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Abstract
Off-the-grid regularisation has been extensively employed over the last decade
in the context of ill-posed inverse problems formulated in the continuous setting
of the space of Radon measures M(Ω). These approaches enjoy convexity and
counteract the discretisation biases as well the numerical instabilities typical of
their discrete counterparts. In the framework of sparse reconstruction of discrete
point measures (sum of weighted Diracs), a Total Variation regularisation norm
in M(Ω) is typically combined with an L2 data term modelling additive Gaus-
sian noise. To asses the framework of off-the-grid regularisation in the presence
of signal-dependent Poisson noise, we consider in this work a variational model
coupling the Total Variation regularisation with a Kullback-Leibler data term
under a non-negativity constraint. Analytically, we study the optimality condi-
tions of the composite functional and analyse its dual problem. Then, we consider
an homotopy strategy to select an optimal regularisation parameter and use it
within a Sliding Frank-Wolfe algorithm. Several numerical experiments on both
1D/2D simulated and real 3D fluorescent microscopy data are reported.

Keywords: Off-the-grid sparse regularisation, Poisson noise, Sliding Frank-Wolfe,
fluorescence microscopy imaging.
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1 Introduction
Discrete (or on-the-grid) sparse optimisation approaches are nowadays established

techniques in the field of mathematical signal and image inverse problems. In the
context of linear ill-posed inverse problems, for instance, they aim at retrieving a
sparse approximation of a quantity of interest x (e.g., an image) from blurred, noisy
and potentially incomplete acquisitions y ∈ RM on a regular grid of size N ≥ M ,
see Fig. 1a. The discretisation parameter N determines the localisation precision,
as only the centres of the discretisation intervals are candidates for reconstruction.
As such, in case of rough discretisations, very approximate reconstructions may be
computed (see, e.g., Fig. 1b where small values M = N are used). To obtain higher
precision, one typically chooses a grid-size parameter N > M for reconstruction,
as in Fig. 1c. Choosing a large value for N , however, may cause instabilities in the
reconstructions [1] due to the higher numerical complexity.

Off-the-grid approaches aim at overcoming such difficulties. They can be thought
indeed as the natural framework to deal with the case N → +∞ of on-the-grid for-
mulations [2, 3]. In such framework, the spatial domain Ω ⊆ Rd is not discretised by
a regular grid, but, rather, the quantity of interest is modelled as an element of a
suitable functional space defined on Ω. A natural framework for spike reconstruction
problems, is, for instance, the space of Radon measures µ ∈ M(Ω) where the quant-
ity of interest can be modelled as the measure µa,x =

∑n
i=1 aiδxi

with n being the
number of spikes and where the question is therefore how to estimate the number of
spikes n, and then how to retrieve both continuous positions xi ∈ Ω and amplitudes
ai ≥ 0 for i = 1, . . . , n.

Inverse problems in the space of measures and off-the-grid optimisation methods
have been first proposed in [4–7] and since then they have been a topic of intense
research activity for the mathematical community, both from an analytical and nu-
merical viewpoint, see, e.g., [8–14]. Off-the-grid methods have been proved to be
particularly useful in applications where fine-scale details need to be retrieved from
noisy acquisitions, such as spike detection in astronomy and microscopy [12], as well
as parameter estimation in in spectroscopy [15] and density mixture estimation [16].
Standard approaches in this setting usually combine off-the-grid regularisation with an
additive (Gaussian) noise modelling on the underlying signal, which is in general easier
to work with, from both an analytical and a computational point of view. Such mod-
elling corresponds to the well-studied variational formulation of the Beurling LASSO
(BLASSO) model, [5, 7].

In this work, we consider an off-the-grid modelling in M(Ω) under the hypothesis of
signal-dependent Poisson noise in the data. This choice is motivated by some particular
biological applications of interest, such as fluorescence microscopy, where, due to the
photon emission nature of the light, Poisson noise is better suited than the Gaussian
one to describe the process of photon counts on acquired images [17]. While in a
discrete setting, a precise modelling of noise statistics if often not necessary due to the
inevitable biases introduced by the choice of the regularisation employed, a natural
question is whether whenever a refined off-the-grid regularisation is used, a precise
noise model could indeed be relevant. As a graphical visualisation, we report in Figure
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(a) Acquisition y ∈ RM (b) Discrete reconstruction x ∈ RM

(c) Discrete reconstruction x ∈ RN (d) Off-the-grid rec. µa,x ∈ M(Ω)

Figure 1: Comparison between discrete (on-the-grid) and off-the-grid sparse recon-
structions with a Poisson data term. In black: the ground-truth spikes to retrieve. In
Fig.1a: the acquired blurred and noisy signal y ∈ RM lying on a low-resolution grid
of size M . In Fig.1b: in red, a discrete reconstruction with support on a grid with M
pixels. In Fig.1c: in red, discrete reconstruction with support on a grid with N > M
pixels. In Fig.1d: in green, off-the-grid reconstruction.

1 a visual comparison between reconstructions obtained with on-the-grid approaches
and the off-the-grid approach proposed in this work to solve a spike-deconvolution
problem under the choice of the Poisson data term considered in this work.

1.1 Inverse problems in the space of Radon measures M(Ω)

In this section we recall some important definitions and properties of the space of
Radon measures M(Ω) following [3, 12, 18]. For more details on Radon measures see
[19, 20].

Let Ω ⊆ Rd, with d ∈ N, d ≥ 1, be a compact subset of Rd with non-empty
interior. We denote by C0(Ω,R) the space of real continuous functions on Ω vanishing
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at infinity, namely all the continuous maps ψ : Ω → R such that:

∀ε > 0, ∃K ⊂ Ω, K compact, s.t. sup
x∈Ω\K

|ψ(x)| ≤ ε.

The space of Radon measures is defined through duality.
Definition 1. The Banach space M(Ω) of real signed Radon measures on Ω is the
topological dual of C0(Ω,R) endowed with the supremum norm ∥ · ∥∞,Ω, defined by
∥ψ∥∞,Ω := supx∈Ω |ψ(x)|.

This definition allows to characterise any measure µ ∈ M(Ω) as a continuous linear
form evaluated on functions ψ ∈ C0(Ω,R) in terms of the duality pairing, so that

∀µ ∈ M(Ω) ⟨ψ, µ⟩C0(Ω,R)×M(Ω) =

∫
Ω

ψdµ. (1)

A Radon measure µ ∈ M(Ω) is a positive measure if ⟨ψ, µ⟩C0(Ω,R)×M(Ω) is positive
or null for any non-negative function ψ ∈ C0(Ω,R). This specifies the meaning of the
term signed in the above definition, as the quantity ⟨ψ, µ⟩C0(Ω,R)×M(Ω) can be also
negative. Note that the space of positive (or non-negative) Radon measures M+(Ω)
cannot be defined as the topological dual of C0(Ω,R+), since the latter is not a vector
space, since trivially if ψ ∈ C0(Ω,R+) then −ψ ̸∈ C0(Ω,R+).

It can be shown that M(Ω) is a non-reflexive Banach space endowed with the
Total Variation (TV) norm, here defined ∀µ ∈ M(Ω) as:

|µ|(Ω) = sup
(∫

Ω

ψdµ
∣∣∣ ψ ∈ C0(Ω,R), ∥ψ∥∞,Ω ≤ 1

)
. (2)

The TV norm is convex and non-differentiable, hence it is possible to consider its
subdifferential [5, 8]:

∂|µ|(Ω) =
{
ψ ∈ C0(Ω,R)| ∥ψ∥∞,Ω ≤ 1 and

∫
Ω

ψdµ = |µ|(Ω)
}
.

Note that for sparse discrete measures, i.e. weighted sums of Diracs:

µa,x =

N∑
i=1

aiδxi with N ∈ N, a = (a1, . . . , aN ) ∈ RN , x = (x1, . . . , xN ) ∈ ΩN , (3)

the TV norm coincides with the L1 norm of the amplitudes vector a, that is |µa,x|(Ω) =
∥a∥1. This explains why the TV norm is considered in this setting as a generalisa-
tion of the L1 norm. Moreover, in this special case ⟨ψ, µ⟩ =

∑N
i=1 aiψ(xi) and the

subdifferential has the following expression involving the sign function

∂|µa,x|(Ω) = {ψ ∈ C0(Ω,R)| ∥ψ∥∞,Ω ≤ 1, ∀i = 1, . . . , N ψ(xi) = sign(ai)} . (4)
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We focus now on the formulation of linear inverse problems in M(Ω). As an ac-
quisition space we will consider a Hilbert space H. Let µ ∈ M(Ω) be the unknown
source measure. We consider an acquisition ȳ ∈ H being the result of the action of the
forward operator Φ : M(Ω) → H evaluated on µ, with a fixed measurement kernel
φ : Ω → H, that is:

ȳ := Φµ =

∫
Ω

φ(x)dµ(x). (5)

Note that this integral should not be confused with the concept of duality pairing (1),
which is a scalar function defined as the integral over Ω of a continuous real function
with respect to a measure µ ∈ M(Ω). In (5), the integral is then a Böchner integral
[20] for vector-valued functions φ(x) ∈ H, that is φ(x) is an element of H, and it is
well-defined if φ is continuous and bounded [12, 21].

The choice of the kernel φ and of the acquisition space H depends on the specific
physical acquisition process considered. In the following, we consider a convolution
kernel, which is of practical interest in fluorescence microscopy (see, e.g., [12, 22]).
In this setting, a natural choice is therefore H = L2(Ω), with the convolution kernel
φ : Ω → L2(Ω) defined in terms of a Point Spread Function (PSF) φ̃ : Ω → L2(Ω)
acting as:

φ(x) := (s 7→ φ̃(s− x)) ∈ L2(Ω), ∀x ∈ R. (6)
Note that depending on the microscopy technique used one can have different PSFs.
For instance, the Gaussian PSF, centred in c ∈ Ω with radius σ > 0, is defined by

s 7→ φ̃(s− c) := (2πσ2)
−d/2

e−∥s−c∥2
2/2σ

2

.

For other possible choices of measurement kernels, we refer the reader to [12].
We observe that the action of the forward operator Φ on finite linear combination

of Diracs (3) can be explicited as follows:

Φµa,x =

∫
Ω

φ(x)dµ(x) =

N∑
i=1

aiφ(xi).

For simplicity, the following notation will therefore be used in the sequel Φx(a) =∑N
i=1 aiφ(xi) to denote Φµa,x.
In fluorescence microscopy imaging applications, the objects of interest are usually

images of molecules, i.e. single point-sources emitting fluorescent light. The unknown
is therefore well-described by non-negative discrete measures of the form (3). Other
possible objects of interest in this field are microtubules, 1-dimensional curve struc-
tures [23, 24], and cells (2-dimensional), that can be modelled as piece-wise constant
functions [25–27]. For simplicity, we will focus in the following only on inverse prob-
lems aiming at recovering (0-dimensional) measures in the form (3). The extension to
more general regularisation models is left for future work.
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1.2 The BLASSO problem: formulation, duality and
optimality conditions

The standard sparse spike deconvolution problem, consists in recovering a (small)
finite linear combination of Diracs µa,x =

∑N
i=1 aiδxi from a blurred and noisy

acquisition
y = Φµa,x + ω, (7)

where Φ : Ω → L2(Ω) is a convolution operator, as defined in (6), and ω is an
additive noise component, typically describing white Gaussian noise. The variational
formulation of the problem of retrieving an estimate µ from y is

argmin
µ∈M(Ω)

Tλ(µ) :=
1

2
∥Φµ− y∥2 + λ|µ|(Ω), λ > 0 (L2 − | · |)

which is the Beurling-LASSO (BLASSO) functional, named after the work of the
mathematician Beurling [28]. It is considered the generalisation of the discrete LASSO
variational problem

argmin
x∈RN

1

2
∥Φ̃x− y∥2 + λ∥x∥1,

where Φ̃ ∈ RM×N is a discretisation of Φ : M(Ω) → H and y ∈ RM . In [5], the
functonal Tλ : M(Ω) → R is proved to be proper, convex and coercive, which proves
the existence of solutions of (L2 − | · |) and uniqueness under injectivity on Φ.

By optimality, µλ minimises Tλ if and only if 0 ∈ ∂Tλ(µλ), i.e.

0 ∈ ∂Tλ(µλ) = Φ∗(Φµλ − y) + λ∂|µλ|(Ω) ⇐⇒ 1

λ
Φ∗(y − Φµλ) ∈ ∂|µλ|(Ω),

which can be written as

η ∈ ∂|µλ|(Ω) with η :=
1

λ
Φ∗(y − Φµλ), (8)

where η is the so-called dual certificate of (L2 − | · |). The dual certificate formally
generalises the concept of Euler equation, playing a crucial role in the characterisation
of optimality conditions for (L2 − | · |) and in devising optimisation algorithms in this
setting, as better specified in the following. If µ is a finite linear combination of Dirac
masses (3), recalling (4), we get that optimality conditions (8) become simply

η(xi) = sign(ai) ∧ ∥η∥∞ ≤ 1. (9)

Note that the optimality conditions (9) can be also derived by studying the dual
problem of (L2 − | · |):

argmax
∥Φ∗p∗∥∞,Ω≤1

⟨y, p∗⟩ − λ

2
∥p∗∥2, (10)
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which provides further insights to the meaning of the dual certificate η. Given µλ ∈
M(Ω) solution of to (L2 − | · |) and denoting by p∗λ ∈ L2(Ω) the solution of the dual
problem (10), the following extremality conditions hold true{

Φ∗p∗λ ∈ ∂|µλ|(Ω),
−p∗λ = 1

λ (Φµλ − y)
. (11)

From (11), we retrieve in fact the optimality conditions (9) expressed in terms of the
dual certificate (8). In addition, when the dual certificate satisfies (9), by duality we
have η = Φ∗p∗λ with p∗λ being a solution of (10). Optimality conditions thus fully char-
acterise the solution(s) of the BLASSO problem (L2 − | · |). They are indeed crucial
in devising algorithms for its minimisation and, in particular, in the definition of good
stopping criterions.

2 Off-the-grid Poisson inverse problems
We now present the signal-dependent Poisson modelling studied in this work, which

differs from (7) as it is not additive.
Let Φ : M(Ω) → L2(Ω) be the forward operator in (5). In the following, Φ is

assumed to be a positive definite operator, i.e.

µ ∈ M+(Ω) positive measure ⇒ Φµ(x) ≥ 0 ∀x ∈ Ω. (12)

Observe that whenever the measurement kernel φ (5) is non-negative, this always
holds. This is the case, for instance, in standard image deblurring problems. For sim-
plicity, we introduce the notation L2(Ω)+ = {f ∈ L2(Ω) such that f(x) > 0 a .e. x ∈
Ω}.

The Poisson sparse spike deconvolution problem in an off-the-grid setting consists
in finding a positive discrete measure µ ∈ M+(Ω) such that

y = P(Φµ+ b), (13)

where b ∈ L2(Ω)+ is a strictly positive background term, and y ∈ L2(Ω) is a realisation
of a Poisson distributed random process Y ∼ P(Φµ+ b). Similarly as in the standard
discrete setting, we consider the Kullback-Leibler divergence as a suitable data term
[29–33].
Definition 2. The Kullback-Leibler divergence DKL : L2(Ω)+ × L2(Ω)+ −→ R is
defined by

DKL(s, t) :=
∫
Ω

s(x)− t(x) + t(x)
(
log(t(x))− log(s(x))

)
dx. (14)

To consider DKL(Φµ+ b, y) as data fidelity term, two issues have to be considered:

• if µ is not a positive measure, then Φµ+ b might not be positive;
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• the noisy acquisition y might still vanish in a non negligible region of the domain Ω.
This is due to the fact that a Poisson random variable with mean α vanishes with
positive probability equal to e−α. For (14) to be well defined, it is thus required
that y > 0 almost everywhere.

To solve the first issue, we introduce the function D̃KL : L2(Ω)×L2(Ω)+ −→ R∪{+∞}
which extends (14) as

D̃KL(s, t) =

{
DKL(s, t) s ∈ L2(Ω)+

+∞ s ̸∈ L2(Ω)+
. (15)

Moreover, we just restrict our study to positive acquisitions y, thus requiring

y ∈ L2(Ω)+. (16)

Under assumptions (12) and (16) and using (15), the quantity D̃KL(Φµ + b, y) is
therefore well-defined for all µ ∈ M(Ω).

We can thus introduce the following variational problem for solving (13)

argmin
µ∈M(Ω)

D̃KL(Φµ+ b, y) + λ|µ|(Ω) + 1{M+(Ω)}(µ), λ > 0. (D̃KL − | · |)

The Poisson fidelity (15) is there coupled with the TV norm, together with the
indicator function of the positive measures M+(Ω) defined by

1{M+(Ω)}(µ) =

{
0 µ ≥ 0

+∞ otherwise
,

to ensure µ to be non-negative.

2.1 Dual problem and optimality conditions
We analyse in the following the dual problem of (D̃KL − | · |) and provide an analyt-

ical expression of the convex conjugate of the involved functions. We refer to Appendix
A for the definition of convex conjugate [34] and classical concepts about duality [35].

The study of the dual problem of the problem (D̃KL − | · |) requires the com-
putation of the convex conjugate F ∗ : C0(Ω,R) → R ∪ {+∞} of the penalty
term

F : M(Ω) → R ∪ {+∞}, F (·) := | · |(Ω) + 1{M+(Ω)}(·), (17)
and of the convex conjugate G∗ : L2(Ω) → R ∪ {+∞} of the fidelity term

G : L2(Ω) → R ∪ {+∞}, G(·) := 1

λ
D̃KL(·, y). (18)
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To compute the convex conjugate of the Kullback-Leibler functional (18), we start
considering the one-dimensional Kullback-Leibler function, defined by

gt(s) =
1

λ

(
s− t+ t log(t)− t log(s)

)
, s, t > 0 and λ > 0.

Applying the definition of convex conjugate (A1) to gt yields

g∗t (s
∗) = sup

s>0
ss∗ − gt(s) = sup

s>0
ss∗ − 1

λ

(
s− t+ t log(t)− t log(s)

)
=

= sup
s>0

s
(
s∗ − 1

λ

)
+
t

λ
log(s) +

t

λ
− t

λ
log(t)︸ ︷︷ ︸

h(s)

.

We have two cases:

(i) If s∗ ≥ 1
λ , then lims→+∞ h(s) = +∞ implies sups>0 h(s) = +∞ ⇒ gt

(
s∗
)
= +∞

for all t > 0.
(ii) If 0 < s∗ < 1

λ , then lims→±∞ h(s) = −∞. Thus, being h a convex and differentiable
function its supremum is attained at ŝ such that h′(ŝ) = 0, which can be computed
by

h′(ŝ) = s∗ − 1

λ
+

t

λŝ
=
λŝs∗ − ŝ+ t

λŝ
= 0

⇐⇒ λŝs∗ − ŝ+ t = 0 ⇐⇒ ŝ =
t

1− λs∗
.

Thus,

g∗t (s
∗) = h

( t

1− λs∗

)
= − t

λ
log(1− λs∗).

Observe that g∗t (s∗) is well defined since s∗ < 1
λ .

Hence, the convex conjugate g∗t of gt is

g∗t (s
∗) =

{
+∞ s∗ ≥ 1

λ

− t
λ log(1− λs∗) s∗ < 1

λ

. (19)

Since D̃KL(·, t) is defined also for non-positive functions, its one-dimensional counter-
part is given by g̃t : R −→ R ∪ {+∞} where

g̃t(s) =

{
gt(s) s > 0

+∞ s ≤ 0
,

so that its convex conjugate coincides with (19). We thus have the following lemma.
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Lemma 1. Let G : L2(Ω) → R ∪ {+∞} be the function defined by

G(·) := 1

λ
D̃KL(·, y),

where D̃KL is given by (15). The convex conjugate of G is given by G∗ : L2(Ω) →
R ∪ {+∞} defined by

G∗(p∗) =

{
+∞ p∗ ≥ 1

λ

− y
λ log(1− λp∗) p∗ < 1

λ

= − y
λ
log(1− λp∗)1{z<1/λ}(p

∗) , (20)

where − y
λ log(1− λp∗) = ⟨− y

λ , log(1− λp∗)⟩ ∈ R.
We compute now the convex conjugate of F defined in (17). To simplify the

notation, we denote in the following by A,B : M(Ω) → R ∪ {+∞} the quantities

A(·) = | · |(Ω), B(·) = 1{M+(Ω)}(·). (21)

The convex conjugate of F can be obtained as infimal convolution of the convex
conjugate A∗ and B∗ [36, 37], that is

F ∗(ψ) = min
ψ1+ψ2=ψ

A∗(ψ1) +B∗(ψ2), (22)

see Appendix A for more details and for the the computation of A∗, which is a well-
known result. We report here the computation of the convex conjugate of B(·).
Lemma 2. The convex conjugate of the indicator function of positive measures B of
(21) is the function B∗ : C0(Ω,R) → R ∪ {+∞} given by

B∗(ψ) =

{
0 ψ(x) ≤ 0 ∀x ∈ Ω

+∞ ∃x ∈ Ω s.t. ψ(x) > 0
.

Proof. By Definition 3, for any ψ ∈ C0(Ω,R) we get

B∗(ψ) = sup
µ∈M(Ω)

⟨ψ, µ⟩C0(Ω,R)×M(Ω) −B(µ) = sup
µ∈M+(Ω)

⟨ψ, µ⟩C0(Ω,R)×M(Ω)

≥ ⟨ψ, µ⟩C0(Ω,R)×M(Ω) ∀µ ∈ M+(Ω).

If there exists x̄ ∈ Ω such that ψ(x̄) > 0, consider the positive measure µ̄ = αδx̄ with
α > 0. Then, B∗(ψ) ≥ ⟨ψ, µ̄⟩ = αψ(x̄) and taking the limit for α → ∞ of the latter
inequality yields B∗(ψ) ≥ +∞ if ψ(x) > 1. On the other hand, if ψ(x) ≤ 0 ∀x ∈ Ω,
then ⟨ψ, µ⟩ =

∫
Ω
ψdµ ≤ 0 ∀µ ∈ M+(Ω). Moreover, ⟨ψ, 0⟩ = 0. Thus, B∗(ψ) = 0 if

ψ(x) ≤ 0 ∀x ∈ Ω, which concludes the proof.

We thus get an expression for F ∗ in the following lemma.
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Lemma 3. Let F : M(Ω) → R ∪ {+∞} be the functional defined in (17). For ψ ∈
C0(Ω,R), its convex conjugate F ∗ : C0(Ω,R) → R ∪ {+∞} is defined by

F ∗(ψ) =

{
0 if ψ(x) ≤ 1 ∀x ∈ Ω

+∞ otherwise
. (23)

Proof. By (22), we have

F ∗(ψ) = min
ψ1+ψ2=ψ

A∗(ψ1) +B∗(ψ2)

= min
ψ1+ψ2=ψ

{
0 ∥ψ1∥∞,Ω ≤ 1

+∞ ∥ψ1∥∞,Ω > 1
+

{
0 ψ2(x) ≤ 0 ∀x ∈ Ω

+∞ ∃x ∈ Ω s.t. ψ2(x) > 0
.

Notice that F ∗(ψ) ≥ 0 ∀ψ ∈ C0(Ω,R) and we have either F ∗(ψ) = 0 or F ∗(ψ) = +∞.
Thus, F ∗(ψ) = 0 if and only if there exist ψ1, ψ2 ∈ C0(Ω,R) such that ψ = ψ1+ψ2 with
A∗(ψ1) = 0 and B∗(ψ2) = 0. On the contrary, F ∗(ψ) = +∞ if for all ψ1, ψ2 ∈ C0(Ω,R)
such that ψ = ψ1 + ψ2 it holds A∗(ψ1) = +∞ or B∗(ψ2) = +∞. Consider now the
three following cases:

i) If ∥ψ∥∞,Ω ≤ 1, consider ψ1 = ψ. This implies A∗(ψ1) = 0, and ψ2 = 0, which
implies B∗(ψ2) = 0. Thus F ∗(ψ) = 0.

ii) If ∥ψ∥∞,Ω > 1 and there exists x̄ such that ψ(x̄) > 1, we have F ∗(ψ) = +∞. Indeed,
assume by contradiction that F ∗(ψ) = 0, that is there exist ψ1, ψ2 ∈ C0(Ω,R) such
that ψ1 + ψ2 = ψ with ∥ψ1∥∞,Ω ≤ 1 and ψ2(x) ≤ 0 ∀x ∈ Ω. We would have

ψ(x̄) = ψ1(x̄)︸ ︷︷ ︸
≤1

+ψ2(x̄)︸ ︷︷ ︸
≤0

≤ 1

which is absurd, since ψ(x̄) > 1. Then, ∀ψ1, ψ2 such that ψ1 + ψ2 = ψ either
∥ψ1∥∞,Ω > 1 or ψ2(x) > 0 for some x ∈ Ω. Hence, F ∗(ψ) = +∞.

iii) If ∥ψ∥∞,Ω > 1 and ψ(x) ≤ 1 ∀x ∈ Ω, consider ψ1 = ψ+ and ψ2 = ψ−, with

ψ+(x) =

{
ψ(x) ψ(x) ≥ 0

0 ψ(x) < 0
ψ−(x) =

{
0 ψ(x) > 0

ψ(x) ψ(x) ≤ 0
.

It is evident that ψ = ψ+ + ψ−. Moreover, ∥ψ+∥∞,Ω ≤ 1, thus A∗(ψ+) = 0, and
∀ x ∈ Ω ψ−(x) ≤ 0, thus B∗(ψ−) = 0, so that F ∗(ψ) = 0.

Since (i) and (iii) are equivalent to ψ(x) ≤ 1, ∀x ∈ Ω, and the three items cover all
possible cases, the thesis is proved.

2.2 Dual problem
The study of dual problems of sparse-regularisation models with non-negativity

constraints has been carried out in [38, 39] in the discrete setting of LASSO, and
in [40] for the discrete counterpart of (D̃KL − | · |), that is with the Kullback-Leibler
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divergence as fidelity and the L1 penalty. In the following we use these results to
compute the dual problem of (D̃KL − | · |) in M(Ω).

By Fenchel-Rockafellar duality (Lemma 6 in Appendix A), the dual problem of
(D̃KL − | · |) can be obtained by plugging (20) and (23) into (A3). We thus have:

argmax
p∗∈L2(Ω)

−F ∗(Φ∗p∗)−G∗(−p∗)

= argmax
p∗∈L2(Ω)

−F ∗(Φ∗p∗) +

{
−∞ −p∗ ≥ 1

λ

− b
λ (1 + λp∗) + y

λ log(1 + λp∗) −p∗ < 1
λ

= argmax
p∗∈L2(Ω)

−F ∗(Φ∗p∗) +

{
−∞ p∗ ≤ − 1

λ

− b
λ (1 + λp∗) + y

λ log(1 + λp∗) p∗ > − 1
λ

= argmax
p∗∈L2(Ω) s.t. p∗>− 1

λ

−F ∗(Φ∗p∗)− b

λ
(1 + λp∗) +

y

λ
log(1 + λp∗)

= argmax
p∗∈L2(Ω) s.t. p∗>− 1

λ

{
0 ∀x ∈ Ω, Φ∗p∗(x) ≤ 1

−∞ ∃x ∈ Ω, Φ∗p∗(x) > 1
− b

λ
(1 + λp∗) +

y

λ
log(1 + λp∗)

= argmax
p∗∈D

− b

λ
(1 + λp∗) +

y

λ
log(1 + λp∗) , (24)

where D = {p∗ ∈ L2(Ω) : p∗ > − 1
λ and ∀x ∈ Ω, Φ∗p∗(x) ≤ 1}.

2.3 Extremality conditions
By Lemma 6, extremality conditions (A4) can be obtained. Given µλ ∈ M(Ω)

solution of the primal problem (D̃KL − | · |) with regularisation parameter λ > 0 and
p∗λ ∈ L2(Ω) solution of the dual problem (24), they read{

Φ∗p∗λ ∈ ∂F (µλ) = ∂|µλ|(Ω) + ∂1M+(Ω)(µλ)

−p∗λ ∈ 1
λ∂1D̃KL(Φµλ + b, y) = 1

λ

(
I − y

Φµλ+b

) , (25)

where ∂1D̃KL(Φµλ + b, y) denotes the subdifferential of D̃KL(·, ·) computed with re-
spect to the first variable and evaluated in (Φµλ + b, y) and I denotes the identity
operator.
Remark 1. If µλ ∈ M(Ω) is solution of the primal problem (D̃KL − | · |) and p∗λ ∈
L2(Ω) is solution of the dual problem (24), then from (25) we have

−p∗λ =
1

λ

(
I − y

ϕµλ + b

)
⇒ p∗λ =

y − Φµλ − b

λ(Φµλ + b)
. (26)

It follows that p∗λ > − 1
λ ⇐⇒ y > 0, which holds by hypothesis (16).

In the extremality conditions (25), the set-sum ∂|µλ|(Ω) + ∂1M+(Ω)(µλ) requires
attention. Recall that, in general, for two proper convex functions f1, f2 : X → R ∪
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{+∞} there holds ∂(f1 + f2) ⊆ ∂f1 + ∂f2, with the equality holding if and only if
int(dom(f1)) ∩ int(dom(f2)) ̸= ∅, see, e.g., [41].

In the following we show that ∂F (·) = ∂| · |(Ω)+ ∂1M+(Ω)(·). Let µ ∈ M+(Ω) and
consider B as in (21). By definition, the subdifferential of B at µ ∈ M+(Ω) is

∂B(µ) = {η ∈ C0(Ω,R)| B(µ̃) ≥ B(µ) + ⟨η, µ̃− µ⟩ ∀µ̃ ∈ M(Ω)}
= {η ∈ C0(Ω,R)| ⟨η, µ̃− µ⟩ ≤ 0 ∀µ̃ ∈ M+(Ω)}, (27)

that is the normal cone to M+(Ω) at µ. We now consider (27) for some scenarios of
interest:

• If µ = 0, we have η ∈ ∂B(0) if and only if ∀µ̃ ∈ M+(Ω) there holds ⟨η, µ̃⟩ ≤ 0.
Since µ̃ is a positive measure, we have that ⟨η, µ̃⟩ =

∫
Ω
ηdµ̃ ≤ 0 for any η such that

η(x) ≤ 0 for all x ∈ Ω. Thus,

∂B(0) = {η ∈ C0(Ω,R)| η(x) ≤ 0 ∀x ∈ Ω}.

• If µ = āδx̄ with ā > 0, x̄ ∈ Ω, since η ∈ ∂B(µ) if and only if ⟨η, µ̃ − µ⟩ ≤ 0 ∀µ̃ ∈
M+(Ω), then η ∈ ∂B(µ) if and only if∫

Ω

ηdµ̃ = ⟨η, µ̃⟩ ≤ ⟨η, µ⟩ =
∫
Ω

ηdµ = āη(x̄).

Consider µ̃ = 2µ. Hence,
∫
Ω
ηdµ̃ =

∫
Ω
η2dµ = 2āη(x̄) and 2āη(x̄) ≤ āη(x̄) if and

only if η(x̄) = 0. Thus, η ∈ ∂B(µ) implies η(x̄) = 0.
Let η ∈ ∂B(µ), which entails η(x̄) = 0, and suppose ∃x̃ ∈ Ω s.t. η(x̃) > 0. Then,

∀µ̃ ∈ M+(Ω)

∫
Ω

ηdµ̃ ≤
∫
Ω

ηdµ = āη(x̄) = 0.

The above inequality with µ̃ = ãδx̃, ã > 0, yields 0 ≥
∫
Ω
ηdµ̃ = ãη(x̃) > 0, which is

absurd. Thus, η(x) ≤ 0 ∀x ∈ Ω and

∂B(µ) = {η ∈ C0(Ω,R)| η(x) ≤ 0 ∀x ∈ Ω and η(x̄) = 0}.

• Similarly, if µ =
∑N

i=1 aiδxi
with ai > 0 and xi ∈ Ω for i = 1, . . . , N , then we have:

∂1M+(Ω)(µ) = ∂B(µ) =
{
η ∈ C0(Ω,R)

∣∣∣ η(x) ≤ 0 ∀x ∈ Ω and η(xi) = 0, i = 1, . . . , N
}
.

(28)

We now have an analytical expression for both ∂| · |(Ω) and ∂1M+(Ω)(·), whenever
µ is a finite linear combination of Diracs. We thus state the following proposition.
Proposition 1. If µ =

∑N
i=1 aiδxi

with ai > 0, xi ∈ Ω, i = 1, . . . , N , we have

∂|µ|(Ω)+∂1M+(Ω)(µ) =
{
η ∈ C0(Ω,R

∣∣∣ η(x) ≤ 1 ∀x ∈ Ω and η(xi) = 1, i = 1, . . . , N
}
.

(29)
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Proof. If µ =
∑N

i=1 aiδxi with ai > 0, xi ∈ Ω, by (4) and (28) we have

∂|µ|(Ω) = {η1 ∈ C0(Ω,R) : ∥η1∥∞ ≤ 1 and η1(xi) = 1, i = 1, . . . , N},

∂1M+(Ω)(µ) = {η2 ∈ C0(Ω,R) : ∀x ∈ Ω η2(x) ≤ 0 and η2(xi) = 0, i = 1, . . . , N}.
Thus, we have the following inclusion

∂|µ|(Ω)+∂1M+(Ω)(µ) ⊆ {η ∈ C0(Ω,R)
∣∣ η(x) ≤ 1 ∀x ∈ Ω and η(xi) = 1, i = 1, . . . , N}.

To show that the latter is indeed an equality, we verify now the opposite inclusion.
Let η ∈ C0(Ω,R) such that η(x) ≤ 1 x ∈ Ω and η(xi) = 1, i = 1, . . . , N . Our aim is to
prove that there exist η1 ∈ ∂|µ|(Ω) and η2 ∈ ∂1M+(Ω)(µ) such that η = η1 + η2. Let’s
consider the two cases ∥η∥∞ ≤ 1 and ∥η∥∞ > 1.

i) If ∥η∥∞ ≤ 1, we can take η1 = η, η2 = 0.
ii) If ∥η∥∞ > 1, we can take

η1(x) =

{
η(x) −1 ≤ η(x) ≤ 1

−1 η(x) ≤ −1
, η2(x) =

{
0 −1 ≤ η(x) ≤ 1

η(x) + 1 η(x) ≤ −1
.

In both cases, we have found η1 ∈ ∂|µ|(Ω) and η2 ∈ ∂1M+(Ω)(µ) such that η = η1+η2,
so that the opposite inclusion also holds. This concludes the proof.

Thanks to (29) of the latter proposition, it is now possible to better characterise the
extremality conditions (25), under the assumption that µλ, solution of (D̃KL − | · |), is
a discrete measure. Indeed, if µλ =

∑Nλ

i=1(aλ)iδ(xλ)i we have that (25) is equivalent to

Φ∗p∗λ(x) ≤ 1 ∀x ∈ Ω and Φ∗p∗λ
(
(xλ)i

)
= 1, i = 1, . . . , Nλ, (30)

with p∗λ solution of the dual problem (24), explicitly given by (26).
It is possible to obtain a result similar to (30) by analysing the optimality conditions

of (D̃KL − | · |). The functional

TKLλ (µ) := D̃KL(Φµ+ b, y) + λ|µ|(Ω) + 1{M+(Ω)}(µ)

is convex. Hence µλ minimises TKLλ if and only if 0 ∈ ∂TKLλ (µλ), i.e.

0 ∈ Φ∗∂1D̃KL(Φµλ, y) + λ∂|µλ|(Ω) + ∂1M+(Ω)(µλ)

= Φ∗
(
I − y

Φµλ + b

)
+ λ∂|µλ|(Ω) + ∂1M+(Ω)(µλ) ,

or equivalently

1

λ
Φ∗

( y

Φµλ + b
− I

)
∈ ∂|µλ|(Ω) +

1

λ
∂1M+(Ω)(µλ) ,
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which can be written as

η ∈ ∂|µλ|(Ω) +
1

λ
∂1M+(Ω)(µλ) , (31)

by defining the dual certificate of (D̃KL − | · |)

η :=
1

λ
Φ∗

( y

Φµλ + b
− I

)
. (32)

If µ is a finite linear combination of Diracs, Proposition 1 yields the explicit expres-
sion (29) for the sum of the two subdifferentials of (31). Hence, inclusion (31) simply
becomes

η(x) ≤ 1 ∀x ∈ Ω and η(xi) = 1, i = 1, . . . , N. (33)
Note the similarity between (33) and (30), and of the dual certificate (32) and the
quantity Φ∗p∗λ in the extremality conditions (25).

3 The Sliding Frank-Wolfe algorithm
Both problems (D̃KL − | · |) and (L2 − | · |) are defined over the space M(Ω), an in-

finite dimensional non-reflexive Banach space. Due to non-reflexivity, it is not simple to
define therein proximal-based algorithms, see [42] for some recent attempt. Any solver
for such problems shall take into account the infinite dimensional nature of M(Ω):
popularly used algorithms in this setting are semi-definite programming approaches
(for Fourier measurements) [7], conditional gradient algorithms [12, 43, 44] and particle
gradient descent [21, 45], which is an optimal-transport based algorithm. In this work,
we will only focus on conditional gradient strategies, namely the Frank-Wolfe and
Sliding Frank-Wolfe algorithms, see [46] for a survey.

In [12], the authors detail how the conditional gradient algorithm, also known as
Frank-Wolfe algorithm [43], can be used to minimise the BLASSO (L2 − | · |) func-
tional using an epigraphic lift, and then propose the Sliding version, which significantly
improves the reconstruction quality by adding an extra step where both positions and
amplitudes are re-optimised. Similar strategies are here used to minimise (D̃KL − | · |).
We report here the statement of the result without a proof as it follows from [12,
Lemma 4].
Lemma 4. The solution µ̄ ∈ M(Ω) to (D̃KL − | · |) is equivalent to the solution
µ̄ ∈ M(Ω) to the problem

argmin
(t,µ)∈C

T̃KLλ (µ, t) := D̃KL(Φµ+ b, y) + λt+ 1{M+(Ω)}(µ),

where C := {(t, µ) ∈ R+ ×M(Ω); |µ|(Ω) ≤ t ≤M} with M := D̃KL(b,y)
2λ .

Given a convex and smooth fidelity functional fyδ,b : M(Ω) → R defined in terms
of the observed data yδ ∈ L2(Ω) and, potentially, a background term bδ ∈ L2(Ω)+,
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Algorithm 1 Sliding Frank-Wolfe (SFW) algorithm [12]
Initialisation: µ0 = 0.
repeat for k = 1, 2, . . . ,Kmax

µk =
∑Nk

i=1 a
k
i δxk

i
, aki ∈ R, xki ∈ Ω, find xk∗ ∈ Ω s.t.:

xk∗ ∈ argmax
x∈Ω

∣∣η(λ, µk)(x)∣∣ where η(λ, µk) is defined by (34) with µ = µk

if
∣∣η(λ, µk) (xk∗)∣∣ ≤ 1

µk is a solution of (P(λ)) ⇒ stop

else

– insertion step: add support for the new spike and amplitudes’ estimation

xk+1/2 =
(
xk1 , . . . , x

k
Nk, x

k
∗
)

ak+1/2 ∈ argmin
a∈RNk+1

fyδ,b (Φxk+1/2a) + λ∥a∥1 + α1≥0(a)

Update: µk+1/2 =

Nk∑
i=1

a
k+1/2
i δxk

i
+ a

k+1/2

Nk+1
δxk

∗

– sliding step: using a non-convex solver initialised with
(
ak+1/2, xk+1/2

)
(
ak+1, xk+1

)
∈ argmin

(a,x)∈RNk+1×ΩNk+1

fyδ,b (Φxa) + λ∥a∥1 + α1≥0(a)

Update: µk+1 =

Nk+1∑
i=1

ak+1
i δxk+1

i

– pruning: eventually remove zero amplitudes Dirac masses from µk+1

until convergence

we consider the following general optimisation problem:

argmin
µ∈M(Ω)

fyδ,b(Φµ) + λ|µ|(Ω) + α1M+(Ω)(µ), λ > 0, α ∈ {0, 1}, (P(λ))

which encompasses the BLASSO as well as problem (P(λ)) and where α ∈ {0, 1} may
enforce non-negativity constraints.

The pseudocode corresponding to the optimisation of the general problem (P(λ))
is reported in Algorithm 1. Observe that the stopping criterion is expressed in terms
of the dual certificate η(λ, µ) ∈ L2(Ω) of the general problem (P(λ)), which is defined
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(a) λ ≈ 0 (b) λ = 1 (c) λ = 3000

Figure 2: Reconstructions obtained using SFW for a 1D sparse deconvolution problem
with Poisson noise. Ground truth spikes (black) and reconstructed ones (green) using
Algorithm 1 for some choices of λ are shown. When λ ≈ 0, the number and intensities
of spikes are overestimated, while for λ≫ 0 they are underestimated.

in terms of the subgradient of the fidelity and reads

η(λ, µ) =
1

λ
η̃(µ) with η̃(µ) :=

−Φ∗ ∂
∂µfyδ,b(Φµ) α = 0(

−Φ∗ ∂
∂µfyδ,b(Φµ)

)
+

α = 1
, (34)

depending on the parameter α so that the dual certificate (8) of (L2 − | · |) and the dual
certificate (32) of (D̃KL − | · |) can be obtained by choosing α and fyδ,b, respectively.
The generalised optimality condition for (P(λ)) reads

∥η(λ, µ)∥∞ ≤ 1, (35)

and, under the hypothesis that the solution is a finite linear combination of Diracs as
(3), the dual certificate of the solution satisfies η(λ, µ)(xi) = sign(ai) where the points
xi ∈ Ω are the support of µ.

4 Parameter selection via algorithmic homotopy
The performance of Algorithm 1 for solving (P(λ)) depends on the choice of the reg-

ularisation parameter λ > 0: it plays indeed a fundamental role in the sparsity pattern
of the solution and in the enforcement of the stopping rule, maxx∈Ω

∣∣η(λ, µk)(x)∣∣ ≤ 1.
Namely, a high value of λ forces only few iterations of the algorithm to be performed.
Such choice impacts also both the estimation and the sliding steps of Algorithm 1,
being it associated with the sparsity-promoting L1 penalty used to compute the amp-
litude vector. On the other hand, smaller values of λ provide a better data fit, with
more spikes with higher intensities, see Figure 2.

In [47], the authors propose a method based on algorithmic homotopy [48, 49] to
choose an optimal regularisation parameter for the resolution of BLASSO (L2 − | · |).
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The idea behind homotopy algorithms is to avoid the exploration of the whole Pareto
frontier by grid search, while providing an iterative procedure computing only few
parameters up to a target value. More precisely, starting from an initial overestimated
value λ1 > 0, a solution µλ1 to (P(λ)) is computed by, e.g., Algorithm 1. At each
homotopy iteration, if the solution does not fit well the data up to some tolerance
σtarget depending on the noise magnitude δ, then λ is decreased. A new solution µλ2 to
(P(λ)) is thus computed in the next homotopy step and so on. Homotopy algorithms
thus explore the Pareto frontier for a small set of values λ and select its biggest value
for which the solution to (P(λ)) meets a convergence criterion depending on δ. In
Figure 3, one can see in red the discrete values produced by the homotopy strategy
we are going to describe, which stops when the fidelity term goes under the value of
σtarget(δ), in grey.

Figure 3: Homotopy algorithms explore the Pareto frontier iteratively for a strictly
decreasing sequence of regularisation parameters λ. In blue: fine discretisation of the
Pareto frontier with grid search. In red: homotopy iterations, corresponding to different
values of λ. In gray: target value for the fidelity.

In th following we follow [47], where Sliding Frank-Wolfe with homotopy is pro-
posed for the BLASSO problem (L2 − | · |). We extend the strategy in Algorithm 2
for a general fidelity term within an off-the-grid setting. Note that each homotopy
iteration t ∈ N performs the following steps:

• Compute µλt := µ̂t, solution of (P(λ)) with λ = λt.
• Check if σt := fyδ,b(Φµλt) ≤ σtarget(δ), where the target value σtarget(δ) depends

on the noise level δ > 0.
• If the condition above is not met, decrease λ: λt+1 < λt.

In the following we discuss the choice of the starting value for the sequence of λ’s, its
updating rule and the choice of a suitable value σtarget for the noise scenario considered.
In Table 1, we outline the different choices made for Alg.2 to both (L2 − | · |) and
(D̃KL − | · |).
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Algorithm 2 Homotopy algorithm in M(Ω)

Input: y ∈ L2(Ω), b ∈ L2(Ω), b ≥ 0, Φ ∈ L(M(Ω), L2(Ω))
Parameters: γ ∈ (0, 1), c > 0, σtarget > 0
Output: optimal µ̂ ∈ M(Ω)
Initialisation: µ̂0 ∈ M(Ω) and λ1 = γ ∥η(1, µ̂0)∥∞
repeat for t = 1, 2, . . . , Tmax

1. Compute µ̂t solution of (P(λ)) with λ = λt with warm start µ[0]
t = µ̂t−1.

2. Compute σt from the residual:

σt = fyδ,b(Φµ̂t)

3. if σt < σtarget

µ̂t is a solution ⇒ stop

4. else if σt ≥ σtarget

Update λt+1 =
λt ∥η(λt, µ̂t)∥∞

c+ 1
(36)

until σt < σtarget

(L2 − | · |) (D̃KL − | · |)

λ1 := γ∥Φ∗yδ∥∞ γ

∥∥∥∥(Φ∗( y−b
b

))
+

∥∥∥∥
∞

σt := 1
2
∥Φµ̂t − yδ∥2 D̃KL(Φµ̂t, yδ)

σtarget(δ) := 1
2
∥y − yδ∥2 = δ2

2
D̃KL(y, y

δ)

Table 1: Homotopy algorithmic choices for prob-
lems (L2 − | · |) and (D̃KL − | · |).

Starting value
The element η(λ, µ) is crucial for the definition of Algorithm 2 as it allows to define

a good starting value λ1. We propose to initialise as follows:

λ1 := γ ∥η(1, µ̂0)∥∞ = γ ∥η̃(µ̂0)∥∞ , γ ∈ (0, 1) (37)

where µ̂0 ∈ M(Ω) is the initialisation of the solution and η is the dual certificate (34).
The parameter γ ∈ (0, 1) is a relaxation parameter usually chosen close to 1. The
choice (37) is motivated by optimality conditions (35). If one takes at the first iteration
λ1 ≥ ∥η(1, µ̂0)∥∞, then µ̂0 is an optimal solution for (P(λ)) with λ = λ1, since

∥η(λ1, µ̂0)∥∞ =

∥∥∥∥ 1

λ1
η̃(µ̂0)

∥∥∥∥
∞

=
1

λ1
∥η(1, µ̂0)∥∞ ≤ 1 ⇐⇒ λ1 ≥ ∥η(1, µ̂0)∥∞ .
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In this case, the algorithm does not improve upon the initialisation µ̂0 since it does
not perform any iteration. On the contrary, choosing λ1 < ∥η(1, µ̂0)∥∞ ensures that
the initial measure µ̂0 is updated since the dual certificate computed with respect to
the initialisation µ̂0 and λ1 > 0 is such that (37) has supremum norm that satisfies

∥η(λ1, µ̂0)∥∞ =
1

λ1
∥η(1, µ̂0)∥∞ =

1

γ ∥η(1, µ̂0)∥∞
∥η(1, µ̂0)∥∞ =

1

γ
> 1.

Updating rule
The updating rule (36) for λ together with the choice of a strictly positive para-

meter c > 0 ensures that the measure µ̂t, which is used to initialise (Pλt+1
) as

µ
[0]
t+1 = µ̂t, is not an optimal solution for the problem. Indeed, the dual certificate

computed in correspondence with λt+1 and µ̂t reads

η(λt+1, µ̂t) =
λt
λt+1

η(λt, µ̂t) =
1 + c

∥η(λt, µ̂t)∥∞
η(λt, µ̂t) =⇒ ∥η(λt+1, µ̂t)∥∞ = 1+ c > 1.

Thus, µ[0]
t+1 = µ̂t does not satisfy (35) for (P(λ)) with λ = λt+1, so the homotopy

step t+1 computes a new candidate solution µ̂t+1. This is indeed consistent with the
choice of rejecting µ̂t at the previous step t.

4.1 Descent property
In this section, we show that the homotopy algorithm 2 produces a strictly de-

creasing sequence of residual errors (σt)t. This properties gives insight on the good
convergence of the algorithm. We remark that the proof follows [47, Proposition 3.1]
but is here adapted to more general choices of the data term fyδ,b.
Proposition 2. The homotopy algorithm (Alg.2) for the resolution of (P(λ)) produces
a strictly decreasing sequence of residual distances (σt)t∈N provided that fyδ,b(·) is
twice differentiable and strictly convex.

Proof. We consider

µ∗(λ) ∈ argmin
µ

C(µ; yδ, λ) := fyδ,b(Φµ) + λ|µ|(Ω),

where the argmin is computed over M(Ω) if α = 0 in (P(λ)) and over M+(Ω) if
α = 1. Denoting by ∂/∂µ the Radon-Nikodym derivative w.r.t. µ, we have that the
minimiser µ∗(λ) satisfies

∂C(µ; yδ, λ)

∂µ

∣∣∣
µ=µ∗

= Φ∗∂fyδ,b(Φµ
∗) + λ = 0, (38)

Deriving the expression above with respect to λ and applying the chain rule yields:

0 =
∂

∂λ

(∂C(y, λ, µ)
∂µ

∣∣∣
µ=µ∗

)
=

∂

∂λ

(
Φ∗∂fyδ,b(Φµ

∗) + λ
)
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0 =
∂

∂µ

(
Φ∗∂fyδ,b(Φµ)

)∣∣∣
µ=µ∗

· ∂µ
∗(λ)

∂λ
+ 1

0 = Φ∗Φ · ∂2fyδ,b(Φµ∗) · ∂µ
∗(λ)

∂λ
+ 1.

Since Φ is positive definite and fyδ,b(·) is stricly convex, from the computations above
it follows that ∂µ∗(λ)

∂λ < 0. Consider now the following:

∂

∂λ
fyδ,b

(
Φµ∗(λ)

)
= Φ∗∂fyδ,b(Φµ

∗) · ∂µ
∗(λ)

∂λ
.

Recalling (38), we notice that ∂
∂µfyδ,b(Φµ

∗) = −λ. Moreover, since ∂µ∗(λ)
∂λ < 0, then

∂
∂λfyδ,b

(
Φµ∗(λ)

)
> 0. Since by homotopy λt+1 < λt, and denoting by µ̂t := µ∗(λt),

we have
σt = fyδ,b(Φµ̂t) < σt+1 = fyδ,b(Φµ̂t+1),

which concludes the proof.

Remark 2. For BLASSO (L2 − | · |), the fidelity fyδ,b(Φµ) = 1
2∥Φµ − y∥2 satisfies

the hypothesis required to prove Proposition 2. Indeed,

∂2fyδ,b = ∂2
(
1

2
∥ · −yδ∥2

)
= 1,

that was explicitly used in [47, Proposition 3.1].
For problem (D̃KL − | · |) the fidelity fyδ,b(Φµ) = D̃KL(Φµ + b, y) is twice

differentiable with

∂2fyδ,b = ∂D̃KL(·+ b, y) =
yδ

∥ ·+b∥2
.

Remark 3. The proof of Proposition 2 holds for any strictly decreasing updating
rule. However, using an updating rule different from (36) there is no guarantee that
at iteration t + 1 of Algorithm 2 the measure µ[0]

t+1 = µ̂t is not already optimal for
P(λt+1), thus requiring an immediate update of λ.

5 Numerical tests
In this section, we report numerical results to (D̃KL − | · |) computed by means

of the Sliding Frank-Wolfe (SFW) Algorithm 1 with homotopy (Algorithm 2) for
several off-the-grid sparse deconvolution problems in simulated 1D/2D and real 3D
fluorescence microscopy data.

5.1 1D comparisons between Gaussian and Poisson modelling
The aim of this first set of experiments on simulated 1D blurred signals corrupted

with Poisson noise is to validate our model (D̃KL − | · |) and to compare its perform-
ance with BLASSO (L2 − | · |). In a discrete setting, several works (e.g., [17, 50, 51]
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Figure 4: 1D comparison between Gaussian (left) and Poisson (right) models. In
black: ground truth spikes. In green: reconstructed spikes. For both models, λ = 8.82.

and [52] for examples in microscopy) have proposed both analytical and numerical ap-
proaches for precisely modelling signal-dependent Poisson noise using discrete version
of the KL divergence (14). Generally speaking, such choices improves performance
(in terms of, e.g., localisation/reconstruction quality, especially in low-photon count
regimes) in comparison to simpler L2 Gaussian models, but only slightly. This is
due to the biases introduced by the handcrafted regularisation employed, such as,
e.g., ℓ1 or TV-type. Aiming at reconstructing weighted sums of Diracs, for which the
regulariser (2) is tailored, we wonder in the following experiments whether in such
infinite-dimensional setting the improvement is more evident.

For that, we test 10 different ground truth signals with 6 randomly located spikes
in the 1D domain Ω = [0, 1]. For each ground truth signal, the position of each spike is
sampled from a uniform distribution over Ω, as well as their amplitudes from a uniform
distribution over [1−d, 1+d] with d = 0.4. The corresponding acquisitions are blurred
by a Gaussian 1D PSF with σ = 0.07, a spatially constant background b = 0.01 is
considered, and then several Poisson noise realisations are generated as acquired data.
In Figure 4, one simulated ground truth signal µgt is shown (black spikes) together the
corresponding Poisson noisy and blurred data (blue signal). All 1D signals are then
reconstructed by using both the Poisson (D̃KL − | · |) and the Gaussian noise model
BLASSO (L2 − | · |) with λ ∈ (0, 10] using Algorithm 1. Figure 4 shows an example
between the two reconstructions (BLASSO, left, Poisson model, right) µrec (green
spikes) for λ = 8.82. For such illustrative example, the Poisson model provides a better
estimate (in terms both of amplitudes and localisation) than the Gaussian model.

To assess such observation over different choices of regularisation parameters (to
which the models could be sensitive), we then performed a statistical test comparing
localisation/reconstruction performance for all the generated signals. To evaluate the
goodness of the reconstructions, we consider the Jaccard index defined in terms of the
number of True Positive (TP), False Positive (FP) and False Negative (FN) spikes as
follows

Jacδ(µgt, µrec) =
#TP

#TP +#FP +#FN
∈ [0, 1]
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with tolerance radius δ > 0. TP are reconstructed spikes that are at a distance less
than δ from a ground truth spile, while reconstructed spikes that are more than δ
distant from each ground truth spike are denoted by FP. FN are spikes in the ground
truth which have not been associated to any TP.

(a) TP, FN and TP

(b) Jaccard index and RMSE of amplitudes and positions
Figure 5: Mean values over 100 different randomly generated ground truth signals
with 6 spikes and their corresponding reconstructions. Shaded area corresponds to
standard deviation. Maximum number of iterations of SFW: 2Nspikes. Tolerance radius
for computation of the Jaccard Index is δ = 0.05.

Similarly as in [12], we used also the RMSE of the amplitudes a and positions x of
the TP spikes as a different quality metric:

RMSEx(µgt, µrec) =

√
1

#TP

∑
i∈TP

(
(xrec)i − (xgt)i

)2
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Parameters L2 − |µ| D̃KL − |µ|

Max. number of homotopy iterations 2Nmolecules 2Nmolecules
Max. number of inner SFW iterations 1 1
Homotopy parameter c 15 40
Homotopy parameter γ 0.9 0.9
Choice of σtarget 1.5× 1

2
∥Φµgt + b− y∥2 1.5×DKL(Φµgt + b, y)

Table 2: Parameters used by the homotopy algorithm (Alg.2) in the 1D simulated
comparison tests.

RMSEa(µgt, µrec) =

√
1

#TP

∑
i∈TP

(
(arec)i − (agt)i

)2
.

In Figure 5(a), we plot the number of TP, FN and FP reconstructed by models
(L2 − | · |) and (D̃KL − | · |) for a large finely discretised range of λ. In Figure 5(b) the
Jaccard index (computed with δ = 0.05) and the Root Mean Square Error (RMSE) of
amplitudes and positions are also reported. The proposed Poisson model (D̃KL − | · |)
has a better performance in terms of TP and FN and, overall, in terms of the Jaccard
index and RMSE of amplitudes and positions. Only for the number of FP, BLASSO
(L2 − | · |) results slightly better than (D̃KL − | · |) for small values of λ. This is due
to the fact that (D̃KL − | · |) usually requires more iterations of SFW before reaching
convergence. This results in a better estimation of the number of molecules, with TP
being closer to the actual number of spikes, which may cause an overestimation of the
number of spikes with a consequently higher value of FP.

Using the same dataset, we then compare the results obtained running the homo-
topy Algorithm 2 for the automatic selection of the regularisation parameter λ for
both problems (L2 − | · |) and (D̃KL − | · |) solved by Algorithm 1 as inner solver, with
the algorithmic parameters specified in Table 2. To reduce the computational burdens,
we observed that only one iteration of SFW was enough, as the estimated measures
is anyway updated in the next homotopy step. For the same reason, we set the max-
imum number of homotopy outer iterations to be equal to twice the number of peaks
in the ground truth. As far as σtarget is concerned, being in a simulated environment,
we computed the exact value of the residual σexact as fyδ,b(Φµgt), to be compared with
the residual σt at current iteration t of Algorithm 2. Since σexact is unknown in real
situations, a possible strategy for its estimation will be discussed in the next section.

In Table 3, we report the values of TP,FN,FP, Jaccard index and RMSE of the re-
constructed signals for both models. The final estimated λ is also reported in Table 3,
together with the number of performed homotopy iterations and of the value σtarget.
Using homotopy, we observe that we retrieve values which are comparable with the
best ones obtained using SFW with grid search. This shows the effectiveness of the
homotopy strategy. Overall, the algorithm applied to solve (D̃KL − | · |) yields bet-
ter results than (L2 − | · |) in the presence of Poisson noise, with a reduction of the
number of FN and an improvement of the accuracy in terms of Jaccard index.
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L2 − |µ| D̃KL − |µ|

Jaccard index 0.74 0.76
Number of TP 4.50 4.80
Number of FN 1.50 1.20
Number of FP 0.10 0.40
RMSE on amplitudes of TP 0.41 0.44
RMSE on positions of TP 0.014 0.015

Final estimated λ 6.09 40.21
Number of homotopy iterations 4.55 3.93
Value of σtarget 4.09 77.16

Table 3: Homotopy algorithm: comparison
between BLASSO and the Poisson off-the-grid
modelling. Mean values over 100 different ran-
domly generated ground truths with 6 spikes.

5.2 2D examples: choice of σtarget

To avoid the choice of σtarget to depend on the ground truth image, we propose
in this section an heuristic strategy to estimate a reasonable value σtarget relying on
the sole acquisition yδ and on the assumption that the signal is sparse. To better
illustrate the proposed strategy we consider a 2D example of simulated blurred and
noisy microscopy acquisitions on the domain Ω = [0, 1]2 1, see Fig. 6a.

Under a suitable sparsity level of the ground truth image, it is safe to assume that
its corresponding noisy and blurred acquisition yδ presents regions containing only
background noise, which we denote by Ωbg ⊂ Ω. In Figure 6a we show yδ and highlight
yδ|Ωbg in transparency, i.e. the acquisition "masked" to the area of background noise
in the external square-ring. We propose to estimate the value of σtarget as follows

σtarget = fyδ,b(0)
∣∣
Ωbg

|Ω|
|Ωbg|

, (39)

where the restriction of the fidelity term to µ = 0 is due to the fact we assume the
desired image µ to be null in Ωbg, i.e. µ|Ωbg = 0. Note that considering σtarget =
fyδ,b(0)

∣∣
Ωbg

would be equivalent to assume that the noise is null on Ω \ Ωbg, which is
obviously not true. The formula (39) is thus adjusted to account for noise not only
on Ωbg but on the whole domain Ω. Note that it is also possible to approximately
estimate the (constant) background b ∈ L2(Ω) in Ωbg by taking

b =
1

|Ωbg|

∫
Ωbg

yδ(t)dt. (40)

For the image shown in Figure 6a, we compare in Table 4 different choices of σtarget

for (D̃KL − | · |) with fyδ,b being the Kullback-Leibler fidelity term. In particular, we
consider in the second row the estimate proposed in [30], where a discrepancy principle

1Blurring operator: 2D Gaussian PSF with σ = 0.07. Spatially constant background b = 0.05.
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Theoretical value (based on the ground truth) D̃KL(Φµgt + b, yδ) 842.3
Poisson discrepancy principle (41) [30] |Ω|

2
8192

Estimation based only on yδ and Ωbg (39) D̃KL(b, ybg)
|Ω|

|Ωbg|
846.4

Table 4: Different estimates of σtarget.

(a) Data (b) Reconstruction

(c) Values of λt, σtarget and cost functional along the homotopy iterations.

Figure 6: 2D fluorescence microscopy simulated image. (a) 2D sparse image (white
crosses denote off-the-grid locations) and its corresponding noisy blurred acquisition
yδ with yδ|Ωbg visualised in trasparency. (b) 2D reconstruction (green spikes) obtained
with homotopy algorithm (Alg. 2) compared with the ground truth spikes (black).

for Poisson data is studied under the following approximation

D̃KL(Φµgt + b, yδ) ≈ |Ω|
2
. (41)

This value is obtained by computing the expected value for Kullback-Leibler fidelity
and by approximating it with a first order Taylor expansion. As observed also in [30],
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Figure 7: ERES 3D real data (I and II columns: lateral views, III column: top view).

the estimate (41) might not be optimal and, indeed, one should consider

D̃KL(Φµgt + b, yδ) ≈ 1− ϵ

2
|Ω|, (42)

where ϵ ∈ R is small. When Ω is big, (42) might lead to bad estimates even if ϵ
is very small. As showed in Table 4, the approximation (41) does not lead indeed
to an accurate estimation of σtarget. On the contrary, the estimation (39) proposed
(last row), is close to the real value (first row) which is known given the simulated
setting. We remark that in recent work [53] similar masking strategies are used to
define parameter selection strategies for variational noise in Poisson scenarios, with
a detailed description of the modifications arising to the underlying statistical laws
when performing such choice. The application of analogous strategies to the problem
considered is an interesting venue for future work.

By using the homotopy algorithm (Alg.2) with SFW (Alg. 1) 2 for the reconstruc-
tion of the data in Figure 6a with background and σtarget estimated by (40) and (39),
respectively, we obtain the results shown in Figure 6.

5.3 Real 3D wide-field dataset
We finally consider a real 3D fluorescence microscopy setting with blurred and

noisy volume acquisitions. The image was acquired in wide-field microscopy with a
100x/1.49 objective, a Hamamatsu Flash 4 camera with 6.5um pixels, by Alejandro
Melero Carrillo at the MRC-LMB and was used in [54]. It is an acquisition of yeasts
expressing fluorescent proteins (*SEC16-sfGFP* and a *SEC24-sfGFP*) localised at
the Endoplasmic Reticulum exit sites (ERES). The acquired volume yδ is shown in
Figure 7 with maximum intensities projections over the xz, yz, yx planes. The 3D
volume blurred and noisy acquisition has 190×190×17 voxels with voxel size of 65nm
in yz and 250nm in z. Signal dependency of the noise is observed.

To reconstruct a sparse volume from the 3D acquisition yδ, we use the homo-
topy algorithm (Alg. 2) with an accelerated version of the SFW, called Boosted SFW

2Max. number of (outer) homotopy it. 20, max. number of (inner) SFW it. 1, c = 30, γ = 0.9.
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proposed in [47], as an inner solver to minimise (D̃KL − | · |). Boosted SFW reduces
computational costs by limiting the number of sliding steps.

Parameters (D̃KL − | · |)

Max. number of homotopy iterations 10
Max. number of inner SFW iterations 50
Homotopy parameter c 0.5
σtarget given by (39) 1102067.75
σtarget given by (41) 306850
Constant background estimate (40) b = 337.77

Table 5: Parameters used in Algorithm 2 for the
reconstruction of the 3D volume

We consider a 3D convolution kernel (6) estimated as a 3D Gaussian PSF,

φ
(
(x, y, z)

)
=

1√
(2π)3σxσyσz

exp

[
− x2

2σ2
x

]
exp

[
− y2

2σ2
y

]
exp

[
− z2

2σ2
z

]
.

The standard deviation σx, σy of the 3D PSF can be estimated from the Full Width
Half Maximum, which is given by FWHM = 0.61λwavelength/NA, where λwavelength is
the emission wavelength of the fluorescent proteins and NA is the numerical aperture
of the microscope. Note that if the FWHM is known, then it is possible to retrieve
information about the variance parameters of the PSF since FWHM = 2.355 · σx and
FWHM = 2.355 · σy. For the standard deviation in the z-axis, we assume σz = 2 · σx.
Since the value of the numerical aperture is known, NA = 1.49, and λwavelength =
508nm for the green fluorescent proteins under test, we obtain a PSF estimation with
σx = σy = 89nm and σz = 178nm, which appears to be a good approximation of the
underlying blur model.

Figure 8: ERES 3D data. Values of λt, σtarget and cost functional along the homotopy
iterations.

The parameters used to run the homotopy algorithm 2 with BSFW as inner solver
are reported in Table 5. Note that as far as the estimate of σtarget is concerned, the
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Figure 9: Sparse reconstruction of the 3D real ERES data

formulas (41) and (39) give very different results, so that the estimate given by (39)
was considered as more accurate as showed in the previous section. The background is
estimated by (40) as b = 337.77. We computed this reconstruction using 50 homotopy
iterations fixing to 10 the maximum number of inner loops of the BSFW algorithm,
using Google Colab CPUs for about 10 hours. The reconstructed volume µrec coun-
ted 274 spikes. While probably underestimating the exact result this first result is
promising, since the use of Algorithm 2 yields very precise localisation of spikes auto-
matically, with no need of estimating the regularisation parameter, and no a-priori
information about the data. A better visualisation of the reconstruction under differ-
ent views is given in Figure 9 using the visualisation codes used in [12] and provided
by the authors at their GitHub page3.

6 Conclusions
In this work, we considered sparse inverse problems in the off-the-grid setting of

the space of radon measures M(Ω) under the assumption of signal-dependent Pois-
son noise in the measurement. Such choice is motivated by fluorescence microscopy
applications, where the noise observed is modelled as Poisson to account for photon-
counting processes. We proposed a variational approach where the Total Variation
norm is coupled with the Kullback-Leibler fidelity term and a non-negativity con-
straint. For the resulting composite problem we derive analytically the optimality and
extremality conditions. Using the Sliding Frank-Wolfe algorithm as numerical solver,
we then discussed the choice of a good regularisation parameter by means of an al-
gorithmic homotopy strategy. Finally, we presented several numerical experiments on
simulated 1D/2D data to validate the proposed Poisson model, to compare its per-
formance with the analog Gaussian model and to confirm the good performance of
the homotopy strategy proposed. To conclude, we tested the proposed framework on
a 3D real fluorescence microscopy dataset.
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Appendix A Technical Results
We report here the well-known definition of convex conjugate and some of its

properties.
Definition 3. Given f : X −→ R, with X real Banach space, the convex conjugate of
f is the function f∗ : X ∗ −→ R ∪ {+∞} defined by

f∗(x∗) := sup
x∈X

⟨x∗, x⟩X∗×X − f(x), x∗ ∈ X ∗. (A1)

It is possible to obtain the convex conjugate of the sum of functions as infimal
convolution of the convex conjugate of each singular function [36, 37].
Proposition 3. Let f1, . . . , fn : X → R with X real Banach space. Suppose there
exists at least a point x ∈ X such that f1, . . . , fn are continuous in x. Then,

(f1 + . . .+ fn)
∗
(x∗) = min

x∗
1+...+x

∗
n=x

∗
f∗1 (x

∗
1) + . . .+ f∗n(x

∗
n).

The convex conjugate of any norm is a well-known result. We report here for the
sake of completeness, the convex conjugate of the TV norm.
Lemma 5. Let A : M(Ω) → R, A(·) = |·| (Ω) be the TV-norm. The convex conjugate
of A is the function A∗ : C0(Ω,R) → R ∪ {+∞} given by

A∗(ψ) =

{
0 ∥ψ∥∞,Ω ≤ 1

+∞ ∥ψ∥∞,Ω > 1
.
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Proof. By Definition 3 of convex conjugate, for any ψ ∈ C0(Ω,R) we write

A∗(ψ) = sup
µ∈M(Ω)

⟨ψ, µ⟩C0(Ω,R)×M(Ω) − |µ|(Ω) ≥ ⟨ψ, µ⟩C0(Ω,R)×M(Ω) − |µ|(Ω), ∀µ ∈ M(Ω).

Taking µ = αδx with x ∈ Ω and α > 0, we have

sup
µ∈M(Ω)

⟨ψ, µ⟩C0(Ω,R)×M(Ω) − |µ|(Ω) ≥ α(ψ(x)− 1),

and the limit for α → ∞ of the latter inequality yields A∗(ψ) ≥ +∞ if ψ(x) > 1. A
similar result for ψ(x) < 1 is obtained with the measure µ = −αδx, with α > 0. Thus,
we have A∗(ψ) = +∞ if ∥ψ∥∞,Ω > 1.

Assume now that ∥ψ∥∞,Ω ≤ 1. First notice that

A∗(ψ) = sup
µ∈M(Ω)

⟨ψ, µ⟩C0(Ω,R)×M(Ω) − |µ|(Ω) ≥ 0

by considering µ = 0. Moreover,

⟨ψ, µ⟩C0(Ω,R)×M(Ω) − |µ|(Ω) ≤ ∥ψ∥∞,Ω|µ|(Ω)− |µ|(Ω) ≤ |µ|(Ω) (∥ψ∥∞,Ω − 1) ≤ 0

since ∥ψ∥∞,Ω ≤ 1. By evaluating the sup on both sides of the last inequality, since
A(ψ) ≥ 0 one finally gets A∗(ψ) = 0 if ∥ψ∥∞,Ω ≤ 1, which concludes the proof.

Lemma 6. (Fenchel-Rockafellar duality.) Let V, Y be two Banach spaces. For
Λ : V → Y linear operator, F : V → R and G : Y → R convex functionals, we
consider the following primal problem:

argmin
u∈V

F (u) +G(Λu). (A2)

The corresponding dual problem reads

argmax
p∗∈Y ∗

−F ∗(Λ∗p∗)−G∗(−p∗), (A3)

where Λ∗ : Y ∗ → V ∗ is the adjoint operator of Λ and F ∗ : V ∗ → R ∪ {+∞}, G∗ :
Y ∗ → R ∪ {+∞} are the convex conjugate of F and G.

Moreover, if u ∈ V and p∗ ∈ Y ∗ are respectively solutions of the primal (A2) and
dual (A3) problems, the following extremality conditions hold:{

Λ∗p∗ ∈ ∂F (u)

−p∗ ∈ ∂G(Λu)
. (A4)
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