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A POLYTOPAL GENERALIZATION OF APOLLONIAN PACKINGS AND

DESCARTES’ THEOREM

JORGE L. RAMÍREZ ALFONSÍN† AND IVÁN RASSKIN‡

Abstract. We present a generalization of Descartes’ theorem for the family of polytopal sphere pack-

ings arising from uniform polytopes. The corresponding quadratic equation is expressed in terms of

geometric invariants of uniform polytopes which are closely connected to canonical realizations of edge-
scribable polytopes. We use our generalization to construct integral Apollonian packings based on the

Platonic solids. Additionally, we also introduce and discuss a new spectral invariant for edge-scribable

polytopes.
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1. Introduction

A classical Apollonian packing of circles arises from an initial configuration of four pairwise tangent
disks on the plane. By adding the inscribed disk to the interstice between each triple of disks, and then
repeating this process ad finitum, we obtain an Apollonian packing, as shown in Figure 1.

Figure 1. An Apollonian packing.
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Apollonian packings and their generalizations have proven to be effective tools for studying various
structures in natural science (see [She20] for a nice survey). They also appear in many different branches
in mathematics such us geometric group theory [Zha23], fractal geometry [MEG04], discrete geometry
[Che16a], knot theory [RR23] or number theory [Gra+03]. The underlying integral structure of Apollo-
nian packings was first noticed by Soddy in [Sod36]. He observed that if the four curvatures1 (reciprocal
of radii) of the initial disks are integers, then the corresponding Apollonian packing is integral, i.e. the
set of curvatures is a subset of Z (see Figure 2). Understanding the behaviour of the integers arising from
these configurations is currently an active area of research that is connected to several central problems
in number theory [Kon13].

-2

3434

66

42

130

58

142

66

90

174

42

138

150

130

202

670

58

346

598

142

334

190

226

138

606

90

250

630

174

238

222

330

82

582

138

178

678

150

342

166

354

282

202

682

670

862

666

114

346

466

598

694

462

222

322

334

478

190

766

946

226

378

138

874

606

798

826

210

250

306

630

726

622

318

930

238

318

418

222

670

978

330

514

82

690

582

742

618

322

178

402

678

838

726

262

906

342

454

166

486

346

354

618

282

498

682

850

862

666

114

834

466

694

462

702

222

322

802

442

702

478

366

766

946

514

490

378

306

874

990

798

826

210

610

306

594

726

622

990

318

930

814

478

318

8.9×10

2

418

5.1×10

2

540.

462

670

846

978

754

514

154

690

954

934

742

618

322

442

402

474

838

726

262

906

742

454

310

486

630

346

830.

370

706

762

618

658

498

850

202

834

990

702

430

994

490

574

802

442

702

366

514

922

490

946

306

990

426

610

778

594

682

990

654

814

478

718

8.9×10

2

780.

5.1×10

2

6.8×10

2

770.

540.

462

846

754

154

954

934

730

442

474

830.

502

742

310

630

610

830.

370

6.2×10

2

706

762

658

202

990

430

994

490

574

798

850

670

930

922

946

570

426

778

682

654

718

780.

6.8×10

2

770.

8.9×10

2

9.9×10

2

894

258

730

930

830.

9.3×10

2

502

582

610

6.8×10

2

6.2×10

2

6.5×10

2

322

766

946

862

898

798

850

670

930

570

738

8.9×10

2

9.9×10

2

894

258

930

9.3×10

2

870

582

6.8×10

2

6.5×10

2

980.

322

766

946

862

898

930

738

394

870

982

980.

474

930

394

982

474

562

658

562

658

762

874

762

874

994994

3

1919

27

91

67

43

235

27

75

243

91

139

115

67

115

499

43

283

691

235

475

307

267

67

675

75

91

507

243

483

283

331

163

451

139

187

283

115

355

475

147

147

787

115

451

499

835

643

603

99

283

379

691

811

795

387

739

475

667

307

267

427

67

627

675

859

411

187

91

171

811

507

843

619

427

483

643

283

843

787

331

523

163

979

451

603

475

283

187

523

283

363

363

931

235

355

451

475

531

147

267

147

867

787

291

451

571

867

835

643

603

939

99

699

379

907

811

795

387

739

987

667

603

795

619

427

139

627

867

859

411

691

187

811

235

171

195

811

955

907

843

619

427

643

547

843

787

859

859

715

523

331

979

715

603

475

787

283

427

523

643

523

363

483

580.

363

931

235

835

451

979

835

531

259

315

267

355

867

291

571

867

939

187

699

987

907

763

987

603

795

619

139

867

931

691

427

811

235

435

195

307

955

907

835

547

859

859

715

331

715

787

619

427

643

523 7.2×10
2

483

580.

6.9×10

2

750.

7.6×10
2

451

835

979

835

259

483

315

675

355

595

187

987

763

243

931

427

507

435

507

307

339

835

595

619

859

7.2×10
2

6.9×10

2

920.

980.

750.

7.6×10
2

451

403

547

483

771

675

691

595

307

243

795

507

987

507

790.

339

4.8×10

2

595

859

920.

980.

763

403

7.6×10
2

547

771

691

307

379

795

907

987

790.

8.8×10

2

4.8×10

2

5.2×10

2

955

763

580.

8.4×10

2

7.6×10
2

459

379

907

8.8×10

2

5.2×10

2

700.

955

580.

8.4×10

2

459

547

700.

750.

790.

643

547

750.

960.

790.

643

747

960.

859

747

859

979979

6

1010

42

82

106

22

226

42

54

258

82

178

94

106

166

754

22

214

454

226

514

286

202

102

69054

118

486

258

418

318

370

142

442

178

238

538

94

286

238

330

246

166

550

754

958

342

42

742

214

298

454

538

834

366

730

514

718

286

202

342

102

742

690

894

502

138

118

138

838

486

934

570

994

462

418

558

9.2×10

2

318

958

370

574

142

910

442

582

658

382

238

622

538

762

678

670

178

286

370

238

558

258

330

582

246

426

550

682

958

342

522

42

522

742

922

918

522

298

778

762

538

834

366

730

982

718

546

490

454

342

234

742

894

502

810

138

694

298

138

234

838

858

934

570

994

462 862

558

9.2×10

2

642

958

814

574

274

910

694

582

658

382

562

622

754

982

762

678

670

178

658

370

850

418

558

738

258

738

474

682

726

582

586

426

682

810

522

714

70

522

742

922

918

522

774

778

934

762

706

982

546

490

886

454

874

234

810

294

694

298

358

234

262

858

930

862

642

814

274

694

850

562

754

982

334

658

910

850

418

738

478

738

960.

474

502

682

726

586

886

810

714

70

966

742

774

934

706

906

886

874

438

294

678

358

598

262

390

930

478

850

334

910

798

478

960.

840.

502

7.9×10

2

886

106

966

906

438

522

678

778

598

682

390

426

478

562

798

898

840.

9.2×10

2

7.9×10

2

830.

106
714

522

778

682

426

590.

754

562

898

9.2×10

2

830.

150

714

822

590.

6.3×10

2

754

862

150

822

6.3×10

2

8.2×10

2

862

202

8.2×10

2

8.7×10

2

202

8.7×10

2

262262

330330

406406

77

39

15

79

39

63

255

15

111

231

79

175

103

103

87

471

63

223

711

255

415

327

207

31

447

111

151

759

231

519

271

271

127

223

175

247

535

103

391

463

103

183

823

87

535

471

919

615

703

159

223

279

711

831

895

447

415

567

919

327

207

319

31

351

751

447

559

495

271

151

375

759

943

999

391

519

703

271

879

775

271

415

127

703

223

543

303

559

367

247

727

535

759

687

871

199

391

511

463

519

199

223

183

759

823

207

535

711

783

919

615

703

159

559

279

567

831

895

447

847

567

919

663

687

487

319

511

55

351

495

751

895

727

559

495

847

271

391

375

447

943

999

391

703

511

879

775

847

751

583

415

247

703

943

703

343

439

543

783

303

559

943

367

583

727

895

967

759

687

871

199

919

511

799

519

199

367

223

463

759

967

207

711

783

327

559

727

567

655

903

847

663

687

487

823

511

775

55

727

855

495

895

727

847

631

391

951

447

799

751

511

847

751

583

247

943

703

343

439

607

783

583

943

823

583

895

967

367

919

799

967

327

423

367

543

463

967

399

327

727

655

903

823

775

951

87

727

855

631

831

951

799

9.0×10

2

751

951

439

663

663

727

607

583

823

367

967

327

615

423

927

543

943

399

567

951

87

831

9.0×10

2

951

439

663

663

727

607

487

687

615

927

943

663

567

127

703

607

487

930.

687

663

879

127

703

919

680.

930.

999

879

175

919

680.

999

175

9.0×10

2

231

9.0×10

2

231

295295

367367

447

-3

45

53

77

53

149

77

197

101101

221

77

149

197

189

221

869

117

365

797

213

389

245

261

173

821

173

261

821

269

285

269

365

117

797

221

189

869

245

389

213

413

341

405

701

725

173

549

485

957

893

533

293

453

501

533

357

821

317

413

293

909

917

909

293

413

317

917

717

413

365365

525

413

717

485

549

173

725

893

957

701

405

341

413

821

357

533

501

293

533

453

485

677

605

701

869

989

245

909

677

773

437

477

933

573

869

933

533

605

581

773

461 461

773

581

605

893

653

941

605 605

941

645

621

645

653

893

909

245

989

869

701

605

677

485

533

933

869

437

773

677

573

933

477

837

893

981

333

645

645

813

837

773

693

677677

693

989

789789

960.

989

333

981

893

837

773

645

837

645

813

941

437

917

957

845

941 941

437

941

917

957

845

557 557

693693

845 845

5

21

2929 117

77

53

317

53

77

317

141

165

141

93

125

653

93

293

917

357

557

389

293

93

917

125

93

653

389

557

357

381

213

621

213213

357

213

381

621

173

173

237

461

765

989

797

653

149

453

389

917

509

717

749

573

389

453

149

653

461

237

173

173

797

989

765

573

749

717

509

917

477

573

333

677

773

549

357 357

549

437

437

437

333

573

477

773

677

197

293

317

893

413

741

581

893

989

221

869

741

917

773

869

917

741

869

221

989

893

581

741

413

893

317

293

197

869

773

861

501

941

669

861

597597

861

669

677

557557

725

677

501

861

941

309

365

557

525

653

309 309

653

525

557

365

309

717

933 933

917 917

893

837

893

717

341

533

677

965

797

957

413413

957

797

965

677

533

341

981 981

485

629

533 533

629

485

525

845

669669

845

525

7.0×10

2

970.

821 821

970.

7.0×10

2

750.

989989

750.

960.960.

8

12

20

44

108

116

32

308

68

56

332

132

204

120

156

176

980

48

224

608

348

596

368

228

128

932

104

120

632

404

492

392

420

192

612

276

264

684

168

312

312

380

296

336

560

368

68

336

308

720

692

956

488

780

800

528

284

368

224

768

552

188

200

140

776

716

608

644

632

584

540

624

288

960

668

752

756

480

456

648

836

908

824

744

252

456

396

392

632

332

452

632

536

596

912

692

512

548

92

548

644

588

788

972

728

788

572

536

704

356

728

860

308

776

380

260

236

944

908

984

420

920

924

816

780

780

984

372

828

708

876

572

872

812

452

812

620

804

848

876

956

980

764

120

812

768

944

660

968

984

524

464

984

660

480

404

264

588

528

852

672

788

648

908

152

728

656

800

768

488

392

792

720

992

872

188

968

884

908

680

428

948

228

788

588

272

632

320

8.2×10

2

372

880.

428
488

552
620

692
768

848

8

12

44

20

108

56

68

332

32

116

308

120

204

132

120

104

632

128

228

932

392

492

404

224

48

608

176

156

980

368

596

348

312

168

312

264

276

684

192

420

612

140

200

188

552

716

776

768

224

368

284

584

632

644

608

308

336

68

368

692

720

560

336

296

380

528

800

780

488

956

396

456

252

744

332

632

392

648

456

480

756

824

908

836

960

288

624

540

752

668

236

260

380

776

308

860

728

356

704

536

572

908

944

788

588

644

548

92

548

512

972

692

912

596

536

632

452

788

728

876

708

828

372

984

812

452

620

812

872

572

780

780

816

924

420

984

920

264

404

480

660

984

464

524

984

968

660

944

768

812

120

764

980

956

876

848

804

528

672

648

788

852

588

392

488

768

800

656

728

152

908

720

992

872

792

428

680

908

884

968

188

948

588

788

228

632

272

8.2×10

2

320

880.

372
428

488
552

620
692

768
848

Figure 2. Two integral Apollonian packings. The labels are the curvatures.

Soddy’s observation follows from an old algebraic relation on the curvatures of four pairwise tangent
circles on the plane. This relation, known as Descartes’ theorem, was written in the correspondence
between Descartes and the Princess Elizabeth of Bohemia around 1643 [Bos10].

Theorem 1.1 (Descartes). The curvatures of four pairwise tangent disks on the plane satisfy

(κ1 + κ2 + κ3 + κ4)
2 = 2(κ2

1 + κ2
2 + κ2

3 + κ2
4).(1)

Both Apollonian packings and Descartes’ theorem have been widely generalized. For instance, the
higher-dimensional analogues of Descartes’ theorem for configurations of d+ 2 pairwise tangent spheres
on the d-dimensional Euclidean space were given by Soddy for d = 3 [Sod36] and by Gosset for every
d ≥ 2 [Gos37]. Another type of generalizations in the plane arise by modifying the initial set of disks
according to a polyhedron whose edges are tangent to the unit sphere. The classic Apollonian packing
arises from the tetrahedron, but this approach can also be used to obtain the octahedral octahedral
[Boy74; GM08], cubic [Sta15], or icosahedral [BBH18] analogues of Apollonian packings. Each of these
works admits a generalization of Descartes’ theorem, and all of them can be derived from the most
general version mentioned by Boyd in [Boy74]. However, none of these Descartes’ equations takes into
account the interaction with the geometry of the corresponding polyhedron.

The Apollonian-like packings that we have mentioned belong to the family of polyhedral packings
described in [KN19]. In this paper, we explore the higher dimensional analogues, which we call polytopal
sphere packings. The connection between polytopes and sphere packings has been previously explored in
the works of Boyd [Boy74], Maxwell [Max82], Eppstein, Kuperberg and Ziegler [EKZ03], Chen [Che16a;
Che16b] and Chen and Labbé [CL15]. Our main contribution is the following generalization of Descartes’
theorem for the class of polytopal sphere packings arising from uniform polytopes in every dimension.

1Also called bends.

2



Theorem 1.2 (Polytopal Descartes’ theorem). Let BP a polytopal sphere packing where P is a uni-
form (d + 1)-polytope with d ≥ 2. The polytopal curvatures of BP with respect to the faces in any flag
(f0, . . . , fd, fd+1 = P) satisfy

(κf0 − κf1)
2 + ℓ2f2(κf1 − κf2)

2 +

d∑
i=2

1

ℓ−2
fi+1

− ℓ−2
fi

(κfi − κfi+1
)2 = ℓ2Pκ

2
P(2)

One of the special features of this generalization is that the quadratic equation (15), which links the
notions of canonical lengths ℓfi with polytopal curvatures κfi , is given in terms of the geometry of the
underlying polytope. The latter provides a better understanding of the equations involving previous gen-
eralizations, which turns out to be useful in computing the integrality conditions necessary to construct
integral Apollonian packings for other polytopes, like the packings in Figure 3.
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Figure 3. Two integral Apollonian packings based on the cube (left) and the truncated
tetrahedron (right).

1.1. Organization of the paper. In Section 2, we give the theoretical background on the Lorentzian
and projective models of the space of spheres and polytopes, necessary for understanding the notion of
polytopal sphere packings. Then, we discuss several aspects concerning the duality, Apollonian groups
and packings, and uniqueness under Möbius transformations. We also introduce a novel spectral invariant
of edge-scribable polytopes that we call Möbius spectrum.

In Section 3, after defining the notions of canonical length of uniform polytopes and polytopal cur-
vatures of polytopal sphere packings, and presenting some lemmas, we prove the polytopal Descartes’
theorem (Theorem 3.1).

In Section 4, we apply the main theorem to give formulas of a Descartes’ theorem (Proposition
4.1 ), integral matrix representations of the Apollonian groups (Proposition 4.2), integrality conditions
(Corollary 4.2), and parametrizations of the integral Apollonian packings (Corollary 4.4), in terms of
the Schläfli symbol of each Platonic solid. We also show the existence of the sequence of perfect squares
among the curvatures of certain Platonic packings (Corollary 4.4). At the end of the section, we present
a catalogue of the Platonic packings describing all the properties discussed in this paper.

We conclude with some final remarks in Section 5.
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2. Polytopal sphere packings: background

For any d,m, n ∈ N with d = m+ n, let Rm,n be the real vector space of dimension d endowed with
the inner product ⟨·, ·⟩ of signature (m,n). The unit sphere S(Rm,n) is the space {x ∈ Rm,n | ⟨x,x⟩ = 1}.
As usually, we shall write Rd and Sd instead of Rd,0 and S(Rd+1), respectively. An oriented hypersphere

(in short, sphere) of R̂d := Rd ∪ {∞}, is the image of a spherical cap of Sd under the stereographic
projection. According to the position of the North Pole of Sd with respect to the corresponding spherical
cap, there are three types of spheres, namely, solid sphere (positive radius), hollow sphere (negative

radius) or half-space (infinite radius). Any sphere is determined by its center c ∈ R̂d and its curvature
κ ∈ R when is not a half-space, and by its normal vector n̂ ∈ Sd pointing to the interior and signed

distance to the origin δ ∈ R otherwise. We denote by B(R̂d) the space of spheres of R̂d.

2.1. The Lorentzian model of B(R̂d). The space Rd,1 and its corresponding inner product are called
the Lorentzian space and the Lorentzian product in dimension d+ 1, respectively. A vector of x ∈ Rd,1

is future-directed (resp. past-directed) if xd+2 > 0 (resp. xd+2 < 0). There is a well-known bijection

between B(R̂d) and the Lorentzian unit sphere S(Rd+1,1) (see [Wil81] as well as [RR21, Section 2] for

further details on this bijection). For any sphere s ∈ B(R̂d), we denote by xs ∈ S(Rd+1,1) the Lorentzian
vector corresponding to s. The inversive coordinates i(s) given by Wilker [Wil81] corresponds to the
Cartesian coordinates of xs in the canonical basis of Rd+1,1, which can be computed by

i(s) =


κ

2
(2c, ∥c∥2 − κ−2 − 1, ∥c∥2 − κ−2 + 1)T if κ ̸= 0,

(n̂, δ, δ)T if κ = 0

(3)

where ∥ · ∥ denotes the Euclidean norm of R̂d. The inversive product of two spheres is defined as
⟨s, s′⟩ := ⟨xs,xs′⟩. If xs,xs′ are not both past-directed then

⟨s, s′⟩


< −1 if s and s′ are disjoint
= −1 if s and s′ are externally tangent (with disjoint interiors)
= 0 if s and s′ are orthogonal
= 1 if s and s′ are internally tangent (with overlapping interiors)
> 1 if s and s′ are nested

(4)

An arrangement of spheres B is a packing if any two spheres are externally tangent or disjoint. For any
arrangement B, we denoted by Gram(B) the Gramian of the corresponding Lorentzian vectors in Rd+1,1.

The Möbius group Möb(R̂d) is the group generated by inversions through spheres. It is isomorphic to
the Orthochronous group, made by the linear automorphisms of Rd+1,1 preserving the Lorentz product

and the time direction. Therefore, Möb(R̂d) acts transitively on B(R̂d) preserving the inversive product.

2.2. The projective model of B(R̂d). The Lorentzian unit sphere S(Rd+1,1) can be regarded in the
oriented projective space P+Rd+1,1 = {x ∈ Rd+1,1\0}/∼ where x ∼ y if there is a real number λ > 0 such
that x = λy. Then P+Rd+1,1 is equivalent to the Euclidean unit sphere Sd+1 ⊂ Rd+1,1 which, under the
gnomonic projection, becomes the union of two affine hyperplanes Π±1 = {xd+2 = ±1}, which can be
both identified with Rd+1, together with Σ0 = {(x, 0) | x ∈ Sd+1}. The composition of the isomorphism

B(R̂d) → S(Rd+1,1) with the projection

S(Rd+1,1) −→ Π1 ∪ Σ0 ∪Π−1

x 7−→
{

x if xd+2 = 0
1

|xd+2|x otherwise

gives an isomorphism between B(R̂d) and Π◦
1 ∪ Σ0 ∪ Π◦

−1, where Π◦
±1 is the set of points in Π±1 whose

Euclidean norm is greater than 1. Such a point will be called an outer point of Rd+1. We call Π◦
1∪Σ0∪Π◦

−1

the projective model of the space of spheres. In this way, we can construct a bijection between the subset
of spheres whose Lorentzian vector is future-directed and the set of outer points of Rd+1. The reciprocal

bijection between an outer point v ∈ Rd+1 and a sphere sv ∈ B(R̂d) can be obtained geometrically by
taking a light source which illuminates Sd from v. The illuminated region on Sd is a spherical cap is
stereographically projected to the sphere sv. We say that v is the light source of sv. In Figure 4, we
illustrate a sphere and its light source within the projective model of the space of spheres.
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sv

v

xsv

R̂d

Sd

Rd+1

S(Rd+1,1)

R̂d

Rd+1

Sd

sv

v

Figure 4. (Left) A sphere of R̂d and its light source; (right) same setting in the projective
model, together with the corresponding lorentzian vector.

The inversive coordinates of a sphere whose Lorentzian vector is future-directed, can be computed
from the coordinates of its light source by

i(sv) =
1√

∥v∥2 − 1

(
v
1

)
(5)

The above equality implies that for any two spheres whose Lorentzian vectors are future-directed, their
inversive product is related to the Euclidean inner product of their corresponding light sources by the
following equation

(6) ⟨su, sv⟩ =
1√

(∥u∥2 − 1)(∥v∥2 − 1)
(u · v − 1)

where · denotes the Euclidean inner product. The Möbius group acts on the outer points of Rd+1 as the
group of projective transformations preserving Sd [Spr05].

2.3. Polytopes. We recall some basic notions of polytopes needed for the rest of the paper. We refer the
reader to [Sch04] for further details. A (d+1)-polytope P is the convex hull of a finite collection of points
in Rd+1. A 2-polytope and a 3-polytope are usually called (convex ) polygon and polyhedron, respectively.

For every 0 ≤ k ≤ d+ 1, we denote by Fk(P) the set of k-faces of P and by F(P) = {∅} ∪
⋃d+1

k=0 Fk(P).
The elements of V (P) := F0(P), E(P) := F1(P), Fd−1(P) and Fd(P) are called vertices, edges, ridges
and facets of P, respectively. The graph of P is the graph induced by the vertices and the edges of
P. The face lattice (F(P),⊂) encodes all the combinatorial information about P. A flag of P is a
sequence of faces Φ = (f0, f1, . . . , fd,P) where for each k = 0, . . . , d, fk ⊂ fk+1. Two polytopes P
and P ′ are combinatorially equivalent if there exists an isomorphism between their face lattices. If they
are combinatorially equivalent, we say they have the same combinatorial type and P ′ is said to be a
realization of P.

The polar of a set X ⊂ Rd+1 is defined as the set of points X∗ = {u ∈ Rd+1 | u · v ≤ 1 for all v ∈ X}
where · denotes the Euclidean inner product. If P is a (d + 1)-polytope containing the origin in its
interior then P∗ is also a (d + 1)-polytope containing the origin in its interior and holding the dual
relation (P∗)∗ = P. There is a bijection between F(P) and F(P∗) which reverses incidences and maps
every facet f of P to a vertex vf of P∗. For every vertex u ∈ f , one has

u · vf = 1(7)

The symmetry group of P is defined as the group of Euclidean isometries of Rd+1 preserving P. P
is regular if its symmetry group acts transitively on the set of flags P. For any d ≥ 2, a d-polytope is
called uniform if is regular or, recursively, if d ≥ 2, its facets are uniform, and the symmetry group acts
transitively on its vertices. It is well-known that the uniform 3-polytopes are the 5 Platonic solids, the
13 Archimedean solids, and the infinite families of prisms and antiprisms [Grü+03].
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For every 0 ≤ k ≤ d, a (d+1)-polytope P is said to be k-scribed if all its k-faces are tangent to the unit
sphere Sd ⊂ Rd+1. A k-scribed polytope is called inscribed, edge-scribed, ridge-scribed and circunscribed
if k = 0, 1, d − 1, d respectively. A polytope is said to be k-scribable if it admits a realization which
is k-scribed. If P is a (d + 1)-polytope containing the origin in its interior then P is k-scribed if and
only if P∗ is (d − k)-scribed [CP17]. Concerning edge-scribability, in dimension 2 and 3 all polytopes
are edge-scribable. In dimension d ≥ 4, there are non-edge-scribable polytopes [Sch87]. An edge-scribed
(d+ 1)-polytope is said to be canonical [Zie94] if the barycenter of all its tangency points with Sd is the
origin. It follows from the work of Springborn in [Spr05], that for any edge-scribable polytope P, there
is a unique canonical realization P0, up to Euclidean isometries. For 3-polytopes, canonical realizations
were also called Springborn realizations in [BJP22].

Figure 5. An edge-scribed realization (left) and a canonical realization (right) of a 4-
pyramid.

2.4. Polytopal sphere packings. Let P be an outer (d+ 1)-polytope, i.e. whose vertices are outside

the unit sphere Sd. We define the arrangement projection of P as the arrangement of spheres of R̂d

given by β(P) := {sv | v ∈ V (P)}. For any edge uv of P, the spheres su and sv are disjoint, externally
tangent or with intersecting interiors, if and only if uv cuts transversely, is tangent or avoids strictly Sd,
respectively. Therefore, if P is an edge-scribed (d+ 1)-polytope then β(P) is a packing.

Definition 2.1. For every d ≥ 2, a sphere packing BP in R̂d is polytopal if there is an edge-scribable
(d+ 1)-polytope P such that BP = β(P0), up to Möbius transformations.

In the previous definition P0 denotes a canonical realization of P. Clearly, there are sphere packings
which are not polytopal (see Figure 6). As Chen noticed in [Che16a], if β(P) is a packing, then the
tangency graph of β(P) is a spanning subgraph of the graph of P. If in addition, P is edge-scribed, then
the two graphs are isomorphic. Therefore, the tangency relations of any polytopal sphere packing BP
are encoded by the edges of the polytope P.

Figure 6. (Top) Three outer polyhedra with the spherical caps illuminated by their ver-
tices. (Below) The arrangement projection of the three polyhedra. The last two are packings
but only the third one is polytopal.
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2.5. Duality. Let BP any polytopal sphere packing where P is the edge-scribable (d + 1)-polytope
with d ≥ 2. By definition, there is a Möbius transformation µ such that BP = µβ(P0). We define
the dual arrangement of BP as the arrangement B∗

P := µβ(P∗
0 ). Notice that B∗

P is well-defined since
P0 contains the origin in its interior. By combining equations (4) (6) 7, we have that for any two
vertices (v, vf ) ∈ V (P) × V (P∗), where vf is the vertex corresponding to a facet f of P containing v,
the spheres sv and svf are orthogonal. Since P0 is edge-scribed, P∗

0 is ridge-scribed. For d = 2, P∗
0 is

also edge-scribed and therefore B∗
P is also a packing. The union BP ∪ B∗

P has been called a primal-dual
circle representation of P [FR18]. Brightwell and Scheinerman proved in [BS93] the existence and the
uniqueness up to Möbius transformations of primal-dual circle representations for every polyhedron. It
can be seen as a stronger version of the Koebe-Andreev-Thurston Circle packing theorem [BS04].

Figure 7. (Left) An edge-scribed icosahedron I3 and its polar in blue; (center) the spheri-
cal illuminated regions of I3 and its polar; (right) a primal-dual circle representation of I3.

2.6. Polytopal Apollonian packings. We define the symmetry group of BP as the stabilizer of

Möb(R̂d) for BP , which is isomorphic to the symmetry group of P . The Apollonian group of BP is

the subgroup A(BP) < Möb(R̂d) generated by the inversions through the spheres of B∗
P . Since inversions

of Möb(R̂d) correspond to hyperbolic reflections of the (d+1)-dimensional hyperbolic space, Apollonian
groups are hyperbolic Coxeter groups. The Apollonian arrangement of BP , denoted by P(BP), is the
union of the orbits of the action of A(BP) on BP (see Figure 8). If P(BP) is a packing, then we shall
call it a polytopal Apollonian packing. For d = 2, P(BP) is always a packing, but this is not true in
higher dimensions. As instance, the Apollonian arrangement of the simplicial packing P(BT d+1) is not
a packing for d ≥ 4. The property of being a packing depends on the intersection angles of the dual
spheres of B∗

P , which must satisfy the crystallographic restriction [Boy74], or equivalently, the polar P∗

must be a Coxeter polytope [Che16b].

Figure 8. A tetrahedral (left) and cubic (right) Apollonian packing. Each colour repre-
sents an orbit under the action of the Apollonian group.
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We define the symmetrized Apollonian group of BP , denoted by SA(BP), as the stabilizer of Möb(R̂d)
for P(BP). It can be generated by union of a set of generators of the symmetry and the Apollonian group
of BP . This group was used by Baragar in [Bar18; Bar22] for studying the simplicial cases P = T d+1

for d = 2, . . . , 8.

Polytopal Apollonian packings belong to the family ofKleinian sphere packings introduced by Kapovich
and Kontorovich [KK23] or Boyd-Maxwell packings introduced by Chen and Labbé in [CL15]. In di-
mension 2, polytopal Apollonian packings coincide with the family of polyhedral packings introduced
by Kontorovich and Nakamura in [KN19] as a particular case of crystallographic sphere packings, also
studied in more detail by Chait, Cuit and Stier in [CCS20] (see Section 5 for further details).

2.7. Möbius uniqueness and the Möbius spectrum. Two sphere packings are Möbius equivalent
(also called conformally equivalent) if one can be sent to the other by a Möbius transformation. Let BC

be a sphere packing whose combinatorial structure is given by a combinatorial object C. We say that BC

is Möbius unique with respect to C if any other sphere packing B′
C is Möbius equivalent to BC. If C is the

contact graph, then BC is in general not Möbius unique (see [RR21]). As it is mentioned in the previous
section, in dimension 2, polytopal sphere packings are Möbius unique due to Brightwell-Schneirmann
Theorem [BS93]. Analogously to the case of crystallographic sphere packings [KN19], Mostow Rigidity
Theorem implies that polytopal sphere packings are also Möbius unique in higher dimensions. To see this,

let us consider two sphere packings BP1 to BP2 in R̂d with d ≥ 2, where P1 and P2 are two edge-scribed
(d+ 1)-polytopes with same combinatorial type. The polytopes of Q1 = P1 ∩ P∗

1 and Q2 = P2 ∩ P∗
2 are

inscribed to Sd, so they correspond to ideal hyperbolic polytopes of Hd+1 with finite volume. Moreover,
Q1 and Q2 are the fundamental domains of the hyperbolic reflection groups generated by the reflections
on their facets. Due to polarity, all the dihedral angles of the facets are right angles so these groups are
isomorphic. Thus, by Mostow Rigidity Theorem, there is a hyperbolic isometry of Hd+1 carrying Q1 to

Q2 which can be extended to Möbius transformation of R̂d carrying BP1
to BP2

.

Möbius uniqueness of polytopal sphere packings implies several things. Firstly, by definition 2.1, a
polytopal sphere packing BP does not depend on the realization but on the combinatorial type of P.
Secondly, the (symmetrized) Apollonian groups of two polytopal sphere packings induced by the same

edge-scribable (d + 1)-polytope for d ≥ 2, are congruent in Möb(R̂d). Therefore, the corresponding
Apollonian arrangements are also Möbius unique. From the polytopal perspective, Möbius uniqueness
is equivalent to say that the space of edge-scribable realizations of any edge-scribable polytope, under
projective transformations preserving the sphere, is a point. We can also use the Möbius uniqueness to
define an spectral invariant of edge-scribable d-polytopes for d ≥ 3.

2.7.1. The Möbius spectrum of an edge-scribable polytope. For every d ≥ 3, we define theMöbius spectrum
M(P) of an edge-scribable d-polytope P as the multiset of the eigenvalues of the Gramian of BP . By
combining the Möbius uniqueness of edge-scribable polytopes with the invariance of the inversive product
under Möbius transformations, we have that M(P) does not depend on the packing and therefore it is
well-defined. In Section 3, we give the Möbius spectrum of each Platonic solid.

3. The polytopal Descartes’ theorem

We present first some notions and lemmas needed for the proof of the main theorem.

3.1. The canonical length of uniform polytopes. It is clear that any regular (d + 1)-polytope is
k-scribable for every 0 ≤ k ≤ d. With a little extra effort, it can be proved that uniform polytopes are
inscribable, edge-scribable and, in general, non-circunscribable. Moreover, we have the following.

Lemma 3.1. Every edge-scribed uniform polytope is canonical and its barycenter is the origin.

Proof. Let P be a uniform (d+ 1)-polytope with d ≥ 2. Let us first clarify that P admits a midsphere.
The vertex-transitivity implies that every symmetry of P fixes the barycenter bar(P). It follows that
the distance from each vertex to bar(P) is constant. Since every 2-face of P is regular, every edge of P
has equal length. By combining these two facts, we get that for every e ∈ E(P), ∥bar(e) − bar(P)∥ is
constant and e is orthogonal to the line passing through bar(e) and bar(P). Thus, the sphere S centered
at bar(P) and radius ∥bar(e)− bar(P)∥ is tangent to every edge of P at the barycenters of the edges.

Let us now suppose that P is also edge-scribed, i.e. S = Sd and hence, bar(P) is the origin
−→
0 ∈ Rd+1.

On the other hand, the vertex-transitivity implies also that every vertex has same degree δ ≥ d+1, and
8



therefore 2|E(P)| = δ|V (P)|. We conclude by showing that P is canonical.∑
x∈P∩Sd

x =
∑

e∈E(P)

bar(e) =
1

|E(P)|
∑

u,v∈e∈E(P)

1

2
(u+ v)

=
1

2|E(P)|
∑

v∈V (P)

deg(v)v =
δ

δ|V (P)|
∑

v∈V (P)

v = bar(P) =
−→
0

□

As it is described in the above proof, uniform polytopes have equal edge length. We define the
canonical length ℓP of every uniform polytope P as the half edge length of its canonical realization.

3.2. The polytopal curvatures of a polytopal sphere packing. Let d ≥ 1 and let P be an edge-
scribed (d+1)-polytope. We define the Lorentzian barycenter of a face f ∈ F(P) as the vector xf ∈ Rd+1,1

given by

xf :=
1

|V (f)|
∑

v∈V (f)

xsv(8)

where sv is the sphere corresponding to v.

Lemma 3.2. Let P be a uniform edge-scribed (d + 1)-polytope with d ≥ 2. Then, for every f ∈ F(P)
we have that ⟨xf ,xP⟩ = −ℓ−2

P .

Proof. By Lemma 3.1, P is canonical and the barycenter of P is the origin of Rd+1. Thus, the Euclidean
norm of any vertex v of P and the canonical length of P are related by ∥v∥2 = ℓ2P + 1. Therefore,
by Equation (5), the Lorentzian vectors of the vertices of P are contained in the affine hyperplane
Πℓ−1

P
= {xd+2 = ℓ−1

P } ⊂ Rd+1,1. Therefore, for every face f of P, its Lorentzian barycenter xf ∈ Πℓ−1
P
.

Since bar(P) is the origin of Rd+1, then xP = ℓ−1
P ed+2 ∈ Π⊥

ℓ−1
P

and thus,

⟨xf − xP ,xP⟩ = 0 ⇔ ⟨xf ,xP⟩ = ⟨xP ,xP⟩ = −ℓ−2
P .

□

Boyd’s generalization of Descartes’ theorem given in [Boy74] states that for any arrangement B =

{s1, . . . , sd+2} ⊂ B(R̂d) with full-rank Gramian, the vector of curvatures K = (κ1, . . . , κd+2)
T satisfy

KT Gram(B)−1K = 0(9)

We may consider (9) from the Lorentzian perspective in order to obtain a stronger statement. Let
xN = ed+1 + ed+2 be the vector given by the North Pole in the projective model of the space of spheres,
where ei denotes the i-th canonical vector of Rd+1,1 (see Figure 4). Notice that xN lies on the light-cone
L(Rd+1,1), i.e.

⟨xN ,xN ⟩ = 0(10)

Let s ∈ B(R̂d) of curvature κs and let xs be its Lorentzian vector. From the definition of inversive
coordinates given in (3), we have

κs = −⟨xN ,xs⟩(11)

It follows from this equation that the linear transformation which maps (xs1 , . . . ,xsd+2
) to (κs1 , . . . , κsd+2

)
translates the equation (10) into (9). In other words, the statement of the generalized Descartes’ theorem
is equivalent to say that the vector of curvatures can be obtained from the North Pole by basis exchange,
and the Lorentzian norm of this vector is 0. In order to extend the relation (9) to any basis of Rd+1,1,
we need to define a notion of curvature to any vector x ∈ Rd+1,1 by

κx := −⟨xN ,x⟩(12)

We thus clearly have that equation (9) holds not only for basis of vectors of Rd+1,1 corresponding to
spheres, but for any basis.

Lemma 3.3. For any basis ∆ = (x1, . . . ,xd+2) of Rd+1,1 the vector of curvatures K = (κx1
, . . . , κxd+2

)T

satisfies

KT Gram(∆)−1K = 0(13)
9



For every polytopal sphere packing BP , we define the polytopal curvature of BP with respect to a face
f of P as κf := κxf

where xf denotes the Lorentzian barycenter of f . Notice that if f is a vertex v ∈ P,
then κv = κsv . By linearity, we have that κf corresponds to the following arithmetic mean.

κf :=
1

|V (f)|
∑

v∈V (f)

κsv(14)

3.3. Proof of the main theorem. We have now all the ingredients to prove the polytopal Descartes’
theorem that we restate below.

Theorem 3.1. Let BP a polytopal sphere packing where P is a uniform (d + 1)-polytope with d ≥ 2.
The polytopal curvatures of BP with respect to the faces in any flag (f0, . . . , fd, fd+1 = P) satisfy

(κf0 − κf1)
2 + ℓ2f2(κf1 − κf2)

2 +

d∑
i=2

1

ℓ−2
fi+1

− ℓ−2
fi

(κfi − κfi+1
)2 = ℓ2Pκ

2
P(15)

Proof. Let P be an edge-scribed uniform (d+1)-polytope with d ≥ 2 and let Φ = (f0, f1, . . . , fd, fd+1 = P)
be a flag of P. Let ∆ = (y0,y1, . . . ,yd,yd+1), where yi := xfi − xfi+1 for every i = 1, . . . , d, and
yd+1 := xP . Let us compute the Gramian of ∆. Let v = f0, e = f1 and let v′ be the other vertex of e.
Then,

⟨y0,y0⟩ = ⟨xv − xe,xv − xe⟩
= ⟨xv,xv⟩ − 2⟨xv,xe⟩+ ⟨xe,xe⟩

= 1− 2⟨xv,
1

2
(xv + xv′)⟩+ ⟨1

2
(xv + xv′),

1

2
(xv + xv′)⟩ = 1− (1− 1) + 0 = 1

⟨y0,y1⟩ = ⟨xv,xv − xe⟩

= ⟨xv,
1

2
(xv′ − xv)⟩

=
1

2
(⟨xv,xv′⟩ − ⟨xv,xv⟩) =

1

2
(−1 + 1) = 0

⟨y1,y1⟩ = ⟨xe − xf2 ,xe − xf2⟩
= ⟨xe,xe⟩ − 2⟨xe,xf2⟩+ ⟨xf2 ,xf2⟩
= 0 + 2ℓ−2

f2
− ℓ−2

f2
= ℓ−2

f2

By definition, fi is uniform for every 2 ≤ i ≤ d + 1. Moreover, the intersection of Sd with the affine
subspace spanned by fi induces an edge-scribed realization of fi. Therefore, by Lemma 3.2, ⟨xfi ,xfj ⟩ =
−ℓ−2

fj
for every i ≤ j ≤ d+ 1. Then, for the diagonal entries with 2 ≤ i ≤ d, we have

⟨yi,yi⟩ = ⟨xfi − xfi+1 ,xfi − xfi+1⟩
= ⟨xfi ,xfi⟩ − 2⟨xfi ,xfi+1

⟩+ ⟨xfi+1
,xfi+1

⟩
= −ℓ−2

fi
+ 2ℓ−2

fi+1
+−ℓ−2

fi+1

= ℓ−2
fi+1

− ℓ−2
fi

⟨yd+1,yd+1⟩ = ⟨xP ,xP⟩ = −ℓ−2
P

and for the non-diagonal entries with 1 ≤ i < j ≤ d+ 1, we have

⟨yi,yj⟩ = ⟨xfi − xfi+1
,xfj − xfj+1

⟩
= ⟨xfi ,xfj ⟩ − ⟨xfi ,xfj+1⟩ − ⟨xfi+1 ,xfj ⟩+ ⟨xfi+1 ,xfj+1⟩
= −ℓ−2

fj
+ ℓ−2

fj+1
+ ℓ−2

fj
− ℓ−2

fj+1
= 0

Consequently, Gram(∆) = diag(1, ℓ−2
f2

, . . . , ℓ−2
fi+1

− ℓ−2
fi

, . . . ,−ℓ−2
P ). On the other hand, by linearity, we

have that the vector of curvatures of ∆ is equal to K = (κf0 − κf1 , . . . , κfd − κP , κP)
T . Since ∆ is a

basis of Rd+1,1, we can apply Lemma 3.3 which gives us

KT diag(1, ℓ2f2 , . . . ,
1

ℓ−2
fi+1

− ℓ−2
fi

, . . . ,−ℓ2P)K = 0

which is equivalent to (15). □
10



4. The Platonic packings

In this section, we study the packings based on the simplest family of polytopes covered by the
polytopal Descartes’ theorem: the regular 3-polytopes, also known as the Platonic solids. By applying
Theorem 3.1, we shall present a generalization of Descartes’ theorem and the Apollonian group in terms
of the Schläfli symbol, which will give us the recipe to construct analogues of integral Apollonian packings
for the Platonic solids. At the end of the section, we present a catalogue summarizing all the properties
discussed in this paper for each Platonic solid.

4.1. Characteristic sequences. Let BP a polytopal sphere packing in R̂d where P regular (d + 1)-
polytope. For any flag Φ = (f0, . . . , fd,P), the set of curvatures of BP can be deduced from the polytopal
curvatures of the faces of Φ. To do so, we shall define a canonical set of curvatures which will serve us
as a basis. The characteristic simplex of P with respect to the flag Φ is the simplex

∆Φ := conv(bar(f0), . . . ,bar(fd),bar(P))

where bar(f) denotes the barycenter of the vertices of f (see Figure 9). When P is regular, the symmetry
group of P coincide to the symmetry group of the characteristic simplex ∆Φ. This group is generated
by the reflections r0, . . . , rd on the walls of ∆Φ containing the barycenter of P, where ri denotes the
reflection on the wall opposite to the vertex of ∆Φ corresponding to the face fi ∈ Φ. We define the
characteristic vertices of P with respect to Φ as the subset of vertices VΦ = (v1, . . . , vd+2) ⊂ V (P) given
by

v1 := f0, and vi+1 := r0 · · · ri−1(vi)(16)

subindices of ri k = 1, ..., d + 1 corrected for every i = 1, . . . , d + 1 (see Figure 9). A characteristic
bend vector of SP is a vector B = (b1, . . . , bd+2) with the bends of the spheres corresponding to a set of
characteristic vertices of P.

v1 = f0
f1

v2

f2

v3

P

v4

Figure 9. The characteristic simplex ∆Φ (in dark gray) and the characteristic vertices
VΦ = (v1, v2, v3, v4) with respect to the flag Φ = (f0, f1, f2,P) of a cube.

4.2. The Platonic Descartes Theorem. The classic Descartes’ theorem is usually stated in terms of
the Descartes quadratic form [Fuc13] whose corresponding matrix is

QD :=


1 −1 −1 −1
−1 1 −1 −1
−1 −1 1 −1
−1 −1 −1 1

(17)

The matrix QD derives from Boyd’s generalization (9). For every Schläfli symbol {p, q} of a Platonic
solid, we define the Platonic quadratic form with corresponding matrix Q{p,q} := QD +P{p,q} where

P{p,q} :=


0 −ωp − ωq ωp − ωq 0

−ωp − ωq (ωp + ωq) (ωp + ωq + 2) ω2
q − ω2

p ωp − ωq

ωp − ωq ω2
q − ω2

p (ωp + ωq) (ωp + ωq + 2) −ωp − ωq

0 ωp − ωq −ωp − ωq 0


and ωn := 1 + 2 cos 2π

n . We notice that ω3 = 0, ω4 = 1 and ω5 = φ is the Golden ratio.
11



Proposition 4.1. Let K = (κ1, κ2, κ3, κ4)
T be a vector of four characteristic curvatures of a Platonic

circle packing BP with P = {p, q}. Then

KTQ{p,q}K = 0.(18)

Proof. Let Φ = (v, e, f,P) be a flag of P. Theorem 3.1 states that

(κv − κe)
2 + ℓ2f (κe − κf )

2 +
1

ℓ−2
P − ℓ−2

f

(κf − κP)
2 = ℓ2Pκ

2
P(19)

where ℓf and ℓP are the canonical length of f = {p} and P = {p, q}. These values can be easily computed
in terms of ωp and ωq by

ℓf =

√
3− ωp

1 + ωp
ℓP =

√
2− ωp − ωq

1 + ωp
(20)

Let VΦ = (v1, v2, v3, v4) and let Φ′ = (v′, e′, f ′,P) be the flag of P where VΦ′ = (v0, v1, v2, v3) (v0 = v4
when P is the tetrahedron). Then, e and e′ share the vertex v, and f and f ′ share the edge e. By solving
(19) in each of the polytopal curvatures κe, κf , after replacing the values in (20), and then adding both
solutions, we obtain the following relations.

κe + κe′ =
(1 + ωp)κv + (3− ωp)κf

2
(21)

κf + κf ′ =2
(1 + ωq)κe + (2− ωp − ωq)κP

3− ωp
(22)

Let (κ1, κ2, κ3, κ4) be the characteristic curvatures with respect to VΦ. By combining the equations
(21) and (22) with the definition of polytopal curvatures of the faces in Φ ∪ Φ′, we obtain the following
equations

κv =κ1(23)

κe =
κ1 + κ2

2
(24)

κf =
κ1 + κ2 + κ3 − ωpκ2

3− ωp
(25)

κP =
κ1 + κ2 + κ3 + κ4 − (ωp + ωq)(κ2 + κ3)

4− 2(ωp + ωq)
(26)

The above relations define a transition matrix T satisfying

KΦ = TK(27)

where KΦ = (κv, κe, κf , κP)
T and K = (κ1, κ2, κ3, κ4)

T . Let QΦ the matrix of the quadratic form
induced by (19) after combining with (20). Then, equation (19) becomes

KT
ΦQΦKΦ = 0 ⇔ KTTTQΦTK = 0.(28)

It can be checked by direct computations that Q{p,q} = 4(1 + ωp + ωq + ωpωq)T
TQΦT. □

4.3. Matrix representations and integrality conditions. Polytopal Apollonian groups are discrete
subgroups of the Möbius group. The classic linear representation of tetrehadral Apollonian group intro-
duced by Hirst in [Hir67], and studied for the first time from the number theoretical point of view by
Graham et al. in [Gra+05], is defined as the discrete group ⟨S1,S2,S3,S4⟩ < OD(Z) where OD(Z) is the
group of orthogonal matrices with entries in Z preserving the Descartes quadratic form. The generating
matrices, called bend matrices in [CCS20], do not depend on the packing and gives the linear relations
on the curvatures under the action of the Apollonian group. We shall give a similar representation of for
each Platonic solid P. To do so, we first give a linear representation of the symmetrized Apollonian group
⟨R0,R1,R2,S⟩ < O{p,q}(Z[ωp, ωq]) where O{p,q}(Z[ωp, ωq]) is the group of orthogonal matrices which
preserve the Platonic quadratic form with entries in Z[ωp, ωq]. The action by conjugation of ⟨R0,R1,R2⟩
on S gives the finite set of bend matrices {Sf | f ∈ F2(P)} which generate the Apollonian group of P.
We denote by K (BP) the set of curvatures of the Apollonian packing P(BP).

12



Proposition 4.2. Let BP a Platonic circle packing where P = {p, q}. The symmetrized Apollonian
group of BP acts transitively on K (BP) as the discrete subgroup ⟨R0,R1,R2,S⟩ < O{p,q}(Z[ωp, ωq])
where

R0 =


0 1 0 0
1 0 0 0
ωp −ωp 1 0

ωp (ωp + ωq) + ωq −ωp (ωp + ωq)− ωq 0 1

(29)

R1 =


1 0 0 0
ωp −ωp 1 0

ωp (−1 + ωp) 1− ω2
p ωp 0

ω2
p (−1 + ωp + ωq) −ωp (1 + ωp) (−1 + ωp + ωq) ωp (−1 + ωp + ωq) 1

(30)

R2 =


1 0 0 0
0 1 0 0
ωq ωp −(ωp + ωq) 1

ωq (−1 + ωp + ωq) ωp (−1 + ωp + ωq) 1− (ωp + ωq)
2

ωp + ωq

(31)

S =


1 0 0 0
0 1 0 0
0 0 1 0
2 2 (1− ωp + ωq) 2 (1 + ωp + ωq) −1

(32)

Proof. Let Φ = (v, e, f,P) be a flag of P and let {r0, r1, r2} the fundamental generators of the symmetry
group of P with respect to Φ. Let v′ := r0(v), e

′ := r1(e) and f ′ := r2(f). Then,

r0(v, e, f,P) = (v′, e, f,P), r1(v, e, f,P) = (v, e′, f,P), r2(v, e, f,P) = (v, e, f ′,P).

From equations (21) and (22), we have that r0, r1 and r2 correspond to the matrices

R′
0


κv

κe

κf

κP

 =


2κv − κe

κe

κf

κP

(33)

R′
1


κv

κe

κf

κP

 =


κv

1+ωp

2 κv − κe +
3−ωp

2 κf

κf

κP

(34)

R′
2


κv

κe

κf

κP

 =


κv

κe
2(1+ωq)
3−ωp

κe − κf +
2(2−ωp−ωq)

3−ωp
κP

κP

(35)

By conjugating with the transition matrix T described in (27), we obtain the matrices R0,R1,R2.
By resolving (18) on κ4, we obtain

κ4, κ
′
4 = κ1 + (1− ωp + ωq)κ2 + (1 + ωp + ωq)κ3 ± 2

√
(1 + ωq)(κ1κ2 + κ1κ3 + κ2κ3 − ωpκ2

2)(36)

where κ′
4 is the curvature of the sphere s(sv4

) and s is the inversion through the sphere corresponding to
the face f . Therefore, since s fixes the spheres corresponding to the vertices of f , then s acts in K (BP)
as the matrix

S


κ1

κ2

κ3

κ4

 =


κ1

κ2

κ3

2κ1 + 2(1− ωp + ωq)κ2 + 2(1 + ωp + ωq)κ3 − κ4

(37)

The elements {r0, r1, r2, s} generate the symmetrized Apollonian group of BP , which acts transitively on
K (BP) since P is regular. It can be easily checked that the four matrices belong to O{p,q}(Z[ωp, ωq]). □

Corollary 4.1. The Apollonian groups of the Platonic solids are discrete subgroups of O{p,q}(Z[ωp, ωq]).
13



For determining all the curvatures in a Platonic Apollonian packing, only three characteristic cur-
vatures are necessary. We denote by K{p,q}(κ1, κ2, κ3) := K (BP) where P is the Platonic solid with
Schläfli symbol {p, q} and κ1, κ2, κ3 are three characteristic curvatures of BP .

Corollary 4.2 (Integrality condition). Let BP be a Platonic packing where P = {p, q}. If BP has three
curvatures (κ1, κ2, κ3) in a characteristic sequence satisfying

κ1, κ2, κ3,
√

(1 + ωq)(κ1κ2 + κ1κ3 + κ2κ3 − ωpκ2
2)(38)

then all the curvatures of the Apollonian packing P(BP) are in Z[ωp, ωq].

Proof. If κ1, κ2, κ3 satisfy (38) then, by equation (36), κ4 ∈ Z[ωp, ωq]. By Proposition 4.2, we have that
K (BP) = ⟨R0,R1,R2,S⟩ · {κ1, κ2, κ3, κ4} ⊂ Z[ωp, ωq]. □

Corollary 4.3. For every Platonic solid {p, q}, K{p,q}(0, 0, 1) ⊂ Z[ωp, ωq]. Moreover, if q = 3, then
Kp,3(0, 0, 1) contains the sequence of perfect squares.

Proof. The integrality follows from Corollary 4.2. From (36), if κ1 = 0, κ2 = 0, κ3 = 1, then κ4 =
1 + ωp + ωq. Let K0 := (0, 0, 1, 1 + ωp + ωq)

T and let, for every n ≥ 0, Mn := R1(R2S)
nR1 and

Kn = (κ
(n)
1 , κ

(n)
2 , κ

(n)
3 , κ

(n)
4 )T := (MnK0)

T . By Proposition 4.2, Kn ⊂ K (BP). It can be proved by

induction on n that κ
(n)
2 = n2(1 + ωq). Therefore, for q = 3, κ

(n)
2 = n2. □

The packings giving K{p,q}(0, 0, 1) are illustred in Figures 12, 15, 18, 21 and 24. We can use the
previous two corollaries to parametrize the triples satisfying the integrality condition. To do so, we must
solve the Diophantine equation derived from (38).

(1 + ωq)(xy + yz + xz − ωpy
2) = n2(39)

for n, x, y, z ∈ Z[ωp, ωq]. Since this equation is a homogeneous of degree 2, we can find all the solutions
from the initial solution n = 0, x = 0, y = 0, z = 1 by classical methods.

Corollary 4.4. For every Platonic solid {p, q}, the triples (κ1, κ2, κ3) ∈ Z[ωp, ωq]
3 satisfying (38) are

given by

κ1 = k
(1 + ωq)(t2 + t3)t2

d
, κ2 = k

(1 + ωq)(t2 + t3)t3
d

κ3 = k
t21 − (1 + ωq)(t2 − ωpt3)t3

d
(40)

where t1, t2, t3 ∈ Z[ωp, ωq] coprimes, d = gcd((1+ωq)(t2+t3)t2, (1+ωq)(t2+t3)t3, t
2
1−(1+ωq)(t2−ωpt3)t3)

and k ∈ Z[ωp, ωq] coprime with d.

We use the previous parametrization to find triples for generate the primitive Platonic Apollonian
packings, i.e. the gcd of all the curvatures is 1, which are depicted in Figures 12, 15, 18, 21 and 24.
This is given by setting k = 1 in the previous parametrization. We notice that different triples can give
the same packing, so we cannot use it for counting the different primitive packings. For enumerating
methods, see [Gra+03].

4.4. Linear relations on the curvatures. The set of curvatures of a Platonic packing BP needs four
characteristic curvatures K = (κ1, κ2, κ3, κ4) to be fully determined. Indeed, by Proposition 4.2, the set
of curvatures of BP is obtained by multiplication of the matrices R0, R1, R2 on K. If we also multiply
by S, then we generate all the curvatures in the Apollonian packing P(BP). Equivalently, by applying
recursively the following linear relations, which derive from equations (25), (26), (36), we can obtain the
curvatures of P(BP) from K without using the matrices.

- (Face relation) If (κ0, κ1, κ2, κ3) correspond to four consecutive vertices in a face, then

κ0 = ωp(κ1 − κ2) + κ3(41)

- (Characteristic sequences)If (κ1, κ2, κ3, κ4) and (κ2, κ3, κ4, κ5) are two characteristic sequences of cur-
vatures of BP then

κ1 − κ5 = (ωp + ωq)(κ2 − κ4)(42)

- (Dual inversion) If (κ1, κ2, κ3, κ4) and (κ1, κ2, κ3, κ
′
4) are two characteristic sequences of BP and B′

P ,
respectively, where B′

P is obtained from BP by the inversion through the dual circle orthogonal to the
circles corresponding to κ1, κ2, κ3, then

κ′
4 = 2κ1 + 2(1− ωp + ωq)κ2 + 2(1 + ωp + ωq)κ3 − κ4(43)
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4.5. Tetrahedron (p = 3, q = 3). This is the classical case which has been extensively studied. We
write it for the sake of completeness.

4.5.1. Canonical realization and centered arrangement projections. The canonical tetrahedron with the
spherical illuminated regions of its vertices is represented in Figure 10. Its canonical length is ℓT 3 =

√
2.

Figure 10. A canonical tetrahedron with the spherical illuminated regions.

In Figure 11, we show three tetrahedral packings obtained by the arrangement projections of the
canonical tetrahedron with a vertex, edge and face, centered at the Pole North, respectively.

Figure 11. (From left to right) Vertex-centered, edge-centered and face-centered arrange-
ment projection of the canonical tetrahedron.

4.5.2. Möbius spectrum. The Gramian is equal to the Descartes quadratic form, so the Möbius spectrum

of the tetrahedron is is M(T 3) = (λ
(1)
0 , λ

(3)
1 ) where λ0 = −2 and λ1 = 2.

4.5.3. Descartes’ theorem. The polytopal curvatures with respect to any flag (v, e, f, T 3) satisfy

(κv − κe)
2 + 3(κe − κf )

2 + 6(κf − κT 3)2 = 2κ2
T 3(44)

The Platonic quadratic form for the tetrahedron is the same as the Descartes quadratic form

Q{3,3} =


1 −1 −1 −1
−1 1 −1 −1
−1 −1 1 −1
−1 −1 −1 1

(45)

which implies the classic Descartes’ theorem, i.e. the curvatures κ1, κ2, κ3, κ4 of any tetrahedral packing
satisfies the quadratic equation

(κ1 + κ2 + κ3 + κ4)
2 = 2(κ2

1 + κ2
2 + κ2

3 + κ2
4)(46)

4.5.4. Linear relation on the curvatures. The curvatures of any tetrahedral packing BT 3 satisfy the
following dual inversion relation.

- If (κ1, κ2, κ3, κ4) and (κ1, κ2, κ3, κ
′
4) are the curvatures of BT 3 and B′

T 3 , respectively, where B′
T 3 is

obtained from BT 3 by the inversion through the dual circle orthogonal to the circles corresponding to
κ1, κ2, κ3, then

κ4 + κ′
4 = 2(κ1 + κ2 + κ3)(47)
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4.5.5. Apollonian group. The following matrices generate the symmetrized Apollonian group of the tetra-
hedron.

R0 =


0 1 0 0
1 0 0 0
0 0 1 0
0 0 0 1

 R1 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 R2 =


1 0 0 0
0 1 0 0
0 0 0 1
0 0 1 0

 S =


1 0 0 0
0 1 0 0
0 0 1 0
2 2 2 −1


The action by conjugation of ⟨R0,R1,R2⟩ on S gives the following set of 4 matrices

S1 =


−1 2 2 2
0 1 0 0
0 0 1 0
0 0 0 1

 S2 =


1 0 0 0
2 2 −1 2
0 0 1 0
0 0 0 1

 S3 =


1 0 0 0
0 1 0 0
2 2 −1 2
0 0 0 1

 S4 =


1 0 0 0
0 1 0 0
0 0 1 0
2 2 2 −1


The discrete subgroup ⟨S1,S2,S3,S4⟩ < O{3,3}(Z) = OD(Z) is the classic linear representation of the
tetrahedral Apollonian group.

4.5.6. Primitive Apollonian packings. If a triple of curvatures of a tetrahedral packing BT 3 verify

κ1, κ2, κ3,
√
κ1κ2 + κ1κ3 + κ2κ3 ∈ Z(48)

then the Apollonian packing P(BT 3) is integral. The primitive triples of curvatures satisfying the
previous condition are parametrized by

κ1 =
t22 + t2t3

d
, κ2 =

t2t3 + t23
d

, κ3 =
t21 − t2t3

d
,(49)

where t1, t2, t3 are three coprime integers and d = gcd
(
t22 + t2t3, t2t3 + t23, t

2
1 − t2t3

)
, In Figure 12, we

show two examples given by this parametrization.
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Figure 12. The tetrahedral Apollonian gaskets generated by t1 = 1, t2 = 0, t3 = 0 ⇒
(κ1, κ2, κ3) = (0, 0, 1), and t1 = 1, t2 = −2, t3 = 4 ⇒ (κ1, κ2, κ3) = (−4, 8, 9).
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4.6. Octahedron (p = 3, q = 4). Octahedral packings appear in the works of Boyd in [Boy74], Guettler
and Mallows [GM08] and Zhang [Zha18].

4.6.1. Canonical realization and centered arrangement projections. A canonical octahedron with the
spherical illuminated regions of its vertices is represented in Figure 13. Its canonical length is ℓO3 = 1.

Figure 13. A canonical octahedron with the spherical illuminated regions.

In Figure 14, we show three octahedral packings obtained by centered arrangement projections of a
canonical octahedron.

Figure 14. (From left to right) Vertex-centered, edge-centered and face-centered arrange-
ment projection of the canonical octahedron.

4.6.2. Möbius spectrum. The Möbius spectrum of the octahedron is M(O3) = (λ
(1)
0 , λ

(2)
1 , λ

(3)
2 ) where

λ0 = −4, λ1 = 0 and λ2 = 6. It can be computed with the values of Table 1.

Graph distance 0 1 2

Inversive product 1 −1 −3

Table 1. The inversive product given by the distance in the graph for octahedral packings.

4.6.3. Descartes’ theorem. The polytopal curvatures of an octahedral packing with respect to any flag
(v, e, f,O3) satisfy

(κv − κe)
2 + 3(κe − κf )

2 +
3

2
(κf − κO3)2 = κ2

O3(50)

The Platonic quadratic form for the octahedron is given by the matrix

Q{3,4} =


1 −2 −2 −1
−2 4 0 −2
−2 0 4 −2
−1 −2 −2 1

(51)
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which implies that any sequence of characteristic curvatures (κ1, κ2, κ3, κ4) of an octahedral packing
satisfies the quadratic equation

(κ1 − κ4)
2 + (κ1 − 2κ2 + κ4)

2 + (κ1 − 2κ3 + κ4)
2 = 2(κ1 + κ4)

2(52)

which is equivalent to the quadratic equation given in [GM08].

4.6.4. Linear relations on the curvatures. The set of curvatures of any octahedral packing BO3 satisfy
the following linear relations.

- (Characteristic sequences) If (κ1, κ2, κ3, κ4) and (κ2, κ3, κ4, κ5) are two characteristic sequences of
curvatures of BO3 , then

κ1 + κ4 = κ2 + κ5(53)

which is equivalent to the linear equation given in [GM08].
- (Dual inversion) If (κ1, κ2, κ3, κ4) and (κ1, κ2, κ3, κ

′
4) are two characteristic sequences of BO3 and B′

O3 ,
respectively, where B′

O3 is obtained from BO3 by the inversion through the dual circle orthogonal to
the circles corresponding to κ1, κ2, κ3, then

κ4 + κ′
4 = 2(κ1 + 2κ2 + 2κ3)(54)

4.6.5. Apollonian group. The following matrices generate the symmetrized Apollonian group of the oc-
tahedron.

R0 =


0 1 0 0
1 0 0 0
0 0 1 0
1 −1 0 1

 R1 =


1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 R2 =


1 0 0 0
0 1 0 0
1 0 −1 1
0 0 0 1

 S =


1 0 0 0
0 1 0 0
0 0 1 0
2 4 4 −1


The action by conjugation of ⟨R0,R1,R2⟩ on S gives the set of 8 matrices which generates the linear
representation of the octahedral Apollonian group as a discrete subgroup of O{3,4}(Z).

4.6.6. Primitive Apollonian packings. If an octahedral packing BO3 has a characteristic sequence (κ1, κ2, κ3)
satisfying

κ1, κ2, κ3,
√

2(κ1κ2 + κ1κ3 + κ2κ3) ∈ Z(55)

then the Apollonian packing P(BO3) is integral. The primitive triples of curvatures satisfying the
previous condition are parametrized by

κ1 =
2t22 + 2t2t3

d
, κ2 =

2t2t3 + 2t23
d

, κ3 =
t21 − 2t2t3

d
,(56)

where t1, t2, t3 are three coprime integers and d = gcd
(
2t22 + 2t2t3, 2t2t3 + 2t23, t

2
1 − 2t2t3

)
. In Figure 15,

we show two primitive octahedral Apollonian packings given by this parametrization.
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Figure 15. The octahedral Apollonian gaskets generated by t1 = 1, t2 = 0, t3 = 0 ⇒
(κ1, κ2, κ3) = (0, 0, 1), and t1 = 1, t2 = 1, t3 = −2 ⇒ (κ1, κ2, κ3) = (−2, 4, 5).
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4.7. Cube (p = 4, q = 3). Cubic packings were studied by Stange in [Sta15] as a particular case of
Schmidt arrangements.

4.7.1. Canonical realization and centered arrangement projections. A canonical cube with the spherical
illuminated regions of its vertices is represented in Figure 16. Its canonical length is ℓC3 = 1√

2
.

Figure 16. The canonical cube with the spherical illuminated regions.

In Figure 17, we show three cubic packings obtained by centered arrangement projections of a canonical
cube.

Figure 17. (From left to right) Vertex-centered, edge-centered and face-centered arrange-
ment projection of the canonical cube.

4.7.2. Möbius spectrum. The Möbius spectrum of the cube is M(C3) = (λ
(1)
0 , λ

(4)
1 , λ

(3)
2 ) where λ0 = −16,

λ1 = 0 and λ2 = 8. It can be computed with the values of Table 2.

Graph distance 0 1 2 3

Inversive product 1 −1 −3 −5

Table 2. The inversive product given by the distance in the graph for cubic packings.

4.7.3. Descartes’ theorem. The polytopal curvatures of a cubic packing with respect to any flag (v, e, f, C3)
satisfy

2(κv − κe)
2 + 2(κe − κf )

2 + 2(κf − κC3)2 = κ2
C3(57)

The Platonic quadratic form for the cube is given by the matrix

Q{4,3} =


1 −2 0 −1
−2 4 −2 0
0 −2 4 −2
−1 0 −2 1

(58)

which implies that any sequence of characteristic curvatures (κ1, κ2, κ3, κ4) of a cubic packing satisfy

2(κ1 − κ2)
2 + 2(κ2 − κ3)

2 + 2(κ3 − κ4)
2 = (κ1 + κ4)

2(59)
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4.7.4. Linear relations on the curvatures. The set of curvatures of any cubic packing BC3 satisfy the
following linear relations.

- (Face relation) If (κ0, κ1, κ2, κ3) correspond to four consecutive vertices in a square face, then

κ0 + κ2 = κ1 + κ3(60)

- (Characteristic sequences) If (κ1, κ2, κ3, κ4) and (κ2, κ3, κ4, κ5) are two characteristic sequences of
curvatures of BC3 , then

κ1 + κ4 = κ2 + κ5(61)

- (Dual inversion) If (κ1, κ2, κ3, κ4) and (κ1, κ2, κ3, κ
′
4) are two characteristic sequences of BC3 and B′

C3 ,
respectively, where B′

C3 is obtained from BC3 by the inversion through the dual circle orthogonal to the
circles corresponding to κ1, κ2, κ3, then

κ4 + κ′
4 = 2(κ1 + 2κ3)(62)

4.7.5. Apollonian group. The symmetrized Apollonian group of the cube is generated by

R0 =


0 1 0 0
1 0 0 0
1 −1 1 0
1 −1 0 1

 R1 =


1 0 0 0
1 −1 1 0
0 0 1 0
0 0 0 1

 R2 =


1 0 0 0
0 1 0 0
0 1 −1 1
0 0 0 1

 S =


1 0 0 0
0 1 0 0
0 0 1 0
2 0 4 −1


The action by conjugation of ⟨R0,R1,R2⟩ on S gives a set of 6 matrices which generates the linear
representation of the cubic Apollonian group as a discrete subgroup of O{4,3}(Z).

4.7.6. Primitive Apollonian packings. If a cubic packing BC3 has a characteristic sequence of curvatures
(κ1, κ2, κ3) satisfying

κ1, κ2, κ3,
√
κ1κ2 + κ1κ3 + κ2κ3 − κ2

2 ∈ Z(63)

then the Apollonian packing P(BC3) is integral. The primitive triples of curvatures satisfying the
previous condition are parametrized by

κ1 =
t22 + t2t3

d
, κ2 =

t2t3 + t23
d

, κ3 =
t21 − t2t3 + t23

d
,(64)

where t1, t2, t3 are three coprime integers and d = gcd
(
t22 + t2t3, t2t3 + t23, t

2
1 − t2t3 + t23

)
. In Figure 18,

we show two primitive cubic Apollonian gaskets given by this parametrization.
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Figure 18. The cubic Apollonian packings generated by t1 = 1, t2 = 0, t3 = 0 ⇒
(κ1, κ2, κ3) = (0, 0, 1), and t1 = 0, t2 = 5, t3 = −3 ⇒ (κ1, κ2, κ3) = (5,−3, 12).
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4.8. Icosahedron (p = 3, q = 5). Icosahedral packings were studied by Bolt et al. as a particular case
of Apollonian ring packings [BBH18]

4.8.1. Canonical realization and centered arrangement projections. A canonical icosahedron is repre-
sented in Figure 19. The canonical length of the icosahedron ℓI3 = φ−1.

Figure 19. A canonical icosahedron with the spherical illuminated regions.

In Figure 20, we show three icosahedral packings obtained by centered arrangement projections of a
canonical icosahedron.

Figure 20. (From left to right) Vertex-centered, edge-centered and face-centered arrange-
ment projection of the canonical icosahedron.

4.8.2. Möbius spectrum. The Möbius spectrum of the icosahedron is M(I3) = (λ
(1)
0 , λ

(8)
1 , λ

(3)
2 ) where

λ0 = −12φ2, λ1 = 0 and λ2 = 4(1 + φ2). It can be computed from the values in Table 3.

Graph distance 0 1 2 3

Inversive product 1 −1 1− 2φ2 −1− 2φ2

Table 3. The inversive product given by the distance in the graph for icosahedral packings.

4.8.3. Descartes’ theorem. The polytopal curvatures of an icosahedral packing with respect to any flag
(v, e, f, I3) satisfy

(κv − κe)
2 + 3(κe − κf )

2 + 3φ−4(κf − κI3)2 = φ−2κ2
I3(65)

The Platonic quadratic form for the icosahedron is given by the matrix

Q{3,5} =


1 −φ2 −φ2 −1

−φ2 φ4 φ −φ2

−φ2 φ φ4 −φ2

−1 −φ2 −φ2 1

(66)

which implies that any sequence of characteristic curvatures (κ1, κ2, κ3, κ4) of an icosahedral packing
satisfy

(κ1 + κ2 + κ3 + κ4)
2 + φ−1(κ1 − κ4)

2 = 2(κ2
1 + κ2

2 + κ2
3 + κ2

4) + φ(κ2 + κ3)
2(67)
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4.8.4. Linear relations on the curvatures. The set of curvatures of any icosahedral packing BI3 satisfy
the following linear relations.

- (Characteristic sequences) If (κ1, κ2, κ3, κ4) and (κ2, κ3, κ4, κ5) are two characteristic sequences of
curvatures of BI3 , then

κ1 − κ5 = φ(κ2 − κ4)(68)

- (Dual inversion) If (κ1, κ2, κ3, κ4) and (κ1, κ2, κ3, κ
′
4) are two characteristic sequences of BI3 and B′

I3 ,
respectively, where B′

I3 is obtained from BI3 by the inversion through the dual circle orthogonal to the
circles corresponding to κ1, κ2, κ3, then

κ4 + κ′
4 = 2(κ1 + φ2κ2 + φ2κ3)(69)

4.8.5. Apollonian group. The symmetrized Apollonian group of the icosahedron is generated by

R0 =

 0 1 0 0
1 0 0 0
0 0 1 0
φ −φ 0 1

 R1 =

 1 0 0 0
0 0 1 0
0 1 0 0
0 0 0 1

 R2 =

 1 0 0 0
0 1 0 0
φ 0 −φ 1
1 0 −φ φ

 S =

 1 0 0 0
0 1 0 0
0 0 1 0
2 2φ2 2φ2 −1


The action by conjugation of ⟨R0,R1,R2⟩ on S gives a set of 20 matrices which generates the linear

representation of the icosahedral Apollonian group as a discrete subgroup of O{3,5}(Z[φ]).

4.8.6. Primitive Apollonian packings. If an icosahedral packing BI3 has a characteristic sequence of
curvatures (κ1, κ2, κ3) satisfying

κ1, κ2, κ3,
√
κ1κ2 + κ1κ3 + κ2κ3 ∈ Z[φ](70)

Error in the previous version then the curvatures of icosahedral Apollonian packing P(BI3) are in Z[φ].
The primitive triples of curvatures satisfying the previous condition are parametrized by

κ1 =
φ2(t2 + t3)t2

d
, κ2 =

φ2(t2 + t3)t3
d

, κ3 =
t21 − φ2t2t3

d
,(71)

where t1, t2, t3 ∈ Z[φ] coprimes and d = gcd
(
φ2(t2 + t3)t2, φ

2(t2 + t3)t3, t
2
1 − φ2t2t3

)
. In Figure 21, we

show two primitive icosahedral Apollonian gasket given by this parametrization.

0

0 -4
Figure 21. The icosahedral Apollonian packings generated by t1 = 1, t2 = 0, t3 = 0 ⇒
(κ1, κ2, κ3) = (0, 0, 1), and t1 = 1, t2 = −2 + 2φ, t3 = 4− 4φ ⇒ (κ1, κ2, κ3) = (−4, 8, 9).

It follows from the integrality conditions of the tetrahedron (49) and the icosahedron (70), that any
primitive triple of characteristic curvatures generates both a tetrahedral and an icosahedral Apollonian
gaskets (see Figures 12 and 21).
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4.9. Dodecahedron (p = 5, q = 3).

4.9.1. Canonical realization and centered arrangement projections. A canonical dodecahedron is repre-
sented in Figure 22. Its canonical length is ℓD3 = φ−2.

Figure 22. A canonical dodecahedron with the spherical illuminated regions.

In Figure 23, we show three dodecahedral packings obtained by centered arrangement projections of
a canonical dodecahedron.

Figure 23. (From left to right) Vertex-centered, edge-centered and face-centered arrange-
ment projection of the canonical dodecahedron.

4.9.2. Möbius spectrum. The Möbius spectrum of the dodecahedron is M(D3) = (λ
(1)
0 , λ

(16)
1 , λ

(3)
2 ) where

λ0 = −20φ4, λ1 = 0 and λ2 = 20φ2. It can be computed with the values in Table 4.

Graph distance 0 1 2 3 4 5

Inversive product 1 −1 1− 2φ2 1− 4φ2 1− 2φ4 1− 6φ2

Table 4. The inversive product compared to the graph-distance for dodecahedral packings.

4.9.3. Descartes’ theorem. The polytopal curvatures of a dodecahedral circle packing with respect to any
flag (v, e, f,D3) satisfy

(κv − κe)
2 + (7− 4φ)(κe − κf )

2 + (18− 11φ)(κf − κD3)2 = (5− 3φ)κ2
D3(72)

The Platonic quadratic form for the dodecahedron is given by the matrix

Q{5,3} =


1 −φ2 φ−1 −1

−φ2 φ4 −1− φ2 φ−1

φ−1 −1− φ2 φ4 −φ2

−1 φ−1 −φ2 1

(73)

which implies that any characteristic curvatures (κ1, κ2, κ3, κ4) of a dodecahedral packing satisfy

φ−1((κ1 + κ3)
2 + (κ2 + κ4)

2)+(κ1 − κ4)
2 + (κ2 − κ3)

2

+φ2
(
(κ1 − κ2)

2 + (κ2 − κ3)
2 + (κ3 − κ4)

2
)
= 2φ(κ1 + κ4)

2
(74)
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4.9.4. Linear relations on the curvatures. The set of curvatures of any dodecahedral packing BD3 satisfy
the following linear relations.

- (Face relation) If (κ0, κ1, κ2, κ3) correspond to four consecutive vertices in a pentagonal face, then

κ0 − κ3 = φ(κ1 − κ2)(75)

- (Characteristic sequences) If (κ1, κ2, κ3, κ4) and (κ2, κ3, κ4, κ5) are two characteristic sequences of
curvatures of BD3 , then

κ1 − κ5 = φ(κ2 − κ4)(76)

- (Dual inversion) If (κ1, κ2, κ3, κ4) and (κ1, κ2, κ3, κ
′
4) are two characteristic sequences of BD3 and B′

D3 ,
respectively, where B′

D3 is obtained from BD3 by the inversion through the dual circle orthogonal to
the circles corresponding to κ1, κ2, κ3, then

κ4 + κ′
4 = 2(κ1 − φ−1κ2 + φ2κ3)(77)

4.9.5. Apollonian group. The symmetrized Apollonian group of the dodecahedron is generated by

R0 =

 0 1 0 0
1 0 0 0
φ −φ 1 0
φ2 −φ2 0 1

 R1 =

 1 0 0 0
φ −φ 1 0
1 −φ φ 0
φ −φ2 1 1

 R2 =

 1 0 0 0
0 1 0 0
0 φ −φ 1
0 1 −φ φ

 S =

 1 0 0 0
0 1 0 0
0 0 1 0
2 2φ−1 2φ2 −1


The action by conjugation of ⟨R0,R1,R2⟩ on S gives the set of 12 matrices which generates a linear
representation of the dodecahedral Apollonian group as a discrete subgroup of O{5,3}(Z[φ]).

4.9.6. Primitive Apollonian packings. If a dodecahedral packing BD3 has a characteristic sequence of
curvatures (κ1, κ2, κ3) satisfying

κ1, κ2, κ3,
√
κ1κ2 + κ1κ3 + κ2κ3 − φκ2

2 ∈ Z[φ](78)

then the curvatures of Apollonian packing P(BD3) are in Z[φ]. The primitive triples of curvatures
satisfying the previous condition are parametrized by

κ1 =
t22 + t2t3

d
, κ2 =

t2t3 + t23
d

, κ3 =
t21 − t2t3 + φt23

d
,(79)

where t1, t2, t3 ∈ Z[φ] coprimes and d = gcd
(
t22 + t2t3, t2t3 + t23, t

2
1 − t2t3 + φt23

)
. In Figure 21, we show

two primitive dodecahedral Apollonian gaskets given by this parametrization.
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Figure 24. The dodecahedral Apollonian packings generated by t1 = 1, t2 = 0, t3 = 0 ⇒
(κ1, κ2, κ3) = (0, 0, 1), and t1 = 1, t2 = 1 + φ, t3 = −1 ⇒ (κ1, κ2, κ3) = (φ+ 1,−1, 2φ).
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5. Conclusions

5.1. Integral polytopes. We have explored the family of polytopal sphere packings, which are packings

in R̂d carrying a rich structure induced by an edge-scribable (d+1)-polytope, with d ≥ 2. Specifically, the
vertices, edges and facets of the polytope correspond to spheres, tangency relations, and dual mirrors of
the packing, respectively. The action of the group generated by the dual mirrors on the packing gives an
infinite arrangement of spheres which, in certain cases, results in an integral Apollonian packing. While
it remains unknown which polytopes are integral2, in the sense that they admit an integral Apollonian
packing, significant progress has been made for polyhedra. Based on the work on crystallographic sphere
packings due to Kontorovich and Nakamura [KN19], Chair, Cui and Stier gaved in [CCS20] the list
of the only 10 integral uniform polyhedra, and defined the glueing operations on polyhedra preserving
integrality. We wonder if a similar list and operations can be defined in higher dimensions.

5.2. Polytopal Descartes’ theorem. Descartes’s theorem is a central algebraic tool used to study
integral Apollonian packings. In this paper, we present a Descartes’ theorem for polytopal sphere pack-
ings that arise from uniform polytopes. The equation we obtain encompasses several generalizations of
Descartes’ theorem, and we can express it in terms of the geometry of the polytope. This enables us to
obtain integrality conditions from the combinatorial information of the polytope without the coordinates
of an initial packing, as we have done for the truncated tetrahedron depicted in Figure 3.

In the first version of this paper, the polytopal Descartes’ theorem was restricted to regular polytopes
exclusively. However, we later discovered that the same formula is also valid for uniform polytopes,
and we are confident that it could be extended to other families, such as the quasi-uniform polytopes.
These polytopes are obtained by replacing the vertex-transitive condition with vertex-congruence, which
means that all vertex-figures are Euclidean congruent. In dimension 3, there is only one quasi-uniform
polyhedron that is not uniform: the 37th Johnson solid [Grü+03]. We have checked that for this
polyhedron the polytopal Descartes’ theorem holds.

5.3. Regular polytopes and beyond. We have studied the polytopal Apollonian packings arising from
Platonic solids as the simplest family of polytopes to which the polytopal Descartes’ theorem applies.
Analogue constructions for the regular polytopes in higher dimensions are investigated in [Ras21]. One
of the advantages of the regular case, is that the polytopal Descartes’ theorem yields a unique quadratic
form for the polytopal curvatures with respect to the faces of any flag. In the case of non-regular uniform
polytopes, there is a different quadratic form for each class of flags up to symmetry. We believe that it
would be interesting to study the nature of the quadratic forms arising from uniform polytopes in every
dimension.

5.4. Möbius spectrum of polyhedral graphs. Spectral techniques, which rely on the eigenvalues and
eigenvectors of the adjacency or Laplace matrices of graphs, have proven to be powerful and effective
tools for studying various graph properties. In this vein, we have defined an spectral invariant for edge-
scribable d-polytopes, which we call the Möbius spectrum, for every d ≤ 3. Steinitz’s well-known theorem
[Ste28] states that the graph of a polyhedron is a 3-connected simple planar graph, which is also known
as a polyhedral graph. Given that all polyhedra are edge-scribable, the Möbius spectrum can be defined
for any polyhedral graph. We are curious whether the Möbius spectrum serves as a complete invariant
for edge-scribable polytopes, and particularly for polyhedral graphs.

Question 1. For any d ≥ 3, are there two combinatorially different edge-scribable d-polytopes with
same Möbius spectrum? In particular, are there two non isomorphic polyhedral graphs with same Möbius
spectrum?
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