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QUANTUM TRAJECTORY OF THE ONE ATOM MASER

T. BENOIST, L. BRUNEAU, AND C. PELLEGRINI

ABSTRACT. The evolution of a quantum system undergoing repeated indirect measurements natu-
rally leads to a Markov chain on the set of states which is called a quantum trajectory. In this paper
we consider a specific model of such a quantum trajectory associated to the one-atom maser model.
It describes the evolution of one mode of the quantized electromagnetic field in a cavity interacting
with two-level atoms. When the system is non-resonant we prove that this Markov chain admits
a unique invariant probability measure. We moreover prove convergence in the Wasserstein metric
towards this invariant measure. These results rely on a purification theorem: almost surely the
state of the system approaches the set of pure states. Compared to similar results in the literature,
the system considered here is infinite dimensional. While existence of an invariant measure is a con-
sequence of the compactness of the set of states in finite dimension, in infinite dimension existence
of an invariant measure is not free. Furthermore usual purification criterions in finite dimension
have no straightforward equivalent in infinite dimension.
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1. INTRODUCTION
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Quantum trajectories describe the evolution of a quantum system undergoing repeated and in-
direct measurements. An indirect measurement means that a direct measurement is performed on
an auxiliary system, called probe or ancilla, after it has interacted for some time with the system
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we are interested in, see e.g. [HRO06]. The physical paradigm of quantum trajectories is proba-
bly the one atom maser model [FJM86a, CDG92, MWMS85, WVHW99, WBKMO00|, and some of
its subsequent elaborations [DRBH87, GK07, RH05, RBHO1|. Here, the system of interest is the
quantized electromagnetic field in a cavity through which a beam of atoms, the probes, is shot in
such a way that, at least with very high probability [HBR97|, no more than one atom is present in
the cavity at any time. Such systems play a fundamental role in the experimental and theoretical
investigations of basic matter-radiation processes. They are also of practical importance in quantum
optics and quantum state engineering [MWMS85, WVHW99, WBKMO00, RH05, VAS93]. So-called
“One-Atom Masers”, where the beam is tuned in such a way that at each given moment a single
atom is inside a microwave cavity and the interaction time 7 is the same for each atom, have been
experimentally realized in laboratories [MWM85, WVHW99, HR06]. These systems have also been
considered as an effective ressource of non equilibrium free energy or as a heat, work or information
reservoir [SSB17|. They are sometimes called Quantum collision models. For a recent review from
a more theoretical and experimental physics point of view we refer the reader e.g. to [CLGP22| and
references therein.

The one-step “interaction + indirect measurement” time evolution of the quantum system is
then conditioned to the measurement outcome. More precisely if the possible outcomes of the
measurement are labeled by w in some alphabet R, and the system is in the state described by
the density operator p, then w is observed with probability Tr(V,,pV.}) and the state of the system
becomes

VupVy
Tr(Vo,pVz)’

where the operators V,, satisfy the stochasticity condition Z VoV, =1

wER
Iterating this procedure defines a Markov chain (p;)ieny on the set of states which is called a

quantum trajectory: after ¢ measurements with outcomes wy, . .., w; the state of the system becomes
Vi VipoVih oV
Tr (th o Vi po V- Vjt) ’

and this happens with probability Tr (th < Vi poVi, o Vjt).

On the mathematical side, and to the best of our knowledge, the study of the large time behavior
of quantum trajectories goes back to the pioneering works [KMO03, KM04, MKO06] (for continuous
time models one can also consult [Bar09] for a general introduction and [Bar03] for further results).
When the quantum system under consideration is finite dimensional, so that the p; are simply
non-negative matrices with unit trace, a key result in the theory is a purification theorem obtained
by Kiimmerer and Maassen in [MKO06]. Provided a suitable purification condition (Pur) holds
(see Remark 3.19, p.16) the state p; almost surely approaches the set of pure states (the rank 1
orthogonal projections which are also the extreme points of the convex set of states). This result
has been proven using a slightly different argument in [BFPP19] and then used as a key step to
prove the uniqueness of an invariant probability measure for quantum trajectories together with
convergence towards this invariant measure. The convergence is proven to be geometric in the
Wasserstein metric. A similar result for continuous time models has been proven in [BFPP21].

In this paper we consider a specific model of a quantum trajectory in which the system under
consideration is infinite dimensional. This model describes the one-atom maser experiment men-
tioned above, see Section 2.1 for a precise description. It was considered in [BP09, Brul4| but only
at the level of the averaged state, and without mention to quantum trajectories. The averaged state
at time ¢ is given by

Pt

Vi, - Vi poVi -V
E — t 1 w1 Wit
(pt) Z Tr (th Vi poVr - Vi )

Wt

x Tr (th Vi poVy, o Vjt)
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and can be written as E(p;) = £'(po) where £ denotes the, completely positive and trace preserving,
map defined on the set of states by

/.:(p) = Z prV:'

wER

The analysis of the map £, and in particular its large ¢ limit, is the main subject of [BP09, Brul4|,
see Theorem 2.2 at the end of Section 2.1. In the present article we study similar questions taking
into account the measurements outcomes, namely for the associated quantum trajectories.

One of the key notion for the investigation of this model is that of Rabi resonance, see Equa-
tion (2.6). Generically the system has no such resonance. In this case we prove a purification
theorem similar to the one in [MKO06] and existence and uniqueness of an invariant probability mea-
sure for the quantum trajectory as in the finite dimensional case of [BFPP19]. We moreover prove
convergence in the Wasserstein metric towards this invariant measure. The convergence relies in
part on the convergence result of the average state E(p;) = L(po). It was proven in [Brul4] that the
latter can be arbitrarily slow (this is related to the absence of a spectral gap for the map £). As a
consequence, here too one cannot expect any rate of convergence contrary to what happens in finite
dimensional systems. Note also that in finite dimension the set of density matrices is a compact
set. One of the crucial consequences is that there always exists at least one invariant measure (the
sequence of laws of the Markov chain is indeed tight). In infinite dimension this property is not
ensured and we bypass this problem by linking quantum trajectories and the invariant state of £
with a classical birth and death process. Concerning the purification property we show by hand
that quantum trajectories converge towards some subset of the pure states, namely the set of pure
Fock states. One of the main ingredients is a convergence theorem for martingales in Banach spaces.

When the system possesses Rabi resonances the first immediate consequence is the non uniqueness
of invariant probability measures. However this excludes neither purification nor convergence in law
towards an invariant measure. We prove partial results in this direction. In particular, when the
system possesses at least two pairs of consecutive Rabi resonances (called degenerate case in [BP09])
we prove that purification does not hold.

Finally let us stress that we are only concerned here with the state of the quantum system, and
not with the process describing the sequence of measurement outcomes themselves (see however
Theorem 2.9). These repeated measurements exhibit a rich mathematical structure. Numerous
considerations have been dedicated to limit theorems for the measurement outcomes. Notably, Law
of Large Numbers [KMO03|, Central Limit Theorems [AGPS15, vHG15, CP15] and Large Deviation
Principles [vHG15, CP15] have been derived. We refer the reader to e.g. [BJPP18, BCJP21| and
references therein for recent developments in this direction. Note that these results deal with finite
dimension. We mention [GvHCG] where a large deviation result is proven for the counting process
associated to a similar one-atom maser model in infinite dimension.

Our paper is organized as follows. In Section 2 we describe the one-atom maser model we consider
and state our main results, Theorem 2.4 concerning the invariant measure and the purification
Theorem 2.18. The proof of Theorem 2.18 is given in Section 3, while Theorem 2.4 is proven in
Section 4. Finally Section 5 is devoted to the resonant situation.

Acknowledgements. T. B. and C. P. were supported by the ANR project “ESQuisses”, grant num-
ber ANR-20-CE47-0014-01, the ANR project “Quantum Trajectories” grant number ANR-20-CE40-
0024-01 and the program “Investissements d’Avenir” ANR-11-LABX-0040 of the French National
Research Agency. C. P. is also supported by the ANR projects Q-COAST ANR-19-CE48-0003.

2. DESCRIPTION OF THE MODEL AND MAIN RESULTS

2.1. The one-atom maser model. The Hilbert space for the cavity field is

Hs = FJr(C)a
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the Bosonic Fock space over C. Its states are element of the set J; of density operators on Hg,
i.e. the set of positive semidefinite trace class operators on Hg with unit trace. We equip the space
J(Hg) of trace class operators on Hg with the usual trace norm denoted ||-||1. Then, (J(Hs),|-]l1)
is a Banach space. The system Hamiltonian is

Hg = egN = gpa’*a,

where a*, a are the creation/annihilation operators on Hs satisfying the commutation relation
[a,a*] = 1, N is the number operator and gy > 0 is the frequency of the considered mode. We
denote by (|n))nen the Fock basis. The vectors |n) are the eigenstates of the number operator N,
N|n) = n|n), hence of Hg, and the creation/annihilation operators act on them as

aln) = Vnln = 1), a*|n) = vVn+1jn +1).
For an introduction to Fock spaces we refer the reader e.g. to [AJP06, BR97, DG13].
The Hilbert space for a single atom is
Hat = C2.
Each of the atoms states are 2 x 2 density matrices. The Hamiltonian of a single atom is

H,; = b*b,

00
Bohr frequency between the atomic levels (we have set the lowest energy to 0 since it amounts
to an irrelevant energy shift). Stationary states of the atom can be parametrized by the inverse
temperature 8 € R and are given by the density matrices pu; := e #Hat /Tr e=#Hat, We will further
denote by |—), resp. |+), the ground, resp. excited state of an atom, namely Hyi|+) = ¢|+) and
H,|—)=0.

In the dipole and rotating wave approximation the interaction is given by

. e . 1 .
where b*, b denote the creation/annihilation operators on H,, i.e. b = <O >, and € > 0 is the

Hint =Ma"®@b+a®0b%), (2.1)

where A is (half of) the Rabi frequency. This leads to the Jaynes-Cummings Hamiltonian, see e.g.
[Ba99, CDG92, Du05|,

H=Hs® 1y + 1s @ Hyt + Hips.

The cavity will interact in a successive way with independent atoms, each for a duration time
7 > 0. If the cavity is in a state p before an interaction, the state of the joint cavity-+atom system
after interaction is therefore

P & Pat eiTH-

e—i'rH
To obtain the state of the cavity field one has to take the partial trace over the atomic part, and it
is thus given by

L(p) := Try,, [e_”H(p ® pat) eiTH] . (2.2)

The map L is the completely positive trace preserving (CPTP) map acting on Ji(Hs) describing
the evolution of the cavity field during one interaction (discarding any measurement outcome). Such
CPTP maps admit Kraus decompostions [Kr83]. An explicit computation, relying on the fact that
the Jaynes-Cummings hamiltonian commutes with the total number operator N ® 1t + 1s ® b*b,
leads to the following Kraus representation of the map L:

[’(p): Z Vaa’pvg*g’a

o,0' =%
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where the operators V. are given by

V. = pat(_)1/2 e*iTEN C(N), V_+ — pat(_)1/2 efi'rz-:N S(N + 1) a,

(2.3)
V+7 — pat("’)l/Q e—iTsN S(N) CL*, V++ _ pat(+)1/2 e—iTsN C(N + 1)*,
with
, sin(mv/EN + 1) 1/2 sin(m/EN + 1)
C(N) := cos(m\/EN + n) + in'/? , S(N):= / .
(N) (/&N +m) +in N n (N):=¢ N
Here n and & are respectively the dimensionless detuning parameter and coupling constant
AT\? A\ 2
n= 9 ’ f = — )
T T
with A = ¢ — gy the detuning parameter, and
1 e e
Pat(—) = T4 B Pat(+) = 11 B
are the probabilities that the atom enters in the cavity in its ground, resp. excited, state.
One can easily verify that
V;U/VUU/ - ]1, (24)

o,0' =%
which traduces the trace preserving property of the map L.

As we mentioned in the introduction, quantum trajectories describe the evolution of quantum
systems undergoing indirect measurements. We will come back to it in the next section but, even
without further going to quantum trajectories, such an indirect measurement sheds a light on the
above Kraus decomposition. If we perform a two-time measurement on the atom along the basis
{]-), [+)}, one before and one after its interaction with the cavity, this yields two results. The first
measurement gives a result o € {—,+} with probability pat(o), the atom being then in the state
|o)(o]. If the cavity is in the state p before the interaction, the second measurement gives then a
result o’ € {—, 4} with (conditional) probability

P(d'|o) =Tr (1s ® |0') (o' e ™ p @ |o) (o]e™) .
Altogether, the pair of results (o, 0’) occurs with probability
P(0,0") = pat(0) x Tr (1s @ o) {(c’| e ™ H @ 0) (J|eiTH) .

Introducing the operators Vg := pat(0)/2(1s @ (¢'|) e ™ (1s @ |o)) we may rewrite it as

P(o,0") = Tr Voo pV2),
and the state of the cavity is then, after the two measurements,

V ! V* /
plo,o’) = 7 e (2.5)
Tr (VUUIpVO'U’)

Note that the condition (2.4) ensures this defines a probability distribution on {—,+}2. It is then
easy to see that V,,s is indeed given by (2.3), in other words V,,s is associated to the atomic
transition from state o to state o/, and L(p) is then nothing but the expectation value

E(p) = Z p(o, UI)P(U7 U/)'
o,0'=+%

As mentioned in the introduction, an essential feature of the dynamics generated by the Jaynes-
Cummings Hamiltonian are Rabi oscillations. In the presence of n photons, the probability for
the atom to make a transition from its ground state to its excited state is a periodic function of
time. The circular frequency of this oscillation is given by v, := vV4X2n + A2. These oscillations
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are at the origin of what was called a Rabi resonance in [BP09]. Such a resonance occurs when the
interaction time 7 is an integer multiple of the period of a Rabi oscillation, i.e. 7 = kZ—: for some
k € N. A positive integer n is a Rabi resonance iff

én+n =k, (2.6)

for some positive integer k. Depending on the arithmetic properties of 1 and £ one easily proves
([BP09], Lemma 3.2) that the system has either no, one or infinitely many Rabi resonances. Ac-
cordingly, the system is called non-resonant, simply resonant or fully resonant. The latter two
correspond to situations where one, respectively infinitely many, splitting of the cavity occurs.

Definition 2.1. We say that the non-resonant condition holds if there is no Rabi resonance.

In this paper we shall mostly be concerned with the non-resonant situation. Except in Section 5
we shall assume that the non-resonant condition holds without further mentioning.

The large time analysis of this maser model, without measurements, has been studied in [BP09,
Brul4]. The main result is the following
Theorem 2.2 (|Brul4|, Theorem 3.4). Suppose the non-resonant condition holds and 5 > 0. Then

Pinv ‘= % is the unique invariant state of L and for any initial state p one has

lim H‘Ct(p) - pian1 =0. (27)

t—o00

Although it is not our main concern in this paper, these results about £ will be a key step in our
proofs.

Remark 2.3. 1) If 5 <0 there is no invariant state.
2) One cannot expect any general estimate on the convergence speed in (2.7), in the sense that it
can be arbitrarily slow, see [Brul4].

2.2. The quantum trajectory. The quantum trajectory we are interested in describes the evo-
lution of the cavity interacting with a sequence of atoms, each of which is subject to a double
measurement as described in Section 2.1. Each step gives as a result of the measurements a data
in R = {—,+}?, and conditionally to the results of the observation the evolution of the system is
updated. If at time t the state of the cavity is described by p; € J1 and if we have collected a result
(0,0") at the (¢t + 1)-st step, according to (2.5) the state of the cavity becomes

_ Vacr’ Pt V:o'/
Pt+1 Tr(Vyor pt V;JT) )

and this occurs with probability Tr(V,,ptVyes). As we shall see this describes recursively a Markov
chain (p;); which is the main subject of our paper.

Let us make more precise the probabilistic framework allowing us to study this Markov chain.
We denote by 2 = RN, an element of Q shall be denoted by w = (w1,ws, ...) where w; = (03, %)
describes the result of the j-th measurements. On this set we introduce the cylinder algebra O
generated by the cylinder sets. More precisely let t+ € N* and let (wi,...,w;) € RY, we denote
Aryow) = {2 € U5t 21 = wi,..., 2 = wi}. This is an elementary cylinder of size t. We then
define O; the sigma-algebra generated by all the elementary cylinders of size ¢ that is

Or=0 (A(wl,...,wt)v (Wiy...,w) € Rt) .

O=0 <tL€JNOt> :

This sigma-algebra describes actually the sequence of results of the entire measurement protocol.

Thus we have
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We introduce the random variables
Vi:Q —
W =
and
Wiw) = Vi(w) -+ Vi (),
for all w € Q and all t € N*. The quantum trajectory is then the Markov chain, defined on the set
J1 of density matrices over Hg, by

Ve (@)pu() Ve (@)
pr41(w) = N
Tr(Vigr(w)pe(w)Vig1 (w)*)
or in an equivalent way, and if p is the initial state of the cavity,
Wi(w)pWi(w)*
(o) = g )
Tr(Wi(w)pWi(w)*)
Note that p;(w) and Wi (w) actually depend only on wy, ..., w;, hence are O measurable. Moreover,
according to the previous discussion, if p is the initial state of the cavity then the probability that
one has obtained (w1, ...,w;) as the first ¢t outcomes of the measurements is
P(wr, .. wilpo = p) = Tr (Wilw)oWy (@) (2.8)

It follows, as mentioned in the introduction, that E(p:|po = p) = L(p).
If v denotes the counting measure on R, i.e.

n=2 o
YyER
the Markov kernel associated to this Markov chain is thus

VypVr
Il =) YT y
(pv S) ]15 <TI'(VypVy*)) r(V;JpVy )

YyER

VypVy, .
= [1s (T(W)) TH(Vy oV, du(y), (29)

where p € J1 and S € B the Borel sigma-algebra over 7.
Our main result concerns invariant measures for this Markov chain. We recall that if v is a
probability measure over (71,) then vII is the probability measure defined by

VII(S) = / M(p, S)dw(p),

and that v is Il-invariant if ¥IT = v. We equip the set of probability measures over (J1,8) with the
Wassertein metric of order 1. Using the Kantorovich-Rubinstein duality theorem, for two probability
measures v, Vo it can be defined by

Wi(v1, ) =sup{ [t~ [ o1 e Liplw} (2.10)

with
Lipi (1) ={f: 1 = R, [f(p) = f()| < llp—ell1}-

Theorem 2.4. Suppose the non-resonant condition holds and 8 > 0. Then
—+00
Viny = Y (1, Piny) 61y () (2.11)

n=0
is the unique Il-invariant probability measure and for any probability measure v over (Ji,B)

. t _
tliglo W (V1T vy ) = 0.
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In particular, (VI1Y);en converges weakly to Viy .

Remark 2.5. If the non-resonant condition holds and B < 0 there is actually no invariant measure,
see Corollary 4.4.

Remark 2.6. The proof of the convergence uses Equation (2.7). As mentioned in Remark 2.3 the
latter can be arbitrarily slow, hence one can not expect any rate of convergence in the above theorem.

The strategy of proof of Theorem 2.4 is similar to the one developed in [BFPP19]. As already
mentioned it partly relies on Equation (2.7). More precisely, the latter implies that the dynamical
system on 2 induced by the left-shift is strongly mixing in total variation — see Theorem 2.9. Then,
the trajectory (p¢); is consistently estimated as ¢ grows using a filter independent of the initial
state. Namely, it depends only on the realization w € Q. The consistency of the estimator (or
filter) is proved using purification of the quantum trajectories. The proof of purification is the main
innovation, as known proofs rely on compactness of the set of density operators, assumption that
is not verified for the one atom maser. The next section is dedicated to the dynamical system on
Q). The purification theorem is then given in Section 2.4.

2.3. Dynamical system properties. Let 6 :  — Q denote the left-shift (w); = wyy1. This
section is devoted to a result of mixing type for the dynamical system (£2,6). Note that it can be
easily generalized to arbitrary repeated quantum measurements using the instrument formalism —
see [DL70].

Let us start by defining some probability measures. They are defined by Kolmogorov extension
theorem. The condition of Equation (2.4) ensures the theorem can be applied.

Definition 2.7. For any state p € J1, let PP be the probability measure over ) defined by

P(0) = [ Te(o Wy ()W) ()
for any t € N* and O € O;.

In this definition pu; is the product measure of p on the first ¢ terms of the sequence w and an
arbitrary probability measure on the rest of the terms. The fact that O € O, ensures that the choice
of this “tail” probability measure is not relevant.

Remark 2.8. Note that the restriction of PP to Oy is nothing but the conditional probability distri-
bution in Equation (2.8).

We can now state the two main results of this section. The first one is a strong mixing result on
the measurement outcomes.

Theorem 2.9. Assume the non-resonant condition holds and > 0. Then for any state p € J1,
lim ||P? 0 @~ — PPinv||py =0
t—00

where || - |7y is the total variation norm.

The second result concerns the transfer of the notion of absolute continuity between states to
their associated probability distribution. We recall that if p and p are two states, p is said to be
absolutely continuous with respect to p, denoted p < p, if ker(p) C ker(g). In particular if p is a
faithful state then any state is absolutely continuous with respect to it.

Proposition 2.10. If p, o are two states such o < p then P¢ < PP. In particular if p is faithful
then P¢ < PP for all states o.

Remark 2.11. When p is faithful this result will be refined in the sequel by exhibiting the density
of P2 with respect to PP, see Proposition 3.15. We shall use the above proposition several time with
the faithful invariant state p = piny-
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Both these results are actually the consequence of an extension theorem for positive operator
valued measures (POVM).

Lemma 2.12. There exists a POVM P : O — B(Hs) such that for any state p € Jy and O € O,
PP(0) = Tr(pP(0)).
Proof. Let G = P(R) be the collection of all subsets of R (recall R is a finite set). For any ¢ € N*
let (RY, G®t, P,) be the positive operator valued measure (POVM) defined by
Pt(O) = / Voj1 T V(;tth T ledﬂ®t(wl, cee 7Wt)
O

for any O € G®*. Since for any O € G®, Equation (2.4) implies P,11(0O x R) = P,(O), the family of
POVMs (P;); is consistent. Then, [Tu08, Corollary 1| implies there exists a POVM (9, O, P) such
that for any O € O, P(O) = P;(O) where we denote O as an element of O; and as an element of
G®* with the same letter. Since R is finite, it follows that for any O € O, P?(O) = Tr(pP(0)). O

Note that the proof relies only on the fact that Kolmogorov’s extension theorem can be generalized
to POVM using Riesz’s representation theorem as done in [Tu08]. This lemma then implies the
following Lipschitz continuity of the family of probability measures (IP?),,.

Proposition 2.13. For all states p, 0 € Ji, the following holds
PP =Py < [lp — ol

This result has been given in [BFP23] in the finite dimensional setting. The proof is the same.
Since it is rather short we give it for the reader convenience.

Proof. Lemma 2.12 ensures there exists a POVM P such that for any O € O
PP(0) —P?(0) = Tr[(p — 0) P(O)].
Then Holder inequality for Schatten norms implies
[PP(0) =P¢(0)] < o= el [IP(O)]]
< o= ol

where || - || denotes the usual operator norm and we have used P(O) < Idy in the last line. O
We can now prove the two results of this section.

Proof of Theorem 2.9. By definition, for any O € O, P? 0 §71(0) = PP(R! x O). Then Lemma 2.12
leads to

PPof (0)= > Te(pVi - ViP(O)Wi, - V).
(w1,...,wt)ER?E

Using the cyclicity of the trace and the definition of £ we further have
P* 0 67H(0) = Tr(L!(p) P(0)) = PX'W(0)
and Proposition 2.13 together with Theorem 2.2 yield the result. O

Proof of Proposition 2.10. Let p, 0 be two states such that p < p, i.e. ker(p) C ker(p). If O € O is
such that P?(O) = 0 then, using Lemma 2.12 we have range(P(O)) C ker p. Hence range(P(0)) C
ker p and another use of Lemma 2.12 leads to P¢(0) = Tr(9P(0O)) = 0 and indeed P? < P”. O
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2.4. Purification. It is easy to see that the set of pure states is preserved along the trajectory.
Namely, if the initial state p is a pure state, i.e. p = |¢)(¢| for some unit vector ¢ € Hg, then p;(w)
remains a pure state for all t € N and w € Q. Even stronger, we shall see in Section 3.1 that if
this unit vector is a Fock vector |n) then p; remains a Fock state. As the result of Theorem 2.4
suggests, one can actually expect that starting from any state p the evolved state p;(w) approaches
a pure state, and moreover that the latter is a Fock state. When Hg is finite dimensional this
phenomenon is known as purification. The first proof of purification, under some suitable and
natural assumption, was published in [MKO06|. We refer the reader to e.g. [BFPP19| and references
therein for alternative proofs and more details. Our second main result, which is also the second
main ingredient in the proof of Theorem 2.4, is a precise formulation of the above heuristic.

One can infer from Equation (2.3) that, up to normalization, the operators V,,» map Fock states
to Fock states, see Equation (3.1), and more precisely (except V_,|0) which vanishes) map the state
|k) to either |k — 1), |k) or |k + 1) depending on (o, 0”). This is not surprising because of the form
of the interaction in the Jaynes-Cummings hamiltonian, see Equation (2.1). This will thus lead to
a natural birth and death Markov chain, see Section 3.1 for more details.

We actually construct explicitly a process on NU{—1} that we use to obtain the estimator of the
quantum trajectories mentioned at the end of Section 2.2. To construct this process we introduce
the following quantities.

Definition 2.14. For allt € N*, define sy : Q0 — Z as,

¢ 1 ifwy = (+,-),
st(w) = Z(S(wu) where  6(wy) =< —1 ifwy = (=, +),
u=1 0 otherwise.

The quantity sy(w) amounts for the total left or right shift induced by Wi(w) on Fock states.
Definition 2.15. For all k € N*, define the extinction times 7% : Q — N* U {+o00} by

(W) = inf{t > 1: Wi|k) = 0} (2.12)
for any w € Q. In the non resonant case this is equivalent to 7% = inf{t > 1 : k + s;(w) < 0}.
Definition 2.16. For allt € N*, define N, : N x Q — NU{—1} as follows. For w € Q:

] k4 si(w) ift < mF(w),
Ne(k,w) = { -1 otherwise.

This defines a family of O measurable random variables that we shall denote (Ny(k,.))ken ten=-

Remark 2.17. If the system is initially in the pure Fock state |k)(k|, then |Ny(k,w))(N¢(k,w)| is
the pure Fock state which is reached at time t if we have observed w (see Equation (3.5)), i.e. it is
such that Wik}

t W
N ) = @y Ry
ift < 78(w).

The state —1 plays the role of a cemetery state as if the extinction of the birth and death process
occurs and in that case Wi (w)|k) = 0. For all t and k, the map Ny(k,-) is clearly Op measurable
and then O mesurable.

As we shall see, the state 0 of the involved birth and death process is not absorbing (one can jump
from 0 to 1 with a positive probability). The state O of the birth and death process corresponds actually
to the Fock state |0). In particular it follows directly from Definition 2.7 that P|k><k|(7k <o00)=0
for all k i.e. starting from a Fock state k we always have TF = oo almost surely. In the sequel we
shall consider ™% when k is not the starting point and in this case one can have ™" < co with non
zero probability.
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We can now state our purification theorem.

Theorem 2.18. Suppose the non-resonant condition holds and B > 0. Then there exists a random
variable ne valued in N such that

(1) for any p € J1, the law of ne under PP is given by PP(ne = n) = (n,pn). In particular
Efmv ([noo)(nocl) = pinv,

(2) T = 400, PPinv-almost surely,

(8) For any initial state p € Jy the associated quantum trajectory

o thWt*
Pt = R STV
Te(WopW;)
satisfies, PP-almost surely and in L',
lim_[}p — |Ny(o,)) (Ne(oo, Iy = 0. (2.13)

t——+o0

The meaning of Equation (2.13) is that the state p; indeed approaches a pure state which is a Fock
state. More precisely, independently of the initial state of S the quantum trajectory asymptotically
approaches the one which starts from the (random) Fock state |no0(w))(neo(w)|. This evolved Fock
state | Ni(noo, .)) (Ni(noo, -)| Will be our estimator in the proof of Theorem 2.4. Note also that the
law of n, given the initial state p, is actually the Born’s rule law of a measurement of the number
operator N with respect to the same state p. Finally, remark that point (2) means that Prinv-
almost surely extinction does not occur when one starts from no.. Because piny is faithful, and due
to Proposition 2.10, it is also true P?-almost surely for any state p.

3. PURIFICATION OF THE TRAJECTORY

3.1. The quantum trajectory on Fock states. Using Equation (2.3) a simple computation gives
Ve |k} RV = pai(=) [1 — or] [K) (K], Vo [R)RIVE = pai(=) a [k = 1)(k — 1],
(3.1)
Vi [k)(RIVE - = pat(+) apgr [k + 1)k + 1], Vig [k)(E[VEy = par(+) [1— arga] [F) (K],

k
where oy, 1= sin?(7m/&k + 1) 3 ; € [0,1]. Hence the set {|k)(k|, k € N} is invariant along the

&k +
trajectory. More precisely, note that V_|0) vanishes and otherwise
Voo ’k> /
TV o = [k +d(0,0)),
Voo )]

where (o, 0") is the one-step shift introduced in Definition 2.14.
If we identify a Fock state |k)(k| with the integer k, the quantum trajectory is thus identified
with the classical Markov chain on N whose transition matrix P is given by

p(oa 0) =1- pat(+)a1a p(oa 1) = pat(+)a1?
and for k € N* by

p(k, k— 1) = pat(_)akv (3'2)
p(k,k+1) = par(+)apt1, (3.3)
plk,k) = 1—pkk—1)—p(k,k+1), (3.4)

and p(k, ¢) = 0 otherwise. The quantity p(k, ¢) denotes the probability that a transition from exactly
k to ¢ photons occurs in the cavity. Note that p(k,k — 1) and p(k — 1, k) vanish exactly when £ is
a Rabi resonance. Hence under the non-resonant condition they never vanish. This is exactly the
context of a classical birth and death processes. As we shall see, this classical Markov chain will be
central in our final result.
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Classical results about birth and death Markov chains — see e.g. [Brel3] — lead to the following
proposition.

Proposition 3.1. The Markov chain on N with transition kernel P = (p(k,?))ien is irreducible
and positive recurrent. Its unique invariant probability measure is

efkﬂs

=T o7 = ko pumck).

1Givbs (k)
Furthermore the Markov chain is aperiodic and for any probability measure p over N, lim; uPt =
UGibbs weakly.

Proof. An immediate consequence of the non-resonant condition is that for any k, £ € N, there exists
t € N such that P*(k,¢) > 0. A direct computation shows that the (not normalized) measure p
defined for any k£ € N by

k . .
)= [0 (Y

pat<_)

is invariant. It is finite therefore the Markov chain is positive recurrent. Irreducibility yields
tcives = 1/ (N) is the unique invariant probability measure. Since § > 0 and ag < 1, p(0,0) > 0
therefore the Markov chain is aperiodic. The convergence follows. g

Remark 3.2. This proposition can also be seen as a direct consequence of [Bruld, Theorem 3.4].
For p € Jh let p, be the probability measure defined by p,(n) = (n,pn). Then (n,L'(p)n) = p,P*
and the irreducibility and positive recurrence follow from limg ||[LY(p) — pinvlls = 0 remarking that
Hpin, = HGibbs-

Equations (3.1) together with Definitions 2.14, 2.15 and 2.16 imply that the above defined birth
and death Markov chains encodes the action of (W), on the set of Fock states. Namely,

i) Recall the extinction times 7% introduced in Definition 2.15. As already mentioned, for all
k we have PRI (7F < 4o0) = 0.
i) if 7%(w) = +o0o then, for any t,
Wi(w)[k) (kW (w)
Tr (Wi (w)[Fk) (kW (w))

= [Ne(k, w)) (Ni(, w), (3:5)

iii) if 7%(w) < +o0 then Equation (3.5) holds for ¢ < 7%(w). For t > 7%(w), from Definition 2.16,
Ni(k,w) = —1 and we denote by | — 1) an arbitrary unit vector in Hg which is not in
{Ik), k € N}.

The following lemma follows immediately from Definition 2.14.
Lemma 3.3. For k,m € N we have {7% = 400} C {7%+™ = +00} and, on {7% = +o0},
Ni(k+m,.) = Ni(k,.) +m, VteN.
We end this section with the consequence of the recurrence property on the quantum trajectory.

Proposition 3.4. For any k € N let Ay := {w| Ni(k,w) = k for infinitely many t € N}, and let
A = Uk Ag. Then PPinv(A) = 1. Moreover, for any w € A there exists a strictly increasing sequence
of integers (tj); such that for all k

o if T(w) = +oo then Ny, (k,w) =k for all j,
o if TF(w) < 400 then Ny, (k,w) = —1 for any j large enough.
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Proof. Let k € N. From Proposition 3.1, the recurrence property with g = J, means that
P*I* (4,) = 1. Hence PF*(4) = 1 for all k. Since piny = Z<k’,pinv/€>\k)(k], using Definition

k
(2.7), we get

Pree(A) = S (k, i k)P (4) = 1.
k
Take now w € A and choose [ such that w € A;. By definition, there exists a strictly increasing
subsequence (t;); such that Ny, (I,w) = [ for all j. In particular 7'(w) = +oo. Pick now k € N. If
7*(w) < 400, then Ni(k,w) = —1 for all t > 7% and the proposition holds, while if 7%(w) = +o0
the result follows from Lemma 3.3. O

3.2. A key martingale. This section is devoted to the analysis of a key martingale. While inspired
by the finite dimensional situation studied in [BFPP19], the fact that Hs has infinite dimension
imposes a more careful approach. Some arguments are based on the theory of Banach space valued
martingales. On this subject we refer the reader to e.g. [Pil6].

Definition 3.5. For all t € N*, [et
1 1
— piﬁlVWt*(w)Wt(w)piznv
Te(W; () Ws (&) )
Remark 3.6. The state piny 1S a faithful state so My(w) is a well defined state for any w.

My(w) (3.6)

The random operator M; is related to the polar decomposition of W;. Indeed, up to the nor-

malization factor /Tr(W(w)Wi(w)piny ) Mtl/2 is the positive part of the polar decomposition of
1/2
thin/v
Lemma 3.7. For any t € N and w € Q, the operator W} (w)Wi(w) is a bounded function of the
number operator N. As a consequence so is My(w).

. As such it inherits the following elementary, but important, property.

Proof. Tt follows from Equation (2.3) that for any 0,0’ € {4, —} the operators V* ,V,,+ are bounded
functions of N. Moreover for any bounded function f : N — C, af(N) = f(IN + 1)a. An induction
argument then proves that W (w)Wi(w) is a function of N. Since piny is also a function of N, see
Theorem 2.2, it follows that M;(w) is a function of N. O

As an immediate consequence we have the following decomposition result of the measures P?
which we shall use several times in the sequel. We have already used such a decomposition in the
particular case of PPinv in the proof of Proposition 3.4.

Lemma 3.8. For any p € J1 we have
PP — Zm’pnmln}(nl'
neN

Proof. Tt suffices to prove equality when applied on elementary cylinder sets A, . .,)- We then
have

P (Ar,on) = T(pW ()W)
= Y (W (@) W) )

neN

= Z(n, pn){n, Wi (w)W(w) n)
neN

= > (n,pm)PMUI (A, o)

neN
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where we have used that W;/W; is a function of the number operator in the third line. O

Before turning to the analysis of (M;); let us comment on its meaning. The Fock states are
eigenstates of piny hence, for all t € N* and n € N, one has

1 1
<7’L, piQHVWt*thiZHVn> = <TL, pinvn> x Tr (Wt*Wt‘n> <7’L|) .

On the right-hand side, the second factor is precisely the probability that we observe the first
t outcomes (wi,...,w;) if the initial state is |n)(n|, while the first one can also be seen as the
probability that we obtain |n)(n| if the initial state is distributed according to the invariant measure
Viny, see Equation (2.11). If on J1 x Q we consider the sigma algebras

F=B0, F=B:xO0, (3.7)
where we recall that 28 is the Borel sigma-algebra on J;, and introduce
P(S.00 = [ T (W)W ) dvn ()™ (). (39
XUt
then P defines a probability measure on (J; x €2, F) and we can write
1 1
(n, pit Wi (w)Wi(w)piyn) = P ({In) (0}, A, on)) - (3.9)
On the other hand,
Tr (W (W)W (w)piny) =P (T, Ar . on)) - (3.10)
With a slight abuse of notation we can therefore write
]P)(n;wlv s ,L{Jt)
M, = =P . . 3.11
<7’L, t(w)n> P(wl, o 7wt) (n‘wh 7wt) ( )

In other words (n, M;(w)n) can be interpreted as the probability to start in the Fock state |n)(n|
if the initial state is distributed according to the invariant distribution vy, and we have observed
(w1, ...,w) as the t first measurement outcomes.

Remark 3.9. The probability measure P is a special case, when v = viny, of the family P, we will
consider in Section /.

Lemma 3.10. The process (My); is a PPy uniformly bounded martingale in Jy. As a consequence
there exists Moo such that (My), converges in trace norm, PPinv-almost surely and in L' to M.

Proof. The main point is to prove the martingale property. The proof is an immediate adaptation of
the one in the finite dimensional case, see e.g. [BFPP19]. We provide it for the reader convenience.
Let Oy € Oy, then it follows from Definition 2.7 and Equation (3.6) that

IE:pinv [Mt+1 ]lot] - Mt+1dppinv
O xR

3 * * 1/2
= [ RV Ve W)l 4 ),
Ot XR
Then the consistency condition of Equation (2.4) implies
1

Ep,,, [Mir1lo,] = / 0 Wi () Wil(w)pht2 du® ()

Ot

— Mtd]P)pinv
Oy
= IEpinv [Mt ]lot] N

This proves (M) is a PPinv martingale.
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The convergence then follows from the general theory of Banach space valued martingales, see
e.g. [Pil6]. Since the space of trace class operators is a separable dual (it is separable since Hg is
separable and it is the dual of the space of compact operators on Hg) it is sufficient to prove that
(M;); is bounded in L' to get almost sure convergence in trace class norm, and that it is uniformly
integrable to get the L! convergence, see Theorem 2.9 and Corollary 2.15 in [Pi16]. These properties
follow directly from the definition of M; because ||[My(w)|[1 = Tr(M;(w)) =1 for any w € €. O

Remark 3.11. As mentioned, the use of My is inspired by the finite dimensional case. The main

difference is the presence of the two plln/f factors in the numerator. The reason for adding these
extra terms is related to the theory of Banach space valued martingales. While we can apply it in the
space J(Hs) of trace class operators, it is not valid in the space of bounded operators B(Hs). The
introduction of these factors will require some care later on: we will obtain Equation (2.13) first for
a suitable dense subset of initial states and then proceed via an approzimation argument.

Corollary 3.12. Let p € J1. Then (My;); converges in trace norm, PP-almost surely and in L,
towards M.

Proof. Since piyy is faithful, for all p € J7, Proposition 2.10 implies P? < PPinv. Hence the almost

sure convergence under P»v implies the one with respect to P?. The L! convergence follows using

Lebesgue’s dominated convergence theorem and || M1 = ||Ms|1 = 1. O
1 1

Remark 3.13. Following Lemma 2.12, actually Moo (w)dPPv (w) = p2 P(dw)ps,, where we recall

that P is the POVM such that dP?(w) = Tr(pP(dw)) for any p € Jh.

Remark 3.14. We can make the following observation relating (n, My(w)n), hence P(n|w, ..., w;),
to the extinction time 7" (w). Using again that |n) is an eigenvector of piny, it is easy to check that
(n, My(w)n) = P(n|wy,...,wr) =0 if and only if t > 7" (w). As a consequence,

(n, Moo (w)n) =0, Vw € {m" < 400}. (3.12)

Our main result about (M), which is the key step to prove Theorem 2.18, is the following.

Proposition 3.15. If the non-resonant condition holds and 8 > 0 there exists a random variable
Noo valued in N such that

My = N0 ) (Mool
Moreover for any p € J1,
dPP = (noepnos)  ppine

<7Loo ;Pinv noo>

and, for any n € N, PP(ne =n) = (n, p n).
Remark 3.16. This proposition is the analogue of Proposition 2.2 in [BFPP19].

Remark 3.17. Coming back to our probabilistic interpretation of My, the quantity (n, Moo (w)n) is
the conditional probability P(n|w) to start in the Fock state |n)(n| if the initial state is distributed
according to the invariant distribution vy, and we have observed the full sequence w of measurement
outcomes. The result of Proposition 3.15 says that P(n|w) is nothing but the delta measure at neo(w):
the knowledge of the full sequence of outcomes tells us where we started from (if the initial state is
distributed according to Vipy ).

The rest of this section is devoted to the proof of Proposition 3.15.

In the finite dimensional situation, the fact that My, is a rank one projection holds if and only if
a so-called purification condition holds. In our case the non-resonant condition implies the following
lemma which plays the role of purification condition, see the remark below.
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Lemma 3.18. Suppose the non-resonant condition holds. Then, for any n # m there exists s € N
and w € R? such that

[p>|m><m|(Aw) o+ [p)\n><n\(Aw),
where we recall that Ay, € Oy is the cylinder set associated to w € R°.

Proof. Assume without loss of generality that m > n, and set w = (—,+)™. On the one hand,
the non resonant condition implies PI™(™l(A,,) = H;n;()l p(m —s,m —s—1) > 0. On the other
hand PI™("(A,,) = H;”;Ol p(n —s,n—s—1) and m > n implies p(n — m,n —m — 1) = 0 so that
PI™"l() = 0 and the lemma is proved. O

Remark 3.19. In finite dimension the purification assumption is, see |[BEFPP19]:

(Pur) if m is an orthogonal projection such that, for any w € Q and t > 1,
TWi (w)Wi(w)m = A for some X € Ry then m is of rank one.

If 7 is an orthogonal projection, the condition “TW (w)Wi(w)m = A for some X\ € Ry " is equivalent
to “there exists A € Ry such that |[Wy(w)¢||?> = X for any unit vector ¢ € Ran(rw)”. That this holds
for all t and w therefore means that any initial state in the range of © leads to the same distribution
of probability on the sequence of outcomes, i.e. if ¢, € Ran(w) then PloXNl = plv) (¥l

The above lemma says that any two different Fock states lead to different probability distributions
on the sequence of outcomes. In our case that is sufficient to ensure purification as expressed in
Theorem 2.18.

In the sequel we shall use computation techniques which are reminiscent of the usual Bayes’
rule and total probability formula. Although it is not necessary, we believe that it will make the
computation more transparent if write it in a classical probability theory language. We have already
introduced

P(n;wi, ... wi) =P (In)(nl, Ay wn) > Plwr, - wi) =P (T, Ay, o)) and P(nfwr, ... wy),

with the obvious interpretation, see Equations (3.9)-(3.11). We further denote, for any n € N,
s,t € Nand (wi,...,wips) € RS,

P(le - awt-‘rs) o Tr(Wt+s(W)*Wt+s (w)pinv)

P . slwiy .., = = , 3.13

(Wet1, s Wits|wi wt) P(wr, ..., w) Tr(W (w) Wi (w) piny) ( )
P(n;wi, .. wies) (0 il Wess (@) Wess (@) piem)

P(n; e Wirs| W1y W) = = iny nv'/ 14

(N3 Weg1s -+ Wigs|wi wt) Plwr, ., w0) Tr(W (@) Wh (@) prme ) (3.14)

P(nswr, ... ow)  (n, prleWi(w)* Wi(w)pl2n)

P e = = = W (W)W, 3.15
(wla ,(,Ut’n) ]P)(n) <n7pinvn> <’I’L, t (w) t(W)TL>, ( )
and
1/2 X 1/2
P(n;wy, ... , Pl S, %% .
P(Wis 1, - - - s Wit |13 W1, -+ 1) = H(Dnyfle, , Whts) _ (n p1nv1/2t+s(w) t+5(w3/p21nvn>, (3.16)
(msor e sw) P () Wa(w)plf2m)
where we have used that |n) is an eigenstate of piny in Equation (3.15), and where Equation (3.16)
makes sense only if P(n;wi,...,w;) # 0. Note that all the other terms are always well defined
because pipy is faithful. By convention we have fixed P(wy,...,w;) =1 for t = 0.

All these quantities have transparent probabilistic interpretations, remembering that the ini-
tial state is distributed according to the invariant distribution vi,,. For example the quantity
P(wi,...,win) is the probability to observe the first ¢ outcomes wi,...,w; if the initial state
is |n) while P(wit1, ..., wits|n;wi, ..., we) is the probability to further obtain the s outcomes
Witl, -, Wers if we have previously observed wi,...,w; and started from state |n). Note that
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if the latter event occurs then at time ¢ the system is in the state | N;(n,w)), see Equation (3.5), so
that one expects that

IP’(th, e ,wt+3]n;w1, ‘o ,wt) =P (wt+1, ‘e ,wt+5|Nt(n,w)) . (317)

The following lemma shows that this is indeed the case and that the above notations are consistent
in the sense that they indeed allow to use the classical Bayes’ rule and total probability law.
Lemma 3.20. Let s,t € N* and (w1, ... ,wis) € RS,
(1) If n € N is such that P(n|w,...,w) #0, d.e. t < 7™(w), then Equality (3.17) holds and we
have the following Bayes’ rule

P(n|wi, ..., wirs) X P(wig1,- .-, wits|lwi, ... wi)

—P Wi Ni(n, ) 3.18
P(n|wi, ... w) (WH_h e ‘ t(n W)) ( )
(2) The total probability formula
P(Werts - wepslwr, o we) = Y P (@it wigs | Ne(k,w)) P(k|wr, -, wp) (3.19)
k
holds. In the right-hand side, Ny(k,w) = —1 when P(k|w,...,w) =0, i.e. t > 7F(w). We
therefore set P(wit1, ..., wi+s| — 1) = 0 without loss of generality.

Proof. 1) Using that |n) is an eigenstate of pi,, we immediately have from Equation (3.16)

(n, Wigs(w)* Weis(w)n)
(n, Wi(w)* Wi(w)n)

Pwigt1,. - wigrs|nswi, ... wy)

_ <TL, Wt(w)*(th+s e sz+1)*th+s : sz+1Wt(w)n>
[Wi(w)n)|[?

= (NVi(n,w), Vs = Vioer ) Verss =+ Viogat Ne(n, w))

= ]P)(Wt_ll_l,...,(&}t_i_s‘Nt(n,W)) ,

where we have used Remark 2.17 in the third line. Bayes’ rule (3.18) is then a direct computation
left to the reader using Equations (3.11), (3.13) and (3.16)
2) We can write

Tr(WtJrs( )WtJrs( )pinv)
Tr(Wi (w)Wi(w) piny)

e R P Wos (@) Wi o (@)t 2R)
= T R @) W)

P(thrlv s 7wt+s|wl7’ e awt)

k
_ Z (k’ W1,...,wt+s)
A P(wl,.. )
_ ZP(wtﬂa---7wt+s|Nt(kaw))P(k§w1a---awt)

P(wb s 7wt)

= ZP (wt+1, e ,wt+5|Nt(k,w)) ]P)(k‘u.)h NN ,wt),
k

where we have used the fact that (|k)); is an orthonormal basis to obtain the 2nd line, Equa-
tion (3.14) for the 3rd one, Equations (3.16)-(3.17) for the 4th one and Equation (3.11) for the last
one. u

Proof of Proposition 3.15. Let n € N. The sequence ({(n,Myn)); is then a bounded real mar-
tingale. Reproducing some arguments of the proof of Proposition 2.2 of [BFPP19], in particular
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Equation (17) and the arguments leading to the two following displayed equations, we have that for
all s e N

lim EPv[|(n, Myn) — (n, Mypsn)| | O =0, PPv-as. (3.20)

t—o00

Let us write this conditional expectation using Equations (3.9)-(3.11) and (3.13)-(3.16). For any
s,t € N* and w € Q) we have

|{(n, My(w)n) — (n, Mys(w)n)| = |[P(n|wy,...,w) — P(n|wr, ..., wis)| -
Taking the conditional expectation, for any s,t € N* and PPinv-almost all wq,...,w;, we get
B [[(n, Myn) — (n, M) |OF] (w1, -, wt)
_ / P(nlwi, . .. wt) = P(nlwi, .- ws ooy G| X PGy Colwts o) dU® (s G)

_ /SIP’(n|w1,...,wt)’]P’(Cl,...,Cs|w1,...,wt)—P(Cl,...,CS\Nt(n,w)) du®s(Cry. . G)

= /R P(njwr, ... ,wt)’ D PGl Gl Nelky ) )P (K|, ) — P(C1>--'a§s|Nt(naw))‘
k

dp®* (1, .., Q)
= /R n, My(w ‘ZHV@ Ve, INy (e, w)) || (k, My(w)k) — |’V<s"‘V<1|Nt(naw)>||2’ (3.21)

dM®S(C17 R Cl)a

where we have successively used Equation (3.13), Bayes’ rule (3.18), the total probability for-
mula (3.19) and finally Equations (3.11) and (3.15) in the last step.

Using Equation (3.20), since p has finite support and all the terms in Equation (3.21) are non-
negative, for PPinv-almost all w we have

Jim (2, My(w ‘ZIIV@ Vo [Ne (e, ) [ (k, My(w)k) = [V, -+ Voo [INe(n,w)) [P =0 (3.22)

for all s € N* and (y,...,(; € R.
Now, on the one hand, Corollary 3.12 implies for any k and Pfinv-almost every w,

Jim (&, My(w)k) = (k, Moo (w)k).

On the other hand, it follows from Proposition 3.4 that for Pfirv-almost every w there exists a
subsequence (t;); such that for all k either lim; Ny, (k,w) = k, if 7%(w) = 400, or lim; Ny, (k,w) =
—1, if 7%(w) < 4o0. Since (k, Moo(w)k) = 0 whenever 7%(w) < +oo, see Equation (3.12), for
IP’pmV-almost all w there exists a subsequence (¢;); such that for any s € N* and (1,...,{; € R,

lim (Vg - Vey [Ny, (k w)) [Pk, My, ()k) = (Ve -+ Ve [R) 1P (R, Moo (w)k), VR

j—+oo

where we have set |[V¢, -+ Ve, | = 1)[| = 0.
Considering the limit in Equation (3.22) along this subsequence we hence obtain that, PPinv-almost
surely, for all s € N* and (1,...,(¢ € R

| 2IVG. VNI Moof@l) = V5. Ve ] =

where we have used Proposition 3.4 for both the Ny, (k,w) and Ny, (n,w). Note that this expression
is also valid if we had lim; Ny, (k,w) = —1 for some k € N.
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At this stage all the computations and arguments are independent of the choice of n which has
been fixed at the beginning of the proof. Thus, for any n,m € N,

(n, (leVcs Ve, [RY P (ky Moo (w)k >_||VC5“‘V§1|7”L>H2) _ 0
(m. (Zuv@ Va0 Mo )b) — [Ve, -+ Ve lm) ) = 0.

Multiplying the first identity by (m, My (w)m), the second by (n, My (w)n) and substracting the
two this yields, for any m,n € N, s € N* and (3, ..., (s,

(1, Mao()) x {m, Mao(hm) x ([Ve, = Ve lm)|? = Ve, Ve m) ) =0 (3.23)
At this stage we can invoke Lemma 3.18 which plays the role of the purification assumption. Indeed,
Ve, - Ve fm)[[* = PP (A, ).

Taking (C1,...,¢s) = w such that PImI(A,) # PM¢I(A,) as allowed by Lemma 3.18, Equa-
tion (3.23) implies that, for any n # m,

(n, Moo (w)n) x (m, Moo (w)m) =0, PPm-as. (3.24)

Therefore, for PPinv-almost all w, there exists at most one n € N such that (n, M (w)n) # 0. Since
M, € Jy for all t € N and (M;); converges in trace norm we also have, PPinv-almost surely, that
My € J1. Hence there exists a unique n such that (n, M (w)n) # 0 and actually (n, My (w)n) = 1.
We denote it nso(w). Then Cauchy-Schwartz inequality for positive semi-definite operators implies
Mo = [noo) (oo

It remains to prove that P?(n., = k) = (k, pk) for any k € N and p € J1, and that

d]P)p — <n007p n00> d]P)pinv_

<noo 7Pinvnoo>

We first prove PPinv(no, = k) = (k, pinvk). For any k, the quantity (k,ns)? defines a Bernoulli
random variable with parameter PPnv(n., = k). Hence

]P)pinv (nOO — k) — ]Epinv ((k, nOO>2) — Epinv (<k7 Mook>) i
But, by definition of M;, we have EPinv(M;) = piyy for all ¢, and because (M;); converges in L' to

Mo we also have Efinv (M) = piny and hence PPinv(ny, = k) = (k, pinvk).
Now, for any n € N, because |n) is an eigenvector of pi,y it follows from Definitions 2.7 and 3.6

that dPI™l|p, = %d@pm\o Since (M;); converges in L'(PPinv) and in trace norm to My,
apinl — (1 Moctt) 4o (3.25)
<n7 pinvn>

Using Lemma 3.8 and (n, Mn) = 1, . we get the desired change of measure formula

dIP)p — <n007p n°0> d]P)pinv'

Moo ,Pinv oo

Finally, P?(n. = k) = (,i l’fﬂf>>IP’pan( Noo = k) = (k, p k) which ends the proof. O
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3.3. Purification. This section is devoted to the proof of Theorem 2.18.
WiW,
Let St =

———————— and U; denote the partial isometry in the polar decomposition of W; so
. Tr(WFWipiny)
that

Wi = ) Te (Wi Wepiar) US, .

Recall that, PPinv-almost surely, Tr(W; Wipiny) # 0 so that S; is indeed well defined.
1/2

We remark that S; is directly related to My, namely M; = p; ~ Stplln/v Actually, the same

argument as in Lemma 3.7 shows that S; is a bounded function of the number operator N. As a
consequence we actually have, PPinv-almost surely and for all ¢,

M} = gl pl2 (3.26)

t Pinv-
With a slight abuse of notation, we also denote by S; the associated function of the number operator.
In particular Stl/Q\n) (n]Stl/2 = S¢(n)|n)(n| for some scalar S¢(n) so for any Fock state one has
Win) (n|W = Te(WiWypiny ) St (n) U |n) (n|U;f. Hence, if Wi|n) # 0 we have
Wiln) (n|Wr

Te(Wiln) (n|Wy)
Lemma 3.21. The random wvariable no, defined in Proposition 5.15 satisfies 7' = 400, PPinv-
almost surely. As a consequence, for all t € N* one has

Utlnoo) (noo|Uy" = | Ni(nco, -)) (Ni(noo, - (3.28)

= Uy|n)(n|U}. (3.27)

PPinv _glmost surely.

Proof. Consider the quantum trajectory associated to the initial state pi,,. Then for all ¢ one has
Wi piny Wi
Tr(WFWipiny)
Since Uy is a partial isometry, it follows from Lemma 3.10 and Proposition 3.15 that

li - L =0, PP —aq.s.
i [lpr = Uilroe}(neel U7 1 =0, a.s

P = U8} pine SY2UF = UMUY .

Because p; is a state one has ||Uins)| = 1, i.e. Wine) # 0, for all ¢ (this holds apriori only
for ¢ large enough but hence for all ¢ by definition of the W;’s). The lemma then follows from
Equations (2.12)-(3.5) and (3.27). O

We will prove that Theorem 2.18 holds with ny, given by Proposition 3.15. Its law was given in
the proposition so together with the last lemma it proves the first part of the theorem. In view of
Equation (3.28) it only remains to prove that for any initial state p € J; one has

lim ||pr — Ui|neo) (neo|Uf |1 =0, PP —a.s.
t—o00

51/2 51/2
Using the polar decomposition of W; we may write p; = UtTUt and because U, is a partial
tp
isometry it actually suffices to prove that
5108,
; _ — P
tliglo T (Sip) Moo ) (Moo | 1 0, P —a.s. (3.29)
Formally, using Equation (3.26), one would like to write S, 1/2 pSl/ > as M 1/2Pmi/zppmxl,/ 2]\4,51/ % and
then use the result of Section 3.2 about (M);. However pml/ ppmi/ may not be well defined as

a bounded operator because pl:nl,/ % is not. We thus first consider states of the form p= pllr{VQ 111{3

where A € B(Hs). Because the set {,01/2 Y2 A€ B(Hs) s.t. A >0 and Tr[pinyA] = 1} is dense

mnv 1nv )
in J1 we can then use an approximation argument.



QUANTUM TRAJECTORY OF THE ONE ATOM MASER 21

Remark 3.22. Finite rank operators are dense in J; and because the Fock vectors |n) form an
orthonormal basis so is Span{|n)(m|, n,m € N}. This subspace is contained in {pilr{\?Apilrf, A e
B(Hs)} so that the latter is indeed dense in Ji.

1/2

Lemma 3.23. Let p € Ji and suppose there exists A € B(Hs) such that p = p;., Ap1/2

inv *

Then

TNoo, P T )
m X [noo)(nsol, PP — a.s,
o0y M1V Ivoo

where the convergence is in trace norm. In particular

<n<>07 pnoo>
<n007 ,Oinvnoo> ’

Col/2 Q12
Am S pSe =

lim Tr(S:p) = PPy — q.s.
t—r00

so that Equation (3.29) holds.
Proof. Since p = plln/f Apiln/f , it follows from Equation (3.26) that
S} 2 pSH? = M2 AN} 2
Using Lemma 3.10 and Proposition 3.15 we have tlim M; = |noo)(noo|, PPv-almost surely and in
—00

trace norm. Hence by continuity of the map J3 2 X — |X]1/2 € Ja, see e.g. [Si05, Example 2
Page 28|, (Mtl/ Z)t converges PPinv-almost surely to |neo)(neo| in the Hilbert-Schmidt topology. It
implies Mtl/QAMtl/2 converges weakly to M2 AMY? and lim, ||Mt1/2AMt1/2||1 = HM&{ZAM%ZHl
[PPinv_almost surely. Since Mt1/2AMtl/2 and MX2AMY? are positive semi-definite, [Si05, Theo-
rem 2.20| implies, PPinv-almost surely and in trace norm,

<n<>07 pnoo>

. 1/2 1/2
| M7“AM;* = A X = X
t—g—noo t t <n°°7 n00> |n00> <n00| <noo, ,Oinvnoo> |noo> <noo |7
where we have used that the |ny) are eigenstates of piny in the last step. O

To extend the previous lemma to arbitrary state p we require the following one.

Lemma 3.24. The sequence (S;); converges PP -a.s. in B(Hs) 0 Suo = (Moo, PinvTioo) ~ |Meo ) (Moo |
in the weak—x topology. In particular the sequence (St)y is bounded in B(Hs).

Proof. Using the same argument as in Lemma 3.10, for any p € J1, the sequence (Tr(Sip)); is a
non-negative (O);-martingale with respect to P?inv. Hence it converges PPinv-almost surely. Because
any trace class operator is the linear combination of at most 4 elements of 77 this proves the weak—:x

convergence and thus the boundedness of the sequence (S;). It remains to identify the limit.
1/2 4 1/2
p

When p is of the form p = p,/“Ap,’ = we know by Lemma 3.23 that

<no<>7 P noo>
<no<>7 pinvnoo>

1/2Apilrff, A € B(Hs)} is dense in J; the lemma holds. O

inv

3 — Pinv __
tl;gloo Tr(Sep) , P a.s.

Since the set {p

End of the proof of Theorem 2.18. It remains to prove that Equation (3.29) holds for any initial
state p.

Let p € Ji1. Givene > 0 let p = piln/priln/\?, A € B(Hs), be a state such that ||p — p|l1 <e. We
decompose

7208 _ 80— p)S)" | 5,758,
Tr(Sep) Tr(Sep) Tr(Sep)
(Moo, p1ioo)

<n007 pinvnoo>
Since (S¢); is bounded in B(Hs) by Lemma 3.24 this proves that the first term on the right hand

(3.30)

From Lemma 3.24, 7:lim Tr(Sp) = which is PP-a.s. non zero by Proposition 3.15.
—00
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side of Equation (3.30) is bounded PP-a.s. in trace norm by Ce (the constant C' may be random
but does not depend on t).
Now using Lemma 3.23 we have PPinv-a.s., hence PP-a.s. by Proposition 2.10, and in trace norm

tim S50/ = e Ploo) g |
n—oo Neo, pinvnoo>
(150, PNoo)
<noo7 Pinvnoo>
S5 ()
11m =
M8 (5] (e p71e0)

Using again that, PP-a.s., tlirn Tr(Sip) = # 0 we get that, PP-a.s. and in trace norm,
—00

X Moo ) (Moo -

All together, PP-a.s.,

s/%ps,"? [(noo: (7 — p) o) 1
limsup || 2t — — |neo) (nao|| < Ce + 22 2L < (C + ) E.
n—too || Tr(Sip) oo} tec 1 (Moo, p1co) (Moo, p1so)

Since this is true for any € > 0 it implies Equation (3.29).
Finally the L' convergence in Theorem 2.18 follows from the almost sure convergence and the
dominated convergence theorem. O

4. PROOF OF THEOREM 2.4

The strategy of the proof is similar to the one in the finite dimensional case. For the sake of
completeness and to be self-contained we recall some ingredients of [BFPP19|. Following [BEPP19]
we first need to introduce another family of probability measures. Recall that B is the Borel sigma
algebra on J; and F =B ® O is the extended sigma algebra on [J; x 2, see Equation (3.7).

Definition 4.1. For a given probability measure v on J1, we define the probability measure P, on
(jl X Q,]:) by

P, (S, O:) :—/S 5 Tr (Wi (w)pW; (w)) dv(p)du®(w),
XUt
for allt € N*, for oll S € B and all Oy € Os.

Remark 4.2. The family of measures P, generalizes the probability P defined in Equation (3.8) to
interpret the quantity (n, My(w)n).

There is a natural connection between the P,’s and the probability measures P? we have used so
far. Given a measure v on J; let

pv = Ey[p]
be the expected state. Then PP is the second marginal of PP, while its first marginal is clearly v.
As an immediate consequence of Proposition 2.13, for any bounded and O-measurable function f
and for any measures v and v,

s [f] = Eu[f1] < | fllocllpz — pull1- (4.1)

An important example is when v = v4,y. A direct computation gives that E,, [p] = pinv so that
the second marginal of P, , is P, i.e. for any O € O one has

]]‘:Dllinv ("71’ O) = ]];Dpinv (O)

The following lemma characterizes p, for II-invariant measures v. Recall that II denotes the Markov
kernel defined in Equation (2.9) and £ is the CPTP map describing the evolution of the cavity
without measurement, see Equation (2.2).

Lemma 4.3. For any probability measure v one has pyrt = L(py). In particular if v is an invariant
probability measure then p, in an invariant state for L.
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Proof. 1t suffices to write

VypVy
pull = / oo Lr(VypVy) du(y)de(p)
Jixr Tr(VypVy) (VopVy) duly)dr(

= / Vypu V) du(y)
R
= ,C(p,,)

and the lemma follows. O

Using Theorem 2.2 and Remark 2.3, the preceding lemma immediately gives the following infor-
mation about invariant measures.

Corollary 4.4. Suppose the non-resonant condition holds. If § > 0 any invariant probability
measure v satisfies py, = piny and if 8 < 0 there is no invariant probability measure.

Remark 4.5. The absence of invariant probability measure when § < 0 should not come as a
surprise. Besides the absence of invariant state for the map L, the restriction to Fock states is
naturally associated to a classical birth and death process exactly as in Section 3.1. Following the
proof of Proposition 3.1 one then obtains that this Markov chain is either transient, when 8 < 0, or
null recurrent, when = 0. In any case it has no invariant probability distribution.

Proof of Theorem 2./. Using Equations (3.1) and Proposition 3.1, the probability measure defined
by vinv({|n){(n]}) = pagibs(n) and viny(J1 \ {|n)(n| : n € N}) = 0 is a I-invariant measure. It
remains to prove it is unique and the convergence for any initial measure.

We first prove that v, is the unique invariant probability measure. Suppose v is an invariant
probability measure. Let f : 73 — R be a bounded uniformly continuous function (for the ||.||;
norm induced metric). We denote by E, the expectation with respect to IP,. For shortness we also
denote by po; the “asymptotic quantum trajectory”, i.e.

Poo,t = ’Nt(nooa ')><Nt(n00? )‘

As mentioned after Theorem 2.18 it is the quantum trajectory associated to the initial state po, =
[0 ) (Noo|. We will use it as a consistent estimator for the trajectory p;.
The invariance of v implies that for all ¢

E,[f(p)] = Eu[f(pe)]-

On the other hand, it follows from the purification Theorem 2.18, the uniform continuity of f and
Lebesgue dominated convergence theorem that for any probability measure v

lim E, [f(p0)] ~ Eulf (psos)] = 0. (4.2)

t——+o0

Moreover, because po ¢ is O-measurable and P?* is the second marginal of IP,, we have for all ¢

]Eu[f(poo,t)] =E> [f(poo,t)]'

Since v is invariant Lemma 4.3 implies p, = piny and all together,

E[f(p)] = 1im EZ[f(poc,t)]-

t——+00

The right-hand side does not depend on v so that E,[f(p)] = E,,,[f(p)] for any uniformly bounded
continuous function f. This proves that v = vy

We now prove the convergence in Wasserstein metric of vII' towards vi,,. Let f € Lipy(J1). By
the translation invariance of the dual definition of Wasserstein metric in Equation (2.10) we can
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assume f(piny) = 0. Since sup, ,e 7, [0 — oll1 = 2 we get |[flloc < 2+ [f(pinv)| = 2 so that f is
bounded uniformly continuous. For any s, u such that ¢t = s + u,
Evre [f(0)] = Bu [F (0]l = [Eoms [ (pu)] = o, [f (pu)]]
< Boms [f (pu)] = Bomrs [f (poou) 1| + [Busy [f (Po0,u)] — vy [f (0u)]
FEy1rs [ (Poou)] = B [f (Poc,u)]
Evris[lpu = pos,ullr] + Euyy, Il Poc,u = pulli]
FEurrs [ (Poou)] = B [f (Poo )]l (4.3)

where we have used that f € Lip;(J1) in the last step.
In the third term, because pso , is O measurable, combining Equation (4.1), Lemma 4.3 and the
fact that p,, = piny We have

|Eyms [f(POO,U)] —Eu,., [f(POO,u)” <2[|£%(pv) — pinv]l1-

Inserting in Equation (4.3) we therefore have, for any s and w such that t = s + u,

[Eyme[f(p)] — Eu,., [f(P)]] < Eupns[llpu — pOO,qu] + EVinv[Hpoo7u = pull1] + 21£%(pv) — pinvll1-

Note that this upper bound is uniform in f € Lip; hence, by the Kantorovich-Rubinstein duality
Equation (2.10), it is also an upper bound for Wy (vI1¢, vy ).

Fix now ¢ > 0. From Theorem 2.2, there exists sp € N such that 2|[£%(p,) — pinv|1 < €/3. Using
the L! convergence of Equation (2.13) twice, respectively with vI10 and vy, for u large enough we
have

IN

Euti (0w = pouli] S ¢/3 and By, [lpoc — pull] < /3.

All together, for all ¢ large enough,
Wi (VHta Vinv) <g,
which ends the proof. ([

5. THE RESONANT CASES

5.1. Rabi sectors. As we mentioned in Section 2.1, see Equation (2.6) and below, depending on
the arithmetic properties of the parameters & and n one may have zero, one or infinitely many
resonances. Up to now we have only considered the case where there is no such resonance. From a
dynamical point of view it is certainly the most interesting case because it then involves an infinite
dimensional system. The resonant situations are however not without interest. In particular we will
exhibit particular situations where purification fails.

The resonances then induce splittings of the cavity. More precisely if R(£,7n) denotes the set of
resonances, i.e.

R(&m) ={n€N|Jj €N, &n+n =}
and r = 1 + Card(R(&,n)), the Hilbert space Hs has a decomposition of the form

Hs = DHS,
j=1

where ng) =(*(I;) and {I;|j =1,...,r} is the partition of N induced by the resonances, namely

I,=N if R(n,&) is empty,
L={0,....,m — 1}, h={n;,n +1,...} it R(n,§) = {m},
L={0,....m =1}, b={ny,...,n2— 1}, ... if R(n,§) ={ni,na...}.

The resonances are exactly those values of n for which the transition probabilities p(n — 1,n) and
p(n,n—1) vanish, see Equations (3.2)-(3.3), inducing a similar splitting of the classical Markov chain
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considered in Section 3.1. Hg) is called the j-th Rabi sector, and we denote by P; the corresponding
orthogonal projection.

Although not obvious at this point, there is a particular subcase when infinitely many resonances
occur.

Definition 5.1. The system is called degenerate if there exists m € {0} U R(&,n) and n € R(&,n)
such that m <n and m+1,n+1¢€ R(&,n). In other words it is degenerate if there exist, at least,
two Rabi sectors of dimension 1. We shall denote N(&,m) ={n € {0} UR(&,n), n+1€ R(&n)}.

Remark 5.2. Degenerate systems exist. For ezample N(724,241) = {1,2} and N(840,1) = {1, 52}.
It is easy to prove (see [BP09|) that, for given & n, N(§,n) is a finite set and that is empty in the
perfectly tuned casen = 0, i.e. when the frequency of the cavity mode equals the atom Bohr frequency.
We refer to [BP09| for more details about degenerate systems.

For 8 € R, to each Rabi sector ’Hg) we associate the local Gibbs state
G _ R
Piny - Tr (efﬁsNPj)'
Note that, for g < 0, pl(f“), is a well defined state only for finite dimensional sectors. The following
theorem is the analogue of Theorem 2.2 in the resonant situations.

Theorem 5.3. 1. If the system has exactly one resonance and 5 > 0, the invariant states of L are

(1) (2)

inv inv’

Jim £4(p) = Te(pP1) pia, + Te(pP2) pion.

the convex combinations of p;.. and p Moreover for any state p one has

where the limit is in the trace norm.
2. If the system has infinitely many resonances and is non-degenerate, the invariant states of L

()

are the convex combinations of the p;..’s. Moreover for any state p one has

oo

. by ()

lim £4(p) = Z;TT(PPJ‘) Pin: (5.1)
]:

where the limit is again in the trace norm.

Remark 5.4. 1. The above theorem is essentially proven in |[BP09]. The only difference is that the
convergence was stated in the ergodic mean and in the weak topology. In the case of infinitely many
resonances the same proof as in [BP09| actually suffices. In the case of a single resonance it can be
proven using exactly the same approach as for the non-resonant case in [Brul4].

2. From a spectral point of view, in all but the degenerate case, 1 is the only peripheral eigen-
value of L and with corresponding eigenstates given by the local Gibbs states pl(r]“), and their convex
combinations. In the degenerate case there are additional peripheral eigenvalues. They are exactly
the e/Te+m)(=m) where n,.m € N(&,m), n # m. If these numbers are different from 1 then the
convergence (5.1) holds but only in the mean ergodic sense.

3. As we shall see below, the degenerate case has also some consequence at the level of quantum
trajectories. It provides a situation where purification then does not hold.

5.2. Invariant measures. In the resonant cases one then obviously loses the uniqueness of an
invariant probability measure for the Markov kernel II defined in (2.9). The probability measures

V) = > (n, P 10) 61

n=0
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associated to the local Gibbs states pi(ﬁ‘)/, as well as any of their convex combination, are indeed
all invariant. One can then expect that our convergence Theorem 2.4 can be adjusted in the spirit
of the above Theorem 5.3. For finite dimensional systems, this situation corresponds to the non
irreducible case considered in Appendix B of [BFPP19]. Mimicking the proof in Section 4 it is not
hard to see that, provided a purification result as in Proposition 3.15 holds and using Theorem 5.3
instead of Theorem 2.2, for any given probability distribution v on J; the sequence (VII*); converges
in the Wasserstein distance to 0

V= Z Tr(p Pj) v,

J

where we recall that p, = E,[p].

5.3. Purification. Throughout Section 3, and up to (3.23), we have used the non-resonant condi-
tion only when considering the classical birth and death process in Section 3.1, and in Lemma 3.18
which allows to go from Equation (3.23) to Equation (3.24). At the level of the classical chain,
the existence of resonances is related to a lack of irreducibility. Indeed, n € R(&,n) if and only if
p(n—1,n) = p(n,n—1) = 0. In any case this classical chain is however still recurrent and the only
change is in Lemma 3.3. The extinction time 7% = inf{¢t, |[W;|k)|| = 0} is now the first time where
the trajectory leaves the Rabi sector in which it started, i.e if |k) € Hg) is in the j-th Rabi sector
then
(W) = inf{t > 1, k+ s;(w) & {nj,...,nj41 —1}}.

We do not have anymore {7 = 400} C {7! = 400} when k < [, but the result of Lemma 3.3 holds
on {T% = 400} N {7¥+™ = 400} and, as a consequence, Proposition 3.4 remains true with exactly
the same proof. No matter if the system is resonant or not, Equation (3.23) therefore holds.

To understand whether we have a purification result the next step is thus to see if, for all n # m
there exists (3, ..., (s such that

Ve, - Veu [m) 1 # Ve, -+ Ve In) 1% (5:2)

This is exactly the step where we used Lemma 3.18. If it holds true then we have Equation (3.24)
and one can copy-paste the end of Section 3. Below we analyze Equation (5.2) and hence derive
necessary and sufficient conditions for purification, see Lemma 5.7.

Before we embark in that endeavour let us point out that Equation (5.2) is actually necessary for
purification.

Proposition 5.5. Let N be a maximal subset of N such that for any n,m € N, s € N* and any

C1>-"7Cs ER,

Ve, - Ve lm)|I* = Ve, -+ Ve Im) |12 (5.3)
Let Q be the orthogonal projector onto the closed subspace spanned by {|n) : n € N'}. Then, for any
state p € J1,

Qpinv Q@ >
Ind <Moo =——""| =Tr(pQ). 5.4
T (i) (rQ) (5.4)

Moreover, if Card N > 2, there exists p € J1 such that
inf  inf  ||pr—|o)(@|]1 =1, PP-a.s. (5.5)

teEN* gt || ¢[|=1
Remark 5.6. Purification holds if and only if for any maximal N, we have Card N’ = 1.

Proof. Fix p € J1. Equation (5.3) and the fact that M is a function of N imply that for any ¢ € N*,
QM:Q = é:’;%% Qpinv@ where n is an arbitrary element of V. Hence, using Corollary 3.12 we get
(n, Moon)

<7’L, pinvn>

QM Q = Qpinv@, PP-a.s.
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Since M, is also a function of the number operator N we have QMo = M@ so that My, < QpinyQ
if and only if (n, Moon) = 0 for any n ¢ N. Because M, has trace one, this automatically implies

that both statements are also equivalent to My, = %. Note in particular that (n, M. n) =
(1, piny1) Tr(piny@) # 0 for any n € N,
To prove Equation (5.4) we calculate PI™)("! <MOO = T?(’:;“V%)> for all n and then use Lemma 3.8.

The key remark is that P ((n, M,on) # 0) = 1 for all n € N. It follows directly from the change
{

%”nngd}?pim which is the generalization to the non-resonant case of

»HPinv

of measure formula dPI™{ =
the one given in Proposition 3.15, see Equation (3.25).
Suppose first n ¢ N. From the above equivalence, PI™ ™l ((n, M ,n) # 0) = 1 implies

In) (n] :Qpian>:
p <Moo So) =" (5.6)

Consider now n € N. Following the proof of Proposition 3.15, for any m ¢ N there exists
s € N* and (j,...,(s such that Equation (5.2) holds (recall N is maximal). Hence, for any
m & N, (n, Moon)(m, Mocm) = 0 PP-almost surely for any state p. In particular, using again
Pl ((n, Moon) # 0) = 1, we also have P ™l ((m, M, m) =0) = 1 for all m ¢ N. Therefore,
from the above equivalence,

In) :Qpian):
P (Moo B ) =1 (5.7)

Finally it follows from Equations (5.6)-(5.7) and Lemma 3.8 that

me"Q> = Z (n, pn) = Tr(pQ).

pe (Moo _
Tr(pinv Q) neN

It remains to prove Equation (5.5). Let m,n € A be distinct and chose p = £ (|m)(m| + [n)(n|).
Then Equations (3.1) and Equation (5.3) imply

pr(w) = %(Im + 5e(w)) (m + se(w)| + |1+ s¢(w)) (n + s1(w)])

for all ¢ and PP-almost every w, i.e. 2p;(w) is a rank 2 orthogonal projection. A simple computation

1
then shows that, for any such projection II and any unit vector ¢, one has 51‘[ —|o){(o||| > 1 with
1
equality if and only if ¢ € Range(II). Hence for all ¢ we have
inf - =1, Pl-as.
¢EH’H¢”:1||P1& [9) (21
O

We now turn to the analysis of Equation (5.2). If there is a single resonance then it holds for all
n # m. Indeed, let ny denote the unique resonance, then

(1) if ny < m < n, the result of Lemma 3.18 holds for those n and m, with the same argument
choosing all the (;’s equal to (—,+) and s = m — n;.

(2) ifn < ny < m, choosing all the (;’s equal to (+, —) with s = n;—n we have ||V, - - V¢, [n)||? =
0 while [[VZ, -~ Vi, [m)|[2 # 0,

(3) if n < m < nq, choosing again all the (;’s equal to (+,—) but with s = n; —m we have
IVe, -+ Ve lm)lI? = 0 while [V, - Ve, [md]2 £ 0.

Suppose now there are infinitely many resonances. If |n),|m) belong to the same Rabi sector
then the same argument as in case (3) above applies. If they are in two different sectors, let
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ng,n € R(E,n) such that ny, < n < ngy; and n; < m < ngy;. Choosing first all ;’s equal to (+, —)
and 0 < s < min{ngy1 — n,ny41 — m} we get that Equation (5.2) holds unless

N1 —n=ngp1 —m and  opyj = Qmqj, V5 € {0,...,ngp —n},

and where oy, is the one from Section 3.1. On the other hand, choosing all (;’s equal to (—,+) and
0 < s <min{n —n; —1,m — ni — 1} we get that Equation (5.2) holds unless

n—ng=m-—n; and on_j = am—j, Vj €{0,...,n—ng}.
Combining the two we therefore have the following

Lemma 5.7. There exists n # m such that for any (i,...,(s Equation (5.2) does not hold if
and only if there exists ni # n; € {0} U R(§,n) such that ngy1 — ng = nie1 — 1y and, for all

J€{0,...,ngp1 — ng}, one has oyt = Opyyj, i€
sin”(m ng+3)+n)-—0———=——=smn" (7w nm+)+n) 00— —. 5.8
(/& (ng + J) n)ﬁ(nk+1)+n (mv/&(n + j) 77)5(nz+1)+77 (5-8)

In other words if there exists two Rabi sectors which have the same dimension and the “same transi-
tion probabilities”. In this case (5.2) fails if and only if (n,m) € I x Ij is such that n—ng = m—mny.

Proposition 5.5 together with Lemma 5.7 give thus necessary and sufficient conditions for a
failure of purification. Degenerate systems provide examples where this situation occurs. Indeed, if
ng,n € N(&n) then ngy —ng =nyp1 —ng =1 and for j € {0,1} one has ay, +j = ap,+5 = 0. In
general, we do not know whether it is possible to find two Rabi sectors of dimension greater than 1
and such that Equality (5.8) occurs, except in the particular case n = 0 (perfectly tuned cavity).

5.4. Tuned cavity. In this section we suppose that n = 0. This corresponds to the situation where
the frequency eg of the cavity is perfectly tuned to the Bohr frequency e of the atoms. Using the
same argument as the one in [BP09] to study the peripheral spectrum of £, we prove that the
situation of Lemma 5.7 can not happen. As a consequence, in a perfectly tuned cavity purification
always holds.

As noticed in [BP09] the only possible consecutive resonances are 0 and 1. Indeed if n > 1 is
such that n and n + 1 are resonances there exists p, ¢ € N* such that &n = p? and &(n + 1) = ¢2.

As a consequence
n.__p
n+l gq

which contradicts the irrationality of the left-hand side. Hence there does not exist two Rabi sectors
of dimension 1.

Suppose now there exists nj < n; such that ng1—ng = nj 1 —n; = d > 2 and that Equation (5.8)
holds for j =0,...,d. Taking j = 1 we have

sin?(my/E(ny + 1)) = sin®(m\/€(ng + 1))

hence

VEm +1) £ /€ +1) =p

for some integer p > 0. Using that n; is a resonance there exists ¢ € N* such that £n; = ¢2. Dividing

the above identity by g we obtain
1 1
4 jre 1 _p [my + ‘
nj q np
ng +1 2 41 n+1
kt1l % putl op jutl
n q ) q ny

Squaring both sides leads to
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. . o . n;+1
which contradicts the irrationality of l .
ny

5.5. The degenerate case. We suppose throughout this section that the system is degenerate, i.e.
the set N(&,n) has at least two elements. Then N(&,7) is actually a maximal set A/ in the sense of
Proposition 5.5. As in this proposition, we denote by @) the orthogonal projection onto the closed
linear span of the one dimensional Rabi sectors, i.e.

Q:= Y [n)n] (5.9)

neEN(&m)

The degeneracy assumption amounts to Rank(Q) > 2.
Let O € O be defined by

Qﬂian }
O=3weN: Myuw)==——=7¢. 5.10
{ OO( ) Tl"(Pian) ( )
Proposition 5.5 ensure P?(0) = Tr(pQ) for any state p.
Using exactly the same reasoning as in Section 3.3, we omit the details which are left to the
reader, we can further deduce that for any state p and P?-almost every w € O one has

QpQ . .
Tr(pQ) "

where we recall that U; denotes the partial isometry in the polar decomposition of W;. At this point
we can actually further use Equation (2.3) to make more explicit the action of U; on Qp@Q.

For any p the quantity QpQ is a linear combination of |n)(m| with n,m € N(§,n). It thus suffices
to consider U|n)(m|U; for such n and m. Let n,m € N(&,n). There exists integers k, ¢, p, ¢ so that

Vén+n=k VEn+1)+n=10 VEm+n=p and VE(m+1)+n=q.

For any w € O, and with N, (y) the number of occurrences of y € R in w € Q up to time ¢,
Equation (2.3) then gives

lim
t—o00

=0,
1

pt — Uy

Ut(w)|n> <m|Ut* (w) _ efi'rs(nfm)t (_1)(k+p)Nt,w(**) (_1)(€+q)Nt,w(++) |n> (m‘

From Equation (5.6) we infer that PI*/(¥l(0) = 0 for any k & N (£, 7). On the other, for n € N(€,7),
it follows from a, = any1 = 0 that P™I(N, ,(£F)) = 0. Using Lemma 3.8 we derive that, for
PP-almost every w € O, Ny, (£F) = 0 hence Ny (——) + Npo(++) = t.

But p + k has the parity p? — k2 hence of £(m — n), and similarly for £ + ¢, so we finally have

Ut(w)|n) <m|Ut(w)* _ e—i(Te+€7r)(n—m)t|n> <m‘ _ e—z‘(er+7r§)Nt|n> <m|ei(5T+7r£)Nt.
We can summarize the results of the degenerate case in the following.

Proposition 5.8. Suppose the system is degenerate and let QQ and O be defined by (5.9)-(5.10). For
any initial state p, we have PP(O) = Tr(pQ) and the quantum trajectory starting from p satisfies

_e—i(ar+7r$)Nt QpQ ei(ET-Hrf)Nt

Tr(pQ) -0

Pt

t—o0

lim ‘

1

for PP-almost every w € O.
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