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Abstract

The expectation of the random compensating variation is the welfare change measure that is used in
discrete choice models. The expectation of the equivalent variation is equally founded theoretically.
When choices are income independent, the two measures take identical values. The case of income-
dependent choices remains an area for exploration. The paper provides a twofold theoretical
contribution. First, it derives the discrete choice model with n alternatives and a translog and power
specification of the residual income term of the indirect utilities from a quasilinear direct utility in the
consumption of the discrete goods and a numéraire. Second, it provides the equivalent variation
counterparts of the formulas that are available for the expectation of the compensating variation: the
one based on the random expenditure function, and the one based on conditional on observed
transition expectations of the compensating variation. An example related to multinomial logit and
choice of the transport mode of urban travel illustrates the insights.
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1. Introduction

There is a long record of contributions to welfare measurement when choices are discrete. This is of
use in cost-benefit analysis in the transport sector, one where discrete travel choices (if to travel or
otherwise, destination, mode of transport, route) are of relevance.

Since the introduction of discrete choice models, where utilities are modeled as random, in the
seventies, researchers addressed the measurement of welfare change, adapting the measures that
are used for classical divisible goods demand models.

The first case was the one of income-independent choices where income enters the systematic
utilities linearly with a constant and alternative-independent coefficient which is easily interpreted as
the marginal utility of income. Williams (1977) proposed a representative consumer approach: the
measure of welfare change is the representative consumer surplus difference (without and with the
policy) which equals the difference in the expectation of the maximum utility divided by the marginal
utility of income. This is the popular logsum formula in the case of the multinomial logit model. Small
and Rosen (1981) obtained the same formula based on the aggregate compensating variation derived
from the variation of the expenditure function.

For the case with income-dependent choices, one can apply the Hicksian concepts of compensating
and equivalent variation of classical demand theory by using the expectation of the maximum utility
as indirect utility. This approach is found in Hau (1985 for theory, and 1987 for an application in the
transport sector).

Today, welfare measurement within discrete choice models is grounded in the theory of random
Hicksian measures proposed by McFadden (1999). The expectation of the random compensating
variation is commonly used. If random terms are interpreted as individual specific, then the measure
is the average in a population of individuals who are identical in terms of systematic utilities.

When choices are income independent, this measure equals the difference in the expectations of the
maximum utility divided by the marginal utility of income. Therefore, this represents a case where the
representative consumer approach and the random utility approach coincide. By contrast, when
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choices are income dependent, the two approaches lead to different measures (see the numerical
exploration by Tra, 2013).

If the random approach is followed, there are two ways to compute the expectation of the
compensating variation. The first is simulation based on draws from the distribution of the random
terms. Herriges and Kling (1999) used this method with a translog in residual income specification of
the utilities, the residual income being the difference between disposable income and expenditure on
the alternative. This specification is appealing, because it provides a decreasing marginal utility of
income, l.e. one additional dollar has less value for the richer than for the poorer. The translog
specification is studied in Delle Site (2014).

The second way to compute the expectation of the compensating variation is based on the solution to
one-dimensional integrals. Karlstrom (2014) obtained a formula starting from the distribution of the
random expenditure function. De Palma and Kilani (2011) obtained a formula starting from the
distribution of the conditional on the observed transition expectations.

The random equivalent variation is equally valid theoretically. Bhattacharya (2015) provided a formula
for the expectation of the equivalent variation which restricts to price changes. The computation of the
expectation in the case of an unrestricted change in systematic utilities is to date unexplored. The
present note fills this gap and provides the counterparts of the formulas that were obtained by
Karlstrom (2014) and de Palma and Kilani (2011) for the expectation of the compensating variation.

Additionally, the note demonstrates how an income-dependent discrete choice model, with translog
or power in residual income specification of the utilities, can be obtained from the consumer behaviour
problem formulated in terms of direct utility.

The note has the following organisation. The theoretical findings are in section 2. Section 3 provides
an illustrative example. Section 4 concludes with discussion and future research.

2. Theoretical findings
2.1 Derivation of income-dependent discrete choice random utility model

Consider n discrete goods indexed by i and the numéraire indexed by 0. Let the respective quantities
be X;,i =1,..,m,X,. Let the prices of the n goods be p;, i = 1,...,n. The numéraire has unitary price.
Let the disposable income of the consumer be y.

Consider the consumer’s utility maximisation problem:

xpax, U(Xo, X1, ) Xn) €))
n
U=af(Xy) + Z(ﬁi + €)X, a>0 )
i=1
n
Xo +ZPiXi =y 3
i=1
n
i=1
Xo=0,X;,>0, i=1.n )

where U is the direct utility, 7; and ¢; are a quality index and a random term associated with good i,
respectively.

Based on Eq. (2), the direct utility is quasilinear: linear in the quantities X;,i = 1, ..., n, of the discrete
goods, and nonlinear in the numéraire. Eq. (3) is the budget constraint. Based on Eq. (4), only a unitary
quantity of the discrete goods is consumed. Eqs (5) impose the non-negativity of the quantities
consumed. Notice that the integrality constraint on the quantities of the discrete goods is not imposed.

We assume that the function f(X,) takes one of the following functional forms:
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[ =X5,0<p<1 ©)
f(Xo) = In(Xo) ™
The functional form of Eq. (6) is power, the one of Eq. (7) the logarithmic. Both imply a decreasing
marginal direct utility with the numéraire.

The following proposition states that, under the assumptions made, a unitary quantity of one discrete
good only plus the numéraire are consumed.

Proposition 1. The solution to the consumer’s utility maximisation problem in Egs (1)-(7), in terms of
demand functions, is the discrete choice random utility model with conditional indirect utilities:

w=af(y—p)+7v +e€;, i=1..,n (8)
Proof. Since the constraints of the direct utility maximization problem are linear, regularity conditions
are satisfied. Therefore, the following Karush-Kuhn-Tucker conditions hold. With a locally optimal

point X;,i = 1,...,n,X,, there exist multipliers 1;,4,,p;,i = 1, ...,n such that, in addition to constraints
(3)-(5), the following are satisfied:

_(ﬁi+€i)+/11pi+/12_pi=01 i=1,...,n

We obtain:
_(ﬁi+ei)+llpi+/12=pi20' i=1,...,n

of + A4, = =0 9

ax, T Po = €)]
The first case is the one where the numéraire is consumed: X, > 0. Then, we have p, = 0and 1, = ;Tf.
0

We can have only one good with X; > 0 because this inequality implies p; = 0 and
_(ﬁl + Ei) + /‘llpi + A2 =0
which can be satisfied for one good i only. The discrete choice random utility model where only one

alternative is consumed, plus the numeraire, follows. The conditional indirect utility of alternative i
takes the functional form in Eq. (8).

The second case is the one where the numéraire is not consumed: X, = 0. Then, we have p, > 0. Due

to Egs (6) and (7), we have ;Tf = oo, which gives, by Eq. (9), p; = — for a contradiction. Therefore, the
0

case where the numéraire is not consumed is impossible.

Since the objective function is strictly concave and the feasible set is convex (because constraints are
linear) the local optimum is a global maximum. [

Based on the expressions of the conditional indirect utilities of Eqs (8) and the assumption of the
functional forms of Eqs (6) and (7), the marginal utility of income is decreasing with income. When Eq.
(7) is used, then we have the translog in residual income functional form.

2.2 Random compensating and equivalent variations

Consider two states of the world: the state without the policy, denoted by the superscript 0, and the
state with the policy, denoted by the superscript 1. Assume the random term ¢; of each alternative i
is unchanged when transitioning between these states.

Based on McFadden (1999), the random compensating variation cv is defined as the solution to the
following equation:
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max [af (v = pf) + 5 + €] = max [af (v — cv —p}) + 5} + €]

A random equivalent variation ev can be defined as the solution to the equation:
max [af (y +ev —p{) + 7 + €] = max [af (v —p}) + 7] +€]
i=1,..,n i=1,..,n
While these equations bear a striking resemblance to each other, they subtly differ in that the

compensating variation cv is subtracted in the with-policy utility, whereas the equivalent variation ev
is added in the without-policy utility, reflecting their distinct conceptual implications.

Figure 1and 2 provide a geometric representation in a case of two alternatives where the utilities take
the following values without and with the policy:

u® =1n(20 — 19.9) + 13.8; u! =In(20 — 12) + 14
u? = In(20 — 19.9) + 14.302; u} = In(20 — 9) + 12

20
16
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Figure 1. Random compensating variation
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Figure 2. Random equivalent variation
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With reference to the notation in the charts, the compensating variation is cv, = 10, the equivalent
variation is ev, = 5.812.

Due to the increasing monotonicity of utility with residual income, the random compensating variation
cv is the maximum among the values obtained by the intersection of the with-policy compensated
utility and the horizontal without-policy utility line. In the case here: cv = max(cv,, cv,).

Symmetrically, the random equivalent variation is the minimum among the values obtained by the
intersection of the without-policy compensated utility and the horizontal with-policy utility line. In the
case here: ev = min(ev,, ev,).

The measurement of welfare change by the expectation of the compensating variation E[cv] is today
well established. The expectation of the equivalent variation E[cv] is also theoretically justified.

The two expectations can be obtained by simulation, i.e. drawing from the distribution of the random
terms:

1
I\II%N cV(€1yy e, Eny) = E[cV]
r=1

N
1
lim NZ ev(€yr, -, €ny) = E[ev]
r=1

N—-oo

wherer =1, ...,N is the index of draw.

Formulas based on one-dimensional integrals are also available. For the expectation of the
compensating variation E[cv] there are the following two. One is obtained by Karlstrém (2014), who
uses an argument based on the distribution of the random expenditure function. One is obtained by de
Palma and Kilani (2011), who use an argument based of the distribution of the conditional on the
observed transition compensating variation. Both formulas require numerical integration.

The expectation of the compensating variation E[cv] is, based on Karlstrom (2014):
L
Blevl =y =) [ Algs@n), .. gnGm)ldm w0
i=1"0

where y;; is the expenditure needed with the policy to restore the without-policy level of utility if
alternative i is chosen without and with the policy:

af (v —p?) + 70 = af (u; — pi) + 0}

P; is the probability of choice of alternative i having as arguments the systematic utilities of the
alternatives, and

gi(m) = max[af (y — p) + 90, af (m —p}) + 9}],i=1,..,n

For use of the formula with the translog in residual income specification of Eq. (7), there is a need to
set at minus infinity the logarithm function of negative values of the argument, since m can be lower
than p}.

The expectation of the equivalent variation is not provided by Karlstrom (2014). The following
proposition fills the gap.

Proposition 2. The expectation of the equivalent variation is:
Nl
Blevl = )" [ PilgiGm), ... ghm)ldm — y )
i=1"0

where uj; is the expenditure needed without the policy to obtain the with-policy level of utility if
alternative i is chosen without and with the policy:

af (uy —p?) + 00 = af (v — pi) + 9}
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and
gi(m) = max[af(m —p)) + 7, af y —p) +0i],i=1,..,n
Proof. The random expenditure in Karlstrom (2014) m = y — cv satisfies:
max af (y —p{) + 9 = max af(m—p})+7; (12)
i=1,..n i=1,..,n
Taking expectations we obtain E[cv] = y — E[m], where E[m] equals the sum of the integrals in the
right-hand side of Eq. (10).
Now, define m’ = y + ev which satisfies:
max af(m'—p!) + 7 = max af(y —p))+7 (13)
i=1,..n i=1,..,n
Eqg. (13) can be re-written as:

max af(y—p{) + 9 = max af(m'—p) + 7} (14)
i=1,..n i=1,...,n

which is Eq. (12) with the superscripts 0 and 1 swapped.

Taking expectations we obtain E[ev] = E[m'] —y. The expression of E[m'] is simply obtained, in the
light of Eq. (14), from the expression of E[m] by swapping the superscripts 0 and 1. 0

The expectation of the compensating variation E[cv] is, based on de Palma and Kilani (2011):
_ PYn
Blev] =i = ) [ Raf (= p0) + 50 + 870 af & = ) + 58 + 6(0)] de
i=1 " Wii

Wy, satisfies &;(y;;) = (6, — &),

8i(c) = af(y —c = pj) + 7} —af(y - ) - 7,

alternatives are in ascending order of §; = af (y — p}) + ¥} — af (v — p?) — ¥}, and
xT = (x,0).

The expectation of the equivalent variation is not provided by de Palma and Kilani (2011). The following
proposition fills the gap.

Proposition 3. The expectation of the equivalent variation is:

n

28 -
E[ev] = Z f Plaf(y—p1) + 01 +617(C), o, af (v = pa) + O + 837 ()] de =3y,

i=1 Vi
where:
Pp = max iy,
i=1,..n

! H H ! ! ! ! +
lpij SatISerS 8L' (l’bU) = (8] - 61) y
5/ =af(y—c—p?)+ 9 —af(y—p}) — 7},
alternatives are in ascending order of §/ = af (y — p?) + v — af (y — p}) — v}
Proof. Along the same lines of the proof of proposition 2. It is left to the reader. 0

When income is heterogenous and the probability density function of income h(y) is available, the
expectation of the compensating variation E[cv] and of the equivalent variation E[ev] are obtained by
the law of total expectation:
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E[cv] = f Elcvlylh(y)dy 15)

Efev] = f Elev]y]h(y)dy (16)

where E[cv|y] and E[ev|y] are the expectations of the compensating and the equivalent variation
conditional on income y.

3. lllustrative example

The example relates to the choice of the transport mode by travelers in urban areas. There are three
alternatives: metro, bus and car. A multinomial logit model is estimated on simulated data mimicking
conditions found in the Rome urban area in the morning peak. Details on how data are generated are
found in Delle Site and Salucci (2013). Let M denote metro, B bus and C car. The systematic utilities
are translog in residual income:

vy = aln(y —pyp) + Bitim + Botom + B
vp = aln(y —pus) + Bitip + Batop + By
ve = aln(y —pc) + Batyc

where t; is access travel time, t, is on-board travel time, and «,B;, B, B3, B, are estimation
coefficients. Their values are in Table 1. The price attribute is the monthly ticket for metro and bus, and
the monthly parking charge at destination for car. All coefficients have the expected sign and are
statistically significant at 5% level. Access time is valued relatively more than on-board time.

Welfare analysis is conducted for a bus prioritization policy. This may consist in measures including
priority lanes and switching of services to bus rapid transit. The on-board travel time of bus is
assumed to decrease because of the policy. This implies demand is shifted from car and metro to bus.
The travel time of car is assumed to be unchanged, which is realistic insofar as the lower road space
available offsets the lower number of cars.

Figure 3 shows the expectations of the compensating variation and the equivalent variation (monthly
values) when the travel time of bus decreases by a percent value in the range between 5% and 40% of
the value in the without policy conditions.

The chart considers a single origin-destination pair with the following values of the attributes: (pre-
government) monthly income 2387 EUR, metro and bus monthly ticket 30 EUR, parking at destination
monthly ticket 70 EUR, metro access time 13.5 minutes, bus access time 8.1 minutes, metro on-board
time 10.8 minutes, bus on-board time 18.2 minutes, car travel time 22.8 minutes. The associated shares
are 48.3% for metro, 24.1% for bus and 27.6% for car.

Income data are from the Ministry of Economy and Finance and relate to year 2021. For residents of
Rome municipality, the average pre-government monthly income is 2387 EUR and the standard
deviation is 1122 EUR. The empirical income distribution is approximated by the lognormal distribution
in Figure 4. Figure 5 shows the expectations of the compensating variation and the equivalent variation
(monthly values), for the same range of variation of bus travel time of Figure 3, for a population of
income-heterogenous travelers of the origin-destination pair.

In both cases of income set at the average value and of heterogenous income, the expectation of the
equivalent variation and the expectation of the compensating variation are positive. They increase and
diverge as the percent decrease of bus travel time gets larger.

For computation, a python code is used. The expectations of the compensating variation and the
equivalent variation with average income are obtained from the one-dimensional integral formulas of
Egs (10) and (11). Those with heterogenous income from Eqgs (15) and (16). Computation by simulation
is also performed for comparison. Simulation requires high computation time to achieve comparable
accuracy. Computation that uses the formulas is more efficient. With a personal computer having 2.70
GHz CPU and 16.00 MB RAM, computation time is in the order of fractions of second using the formulas,
while several minutes are needed by simulation.
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Table 1. Estimation results

coefficient  attribute estimate (t-statistic)

a residual income (EUR/month) 4.10986 (3.868)
By access time (minutes) -0.19967 (-7.012)
B on-board time (minutes) -0.09829 (-5.767)
B3 alternative specific of metro 2.00681 (4.151)

Ba alternative specific of bus 0.96316 (3.447)

2916 simulated observations

Welfare change with changing bus travel time - homogenous income

—— gxpectation of eguivalent wariation
expectation of compensating variation

5 10 15 20 2|5 30 35 40
bus travel time % decreass

Figure 3. Hicksian measures for varying bus travel time, homogenous income

income probability density function

z 4 & g
income (KEUR/month)

Figure 4. Probability density function of income based on lognormal approximation




A note on welfare measurement with income-dependent discrete choice
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Figure 5. Hicksian measures for varying bus travel time, heterogenous income

4. Conclusions

With income-dependent choices, the expectations of the compensating variation and of the equivalent
variation are different. Therefore, in policy evaluation, both should be considered. The computation of
the two expectations by one-dimensional integral formulas is definitely more efficient than simulation,
when accuracy and computation time are considered. This is true even with heterogenous income, a
case where an additional level of integration is needed.

De Palma and Kilani (2011), provide expressions of the conditional on the observed transitions
expectations of the compensating variation. Future research might provide expressions of the
conditional on the observed transitions expectations of the equivalent variation. This is of interest to
applied practice, because estimation of the welfare change accruing to the sub-populations of shifters
and non-shifters is key to impact distribution analysis.
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