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NONPARAMETRIC ESTIMATION OF THE TRANSITION DENSITY FUNCTION
FOR DIFFUSION PROCESSES

FABIENNE COMTE! AND NICOLAS MARIE®

"Université Paris Cité, CNRS, MAP5, F-75006 Paris, France.
®Université Paris Nanterre, CNRS, Modal’X, 92001 Nanterre, France.

ABsTrRACT. We assume that we observe N independent copies of a diffusion process on a time-interval
[0,2T). For a given time t, we estimate the transition density p¢(z,y), namely the conditional density of
Xi¢4s given X = x, under conditions on the diffusion coefficients ensuring that this quantity exists. We
use a least squares projection method on a product of finite dimensional spaces, prove risk bounds for
the estimator and propose an anisotropic model selection method, relying on several reference norms. A
simulation study illustrates the theoretical part for Ornstein-Uhlenbeck or square-root (Cox-Ingersoll-
Ross) processes.

1. INTRODUCTION

In this paper, we consider the stochastic differential equation (SDE)
¢ t
(1) X: =0 +/ b(Xs)ds +/ o(Xs)dWs ; t € ]0,2T7,
0 0

where 29 € R, W = (Wy);¢[0,277 is a Brownian motion, b,0 € C*(R), and b’ and ¢’ are bounded. Under
these conditions on b and o, Equation (1) has a unique (strong) solution X = (X¢)¢cjo,2r)- Under addi-
tional conditions, the transition density p;(x,.) is well defined and can be understood as the conditional
density of X 4, given X; = z. The two time indexes s + ¢t and s explain why the process is considered
on [0, 2T, while each index evolves in [0,7]. Our aim is to provide and study a nonparametric estimator
of the function (z,y) — pi(z,y) (t € [0,T]), computed from N independent copies of X observed on the
time-interval [0, 27].

Let us start with some comments about the observation scheme. It is related to functional data analysis,
dealing with samples of infinite dimensional data (see Ramsay and Silverman [34] and Wang et al. [37]).
Several examples of applications in biology and meteorology (resp. energy) are developed in Ramsay and
Silverman [34] (resp. Candanedo et al. [8]). In Section 2, we also present an example of financial model
leading to this observation setting.

Since few years, statistical inference from copies of diffusion processes, especially estimators of the drift
function b, has been deeply investigated. In that way, tools related to statistical inference for stochastic
processes have been used in the world of functional data analysis. From independent copies of the solution
X of an SDE, projection least squares estimators of b have been studied in Comte and Genon-Catalot [14]
for continuous time observations, in Denis et al. [19] for discrete time observations with a classification
purpose in a parametric setting, and in Denis et al. [18] for the same question in the nonparametric
framework. Marie and Rosier [31] propose a kernel based Nadaraya-Watson estimator of the drift func-
tion b, with bandwidth selection relying on the Penalized Comparison to Overfitting criterion recently
introduced in Lacour et al. [26]. Still for independent copies of X, Halconruy and Marie [22] investigate
the properties of the projection least squares estimator of b when the Brownian motion W is replaced by
a Lévy process in Equation (1), and Comte and Genon-Catalot [15] and Marie [29] deal with estimators of
the drift function in non-autonomous SDE. More recently, copies-based estimation with dependency has
been investigated. For instance, one may refer to Della Maestra and Hoffmann [17] or Belomestny et al.
[7], dealing with nonparametric estimators in interacting particle systems and McKean-Vlasov models.
However, the question of transition density estimation has not been considered in this setting, while this
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2 FABIENNE COMTE' AND NICOLAS MARIE®
function is a key quantity of the process.

A transition density is a conditional density, but it is beyond our scope to describe all works dealing
with the nonparametric estimation of the conditional density of Y given X = x when N i.i.d. observa-
tions of the couples (X;,Y;) are available. We refer to the recent paper by Comte and Lacour [16], and
the references therein, on this topic. The question of estimating a transition density has already been
studied, by several authors, for discrete samples of general Markov chains. The discrete time observation
of one path of the solution X of Equation (1), say Xza with k =1,...,n and A > 0, fits to this frame-
work. Nonparametric estimation strategies can be based on contrast minimization, as in Lacour [24], an
approach we also follow and adapt to our setting. A transition can also be seen as a ratio of two densities,
namely the density of (X, Xs4¢) divided by that of X, and then the ratio of the corresponding density
estimators may be proposed and studied (see Lacour [25]). The paper by Sart [35] presents and studies
estimators corresponding to the two strategies. Recently, in higher dimension, Loffler and Picard [28]
estimate a general transition operator relying on singular value decomposition.

The framework considered in the present work is new. Indeed, the question of estimating the transi-
tion density py(z,y) (t € (0,7]) from the observation on [0,27] of N independent copies X* := Z(xq, W?)
(i € {1,...,N}) of the solution X of Equation (1), where Z(-) is the Ito6 map for Equation (1) and

W1, ...,W¥ are N independent copies of the Brownian motion W, has not been yet investigated. Let us
consider Sm = Sp.m;, ® Spm,, Where Sy, 1, = span{p1,...,©om, } (resp. Sy.m, = span{y1,...,Ym,}),
©1,---, PNy (resp. ¥1,...,9¥nN, ) are continuous functions from I (resp. J) into R such that (¢1,...,¢on;)

(resp. (¥1,...,%nNy)) is an orthonormal family in L?(I, dz) (resp. L?(J,dz)), Ny := [NT]+1and I,J C R
are non-empty intervals. In this paper, we study the following projection least squares estimator of the
transition density function p;:

m1 mo
Pmt(2,9) =D > 0,005 (@)n(y),
j=1k=1
where m = (my,m2) € {1,..., N7}?, and the coefficients @j,k are computed from the observed paths of
the processes (X )o<t<or (i € {1,...,N}). This estimator is the minimizer over functions 7 € Sy, of an

objective function defined as the empirical version of

=l = [~ [ (w0 = plo) s dndy

the f-weighted distance between 7 and p; with

T
1O =5 | patao.yas

Roughly speaking, pm ; mimics the projection of p, on Sy, with respect to the f-weighted norm ||.||s, and
then our purpose is to prove that the empirical norm and the empirical criterion defining p, ¢ are near
of their theoretical counterparts with high probability. In this way, we are able to evaluate the quadratic
risk of the estimator.

A risk bound is established on pm ¢, for a fixed m. Under regularity assumptions and an adequate choice
of m = (my,ms), a rate of convergence is provided for the projection least squares estimator of p;.
Then, we focus on the example where p; belongs to an anisotropic 2-dimensional Sobolev-Hermite space.
Clearly, other regularity spaces may be considered, but since the Hermite basis is R-supported, this ex-
ample is very instructive and allows us to rely on some results already established in Comte and Lacour
[16] for the estimation of the conditional density. The established rates are achieved when m; and my -
the coordinates of m - are chosen as IV to a power depending on the regularity orders of p;. Since these
regularity parameters are unknown, the previous choice of m cannot be done in practice. This is why
a data-driven selection procedure is provided and studied, allowing us to select a model m = (M, ms)
directly from the data. The couple of dimensions (711, 7i2) is selected in a random subset of {1,..., Ny }?
thanks to a penalized version of the estimation contrast, which corresponds to the idea of a data-driven
squared-bias/variance compromise. Then, a risk bound is established on the adaptive estimator pg; ¢,
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which automatically achieves the squared-bias/variance tradeoff up to a log(N) factor. We also prove
that the bound can be improved, and the log(N)-loss corrected, in two special cases: when t > to for a
given ty > 0, and when ¢ > 0 with [ - the support of the basis ¢ - compact.

To start with, in a short preliminary Section 2, we propose two application settings where our ob-
servation scheme is meaningful, and where our estimator of the transition density may be used. The
projection least squares estimator is defined in Section 3, and non-adaptive risk bounds on a given model
are established in Section 4. A model selection procedure and an adaptive risk bound are provided in
Section 5. The whole procedure is illustrated through simulations in Section 6. Finally, Section 7 provides
concluding remarks and proofs are gathered in Appendix A.

Notation and basic definitions:

o The space of m; x mgy matrices with coefficients in R is denoted by M, m, (R).

e For every M € My, m,(R), the transpose of M is denoted by M*, and the largest eigenvalue of
MM~ is denoted by [|M]2,

e The usual inner product (resp. norm) on L2(R?) is denoted by (.,.) (resp. |.||). Recall that, for
every 7,7* € L2(R?),

(r,7") = /}R2 7(z,y)7" (z, y)dxdy.

For the sake of readability, the usual inner product and the associated norm on L?(R) are denoted
in the same way.

2. TWO MOTIVATING EXAMPLES

In this section, we briefly present two possible applications of our estimation method of p;.
e Assume that o(-)? > 0, and consider the parabolic partial differential equation defined by

ou Ju
&) O 1,2) + 20w 4 (0,2) 4 ) Dt 2) = 0, u(T) = v(a),
wherev: R - Risa known twice continuously differentiable function. Moreover, let X% be the
solution of Equation (1) starting from = € R at time ¢ € [0,7). By Lamberton and Lapeyre [27],
Theorem 5.1.7, the solution of Equation (2) is given by

oo
F(t.) = Be(XF) = [ oly)proi(a)dy,
— 0o
Thus, the solution of Equation (2) can be estimated by
3) Funlt.)i= [ o)l )y,

In the same spirit as Milstein et al. [33], (3) provides a Monte-Carlo method which may replace
the usual finite difference algorithm to solve Equation (2) numerically. Note that in this example,
b, o and v are assumed to be known, and then one may simulate a large amount N of copies of
X observed at high-frequency on [0,27] in order to compute P r—¢, and then ﬁm (t,z). In other
words, the copies-based observation scheme is appropriate in this context.

e The options pricing in finance is another possible application of our estimation method of p;. Let
X = (X¢)ter be the prices process of a risky asset, which risk-neutral dynamics are modeled by

dX
(4) Tt = (r — 8)dt + o(X,)dW,,
t
where r > 0 is the risk-free rate, § > 0 the dividend rate, W = (W;),cr is a two-sided Brownian
motion, and Xy is a o((W;)ter_ )-measurable square integrable random variable. Consider also

the option with payoff ’U(X%w), which price P(x,T) satisfies

P(a.T) = e TEw(X%)) = 7 / oy y)dy.
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Thus, when r < 4, an estimator of P(x,T) is given by
Pon(2,T) 1= e_TT/ 0(Y)Pm,7 (2, y)dy,
0

where the copies X', ..., X" of (X?’x)te[(),QT] are here constructed from (X;)er_, the past of the
(recurrent Markov) prices process, by following the same line as in Marie [30], Remark 2.3. So, the
copies-based observation scheme remains appropriate in this context, but requires high-frequency
data on a long time-interval.

Note that risk bounds on truncated versions of ﬁm(u x) and ﬁm(gc, T') may be deduced from the results
of Section 4.2, but are omitted since they may not be optimal.

3. A PROJECTION LEAST SQUARES ESTIMATOR OF THE TRANSITION DENSITY FUNCTION

3.1. Assumptions on the coefficients of Equation (1). Throughout the paper, we consider copies
X1 ..., XN of the solution X of Equation (1) under the condition:

(5) zo € R, W = (Wy)te(o,27) is a Brownian motion, b,o € C'(R) and ', 6 are bounded.

We also assume that o satisfies the following non-degeneracy condition:

(6) Ja,A>0:VzeR, a<|ox)] <a+ A

As already mentioned, under condition (5), Equation (1) has a unique solution. Under the condition
(6), the transition density function p; is well-defined. Conditions (5) and (6) are assumed to be fulfilled
throughout the paper. Some properties of the density p:(xg,.) of X; are provided in the following
proposition.

Proposition 3.1. There exist two positive constants ¢y and mp, depending on T but not on t, such that
for every x,y € R,

(z — 360)2) .

(7) pi(x0, ) < crt ™2 exp (—mT -

Then, the density function

Q 1= [ pidaois

1s well-defined and satisfies the following properties:

(1) f is upper bounded on R.

(2) For every compact interval I C R, there exists a positive constant m = m(I) such that f(-) > m
on I.

(3) For every k € Ry, |b|® € L?(R, f(z)dx).

Proof. First, under the conditions (5) and (6), by Menozzi et al. [32], Theorem 2.1, there exist two
positive constants ¢ and My, depending on 7" but not on ¢, such that for every z,y € R,

(v — 9t(w))2> ’

— _1 —
9) pi(w,y) <ort” 2 exp (—mT "

where s+ 04(x) is the solution of the differential equation
Zs = —|—/ b(zy)du ; s € [0,T].
0

For any u € (0,7] and z € R,

| — xo| < |& — 0y (x0)| + uST(x9) with Sr(xg) = sw[up ] [b(0s(x0))],
s€[0,T

leading to

—%(m —20)? +u?Sr(20)? = — (2 — Ou(0))%
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Thus, by Inequality (9),
(z — 20)?
t

. - W 2 mr
with ¢ = cpe™T57(0)"  and mp = -

In particular, t — p;(x9, ) belongs to L([0,T]), which legitimates to consider the density function f
defined by (8). Still by Inequality (7):

e f is upper bounded on R. Indeed, for every = € R,
1 [T _1 1
flz) < = crs”2ds = 2cpT 2.
T Jo
e Since b’ is bounded (and then b has linear growth),
b|* € L2(R, f(x)dz) ; Vk € R,
Indeed, for every v € Ry and t € (0, 7],
E(]X:[") = / |z[“pe(z0, z)dx

— 00

e’} _ 2
<t? cT/ |x|” exp (_mT(xxo)) dx

— o0

pe(zo,7) < CTF% exp (mT

=107, <00

and then, for every kK € R,

| b s = 1 [ socx)as

— 00

1 T
<o <1+ T/ E(|Xs|2"”")ds> < er(1 4 2e09,T ) < 00,
0

where ¢; is a positive constant depending only on b and «.

Now, Menozzi et al. [32], Theorem 1.2 also says that there exist two positive constants ¢ and m,
depending on T but not on ¢, such that for every z,y € R,

_1 —0,(x 2
(10) (@, y) > et 2 exp <—mT(ytt())> |
For any u € (0,7] and z € R,
|z — 0, (x0)] < |z — 20| + uST(20),
leading to
—(z = 0u(20))? > —2(x — 20)? — 2u>S7(z0)>.
So, by Inequality (10),
— )2
pi(r0.7) > €yt~ F exp (_m;@c;o))

—2m TSt (20)*

with ¢ = cpe and mp =2mp

and then, for every compact interval I C R and x € I,
* T *
¢ m

1) 2 & [ e (M- a0)?) ds
5

T/2
T

> m(I) = % exp (— 2;1:% max{ (max(I) — 2¢)?, (min(7) — x0)2}> / s72ds > 0.

T/2

This concludes the proof. O
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3.2. The projection least squares estimator and some related definitions. The objective function
vn is defined by

e g 3 ([ a2 [ o X;H)d) 75

In order to explain the relevance of the criterion, let us compute its expectation:

7)) =/Z /Z(T(x» — pi(2,y))* f(x)dwdy — / / pe(x,y)? f(x)dady.

This shows that, the closer 7 is to p;, the smaller E(yy (7)), and that yn(7) is the empirical version of
the f-weighted L2-distance between 7 and p;. This is the reason why we define the estimator of p; as the
minimizer of vy in Sy,

Remark. Note that any 7 € Sm can be written 7 = 3., 0, ¢(p; ® 1h¢) With © € My, m, (R). Then, 7
is characterized by the matrix ©.

First, let us study the conditions ensuring that vy has a unique minimizer in Sy,. For 7 =) i O;(e;®
) with © € My, m, (R),
VoN(T) = 2(¥im, © — Zm ),

)

where
. 1 M7 . .
(1) o= (7 2 | i (s
1=1 j)jle{lw")ml}
and

N 1 N7 . .
(12) Zmit = (NT;/O Wj(X;)W(Xé-s-t)dS)

The symmetric matrix \Tlml is positive semidefinite because for any y € R™1,
2

(G0 e{1,...,m1 }x{1,...,ma}

my

y* mY = Np Z/ Zyj% ds > 0.

If in addition \Tlml is invertible, it is positive definite, and then

mi1 Mmso

(13) I/)\m,t - Z Z[ém’t]]’g(@j ® ’Q[J[) Wlth ém,t - (I\’;Lll Zm,t
j=11¢=1

is the only minimizer of vy in Sy, called the projection least squares estimator of p;.

Now, let us consider the theoretical counterpart W,,,, := E(U,,,) of ¥,,,, (see Equality (11)), the empirical
inner product (.,.)y such that

N T o
1 ) .
(r, 7)== NT E /0 / T( XL, y) ™ (XL, y)dyds ; V7, 7* € Sm,
i=1 -

and the f-weighted inner product (.,.)s such that

(r, 7))y =E({r, 7" / / T(z,y)m*(x,y) f(x)dxdy ; V7,7* € Sm

The empirical norm associated to {.,.)n (resp. (., >f) is denoted by ||.||x (resp. ||.||f). For any 7 € Spm,

e (r) = % — Z / (X2, X ,,)ds
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and then, interestingly,
2
E(vw (7)) = I7ll} = 2(7, pe)
justifying again the choice of the objective function vy to define our estimator pm ¢ of p;. It is standard in
nonparametric regression-type settings to have to handle a random norm depending on the observations,
and to control the proximity with its expectation thanks to deviation inequalities.

3.3. Examples of bases. In addition to the empirical norm, related to the data, and its theoretical
counterpart - the f-weighted L2-norm ||.||; -, the usual L?norm |.|| defined at the end of the introduc-
tion section appears through the bases and their characteristics.

First, let u = (u;);>1 be an orthonormal I-supported family of L*(R,dz) (equipped with (.,.)), and
consider S, ,, := span{us, ..., un, }; the linear space generated by the m € N* first functions of the family
u. Consider also

m
£, (m) :=sup Z u; ()%
xel J=1
One may easily check that

Lu(m) = sup I7]lc (see Lemma 1 in Bigé and Massart [4], p. 337).
TESu,m:||T]|=1

So, £,(m) measures the link between the L? and > norms in the function space S, .,: when I = [0, 1],
I71? < lI7ll3e < L) I7l* 5 V7 € Sum.
Now, let us provide examples of usual bases u, and controls of £, (m) for each of them:
e The trigonometric basis is defined on I = [0, 1] by

trigy (z) := 1, trigy; () := V2cos(2mjz), trigy; 41 (2) := sin(2mjz)

for j =1,...,(m—1)/2 with m € N\(2N). Since cos(-)? +sin(-)?> = 1, Liig(m) = m. In the same
way, £,(m) is of order m for splines, wavelets, or any orthonormal bounded bases.
o For the Legendre basis (¢;) 1, defined via normalized Legendre’s polynomials on I = [—1, 1] (see
Tsybakov [36], Section 1.2.2), £,(m) < m? as established in Cohen et al. [10] (p. 831).
o Finally, let us focus on the Hermite basis (h;);en, defined on I =R by
z2 . .2 dj 2
(14) hj(z) :=c¢;Hj(x)e” = with ¢; = (27j!\/7>r)7% and Hj(z) = (—1)’e” @eﬂﬁ
for every z € R and j € N. The sequence (h;);en is an orthonormal family of L2(R,dz).
Moreover, the h;’s are bounded by 7~!/4, and by Lemma 1 in Comte and Lacour [16], there
exists a constant ¢, > 0 such that

(15) Sh(m) < cpv/m.
Without loss of generality, in the sequel, we assume that £,(m) > 1. Otherwise, £,(m) can be replaced
by 1V £,(m).

4. RISK BOUNDS ON THE PROJECTION LEAST SQUARES ESTIMATOR

4.1. Risk bound with respect to the empirical norm. This subsection deals with a nonadaptive risk
bound, with respect to the empirical norm ||.|| 5, on our estimator pm ¢ of p;, built in Sy = Sy 1, @Sy m.,-
In the sequel, m = (my, ms) fulfills the following assumption.

Assumption 4.1. There exist two constants ¢41 > 0 and q € N*,| not depending on m and N, such that

(16) Ew(mg) < C441Nq.
Moreowver,

_ c NT
(17) Lo(m) (U5t lop V1) € 5 - e

2 log(NT)
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with
1 —log(2)

CA =
YT +pT

The first part (16) of Assumption 4.1 is a weak limit on the maximal dimension ms that can be considered
(see Section 3.3). The second part (17) of Assumption 4.1 is a generalization of the so-called stability
condition introduced in the nonparametric regression framework in Cohen et al. [10], and already extended
to the context of independent copies of continuous diffusion processes framework in Comte and Genon-
Catalot [14]. In fact, (17) is in turn a limit on the maximal dimension m; that can be considered. It can
be stronger than m; < NT, but to what extent? First, let us answer this question when I is a compact
interval. By Proposition 3.1.(2), there exists m > 0 such that f(-) > m on I, and then
-1

and p=2(¢g+4)+1.

1 ™
Ty = ——— = inf 6.0.10, 1.0
¥ lep Narin(Pr)  \ 0300y =1 Z 305 Wmals
J,j'=1
2 —1
my 1
= , H9Hinf 1/ Z‘%“Pj(w) f(z)dz < - for every my € {1,...,Nr}.
: 2,mq = I . m
Jj=1

Moreover, assume that there exists a constant ¢, > 0, not depending on m; and N, such that £,(m) <
¢Zmy. For instance, all bounded bases satisfy this condition. Then, (17) is fulfilled by any

mi < CA NT
P22 (m V) log(NT)

In other words, when I is compact and the ¢;’s are bounded (i.e. max; ||¢;llcc < @ with & > 0), my
needs to be of order NT/log(NT), which remains a weak condition. Now, when I is a non-compact
interval, the set of possible values for m; becomes smaller. For instance, for Hermite’s basis, it holds
that [|¥; o, = y/m1 by Comte and Genon-Catalot [13], Proposition 8, which necessarily reduces the
collection of authorized values for m;.

Under Assumption 4.1, we can prove the following risk bound.

Theorem 4.2. Consider prx .t := (pt)|1x.s- Under Assumption 4.1, there exists a constant c42 > 0, not
depending on m and N, such that for every t € [0,T],

2m1£w (mg) + C472
N N
We emphasize that the risk bound in Theorem 4.2 is sharp since the constant in front of the bias term

minges,, |7 — prxs¢l|7 in Inequality (18) is 1, and the constant 2 in the variance term 2my £y (ma)/N
may be 1+ ¢ for € > 0, up to additional technicalities.

(18) E(||Prm,t — prxaelly) < min |7 — prosellf +
TES, f

Sketch of proof. Let us provide a sketch of the proof of Theorem 4.2, which is detailed in Subsec-
tion A.1. For every function h from R? into R, let

ﬁm(h) = arg m‘isn |7 — h||% be its empirical projection on Sp,.
TESM

Then,
B1me ~ preaal) = B (1 7 = prcadl ) + E(fme - (ool

< min |7~ 1l + E(|Bms — T (pe) 7).
The first term is the expected squared bias term, and
E([|Pm,: = T (0)lI%) = E([Prm,t = T (pe) [ 102,,)
+E ([Pt — M (pe) | 310, ) =t A+ B,

my
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where ), is the event on which, for every x € R™!, x*\flmlx < 2x*V,,,, x. This means that on Q,,,,
¥,,, can be replaced by its expectation up to a factor two in controls. In a first step, A is controlled by
m1Ly(me)/N, the main variance contribution, by using that

1 LT . o , :
NT Z/o (T(X;7X;+t) - / T(X;7y)Pt(X§7y)dy) ds|
i=1

— 00

(19) ||15m,t - Hm(pt)H?v = sSup
TESm:||T||n=1

and by bounding its expectation thanks to the definition of €2,,,. Indeed, on Q,,,, |73 < 1 implies
that [|7]|3 < 2, and then the random unit ball on which the supremum is taken can be replaced by a
deterministic one. In a second step, we prove that B = O(1/N) thanks to Comte and Genon-Catalot
[14], Lemma 6.1, which says that P(Q;, ) < 1/NP.

Remark. Let us discuss the order of the variance term in Inequality (18) for the bases presented in
Section 3.3. Obviously, the choice of ¢ does not matter as it leads in any case to the factor m;. So,
we discuss the choice of 1, using the results of Section 3.3. First, for ¢) chosen as splines, wavelets or
trigonometric bases, £4(m2) < mo, and then the variance term in the risk bound on pm . is of order
mimso /N as for the usual projection estimator of a 2-dimensional density function. Now, for Legendre’s
basis, £,(m2) < m3, leading to a variance term of order mim3/N in Inequality (18). Finally, for the
Hermite basis, it is worth noting that, by (15), the variance term in Inequality (18) is of order mq/my/N.

4.2. Risk bound with respect to the f-weighted norm, on a truncated version of the projec-
tion least squares estimator. In Theorem 4.2, the risk of pm ¢ is related to the empirical norm ||.||n.
Then, a result for a risk related to the theoretical counterpart ||| of ||.|| v is of interest, especially because
the bias term in Inequality (18) involves ||.|s. In order to establish such a result from the "discrete"
(empirical) one, an empirical version of the constraint (17) is required to ensure that the eigenvalues of

W,,, are not too close to 0. Thus, this subsection deals with a risk bound, with respect to the f-weighted
norm ||.|| s, on the following truncated version of our estimator P, ;:

Pm,t = Pm,e 1A,

where

NT

(20) A, = {Sw(ml)(ﬂ‘f’;ﬁ lop V1) < cAlog(NT)} .

Under (17), the probability of A,,, is near of one. Moreover, as expected, on the event A,,,, U,,, is

invertible because

Lo(ma) ‘ log(NT)
CA NT

where sp(\flml) is the spectrum of the random matrix \/I\Jml, and then pm, ; is well-defined.

inf{sp(¥yn, )} >

Theorem 4.3. Under Assumption 4.1,
(1) There exists a constant ¢s.3.1 > 0, not depending on m and N, such that for every t € (0,T],

8my Ly (m2) n c4.31(1 + Ry(t))
N N

(21) E(|fm.¢ — prxoell}) <9 min 17 = presl +

with Ry(t) = R(t) + ||p1><J,t||§c and

— 273
R(t):%E (/O [ pt(Xs,y)2dyd5> -

(2) There exists a constant ¢y4.32 > 0, not depending on m and N, such that

1 T ~ 2 . 1 T 2 8m12¢(m2) €4.3,2
(22) T/o E(Ilpm,t—psz,tIIf)dt<9Trgg;{T/o |7 — prxaellzdt p + N N
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Sketch of proof. Let us provide a sketch of the proof of Theorem 4.3, which is detailed in Subsection
A.2. In a first step, thanks to the definitions of both €,,, and the orthogonal projection of prys: onto
Sm for the inner product (.,.)s, we show that

(23) B(|fm.e — prsel?) S min |7 = presald + A+ B+C,
where

A = E(||Pm,¢ — PrxcsellF Lo, ndm, )
B = E( mynag, ) and O = E(|[pm, — prxatlilas, )

my

The (first) bias term in the right-hand side of Inequality (23) remains the same as in Inequality (18). In
the same way, A is of order m1£y(m2)/N +1/N as in Theorem 4.2. Since P(A7, ) < 1/NP by Comte and
Genon-Catalot [14], Lemma 6.1, we get that B < R(t)/N. Lastly, C is controlled by (1 + ||p[><J7t||?)/N
by using that

1

Hﬁm’t”?:trace(‘llml(:jm’t@fmt) and P(Q, ) < S v

Inequality (22) is deduced from Inequalities (9) and (21).

Remarks:

(1) When I is a compact interval, the norms ||.|| and ||.||; are equivalent by Proposition 3.1.(1,2). In
that case, one can deduce a risk bound on pm ¢, involving ||.|| and not ||.||f, from Theorem 4.3.
This is no longer true when I is a non-compact interval, and the risk needs to be evaluated via
the f-weighted norm ||.||¢.

(2) By Jensen’s inequality, Inequality (10) and the change of variable formula,

// (pe(Xs,y dde*/ / pe(z,y)? f(x)dzdy

= f(x) / eXp( 2mT(y9;())> dydx

g / e [~ o [-2my (1)) a

2C2\/7>T

_ —2m y “Tve

e "By dy — +0o0.
t1/2 e C2mpt ot

\\/

Therefore,
sup R(t) = +oo0,
te(0,T]
and this is the reason why Inequality (22) is also provided. Otherwise, only times ¢ € [to, T}, for
some fixed tg € (0,7, must be considered.

4.3. Rates in the anisotropic Sobolev-Hermite spaces. In order to control the bias term in The-
orems 4.2 and 4.3, we assume that p; belongs to a Sobolev-Hermite space. In dimension d = 1, these
function spaces have been introduced by Bongioanni and Torrea [5]. The connection between Hermite’s
coefficients and functional regularity was established later (see Belomestny et al. [6]) and are summa-
rized in Comte and Genon-Catalot [12], Appendix A. The definition of these spaces can be extended on
A :=R? for any d € N* (see Comte and Lacour [16], Section 2.3).

Notations:
e For every k = (k1,...,kq) € Nt and s = (s1,...,84) € (0,00)9, kS := kj* x -+ x k5%
e For every g € L2(A) and k = (ky, ..., kq) € N% ay(g) := (g, hi, ® - @ hy,).
Throughout this subsection, both S, .., and Sy ., are generated by the Hermite basis, and then I =

J = R. First, let us recall the definition of the Sobolev-Hermite ellipsoid on A := R%, of order s =
(81,---,84) € (0,00)% and of radius L > 0.
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Definition 4.4. (Sobolev-Hermite ellispoids) The Sobolev-Hermite ellipsoid Ws(d)(A,L) of order s and
of radius L is defined by

WA L) =S g eL*(A): Y a(9)’k* < L
keNd

Now, by assuming that p; belongs to Ws(z)(A, L), the bias term in Theorems 4.2 and 4.3 decreases to 0
with polynomial rate. Indeed, noting pm ; the orthogonal projection of p; on Sp,

e — pm,t”2 = Z ak(pt)2
keN2:3ge{1,2},kg=myq

2

<> ai(pe)*kgrkg ® < L(my ™ +my ™)

4=1keN2:k,>m,

and then, since pry s = p; and f(-) < 2cpT~ /2

. 2¢p L 2¢pL, _ _
min |7 = prcaell} < P = pmal® < S my " 4 my ).

Thanks to this control of the bias term, and since the variance term in Theorem 4.2 is of order mq+/my/N
when Sy m, is generated by the Hermite basis (see Subsection 4.1), one can establish the following
proposition.

Proposition 4.5. Assume that p; belongs to WS(Z)(A,L), and consider m* = (mj, m}) with
mTO(NW and mzuNW.
Then,
Bl pl3) = 0 (N ),
provided that m7 satisfies the stability condition (17) in Assumption 4.1.

The proof of Proposition 4.5 follows the same line as Comte and Lacour [16], Proposition 2, and is omitted
here. We mention that, for conditional density estimation, Comte and Lacour [16] also prove a lower
bound for this rate (see their Theorem 2 in Section 3.5), under some additional conditions. Note that,
for instance, other rates may be obtained on Sobolev-Fourier spaces associated with the trigonometric
basis.

5. MODEL SELECTION

Clearly the values of m] and mj5 depend on s; and so, the regularity indexes of the unknown function
to estimate. Therefore, these results have theoretical interest to show the consistency and evaluate the
rate of the estimators, but cannot be used in practice. In this section, we study a model selection method
leading to a data-driven choice of m; and ms.

5.1. General case. In order to introduce an appropriate model selection criterion, throughout this
section, the ¢;’s and the )’s fulfill the following additional assumption.
Assumption 5.1. The @;’s and the 1, ’s fulfill the three following conditions:

(1) For every my, My € {1,...,Np}, if My > my, then Sy, C Sy, -
(2) For every mo, My € {1,...,Np}, if My > mo, then Sy m, C Sy, M,-
(3) There exists a constant ¢, > 1, not depending on N, such that

Lo(my) < ciml ; Vmy € {1,...,Nr}.



12 FABIENNE COMTE! AND NICOLAS MARIE®

Note that the first two conditions above mean that the two univariate collections of models are nested,
which of course does not imply that the product spaces are. For instance, the compactly supported
trigonometric basis, and both the non-compactly supported Laguerre and Hermite bases, fulfill Assump-
tion 5.1.

Now, we define a data-driven criterion allowing to select a model m making a squared-bias/variance
compromise. Such a criterion is a function, to minimize with respect to m taken in a finite collection, es-
timating the L2-risk as the sum of the estimated squared bias of P + penalized by a term having the order
of its variance term. On the one hand, the squared bias of P ; is estimated by Y (Pm,:) = —|| P I3
On the other hand, the order of the variance should be estimated by its bound mi£Ly(m2)/N, up to
a multiplicative constant to calibrate. But in the general case, we need to take a penalty of order
mi1Ly(me)log(N)/N, implying a slightly degraded rate of the adaptive estimator. Precisely, we consider
(24) m = m(t) :=arg min {—|pm|% + 2xpen(m)},

meMy
where Kk > kg, ko > 0 is defined later,
ma Ly (m2)
N
and My = Uy N (Vy x N) with N = {1,..., N A Nz},
Uy = {(m1,my) € N?: miLy(me) < N},

" R NT
_ 2 U2V <o
Vy {m1 N emi ([ llop V1) alog(NT)

0 = min 1 A (cp = ﬂ)
BT(| flloo + (o)1 /ca/8) (1 +p) 8 AT AT

Note that since ¢, o, p, T and || f||oc are all positive, then 9 is well-defined. Note also that for every
m = (mqy,mg) € Un, my fulfills the first part (16) of Assumption 4.1 with ¢ = 1 (or larger), and then
we take p = 11 (recall that p = 2(¢ +4) + 1) in this section. Consider also the theoretical counterpart

My :==Ux N (Vy x N) of My, where

(25) pen(m) := (1 + log(N)) ;Vm = (mq,mg) € {1,...,Np}?,

and

0 NT
= 2 Ui llop VD) < 5 i
Yy {ml eN e omi (|9, 115 V1) 4 log(NT)

The following theorem provides a risk bound on the adaptive estimator pg ;.
Theorem 5.2. Under Assumption 5.1, for ko = 44a and a > (2 - 84v/0T)? /2,
(1) There exists a constant ¢5.21 > 0, not depending on N, such that for every t € (0,T],

C5.2’1(1 + R(t)) '

E(||[pm — prcsely) <6 min {E(|Bm,e — prxelliy) + wpen(m)} +
meMy N

(2) There exists a constant ¢5.22 > 0, not depending on N, such that

1 r _ 1 r C5.
?/0 E([|Pace) ¢ — Prxselli)dt < 6mré1/1\£llN {T/o E(||Pm,t — prxslla)dt + Hpen(m)} + 5}\27’2.

The first result in Theorem 5.2 means that the final estimator pg ; makes automatically (up to a mul-
tiplicative constant which may be taken equal to 6 + 2x) the bias-variance tradeoff by keeping in mind
Inequality (18) which provides a risk bound on E(||pm.+ — prx..tl|%) for every m € My.

Sketch of proof. Let us provide a sketch of the proof of Theorem 5.2, which is detailed in Subsec-
tion A.3. In a first step, by using that I, (Pmy.t) = Dm, ¢ for every my, ms € N2 satisfying Sm, C Sm,,
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we show that for every m € M N

(26)  |Pme —pIxJ,tH?v < 6)|Pm,t — PrxJt]

- = 2 .
o spen(m) + 11 i — T3, — wpentid))
+

Now, consider the event Zy := {My C M\N C My} with My =Uy N (Vy x N) and

NT
— .2 —12
mN = {ml S N : Csaml(”\llml ||op \Y 1) < 4010g(m} s
and recall that Q,,, (m; € N) is an event on which the empirical norm |.|x,; and its theoretical
counterpart ||.||f,1 are equivalent for functions in S, ,,. By Comte and Genon-Catalot [14], Lemma 6.1
and Inequality (6.17), the events 2y and Qn := Ny, e, m, have probability near of 1:

. 1

(27) P(ER) S o

Consider also the empirical process vy defined by

N T %)
vn(T) = NT Lzzl/o (T(X;,X;+t) - /_Oo T(X;,y)pt(X;,y)dy> ds ; V7 € Spm.
In a second step, thanks to Equality (19), we deduce from (27) and Inequality (26) that
E((pms — preseld) S min {B(IBms — presdly) + spen(m)}

2
+ Z El( sup VN(T)QHHpen(m)> 1= nan
+

meM TESm:||T]| f <2

1+ R(t)

TN

In a third step, we prove that

> E

meMN N

2 1
sup  wn(r)? — ﬁ/‘ﬂpen(m) lzynon | S N
reSmillrly<2 N

thanks to Klein and Rio’s extension of Talagrand’s inequality (see [23], Theorem 1.2). In a fourth step,
we deduce Theorem 5.2.(2) from Theorem 5.2.(1) and Inequality (9).

5.2. Two special cases: t > t; > 0 and compactly supported bases. This subsection deals with
two interesting special cases, where the extra log(/N) term in the penalty given by (25), can be avoided.
First, let us consider ¢ € [tg, T] with a fixed to > 0. This condition on ¢ leads to
_1
sup  pe(x,y) < po = Crty
(z,y)elxJ

by Inequality (9).

The following model selection criterion, simpler than (24), may be considered:

(28) m = m(t) := arg min {|[pm[} + 2kppen, (m)},

meMpy

where Ky = Kp,0, Kp,o > 0 is defined later, and

mq Ew (mg)
N

In the sequel, the map (mq,ma) — mq Ly (me) fulfills the following additional but usual condition.

pen,(m) := :Vm = (mq,ms) € {1,..., Np}2

Assumption 5.3. For every £ > 0, there exists S(§) > 0, not depending on N, such that

D exp(=EmiLy(ms)) < S(€) < oo

1<my,ma<N
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Assumption 5.3 means that the complexity of the models collection is not too high. Note that if £, (m2) =
1V (cypma), or even if £ (ma) = 1V (¢yy/my), then (mq, ma) — mq Ly (me) fulfills Assumption 5.3 because

N e—fgw(mﬁ
D exp(—£Ly(ma))™ < o i Yme €N
m1:1

So, for instance, (mq1, ma) — mq Ly (ma) fulfills Assumption 5.3 when Sy ., is generated by the trigono-
metric or the Hermite basis.

Proposition 5.4. Under Assumptions 5.1 and 5.3, for kpo = 16.5, there exists a constant ¢5.4 > 0, not
depending on N, such that for every t € [to, T| with ty > 0,

¢5.4(1+ talm)
T

Now, let us briefly present the second interesting special case by assuming that I is a compact interval.
As already established in Section 3.1, by Proposition 3.1.(2), there exists m > 0 such that f(-) > m on
I. This implies that ||, ! |lo, < 1/m. So, for t € (0,T] (vesp. ¢ € [to,T] with a fixed ¢y > 0), the model
selection criterion (24) (resp. (28)) may be simplified in another way:

E(||ps,i — prxselli) <6 min {E(|[pm,e — prxely) + rppeny,(m)} +
meMpy

*

m* = arg mIél/l\E(l* {_Hi)\m,tH?\] + 2kpen(m)}
N

(resp. m* = arg min {—Hﬁmtﬂf\, + 2kppen, (m)}),
meMy

where M}, := Uy N (Vi x N) and

NT
V}‘{,::{mleN:mlg A }

2¢2(m~1 V1) log(NT)

A result similar to Theorem 5.2 (resp. Proposition 5.4) may be established on the adaptive estimator
D=t (resp. P« ;) by taking My = My = My := M7} in the proof (of Theorem 5.2 (resp. Proposition
5.4)). This means that the collection in which m* or m* are selected is larger and not random.

6. NUMERICAL EXPERIMENTS

We propose a brief simulation study to illustrate our estimation method. The implementation is done
using the Hermite basis defined by (14) (I = J = R). The Hermite polynomials are computed thanks to
the recursion formula H,, 1 (z) = 2eH, (z) —2nH, 1 (z) with Ho(z) = 1 and Hy(z) = z (see Abramowitz
and Stegun [1], (22.7)).

We fix t = 1, so we can take the penalty involved in Proposition 5.4: pen,(m) = mj./ms/N. Moreover,
we choose kp = 2; a value obtained from preliminary calibration experiments. A cutoff test excludes the
dimensions my such that the largest eigenvalue of ¥, is too large (see Comte and Genon-Catalot [14]).

We simulate discrete samples in three models, obtained from an exact discretization of d-dimensional
Ornstein-Uhlenbeck processes Uy, ..., Un:

2
(29) dU,(t) = —%Ui(t)dt + %dWi,d(t), Ui (0) ~ Ny (07 erd) :

where W; 4 is a d-dimensional standard Brownian motion. An exact simulation is generated with step
A > 0 by computing
Ui((k+1)A) = e %
i(k+1)A) =e Ar
In all cases, we take k € {0,...,n} with n = 1000, A = 0.01, and as already mentioned, we fix ¢ = 1 in
the function (z,y) — pi(x,y) to estimate.

Ui(kA) 4+ i((k+ DAY, ei(kA) ~ia N (o, Mzd) |
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Example 1. X;(t) = U;(t), where U;(t) is defined by (29) with d = 1. The X,’s are independent
copies of the solution of Equation (1) with

r=2 and ~v=2.

Here, the transition density function is given by

(1 — _ 2r 2
2 (l',y) - 71_,72(1 _ e_rt) exXp < 72(1 _ C_Tt) (y re 2 ) > .

o.4
0.2
o
2
2
o
o

-2 o

FIGURE 1. Example 1. Transition density (left) and the estimation (right). Selected
dimensions (4,5), 100*MISE = 0.22. N = 200, T = 10, A = 0.01, t = 1.

0.7 0.8
0.6 0.6 N
0.5 0.4
0.4 0.2
0.3 0
-2 -1 0 1 2 -2 1 0 1 2
0.6 0.8
0.6
0.4
0.4
0.2
0.2
0 0
-2 1 0 1 2 -2 1 0 1 2

FiGURE 2. Example 1. Full red line, the true and the estimation in dotted blue. Left:
x — px,y) for a fixed value of y (y = —0.27 top and y = —1 bottom). Right:
y — pi(z,y) for a fixed value of z (z = 0.03 top and = —0.55 bottom). N = 200,
T=10,A=001,t=1.

Example 2. X,(t) = tanh(U,(t)), where U;(t) is defined by (29) with d = 1. The X,’s are independent
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copies of the solution of Equation (1) with

b(z) = (1 — 2?) (—gatanh(:c) - 7;96) , o(z) =

Here, the transition density function is given by

b2

(1—2%), r=4 and ~y=1.

(1)
atanh(x), atanh
) (g, = Pi_(2tanh(z) (¥)

1—92

FIGURE 3. Example 2. Transition density (left) and the estimation (right). Selected
dimensions (2,41), 100*MISE = 0.16. N =200, T' =10, A = 0.01, t = 1.

Example 3. (Cox-Ingersoll-Ross or square-root process) X;(t) = ||Ui(t)||§’d, where U;(t) is defined by
(29) with d = 6. The X;’s are independent copies of the solution of Equation (1) with

d2
b(z):%—r:c, o(z)=vv/x, r=1 and v=1.

Here, the transition density function is given by
(@) = crexp(—a(ze ™ +y))
d 1
Y i3 d — o 2
X (me_rt) T (5 — ].,QCt\/ xye t) , where Ct 1= m
and Z(p, x) is the modified Bessel function of the first kind of order p at point x (see the formula (20) in
Aft-Sahalia [2]).

FIGURE 4. Example 3. Transition density (left) and the estimation (right). Selected
dimensions (6,9), 100*MISE = 0.29. N =200, T =10, A =0.01, t = 1.
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0.8 0.7
0.75 b
0.6 [ b
0.7 B
0.65 B
0.5 B
0.6 B
0.55 B 0.4 B
0.5 B
0.3 B
0.45 - B
o.4 - B
0.2 B
0.35 B
0.3 O.1
o 1 2 3 o 1 2 3

FiGURE 5. Example 3. Full red line, the true and the estimation in dotted blue. Left:
x — pi(z,y) for a fixed value of y (y = 0.71). Right: y — p(z,y) for a fixed value of x
(z = 0.76). N =200, T =10, A = 0.01, t = 1.

Model N =100 N =400 N = 1000

1 MISE 1.62 (2.64) 0.48 (0.99) 0.18 (0.40)
Medians 0.76 0.21 0.10

Dim (10,12) | (3.05,4.91) (4.23,5.92) (5.00,7.00)

3 MISE 6.80 (10.5) 2.14 (5.62) 1.27 (5.62)
Medians 1.65 0.34 0.19

dim (12,15) | (5.01, 6.68) (7.07, 9.07) (8.94, 12.2)

TABLE 1. Line MISE: 100*MISE (with 100*standard deviation) computed over 200 repetitions, by
(30). Line Medians: Median values of 100¥MISE. Line Dim with maximal proposals for (m1,m2): means
of the selected couples (m1,m2).

Figures 1, 3 and 4 show the true surface and the estimated one for Examples 1, 2 and 3 respectively. We
see that the shape of the estimated transition density is very similar to the true one, and the selected
dimensions can be of any orders, especially in the y-direction (see Figure 3, where the selected couple
of dimensions is (2,41)). Figures 2 and 5 represent sections of the curve for fixed values of y or z for
the same simulated paths as in Figure 1 and 4 respectively. One may notice that the estimation in the
y-direction is better than in the z-direction.

In Table 1, we compute normalized squared errors for Models 1 and 3, which are defined by

K ) N1 N (k) (R)y _ k), (R) | (k)
(30) MISE = % k=1 DJ\)/?J/VJ D j=J1(pt(ﬂ7i Y5 ) =Dy (z; Y ))?
- (K) ~~N N ) (K )
Dzif(,};vJ 2t j:letQ(xE ),y](- ))
where

DXY® .= (bXx®) — o X (py®) — gy *)),

bX™®) and aX® are the 98% and 2% quantiles of the Xt(k)’s, and bY *) and aY® are the 99% and
1% quantiles of the Xt(fr)l’s. The super-index k denotes the repetition number, the points (xgk), yék)) are
equispaced in the range of the observations of the path k, and we take Ny = N; = 100 and K = 200. We
also give the associated standard deviation, together with the mean of the selected dimensions in each
direction. To spare time of computation, we’ve adjusted maximal proposals for m; and mo to the choices

corresponding to each example in such a way that the largest proposal is never selected (i.e. is always
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too large).

The results in Table 1 show that, as could be expected, the error is getting smaller when IV increases,
and in the same time, the selected dimensions are increasing. This is expected from Proposition 4.5. We
also notice that medians are much smaller in all cases than means: this indicates that the performance
of the estimation is most of the time much better than what the mean indicates. Probably few bad
results deteriorate the mean. The variability can be checked in the results to be unrelated to the selected
dimensions, which are quite stable.

We have also implemented the (half)-trigonometric basis, or a product basis with ¢ = ¢t and ¢ = h.
They work well, with some questions on the nature of the theoretical bias term and underlying regularity
spaces in the mixed (¢ and h) case.

7. CONCLUDING REMARKS

In this paper, for a fixed ¢ € (0,T], we have proposed a least squares contrast estimator pm :(z,y)
of the transition density p¢(z,y) of the solution X to Equation (1). The estimator is defined through
the estimators of the coefficients of its development on a basis of a finite dimensional space S, =
Spmi @ Spmy, M = (my, m2). In our observation setting, N independent copies X', ..., XN of X are
available. We provide an upper bound on a risk defined as the expectation of the empirical or integrated
distance between pm ¢ and p:, exhibiting a squared-bias/variance decomposition up to negligible terms.
An adaptive procedure is then tailored to automatically select the couple m = (m1, ms), and it is proved
to give good results, both in theory and in practice.

Of course, the simulation part immediately faces the question of handling high frequency but discrete
samples and the topic may be developed. However, similarly to what happens in functional data analysis
(FDA), small step samples often require a specific study from the beginning and can not be directly
deduced from continuous-time constructions. In general, the continuous time results are extended to
the high frequency one, up to some constraints linking the sample step and the number of observations.
This would be worth being investigated. Note that FDA often considers both the influence of noise and
discretization, which would mean here observations, for i = 1,..., N, of X(t;) +n; ; with t; = jA/n,
j=1,...,n and 7; ; independent and identically distributed noises with common variance (see Chagny
et al. [9]). It is not clear if both questions may be simultaneously solved in our setting.

Other questions may be: 1) To study functions related to the conditional density, the main example
being the conditional cumulative distribution function; 2) A recent study by Amorino et al. [3] defines
a concept of local differential privacy in the context of i.i.d. diffusion processes, and it may be worth
studying the estimation of f or p; under such confidentiality condition; (3) To extend the results of our
paper - Theorems 4.2, 4.3 and 5.2 - to an estimator minimizing a generalized objective function v4 n
for d-dimensional diffusion processes. As a matter of fact, if X is a d-dimensional diffusion process with
d € N*, the objective function vy is naturally extended by

N T T
1 7 2 i % .
@) an)=yp ( || rcayas—2 | T<Xs,Xs+t>ds> 7€ Smymas

where Sp, .. my = Sm, ® - ®Sm, and my,...,my € {1,..., Ny }2. This is out of the scope of our paper,
but note that one could get an expression of the solution of the minimization problem mins,, . 7van -
similar to (13) - involving hyper-matrices in the spirit of Dussap [21]. However, this requires the definition
of additional tools, and if the theory can be generalized, the implementation becomes algorithmically
difficult and a computer specialist matter.

APPENDIX A. PROOFS

A.1. Proof of Theorem 4.2. The proof of Theorem 4.2 relies on two technical lemmas stated first.

1<1}
2

Lemma A.1. Consider the event
2
-
D B 1 %
TESp my

1711 1
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where, for every h € L3(R, f(z)dx),

o0

N T
1 7
s = 7 3 [ B and (W= [ b))
1=1

— 00

Recall also that A, is defined by (20). Under Assumption 4.1, there exists a constant c41 > 0, not
depending on my and N, such that

P(Q;l)g% and P(A;l)g% with p=2(q+4) + 1.

See Comte and Genon-Catalot [14], Lemma 6.1 for a proof. Now, let us introduce two additional empirical
maps:

e The empirical process vy, defined by

N T )
1 o . _
olr)i= iz 3 [ (re ) - [ Oy ) ds
i=1 e

for every T € Sy. Note that for Em,t defined by (12), it holds

~

1 M7 A .
(32) imelia = 7 22 | XL s = ey © o + (g © 0

for every j € {1,...,mi} and £ € {1,...,ma}.
e The empirical orthogonal projection Il,y,, defined by

(33) Tlun() € arg min |7 — [

For any function h from R? into R,

m1 Mo

Mm(h) = D [Vt P ()]0 @ o)

j=16=1

Lemma A.2. For everyt € [0,T],

[P — Mn(pe) [ = sup  wn(7)™
7€Smill7lln=1

The proof of Lemma A.2 is postponed to Subsubsection A.1.2.
A.1.1. Steps of the proof. First of all, by the definition of M (see (33)),
[Pt — Prxcsell i = Tfélgl 17 = prxaely + 1Pm,e — M (po) |5,

and by Lemma A.2,

E(||pm, — M (p2)lI%) = E (1% sup VN(T)2> +E <1Qc sup VN(T)2>

TE€Sm:|ITln=1 " r€SmillTlIn=1

=: A+ B.
Let us find suitable bounds on A and B.

Step 1 (bound on A). First, since

?,119m1<2||-||?V,119m1 on S%ml
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by the definition of €,,,, for every 7 € Sp,

I3, = / (292110, dy

— 00

oo
<2 [ rCwlta,, d =2,

Then,
{T€8m:|ITIn=1}C{7€Sm: HT||3¢ <2} on Qg

leading to

A<E sup vn(1)? ).
TESmilTI3<2

Since (1, ..., @m, ) is an orthonormal family of L2(R, dz), 1, ..., ©m, are linearly independent, and one
may consider the basis (go{, ...yl ) of 84 my, orthonormal in L2(R, f(x)dz), obtained from (g1, ..., om,)
via the Gram-Schmidt process. Thus, ((pf ® ¢);,e is an orthonormal basis of Sy, equipped with (.,.)f,
and denoting by ||.||2,m the Frobenius norm on M, m,(R),

m1 Mmeo 2 mi M2
A<E sup Zz@j,eVN(%@;@w@) ZZVN  ® vr)?
011013 m<2 \ j=1 =1 j=1¢=1

Now, note that for every j € {1,...,m1} and £ € {1,...,ma},

E(VN(SD;f@W%)) = (Z/ SDJ 9+t) (7/1€(X§+t)|X;))d5>

T / E(@f(Xs)W(XsH) - E(‘P;(Xs)we(Xert”Xs))dS =0.
0

Therefore, since ||gaij =1 for every j € {1,...,m1},

mi1 Mo
A< QZZvar(VN(go; ® 1))
j=1¢=1
9 1 2 1 T f
<R |7 ] XWX ~ B (KX s
j=1¢=1
9 mi ma T
< FEL L | B (XPX40) + Bl (KPR (Xor0) X))
j=1¢=1
—2E(<pj( )W( s+t) ( ;(Xa)wf(xb-‘rtﬂxé)))ds
- 2my Ly (ma)
2 1) 2
< NT ZZ/ 803 Yie(Xstt))ds < - N
j=1/¢=1
Step 2 (bound on B). Since ¢1,...,¢m, are linearly independent as mentioned in Step 1, one may
consider the basis (¢?,..., @ ) of Sy m,, orthonormal for the empirical inner product (.,.)y,1, obtained

from (p1,...,pm,) via the Gram-Schmidt process. Then, (ijv ® 1) ;¢ is an orthonormal basis of Sp
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equipped with (.,.)n, and by Cauchy-Schwarz’s and Jensen’s inequalities,
2

su vy (T)? = su O, v N
reSmilt vt wim) Ol et ;; e (5@ )
my1 Mo 1 2
gZZ(NTZ/ %03 XZ ) (e ( s+t> E(the( s+t>|Xl> )

j=1¢=1 1

mi 1 N T .
(34) < 4Ly (ma) Y (NTZ/O ga;.v(ngds) = 4m; £, (ma).

j=1 i=1

=1
Therefore, by Assumption 4.1 and Lemma A.1, there exists a constant ¢; > 0, not depending on m, N
and t, such that

B < 4my £4(ma2)P(Q, ) < e N7

Step 3 (conclusion). By the two previous steps,

) T 2m1 Ly (m ¢
E(|[Pen,t — e (p2)[|3) < 2mLy(ma) | @

N N’
Thus,

E(|[Bm,¢ — prxsel%) < ‘min E(|[~ = prxslly) + E(Pm.e — M (pe) 7))

. 2m1Ly(me)
< — A it A S 2T
< nin |7 = pr<aelly + N + 5

A.1.2. Proof of Lemma A.2. First, by Cauchy-Schwarz’s inequality,
sup (Pt — M (pe), )% < [Pt — L (pe) 3

TESm:||T||In=1

and since

Aﬁ (p:) € Sm
(o)

* pmt
T =

Hpmt -

satisfies both ||7*||xy = 1 and

(Pmt — T (pe), 7) % = [Pt — e (po) |13,
then

(35) 1Pt = Ma(@)Z = sup (P — Mm(pe), 1)
TESm:||T||In=1

Now, let us show that
(36) (Pt = T (pe), ) = v (1) 5 V7 € S
By the decompositions of Py and Im (p¢) in the basis (¢; ® ¥r); ¢ of Sm, and by (32),

. mi1 Mo N N . mi1 mo
Pm,t — Hm(p) = Z Z[\P;ll (Zmt = Pm(pe))]je(0; © ¥r) ZZ m]j,e(1pj ® o),
j=1¢=1 Jj=1¢=1

where

. 1 X7 , .
Apm = (M;/O 0 (X )e(Xgyy)ds
1 N T &S] ) )
72/ / @j(Xﬁ)W(y)pt(Xﬁ,y)dde) = (vn (5 @ ¢e))je-
i=1 /0 J—oo

VR
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Then, for any 7 =3, ,0;(¢; ® 1¢) With © € My, 1, (R),

(P, — T Z Z m]j,60j1,0 (¢ @ Yo, 0 @ o) N
Gl=16,0=1
As
(pj ®Yes pjr ®Yer)N NTZ / 0i(X3)pj (X,)ds / Ye()ve (y)dy = [T, ;000
we get
(Pt — Ten(pe), T) v = Z Z m]3.00;0, (U, )5 50600
J,3'=1¢,0'=1
my M2
- 229/42 i [P, A m]j.
j’'=14=1
:[Am}j’,é
my mo
=Y > 0 wn(ey @) = v (7).
§'=11¢=1

Therefore, by Equalities (35) and (36) together,

[P, = M)y = sup  wn(7)%
TESm:||T||n=1

A.2. Proof of Theorem 4.3. First of all,
)

E(/|Pm,¢ _pIxJ,t”?f) = E([|Pm,t _pIXJ,t”?leml)‘f'E(Hﬁmt pIXJtHf Qs
=: A+ B.

my

Let us find suitable bounds on A and B.

Step 1 (bound on A). As already mentioned, since

2, 1Q7n.1 < 2”'”?\7,1197"1 on Scp,m1

by the definition of €2,,,, for every 7 € S,

(o]
)21, = / 17291211, dy

— 00

oo
<2 / ()3 e, dy = 27| 1a,
—o0

Then, noting p{x gt a8 the orthogonal projection of prx . onto Sy, for the inner product (.,.),

[Pm,t — 21Qm1 = ([[Pm,t — p{xJ,tH? + ”p{xj,t _pIxJ,tH?c)lle
< ||pI><Jt pIxJ,t”?r-i-Q”ﬁm’t _p{X.],tH%/lﬂml
< it |17 = pracsellf + 41Bm.e — preselli + 4o -
Moreover,

||f5mt pI><Jt||N ||pmt plitHN

m, 1
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and, by Lemma A.1,

D=

E(

SIS

2
1
(NZ / / (X dyds) P(AS,))
1 t
<cf4_1££/)2 with  R(¢ f—]E (// pe(Xs,y) dyds)

Therefore, by Theorem 4.2, there exists a constant ¢; > 0, not depending on m, N and ¢, such that
A <5 min |7 -
Tesm

1
2

(IBm,e = prxcaellF)

8m1£w(m2) n Cl(l + R(t))
N N '

2

< 9 min |7 —
TESm

Step 2 (bound on B). Since @m’t@fm’t is a positive semidefinite (symmetric) matrix,

2

oo m1 ma
Hﬁm,tllfc:/ f(x) / SO Brilyes (@)ely) | dyda
- —0 \ j=1+¢=1
- [t ) S5 S Bundls Bl o) [ wdyye whiyda
7,j'=104'=1

Now using that [, ,(y)e (y)dy = 60, we get

onel? = 3 S Bunl Bonly / o5(@)y (@) f(2)da
7,4'=1¢=1
=Y N 6l Z Uinilsj [Om,eljre as / pj(x)pj () f(x)dr = Wi, ];,;
j=1¢=1 >
:[\I’mqémi]jl
Z mt@m el5.j —trace(\lfml@mt@ ) < ||\I/m1Hoptrace(ém,téfn’t).

Let us find suitable controls on [[¥,,,[|2, and E(trace(@m7téﬁl7t)2).

On the one hand, by Cauchy-
Schwarz’s and Jensen’s inequalities,

II‘Pml\Iop—yHyﬁggl_lz Zyj/ (z)pj (z) f(z)dx 2
< mz (/" %(x)w(x)f(w)dx>2
< Z/ o1y 0 (@)de < Solmn)? [ @),
J,d'=1 N

=1

On the other hand, since ’Z\m7t2§17t is a positive semidefinite (symmetric) matrix,

trace(Om, 05, ;) = trace(V;1)2 Zm 1 Z o) < 0L 12 trace(Zm i Zin )

23
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Moreover,
R N my mo
E(trace(Zm,tZ:n,t)Z) =E ZZ mt
j=14=1
T mi1 mo N T :
<SSt (z T ) R
j=1+¢=1 =1
and, on the event A,,,,
N4T#
% r

¢ .
m1||op =X Al (NT)4£¢(7’TL1)4
Then, there exists a constant ¢y > 0, not depending on m, N and ¢, such that
E(|Pm.tll}) < c2N*mymg €y (ma)?.

So, by Lemma A.1, there exists a constant ¢3 > 0, not depending on m, N and ¢, such that

B < E(|[Pm,¢ — prxsaell) 7 P(2, )2
ca(1+ [prxsell?)
N

Step 3 (conclusion). By the two previous steps, there exists a constant ¢4 > 0, not depending on m,
N and t, such that

< es(1+ szXJ,tch)N?’*'q_% < because p = 2(¢ +4) + 1 in Lemma A.1.

8m1£¢(m2) 4 ca(l+ Rf(t))
N N

with Ry(t) = R(t) 4 |[prxs.:]|3. Moreover, by Inequality (9), and since y ~— p;(z,y) is a density function
for every = € R,

1 T o 2
R(t) = TE / / pt(XS,y)2dyds
0 — o0
1
< SE < sup ptuv/ / Pe( s,ydyd8>
(u,v)ER?

1
2

Ttl/g (/ / pe(Xs,y dyds) —pt 2

E(||Prm,e — prxsell?) < 97125911 |7 = prxcsellF +
1
2

1
2

|

and
IprxsillF = //Pt ,y)* f(x)dwdy
< (ufvt;gR?pt(u,v) /_ O:O f(x) /_ O;pt(x,y)dydw
<t [ @) [ nteaaydr et
leading to

1 (T ,
= / Ry(t)dt < 4erT™=.
T 0

In conclusion,

1 (T ) 1 [T 8mq Ly (m ca(1+ depT1/2
T/ E(||Prn,t — Prxsel|3)dt < 9 min {T/ ||r—pIXJ,t||§dt}+ 1Ly ( 2)+ a( T )_
0 0

TESm N N
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O

A.3. Proof of Theorem 5.2. The proof of Theorem 5.2 relies on the two following technical lemmas.

Lemma A.3. Under Assumption 5.1, for any m = (my,ms) and M = (My, Ms) belonging to N2, if
Sm C Sm, then

ﬁm(ﬁM,t) :ﬁm,t-
Lemma A.4. Consider the event
En = {My C My C My},
where My :=Uy N (Vy x N) and
NT
— ) —12
Q]N = {ml S N : c@ml(”\ljmlHOp vV 1) § 4010g(m} .

Under Assumption 5.1, there exists a constant ¢4 4 > 0, not depending on N, such that

—c CA4
]P)(':‘N) < Np—l .
The proof of Lemma A.3 is postponed to Subsubsection A.3.2, and Lemma A.4 is a straightforward
consequence of Comte and Genon-Catalot [14], Inequality (6.17), because

{VN C 91\/ C Q]N} C ZN.

Note that m needs to be selected in the empirical set M N, instead of My, because My depends on
my — || ¥ 1o which has no explicit control in general. However, and this is the purpose of Lemma A 4,
we need that with high probability:

e All the possible couples of dimensions in M may be selected in M N-

e The couple of dimensions m(w) selected in M ~(w) belongs to My in order that W5, (. satisfies
Assumption 4.1, and then to apply Lemma A.1 and Theorem 4.2 in the (following) proof of
Theorem 5.2.

A.3.1. Steps of the proof. The proof of Theorem 5.2 is dissected in four steps.
Step 1. Let us prove that for any m = (mq,ms) € M\N,
~ ~ ~ = 2 ,\
7)1~ el < 61me — prcally + dnpentan) + 11 (1me ~ Bl — 5 pen(i))
+

Consider M = (max(/N'), max(N)) and m € {m,m} C My C N2. First, let us show that

N < Pt = prxcaill = 2([Pms — Hm(pe) |3 — rpen(m))
+2(|Pm.+ — (o) [} — wpen(m)) + R

(38)  Ipme — prxae

with
Ry = 2(Ug(pe) — M (pe), v — T (pe)) -
Since S, C Sm by Assumption 5.1.(1,2),
ﬁm(ﬁM¢) =Pm, by Lemma A.3.
Then,
156, = Bt | = el + Do, — 2(Pv6 B, v
= [Pl R + [T (e e) 13
=2 (Pt — I (D) T (PM,)) v —2(Th (P12, Tl (P 2))

=0

= [IPaaeliy = 1Pt
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So, by the definition of m,

IPvae — Pl % + 26pen(m) = [Pl y — 1w, + 26pen(m)
< Pvelly = D e[y + 26pen(m) = [|pag, — Pin.tl[iy + 26pen(m),

and thus

||Z7ﬁ,t —pli7t||?v - ||ﬁm,t -

= |Pm.s — Pmiellx — 1Pt — Pviellx + 2(Pmse — Pmts DMt — PIx ) N
< 2kpen(m) — 2xpen(m) + 2<Pm t — Pm,t,PM,t — PIxJt)N-

Moreover, since II,,, o IIng = IL,,, and Iy, (Pwvit) = Dimts

<ﬁm,t - ﬁm(pt)»iaM,t - ﬁM(pt)>N
= <Hm(]3M,t - HM(pt))alaM,t - HM(pt) - Hm(]/?\M,t - HM(Pt))>N +H]3m,t - Hm(Pt)”?\/,

=0

leading to

(Pt — Pmt, DMt — PixJt)N = (Dait — Pmt, Pm,e — v(pe)) N + (Pt — Dyt i (Pe) — Prxse) N

=0

= @fﬁ,f, - ﬁﬁ(pt),ﬁM,t - ﬁM(pt)>N
+(g(pe) — M (pe), Brre — T (pe)) v
+<ﬁm(l)t) — Pm,t, DMt — ﬁM(pt)>N
= P — T (o) 3 = Pt — T (pe) 1%
Mg (pe) — T (pe) Brte — i (pr)) v

Therefore,

% + 2kpen(m) — 2kpen(m) + 2(Dg s — Dm,ts DMyt — DIxJt) N

||]/7\ﬁ,t - pIxJ,tH?V ||ﬁm,t -
1Pt = Prxsill % = 2([Pm,e — M (pe) |3 — £pen(m))

+2(/|Pm . — e (p2) |3 — wpen(m)) + Rat.

<
<

Now, let us find a suitable bound on Rpap. Since 1, .., Pmax(n) are linearly independent, one may
consider the basis (¢ ..., gpﬁax(/\/)) of S, max(n), orthonormal for the empirical inner product (.,.)n 1,
obtained from (¢1,. .., Ymaxn)) via the Gram-Schmidt process. Then, (cpjv ® t¢)j,0 is an orthonormal
basis of Spm equipped with (.,.)n, so that

R max(N') max(N)
v(p) = Y (P, 0} ©Po)n (0] @)
=1 =1
max(N') max(N)
and pay =v(Pme) = D Z (v, 0} @ Yoy n (] @ ).
j=1
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Thus,
. . m1 Vi, mo Vo
|Rm| = 2 <Hﬁ(pt) ~Tm(pe), > Y. (Bme — P o) @ ve)n(p) ®1/Je)>
j=1 =1 N
_ _ 2
1 . . mi1Vmi1 ma2Vmso N N
< 7 IMs(pe) — TN +4]| D D (P — v @) @bo)n(e) @ )
=1 = N
1~ 1 -~ my mo
< §||Hr?1(pt) —prxaell i + §||Hm(Pt) — prxaallk + 4_21;@M,t — Dy @)y
j: f—
m1 ma2
4D (v — b ) @)y
j=1 =1
1 ~ 9 1 ~ 9
= §||Hﬁ(pt) — prxatln + §||Hm(pt) — prxalln
+4|[ g (Pn,e — o)1 3 + 41w (Pare — pe) I
1, .. 1. . 7. ~ 7o ~
(39) = SlBm.e = prcsili + 5 1Pms = Prcally + 5l1Pms = T @olIx + 5 l1Pm.: — o (p2)lI-

Therefore, by Inequalities (38) and (39),
|?V + 3[|Pm,t — Hm(pt)H?V

. = 2 _
+aepentun) + 11 (|m o (po)l — epentan)

P, — pIXJ,t”?\/' < 3||Pm,t — Prxge

N =~ 2 N
|?v + 4kpen(m) + 11 (||pﬁ7t — Tz (p) % — ﬁpen(m)> .
+

< 6[[Pm,t — Prxgt 11

Step 2. First of all, consider
Onve= (] Qn.-
mi1E€EYUN

For every m; € Uy,

NT CA NT
Uy flop V 1) < 2 U2 vl <do—— AT
S(p(ml)(n 1” P ) Ccpml(H 1||op ) DlOg(NT) 5 log(NT)

leading to

(40) P(Q%) < Z P(Qy,,) < ]\Cf’;fl by Lemma A.1 (requiring Assumption 4.1).

m1E€UVN

Now, since Ey = {Mxy C M\N C My}, on the event Ex N Ny, Inequality (37) remains true for every
m € My. Then,

Pt — PIxJ,tH?V = ||Pmt _pIxJ,tH%V]-ENﬁQN + [Pt _pIxJ,t||?VlE§VUQ‘;\,
< min {6]|pm,: — prxselly + 4xpen(m)}
meMny

~ o~ 2 ~
#11 (1~ T [ = Tynwentid)) 1=yon,
+

+ (1P~ Tl + min 7= prcadl ) (g, + 1)

N

(41) min {6||Pm,¢ — prxsil3 +4kpen(m)} + A + B
meMpy
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where, by Lemma A.2,
A= ( sup vn(T)? + |p1><J,t||?V> (1=g, + 1)
Te€Sm:ITlln=1
2 2 ~
and B:=11 sup vn(7T)® — —kpen(m) | lz,nay-
T€SmilTln=1 11 N
Let us find suitable bounds on E(A) and E(B). On the one hand, since

sup vn (1) < 4myLy(ma) ; Vm = (my, ma) € N?
TESm:||T||n=1

as established in the proof of Theorem 4.2 (see Inequality (34)), since E(|[prx..tl|3)/? < R(t) as estab-
lished in the proof of Theorem 4.3 (see Step 1), and by Inequality (40) and Lemma A .4,

max(N)
el —e 1 co(1 4+ R(t
E(A) <o | R+ D mily(ma) | (PQF)? +P(ER)?) < w,
ml,mgzl

where ¢; and ¢y are positive constants not depending on N and ¢. On the other hand, since m € 9y on
the event Zx N Oy,

E(B)<11 Y E

meMN N

2
( sup VN(T)2 — anen(m)) IENQQN] .
+

TESm:||T||n=1
Moreover, for every m = (my, ma) € My,

{T€Sm:|ITIn=1} C{7 € SEm: ||7—||?c <2} on Q,, DOy
Then,

E(B)<11 Y E
meMy

2
sup  un(7)? — ﬁfﬁpen(m) lzynoy | -
TESm:HTHf<2 +

=:bm

Step 3. To prepare for the application of the integrated version (see Comte [11], Theorem A.1) of the
Klein and Rio extension of Talagrand’s inequality (see Klein and Rio [23], Theorem 1.2), this step deals
with a suitable control of by, m = (m1,m2) € My. First, for every 7= 3", , T (¢; ® 1h¢) belonging to
Fi={17€8m:|I7l7 <2},

I711? = trace(TT* W, U0 ) < [|W;} [op trace(T* W, T) < 2[00 lop,
—_— ——
=|Ir|2

and then

mi M2

Il = sup <Y N Tyep0(x)e(y)

(z,y)eIXJT J=1 =1

1 UL e 1 1 1 x
Sﬂw(mz)qug > lei (@)D 1Tyl p < V280(m1)2 Ly (ma) = |9, 13-
e -
j=1 =1

Since m; € Yy, and since £y(ma) < m1Ly(ma) < N by the definition of Uy,

) . 3N
:1611})_||7'Hoo <M with M= Tog(N)172 and ¢z =2v20T.

Now, since

E <sup vy (1)? N

> < 2m12w (mg)
TEF
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as established in the proof of Theorem 4.2 (see Step 1),

2m1 Ew (mg)

E (sup I/N(T)|> < H with H?= N ,

TEF

and then

Nsup E(vy(1)?) <v with v= NH?
TEF

By the aforementioned Talagrand’s inequality, for « := alog(N),

E [(sup vn(1)? =201 +2a)H2) < A(N,a, H,v) + B(N,a, M, H),
+

TEF
where
24v aNH?
A(N,a, H = — -
4 a a
= %ﬂj(mz)e*ﬁlog(m < 48N~"6 Dbecause m € Uy,
and

2
B(N,a,M,H) := %exp (_\/E_NH\/&

B i ) with ¢4 = 7056

2
€3C4 V2 2alog(N) 9 i
= —_— < N N
log(N) P ( 2 e cacatt HVET
Therefore, since a > (2 - 84v/07)?/2, and since
22(1 + 2alog(N)) H?

K= ko =44a > = 11(1 4 2alog(N))

1+ log(N) pen(m)’

there exists a constant ¢5 > 0, not depending on N, m1, mo and ¢, such that

2
bm < E sup vn(T)? — —kpen(m)
TE€Sm:lITIl; <2 11 N

<E l(sup vy (1)? —2(1 +2a)H2> ] < %
TEF +

Step 4 (conclusion). By Steps 2 and 3,

co(1 4+ R(1))

E(A) < N

11
and E(B) <11 Z bm < %
meMN N

Thus, by Inequality (41), there exists a constant ¢ > 0, not depending on N and ¢, such that

. ; ~ (1 + R(t
E(||pg,¢ *pli,tH?V) <6 min {E(||Pm. *pli,tH?v) + kpen(m)} + u.
meMy N

Moreover, Theorem 5.2.(2) is a consequence of Theorem 5.2.(1) thanks to Inequality (9) as in the last
step of the proof of Theorem A.2.
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A.3.2. Proof of Lemma A.3. By the definition of Iy, (see (33)),
T () Z Z P (1)) (05 © the)

with, for every j € {1,...,m1} and £ € {1,...,ma},

N T o
~ 1 ~ i i
P (Pmy) = NT E /0 / v, (X5 )i (X ) ve(y)dyds

i=1
Ml M2 N N
= Z Z[‘I’M ZM7t]J' v
j'=10=1
1 N T . o}
T [ XD (E) [ vy ayds
=1 — 0

I
N
=]
=
2

=
~
|'M
S—
AS
>
5
=
B

=[Tar ;50
= [Zmlje = [th]j,g because Sm C Sm.

Therefore,

ﬁ th ZZ\IJ thj/ ©Lj ®w[) Z/)\m,t-
j=1/¢=1

A 4. Proof of Proposition 5.4. The proof is mainly the same as that of Theorem 5.2, except for the
control M of sup, ¢ 7 ||7|ls and the control v of N sup,rE(vn(7)?) involved in Talagrand’s inequality
(see Step 3 in Subsubsection A.3.1).

Step 3 (bis). Thanks to the Klein and Rio version of Talagrand’s inequality (see Klein and Rio [23]),
this step deals with a suitable control of by,, m = (my, ma) € My. First, for every 7 = Zj,l Tj.e(pj ®g)
belonging to F = {7 € Sm : [|7[|7 < 2}, we still get
I7lle < V284 (m1)* Ly (ma) [ W51
By Assumption 5.1.(3), and since m = (my, ms) belongs to My,
1 1 11 1 101 NT g

om0 I, < chmd (0321 < (102

Thus, for NT > e

1
sup [7lle < M with M = c3mj £4(m)2NT and  c3p = 2/c,(0T)7.

TEF

Now, since

= N
as established in the proof of Theorem 4.2 (see Step 1),

E <sup vn(1)?

) < 2m1£w (mg)
TEF

leﬂd, (mg)

E (Sup VN(T)|> < H with H? = N

TEF
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Lastly,
1 /7
sup | var —/ (1(Xs, Xspt) — E(7(Xs, Xs41)|Xs))ds
TEF T 0
1 [T ’
<supE —/ T(Xs, Xstt)ds < po sup ||T||fc<v with v = 2py.
rEF T Jo TEF

By the aforementioned Talagrand’s inequality, for a = 1/4,

E <sup vy (T)% — 3H2> < A(N,H,v) + B(N, M, H),
+

TEF
where ) (m2)
24v NH 48p0 mlﬁw ma
AN, H = — — = — -
(N, H,v) = — eXp< 24U) N eXp( S4p, :
and
ey p M2 V2 NH )
B(N,M,H) = Wexp 787? with C4,b:7056
C c2 1/4N1/4
< % exp _miﬁT,b because m € Uy.

Since mq > 1,

B(N,M,H) <

€50 1 . 1
eXp(—C(;be‘l) with C5,b:c4,bc§7b and C6,b

VN 423,

So, for ky = Kkpo = 33/2 and t € [ty, T,

2
bm < E sup vn(7)? — = kpen(m) <E <sup vy (1)% — 3H2>
TE€Sm:|IT]lF <2 11 N rEF .

<

48 £
B o (mlea)) + 50 een(—cspN ).

N 24p0 vV N
Therefore, by Assumption 5.3, there exists a constant ¢7; > 0, not depending on N, such that

EB)<1l Y. bmgc;\’]b.

meMN N
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