>+ Re(S Jgk, Jrgr) — 0v3 D IR Tkl

k
1 1
_1 ? _1 2 _1 -3
[ (Zws 2Hv9ku2> D L B/78 o B [ 72 S il A
k k k
1 _1 _ _1 _1 1. -3
Sova Y kP [ Jgil + 6 ol g vz D (KPR Vgl + 07 w2 ol D IRkl
k k k

We take § = €. For € < gg small enough, the first term can be absorbed in the left-hand side, while the
second term can be included in ), ]I{:]25+%Dk(gk). We end up with

d s_1 s—1 1 s
DR el + v Y IRV el + vE S K gl

1 1 1 -3
S DR 2bkllgull? + ) K2 Dilgr) + e w2 [oll3s gl s e
k k

The time integral of the second term at the right-hand side. could be controlled directly thanks to Proposi-
tion 3.15. Similarly, the time integral of the last term could be controlled thanks to the assumption on v and
(1.11). But the limiting term, due to the absence of cut-off, is 3, |k[2T2bg|lgrll2 < 32, [E12 T2 ag | gl
where we could not squeeze a factor V(p - k). This forces us to multiply the previous inequality by V3. We
get, with Proposition 3.15 that

T T
1 _1 3 1
sup vE S0l + [ SR+ [0 S P
0 0

0<t<T (3.16)

< N9 2m2 + v 19567 Iy
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We can then obtain a better bound using the cut-off x, replacing our starting point (3.6) by the improved
Lemma 3.4. After similar manipulations, we get

d 8—1 S—l 1 s
&sz 2 || Tegexal® + v ) IR 2 |V iTkgixel” + w2 ) kP2 Tkgrxell?

1 1
s_1 3 o1 3
S0l ey (O B3 kgell®) * (30 K12 % | Thgil?)
1
_1 ? s_1
el .y (ZWS zuwan) (ZW 2||Jkgkxk||2>
k k

1 FI 13
+ > K2 Dilge) +v ) 1R 2 gkel® + e o2 ol gl 1o
k k

[NIE

which implies, using the smallness assumption on v:
d _1 _1 1
37 2 R 1 Tkgixa P + v Y B2 IV Tkgixel® + w2 3 161 [ Jrgixa?

_1 _1 1 1 -3
Svrfol? o Y IR R Tkge P+ D 1R 2 Drlgr) + (v e 2 ol llgl gz
k

Using Proposition 3.15, (3.16) and (1.11) concludes the proof of the lemma. ]

For the control of the hypocoercive functional of J; Y, we first show an estimate with a loss in v, but
without localisation. This is

Lemma 3.17. There exists g > 0 with the following property: if € € (0,&¢) and

+00 ) % 5
sup [[v(t)|| = + (/ ||v(t)||Hsdt> < evi
t>0 0

then for any T' > 0 there holds

1 S— S S—
vz OiltlETZ|k|2 "Er(Jrgr) + / ZWQ Dy (Jkgx) +WZ|’€!2 2 Bx(Jugn)

N ||9m> VpgmHH;L%

PROOF. The proof is very close to proof of (3.16). One starts from Lemma 3.5, that is applied with
Yr = gk, F, = V gi. One multiplies by |k\25_1, and sum over k. The nonlinear term

> k> Re Ey(Jogr, JkVgr) = > k1> Re Ex(Jagn, VJkgr) + > |k** ' Re Ex(Jrgr, Sgr)
is then treated with Lemma 3.8 and Lemma 3.13. We leave the details to the reader. ]
We then get an improved estimate with cut-off.

Lemma 3.18. Let (x1)r20 as in Lemma 3.16. There exists eg > 0 with the following property: if e € (0,¢€0)
and

400
sup ool + ([ e Olt) < ev
t>0 0

then for any T' > 0 there holds

1
sup ZWQS "By, k(Jrgr) / Z!k‘\stka Jkgr) + 2/ Z\MQS By ke (Jkgr)

0<t<T

S ”gmvvpgm”H;Lg-
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PROOF. The proof is again very close to the one of Lemma 3.16, once the estimate without cut-off has
been established. One needs to combine Lemma 3.6, Lemma 3.17 as well as Lemma 3.8 and Lemma 3.13
to control the convection term. ]

. . . . _3 .
The last control that we will need to prove mixing estimates is an H°~ 4 estimate on .JJg.

Lemma 3.19. Let x, xi as in Lemma 3.16. There exists g > 0 with the following property: if € € (0,¢p)
and

+o0 5
sup o) =+ ([ ot edt)* < vt
t>0 0

then for any T' > 0 there holds

T

_3 1 _

OEHETZW% 2| Tk Tkgixl® + / v IR 2 |V Tegexel? +v2 > 1R Tk Tkgrx)?
=Ty 0 k k

SJ ”gin7 vpgina v?,gmH%{;L%
PROOF. The starting point is Lemma 3.4 applied with Y = Jg, F' = JV g. We find.

1d _3 3 s_3 31 s
=Y kPR TeTegexal® + *’/Z k1> 2 ||V e Jegexell® + i > kP Tk Teg Xl

2dt
<> IK[2572 (T Yix, JudkV gex)] + vy k2 ||Jkgka||2 +) kP D3,k (Jhgk)-

The last two terms are controlled thanks to Lemma 3.18, replacing x by X, after integration in time. The
convection term is decomposed into

SRR TR g TeTiVaex) = 3 6P (e dkgioxs JeSorxe)
+y 1%~ 2 (T Tkgixis STegix)
> (B[22 (e Tkgixn, V Ik Tkgix)-

We use Lemma 3.10 to write

1
> kP72 ReTedigrXe V Ik TeghXr)

k
_3 3 53 1
S Woll g (0 W 31k hgel?)* (30 1622 1 hTrgmocel2)
3 1 3
S 0w Y P 3 kgl + 5 Il g v 2 DT RPE ki

1
Replacing the first operator Jj, by its definition, we get
1 _3
||U||i{8_gV 2y kP72 | T Tegnl?
_3 _3 _1 -
Sloll? gv72 (v D IR 2|V Tigrl® D kP T2bi ]|V (p - k)Jkngz>.
The right-hand side can be controlled thanks to Lemma 3.17, after integration in time. The term

1
> kP72 (T Tkgr Xk STegrXn)

can be controlled in an easier way with Lemma 3.11 and Lemma 3.17. Finally, the term

1
> 1R T2 (i Tkgk Xk TeSgrXk)

can be controlled thanks to Lemma 3.14. This concludes the proof. U
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3.4. Mixing estimates. We now consider integral quantities of the form (1.10), namely

Vilal = [, o) o)V (- D) (.17)
and establish decay estimates as a consequence of orientation mixing.

PROPOSITION 3.20. Let k # 0, Zy, = Zi(p) a smooth function, and x = xx(p) a smooth function
which is 1 on the support of Zy. Then, for any g € H', we have

1
V2

k| B

IVilgll S W Tkgrxell + llgrxell] |25l - (3.18)

1

PROOF. We use the identity V(p - k)g = +

(Jrgr — aVgg), so that
|k|25k

Vilg]l < \k:| Iéﬂk! <'/ Jkgk Zk(p ’ ‘/ x Vi Zx(p D
\k| |5k <'/ k9K Z(p ’ ‘/ gk V - Zi( )D

\k\ |5 | </ | T gk Xk Zk (P +/ |9k X%V - Zi(p )|>
!

The result follows from Cauchy-Schwarz inequality. O

When g is the solution of the advection-diffusion equation (1.7), suitable norms of the the functions
{Vi } ez can be estimated in terms of the vector field J as follows.

PROPOSITION 3.21. Assume

1
o0 2
sup [[v(t) || s + </ ||U(t)||%{sdt) <ev
t>0 0

Then, for € < gg small enough, we find

S 1 S
> KA VgD S BOADE 2 > 1K (g P + IV g 1?) (St{}p !\Zz!!?ﬂ)-
k

I

PROOF. For all k # 0, we introduce X, 15 a smooth partition of unity on the sphere (xx + ¥ = 1)
such that x; = O near p = —k and ¥, = 0 near p = k. We can decompose

Vila(t)) = [ 0@V D + [ a0z )V 0- b,

It is enough to prove that
Z |k’2s+%
k

as the other integral could be treated similarly, by exchanging the roles of the north and south poles, see
Remark 3.2. We then introduce another family (X )x-20 Which is still zero near p = —k, with x;, = 1 on the

~

90wV - b

k2 lgit 1 + IV gl )<Sl;p||Zz||§n>'
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support of . It follows from Proposition 3.20 that

Z |k’25+%

2

9k(t)(Zkxr)(P)V(p - k)

k
_1 v ~ ~
S Z k> TEAE 1769 (k1 + lgx (0% l1%] | Zell 7
S [l + a0l (sup 12 )
1/3 w2 5 ‘
The result then follows from Proposition 3.15 and Lemma 3.16. (|

When dealing with JJ.J g, we note the following bound.

PROPOSITION 3.22. Let k # 0; Z, = Zy(p) a smooth function, and xi = xx(p) a smooth function
which is 1 on the support of Zy. Then, for all v = ri(t), the following bound holds

Vilg]l S (Ar,ngkaH + Br || Jegr x| + Cr,chJkagkaH) 12kl 2 + || Zillwrioe )

1 1
V2 V2
AT,k = T <7” 4+t T ) ,
LErery |12 Bkl
1

1 1
By = ZQ <r+(r‘1+|lnr]%) 112 ),
k|2 Bk k|2 Bk]

Crp = 2,
= e )

PROOF. As a preliminary step, we introduce x, = x,(p) a smooth function with x,, = 1 on an 7-
neighborhood of £, and , = 0 outside a 2r-neighborhood of k. We then consider, for any smooth G with
G = 0 near p = —k and x; = 1 on the support of G, and for any tensor Y%:

/S2YkG < /SgykxTG’+ JRACET

S2
We find directly by Cauchy-Schwarz
I S [Yexwll |Gl e

where

=11 + I5.

Then,
1 v 2 - G
- | — k) WY ——m—— - Xr
m(m) Szwp Vg e et Y
G
lﬁk <V<?’> /ka ( k)|vp(P"%)|2(1_XT))7
from where

: 1
1 v\2 v | 3 1
LS —= <> G|lpoo || e Yexe||| In 3 4+ =5 <> Yixull= (1Gl poe + 1G] 51 -
] \J] 1G]] [ n(r)[ el \TH ¥l (NGl Gl #)

We conclude that

1 v %1 v 2 1
/SQYkG’5<<w () 3+ )nymww(w) |1n<r>|2||Jkkak|)<r\G||Loo+||G||H1>.

(3.19)
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1
1 v oy <7/>2/
i3 \Jk| Zedkg| + 5\ Vo Zk)0k| -
1Bk (|k|) /Sz S TN |K| SZ( p Zk)9x

Applying the previous formula, we end up with

Vi S o5 (W ((mlk| (W L) kgl

1 v 2 1
| In(r)[2[|Je Jkgrxell | (1Zkllzee + | Zkl 1)

‘We then turn to

=

Vigr(®)] <

_}_7 -
18] \J]
) ) (3.20)
+1<”>2 <1<V>21+7°>H I
EIANE Bl \Jk[) v )R
1
1 v\ 2 1
s () OBl )| (9200 + 1920 m).
185l \J]
The result follows. ]

We can now conclude this linear analysis, proving Theorem 2.

PROOF OF THEOREM 2. For ¢t < 1, the result follows easily from Proposition 3.21. For t > 1, we use
Proposition 3.22 with the special choice

1

% 2

1%

r=ri(t) = <1
0 (\kﬁw) ~

10\ 3
V2
Ar,k,Br,k,Cr,k 5 < 1 ) :
k|2 [ Bl

The proof is over. U

for which

4. Nonlinear stability

The proof of the nonlinear stability Theorem 1 relies on two main ingredients: the analysis of a Volterra
equation that allows the computation of u from ) through the relations specified in (1.3), and the use of the
linear estimates of Theorem 2, via a proper bootstrapping scheme. These two points will be carried out in
Sections 4.2 and 4.3, respectively.

For notational convenience, we will prove Theorem I with shifted index s — 1 instead of s. As u has one
more degree of regularity than 1 in x, u will then have H?® regularity in x.

Lets > 9,7 € (0, 0c], and a field v defined on [0, T") and satisfying

T 1
1 s ,
sup [|o(t)]la + (/ fo(®)eat)* < vk, )
0<t<T 0
We introduce
Sy(t,7): L? — L?, 0<7<t<T 4.1)

the linear two-parameter process arising as the solution operator of the (non-autonomous) advection-diffusion
equation in (1.7), considered on (0,7"). Namely, for 0 < 7 <t < T we set S, (¢, 7)g"" = g-(t) where g, is
the solution on [7,T") of

atgf + (U =+ p) “Vaigr — VApg‘r =0, gT‘tIT = gin.
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The results in Theorem 2 were stated under (H) for the time interval (0, co) but extend straightforwardly
under (H’) to an arbitrary interval (7,7"). In particular, there exist absolute constants Cy, &, /9,71 > 0 such
that for all v < v the condition (H”) implies

1(S(t, 7)g"™) 20l 22 < Coe™ vk "9l 22 (4.2)

and

SR ValSu(t, 7)™

k0

1 3
V2
s%( I )}> D (112412 10 + 1126132 ) 1920, Vo0t V2020 s 13-
-7

min{l, 2

(4.3)

forall ¢ € [0,7"). We will now focus on the analysis of the full system (1.3).

4.1. Bootstrap assumptions. Let 1) € 7!, Existence and uniqueness of a local in time solution to
(1.3) satisfying
Y € Lig ([0, 7)., H™Y), Vb € Lip ([0, 1), H*™)

is standard. Moreover, if T is the maximal time of existence, one has

lim sup ||u(t)|| s = oo.
t—Tx

Let 79 = 5. with 771 the absolute constant in (4.2). Let 6, ¢’, 6" positive constants to be specified later, only
depending on ~y and ¢. For each v, let T' = T'(v,y,¢) > 0 the maximal time upon which the following three

bootstrap assumptions hold:

1
sup u(®)]a- < Suie VAt (BAO)
<t<
T 1
Vb (t)]|2,s-1dt < 602, (BA1)
P H
0
sup (Y ()l < §'v3. (BA2)
<t<

For any 6, ¢, 8", the existence of a positive 7' is guaranteed by the smallness assumption on 7)™, taking &y
small enough compared to ¢, ¢’, §”. Note also that (BAO) implies (H’), for 6 < min ( 71 1). The point is

to show that there exists v such that for all v < vy, all three bounds are satisfied w1th 1mproved constants
§/2,0'/2,6" /2 instead of §,¢’, 6", and that moreover, on (0,7'):

T
s [0+ [ IVl e S v @)
Improvement of the constants will imply that 7' = T, = oo, which combined with (4.4) will conclude the

proof of Theorem 1.

4.2. Analysis of the Volterra equation. From (1.3), we can deduce a Volterra-like equation for u. On
one hand, from the second relation in (1.3), u is obtained from ) through application of the linear operator
U defined by

Utp = 1St 1V, - / pRpY
SQ

where St is the Stokes operator —PA on T (with P the Leray projector). On the other hand, the solution v
to the first relation in (1.3) obeys the Duhamel’s formula

() = Sy(t,0)™ + /0 Sy(t,7) F(7)dr
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(P p): Bw) =V, (Byu [(E() + W(w)plv)

32
with ;
F(t) =
Applying operator U to both sides of this Duhamel’s formula, we get
u(t) + /Ot K(t,7)u(r)dr = f(t)
4.5)

where
Kt rhuo = =801V, [ p@pSu(t. )o@ p: Bu)
T S2
F(#) = S0, - / P @ p Sult, )"
SQ
S, [ pep / Sult, 7)Y, (PPL [(VE(u(r)) +W(u(r)))p]w(7)>d7'. (4.6)
S2 0

Our first result concerns the integrability properties of the kernel K and only requires the bootstrap assump-

PROPOSITION 4.1. There exists an absolute constant v such that for v < vg the condition (H) implies

that kernel K satisfies the following estimates
(a) |K(t, )l L(ms,ms) S Vforall T <twitht — 7 < 1.

tion (H).
1
< e~MV2U=T) for all T < t, with M1 the rate given in the hypocoercive
+ V%,forallT <t foranyr < s+ %.

(b) [|K(t, )| L o)
estimate (4.2).
1
(t—T)%
PROOF. We can restrict to the case 7 = 0, as all the arguments that we will use are translation invariant.

(c) I1K ) nws,mry S
Given ug € H®, We denote by ) the solution of
3yt
Yoli=0 = _747 pRp: E(ug).

7

3151#0 + (u + p) -Vatho — VprO =0,
Note that the initial data is mean-free in x, a property that is propagated through time: 1y = 1 »o. From

K (t,0)uq =St1Vx-/ P ® po
SQ

the definition of g,
vVi<l1

By a standard energy estimate on 1)y in H*~!, under (H’) for u we find
[Po(®)llas—1 S [190(0)]lggs-1 S lluollms,
vt <1

K (£, 0)uolls S 1vo(E)ll=-1 S lluollms,
and estimate (a) follows. Also, the hypocoercive estimate (4.2), which is valid under (H’), implies for §

Hence,

small enough that
1 1
[0 (®)l3s-1 S €™ [0 (0)[lpgs-1 < €™ uollms,  VE =0,
which implies estimate (b). It remains to prove estimate (c). Expressing the operator St~V - in Fourier,
2

/S2 (p- k)P, pos

1K (¢, 0)uollFrr = D IKI* 2

one checks that
k0
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To a given k, we can associate a cartesian frame (e, ey, e, := ]%) and spherical coordinates (6, ) with 6
the colatitude and ¢ the longitude. In particular, p = sin 6 cos e, + sin 8 sin pe, + cos Ok. We compute
p-k=cos, V(p-k)=—sinfes = —sinf(cos 0 cos pe, + cosfsin ¢e, — sin ok),
P.p=p—(p- ]A-c)l;: = sin @ cos ¢e, + sin 0 sin pey,
so that
(p- k)P];Lp = _P];Lv(p k).
Hence

2
| K (t,0)ug| % = Z k|2 / PNk Yok -
k#0

From there, we apply inequality (4.3) (see (1.10) for the definition of Vy), with Z = Z; = P, and

5
§=1r— 7+ toget

1 3
V2
t)> (1012, 5., + V520012, 5, + IVibo(OI2, 4. )

min(1

1 (2, 0)uo|[7r < (

Y
1 3
< (— 2 2
S (G +v3)Iwl?, .-
The result follows. U
We can now state a stability estimate for w.

PROPOSITION 4.2. Assume (1.4). Let ng = 717(1) with m1 the absolute constant given in (4.2). There exists

vy > 0 depending on v and v such that for v < vy the condition (H”) implies

1 1
sup ™ lu(t)|| s $ sup ™| f(t)||n.
0<t<T 0<t<T

PROOEF. The proof is an adaptation of the reasoning in [8, Section 5.2]. We first extend K (¢, 7) by zero
fort > T or 7 > t, and extend u(t) and f(t) by zero for t > T'. Setting

k7)== e DKL), ) = et ) = et ),

the Volterra equation is equivalent to
oo
u(t) +/ k(t,7)a(r)dr = f(1) forallt € Ry 4.7)
0

and the point is to show that sup;>g [|%(t)|| g S sups>o | £(2)]| z- We introduce

o
Ks:=<k:Ry xRy — L(H® H®), k(t,7)=0 forT <t, sup / |k(t, 7)|dT < 400
teRyL JO
equipped with ||k||c, := sup, fR+ |k(t, )| dr. This space is an analogue of the space of Volterra kernels of

bounded type introduced in [10], replacing kernels with values in C™ by kernels with values in L(H*®, H®).
One can show exactly as in [10] that K is a Banach algebra for the product

oo
(k% ko) (8, 7) o= / ka(t,7) k(! 7) dr.
0
Moreover, as in any Banach algebra, there is a notion of resolvent: we say that k € I, has resolvent r € g
if
r+kxr=r+rxk==%k.

One can show that



34

M. COTI ZELATI, H. DIETERT, AND D. GERARD-VARET

Lemma 4.3. (Direct adaptation of [10, Chapter 9, Lemma 3.4]) If k € K has a resolvent v € K, then, for
any [ € L>® (R4, H®), equation (4.7) has a unique solution t € L>(R,., H®), given by

() = i(t) — /R r(t,7) 5(r) dr.

In particular, ms) < (L [Irlle)loll e ®, ar9)-

Moreover, the set of kernels having a resolvent is open, which can be proved through a Von Neumann
series argument. Namely,

PROPOSITION 4.4. (Direct adaptation of [10, Chapter 9, Theorem 3.9])
If k = k1 + ko is the sum of two elements of K, if k1 has a resolvent r1 and if

1
k < —
w20 (=)™ (k2 — r1 4 ko) % )" (k — 11 % k)

then k has a resolvent r, given by r =

Following [8], we decompose

k(t,7) = K(t,7)+ (e"O”%(t*” —1)K(t,7) = ki (

t,7) + ka(t, ).
It is easily seen that k& € KCs. Moreover, we shall prove below

Lemma 4.5. Assume (1.4). There exists vy > 0 depending on v and v such that: for all v < vy, if (H)
holds, then the kernel (t,T) — K(t,T) has a resolvent R = R(t,T), and

K@), ST, [1R(E )]k, S 1.

Assuming for the moment that this lemma is satisfied, we now prove that || ks||x, — 0 as v — 0. Let
a € (0,1) to be specified, b := z—, and decompose:

oo =
[K2llcs < sup /0 (e”“”” — DIt t = 1)l s, e d
eR4

av bl Inv|v™ 3 (9] 1
< sup (/ / / )(eﬁouéT 1
teR4 av b|

o] _% )HK(tvt_T)‘|L(HS7H5)dT
2 sup Ii(t) + Ia(t) + Is(2).
teR

< <T>_% fort <av2

[un

Let > 0. Using the bound || K (¢,t — 7)| (s, 7r%)

Li(t) <

, see Proposition 4.1, we find
(e —1) < k for a small enough.

This @ being fixed, using the bound || K (¢,t — 7)||L(s, mrs) S Vi for 7 € [av™2,bv™2|Inv|], ¢f. again
Proposition 4.1, we get

Ig(t) S anobyl/4 S.; V1/471/8 <k

for v small enough. Eventually, using the second inequality in Proposition 4.1, we get

e 2 -+ o _ 5k
I3(t) < ) elmo=m)v27qr < =5 tm=m)b — 150y
. _1

|[Invjv™ 2

for v small enough. Hence, || k2 ||, goes to zero with . By Lemma 4.4 and Lemma 4.5 (still to be proved),
we deduce that the kernel & has a resolvent 7, with ||r|xc, <

< 1. Proposition 4.2 is then a direct consequence
of Lemma 4.3. The only missing step is the proof of Lemma 4.5, which is done below

O
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PROOF OF LEMMA 4.5. We remind for 0 < 7 < ¢ < T the formula

K(t,T)ug =StV - /p®pwf,

where 1y = 1y(t) is the solution of

3yt
ath—’—(u—i_p)‘vwa_VprT:Oa t>, T/’r‘t:rz—%p@?p:E(uo).

The first estimate of the lemma follows from the estimates of Proposition 4.1 (see the treatment of the kernel
ko for very close computations). To show that K™ has a resolvent with norm O(1), we shall again rely on
Lemma 4.4, seeing K as a perturbation of the kernel K (¢,7) = Ko(t, 7)1i<p, Where

forallT >t, Ko(t,7) =0, whilefor 7 <t, Ko(t,7)ug t71v, - / PR pir(t) 4.8)
where this time 1), is the solution (mean-free in z) of
- - - - 3yt
87&1/}7' +p-Vahr — VprT =0, t=>r, w’r|t:7' = _%p Qp: E(“O) (4.9)

The kernel K, corresponding to the case u = 0, was analyzed Fourier mode by Fourier mode in [8]. We
remind some elements of this analysis in Appendix A. This analysis shows in particular that there exists
vy > 0 depending on y and ¢ such that for v < vg the kernel K has a resolvent Ry satisfying

| Ro(t,7) Ik, S 1. (4.10)

It implies directly that K (¢,7) = Kq(t, 7)1« has for resolvent R(t,7) = Ro(t,T)1;<7 whose norm in
ICs satisfies the same bound. By Lemma 4.4, it is then enough to show that under (H’)

lim ||(K — K)||xcs = 0 @.11)
v—0

Let k > 0. We decompose, for some large T the difference as

T
(K = K)|lics S/O (K = K) (&t = 7)l| e m) A7

+/T <|’K(t>t - 7—)HL(HS7HS) + Hk(t,t - T)”L(HS,HS)> dr.

For the second part, we use the estimates of Proposition 4.1, which are also valid for K, as u = 0 satisfies

(H’): introducing ¢ = 77%

/ (HK<t = ) agazezey + VE (68 = ) agaze ey ) dr

cv ?|1n1/\ 400 B
/ / / 1 I) (HK(@t — )|l L(as,ms) + 1K (¢t — T)HL(HSJ_[s))dT

v~ 2|lnv

cv ?|lnl/\ 3 +o0 1
5/ dT—I—/ . y4dT—|—/ ) e MViTdr
T <T>2 v-2 cv” 2|Inv|

oo
1
</ 3dT+V1/4“HV’+V_%+mCSI€,

~

T (r)>

for T large enough (depending on ~ and ¢) and v small enough. This time T being fixed, we turn to the first
term. We claim that for v small enough, if (H’) holds, for all 7 < T’

(K — K)(t,t — )|l s, prs-1y) S V7. 4.12)
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Let us assume temporarily that (4.12) holds. We also have, by the third inequality in Proposition 4.1

_ 1
VI8t =)o ey + IE (=Tl gpepresery S —5 (4.13)

T2

for s = 3 L (any s’ € (0, ) would do). By interpolation of (4.12) and (4.13) , we get

(K — K)(t,t — 7)o, me) (4.14)
_ 0

<K = Bt = P sy (UGt = P gz gy + LRt = Dl g o)

< pil=0r730, (4.15)

with 6 such that s’ — (1 — §) = 0, thatis = ﬁ

)

(K — K)(t,t = )| poms,msy < WK (8t =) nes mrsy + 1K (6t = 7)o ey S 1

%. We deduce from this estimate and the estimate

that

T
/0 1K — B)(tst— 1) | gare ey dr

K T
2/0 ||(K_K)(tat_T)’L(HS,HS)dT+/ (K — K)(t,t — )| pms,ms) dr

+o0 .

<Ck+ nyiue)/ 7720 < O+ O3 < (C + 1)k,
K

for v small enough. As k is arbitrary, this proves (4.11). The final step is to establish (4.12). From the

definition of the kernel, we find for ¢ < 7' (otherwise all quantities are zero):

I(K = R)(t, Puoll et < [1(t0 — o) (D)o
The function 9 := v, — ), satisfies
oY+ (u+p) Vo —vApp = —u -V, t>7, Y=y =0.
A standard estimate yields (for s — 2 > %),

AulllFps-2 S Nullps—2 001352 + Nullage—2 1 Vatdr llggs-2ll1]3go—2-
Form <twitht — 7 < T (where we remind that T is fixed) this implies
t
- - 5 5
[P (@) ll3s—2 S / 19 () s [[u(@) l3gs-2dt” < sup [0 () lggs1v S Nluol| st
T T<t'<t

where the second inequality is coming from (H’) and from the standard Sobolev estimate sup,.< < |17 (') [ 5s-1 <

197 (7) || gs-1 = H?’”’Lp@) p: E(ug)|l3ys—1. Estimate (4.12) follows, and the proof of the lemma is concluded.
([l

4.3. Improvement of the bootstrap assumptions. The goal of this section is to prove the following:

PROPOSITION 4.6. Assume (1.4). Let g = 717(1) with 11 the absolute constant given in (4.2). There exists

5,8',0" vy > 0 depending on v and v such that for v < v the assumptions (BA0)-(BA1)-(BA2) imply

1
sup [u(t)||ms < [[tinllys-1e7™"", (4.16)
0<t<T
r 2 2 -1 3 -2 4 _3
v [ IV ()51 At S [inllys—v ™ + [[Yinll3emv ™2 + [[Yinllaav ™2, (4.17)
0

1

sup [[(t)|ls—1 S ([0 lggs-1v7 2. (4.18)
0<t<T
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In particular, there exists &y, depending on v and 1, such that for
3
il < dorr?
(BAO0)-(BA1)-(BA2) can be improved, with §/2,0' /2, 6" /2 replacing 6,0’ 0", and also such that (4.4) holds.

As explained in Paragraph 4.1, the last part of the proposition implies Theorem 1.
4.3.1. Bound on u. In all What follows, we take § < min ( i ) so that (BAO) implies (H’), and

results of Paragraph 4.2 can be applied. The starting point is Proposmon 4.2, which says that

sup e”O’mIIU(t)HHs S sup e"“”jt\lf(t)llHSa
0<t<T 0<t<T

with the source term

f(t)=St1V, - / P ® pSu(t,0)tin
s2

~509, - [ pep [ 8,60, (B (0BG + W ar))pl (7)) ar
=t finit(t) + fnr(t).

We remind that S, (¢, 7) is the solution operator of L = —(u + p) - V,u + vA,,. The first term is estimated
as

1
| finit (D)l zrs S 1 (Sult, 0)imie) 2ollas—1 S €™ [imitllpgs-1,
where the last inequality comes from (4.2). Similarly,

I ove )l < /0 1(57)Vp - (Bps [(GECu() + W ((r)p0(r)) ) ee=sdlr
< / emvh- (||vxu< ) ® V() st + [ Vau(r) © () et ) dr

t

e ) 17 (1967 gems + (7)o )b

0
t 1 1

< (sup_ ™7 lu(r) ) / &m0 (|19,0(7) fgges + [6(7) [gomr ) dr.
o<r<T 0

Hence,

1 1 t 1
v @llae < ( sup @ u(m)llae) / &m0 (157,007 fygems + 6(7) gor ),
T

where the second factor at the right-hand side is a convolution, resulting in

1 1 1
C FINA G 7S (OquTe"0”2T|\u(7)|st) (He_(’“_’”)”2 2@y Ve (211l £20/m)

e MO sz 0.1

5 _ 1
S (sup e u(r) ) (v IV Ol lz2om) + v IOl o1

<7<
1
S (sup €™ fu(T)||as) (8 + 6),
o<r<T
where the last inequality comes from (BA1)-(BA2). Hence,

1 1 1
sup " 7 u(t) e S sup ™ il lge- + (8 + 8") (sup ™ 7 |lu(7) | 110
0<r<T t>0 >0
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For 4’,6” small enough (with a threshold depending on ~ and ¢), we can absorb the second term at the
right-hand side, which implies the first bound of the proposition.
4.3.2. Bound on 1. We come back to the equation (1.3). Performing standard *~! Sobolev estimates
on the equation, we get
1d
5 g ¥l + VIVl S llullas [l + lul e 15,0
+ lullzs (19 llas-1 + 1Vptllpgs—1) [[9ll3gs-1-

At the right-hand side, the first term corresponds to the contribution of the linear term — % (p®p): E(u).
The second term corresponds to the contribution of the transport term (u + p) - V1, while the third one
corresponds to the contribution of V,, - (P, [(YE(u) + W (u))p] ¢). It implies that
1d
2dt
so that

15— + 5 IIprllw v S lullzs 19l + lull s [913e - + v~ ullzs 05— (4.19)

d _
g ler S lullas + (el + v il ) 19 gt

The Gronwall lemma together with the bound (4.16) that we have just established yield

_ 1 t _
1) s < [imllpee 3 exp ( [ Gl v 1Hu\|%1s)dr>

t ; 1 N
S ||win”7-[sfll/7% exp (/ (51/%@7770'/77' + 52y2e2r]0u77d7>
0

< ™ |02,

for v small enough. Back to (4.19), integrating from 0 to ¢ and using (4.16), we find

t
14 —
2/0 IVpw 13 S llvbinll3ge—r +/ (lall s 1 lags—1 + Nl (13- + v s 9151 ) dr

5
2

_ _3 _
S inllgems + 1™ 310 ™" + 1inl3gea v ™2 + il e-rv

; _ _3 _5
S 1™+ i1 v 2 + im0 2.
Appendix A. Resolvent estimates in the linear setting

~ The goal of this appendix is to show that the kernel Ky defined in (4.8) has a resolvent Ry satisfying
| Rollic, < 1. As the equation in (4.9) is autonomous in time, we have Ko(t,7) = Ko(t — 7)1,<¢, with

Ko(t)ug == SV, - /S2p®pw/70(t>-

Accordingly, we look for a resolvent under the form Ry (¢,7) = Ro(t — 7)1,<;, where Ry is the resolvent
of Ky for the usual convolution product

Ry + Ko x Ry = Ry + Ry x Ko = Ky, f*g /f t—T

In this case, || Rolx, = 1 Roll L1 (® ,L(ms,m+))- Hence, we want to show

I Rollz: ey Loms,mey) S 1- (A.1)

The properties of K have been studied in [8]. More precisely, we performed a mode by mode Fourier
analysis in x, with the study for an arbitrary k € 2773 of
37t ‘k®u0+uo®k

3t1/3k+ip-k1/3k—VAp¢k=07 t>0, @k\tzoz—ﬂp@@ﬂ 5




NONLINEAR STABILITY FOR ACTIVE SUSPENSIONS 39

and '
~ 1 o
Rilt) = o [ p kPepihu(t) € LT

The analysis in [8] showed in particular that under the spectral condition T'TL" < T, the K}, has a unique

resolvent Ry, satisfying || Ry|| (k) < Ck where Cj is independent of v, depends on 7, ¢ and possibly
on k (the depende_:nce with respect to & was not examined in details in [8], see below). Note that for
U= jconys We™ T, one has
Kotlu= Y Ky(t)ige™*”
ke2nz3
and, at least formally,
Ro(thu= > Re(t)ize*?.
ke2nZ3

The remaining step is to show convergence of the series defining Ry, and to get a bound independent of v.
This requires more accurate bounds on the Ry, for k € 2rZ3. We shall distinguish between low and high
frequencies: for some cut-off frequency NV to be fixed later, we write

R%(t)u = Z Rk(t)ﬂkeik'x, Rg(t)u = Z Rk(t)ﬂkeik.x.
k|<N |k|>N
We will prove that there exists IV, depending only on y and ¢ such that
A 1

sup |Ri(t)] S ——, V0. (A2)

|k|>N (1+1t)2
As ||Rg(t)u||Hs < SUPjs N | R (t)|||w|| 7+, one has easily ||RgHLt1(R+7L(Hs’Hs)) < 1. This N being fixed,
RY is made of a finite number of terms, for which the bound || Ry|| (ry) < Cj allows to conclude that
|]RI[’)HL%(R+7L(H37H5)) < 1, which in turn yields (A.1).

To prove (A.2), let

k R
t, = |k|t> k/ =7,V = ) wl’(t/) 7¢k‘(t)
|| k" F ||
so that
A ~ A N 3 K k'
Ol +ip Ky — /Dyl =0, 120, df=—"pap: ® to "; U0 ®
s

We further introduce
f(k/ (t/)UQ = i/S2 p- k‘/P(k/)J_p 17;/14’ (t)
It is an easy verification that
Ki(t) = Ky (|klt).

The analysis of [8] was actually focused on the normalized kernels K,  (normalized because |k'| = 1).
There, it was shown that there exists vy, Co, 11, m depending on -, ¢ such that for / < 1 following
inequalities hold
In(2+t)
(141t)2
K ()] < Cov/|In(W)[™ Wt € [v/~2, e[ In(v)|(/) 2],

1

3

IN
—
<
Ny
|
[NIE

|Kw (t)] < Co vt/

Y

~ / 1 ’
|Kp ()] < Coe ™2 it > el In()| (V) 2.
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Taking c large enough compared to 71, these estimates imply

. 1
K ()] S ———
(I1+1t)2
(any power less than 2 would do). Hence,
. 1
[Ke()] S
(1+[k]t)?
This implies

For N large enough, we have in particular that || K || L1(r,) < 1, and we know in this case that the resolvent
is given explicitly by the Neumann series

Ry, = Z(_l)j(f{k*)]f{k-
j=0

It is moreover straightforward to show that if

C - C
FOIS —L—, [Kut)] € ——
(1 + [k[t)2 (1 + [k[t)2
then for some absolute constant Cj
N CoC+C
[Rpx f(1)] < ——L5r
[K[(1+ [k[t)>
By induction we get
. . CoCr\J C
(R Ri(0)] < (F175) ——
[/ (1 + |k|t)2

Eventually, for N large enough so that % < 1, we find

P S e
SV @t knE T (1 ko

The result (A.2) follows.
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