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ABSTRACT: In this paper, we consider the effect of interactions on the local, average po-
larization of a quantum plasma of massless fermion particles characterized by vector, axial,
and helical quantum numbers. Due to the helical and axial vortical effects, perturbations
in the vector charge in a rotating plasma can lead to chiral and helical charge transfer
along the direction of the vorticity vector. At the same time, interactions between the
plasma constituents lead to the dissipation of the helical charge through helicity-violating
pair annihilation (HVPA) processes and of the axial charge through the axial anomaly. We
will discuss separately a QED-like plasma, in which we ignore background electromagnetic
fields and thus the axial charge is roughly conserved, as well as a QCD-like plasma, where
instanton effects lead to the violation of the axial charge conservation, even in the absence
of background chromomagnetic fields. The non-conservation of helicity and chirality leads
to a gapping of the Helical, Axial and mixed, Axial-Helical vortical waves that prevents
their infrared modes from propagating. On the other hand, usual dissipative effects, such
as charge diffusion, lead to significant damping of ultraviolet modes. We end this paper
with a discussion of the regimes where these vortical waves may propagate.
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1 Introduction

Anomalous breaking of continuous internal symmetries in chiral fluids leads to the emer-
gence of a distinct class of gapless hydrodynamic modes that appear in nontrivial back-
grounds such as classical electromagnetic fields or curved spacetimes [1]. A celebrated
example of such modes is produced by the coherent interplay of two anomalous transport
effects: the Chiral Magnetic Effect [2-4] and the Chiral Separation Effect [5, 6]. Both these
transport phenomena, which appear as a result of the activation of the axial anomaly in
the magnetic field background, generate a vector (chiral/axial) current in the regions with
a nonvanishing chiral (vector) density. These effects yield a closed system of propagating
vector-axial oscillations in currents and densities, known as the Chiral Magnetic Wave. This
anomalous hydrodynamic excitation might manifest itself in the quark-gluon plasma and
could potentially exhibit distinguishing characteristics that might be observed experimen-
tally |7]. It is worth stressing that the word “gapless”, originating from the condensed matter
literature, implies that the excitation has no mass gap in its energy spectrum, making it
somewhat similar to the acoustic sound waves.

Vortical backgrounds — represented, for example, by whirlpools in fluids or plasmas
— host a similar class of hydrodynamic phenomenon known under the common name of
Chiral Vortical Effects [8, 9]. These vortical transport effects generate intertwined oscilla-
tions of vector and axial currents, as well as their charges, propagating along the rotation
axis [10]. The resulting Chiral Vortical Waves, which are supported by the presence of the
chiral anomaly and its mixed chiral-gravitational counterpart [11], were suggested to exist
in rotating quark-gluon plasmas that are created in highly-vortical noncentral heavy-ion
collisions [10].

The picture described above traditionally represents a chiral fluid as a two-component
system that includes only vector and axial degrees of freedom that propagate coherently.
However, at this point, it is worth noticing that fermions possess a third type of quantum
number associated with the fermion helicity, which is distinct from the vector and axial
charges [12]|. Helicity and chirality are distinguishable physical properties of fermions that
are often inaccurately identified with each other [13, 14|. The presence of this additional
third characteristic of the fermion ensemble leads to the associated helical vortical transport
phenomena that affect, in particular, the spectrum of the hydrodynamic modes [14].!

In our companion paper [16], we have been exploring the role of helical degrees of free-
dom in vortical chiral fluids in an academic dissipationless limit when both axial and helical
quantum numbers are conserved. This study has confirmed the presence of the Helical Vor-
tical Wave [14], which corresponds to a gapless hydrodynamic excitation acting mainly in
the helical and vector sectors of charge densities. Surprisingly, it also has uncovered yet
another gapless wave in the system: the Axial Vortical Wave, which is driven by a purely
axial wave accompanied, in the presence of vector (baryon) or helical (spin-polarized) back-
ground, by coherent fluctuations in axial and helical /vector charges and their current. At

'Here, for completeness, we mention that similar, helicity-related nontrivial transport and associated
hydrodynamic modes in the magnetic field background has been uncovered in Refs. [15]. In this paper, we
concentrate only on rotating systems.



high vector (baryon) densities, where the fluid becomes degenerate, both the Helical and
the Axial Vortical Waves merge into a hydrodynamic excitation, the Axial-Helical Vortical
Wave. The fascinating feature of the Axial Vortical Wave is its spatial non-reciprocity,
which makes this hydrodynamic mode distinguishable from the usual acoustic waves: a
pure Axial Vortical Wave propagates only along the direction of the angular velocity while
is unable to travel in the opposite direction.

This paper aims to study the fate of the hydrodynamic vortical excitations in realistic
plasmas, which are characterized by axial and helical charge relaxation as well as kinetic
damping effects. A similar analysis has been extensively applied to determine possible
experimentally observable signatures [17, 18] of a similar excitation, the Chiral Magnetic
Wave, that emerges in the magnetic field background and incorporates oscillations of the
vector and axial charges [19, 20|. In addition to the standard axial charge relaxation effects —
related to the fact that the axial charge is not a conserved quantity in quantum field theory
— the vector sector is also subjected to relaxation effects caused by the electromagnetic
backreaction [20]. The latter phenomenon is supported by a finite electrical conductivity in
plasma that leads to an efficient screening of the local vector charge fluctuations carrying
nonvanishing electric charge density. As a result, the Chiral Magnetic Wave is essentially
“overdamped” in realistic environments such as quark-gluon plasma: the relaxation length
of the wave appears to be shorter than the half-period of the wave oscillation [21].% In the
vector-chiral sector of rotating plasma, a related analysis has been performed in Ref. [23],
where various waves were analyzed, including the longitudinal sound wave, a circularly
polarized vortical wave and diffusive modes that involve an oscillating vector charge density.

Here, we include in the analysis the helical charge, which enriches the spectrum of the
hydrodynamic excitations. In particular, the Helical Vortical Wave [14] involves the oscilla-
tions of the helical and vector charge densities, and, therefore, our analysis gives a higher,
conservative bound of the wave propagation length caused by the helical charge relaxation
and kinetic dissipation effects. The electromagnetic backreaction of the vector charge den-
sity, not considered in this paper, will restrict this length even further. On the other hand,
the Axial and Axial-Helical Vortical waves, found in the companion paper [16], are driven
essentially by electrically neutral helical and axial charge densities, and therefore, they are
not subjected to the backreaction coming from the electromagnetic sector associated with
the vector charge fluctuations.

One may argue that the helical degree of freedom is as good (bad) as the chiral charge
of massive fermions: neither of them is conserved in the physically relevant theories, such
as massive QED or QCD. Chirality is not conserved for massless fermions either, due to
instanton-like effects that are present in the QCD medium even in the absence of back-
ground chromomagnetic fields. In the relaxation time approximation, the pertinence of
these quantum numbers for the dynamics of the system is determined by the relative order
of magnitudes of the axial, 74, and helical, 7, relaxation times, which show how fast these
charges dissolve in the system. Similarly to the axial (chiral) charge [24, 25|, the relaxation

2A recent work [22] highlights the regimes, in which the Chiral Magnetic Wave can still be observed in
a condensed matter setup as an underdamped collective mode in a Weyl semimetal which hosts relativistic
fermionic quasiparticles similarly to quark-gluon plasma.



of the helical charge might also be a rather fast process [26]. In addition to the charge
relaxation times, the system is also characterized by the kinetic relaxation time 7, which
encodes how fast fluctuations in the thermodynamic characteristics of the system (such as
pressure and energy density) relax towards the thermodynamic equilibrium. In general, all
three relaxation times, 7g, 74, and 7y, are independent of each other. An expression for
7h was derived in Ref. [14] for a neutral plasma. In this paper, we will extend this deriva-
tion for the case of a finite vector imbalance, encoding a difference between the number of
particles and anti-particles in the system, which is necessary in order to assess its relevance
in the limit of a degenerate (dense) system. A similar calculation for the axial relaxation
time is beyond the scope of this work; as such, an analysis must be performed in fully
non-perturbative QCD using, e.g., lattice methods.

Below, we concentrate on the theoretical questions related to the very existence of
vortical modes, their spectrum, and their lifetimes. The discussion of their experimental
signatures will be presented elsewhere.

The structure of the paper is as follows. In Sec. 2, we briefly present the setup for
the study of linear perturbations in the quantum plasma with vector/axial /helical degrees
of freedom, following the approach in Ref. [16], which we extend to the case when the
helical and/or axial charges are not conserved. Our focus is on the case of an unpolarized
background plasma, in which both the helical and axial chemical potentials vanish.

In Sec. 3, we take into account the non-conservation of the helical charge stemming
from local processes using a relaxation time approximation. Such a scenario is relevant
for a massless QED plasma, where both vector and axial charges are conserved due to
an unbroken U(1) gauge symmetry and the vector nature of inter-particle interactions,
respectively. The Chiral Vortical Wave is then recovered in the limit where the helical
charge dissipates instantaneously. An interplay between Chiral and Helical Vortical Waves,
as well as a distinct role played by the Axial Vortical Wave, are discussed.

In Sec. 4, we study the spectra of collective excitations when both helical and axial
charges are non-conserved. We show that the relaxation of helical and axial charge densities
affects the spectrum of the wave in a different manner.

Section 5 discusses in detail the effect of the kinetic dissipation, which appears at the
level of corrections to the energy-momentum tensor and the charge currents. In a realistic
fluid, this type of dissipation has different roots than the charge relaxation (for example,
of axial or helical charge densities), as it occurs due to inter-particle interactions, which
drive the system towards thermodynamic equilibrium. As anomalous transport also leads
to charge and heat flow in the fluid rest frame, the kinetic dissipation has the effect of
shifting the phase velocities by an imaginary quantity, leading to a gradual dissolution of
the waves. The corresponding kinematic relaxation times are estimated.

Finally, we briefly summarize in Sec. 6 our findings for the non-trivial modifications of
the wave spectrum due to the non-vanishing lifetimes of the helical and axial charges.

In Appendix A, we show that an alternative prescription to incorporate the relaxation
of helical charge gives rise to an unphysical instability. Appendix B is devoted to the
generalization of the expression given in Ref. [14] for the helicity relaxation time 7 to the
presence of a finite vector imbalance.



2 Hydrodynamic description of waves in V/A /H fluids

In this section, we briefly review the anomalous transport in the presence of rotation. In
Subsec. 2.1, we review the constitutive equations for the energy-momentum tensor and the
charge currents for a Dirac fluid with vector, axial and helical imbalance, undergoing rigid
rotation, as seen in the Landau (or energy) frame. We then summarize the treatment of
small perturbations around this rigidly rotating state in Subsec. 2.3.

2.1 Landau frame decomposition for slow rotation

Let us consider a Dirac fluid characterized by the vector (V), axial (A) and helicity (H)
quantum numbers undergoing rigid rotation with angular velocity 2 about the z axis. In
a region close to the rotation axis, where p{2 < 1, and considering S} < 1, the energy-
momentum tensor and charge currents of this fluid can be approximated as

TH ~ Egutu” — PgAM + u'Wg +u"WE,  J)' ~ Qu* + VY, (2.1)

where W = Jg; Bw“ and V¥ = a‘éjﬁw“ represent the heat flux and diffusion currents in the
fluid rest frame, w* = %zs’“‘mu,ﬂ'?/gu7 ~ Q*, is the vorticity four-vector and we neglected
terms of quadratic or higher order in Q. In the above expression, u#9, = I'(0; + Q0,)
is the four-velocity of a rigidly-rotating fluid, which defines the so-called 8 hydrodynamic
frame. The energy density Ejg is related to the pressure P through the ultrarelativistic
equation of state, £ = 3P. The charge densities ()y and the heat epp and charge ops
vortical conductivities, measured in the g frame, can be obtained from the thermodynamic
pressure P via

_op v —Q W 10Qe
Tope T TEY T T oy

To linear order in §2, one can employ the Landau hydrodynamic frame, by which the

Qe (2.2)

four-velocity uf satisfies T#,uY = Eul/, with E being the energy density and T"” the
energy-momentum tensor. The Landau and g-frame velocity are related, to leading order
in Q, through uf = u* + o“w"/(E + P). Applying a Lorentz boost along the z axis
brings the Landau frame velocity to the form corresponding to rigid rotation, such that the
energy-momentum tensor and the charge currents read, to leading order in €2, as follows:

TH = Bufu’ — PAM, ' = Qu + o wh. (2.3)

The new Landau-frame vortical conductivities are related to the ones in the § frame via

QeQ4
=

(2.4)
where the last term represents the contribution from ¥ = Q4.

2.2 Non-conserved charges

Our work is concentrated on hydrodynamic systems that possess non-conserved charges
associated with axial and helical degrees of freedom. The non-conservation of axial charge
is caused by the axial anomaly in both Abelian (like QED) and non-Abelian (QCD) theories.



In the massless quark limit, the anomaly leads to topologically induced dissipation in QCD
due to either inter-vacuum tunnelling or thermal, sphaleron-induced processes related to
the breaking of the axial symmetry by the axial anomaly [1, 27-29]. The conservation
of axial charge is also spoiled by an eventual non-zero fermionic mass, which, however,
provides a relatively small effect for light quarks in heavy-ion collisions. In addition, the
conservation of helical charge is also violated, both in QED and QCD, through the so-called
helicity-violating pair annihilation (HVPA) processes (see Sec. 5.2 in Ref. [26]).

The non-conservation of a charge () and the corresponding charge current J is often
implemented in the relaxation time approximation:

VMJME%CS—FV-J:—?, (2.5)
where the relaxation rate is given by the appropriate relaxation time scale 7. Equation (2.5)
breaks Lorentz symmetry, thus indicating that the charge relaxation occurs only in the
presence of matter and/or in thermal background.

It is understood that Eq. (2.5) holds in the vicinity of charge neutrality, where @ — Q)
represents a small charge fluctuation around an otherwise uncharged background state.
Large (persistent) departures from Q = 0 may be possible only in a far-from-equilibrium
system, where the hydrodynamic description considered in this paper may not necessarily
hold. Indeed, we are relying on a grand-canonical ensemble description of the system, where
a chemical potential y describes charge imbalance, and such a chemical potential only makes
thermodynamic sense if the charge @) is (approximately) conserved. Introducing the charge
susceptibility, x = 0Q/0u, Eq. (2.5) can be rewritten as

VoI =X (2.6)
T
The above prescription applies straightforwardly to the case when the system supports
a single charge, which is approximately conserved. In the presence of more than one charge,
there are, however, two different ways how to generalize the charge non-conservation equa-
tion (2.5) in the relaxation time approximation, depending on whether we describe the
chemical force that drives the charge relaxation as either the charge itself or the corre-
sponding chemical potential. The difference between these approaches arises from the fact
that in a system with multiple charges, the condition that a given charge ), vanishes does
not imply that its associated chemical potential disappears, and vice-versa. Therefore, it is
important to discriminate between these two pictures of the charge relaxation as they lead
to two physically different outcomes.
In the first approach, one assumes that the system relaxes towards a state with van-
ishing Qg charge. The susceptibility becomes a matrix,

XOp = XeerOpr + xerdT (2.7)

where xppr = 0Q¢/Oup and xer = 0Q/0T. The variation of the charge density in the
right-hand side of Eq. (2.5) should be taken with respect to the variation of all chemical
potentials that exist in the system, as well as with respect to the temperature. In our



case of the V', A, H triad, the non-conservation (2.5) for the charge current Jf thus gets
generalized to the following form:

1
Vulp =—— Z Xee Opuer + XerdT | (no sum over ¢ =V, A, H). (2.8)

-
E\p=van

The conservation of the vector charge is encoded in the infinite vector relaxation time
Ty = 00. The other two relaxation times, 74 and 7f, are, generally, finite quantities.
Notice that despite the vector charge being a conserved quantity, in this prescription, its
fluctuations affect the conservation of the other two charges so that the sum over ¢ in the
right-hand-side of Eq. (2.8) runs over all three charges in the V; A, H triad. While the
proposal in Eq. (2.8) is in principle viable, detailed analysis within our V', A, H system
indicates that it leads to instabilities appearing at the level of the linear modes governing
hydrodynamic fluctuations (see Appendix A for a more detailed discussion).

Our preferred approach is to work on the basis of the chemical potential, which implies
that the dissipation of the charge is controlled not by the magnitude of the charge density in
the right-hand side of Eq. (2.5) but rather by the magnitude of the corresponding chemical
potential. One argument supporting this approach is based on the Chiral Magnetic Effect,
giving rise to the Chiral Magnetic Wave. Indeed, the non-conservation of the axial charge
appears due to the presence of the anomalous triangular diagram with the axial-vector-
vector (AVV) vertex corners. The anomalous generation of the vector current (one V-
corner) along the magnetic field (another V-corner) is given by the same diagram, whose
remaining A-corner directly links the magnitude of the generated current with the axial
chemical potential and not the axial charge density. In this sense, the densities serve as
the auxiliary thermodynamic characteristics of the system. At the same time, the chemical
potentials play a primary role in the grand-canonical description of a system, while charge
densities are derived quantities. In addition, the fact that a chemical potential for non-
conserved charges is not well-defined, in a thermodynamic sense, quantity suggests that a
system with non-conserved charges should be equilibrated to a state where such chemical
potential is absent. Taking these considerations into account, we propose that Eq. (2.5)
should be generalized as follows:

VMJ; = —%5W, (no sum over £ =V, A, H), (2.9)

which amounts to taking only the diagonal element in Eq. (2.8).

In summary, while the two approaches are identical in the case of a single-charge system
[c.f. Egs. (2.5) and (2.6)], they differ for systems that contain more than one charge.
Since the charge dissipation is taken into account within an effective charge-relaxation-time
formalism, we are free to choose between any of these prescriptions to proceed further.
To this end, we notice that the first approach gives rise to unnatural unstable modes, as
we point out in Appendix A. We will, therefore, focus our discussion only on the second
approach.



2.3 Linear perturbations

Following Ref. [16], we take small perturbations on top of the rigidly-rotating state. For
definiteness, we consider only longitudinal perturbations along the vorticity vector, such
that du* = 6udy. The detailed derivation of the equations for the linear perturbations is
presented in Ref. [16], and for the sake of brevity, we do not repeat it here. Instead, we list
the results:

DE+ (E+P)§=0, (2.10a)

(E + P)Du* — VP =0, (2.10b)

DQy + Qv + w"d, 0% + o 0,wt =0, (2.10c)

DQa + Qa0 + wHd, o4 + 040w = —Z;T/:A, (2.10d)
Tun

DQu + Qub + w"0uof + oot = — - (2.10e)

where D = uf'0,, represents the comoving derivative, V# = A#”9, is the spatial gradient
in the fluid rest frame, while 6 = J,u* is the expansion scalar. As we already discussed in
Sec. 2.2 at the level of the charge currents, all three currents J{j JA/H would be conserved in
a quantum field theory of free (non-interacting) massless fermions. This is certainly true
also in the quantum case for the vector current when @J{} = 0. Contrary to Ref. [16], in
this paper, we take into account the non-conservation of the axial and helical charges in
the so-called relaxation-time approximation.

We now consider the Fourier decomposition

Fz,t) = f(z,t) + 6f(t,2),  6F(t,2) = / " ak et e WIS £ (k), (2.11)

—00 w

where w(k) represent the angular frequencies determined by the system of Eqgs. (2.10).3

In order for linear perturbations to be applicable, we consider an unpolarized back-
ground state in which 4 = pg = 0. Then, the right-hand sides of Eqgs. (2.10d) and (2.10e)
are also linear in perturbations. Overall, considering the Fourier mode characterized by k
and w(k), Egs. (2.10a) and (2.10b) reduce to

—3wé P, + 4kP,du, =0, koP, — 4wP,ou, = 0, (2.12a)

while the equations for the charge currents become

Z'TZCS/M
31y

Z (w(5£7zl — kQ 60’@ > (5le — kﬁaﬂ(ﬂj — (l{}Qe — 2WQO'ZJ)(5’LL = — 5 (212b)

U=V AH Qe op

where we set 7y — 0o as the vector charge is conserved.

31t is important not to confuse the angular frequency w = w(k), which determines the time evolution of
fluctuations (2.11), with the vorticity w* which enters, for example, the system of equations (2.10e) being
associated with the local angular velocity of the vortical fluid.



The perturbations in the energy-momentum sector, described by Eq. (2.12a), are not
influenced by perturbations in the charges, 6@Q;. The non-trivial solutions of Egs. (2.12a)
correspond to the acoustic modes,

wi =xck, ¢, =1/V3, (2.13)

with ¢ being the speed of sound in an ultrarelativistic ideal fluid. For the charge modes,
Egs. (2.12a) enforce 6P, = du, = 0, such that Eq. (2.12b) becomes:

2
(06Qs — k5o%)| = L ome

(2.14)
5P=0 37

The above equation involves the variations Q¢ and doj of the charge densities and vortical
conductivities at constant pressure. Thinking in terms of the grand canonical ensemble

parameters, the constraint § P = 0, together with the thermodynamic relation § P = s07T +
> ¢ Qe leads to the constraint

Qe
0T = — Yy —duy. :
> 25, 2.15)
¢
Subsequently, Eq. (2.14) can be written in terms of fluctuations in the chemical potentials,

iT?
Mpdpg =0, My = wT?MY, — KQTM, + 37,55“” (2.16a)

where we introduced the following notations:

1 (0Q¢ 3QuQr  Quji 0Q
= — — . 2.1
w2 <8W/ ST T oi )’ (2.16b)
1 (0dy 209Qp Quii 0¥
M, = = (£ - = L) 2.1
w = <0W T ST o (2.16¢)

2.4 Unpolarized background

The pressure corresponding to an ensemble of non-interacting, massless fermions and anti-
fermions with polarizations A = +1/2 is given by [14, 16]:

T _
P=-— > Lig(—etor/T), (2.17)
o,

where Lig(z) = Y o2 | 2™ /n® is the polylogarithm function. In the above, p, 5 is the effective

chemical potential arising from vector, axial and helical imbalance,

Hox = Qo [ = opy + 2 g + 20 g, (2.18)

with ¢, collecting the vector, axial and helical charges of a fermion (o = 1) or antifermion
(0 = —1) with polarization A = +1/2, namely

q(‘T/A =0, Q?A =2, qg,\ =2\o. (2.19)



The charge densities and vortical conductivities in the S frame read

oP T3 . T
Qe = O B _ﬁ§ :QU,)\L13(_€MU’)\/ ), (2.20)
9N
10Qy T2 0 -
A 2)\ L - HO_’)\/T . 2.21
7 =5 Opa 22 ZU/\ GoLiz(—e ) (2.21)

Let us now specialize the above expressions to the case of an unpolarized background
state characterized by pa = pg = 0. Using the following properties of the polylogarithm

function,
Tt w2a? ot
L. L« L- _ _ _ 2.22
(=€) + Lia(=e™) = =365 = 5~ ~ 3 (222)
2 3
Lig(—e) = Lig(—e™") = =75 = %, (2.23)
7T2 CL2
Lig(=€") + Liy(=e™") = =% = 7, (2.24)
we find
pl TET T oy T, i
180 6 1272 3 3m2’
T . T R
o= [L12(_€ mv /Ty _ Lig(—etv/T)] oY = <t #, (2.25)

while Q4 = Qp = of = 0. Since Q4 = 0, the vortical conductivities in the Landau frame
coincide with the corresponding conductivities in the S frame:

w_ g Qale _

= oy, =074 2.2
T O-évﬁ F + P 4B ( 6)
We now divide Eq. (2.16) by T? and obtain
i
wMy — KQM?E/ + §5@74/ dpe =0, (2.27)
¢
where we introduced the parameter
kQ

which has a sense of a normalized momentum. Taking into account the following expressions
for the derivatives of the charge densities and vortical conductivities with respect to the

chemical potentials,

20, o4 0 0 9o 1 0 py TL
) =2 0 O'(z O'ﬁ y 877 = ﬁ 247 0 0 5 (229)
O pa=pui=0 0 0% 0¥ e TL 0 0

~10 -



with L = 21In (2 cosh £%), we find for M,, and Mg the following expressions [16]:

o (05-%AH 0 0 0 LA LB
M., = 7 0 o4 o4 |, Mo=|4 0 o0 |. (2.30)
0 oh o4 B 0 0

In the above, AH = H — 1 with H = (e + P)/sT = 1+ pyQvy/(sT), while A and B are
defined as

_av Qv s HL 20y ,

72 3s’ 72 sr2 i (2:31)

For future convenience, we list here the large-temperature behaviour of the above functions
when ay = py /T is small:

T2 21n2 1502
O-(;)X = F + 277_}_/27 O-% = 2 TQO[V + O(a%/)a H=1+ 77_[_2‘/ + O(O[%/),
20y 2ln2  7r? —120In2
L=2In2+0(a%), A= Tt O(ad), B= = S5 o2 4+ 0(af).
(2.32)
At large chemical potential, when |ay | — 0o, we have
% 2372 20y 472
H="Y(1+=2" +0(ai* A= 1— O(a=2
2 < T 5az " (ay >> ’ 372 ( T5aZ * (v )
48\/Qv 48V 48\/0&\/ 87T2 _4
= H-1)~ 1 . 2.
m2s 7T2Oév( ) md + 1503, +0(ay) (2.332)

In what concerns the quantities L, B and oy, their large-ay behaviour receives exponentially-
damped corrections of the form e~1®vI, which can be accessed taking into account the sign
sy = sgn(uy) of py. Then, one obtains trivially:

25v Qv

2
L~lay|+27ovl B_spA~ - (H—i—
7r s

272
—|ay| w W~ —lay]
> e s T4 Syopg =~ 7‘(’2 e .
(2.33b)

In order to find the angular frequencies supported by Eq. (2.30), we must solve the
equation det Ml = 0. Writing

1 ) 7
—M =wM, — koM —1 —1Iy, 2.34
T2 wM, — koMo + 374 A+ 371 H ( )

with ]Iﬁ, = dpa0p 4 and ]IZ, = 0y 0y, one can obtain det (%M) as

7

i | (s - an) 5B
374

1
det <2M> = det(wM,, — koMq) +
T —koB

2w _w
7204
1

3Ty

% (o4 - FAH) —5A

—KkoA 7509

2w T2
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The first term evaluates to

dertets — o) = (29) (o5~ 5 88 ) 07 - (03

2
(A2 + B%)oY — 2ABo%]. (2.36)

Solving the other 2 x 2 determinants finally gives

det [ WM, — kMg + — 5 + ——I 4
3ty 37

w w2 2 2
= % { (;g) (a% - %AH > [(09)? = (6%)%] — ﬁﬁ[(A2 + B%)oY — zABa;;]}

2w\ (., T? 11 k2, (A2 B2
i _ZAH)[—xr )2
<T2> 74 <GA 3 TH * TA H \71y * TA

2

2w w T

L
3

Given a particular solution w, to the previous equation, i.e. a collective mode of the system,
the perturbations of the chemical potential are related through Myyduy = 0. Specifically,
solving the second and third rows (¢ = A, H) gives:

|25 (A0 — Bog) + 55 A] kadis

(SH*A = 2w 2 w\2 w2 2w w 1 1 1 )
(77)"1(02)* = (o)) + 575 04 (a + E) = 9ramm
2w i *
Suly = [w (Bo — Aofy) + 37, B} KOy, 2.38)
2 . .
(3)° (092 — (o2 + 250 (£ + 1) - 5l

The previous solutions are valid so long as the denominator does not vanish for the par-
ticular mode w, Looking ahead, we note that we will encounter the opposite situation in
Subsec. 3.2). Then, it is more convenient to solve My dup = 0 for the first and second rows

(¢ =V, A) and take dup as the reference amplitude. The relations between the amplitudes
are given by:

[ZT‘“; (AoYy — BoY) — iB} KOs

py = N
A2 — 2 H (04— ST2AH) (%204 + 5
|(3)" H (o — §T2AH) 0% — ABrd| oy
oy = (2.39)

A2 — 2 H (o4 — ST2AH) (%204 + 5

We stress that Eqgs. (2.38) and (2.39) are equivalent for a given mode w, provided the
denominators do not vanish.
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Before ending this section, we quote from Ref. [16] the solutions for the angular veloc-
ities satisfying Eq. (2.37) in the case of conserved axial and helical charges, corresponding
to the 74,7y — oo limit:

Wim. = 0, w,f =4

kT2 ¢ 0%(A2 + B2) — 2ABo% (2.40)

T2 :
2\ H(o% - ZAH)[(0%)” - (09)’]
The mode wiy,, = 0 corresponds to a non-propagating mode for which the vector pertur-
bation does not fluctuate, 5/}‘5“' = 0. We added the “im.” subscript to refer to this mode,

as in the presence of a finite helicity relaxation time, this mode develops a non-vanishing
imaginary part. Instead, the axial and helical perturbations are linked through

ASp' + Bopi- = 0. (2.41)

The other two modes make up the helical vortical wave. Taking 5,u‘j§ as the reference
fluctuation amplitude, the axial and helical amplitudes become

_ T*(Bo4 — Ao{))kq  ht
2wy [(04)? = (052 "

ne _ T*(Ao — Bog)ka o nx
A T )
2wy [(05)% = (o) "

gy (2.42)
In Sec. 3, we shall study Eqgs. (2.37) and (2.38) for the cases when 0 < 77 < 0o (the helical
charge has a finite relaxation time and thus it is not conserved) and 74 — oo (the axial
charge is conserved). The case with finite 74 will be studied in Sec. 4. In both cases, we
will take various limits, such as the high temperature or the degenerate gas limit, discussing
the effect of charge non-conservation on the wave spectrum uncovered in the case of the
VAH plasma with conserved charges, discussed in Ref. [16].

3 Non-conserved helical charge

In this section, we take into account the non-conservation of the helical charge due to local
scattering processes. At the same time, we keep not just the vector but also the axial charge
conserved, which amounts to letting 74 — oco. This situation can be encountered, e.g., in
a QED (electron-positron) plasma in the absence of external electromagnetic fields, when
the axial anomaly vanishes, and the axial current is conserved both at the classical and
quantum levels.

As in the previous section, we will consider a plasma with vanishing helical and axial
background (mean) chemical potentials. The assumption of vanishing helical chemical
potential is justified by the fact that at finite values of 777, the violation of the conservation
of helical charge prevents introducing the helical chemical as a Lagrange multiplier in the
grand canonical ensemble. The assumption of the vanishing p 4 background is not imposed
physically but is technically convenient for the simplified analysis. The generalization of
our discussion in this section to the case of finite p4 is relatively straightforward. All in
all, Eq. (2.9) becomes

2

T
Vuly =0, V. Jy=0, V,J;= _E(SMH' (3.1)
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Physically, the non-conservation of helicity in QED arises from helicity-violating pair-
annihilation processes of the form eEeZ — eze}}. Each such process violates helicity by two
units while preserving chirality. Analogous processes are mediated by gluon interchange in
QCD. For small helical imbalance, the helical relaxation time arising from such processes
was estimated for QCD in the weakly-interacting regime as [14]*

250 MeV 1 2
QCD — 48 f 2
Ty < T > <06QCD) <Nf> x 4.8 fm/c. (3.2)

An extension of the above expression to the case of finite background vector chemical

potential is provided in Appendix B.
In the case 74 — oo, the matrix M/T? in Eq. (2.34) reduces to

ﬁM =wM, — kMg + éHH, (3.3)

while the Eq. (2.37) showing det(M/T?) = 0 becomes

2 () (- Fram) o - o i+ s - 2050

i | (2w 72 K} A2
— (=) o4 (04— —AH) -2 | =0. (34
3 (T2> 74 (UA 3 ) | =0 B
The mode amplitudes in Eq. (2.38) reduce to
w T A *
Opy = (A = By + 25 ) o iy = o \DOA T ATH) ROy (g
F5l(09)? = (05)%] + 5504 F5l09)? = (05)%] + 55704

As opposed to the idealised case when all charges are conserved, corresponding to the
limit 74, 77 — oo and summarized in Eqs. (2.40)-(2.42), the determinant

Ky A (3.6)

det (—KQMQ + Z]IH> =

3TH 3H TH

no longer vanishes and the trivial mode wi,, = 0 is no longer a solution of the equation
det(M) = 0. Hence, all three modes are nontrivial. In the following subsections, we will
analyze the properties of the angular frequencies w in the following special cases: the
small chemical potential limit (Subsec. 3.1), the small 7y limit (when the helicity degree
of freedom is frozen, see Subsec. 3.2) and the large chemical potential limit (Subsec. 3.3).
Subsec. 3.4 presents our general conclusions on the modes spectrum for the considered

system.

4The numerical value quoted here differs from the one reported in Ref. [14] due to a factor of two error
when going from Eq. (160) to Eq. (167) — see Erratum [30] for details.
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3.1 Small vector chemical potential limit

Considering the normalized chemical potential ay = py /T a small quantity, we seek a
power series solution of the energy dispersion w given as

w = wy + wiay + wead + O(ad,). (3.7)

We now expand det(M) in powers of ay and equate it recursively to zero, repeating the
steps order by order with respect to ay. To find wy, we set puy = 0 in Eq. (3.4) and take
the leading-order term in the ay expansion shown in Eq. (2.32), arriving at

— |wog | — +wo | —k“c;| =0 3.8
27 |: 0 (TH 0> h:| ) ( )
where cj, represents the velocity of the helical vortical wave in a neutral, non-dissipating

plasma,
~ 6In2Q

cp = :
h w2 T
We identify the mode corresponding to wy = 0 as the axial vortical mode, wg, while

(3.9)

the helical vortical modes wf have

; 2 2
N i kg, 1 ™ T
wrg=——=k 1--= ki = = . 1
hi0 2TH ch V k2’ T ormen  12In2Qry (3.10)

Notice that we work with a dissipative (lossy) medium so that the apparent (in fact, infinite)

superluminal group velocity vg, = ORe[w(k)]/0k at the merging point k = k¢, does not
violate causality as long as the asymptotic causality condition at large momentum, k& — oo,
is fulfilled [31].

The above solution indicates that the HVW propagates only when the wavenumber k
exceeds the threshold value k¢, given by the second relation in Eq. (3.10). At wavenumbers
lower than ki, the modes w}jf are purely dissipative.

At first order with respect to ay, Eq. (3.4) reads

‘% [wo <T2; + 3w0) - k%,ﬂ =0. (3.11)
This condition is valid for both the axial and the vector-helical modes. For the axial mode,
wqa;0 = 0 and the square brackets evaluate to —k:QC,% # 0. For the vector-helical modes,
w}fo(iﬁ}l + wio) = k?c} and the square brackets evaluate to 2kci — iTﬁlin, being
no;l—vanishing unless k = ky,. We thus conclude that the first-order contributions to the
velocities vanish, wq,1 = w}fl = 0, for both the axial and the helical-vortical modes. Thus,
the axial mode is of second order with respect to ay. To find its expression, we expand
Eq. (3.4) to second order, while considering w — wq = wq203, :

4 (roIn2\? i i
3 < 72 ) [WQ’Q + 497 (In 2)? a2 497 (In 2)? (3.12)

Thus, the axial mode is purely dissipative. In the limit 77 — oo when helicity is conserved,
it is clear that wg2 — 0 and indeed, wy = 0 at any order. This observation allows us to

~15 —



identify the mode of Eq. (3.12) with the mode wiy, obtained in the case when all charges
are conserved as it was summarized in Eq. (2.40).

The relation between the fluctuations amplitudes can be found by taking the large-
temperature expansion of the expressions in Eq. (3.5), using Egs. (2.32). In the case of
the axial mode, we take du% as the reference amplitude and obtain the following relations
between the fluctuations of the chemical potentials in this mode
7 ay/ ay/ a
T2k

Spy =~ — op%h,  Opy =~ — (3.13)

]CTHCh 7In2

79

Hereafter, the approximate relation “~” implies that the relation is valid in the leading

order in ay with higher-order corrections omitted.
For the vector-helical modes, we obtain

+ .
Sl ~ wh;o(S ht [ ik n w2 2 ) 5t
Ky = kep By = \77 T ~ Rt ) OBy

+
5uh;i N bro 2Wh0 oSt
AT 77r2w}j;0 KQ 4

/) 2 w2 ay
=|—(——=+1) L2 \/k:2—k2 _ 1 L 5uE. .14
|:TH <84(ln2)2 + > “h th <84(ln2)2 )] KQ Hv (3.14)

The inverse proportionality between ¢y, and k/ky, = 2¢, 7k implied by Eq. (3.13) reveals

the breakdown of the small chemical potential expansion, considered in this section, at large
wavelengths or small 77. This effect appears due to the finite helical relaxation time 7,
which changes the low-k wave spectrum significantly compared to the case of conserved
charges. We will address the & — 0 limit (or, equivalently, the small 7y limit) in the
following subsection.

Let us now consider as the initial state a harmonic perturbation in the vector charge:

av (0, 2) = py + dpy cos(kz), 1a(0,2) = pm(0,2) =0. (3.15)

To leading order in ay, this setup assumes that the amplitudes of the axial mode vanish,
opg ~ 0. The amplitudes (M}‘l}i and 5;/[?: corresponding to the vector-helical modes satisfy

46 ik . k2rcnd
5ﬂf‘;i:ﬂ 14 “th : 5u’§i:iM,
2 k2 — k2, 2,/k2 — k2,

while (Mﬁ{i is proportional to ay, as shown in Eq. (3.14). The full solution propagates as

(3.16)

sin (cptq/ k2 — k2h
dpy(t,z) ~ (5uve*t/27’H cos(kz) | cos <chtm> + ( \/7t> ’
2THchm

2
dpig (t,2) ~ we—t/%H cos(kz) sin <cht\/k'2 — k§h> . (3.17)
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Figure 1: Effect of the helicity relaxation time 7 on the propagation of the initial Gaussian
perturbation of the vector charge, shown in Eq. (3.19), in the case of conserved axial charge
(T4 — 00). The profiles correspond to various values of 777 and are represented with respect
to z/o, where o is the Gaussian width. The background fluid is neutral and unpolarized
(uy = pa = pg = 0), and the temperature and angular velocity are set for definiteness to
T = 300 MeV and €2 = 6.6 MeV, respectively.

In the infrared, when k < ky, = 1/275¢5, the square root becomes imaginary, 4/ k% — k:fh =

2y, /{fh — k2, and the trigonometric functions become hyperbolic ones. In the late-time limit,
we have

) k St (1 /1=
0y RV 1+ th e g (171 kZ/k?h)cos(kz),
h<ka, 2 k2 — k2
Spyk? ot IRk
Ofim _y SRVE TH =g A= V1=R2/KG) cos(kz). (3.18)

k<kw  24/k3 — k2

It can be seen that the modes with k& — 0 suffer negligible damping. When k > ki, =

1/27g¢p, normal propagation resumes, and all modes are damped according to the factor
—t/?’T‘H
e .

Let us now consider an initial Gaussian perturbation of the vector charge:
_ —22/202 _
v (0,2) = py + dpye > 27 a0, 2) = i (0, 2) = 0. (3.19)

Considering a neutral background state with uy = 0, the time evolution of this configuration
can be expressed in integral form as

[e.@]
fiv (¢, 2) = 5Mv€t/2THa\/ﬂ/ dk e~ 39 K +ikz
—0oQ

i ty/ k2 — k2
X | cos (cht\/k:2 — k:t2h> + SI;ITE{C;\/T%I) . (3.20)
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In the limit when the helicity charge is conserved, 7y — oo, the square brackets on the
second line of Eq. (3.20) evaluate to cos(cpkt) and the integral with respect to k can be
performed analytically (see also Eq. (3.36) of Ref. [16]):

im0y (t,2) =

lim 5ﬂH(t7z) — 5“% [6—(z—cht)2/2g2 . e_(z+cht)2/202} ' (3.21)

TH—>00

)

6/2\/;0 [e—(z—cht)2/2cr2 +e—(z+cht)2/2a2}

In Fig. 1, we represented dfiy (¢, z), 0fm (¢, z) and dfia(t, z) with respect to z/o, when
cpt/o = 5, for the case of a neutral background (uy = pa = pg = 0) and temperature
T = 300 MeV. We considered various values of ¢, /0. It can be seen that, compared to
the case when the helicity charge is conserved and 77 — 0o (shown with the black line), the
propagation features are damped as 7y is decreased. At the lowest value of ¢;7 /0 = 0.5,
opy (t, z) simply decays on the time scale given by 7.

3.2 Small 7y limit: Recovering the CVW

Equations (3.13) and (3.14) of the previous subsection show that it is problematic to take
the k, 7y — 0 limit from the large-temperature expansion. In order to access the small
Tkq regime, we expand the quantity w = 7gw and duy in powers of 7g:

W =THW = Wo +WiTHg + ..., Oprg = Opugs0 + OpopaTH + - .. (3.22)

It is convenient to work with w as in the 77 — 0 limit, we can expect w to have a 7';[1
leading-order contribution, see e.g. Eq. (3.10). Additionally, from Eq. (3.3) we observe that
w is a function of the combination kqo7z and consequently the small 777 expansion naturally
encapsulates the results for small wavenumbers.

Multiplying Eq. (3.4) by 73, we get to zeroth order in 7p:

<2TW20>2 <Uﬁ - Z:AH) (:i”% + llo)? - (o%ﬁ) =0, (3.23)

which gives as solutions W;'[_O = 0 as a double root (we will see shortly that these are axial

modes, as they involve the axial chemical potential fluctuations), as well as the solution

z'TQJiZ
Whi = — . (3.24)
6[(0%)? — (0%)?]
The above corresponds to a purely dissipative helical mode, with w0 = —i + O(a%/) at

large temperature and wp,o ~ —%e'a"‘ in the degenerate limit.
Going now to the next-to-leading order, the axial modes, characterized by Tpw, =

Wq,1TH + ..., have their leading term given by
2
i | [ 2wk, T2 A2, N AT?kq T2AH\ '/
g ( T2 O'(A) <O'X—3AH> —ﬁl‘ig :Oiwaglzim <1— 30_% > .
A

(3.25)
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Using Egs. (2.32) and (2.33), it can be seen that w;t;l = +6ayko/(77?) in the large-T limit
and 27k /(a?+/3) in the degenerate limit. We remark that the two propagating modes
Wui;1 are necessarily different from the ones found in the small chemical potential expansion
since those were not propagating at small wavenumber k. Therefore, we can anticipate
that at finite but small chemical potential, two modes are propagating for small k. As the
wavenumber k increases, these modes will stop propagating, and we will have three purely
dissipating modes until we reach yet another critical value of k, where the modes found in
the small chemical potential limit start propagating again.

For the helical mode with Tywy, = Wp.0+Wp 175 +. . ., the first-order correction satisfies
4Wh;0Wh;1 T2 6Wh;[) 27
— i o4 — ?AH T2 [(a;‘{)2 — (Uj&})2] + gaﬁ = 0. (3.26)

The term inside the second pair of parentheses evaluates to —io“ /3 # 0, by virtue of
Eq. (3.24). Thus, Eq. (3.26) implies that w? = 0.

The relation between the fluctuation amplitudes duy can be extracted by expanding
Eq. (3.5) in powers of 7g. For the axial modes, we find, to leading order in 7y,

L AT? . T2AH\ "V
outt ~ 2 <1 - ) S =

N 2W;t;1071 309
Ly 31 4
Sug =~ _E (Bo — Ac%y) koTropy - (3.27)

As for the helical mode, the denominator in Eq. (3.5) vanishes at w, = wp,o and the above
relations are not applicable. Therefore we resort to Eq. (2.39) in the limit 74 — oo.
Expanding the latter for small 77 gives

T?  Bo%4 — Ad%

w T2
2wpoHoy 0% — LZAH

O_LU
Spf o~ KQTHOP Sl ~ —U—féu}ﬁ. (3.28)
A
The Chiral Vortical Wave (CVW) can be recovered as follows. The traditional deriva-
tion of the CVW did not include fluctuations of the helical chemical potential. The freezing
of the helical degree of freedom is naturally implemented if one requires instantaneous dis-

sipation of helicity fluctuations, i.e. 7y — 0. The angular frequencies wy, = wy /7y and
+

wF = wk /7y of the three modes found at small 75 can be written in the leading order as:
T4 AT? T°AH\ " kO

wp = — © 94 , wi =+ 1- =L (3.29)
67x((04)? — (077)?] 204H 304 T

Indeed, as 77 — 0, we find that the helical mode dissipates very quickly, removing any
fluctuation of helical chemical potential. In contrast, the axial modes give a propagating
wave mixing only axial and vector degrees of freedom, with dup = O(7) [see Eq. (3.27)],
i.e. the Chiral Vortical Wave [10]. Note that the CVW is only present at finite (vector)
chemical potential uy . In agreement with this property, the angular frequency of our axial
modes, given by the second relation in Eq. (3.29), does not vanish provided py # 0 as it
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follows from the definition (2.31) of the coefficient A and the absence of the leading puy
behaviour in other terms in this expression.

We remark that at finite (non-zero) g7, the Chiral Vortical Wave (CVW) is propagating
for small wavenumbers, but it can stop propagating at some finite wavenumber. These
aspects will be further clarified in Sec. 3.4 (see also Fig. 4).

cpt/o =5 ct/o =5
— — Analytical : — — Analytical :
Ty — 00 1.0 Ty — 00
—— Analytical : - —— Analytical :
Ty —0 Ty =0
_ ¢, Ty/o =100 — ¢, Ty/0 =100
;04 7'7(’,/:7‘1_1,"(7:10 2 0.5 77—(:,:7',_,,"0:10
3 c,Ty/o=1 19 e Ty/o=1
g ¢, Ty/o =01 g ¢, Ty/o=01
<+ < 0.0
) w
-0.5
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,,,,,, 1 L
10 -10 -5 0 5 10

1.0¢
0.5
el
F 0.0
— - Analytical : 7, — oo
\m_OS — Analytical : TZ—)O
3 —c),Ty/o = 100.0
< —1.0¢ N7 —-C:ZTZ/O'flo.O
c,Ty/o=10
—-1.5¢ C:LTZ/U =01
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Figure 2: Profiles of the perturbations in the vector, axial and helical chemical potentials
at time cpt/oc = 5 for the Gaussian initial conditions in Eq. (3.19), set by the initial
Gaussian width o and the velocity ¢;, of the helical vortical wave in a neutral, non-dissipating
plasma (3.9), for various values of the helical relaxation time 7. The helicity-preserving
limit limit 757 — oo corresponds to the helical vortical wave solutions shown in Eq. (3.21),
while the helicity-frozen limit 7 — 0 corresponds to the axial vortical wave described in
Eq. (3.32). The parameters of the background state are uy = 650 MeV and T' = 300 MeV,
while the rotation parameter is set to 2 = 6.6 MeV.

Let us illustrate the propagation properties of the CVW by considering the initial
Gaussian profile for the vector chemical potential perturbation in Eq. (3.19). To leading

order, only the axial modes contribute, such that

g

S U (k) = ——=duye T2, (3.30)
w:w;t

Given the relation (3.27) between 5u%}i and (5u?4;i, as well as the constraint ) _ -+ (5ui{i =

—90 —



0, we find

. o |H T2AH .
5,uf‘4’i(k:):i2\/2ﬂ (1— 507 )cmve K22 (3.31)

This leads to the following propagating Gaussian pulse solutions:

)

d
fiv(t,z) = py + % [e*('z*”ﬂ’f)z/%2 + 6*(z+vat)2/202}

T2AH
fia(t,z) = v fpr (- {6_@_%@2/202 _ e (ztuat)?/20% | (3.32)
2 304

The above solution is confirmed in Fig. 2, where we took T" = 300 MeV, uy = 650 MeV
and pua = pg = 0 for the background state.
3.3 Large chemical potential limit

The characteristic Eq. (3.4) for generic vector chemical potential is a cubic equation in the
following form:

alay)w® + Lb(av)wQ — rgelay)w — L/ﬁ%d(av) =0, (3.33)
TH TH

where the coefficients a, b, ¢ and d are non-negative and can be read off from Eq. (3.4):

8 w T2 w\2 w \2 4 w w T2
“ZW(UA?)AH) [(03)” = (e5)°] | b= o704 (JA?)AH>,

2 2 2\, w w A2
¢= T [((A* + B*)o%4 — 2ABo%] , d= VR (3.34)

We first notice that Eq. (3.33) always supports a purely imaginary solution, due to the
fact that under w — iwy, the characteristic equation turns into a polynomial equation of
third order with real coefficients, with at least one real solution. The remaining two modes
come in pairs with opposite signs for the real part. In the large chemical potential limit,
the coefficients satisfy

i 804%/ —lov| ; oz%/

lim a(ay) = e , lim blay) = —7, (3.35)
|oy | =00 3T |oy | =00 97

lim clay) — 32 ~lav] lim  d(ay) = 4 (3.36)
oy |—00 94 ’ oy |[—o00 2772 '

Consequently, as |ay| — 0o, the system hosts one purely imaginary mode and two purely
propagating modes with real-valued energy dispersion relations, respectively:

in? 272
_ lav| -4
247'He 7 v \/ga%/T ’

where we used the definition of kg in Eq. (2.28). From the above results, we find that

(3.37)

Wim. =

as we increase the vector chemical potential, the non-propagating mode wyy, dissipates
exponentially fast, whereas the phase speed w4 /k = +27Q/ a%,\/g of the other two modes
vanishes quadratically, as a‘_,2. This result is consistent with Fig. 5.
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Figure 3: Propagation of an initial Gaussian perturbation in the vector chemical po-
tential, shown in Eq. (3.19), for the degenerate limit discussed in Sec. 3.3. The profiles
are represented at three time instances, corresponding to vt/o = 0, 2.5 and 5, where the
phase velocity of the propagating solution in the degenerate limit ¢ is given in Eq. (3.41).
The background state has py = 200 MeV and T' = 10 MeV. We took 2 = 6.6 MeV and

T = 20/0. We also represented the analytical solution for the limit ay — oo, shown in
Eq. (3.42).

The general solution for u, and dpy for arbitrary vector chemical potential and helical

relaxation time is given by

koT? (ATQTI;1 — 6i(A + sy B)wi (04 — svo%))
204 (U‘;{T2TI§1 — 6iw,y [(crfjl)2 — (JI“})Q])
koT? (AT? 75" — 6i(A — sy B)w (04 + syo%))

S — Sy - 3.38
Hx 2w, (J%TZ]_ITII — Giw, [(U%P _ (UIWJ>2]) 2% ( )

dpy

Oy =

From the previous expressions, it appears that the degenerate limit py — oo and the
helicity-conservation limit 7;;' — 0 do not commute. Naively, we could take |py|/T — oo
for some finite Tg,l. In such case, the amplitudes for the propagating modes w4 read

K}QTz A +

—Oouy, ~ =+
2wt o4 v

lav|
3

faﬁ , (3.39)

5;;% ~ Su% ~
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where the factors of 71}1 have cancelled out and the result is well defined as 7;11 — 0.

Regarding the exponentially dissipating modes, the denominator of the amplitudes
(3.38) vanishes and we resort to the 74 — oo limit of (2.39). Taking dsuy as the reference
perturbation we find:

im. 2 _ im. im. 722‘HQTH - im.
Spy 2—@6 ‘O‘V‘(;,u;( oy Q—We 2|O‘V|5u)~< (3.40)

In Fig. 3, we show the evolution of the initial Gaussian profile of the vector chemical
potential of Eq. (3.19) in the nearly-degenerate case when puy = 200 MeV and T' = 10 MeV.
The plots show the profiles of dfiy (t, z), dfza(t, z) and djig (¢, z) at initial time and at times
satisfying vt/o = 2.5 and 5, where
Re(wx)| 270

k N a%/T\/§7

is the phase velocity of the propagating solution in the degenerate limit [see Eq. (3.37)].

(3.41)

D=

We also represent the analytical solution, which reads
6ﬂv(t Z) = (S/J,iv (6_(Z_ﬁt)/20'2 + 6—(z+ﬁt)/202)
) 9 ,

= ay 5:“‘/ —(2—t) /202 —(2+0t) /202
@X(t,z):'éz(e (m)f20? _ o= (etinaot), (3.42)

while fig(t, 2) =~ dfiy(t, z). As shown in Fig. 3, the above solution provides a good match to
the numerical solution in the considered limit at the normalized vector chemical potential
ay = py /T = 20. The amplitude of figy = dfia—sydfiy is finite, contrary to the degenerate
limit of the case when the charge is conserved when the amplitude of this mode increases
like af (see Fig. 4 and Eq. (5.19) from Ref. [16]).

Prior to concluding this section, we address the non-commutativity of the large vector
chemical potential (uy — oo) and the conserved helicity (77 — 0) limits. To this end,
we need to know the dependence of the helicity relaxation time on the vector chemical
potential. This problem is addressed in Appendix B, and a fit to numerical data suggests
that the helicity relaxation time diverges in the degenerate limit according to

! 1
' (wy > T) = ;evg (1 + O (av» e +0 (e, (3.43)

with 7qeg. constant. Taking this dependence into account, we can take the degenerate limit
and the helicity conservation limit in a correlated manner. While the propagating modes
w4+ remain unaffected, the non-propagating mode wjiy, becomes, to leading order,

. 2
il (3.44)

Wim, = ————.
- 247 geg. v

Therefore, the dissipation is inhibited as we increase the chemical potential, contrary to the
naive ay — oo limit in Eq. (3.37). Finally, taking the limit for the amplitudes (3.40) gives

im 2 _ im im 72Z’KQTd — im
S —@e ‘O‘V|5,u)~< ' Sy ~ —W‘/ege ‘O‘V|5u)~< : (3.45)
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3.4 Generic properties of spectra

In Subsec. 3.1 we have seen that, at small vector chemical potential, there is a critical
wavenumber above which two of the three modes start to propagate. At the same time, for
small wavenumbers at finite chemical potential, we showed in Subsec. 3.2 that again, there
are two modes that always propagate. Both results are compatible with each other only if,
for small chemical potential, the modes that propagate at small k turn into non-propagating
modes at some finite k. We will shortly see that this is indeed the case.

Ari i
Al s
&~ :
< :
G :
= :
St i
I :
o :
< :
= :
1f N S FEL /5 =200GeV
----- Vs = 100GeV
----- 5 =10GeV
----- /s =5.4GeV
0 - 1 : 1 : 1 1
0.0 0.5 1.0 1.5 2.0
py/ T
Figure 4: Propagating points r, (upper black curve) and kg (lower black curve) as
functions of the normalized vector chemical potential ay = py /T for the unpolarized
plasma. In the shaded region, there are no propagating modes. The boundaries ko = H;‘;
crit.

of the shaded region, defined in Eq. (3.51), join each other at the critical value kg™ given
in Eq. (3.56). The vertical lines mark the energy of the collision /s corresponding to the
given value of the normalized chemical potential ay [see a discussion around Eq. (3.57).]

Propagating modes come in pairs with the same imaginary part, whereas non-propagating
modes have a vanishing real part. Thus, one is able to compute the critical values k, at
which modes start /stop propagating by looking at purely imaginary degenerate solutions of
the characteristic equation, Eq. (3.33). These can be obtained by setting to 0 the derivative
with respect to w of the left-hand side of Eq. (3.33):

21b
3aw? + éw —khe=0. (3.46)

The solution of the above equation reads:

b 3ac
= — _— 2
W+ 3a7‘H (1 + \/1 b2 (THIQQ) ) . (3.47)

To find the critical wavenumbers k., we impose that both Eq. (3.33) and (3.46) hold simul-
taneously. Multiplying Eq. (3.46) by w/3 and subtracting the result from Eq. (3.33) leads
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to

ib 2c 1
Multiplying again Eq. (3.46) by ib/9a7y and subtracting the result from the above equation
leads to the relation
252 2c 4 i be
— - = =—(d- = |rd. 3.49
(90,712{ 3 HQ) e TH ( 9a) 0 ( )

Substituting now the solution in Eq. (3.47) gives the following equation for Tpkq:
4ac®(karh)® — (B2¢® + 18abed — 27a%d?) (kare)* + 4b3d(THK0)? = 0. (3.50)

The solution ko = 0 corresponds to w = 0 and is thus spurious. The other two solutions
for /{% read

(kE)? = [62¢% + 18abed — 2Ta%d? + Vbe — ad(be — 9ad)*?| . (3.51)

3.2
8ac T

In the case of a neutral background, when ay = 0, the coefficients a, b, ¢ and d evaluate to

1 1 /2In2\?2
a—b—2*7, C_3<7r2> ) d=0. (3.52)

In this case, Eq. (3.51) gives (kg)? = 0, meaning no infrared modes can propagate. The

second solution satisfies )

+ T
_ , 353
THRO = 19102 (3.53)

From here, we can recover the threshold wavenumber required for wave propagation, ki, =
kaT/Q=1/(2¢,7H), with ¢, = 6Q1In2/(7%T), as found in Eq. (3.10).
The trajectories of /@5 = k*tQ/T as functions of ay = py /T are shown in Fig. 4.

The shaded region has no propagating modes. At zero chemical potential, we recover the
known result that the modes do not propagate until the critical wavenumber in Eq. (3.10)
is reached, as demonstrated above. As ay is increased, both m;g and k(, increase, the latter
at a faster rate. Close to ay = 0, one can estimate the leading-order increase as:

2 2
_ m 3 T 1.135 , 4

127 H In2 TH
The region of no propagation shrinks down to a point when ay exceeds a threshold value,
given by the equation bc = 9ad, namely

(B% — 84%)(0%)? — 2ABo%0%; 4+ 9A4%(0%)? = 0. (3.55)

The above equation is solved when ay ~ 1.4471, in which case kg = kQ/T evaluates to

Kq o~ 3.0642 . (3.56)
TH

All three modes merge at this critical value of k for the given chemical potential.
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Figure 5: Collective excitations of the charge sector in the unpolarized plasma with dissipating
helical charge. Each row shows the mode spectrum for a different value of the dimensionless vector
chemical potential, ay = py /T. The left (right) plots correspond to the real (imaginary) part of the
dimensionless angular frequency, 7gw. The black dots mark the points where the wave propagation
starts or stops, i.e. when Re(7gw) vanishes identically. Colors are correlated between the left and

right plots.

The wave spectrum is shown as the real and imaginary parts of 77w on the left and
right columns of Fig. 5. The dimensionless chemical potential ary = py /7T increases from
0 on the first line to 8 on the last line. At ay = 0, Re(tgw) = 0 for tprq < THknQ/T =

— 96 —



72/12In2 ~ 1.18657. At ay = 1, Re(rgw) is nonvanishing for 0 < ko < kg and when
Kq > /ig, with an intermediate range of finite extent when there is no propagation. At the
critical value ay = 1.4471, there is a single point when 7gxqo = 3.0642 and none of the
modes propagate. Otherwise, for ay > 1.4471, all modes are propagating.

As we pointed out in section 3.2, the branch of propagating modes at a smaller
wavenumber in Fig. 5 can be thought of as the generalization of the Chiral Vortical Wave
previously studied in [10] to fluids possessing an independent helical degree of freedom.
On the other hand, the modes propagating at a larger wavenumber in Fig. 5 correspond
to the generalization of the Helical Vortical Wave found in [14] for finite vector chemical
potential. As the chemical potential is increased, the modes propagate for any wavelength,
and distinguishing between CVW and HVW modes becomes problematic.

Figure 4 deserves a further comment. In heavy-ion collisions, the ratio py /T of the
plasma is correlated with the energy of the collision /s. We can take the parametrization
from [32] for the following freeze-out values:

d

T =a—bu% — cuk = — )
(:UB) a—bupg —cup, ;UB(\/E) 1+ f\/g’ (3 57)
where up = 3uy and the fitted parameters are
a=0.166(2) GeV, b=10.139(16) GeV , ¢ =0.053(21) GeV,
d = 1.308(28) GeV, f=0.273(8) GeV~1. (3.58)

We use this data set in Fig. 4 to show different collision energies, which are marked in
the figure by vertical lines. It can be seen that at /s = 5.4 GeV (or lower energies), the
chemical potential is high enough that all wavelengths propagate. As the collision energy is
increased, the chemical potential decreases, leading to the development of a non-propagation
gap between the infrared (ko < kq) and ultraviolet (kg > k) propagating modes. The
same considerations will apply to Fig. 8.

4 Non-conserved axial and helical charges

In this section, we study the spectra of collective excitations when both the helical and the
axial charges are not conserved. Following the lines of Eq. (2.9), we include the dissipation
of axial charge through its chemical potential:

peT?
3ty

paT?
374

Vi =0, Vit =— , Vol = — (4.1)

The modes supported by Eqgs. (4.1) can be obtained by solving the characteristic equa-
tion, det(7~2M) = 0, which reduces to Eq. (2.37). In what follows, we solve this equation
in various limits, as follows: the small chemical potential in Sec. 4.1; small axial relaxation
times 74,7 — 0 in Sections 4.2 and 4.3; the large wavenumber limit & — oo in Sec. 4.4;
and the large chemical potential limit |py| > T in Sec. 4.5. We summarize our findings in

Sec. 4.6

_ 97 -



4.1 Small chemical potential

The small chemical potential limit of Eq. (2.37) extends Eq. (3.8) to

1 ] 1 29|
o7 <7'A +WO) [WO <7'H +w0> k Ch] =0. (4.2)

While the pair of helical modes, w}jf,o, remain unchanged with respect to Eq. (3.10), the
axial mode in Eq. (3.12) now picks up a zeroth-order dissipative contribution:

P S-S S VY P 1 (4.3)
a;0 TA; h;0 2TH h L2’ .

with ky, = 1/(27m¢p) given in Eq. (3.10). Compared to the situation encountered in Sec. 3,
we see that the axial mode is now damped on a time scale given by 74. The propagation
properties of the helical vortical wave, uncovered in Eq. (3.10), remain identical as long as
py /T = 0.
At first order with respect to ay = py /T, all three modes receive vanishing contribu-
tions,
Wayl = w,ﬁl =0, (4.4)

while at second order, Eq. (3.12) gets modified to

31 ( ) (1+ 125 o
Wa;2 = TA—T. ——KQOT.
42 T274(Ta — TH — THTAK?CY) ATTH 49p27A

48 2 3 2 _2

Recall that the small chemical potential expansion in the unpolarized QED plasma does
not work for small wavenumbers k. Now, the situation is slightly different: the expansion
is unreliable whenever the denominator appearing in the expression for wg,2 vanishes, and
the small oy expansion breaks down. This happens at the “breakdown” wavenumber,

_ ~ 2 rg<ma 46
Ch/TA NV TH TA ( )

Note that in the limit where the axial charge is conserved (74 — o0), the breakdown
wavenumber vanishes, k;. — 0. The same happens when 74 = 7. On the other hand, the
value of k. reaches a maximum for 74 = 27y, giving kp,. = 1/(2¢,7g), which curiously
coincides with the threshold wavenumber k¢ at which the helical wave starts to propagate,
derived in Eq. (3.10).

The breakdown of the small chemical potential expansion was already encountered in
Sec. 3.1 for conserved axial charge at the level of the fluctuations (c.f. Eq. (3.13)), giving
kpr. = 0. A closer look at the small wavenumber limit in Sec. 3.2 revealed that the axial
modes were propagating in the presence of a finite vector chemical potential py (see Eq.
(3.29)). The propagating nature of the axial modes was not captured in the small uy
expansion of Sec. 3.2. Analogously, at finite 74 and uy, we anticipate that the axial modes
may be propagating in the vicinity of &y, . This intuition will be confirmed with the explicit
computation of the spectrum in Sec. 4.6 (see Fig. 9).
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4.2 Small 74 limit

We can study the limit where the axial charge dissipates much faster than the helical charge.
This is somewhat equivalent to freezing the axial degree of freedom. In this limit, the axial
mode dissipates very quickly, according to the dispersion relation:

- Z'TQO'X
674[(0%)? — (0%)?]

whereas the dispersion relation for the vector and helical fluctuations is

T? 368204
w}fo ~ ——0 | it ;2,4 ThrE — 1. (4.8)
; 127509 H(JZ — ?AH)

Therefore, the vector and helical fluctuations propagate provided that the normalized

(4.7)

Wq

wavenumber kg exceeds some critical value satisfying

2
7’[211452);* = 363[1201"3 <fo - 7;AH> . (4.9)
The corresponding threshold wavenumber ranges from k., = Tro./(Ta) = 1/(27Hcp) at
vanishing chemical potential [recovering Eq. (3.10)] to Tk« = 7/4v/3 ~ 0.45 at infinite
chemical potential. Note that propagation is inhibited for small wavenumbers at any value
of the vector chemical potential, contrary to the situation found for conserved axial charge
(T4 — o0) in Sec. 3.4 (see Eq. (3.51) and Fig. 4) where any non-zero chemical potential
gave rise to propagating modes in the infrared region with large wavelengths.

In the case of conserved helicity, when 77 — oo, the helical vortical modes are propa-

gating for any wavelength, and their dispersion relation Eq. (4.8) reduces to

. + /iQ.Bjﬂ2 1
Cam b 000 0 T 2 Ho%(0% — ZAH) (4.10)
’ ’ AWV A 3

In this limit, the modes are qualitatively similar to the helical vortical modes found for the
unpolarised plasma with conserved charges (74, 7y — o0) given in (2.40). The small vector
chemical potential limit of both expressions agree quantitatively in the leading order but
differ thereafter:

. + kQ 4

lim Wholuy < T) = £epk F 0.0978704‘/ + O(ay), (4.11)

(1a,7H)—(0,00)

(TAVTHl)igl(Oopo)wio(,uv <T)=+cLkF 0.0124?04% +0(af), (4.12)
where we have used the expansions given in Eq. (2.32) and the definitions for kg and ¢, given
in Egs. (2.28) and(3.9). In the large chemical potential limit, we can employ the relations
(2.33) to show that both dispersion relations agree quantitatively up to exponentially small
corrections. In Fig. 6, we show the propagation velocity vf = w,ﬁo /k for conserved helicity
in both cases, i.e. conserved axial charge 74 — oo and frozen axial degree of freedom
74 — 0. Notably, the freezing of the axial degree of freedom results in a diminishing of
the propagation velocity at finite vector chemical potential as opposed to the case where
chirality is present and conserved.
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Figure 6: Propagation velocity for the helical vortical wave in the limit of conserved helicity
for the cases when chirality is either conserved or frozen.

4.3 Small 7y limit

Similarly to the previous subsection, we can study the spectra when the fluctuations of
the helical degree of freedom dissipate very quickly, implying, in other words, that this
degree of freedom is frozen. The analysis in this section extends that of Sec. 3.2 to the
case of a finite (non-infinite) axial relaxation time 74. As discussed in Sec. 3.2, freezing the
helicity degree of freedom opens up the propagation channel for the chiral vortical wave.
On the other hand, a finite helical relaxation time inhibits the propagation of the helical
vortical wave at large wavelengths. We therefore anticipate that, in a similar manner, a
finite axial relaxation time 74 will inhibit the propagation of the axial vortical wave at large
wavelengths.

Multiplying Eq. (2.37) by 73 and considering that 7w is finite when 77 — 0, we find
the purely dissipative mode:

B iT2af§§
67r((04)* — (0)?]

(4.13)

whp =~

The angular frequencies for the other two(axial) modes, wy, are finite when the helical
mode freezes, Tr — 0, satisfying

T? 36420
wE~—— [ —ik S (4.14)
120474 H(c% — Z-AH)

The above expression generalizes Eq. (3.29), giving the energy dispersion relation for the

CVW to the case when the axial charge is not conserved. As already noted in Sec. 3.2,
the vector and axial fluctuations do not propagate at vanishing chemical potential. At
finite chemical potential and finite (i.e., non-infinite) 74, they propagate provided that k
exceeds some critical value. Using the large temperature expansion 2.32, we find that the
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minimum in the limit of infinite chemical potential: T4x™" = kM7, Q/T = 7/4+/3 ~ 0.45,
which coincides with the large chemical potential limit of Eq. (4.9) giving the propagation

critical value behaves as Tpk, = for small chemical potential. In contrast, it finds a

threshold in the case when 74 — 0. Since the helical and axial degrees of freedom correspond
to the same physical quantity at infinite vector chemical potential, it is reasonable that
freezing of either the helical or the axial chemical potentials gives the same result in this
degenerate limit.

4.4 Large wavenumber limit

As seen in Sec. 4.1, a finite (non-infinite) relaxation time brings significant modifications
in the wave spectrum for small wavenumbers k [cf. (4.3)]. We now consider the opposite
limit of large wavenumbers (small wavelengths) in order to demonstrate that the relaxation
time of the axial and/or helical charges does not affect the wave spectrum in the UV limit.

Specifically, we find

wff = tkep(ay) + O(ko) , cplay) =

or \/ 0% (A2 + B?) — 2ABo% (4.15)

2\ H(o% — S AH)[(0%)? — (0%)%

where ¢ (ay ) is the velocity of the helical vortical wave in an unpolarized fluid with vector
imbalance puy = ayT, in the absence of helicity- or chirality-violating interactions, as
obtained in Eq. (4.20) of Ref. [16]. The axial mode turns out to be purely dissipative:

iT? B27'H + AQTA

— -, 4.1
6747H (A% 4+ B2?)o% — 2ABoY; +O(k™) (4.16)

Wq =

At large wavenumbers, the purely imaginary phase velocity of the axial mode will settle to
a constant negative value, which will depend on the dimensionless vector chemical potential
ay = py/T and on the axial and helicity relaxation times. These results can be checked
in Figure 9.

4.5 Large chemical potential limit

In order to study the large chemical potential limit, we solve the eigenvalue equation Eq.
(2.37) perturbatively in T/|uy|. Using the expansion in Eq. (2.33), we can compute the
energy dispersion relation as a Taylor series in e~ 1#*vI/T. Expanding

w=w_1eM VT 4 o+ O(e7 M I/Ty | (4.17)
the characteristic equation Eq. (2.37) becomes, to leading order,

12i04 (04 — $T?AH) (72(r;' + 75") — 24iw_1)

2
w”
Tl L 2lpvl/T O(eluv\/T)_o, (4.18)

Therefore, we find

: ) 1 1
wt, =0 (double root), w = ! ( + ) . (4.19)
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The contributions w(jf to modes with wfl come from the next-to-leading order contribution
to Eq. (2.37), namely

T2
TAITH <9A2H?2(TA +7H) — QHw(j)E (JA — SAH> (iT2 +604(Ta + TH)w(:)I:)> =0.

(4.20)
Expanding wq in powers of T'/|uy | gives, to leading order in T'/|uy|:
—im? \/ 48 T?
~ ————— |1+ 4/1— = (74 + 7))k : 4.21
Wk 6(T4 + 7TH) 72 (7a +7)°rg, |y |2 (4.21)

Note that when both relaxation times are finite, there is no propagation for small wavenum-
bers. This is in contrast to the result obtained in Subsec. 3.3, where we considered 74 = oo,
and the analogous modes propagate for all wavelengths. Notably, the + modes are sen-
sitive to an emergent effective relaxation time 7.7y = 74 + 7y which can be traced to
the interdependence of the axial and helical degrees of freedom in the degenerate limit.
From Eq. (4.21), we extract the critical wavenumber k, above which these two modes start

propagating:
koI o T

Qrg 43 (Ta+71H)Q

We now consider the amplitudes of the perturbations in the vector, axial, and helical

ke = (4.22)

chemical potentials. As already discussed in Sec. 3.3, it is convenient to discuss the com-
binations dp, = dpa + syopupy and dpug = dpua — syoup, where sy = sgn py is the sign of
the vector chemical potential, that follow from Eq. (2.38):

%WA+meM—amm+g(A+ﬂﬁ)

N TH TA .
(5/'LX - Wi 2 2w, ]. 1 1 HQ(SMV?
(Ti H) ] + 3772 UA —|— a — 97—A7—H
) (A —syB)(o4 + syoy) + % (% _ %) *
i KQOLY - (4.23)

2
(2)° [(09) — (052 + B (5 + ) - 5k

The previous result is exact. As we approach the degenerate limit, Eq. (2.33) shows that
A — syB and o4 — syop up to exponentially small corrections, and the amplitudes for
the two propagating modes (4.21) simplify to

S AT?  ko(Ta+ TH) Sk o ko(Ta +7H) |0V
Yo wita+ ) + é? v 3afwe(ta+T) T 7V
AT? ko(TA — TH) ka(ta — ) |pv]
(5,11;5 ~ (Xu%} ~ — 5,u‘i,. (4.24)

Ao wi(ta+TH) + Bajwe(ta+7i) T
As in the case with 74 — oo considered in Eq. (3.39), the amplitudes of 5/1% and (M%
are |ay| = |pv|/T times larger than (M%ﬁ, due to the behaviour we ~ aj,%. Contrary to
Eq. (3.39), the degeneracy between 6,uX and (5u~ is lifted whenever both 74 and 7y are
finite (i.e., non-zero and non-infinite).
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Figure 7: Same as Fig. 3, for the case when the axial charge is not conserved. For
definiteness, we took 974/0 = 1, such that 74 = 74/2, where ? is defined in Eq. (3.41),
with the angular velocities wy given by Eq. (4.21).

Regarding the exponentially-dissipating modes, the denominators of the amplitudes
(4.23) vanish and we take the degenerate limit in Eqs. (2.39). Taking /5 as the reference
amplitude we find

T2IRO0TATH

w2 (T4 + TH)O[%/

2<TA — TH) - im im
—L e |°‘V|5,u>2 Lo~ —

—2\04\/\5 im.
e ~
(TA + TH)OzV Hx

Spy =~ — (4.25)

We present in Fig. 7 the propagation properties of an initial Gaussian fluctuation in the
vector chemical potential, given in Eq. (3.19), similar to the one studied in Fig. 3 (see the
end of Sec. 3.3 for details). As opposed to Fig. 3, here we take a finite axial relaxation time,
which we set to 74 = 7g/2. While the propagation of dfiv (¢, 2) and of dfi,(t, z) remains
unchanged, the amplitude of dfiy (¢, 2) is reduced by a factor of about 3 compared to the
case when the axial charge is conserved.

4.6 Generic properties of spectra

In Sec. 3.4, we have seen that there exists a value of the vector chemical potential which
divides the spectrum of excitations into two regions, depending on whether there exist one
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Figure 8: Solution to Eq. (4.31) showing the values of the parameters (blue curve) for
which the spectrum of excitations contains a merging point. The curve divides the pa-
rameter space into two regions: Above the curve, the spectrum has only one branch of
propagating modes; Below the curve, the spectrum displays two disconnected branches of
propagating modes.

or two branches of propagating modes (c.f. Fig. 5). The chemical potential separating both
regions was found to be uy = 1.4471 T, and the wavenumber at which the two propagating
branches merge Tpkg = 3.0642. In this section, the presence of a finite axial relaxation
time 74 provides an extra parameter, and we expect to find a one-parameter family of
such points. We will impose the existence of the merging point in order to find the curve
separating both regions in terms of py and 75 /74 .

Similarly to Eq. (3.33), we write the characteristic Eq. (2.37) as

1 1
alay)w? +i < + > blay)w? — (C(Ozv)li?) + q(av)> w—ik25(ay, Ta, ) = 0, (4.26)
TA TH TATH

where a,b and ¢ are already given in (3.3), while ¢ and § are defined as
2 (o4 - troam 5= Arat B (4.27)
= — | 0oy — — , = .
* o2 \71 73 SHrath

At the merging point wmerg., all three solutions of Eq. (4.6) coincide. Therefore, the first
and second derivatives of Eq. (4.6) with respect to w also vanish:

. 1 1 s(ay)
3awr2nel”g~ +2ib <7'A + 7'H> Wmerg. — <C(O‘V)”?nerg. + TATH =0,
1 1
6awmerg. + 2ib < + > =0. (4.28)
TA TH
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Figure 9: Collective excitations of the charge sector in the unpolarized plasma with dissi-

pating axial and helical charges for uy /T = 1. Each row shows the spectrum for a different

value of the ratio 7g7/74. The left (right) plots correspond to the real (imaginary) part

of the dimensionless angular frequency, 7hw. The lines with identical styles at the left

and right plots correspond to the same solutions. The black dots mark the points where

propagation starts or stops.

Solving the above equations for wmerg. and mfnerg. gives

2ib (1 n 1
W = —— _— _—
fere: 6a TA TH

/12

P 1N
merg-  30e \ 14 TH CTATH
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2

merg. i0to Eq. (4.6) gives the equation in parameter space that

Replacing wmerg. and &
determines the existence of the merging point:

Bo/1 1\ w1 1)\? 6 1
B I —) +& —0. 4.30
27a2 <TA + TH) 3ac <7‘A + TH> + C TATH ( )

From the definitions in Eqgs. (3.3) and (4.6) we can rewrite the previous equation as

09 (& + %) o) () (i ) 27092~ (o)) (22 + 2)

[(U%)Q - (01“})2] [(AQ + B?)o4 — 2ABUI“}] TATH [(A2 + B?)o4 — ZABO'E]
=0, (4.31)

where we have multiplied by 729 [(09)? — (0%)?] and divided by (0% — $T?AH) to have
a more compact expression. Finally, multiplying Eq. (4.31) by 73, it is manifest that it
depends on the ratio of lifetimes 777 /74 .

The solutions to Eq. (4.31) are shown in Figure 8. The spectra along the blue line
feature a point where all three modes coincide, which appear when two branches of prop-
agating modes merge together (see, e.g., Figure 5 in the previous section). We recover the
result of the previous section that for a conserved axial charge, i.e., 77 /74 — 0, the merging
point exists for py ~ 1.44717T. The curve divides the parameter space into two regions:
below the curve, there will be two branches of propagating modes, as it happens in the
second line of Figure 5; the complementary region contains only one branch of propagating
modes, similarly to the last line in the same figure. Furthermore, there is a global maximum
at uy /T = 0: 74 = 27g. Thus, we can assert that for 74 < 27y, there will only be one
branch of propagating modes, regardless of the value of the vector chemical potential.

In Figure 9, we show the spectrum of excitations for fixed puy /T = 1 and varying the
ratio of axial and helical lifetimes, which can be understood as varying 74 for fixed 7f7. As
anticipated from Figure 8, two branches of propagating modes exist for sufficiently small
Tr/Ta. As we increase the ratio, both branches collide, and above a threshold value, there
is only one branch of propagating modes. It should also be noted that for a non-conserved
axial charge, i.e., finite 74, there are no propagating modes for small wavenumber.

The effect of the axial relaxation time on the perturbations of the axial chemical po-
tential p4 sourced by a Gaussian perturbation in the vector potential uy is exemplified in
Fig. 10. We choose the same set of the parameters as in Fig. 2 for two different values of
the helicity relaxation time, namely ¢, /0 = 0.1 and ¢, 75 /0 = 100. The first one cor-
responds to the traditional Chiral Vortical Wave, while the second is closer to the Helical
Vortical Wave. As expected, a decrease in the lifetime of the axial charge 74 results in a
damping of the perturbations in the axial chemical potential and the variations of 74 do
not substantially affect the velocity of the axial wave propagation.

5 Dissipative effects

In our considerations so far, we have treated the V/A/H fluid as ideal, ignoring dissipative
corrections to the energy-momentum tensor T#” and the charge currents Jé‘ . In a realistic
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Figure 10: Perturbations in the axial chemical potentials at a fixed time ¢t = 5 fm/c as we
vary the axial relaxation time for (left) ¢, /o = 100 (right) ¢,7 /o = 0.1. The system
is initialized with a Gaussian perturbation in the vector chemical potential duy on top of
a background vector chemical potential py = 650 MeV at temperature T' = 300 MeV and
angular frequency 2 = 6.6 MeV.

fluid, dissipation occurs due to the inter-particle interaction, which drives the system to-
wards thermodynamic equilibrium. Contrary to intuition, the perfect fluid limit is achieved
when the interactions are sufficiently strong, taking place on time scales much shorter than
the characteristic macroscopic time scale, such that equilibration happens almost instanta-
neously and the deviation of the fluid from thermal equilibrium is always negligible. Since
the relaxation time 7z arises due to helicity-violating pair annihilation (HVPA) two-to-
two interactions, the perfect fluid limit implies also that 77 — 0. The same limit implies
also that the axial relaxation time 74, describing the dissipation of axial charge, should be
taken to 0. In order to provide a more credible assessment of realistic V/A/H fluids, we
will consider in this section the effect of dissipation on the spectrum of vortical waves.

5.1 Relaxation-time approximation

Dissipative corrections manifest themselves whenever global thermodynamic equilibrium is
perturbed. In the Landau frame, when T#,u” = Eu*, they lead to the modifications [33]

T — T = T8 +my” =g, Ty — ) = T + Vi, (5.1)

where 114, Vé“ 4 and 71 represent the scalar, vector and tensor dissipative degrees of freedom
appearing at the level of T# and Jé‘ . By construction, VZ‘ 4 and " are orthogonal to the
fluid velocity, while 7T5V is taken to be traceless. Since we are dealing with a conformal
(massless) fluid with £ = 3P and T#, = E — 3P — 3Ilg = 0, the bulk viscous pressure can
be neglected, II; = 0. The remaining degrees of freedom contained in Ve“ 4 and Wil”’ are a
priori unconstrained and must be specified via constitutive relations.

A relativistic treatment of dissipative effects must be performed in a framework that
preserves the hyperbolicity, causality and stability of the hydrodynamic equations [34, 35].
This can be achieved in the so-called Miiller-Israel-Stewart hydrodynamics framework |36,
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37|, where Ve’f 4 and ﬂg” become dynamical quantities obeying equations that essentially
govern their relaxation towards their Navier-Stokes (first-order) asymptotic expressions,

VZ;Ld = Z /ig’glvuozgl, Wgy = 2not”, (5.2)
I

where 7 is the shear viscosity, kg is the so-called diffusion matrix [38-40|, while V# =
AP0, is the spatial gradient in the fluid rest frame, with A* = g — uHu” being the
projector on the hypersurface orthogonal to u*. The quantities Vf 4 and WSV can be cal-
culated from field theory via the Kubo formulas [41, 42|, or in the frame of kinetic theory
[40, 43, 44|, once the inter-particle interactions have been specified. Generically, they are
inversely proportional to the collision cross-section . The same cross-section allows one to
define a characteristic relaxation time scale,

T

~ = (5.3)

TR

where we used P/T instead of the particle number n [45], since the latter is not conserved in
a quantum fluid. We thus conclude that both 77 and kg are proportional to the microscopic
timescale 7. By similar arguments, the helicity and axial relaxation times 7z and 74 should
also be proportional to 7. One should therefore consider 1 and kg on an equal footing to
T and T4.

In MIS hydrodynamics, the Navier-Stokes relations (5.2) represent the asymptotic near-
equilibrium, the long-wavelength limit of the dissipative quantities, and are therefore not
valid if the fluid is too far from equilibrium or if the macroscopic gradients are too large
compared to the microscopic relaxation time scale 7r. For ktp < 1, Eq. (5.2) provides
a reasonable approximation and second- or higher-order corrections can be neglected. Of
course, the framework becomes unreliable for small wavelengths (large k) and we will point
out this limitation when relevant in the discussion below.

The evaluation of transport coefficients in theories with vector interactions is a daunting
task, and we do not pursue such calculations in what follows [46, 47]. We will consider the
qualitative effect of dissipation on the wave spectrum in the frame of kinetic theory under
the relaxation-time approximation of Anderson and Witting [48]. Denoting by fr‘: ) the
number of particles/anti-particles (0 = +1) with polarization A, we postulate a kinetic
equation of the form

Ey-u .

PrOufpr=— L < A~ f;?ia) ) (5.4)
where E, = p - u is the particle energy in the fluid rest frame, u* is the fluid four-velocity
and 1

. . u —
f;?;\a = [exp (]?T/la,/\> + 1] , (5.5)

is the Fermi-Dirac distribution characterized by the particle four-momentum p* = (p°, p)
with p° = |p| for massless fermions, 0 = +1 distinguishes between particles and anti-
particles, and A = £1/2 labels the particle helicity.

Due to its classical nature, Eq. (5.4) cannot account for the vortical effects that modify
the charge currents Jé‘ in the presence of finite vorticity w*. In order to account for such
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effects, one must employ a quantum kinetic equation, such as the one derived from the
Wigner equation, leading to a modified equilibrium distribution [49]. Similarly, Eq. (5.4) is
unable to account for the non-conservation of the helical and axial charges, thus our current
simplified formulation provides access only to the dissipative quantities V., and 7/}".

The charge currents J; and the stress-energy tensor T#” can be obtained from the
distribution functions fg’ ) as follows:

JH = ch‘i,x / dP f5 0", TH :Z / dP 3 \p"p”. (5.6)
oA oA

At equilibrium, when fJ | = fg;)e\q, we have J!' = Qu* and TH = (E+ P)u*u” — Pg"’. The
conservation equations 8#J; = 0 and 9,7"" = 0 imply the Landau matching conditions

u#Jé‘ = Q¢ and u, T" = Eu*, which we consider to hold in our analysis.

5.2 Chapman-Enskog expansion

We now employ the Chapman-Enskog procedure to derive an approximation for fg \» When
the fluid is not too far from equilibrium [45] and 6f7, = fJ, — fgjiq can be considered
small and of the order of the relaxation time, 7g. The deviation from equilibrium § fg ) can

be obtained from Eq. (5.4),

o TR o pa o aau (e} ag
Ofp = _Efpp“aﬂfpy,\ = —7TR {804 <Epfp’k) + Egﬁp pﬁfpvk] . (5.7)

Due to the multiplication with 75, the distribution on the RHS of the above equation can
oieq

P and eventually we obtain

be approximated via fg =
Ve = = o (ISR + 0T8T,
[N
mh = = 1R Y (0TS + Baus Tl ) | (5.8)
o,

where the following notation was introduced [50]:

g [ AP |
Toxn™™ " = | Zapipy Pl (5.9)
p

In the massless case, when p? = 0, the integrals appearing in Eq. (5.8) are easily performed:

. 1
D dn T = 3 Qe(4utu” — "),
o\
TehRre 1(F
Z / ?écll;uva = 3 (6U'uuyu>\ - ngw\ - UVQAN - UAQIW),
o\ qa,)\ 0,2 Qf

, 1
Z T(‘T‘A?;B = 1—5E[48u“u”u)‘u“ — 6(utu’ g™ + utur g + utut gt + ulut gt
o,
+ uuuﬁgu)\ + u)\umguu) + g,uug)\n + g,u)\gun + g,u/@gu)\]' (510)
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Substituting the above results into Eq. (5.8), we obtain
1
Via=~"r [U“GA(QM) — Vet QeDU“] :

24P
" = —7p |(du"u" —g —u —u + —(wuwf+u"Du” +u Du
5” dutu” HYDP VAl YVHP 5 Huv 6 " Du” Y Dut

—%(g““@ — oMu” — 8”u“)] , (5.11)
with Df = ut0, f being the comoving derivative and V¥ f = A# 9, f the derivative in the
fluid’s rest frame.

The relations in Eq. (5.11) can be simplified by taking into account the conservation
relations 8,“]; = 0 and 9,T"" = 0, applied to zeroth order in 7, when J; ~ Qeu* and
TH ~ (E + P)utu” — Pgh:

DQo+ Qi = O(1r), DE+ (E+ P)0 =O(rr), (E+ P)Du! —V*P =0(1g). (5.12)

Using the above relations into Eq. (5.11) gives

Q/,VHP
E+P )’

1
Vi =Tr <3V”Qg - " = 2ot (5.13)
where ot = (%A“)‘A”H + %A”\AW — %A‘“’A’\”)@\un is the shear stress tensor, and we

identified the shear viscosity as
4

n= 5TRP. (5.14)

While Eq. (5.13) is sufficient for our analysis, we present below the diffusion matrix for
completeness. In the massless limit, the quantities Q,/T3 and P/T4 depend only on the
ratios ar = py /T. Noting that E 4+ P = 4P, it can be seen that the diffusion flux depends

only on the derivatives of ay. Employing OP/0ay = QpT, we get

10Q, QuQupT
V g E AV T = — — . 5.15
l;d 7 Kep Qyr Rep TR (3 80é£/ E + P ( )

5.3 Dispersion relations

We now add the dissipative contributions V/!, and 74" to the Landau-frame expressions for
the charge currents and energy-momentum tensor given in Eq. (2.3):

J) =Qeut + ofwh + Vé‘d,
T =(E + P)u'u” — Pg"" + =h". (5.16)
The dissipative quantities appearing above modify the conservation Egs. (2.10) to
DQ¢+ Qe + wHdyof + of Ot + 0,V}), =0,

DE + (E 4 P)0 + u,0, 74" =0,
(E 4+ P)Dul — VP + APy 0,1} =0, (5.17)
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that can be cast with the help of the relations (5.15) into the following form in the rotating
fluid:

0 —yQ z0 0
_ 2imk | —yQ2 1 0 —%va

uv —i(wt—kz)5
" 3 Q) 0 1 3200 ¢ “
0 —%va %mvﬂ -2
0
) yQw ilwi—kz) (1 QP
V= iwt=k2) (2650, — : 5.18
¢ Th —zQw © 3 Qe E+P ( )
k
Furthermore, taking into account that w, 0,7 = —m*V u, is of second order in perturba-

tions, while A#\9, 7 = %(hL(O, 0,0, 1)~ w=k2) it is clear that the energy-momentum
sector remains decoupled from the charge currents sector, since it involves only the ampli-
tudes of perturbations in the velocity du and and the pressure §P:

—3w 4Pk opP
=0. 1
< k —4Pw — ginkQ) <5u) 0 (5.19)

The above equation reveals that the effect of the dissipating shear is to shift the angular
frequencies of the acoustic modes by an imaginary quantity, such that the non-dissipative
solution of Eq. (2.13) becomes

ik*n 1 k2n?

+
WRiac. = +hes(n) — 6P cs(n) = % T 12p2

(5.20)
In other words, one of the effects of the presence of a finite kinetic relaxation time 75 is to set
the attenuation of the acoustic waves due to the nonvanishing kinetic shear viscosity (5.14).
In addition, Egs. (5.14) and (5.20) reveal that the speed of sound in the dissipative fluid is
slower than the one in its non-dissipative limit (2.13). The speed of the sound wave depends
on the momentum k&, which has an ultraviolet bound, implying that when k7t > 5\/5/ 2,
the acoustic wave stops propagating. The latter effect is a feature of the first-order theory,
as the inclusion of second-order terms may alter this behaviour [51].

What are the effects of a finite kinetic relaxation time for the propagation of perturba-
tions in the charge sector? In the case of charge (non-)conservation, Eq. (2.12b) is modified

to:
ikQTR do¥’ iszRQg do¥’ Z'T25,u€
s — QL — EQ—L ) 6P—(kQy—2wQo¥)ou = — .
[<w+ 3 >5M 8Q@}5Qe ( 1P + 0P>5 (kQr—2wQoy )ou 37,
(5.21)

As in the case of the perfect fluid, the charge modes have vanishing pressure and velocity
fluctuations, P = du = 0, such that the last two terms above cancel. This leads to

+1.2 2
[(w L TR) 5Qq — m(saﬂ _ T ome (5.22)
3 §P=0 37
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Comparing the above relations with Eq. (2.14), we see that, as in the case of the dissipative
shear stress, the charge diffusion has the effect of shifting the angular frequencies by an
imaginary quantity. Denoting by wgr the energy dispersion relation in the presence of

dissipation, we have

(5.23)

where w is the mode angular frequency.

5.4 Estimation of damping due to kinetic effects
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Figure 11: Perturbations in the chemical potentials at a fixed time ¢t = 5 fm/c with finite
helical (77 = 2.7 fm/c) and axial (74 = 0.25 fm/c) relaxation times as we increase the
angular frequency 2. The system is initialized with a Gaussian perturbation in the vector
chemical potential duy of width ¢ = 0.2 fm on top of a neutral unpolarized background
pwy = pa = pg = 0 at temperature T' = 300 MeV.

We now estimate the effect of damping in the setup of the quark-gluon plasma formed
in heavy-ion collisions. As usual, we consider 7' = 300 MeV and py = 0. For definiteness,
we consider a QGP with Ny = 3 flavours, for which the helicity relaxation time evaluates
to Tg = 2.7 fm/c, according to Eq. (3.2). For the axial chemical potential, we take the
estimate 74 ~ 0.25 fm/c, obtained from first-principle simulations in Ref. [25].

Ignoring for the time being the kinetic dissipation (i.e., 7 — 0), we estimate the
propagation properties of the vortical waves discussed in the previous sections at these
realistic values of the relaxation times. In the case of an ideal plasma, where the axial
and helical relaxation times tend to infinity, the helical vortical wave propagates with the
velocity ¢, given in Eq. (3.9). Thus, over a time period equal to 75, the helical vortical
wave propagates a distance

Z =ChpTH = 0.38 ( (5.24)

— ) fm
100 MeV)

The above estimate implies that the wave travels a noticeable distance when €2 is of the
order of 102 MeV. At lower values of €2, the dissipative effects will lead to the damping of
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the fluctuations in polarization with no observable propagation. Moreover, the expected
lifetime of the QGP fireball is of the order of 10 fm/c, after which the system undergoes
the phase transition towards hadronic degrees of freedom, and our considerations related
to vortical effects in a conformal plasma cease to apply.

To illustrate the effect of the rotation parameter €2 on the propagation properties of
the vortical waves, we considered a system initialized with a Gaussian perturbation in
the vector chemical potential duy of width ¢ = 0.2 fm. Figure 11 shows the vector and
helical perturbations at a time ¢t = 5 fm/c after initialization. We do not show the axial
perturbation, as in the neutral plasma, it is not excited. It can be seen that at small
angular frequency €2, the dissipative effects dominate the evolution of the perturbations
while increasing €2 enhances the propagating features of the waves.
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Figure 12: Perturbations in the chemical potentials at a fixed time ¢t = 5 fm/c as we
increase the damping due to kinetic effects, similar to the one of Fig. 11. We choose
o = 0.2 fm for the width of initial Gaussian perturbations in all the chemical potentials d iy
on top of a neutral background py = 0 MeV at temperature T' = 300 MV and the angular
frequency 2 = 100 MeV for the finite helical (77 = 2.7 fm/c) and axial (74 = 0.25 fm/c)
relaxation times.

We now estimate the effects of kinetic dissipation, governed by the kinetic relaxation
time 7. To estimate 7r, we considering that the ratio between the shear viscosity n = %TRP
and the entropy density s = (E 4+ P — ji - Q)/T is constant. According to Ref. [52], the
ratio n/s should be bounded from below by 1/47 for strongly-interacting theories. Bayesian
estimates based on matching hydrodynamics simulations to experimental data from heavy-
ion collisions give 47n/s < 1.5 around T = 150 MeV [53], thus confirming this conjecture.
Taking 47n/s = 1 for definiteness and considering the choice of parameters discussed above
(T'= 300 MeV, uy = 0), we obtain

51 HeQe
= — 11— ~ (.26 f 2
TR T < Tz 0.26 fm/c, (5.25)

which is very similar to the axial relaxation time 74. Contrary to the relaxation times 74
and 7z, which govern the dissipation of long-wavelength excitations, 7z becomes important
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in the ultraviolet limit, i.e. at short wavelengths, thus leading to the smearing of the sharp
features of propagating waves. The particular form of the correction to the dispersion
relation due to kinetic dissipation, implied by Eq. (5.23), indicates that the lifetime of a
mode with wavenumber k is 74 = 3/(k?7r). Considering now the smallest wavenumber that
supports the propagation of the helical vortical wave, given in Eq. (3.10), we estimate 74 as

1273 c2 Q 0\
= 2ZTH% v g6a (— ) fm/e 5.26
Td - 100 Moy ) /e (5.26)

Remarkably, the lifetime due to kinetic dissipation depends quadratically on the angular
velocity €2 and becomes sizeable also around €2 ~ 100 MeV. For this purpose, we will
discuss the effect of varying 7/s (or equivalently, 75) at this particular value of .

Considering the configuration and parameters shown in Fig. 11, we now vary n/s while
keeping 2 = 100 MeV fixed. The case 7 = 0 is already depicted in Fig. 11. Figure 12
illustrate the effect of the kinetic dissipation as /s from 0 to 1/(4m). The figure confirms
that kinetic dissipation damps short wavelength perturbations, smoothing the propagating
peaks and progressively erasing the propagating features of the waves as we increase the
n/s ratio.

Before ending this section, we come back to our initial considerations and take into
account realistic values 2. As pointed out in Ref. [54|, the angular velocity is estimated at
Q ~ 6.6 MeV for the fireball created in non-central heavy-ion collisions. At this value of 2,
the propagation speed of the helical vortical wave becomes a mere

6Q1n2

ch ~ (0.0093 c. (5.27)

Q=6.6 MeV 4
Over the lifetime 7ggp ~ 10 fm/c of the QGP fireball, the HVW transports perturbations
over a tiny distance of ¢, 7ggp ~ 0.093 fm. The threshold wavenumber over which perturba-
tions can propagate is set by the helical relaxation time (3.10): kg, = 1/(27#¢) ~ 20 fm ™!
At this wavenumber, the lifetime due to kinetic dissipation is decreased to 74 ~ 0.029 fm/c,
which gives an infinitesimal value for the distance over which the wave can propagate:
chTqg =~ 2.7 x 1074 fm. Clearly, in such conditions, no signs of propagation due to the vor-
tical effects can be seen: at small wavelengths, restriction of the wave propagation appears
as a result of kinetic dissipation, while at large wavelengths, the wave overdamping occurs
due to the non-conservation of polarization-related charges.

6 Summary and Conclusions

In our paper, we further developed an alternative approach to chiral fermionic systems, put
forward in Refs. [13, 14, 16|, which extends the traditional premise that chiral fluids are
fully described by the pair of vector and axial local charges. In the previous works, we have
demonstrated that the incorporation of the helical degree of freedom of non-interacting
relativistic fermions — which is a conserved degree of freedom related but not equal to the
axial charge in general — enriches the hydrodynamic spectrum of the system via interplay
for Axial and Helical Vortical Effects visualized in an intuitively appealing pictorial form
in Fig. 1 of Ref. [16].
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Helical and Axial Waves. In Ref. [14], we uncovered a new type of gapless mode,
the Helical Vortical Wave, which represents a coherent propagating excitation of vector
and helical charge densities and their currents. We also found the Axial Vortical Wave [16],
which is driven by fluctuations in the axial charge density that propagates in the background
of a large axial chemical potential 4. Moreover, a background with non-zero p4 induces
non-reciprocity in the spectrum, namely that waves travel with different velocities along and
opposite to the direction of the angular velocity. Contrary to the Chiral Vortical Wave [10],
which operates in vector and axial sectors, the Axial and Helical Vortical Waves emerge in
an electrically neutral regime characterized by a vanishing vector chemical potential. In the
opposite, high-density limit, these waves merge and form a mixed Axial-Vortical Wave [16].
In this work, we question whether these hydrodynamic modes could withstand realistic
conditions that appear in the interacting vortical quark-gluon plasmas.

Relaxation time approximation. In our analysis, we used the relaxation time approx-
imation in which interactions can phenomenologically be described in a relaxation time
approximation via the introduction of the helical, 7, and axial, 74, and kinetic, 7, relax-
ation times. The first two quantities control the time scale of the non-conservation of the
corresponding charges, while the third one determines the dissipative evolution of occupa-
tion numbers out of the thermal equilibrium. The relaxation time of the vector charge is
taken to be infinite as the electric charge is a conserved quantity. This property allowed
us to study finite-density systems at non-zero vector chemical potential. Accordingly, in
this paper, we do not consider the linear hydrodynamic waves at a finite background axial
density since this case is not consistent with a finite axial relaxation time.

Helical charge relaxation. We first analyzed the genuine effects of finite helical re-
laxation time 7z in the limit when other relaxation effects are absent, 74 = 7p = o0
(Section 3). In the dilute plasma regime, where the density of the vector chemical potential
is small compared to temperature, py < T, and the other chemical potentials are zero,
pa = pg = 0, we get an expected effect: in addition to the damping due to the finite 747, the
Helical Vortical Wave evolves to a purely diffusive mode when the half-period of the wave
exceeds the helical relaxation time 7g. In other words, the helical relaxation cuts off the
low-frequency “helical” modes, corresponding predominantly to the helical-vortical charge
fluctuations of the Helical Vortical Wave. The “axial” mode, a leftover of the non-reciprocal
Axial Vortical Wave branch, is purely diffusive in this regime.

In the dense plasma, at py 2 T, the magnitude of the helical relaxation time deter-
mines the qualitative properties of the hydrodynamic spectrum. For slowly relaxing helical
plasma with a large 7g, the oscillations of helical and axial charge densities — which are
indistinguishable in this limit® — and the vector charge oscillations merge into a common
hydrodynamic excitation, the Axial-Helical Vortical Wave.

The Chiral Vortical Wave emerges in the vanishing-7g limit where the helical degree of
freedom disappears from the spectrum (gets frozen). It is worth stressing that the Chiral

®The helical and axial charges of an ensemble of fermions carrying the same vector charge (i.e. either
fermions or anti-fermions) are identical up to a sign since the same statement is valid for the helical and
axial charges of a single given particle (or anti-particle).
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Vortical Wave and the mixed Axial-Helical Vortical Wave, both existing in the high-density
limit at a finite 77, are different excitations, as is reflected in their different propagation
velocities and the chemical content of these waves.

Notice also that for a degenerate (uy > T') axially conserved (74 — o0) chiral fluid,
the limit of the fast helical relaxation, 7;7 — 0, is accompanied by the redistribution of the
degrees of freedom. At large but finite 757 (approximately conserved helicity), the spectrum
is represented by two non-reciprocal modes of the Axial-Helical Wave that mixes almost
indistinguishable helical-axial oscillations with fluctuations in the vector charge density.
However, at small 77, these modes get transformed to a non-propagating helical mode
(dissipation of all charges driven by the helical charge relaxation) and two bi-directionally
propagating axial-vector modes (the Chiral Vortical Wave).

At a finite (non-zero and non-infinite) helical relaxation time, the interplay of the axial
and helical modes in dense fermionic matter becomes rather non-trivial, as summarized in
Fig. 4. For the chemical potential below a certain limiting value, the wave spectrum contains
three regions: (i) two propagating waves with a small wavenumber (a large wavelength) are
the generalization of the Chiral Vortical Wave (axial-vector oscillations) that includes an
accompanying helical mode; (ii) two propagating waves with a large wavenumber which is
essentially a generalization of the Helical Vortical Wave (helical-vector oscillations) to the
finite-density case; (iii) an intermediate region with a moderate wavelength in which both
mentioned modes are diffusive. Thus, we have two branches of hydrodynamic excitations.
When the vector chemical potential exceeds the mentioned critical value, the diffusive region
(iii) disappears, and the (i) CVE and (ii) HVW domains merge, constituting a single branch
of solutions. In all mentioned regions, these two helical modes are accompanied by a single
diffusive axial non-propagating mode, a reminder of the Axial Vortical Wave.

Simultaneous helical and axial charge relaxations. The accounting for a finite axial
relaxation time 4 makes the whole picture more realistic and, somewhat expectedly, more
intricate. While we refer an interested reader to Section 5 for more details, here we describe
the main features of the hydrodynamic waves with finite helical and axial relaxation times.

For a non-conserved axial charge, there are no propagating modes for small wavenum-
bers (large wavelengths). This property contrasts with the picture at the conserved axial
charge (and non-conserved helical charge), where two modes propagate for all wavelengths
at high vector chemical potential. At the same time, the relaxation time of the axial and/or
helical charges does not affect qualitatively the wave spectrum in the large wavenumber limit
compared to the previously studied case of the conserved axial charge.

If the helical charge dissipates rapidly (faster than the helical charge), then a single
non-propagating helical mode dissipates rather quickly, while the two axial modes propagate
at small wavevectors and are purely diffusive otherwise. In the case of conserved helicity,
T — oo (and at finite 74), two non-dissipative, for all wavelengths, helical modes co-exist
along with the purely dissipative axial mode.

The ratio of the relaxation times, 777 /74, determines whether we have two branches of
thermodynamic excitations (large-wavenumber Helical and low-wavenumber Chiral Vortical
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Waves separated by a non-propagating domain of wavelengths ) or a single branch that
merges these excitations. The corresponding diagram is shown in Fig. 8.

Kinetic dissipation. We also considered the effects of kinetic dissipation produced by
the corrections to the energy-momentum tensor and charge currents due to interactions
in the fluid. In our work, these corrections are also taken into account in the relaxation
time approximation governed by the kinetic relaxation time 7z within the relativistically
consistent framework of Miiller-Israel-Stewart hydrodynamics. The presence of the kinetic
dissipation leads to the damping of the high-wavenumber modes. This property, together
with the fact that for a non-conserved axial charge, there are no propagating modes for
small wavenumbers, poses a stringent restriction to the existence of the vortical waves in
realistic plasmas.

Consequences for quark-gluon plasma. For the environment of the quark-gluon plasma
produced in the current experiments in relativistic heavy-ion collisions, the estimations
made in Section 5 do not favour the observation of the Helical Vortical Waves. It ap-
pears that the angular velocity of the plasma is too small, so the wave propagates too
slowly (about 1% of the speed of light), implying that during the lifetime of the plasma
fireball, the wave advances over a phenomenologically irrelevant distance of a small frac-
tion of a fermi. However, it appears that even this estimation is too optimistic because of
the damping effects. The helical relaxation time sets an upper bound of the wavelength
of the propagating wave because when the wavelengths are too large, wave propagation
gets restricted as a result of the non-conservation of the helical charge. However, even this
wavelength appears to be too small as the kinetic dissipation effects — that increase with
the decrease of the wavelength — appear to be too strong so that they damp the wave effi-
ciently. Therefore, we conclude that helical vortical waves cannot propagate in the realistic
environment of quark-gluon plasmas.

It is worth mentioning that we do not consider the effect of finite electric conductiv-
ity that promotes a diffusive electromagnetic backreaction of an oscillating electric charge
density generated by the waves. This electromagnetic effect can be relevant for all hydro-
dynamic excitations that involve oscillations of the vector chemical potential. An analysis
of the electromagnetic backreaction has been performed for the Chiral Magnetic Wave in
the background magnetic field in Ref. [21] and for the longitudinal sound wave, a circu-
larly polarized vortical wave and diffusive modes, among others, in a vortical background
in Ref. [23|. It appears that these waves are overdamped in quark-gluon plasma, which
aligns well with our conclusions made for the helical and axial hydrodynamic excitations.
Moreover, a finite electric conductivity will further limit the propagation of helical and axial
waves as they also contain a vector component. Therefore, our theoretical analysis gives
an upper bound on the dissolution time of these modes. On the other hand, the electro-
magnetic effects are irrelevant to the charge-neutral Axial Vortical excitations, which will
be discussed in a separate publication.
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A Dissipation basis: charge vs. chemical potential

In section 3, we discussed the collective excitations of the unpolarized plasma when the
non-conservation of helical charge is included through Qu —ppg /7. In this Appendix,
we review the results for the inclusion of dissipation as Q g X —Qp /7y and show that it
unavoidably gives rise to instability.

In order to see that the two approaches are inequivalent, let us consider the variation
of @u with respect to small perturbations in 7" and py,4/. For simplicity, we restrict
ourselves to the large temperature expression for Q. From Eq. (2.20) with ¢ = H (see
also Eq.(3.5b) in Ref. [16]), we find that

_ puT? AT 2 pr (3ui + 3p% + udy)
3 72 32

The fluctuations of the helicity charge 6@z receive non-trivial contributions from fluctua-

Qu +O(T71) (A1)

tions in both the helical and the axial charges, even in the case of an unpolarized (but not
necessarily neutral, uy # 0) background,

2 41n2
6Qn = < - “g) Spr + —5pvTopa+ O(T ). (A.2)
pa=pr=0 3o m
Therefore, in the prescription for relaxation given by V,J% = —Qp /7y there is an extra

term coming from the crossed susceptibility xga = 0Qp/0ua which is responsible for a
relaxation towards a state with Qg = 0, which does not necessarily enforce uy = 0. On
the contrary, the prescription used in the main text V,J = —T?p /37y does lead to a
relaxation towards pp = 0. We proceed now to discuss the consequences of introducing
dissipation on the basis of charge.
The (non)-conservation equations for the charge sector become
Q

Vil =0, VuJi=0, Vulh=-"" (A.3)
H

k
In this case, the matrix M in Eq. (3.3) changes to
1 2i04 2i0%)
— M = wM, — koM =3 2 (5011000 4). A.
7aMe = WM., — ko Q+THT2H+THT2(£H v a) (A.5)

Its determinant can be evaluated as follows:

s

L 2ios 2ioy | % (o4 - LAH) 3B
det (T2M> = det <wa — kMg + T2 HH> — l?
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where the first term can be obtained by substituting 7 — 75 x T%/(60%) in Eq. (3.4).
Accordingly, the master equation det(M) = 0 gets modified to

w w)? 2 42
272 { @2) <oﬁ - Z;AH) [(03)* = (07)%] = [(A* + B0 - 2ABaj€I]}

7

2w\? 6 [, T2 " " KA 6 o
<T2> T2 (UA - BAH) [(64)” — (o)) — %E(AUA — Boyy)

3rH
(A7)

We can solve the previous equation perturbatively in kq. Let us expand w in powers of kq:
w=wy+wikg+ ... (A.8)

The master equation to zeroth order in kg reads:

{ (2}”0) CEIICE (aﬁ)z]} (e 25)-0. a9

There is a non-trivial and purely dissipating solution wy = —i/7y and a double trivial root
wo = 0. We now compute the corrections to the trivial root from the next to the leading
order for the master equation:

2 orwi\° [, T2 S N
T T2 ( T2 ) (GA T3 AH | [(64)" — (o7)7] — E(AJA — Bof)| kg =0 (A.10)
Therefore, we find
T? A(Ac — Bo¥
wi = (Ao — Boj) (A.11)

20\ H (0 = TAH) [(04)? — (03)2)

The quantity A(Ac“% — Bo%;) is negative semi-definite, whereas the remaining factor inside
the square root is positive semi-definite. Specifically, from the definitions, we find 0% > o}
and

H >0,

(A.12)
where we have written ay = py/T. The behaviour of A(Ac% — Boy;) at small chemical

15a4 4 30m%ad + 7nt 2o L 1?2 N 1504 + 603, % + 77
= R 0- —_— —
1503, + Tn2 o2\t 3 9002, + 4272

potential is given by

1

Tz A(Ac] — Bofy) ~ —0.00043203 < 0 (A.13)
As a result, wli come in complex conjugate pairs, and there is one unstable mode at finite
vector chemical potential. While the previous result is derived for small chemical potential,
it can be verified (see Fig. 13) that A(Ac% — BoY;) is indeed negative definite for any non-

zero chemical potential, and thus, the instability always appears for small wavenumber.
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Figure 13: Explicit demonstration that the left hand side of Eq. (A.13) is negative definite
and therefore there is always one unstable mode at small wavenumber.

B Helicity relaxation time at finite chemical potential

In this section of the appendix, we extend the calculation of the helicity relaxation time
7 presented Ref. [14] to the case of an unpolarized, charged plasma, i.e. at finite vector
chemical potential py = ayT. We start from Egs. (101), (102) and (104) of Ref. [14]:

d
Wn _ 9;20A/dPOvaA[f],

2
gu
Cirvealf] = / AKAP' A5 (p+ b = 3f — K)s(2m)° T2 (1 = 05 o)
< g A To AT Iy = Foa e Iafg ) (B.1)

with s = E2, = (p + k)? = (p' + k')? being the center-of-mass energy and ., the angle
between p’ and p, measured in the center of mass frame, satisfying

4p - p’
1 —cosfem = # (B.2)
Ecm

We now consider that the plasma is near thermal equilibrium at finite 7" and uy. A
small helicity imbalance can be modelled via the Fermi-Dirac distribution,

oA SR~ [ + 200 B [ [ (B.3)

where f(‘)’p = [eBEP*UO‘V + 1]~ is the equilibrium distribution for a charged, unpolarized
fluid, thus extending Eq. (105) of Ref. [14] for the neutral fluid to the case of a charged fluid.
Note that in Eq. (107) of Ref. [14], Eq. (B.1) was replaced by dQp/dt = —Qp /7H, which
is valid under the assumption of a neutral background with a small helicity imbalance, i.e.
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pyv = pa = 0and |uy| < T, when Qg ~ uyT?/3. In this work, we consider the case when
py is arbitrary, such that instead Eq. (B.1) becomes
dQu _  puT?

= B4
dt 3y’ (B4)

with

= g(zﬂ)ﬁgag@w / dPdKdP'dK'(1 — cos Ocm)?0* (p + k — p' — k')

1 o —0 fo0 p—0/ fO F—o o .
X 4 Z Jopfox fopr fowr (f(]p + fox + Jopr Jow)- (B.5)
o==+1

Noting t~hat,~ under the conservation of total four-momentum, f§, fo,” fé’p, f(ﬁg( feor =+ foao) =
T AT FT IS (fS + fn7), the expression between the parentheses above evaluates to
0pJ ok Jop’/ok’ \JOp 0k p p

Fo+ Fol + 18 4 fond = foo + Forl + 18 + [l = 2, (B.6)

where we used the property fgp =1~ f§,- Writing now as in Eq. (159),
-1 8 6 2 3 1 o p—0 70
Ty = g(%) gageph deK§ ZfOpf()k Ig, (B.7)

with
13 = / dP'dK'(1 — cosfem)?0 (0 + &k — 0" — k) f§y i (B.8)

the ¥’ and p’ outgoing momenta can be boosted in the center of mass frame, where the
delta function reads §(Eem — ph — k)0%(—p’ — k’). The dK’ integral can be performed
automatically, leading to

1 [ o
I3 = ) /0 dp’/de/(S(Ecm —2p()(1 — cos Qcm)Qfgp,fOk/ (B.9)

The integration with respect to p’ yields a factor of 1/2 (see Ref. [30]), leading to:

o 1 fo f—o o d(pp/ 2
I3 = 32n) dz fp forr . o (1 — cosfem)”. (B.10)

In the above, x = cos 6y represents the angle between p’ and p + k, while ¢ measures an
angle in the plane perpendicular to p + k.

The integral with respect to ¢p can be performed using the explicit expression for
1 — cosBOcm,

4p - p/
1—cosbem = # (B.11)
Ecm

After boosting p’ to the center of mass frame, p* is replaced by ptm = (Eem /2, Pem), With

P’ + Eem/2

Pcmn =P —
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Figure 14: Ratio 714(0)/7m(ay) between the helicity relaxation time in a neutral plasma
and at dimensionless vector chemical potential ay = py /T, in an unpolarized plasma.

Splitting pem = Pj| + P, where pj| is oriented along k + p and p, is perpendicular to this
vector, we have
Pem - (P + k) o Ecm(po — ko)

_ _ , B.13
R S N TR Y 1
same as Eq. (168) in Ref. [30]. The calculation proceeds further exactly as shown in Ref. [14],
leading to
673
m= P (B.14)
gaQCDI
with

2
/ dzz/dzx/ dé dg[ —2x5—|—3 L2
15 28

><§ Z [€§(1+6)_Jav+l] [ 21— 6)+aav_|_1] [e—g(l-i-xf)—i-aozv_i_l]—l[e—g(l—mf)—aav_'_l]—l
o==%1
(B.15)

At vanishing chemical potential, Z = 5.09434 [30] and the helicity relaxation time in the
neutral plasma reads

3 250 M 1 \?/ 2
717 = 0.196 x 67; A < o0 eV) ( > () x 4.804 fm/c. (B.16)
94D kgT aQCD Ny
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As the vector chemical potential is increased, the relaxation time also increases, as shown
in Fig. 14. The large chemical potential behaviour of the relaxation time can be well fitted

by the following function:
e

T (av > 1) = ¢ (B.17)

ay
where the best fit was found to be given by ¢g = 118.6.
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