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Abstract 

The expectation of the random compensating variation is the welfare change measure that is used in 
discrete choice models. The expectation of the equivalent variation is equally founded theoretically. 
When choices are income independent and income enters utilities linearly, the two measures are 
identical. The case of income-dependent choices remains an area for exploration. The paper provides 
the equivalent variation counterparts of the formulas that are available for the expectation of the 
compensating variation. 
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1. Introduction 

There is a long record of contributions to welfare measurement when choices are discrete. This is of 
use in cost-benefit analysis in the transport sector, one where discrete travel choices (if to travel or 
otherwise, destination, mode of transport, route) are of relevance. 

Since the introduction of discrete choice models, where utilities are modelled as random, in the 
seventies, researchers addressed the measurement of welfare change, adapting the measures that 
are used for classical divisible goods demand models. 

The first case was the one of income-independent choices, where income enters the systematic 
utilities linearly with a constant and alternative-independent coefficient which is easily interpreted as 
the marginal utility of income. Williams (1977) proposed a representative consumer approach: the 
measure of welfare change is the representative consumer surplus difference (without and with the 
policy) which equals the difference in the expectation of the maximum utility divided by the marginal 
utility of income. This is the popular logsum formula in the case of the multinomial logit model. Small 
and Rosen (1981) obtained the same formula based on the aggregate compensating variation derived 
from the variation of the expenditure function. 

For the case with income-dependent choices, one can apply the Hicksian concepts of compensating 
and equivalent variation of classical demand theory by using the expectation of the maximum utility 
as indirect utility. This approach is found in Hau (1985 for theory, and 1987 for an application in the 
transport sector). 

Today, welfare measurement within discrete choice models is grounded in the theory of random 
Hicksian measures proposed by McFadden (1999). The expectation of the random compensating 
variation is commonly used. If random terms are interpreted as individual specific, then the measure 
is the average in a population of individuals who are identical in terms of systematic utilities. 

When choices are income independent and income enters utilities linearly, this measure equals the 
difference in the expectations of the maximum utility divided by the marginal utility of income. 
Therefore, this represents a case where the representative consumer approach and the random utility 
approach coincide. By contrast, when choices are income dependent, the two approaches lead to 
different measures (see the numerical exploration by Tra, 2013). 

If the random approach is followed, there are two ways to compute the expectation of the 
compensating variation. The first is simulation based on draws from the distribution of the random 
terms. Herriges and Kling (1999) used this method with a translog in residual income specification of 
the utilities, the residual income being the difference between disposable income and expenditure on 
the alternative. This specification is appealing, because it provides a decreasing marginal utility of 
income, I.e. one additional dollar has less value for the richer than for the poorer. The translog 
specification is studied in Delle Site (2014). 

The second way to compute the expectation of the compensating variation is based on the solution to 
one-dimensional integrals. Karlström (2014) obtained a formula starting from the distribution of the 
random expenditure function. De Palma and Kilani (2011) first calculated the probabilities of observed 
choice transitions between alternatives. Then, they obtained a formula starting from the distributions 
of the expectations of the compensating variation that are conditional on the observed transition. 

The random equivalent variation is equally valid theoretically. Bhattacharya (2015) provided a formula 
for the expectation of the equivalent variation which restricts to price changes. The computation of the 
expectation in the case of an unrestricted change in systematic utilities is to date unexplored. The 
present letter fills this gap and provides the counterparts of the formulas that were obtained by 
Karlström (2014) and de Palma and Kilani (2011) for the expectation of the compensating variation.  

Additionally, the letter demonstrates how an income-dependent discrete choice model, with translog 
or power in residual income specification of the utilities, can be obtained from the consumer behaviour 
problem formulated in terms of direct utility. This result, inspired by Small and Rosen (1981), is not 
found in the literature. 

The letter has the following organisation. The theoretical findings are in sections 2 and 3. Section 4 
concludes with discussion and future research.   
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2. Derivation of income-dependent discrete choice random utility model 

Consider 𝑛 discrete goods indexed by 𝑖 and the numéraire indexed by 0. Let the respective quantities 
be 𝑋𝑖 , 𝑖 = 1, … , 𝑛, 𝑋0. Let the prices of the 𝑛 goods be 𝑝𝑖 , 𝑖 = 1, … , 𝑛. The numéraire has unitary price. 
Let the disposable income of the consumer be 𝑦.  

Consider the consumer’s utility maximisation problem: 

max
𝑋0,𝑋1,…,𝑋𝑛

𝑈(𝑋0, 𝑋1, … , 𝑋𝑛) (1) 

𝑈 = 𝛼𝑓(𝑋0) + ∑(𝑣̅𝑖 + 𝜖𝑖)𝑋𝑖 , 𝛼 > 0  

𝑛

𝑖=1

 (2) 

𝑋0 + ∑ 𝑝𝑖𝑋𝑖 = 𝑦

𝑛

𝑖=1

 (3) 

∑ 𝑋𝑖 = 1

𝑛

𝑖=1

 (4) 

𝑋𝑖𝑋𝑗 = 0,           𝑖 ≠ 𝑗, 𝑖, 𝑗 = 1, … , 𝑛 (5) 

𝑋0 ≥ 0; 𝑋𝑖 ≥ 0, 𝑖 = 1, … 𝑛 (6) 

where 𝑈 is the direct utility, 𝑣̅𝑖 and 𝜖𝑖 are a quality index and a random term associated with good 𝑖, 
respectively. 

Based on Eq. (2), the direct utility is quasilinear: linear in the quantities 𝑋𝑖 , 𝑖 = 1, … , 𝑛, of the discrete 
goods, and nonlinear in the numéraire. Eq. (3) is the budget constraint. Eqs (6) impose the non-
negativity of the quantities consumed. Eq (4) together with Eqs (5) and (6) imposes that one discrete 
good only in unitary quantity is consumed.  

We assume that the function 𝑓(𝑋0) takes one of the following functional forms: 

𝑓(𝑋0) = 𝑋0
𝛽

, 0 < 𝛽 < 1 (7) 

𝑓(𝑋0) = ln(𝑋0) (8) 

The functional form of Eq. (6) is power, the one of Eq. (7) the logarithmic. Both imply a decreasing 
marginal direct utility with the numéraire. 

Lemma. The solution to the consumer’s direct utility maximisation problem in Eqs (1)-(8), in terms of 
demand functions, is the discrete choice random utility model with conditional indirect utilities: 

𝑢𝑖 = 𝛼𝑓(𝑦 − 𝑝𝑖) + 𝑣̅𝑖 + 𝜖𝑖, 𝑖 = 1 … , 𝑛 (9) 

Proof. The discrete choice random utility model where only one alternative is consumed, plus the 
numeraire, follows directly from the formulation. The conditional indirect utility of alternative 𝑖 takes 
the functional form in Eq. (9). Since the objective function is strictly concave and the feasible set is 
convex (because it is the intersection of convex sets), the local optimum is a global maximum.  

Based on the expressions of the conditional indirect utilities of Eqs (9) and the assumption of the 
functional forms of Eqs (7) and (8), the marginal utility of income is decreasing with income. When Eq. 
(8) is used, then we have the translog in residual income functional form. Notice that the residual 
income equals the consumption of the numéraire. 

3. Random compensating and equivalent variations  

Consider two states of the world: the state without the policy, denoted by the superscript 0, and the 
state with the policy, denoted by the superscript 1. Assume the random term 𝜖𝑖 of each alternative 𝑖 
is unchanged when transitioning between these states.  

Based on McFadden (1999), the random compensating variation 𝑐𝑣 is defined as the solution to the 
following equation: 
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max
𝑖=1,…,𝑛

[𝛼𝑓(𝑦 − 𝑝𝑖
0) + 𝑣̅𝑖

0 + 𝜖𝑖] = max
𝑖=1,…,𝑛

[𝛼𝑓(𝑦 − 𝑐𝑣 − 𝑝𝑖
1) + 𝑣̅𝑖

1 + 𝜖𝑖] 

A random equivalent variation 𝑒𝑣 can be defined as the solution to the equation:   

max
𝑖=1,…,𝑛

[𝛼𝑓(𝑦 + 𝑒𝑣 − 𝑝𝑖
0) + 𝑣̅𝑖

0 + 𝜖𝑖] = max
𝑖=1,…,𝑛

[𝛼𝑓(𝑦 − 𝑝𝑖
1) + 𝑣̅𝑖

1 + 𝜖𝑖] 

The measurement of welfare change by the expectation of the compensating variation 𝔼[𝑐𝑣] is today 
well established. The expectation of the equivalent variation 𝔼[𝑒𝑣] is also theoretically justified.  

The two expectations can be obtained by Monte Carlo simulation, i.e. by drawing from the distribution 
of the random terms. The Monte Carlo estimators 𝑠1 and 𝑠2 of, respectively, the expectation of the 
compensating variation and the expectation of the equivalent variation are:  

𝑠1 =
1

𝑁
∑ 𝑐𝑣(𝜖1𝑟 , … , 𝜖𝑛𝑟)

𝑁

𝑟=1

 
 

𝑠2 =
1

𝑁
∑ 𝑒𝑣(𝜖1𝑟 , … , 𝜖𝑛𝑟)

𝑁

𝑟=1

 
 

where 𝑟 = 1, … , 𝑁 is the index of draw. These two estimators are unbiased and have variance equal to 
1/𝑁 times the variance of the respective welfare change random measure. 

Formulas based on one-dimensional integrals are also available. For the expectation of the 
compensating variation 𝔼[𝑐𝑣] there are the following two. One is obtained by Karlström (2014), who 
uses an argument based on the distribution of the random expenditure function. One is obtained by de 
Palma and Kilani (2011), who use an argument based of the distributions of the compensating variation 
that are conditional on the observed transition. Both formulas require numerical integration. 

The expectation of the compensating variation 𝔼[𝑐𝑣] is, based on Karlström (2014): 

𝔼[𝑐𝑣] = 𝑦 − ∑ ∫ 𝑃𝑖[𝑔1(𝑚), … , 𝑔𝑛(𝑚)]𝑑𝑚
𝜇𝑖𝑖

0

𝑛

𝑖=1

 (10) 

where 𝜇𝑖𝑖 is the expenditure needed with the policy to restore the without-policy level of utility if 
alternative 𝑖 is chosen without and with the policy: 

𝛼𝑓(𝑦 − 𝑝𝑖
0) + 𝑣̅𝑖

0 = 𝛼𝑓(𝜇𝑖𝑖 − 𝑝𝑖
1) + 𝑣̅𝑖

1 

𝑃𝑖 is the probability of choice of alternative 𝑖 having as arguments the systematic utilities of the 
alternatives, and  

𝑔𝑖(𝑚) = max[𝛼𝑓(𝑦 − 𝑝𝑖
0) + 𝑣̅𝑖

0, 𝛼𝑓(𝑚 − 𝑝𝑖
1) + 𝑣̅𝑖

1], 𝑖 = 1, … , 𝑛 

For use of the formula with the translog in residual income specification of Eq. (7), there is a need to 
set at minus infinity the logarithm function of negative values of the argument, since 𝑚 can be lower 
than 𝑝𝑖

1.  

The expectation of the equivalent variation is not provided by Karlström (2014). The following 
proposition fills the gap. 

Proposition 1. The expectation of the equivalent variation is: 

𝔼[𝑒𝑣] = ∑ ∫ 𝑃𝑖[𝑔1
′ (𝑚), … , 𝑔𝑛

′ (𝑚)]𝑑𝑚
𝜇𝑖𝑖

′

0

− 𝑦

𝑛

𝑖=1

  

where 𝜇𝑖𝑖
′  is the expenditure needed without the policy to obtain the with-policy level of utility if 

alternative 𝑖 is chosen without and with the policy: 

𝛼𝑓(𝜇𝑖𝑖
′ − 𝑝𝑖

0) + 𝑣̅𝑖
0 = 𝛼𝑓(𝑦 − 𝑝𝑖

1) + 𝑣̅𝑖
1 

and  

𝑔𝑖
′(𝑚) = max[𝛼𝑓(𝑚 − 𝑝𝑖

0) + 𝑣̅𝑖
0, 𝛼𝑓(𝑦 − 𝑝𝑖

1) + 𝑣̅𝑖
1],          𝑖 = 1, … , 𝑛 
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Proof. The random expenditure in Karlström (2014) 𝑚 = 𝑦 − 𝑐𝑣 satisfies: 

max
𝑖=1,…,𝑛

[𝛼𝑓(𝑦 − 𝑝𝑖
0) + 𝑣̅𝑖

0 + 𝜖𝑖] = max
𝑖=1,…,𝑛

[𝛼𝑓(𝑚 − 𝑝𝑖
1) + 𝑣̅𝑖

1 + 𝜖𝑖] (11) 

Taking expectations we obtain 𝔼[𝑐𝑣] = 𝑦 − 𝔼[𝑚], where 𝔼[𝑚] equals the sum of the integrals in the 
right-hand side of Eq. (10). 

Now, define 𝑚′ = 𝑦 + 𝑒𝑣 which satisfies: 

max
𝑖=1,…,𝑛

[𝛼𝑓(𝑚′ − 𝑝𝑖
0) + 𝑣̅𝑖

0 + 𝜖𝑖] = max
𝑖=1,…,𝑛

[𝛼𝑓(𝑦 − 𝑝𝑖
1) + 𝑣̅𝑖

1 + 𝜖𝑖] (12) 

Eq. (12) can be re-written as: 

max
𝑖=1,…,𝑛

[𝛼𝑓(𝑦 − 𝑝𝑖
1) + 𝑣̅𝑖

1 + 𝜖𝑖] = max
𝑖=1,…,𝑛

[𝛼𝑓(𝑚′ − 𝑝𝑖
0) + 𝑣̅𝑖

0 + 𝜖𝑖] (13) 

which is Eq. (11) with the superscripts 0 and 1 swapped.  

Taking expectations we obtain 𝔼[𝑒𝑣] = 𝔼[𝑚′] − 𝑦. The expression of 𝔼[𝑚′] is simply obtained, in the 
light of Eq. (13), from the expression of 𝔼[𝑚] in Eq. (10) by swapping the superscripts 0 and 1.   

The expectation of the compensating variation 𝔼[𝑐𝑣] is, based on de Palma and Kilani (2011): 

𝔼[𝑐𝑣] = 𝜓̅𝑛 − ∑ ∫ 𝑃𝑖[𝛼𝑓(𝑦 − 𝑝1
0) + 𝑣̅1

0 + 𝛿1
+(𝑐), … , 𝛼𝑓(𝑦 − 𝑝𝑛

0) + 𝑣̅𝑛
0 + 𝛿𝑛

+(𝑐)]
𝜓̅𝑛

𝜓𝑖𝑖

𝑑𝑐

𝑛

𝑖=1

 

where: 

𝛿𝑗(𝑐) = 𝛼𝑓(𝑦 − 𝑐 − 𝑝𝑗
1) + 𝑣̅𝑗

1 − 𝛼𝑓(𝑦 − 𝑝𝑗
0) − 𝑣̅𝑗

0 

𝑥+ = max(𝑥, 0) 

𝜓𝑖𝑗  satisfies 𝛿𝑗(𝜓𝑖𝑗) = (𝛿𝑗 − 𝛿𝑖)
+

,  

𝜓̅𝑛 = max
𝑖=1,…,𝑛

𝜓𝑛𝑖 , and  

alternatives are in ascending order of 𝛿𝑖 = 𝛼𝑓(𝑦 − 𝑝𝑖
1) + 𝑣̅𝑖

1 − 𝛼𝑓(𝑦 − 𝑝𝑖
0) − 𝑣̅𝑖

0.  

The expectation of the equivalent variation is not provided by de Palma and Kilani (2011). The following 
proposition fills the gap. 

Proposition 2. The expectation of the equivalent variation is: 

𝔼[𝑒𝑣] = ∑ ∫ 𝑃𝑖[𝛼𝑓(𝑦 − 𝑝1
1) + 𝑣̅1

1 + 𝛿1
′+(𝑐), … , 𝛼𝑓(𝑦 − 𝑝𝑛

1) + 𝑣̅𝑛
1 + 𝛿𝑛

′+(𝑐)]
𝜓̅𝑛

′

𝜓𝑖𝑖
′

𝑑𝑐

𝑛

𝑖=1

−𝜓̅𝑛
′  

where: 

𝛿𝑗
′(𝑐) = 𝛼𝑓(𝑦 − 𝑐 − 𝑝𝑗

0) + 𝑣̅𝑗
0 − 𝛼𝑓(𝑦 − 𝑝𝑗

1) − 𝑣̅𝑗
1, 

𝜓𝑖𝑗
′  satisfies 𝛿𝑖

′(𝜓𝑖𝑗
′ ) = (𝛿𝑗

′ − 𝛿𝑖
′)

+
, 

𝜓̅𝑛
′ = max

𝑖=1,…,𝑛
𝜓𝑖𝑛

′  and 

alternatives are in ascending order of 𝛿𝑖
′ = 𝛼𝑓(𝑦 − 𝑝𝑖

0) + 𝑣̅𝑖
0 − 𝛼𝑓(𝑦 − 𝑝𝑖

1) − 𝑣̅𝑖
1. 

Proof. Along the same lines of the proof of proposition 1. It is left to the reader.  

When income is heterogenous and the probability density function of income ℎ(𝑦) is available, the 
expectation of the compensating variation 𝔼[𝑐𝑣] and of the equivalent variation 𝔼[𝑒𝑣] are obtained by 
the law of total expectation: 

𝔼[𝑐𝑣] = ∫ 𝔼[𝑐𝑣|𝑦]ℎ(𝑦)𝑑𝑦
∞

0

  

𝔼[𝑒𝑣] = ∫ 𝔼[𝑒𝑣|𝑦]ℎ(𝑦)𝑑𝑦
∞

0
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where 𝔼[𝑐𝑣|𝑦] and 𝔼[𝑒𝑣|𝑦] are the expectations of the compensating and the equivalent variation 
conditional on income 𝑦. 

4. Conclusions 

With income-dependent choices, the expectations of the compensating variation and of the equivalent 
variation are different. Therefore, in policy evaluation, both should be considered. The computation of 
the two expectations by one-dimensional integral formulas is more efficient than Monte Carlo 
simulation, when accuracy and computation time are considered. This is true even with heterogenous 
income, a case where an additional level of integration is needed. 

De Palma and Kilani (2011) provided expressions of the expectations of the distributions of 
compensating variation that are conditional on the observed transition. Future research might provide 
expressions of the expectations of the distributions of equivalent variation that are conditional on the 
observed transition. This is of interest to applied practice, because estimation of the welfare change 
accruing to the sub-populations of shifters and non-shifters is key to impact distribution analysis. 
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