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Abstract: There exist many state-dependent locally bounded additive disturbances for which
a given set can be deemed as invariant with respect to a stable linear discrete-time dynamic
system. We introduce the notion of maximal disturbance set which is unique for each system and
candidate invariant set and shares many of the geometric properties of its associated invariant
set. We demonstrate how maximal disturbance sets may be constructed for arbitrary invariant
sets by constructing them from the union of maximal disturbance sets for convex minimal robust

positively invariant sets.
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1. INTRODUCTION

The set-theoretic properties of dynamic systems subject
to additive disturbances have been extensively studied
due to their applications in robust and constrained con-
trol Aubin et al. (2011); Blanchini et al. (2008); Mayne
et al. (2005). Traditionally, most research has focused
on the invariant sets of autonomous stable discrete-time
systems subject to a state-independent bounded distur-
bance. For example, it is known that the set of states
reachable from the origin Hirata and Ohta (2003) — the
minimal Robust Positively Invariant (mRPI) set — exists
is bounded and unique Kolmanovsky et al. (1998); Rakovi¢
et al. (2005); Kuntsevich and Pshenichnyi (1996); Ong and
Gilbert (2006). A number of works have considered the
case when the disturbance is state-dependent for example
Olaru and Tto (2018); De Santis (1998); Schaich and Can-
non (2015); Rakovi¢ et al. (2006) which considered the
ultimate bounds, limitations of constrained systems and
reachability respectively. In the same vein and of particular
relevance to the current work are Townsend et al. (2024)
and Athanasopoulos et al. (2024) which characterised the
existence and properties of mRPI sets using set-valued
recursive maps and, alternatively, by parameterised poly-
hedra, respectively. Importantly, Townsend et al. (2024)
proved that the existence of bounded invariant sets is not
guaranteed in the case of state-dependent locally bounded
disturbances and that many different disturbances may
give rise to the same invariant sets.

Continuing these developments, here we construct the
largest set of disturbances for a given invariant set. We
achieve this by characterising the largest set of distur-
bances for each state of a system with a convex mRPI
set and demonstrating that the union of these disturbance
sets correspond to the union of the convex mRPI sets.

We prove that the maximal set of state-dependent distur-
bances is unique and shares many of the algebraic and
geometric properties of the underlying invariant set.

2. PRELIMINARIES

Dynamics and disturbance characterisation ~ We adopt
the notational conventions and assumptions of Townsend
et al. (2024). We recall here the essential ones for clarity.
Consider a stable discrete-time linear system subject to an
additive disturbance

z(k+1) = Az(k) + w(k) (1)
where state transition matrix A € R™*" is Schur. The

disturbances w are constrained to be locally bounded
state-dependent set i.e. w € W(x) where W is the map

W :R"™ = P, (R™) (2)
where P, (R™) is the set of all closed subsets of R”™.
Assumption 1. For all x € R™ that

w(x) :=max {||lw]] : w e W(z)} < o0

and that the disturbance is locally bounded i.e. there is
M > 0 such that w(z) < M ||z|| for all z € R™.

To ensure (1) is well-defined in the case when W(z) = @
we consider the extension W : R — P, (R™)

= . [W(x), x¢csupp(W)
() ._{{0}7 R (3)

where supp(-) is the support of the function W. This
extension ensures that (1) is forward complete for all x
without affecting the dynamics of the system.

Invariant Sets We are interested in the Robust Positive
Invariant (RPI) sets of (1).

Definition 2. A non-empty set Q C R™ is RPI with respect
to (1) if Ax +w € Q for all x € Q and all w € W(z).
Furthermore the mRPI set is the closed invariant set which
is contained in all other closed invariant sets.

As demonstrated in Townsend et al. (2024) the existence of
RPI sets in the case of state-dependent disturbances is not
trivial. We do not directly consider this existence question



here, but we address the converse problem of finding the
maximal set of disturbances for a given invariant set.

Ezxtended State-Disturbance Space  Before defining the
set-recursive maps it is necessary to define the extended
state-disturbance space

W= {(i) ER* :w EW(:C)} (4)

which collects all the state-disturbance pairs. The set W
restricted to an invariant set is the main object studied in
this paper. W =W N (X x R").

W{(i)eRQ”:xeX} (5)

This definition of W differs from the one used in Townsend
et al. (2024) as it retricts W to an invariant set X rather
than the supp(W). An embedding of the dynamics of (1)
in W is given by

(u5) = (55) () = ()0 @

We note the non-causal w(k+1) term in (6) does not affect
the dynamics of the system.

Set Recursive Maps The set-recursive maps introduced
in Townsend et al. (2024) enable us to characterise, as fixed
points, and converge to invariant sets from non-invariant
subsets of the state-space.

F: Py (R") x Py (R*) = Py (R")

F(X, W) :=d (F'(X,WV)) (7)
for which
F'(X,W):=[AI](WN (X xR")) (8)
and where ¢l (+) is the closure of a set, X C R™ is some
set and [A I] € R"*2" is a non-square extension of A. The
map, F”, is the set of all forward images of a set of states
under (1) subject to the state-dependent disturbances
W (z). Lemmas 3 and 4 are results from Townsend et al.
(2024) given here for reference.

Lemma 3. (Converging from Outside). Let Xy be a non-
empty, closed and bounded RPI set and define the se-
quence of sets (X) by

Xk+1 = F(Xk, W) (9)
Then the limit

X = lim X,
k—o0

exists and is a fixed point of the map F'.
Lemma 4. (Converging from Inside). Suppose Xj is non-
empty and contained in a bounded RPI set. Then,

Xpp1=F UXi»W U Xo
i<k

(10)

converges to the fixed point, X, 2 Xg.

Fized Sets To introduce maximal disturbance sets in
Definition 6 the definition of fixed sets of (7) in terms
of the map F' is instrumental.

Definition 5. (Fixed sets). We say a set X C R" is fized if
F(X, W) =X.

We note X may contain disjoint subsets and that if X is
a fixed set. Then it is a fixed point of both (9) and (10).

3. MAXIMAL DISTURBANCE SET

The maximal disturbance set, Definition 6, is the largest
collection of disturbances which ensure (1) admits a given
fixed set, X.

Definition 6. (Maximal Disturbance Set). Given X C R,
we say W is the mazimal disturbance set over X for (1) if X
is the fixed set for (7) and W' C W for all disturbance sets
W for which X is the fixed set. The mazimal disturbance
set is described explicitly as

W::{(Z)):xeXandAx—FweX}.

3.1 Fized points

A subset of the set offixed points of (1) is always contained
in and intersects the boundary of the maximal disturbance
set. This is proven in Theorem 8.

Definition 7. (Fixed point). A point z = (z,w,) € W is a
fized point if x = Ax + wy,.

Throughout we denote

2= {0 ) oo}

which is the collection of all fixed points of (1). As
x=Az+ (I —-A)z

Whilst non-essential due to the importance of convexity
to subsequent results we note that Z is convex.

Theorem 8. The set X C R" is fixed if and only if

Z|x ::{<(I—xA)m) :xEX}CW

where W is the maximal disturbance set.

Proof. This follows by observing that Z|x is the collec-
tion of fixed points for all x € X. Thus if X is fixed it will
preserve this property for all w, such that x = Az + w,
Furthermore if W is maximal but it does not contain a
pair (z,w,) such that x = Az + w, then such = ¢ X.

We will later prove that fixed points (z, (I — A)z) € OW
whenever z € 0X.

3.2 Open Fized Sets

We now give a first application of maximal disturbance
sets. As mentioned above, the closure, (7), of the map
(8) was necessary in Townsend et al. (2024) as the set
recursions (9) and (10) could converge to open sets whose
closure was not invariant. Control over the disturbance set
allows us to address this generation of open sets.

Lemma 9. Suppose X is not closed and is a fixed point of
F’ with maximal disturbance set WW. Then W is not closed
and cl(X) is a fixed point of F’ with maximal disturbance

cd(W).

Proof. Let (z;) C X be a sequence converging to x. As
X is a fixed point of F’ for each x; there must be w; such
that

Ti+1 = A.I?i + w;



As W is maximal we have that (x;,w;) € W. As (x;)
converges to = the sequence is Cauchy. So for any € > 0
there is I such that
€

Ti— 1 -

|| % 1+1|| < 1+ ||A||
for all 4 > I. Whilst not essential we note | 4| < 1 and is
constant. We consider the sequence (w;).

lwi = wigrll = |Azi + wi — Azigr — wipr + Azipq — Azi|
< |Aw; +wi — Azipr — wiga || + -
A Al i — @]
S lwipr — zige |l + 1Al |lisr — i
<e
i.e. the sequence (w;) is Cauchy and as the space is
complete it converges to a limit w. We have that

r=Az +w

If X is not closed W is not closed. Taking the closure of
X, we have that all limit points of sequences in X are now
added to X. These limit points are fixed points contained
in W. It remains to prove that ¢l(W) is maximal. Suppose
not. Suppose X is not closed and the limit point z ¢ X. We
have that € ¢l(X) and the sequence ((x;,w;)) € W with
the limit point (z,w) € ¢l (W). Let W' D ¢l (W) be the
maximal disturbance set for ¢l (X). Take (x,w) € W\ W.
As cl (X) is fixed under W’ we have

Az +w =y ec(X)
We observe there must be a sequence (y;) C X which

converges to y € cl (X). By maximality of W for each i
there is (z;,w;) € W such that

Az +w; =y
The sequence (w;) limits to w i.e. (z,w) € ¢l (W). Contra-
dicting the assumption that W' D ¢l (W).

Lemma 10 revisits the classical case of state-independent
bounded disturbance w € V. For such disturbances, the
mRPT exists and is given by

X:=d (é AiV>
i=0

We note without taking the closure that (11) may result
in a non-closed set and in the state-independent case X is
invariant if and only if @;-, A"V is invariant.

(11)

Lemma 10 discuss the maximal disturbance set starting
from the classical construction

Vi=XxV
where X is as in (11).
Lemma 10. Suppose (1) is subject to the state-independent
bounded disturbance V. Then V is not maximal.

Proof. In this case the mRPI set exists and is

X :=d (@ AW) oV
i=0
The maximal allowable disturbance at 0 is
W(0)=X
As the maximal disturbance set
WOW(O)uy
We thus conclude that V is not maximal.

4. CONSTRUCTION

We first consider disturbances which generate unique con-
vex fixed sets i.e. disturbances such that (1) admits a
conver mRPI. In which case we can explicitly construct
the maximal disturbance set. We then demonstrate how
to combine such disturbance sets so we may obtain the
maximal disturbance set for any fixed set.

We restrict our analysis to closed invariant sets. However
we may consider open or semi-open invariant sets by
removing extremal points from the invariant set X and
the associated maximal disturbance set W.

For notational convenience we introduce the map f(z) =
f(z,w) = Az + w.

4.1 Conver mRPI

Theorem 11. The mRPI set X is convex if and only if the
maximal disturbance set VW is convex.

Proof. Suppose X is non-convex. As W is maximal we
have that W(0) = X. Thus, by the non-convexity of X,
there exist (x1,0), (z2,0) € W and A € (0,1) such that

A(@1,0) + (1= A) (22,0) ¢ W

Suppose X is convex but W is non-convex and maximal.
There exist (z,w;), (y,w,) € W and A € (0,1) such that

Mz, we) + (1= AN (y,wy) €W
However
A (@, we) + (1 =N f(y,wy) € X

by the convexity of X, where

fiRY 5 R : (2, w) — Az +w
Furthermore as f is linear

)‘f(m7w:1:) + (1 - )‘) f(vay)

equals

fQz+ (1 =Xy, Awg + (1= X)wy)
i.e. the pair

zi=Az+ (1= A)y, dwz + (1 — X) wy)

maps to a point in the mRPI X and therefore there exists
2z € W. Hence z € W contradicts the maximality of W.

For convex X we may characterise the maximal distur-
bance set W as the convex hull of some set of extremal
points. In Lemma 12 we relate the extrema of WV to those
of X.

Lemma 12. Suppose X is the convex mRPI set with
respect to the maximal disturbance set W. Then ex(X)
and ex(W) are the extremal points of X and W if and
only if

ex (W) = {(zj,z; — Az;j) 1 2,25 € ex(X)}

Proof. Take
z € {(zj,z; —
We have
f(z) = f(zj,x — Axj) = Azj + x; — Azj = z; € ex(X)
If z is not extremal either z € int (W) or there exist
21,22 € ex(W) and X € (0,1) such that
z=Xz1+ (1 =)z

Axj) sz xj € ex(X)}



In the first case there is € > 0 such that B.(z) € W. Hence
the point
(I+e)zeWw
We have
f(l+e)z)=0Q+e)f (zj,x; — Ax;) = (1 + )z
Contradicting the assumption that z; € ex(X). In the
second case, using the linearity of f

() =Af(z) + (1= A) f(z2) = Az + (1 = A) 2
which implies
i =Arp+ (1 =Nz
contradicting x; € ex(X). Hence
{(zj,z; — Azj) s, x5 € ex(X)} Cex (W)
Furthermore as W is convex
co({(zj,x; — Axj) 1z, x; € ex(X)}) CW

Take
zeex W)\ {(zj,zi — Azj) 1 x5,z € ex(X)}
As W is restricted to X we know for z = (x,w) € W that
x € X. By convexity of X we have
r=Ax; +(1—-X)z;
For some z;,z; € ex(X) and A € [0,1].We have f(z) =

yrr+(1 — ) z; € X for some xy, x; € ex(X) and v € [0, 1].
Thus
flz) =Az+w =AMz + (1 — Nz;)+w =y +(1—7)zx
Re-arranging for the disturbance

w=yx; + (1 —v)zr — Mz, — (1 — V) Az;
We have the points

z1 = (wi, 11 — Axy), 20 1= (1, 2 — Axy)

zg 1= (x;, 21 — Axj), 24 := (xj, 2 — Axj)

are in ex (W) and the convex combination
Ay (=) z)+ 1 =N(yz(l-7)=

ie. (z,w) € co({(zj,x; — Axj) : xj, x5 € ex(X

dicting (x,w) being an extremal point.

1) = (2, w)
}) Contra-

In the case when X is convex the extrema of X correspond
with the extrema of W. This is proven in Corollary 13
which also establishes that no extrema of X map to the
same extrema of W.

Corollary 13. Let X and W be as in Lemma 12. Then
2
lex (W)| = lex (X))

Proof. We note that each extremal point of W is unique.
As if

(71,09 — Ax1) = (23,74 — AT3)
Then we have x1 = x3 which implies that x5 = x4. For
each x; there are therefore |ex(X)| distinct points of the
form

(xia T; —
4.2 Union of Convex mRPI

We now construct maximal disturbance sets for non-
convex fixed sets from the maximal disturbance sets for
convex fixed sets.

We may express a general fixed set as an arbitrary union of
convex sets. This union will be fixed under the union of the
individual maximal disturbance sets. However the union

of the maximal disturbance sets is not itself maximal. To
address this we define

Ui, j) : U{a:w Az +w e X;, j#1i}
zeX;

which is the set of state-disturbance pairs which map
between fixed sets X; and X; and denote by

)= JU(i, )
J#i
Lemma 14 gives the maximal disturbance set for the union

of arbitrarily many fixed sets in terms of U(:) and the
individual maximal disturbance sets.

Lemma 1/. Suppose {X1,--+,X,, -} are fixed sets with
maximal disturbance sets {Wy, -+, Wy, ---}. Then

W= U (W; U U (4)) (12)

is the maximal disturbance set such that (J; X; is fixed.

X =Jx;
is a fixed set. Take z1 € X7 and w such that
y:=Ar;+we X
if y € X7 then w € W; as W; is maximal. Otherwise if
z1 € X; # X1 we have
w e {(z,w): Ar+w € X; and 27 € X1}

- (U ( U {(z,w) : Az +w e Xj, j# z}))
i zeX;

Let W be a disturbance set. Then for any x,y € X there
exists w such that Az +w =y and (x,w) € Wie X isa
fixed set with respect to W.

Proof. Suppose

‘We observe that because VW is a maximal disturbance set
it is convex if and only if | J, X; is convex.

Convezity and extrema of U  We now consider the
geometry of the components of the maximal disturbance
set. In Lemma 15 we characterise the convexity of the
sets U(i,7) in terms of the convexity of the mRPI sets
X, and X;. The convexity of the sets U(4, j) much like W;
depend solely on the convexity of each mRPI set and not
the union.

Lemma 15. The set U(i, j) is convex if and only if X; and
X are convex.

Proof. Take (z,w), (y,
(((6) 0

As X; is convex

v) € U(i, 7). Consider

()

=AM+ 1 -Ny)+ w+ (1-Nv

p=Ar+(1-NyeX;
Defining h := f(z,w) and g := f(y,v), convexity of X;
implies

M+ (1-N)geX;
Thus, for the disturbance u defined as

u:=Adw+ (1 =N
We have

Ap+uc X;



Now, suppose X; is not convex i.e. there are z,y € X; and
A € (0,1) such that
p=XNe+(1-N)y¢gX,
As there exists a pair (z,-),(y,-) € U(4,j) but no pair
(z,-) € U(i, j) we have that U(4, ) is non-convex. Suppose
instead that X; is non-convex i.e. there exist h, g € X; and
A € (0,1) such that
)\'g + (1 — )\/)h € X]‘
w), (y,v) € U(i,j) such that
f(z,w) =g and f(y,v) = h

Let (x,

We see that

)J(:E,U)) + (1 - AI)(yvv) g U(Z’j)

Lemma 16 characterises the extrema of U (3, j) in terms of
the extrema of X; and X;.

Lemma 16. (Extrema of U). Suppose X; and X are con-
vex. Then a point (z,w) € ex(U(4,j)) if and only if
r=ug; € ex(X;) and w = x; — Ax; where z; € ex(X}).

Proof. We know U (4, j) is convex by Lemma 15
Suppose (z;,w) € ex(U(i,j)) but z; & ex(X;) i.e. there
exists A and x1, 22 € X; such that

xTr; = )\LEl +(1 —>\)£C2

(£)-4(2) 00

the points (:El,w) (x2,w) € U(i, j) by convexity of U(i, 5)
ie. (mj,w) is not extremal. Similarly if z; ¢ ex(X;).
Suppose for z; € ex(X) there exists (z,w) € ex(U(3,J))
such that w # xp — Ax; for x € ex(Xj). We have

f(zi,w)=Az; +w = Zajxj € X;
J
where the final equality follows by the convexity of Xj.
Thus

In this case

— Ax; = — Ax;)

E :O‘jxj E :O‘J
J

w) € ea:(U(z,])).

The converse follows by linearity.

Contradicting (z;,

4.8 Convexr Hull of Fized Sets

We conclude this section with Theorem 17 which proves
that the maximal disturbance set for the convex hull of
the union of mRPI sets is the convex hull of W.

Theorem 17. Suppose {Xi,---,X,, -} are mRPI sets
with maximal disturbance sets {Wy, -+, W, ---}. Then

X) =co <U Xi>

has maximal disturbance set co (W).

Proof. We show the extrema of the maximal disturbance
set for co (X)) are identically the extrema of co (W).

) <€ er (Xi)

The extrema
(13)

Let W be the maximal disturbance set for co(X). By
Lemma 12 we have

ex(W) = {(z1, 9 — Az1) : 21,29 € ex (co( X))} (14)
We have z; € X; and =2 € X for some — potentially equal
- Xz and Xj.

Now consider the extrema of co (W)
) C U ex (

The extrema of U(i) cover the case when z1,zs belong to
distinct X; and X; and the extrema of W; cover the case
when x1, x2 belong to the same X; — where x1,x, are as
n (14).

)Uex (U(i))) (15)

It now remains to show that if there is an extremal point
in RHS of (13) which is not in LHS of (13). Then the
corresponding extremal point is not in the LHS of (15)
and the converse.

Suppose 7 is in the RHS of (13) but is not in the LHS of
(13) i.e. 1 € ex(X;) but 1 € int (X;) for some j # i.
xr| = )\Ij + (1 — )\)i‘J

X;). Consider the point

x .
(y "he,) €U0
We may rewrite this as
Z; _ z; _
V() )+, ) o0

Thus for each extremal point missing in the LHS of (13)
there is an extremal point missing in (15).

where z;,2; € ex(

5. EXAMPLE

Consider the system

x(k+1) = 0.52(k) + w(k) (16)

We give of the maximal disturbance set for the union of
two convex mRPI sets
X1 :=[-1,1] and X3 :=[3,5]
These sets are shown by the solid red lines in Figure 1.
There respective maximal disturbance sets are given by
the shaded blue and green regions. The set
U(L 2) = co ({(_17 55)a (_17 35)a (17 45)a (17 25)})
is shown by the orange region and the set
U(2,1) = co({(5,-3.5),(5,—-1.5),(3,—2.5),(3,-0.5)})
is shown by the purple region.

We also give the convex hull co(X; UX5) = [—1, 5] which is
the solid black line. The maximal disturbance set co (W)
is shown as the black shaded region.

6. CONCLUSIONS

We developed results which describe the invariant sets
of discrete linear dynamic systems affected by additive
disturbances. By imposing the requirement that a certain
set be invariant, we addressed what were the maximal
state-dependent bounds on the additive disturbances that
ensure the given set was positively robust invariant.



Fig. 1. The maximal disturbance set for the union of two
convex mRPI sets X7 U Xy for the system (16). We
also show the maximal disturbance set for the convex
hull co(X; U X3). The fixed points of (1) are shown
by the dotted pink line.

A series of geometric and topological properties have been
established between the fixed set of the set mappings and
the maximal disturbance set.

Further studies will allow a characterisation of how the
maximal disturbance sets evolve by scaling or other oper-
ations on the invariant sets.

Of most interest is to extend the maximal disturbance sets
beyond the fixed set X. Considering both the convex and
non-convex extensions. Knowing the maximal disturbance
set for the entire state-space would enable us to determine
if a given general disturbance admits a desired invariant
set.
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