
HAL Id: hal-04525081
https://hal.science/hal-04525081v3

Preprint submitted on 14 Apr 2025

HAL is a multi-disciplinary open access archive
for the deposit and dissemination of scientific re-
search documents, whether they are published or not.
The documentsmay come from teaching and research
institutions in France or abroad, or from public or pri-
vate research centers.

L’archive ouverte pluridisciplinaireHAL, est des-
tinée au dépôt et à la diffusion de documents scien-
tifiques de niveau recherche, publiés ou non, émanant
des établissements d’enseignement et de recherche
français ou étrangers, des laboratoires publics ou
privés.

HAL Authorization

Invariant kernels on the space of complex covariance
matrices

Salem Said, Franziskus Steinert, Cyrus Mostajeran

To cite this version:
Salem Said, Franziskus Steinert, Cyrus Mostajeran. Invariant kernels on the space of complex covariance
matrices. 2025. ⟨hal-04525081v3⟩

https://hal.science/hal-04525081v3
https://about.hal.science/hal-authorisation-v1/
https://about.hal.science/hal-authorisation-v1/
https://hal.archives-ouvertes.fr


Invariant Kernels on the space of
Complex Covariance Matrices

Salem Said salem.said@univ-grenoble-alpes.fr
Laboratoire Jean Kuntzman
Université Grenoble-Alpes
Grenoble, 38400, France

Franziskus Steinert franziskus.steinert@gmail.com
Cyrus Mostajeran cyrussam.mostajeran@ntu.edu.sg
Division of Mathematical Sciences
School of Physical and Mathematical Sciences
Nanyang Technological University
21 Nanyang Link, 637371, Singapore

Abstract
The present work develops certain analytical tools required to construct and compute
invariant kernels on the space of complex covariance matrices. The main result is the L1–
Godement theorem, which states that any invariant kernel, which is (in a certain natural
sense) also integrable, can be computed by taking the inverse spherical transform of a
positive function. General expressions for inverse spherical transforms are then provided,
which can be used to explore new families of invariant kernels, at a rather moderate com-
putational cost. A further, alternative approach for constructing new invariant kernels is
also introduced, based on Ramanujan’s master theorem for symmetric cones. This leads to
a novel closed-form invariant kernel, called the Beta-prime kernel. Numerical experiments
highlight the computational and performance advantages of this kernel, especially in the
context of two-sample hypothesis testing.
Keywords: kernel method, covariance matrix, Bochner’s theorem, symmetric space,
spherical transform, Ramanujan’s master theorem, two-sample test
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1 Introduction

Positive definite kernels, and especially invariant positive definite kernels, play a prominent
role across probability, statistics, and machine learning. Bochner’s theorem characterizes
the class of invariant positive definite kernels or (equivalently) the class of positive definite
functions : a function f : RN → C is positive definite if and only if it is the inverse Fourier
transform of some finite positive measure.

Recent research in machine learning and data science has focused on invariant positive
definite kernels which are defined on non-Euclidean spaces (rather than on RN as in Bochner’s
theorem) (Azangulov et al., 2024b,a; Da Costa et al., 2023, 2024). In turn, this revived
interest in non-Euclidean generalizations of Bochner’s theorem, due to Godement, Gelfand,
and others (Godement, 1958; Yaglom, 1961). In (Da Costa et al., 2023), the Lp– Godement
theorems (where p = 1, 2) were introduced, in order to deal with integrable invariant kernels
defined on non-compact Riemannian symmetric spaces. These are somewhat similar to
Bochner’s theorem, with the role of the Fourier transform played by the so-called spherical
transform.

The aim of the present work is to apply the L1– Godement theorem, in order to construct
and compute positive definite functions on the space of complex covariance matrices. Our
contribution is to develop the analytical results and tools that make it possible to work
with spherical transforms on this space. We derive general expressions for inverse spherical
transforms, which can be used to systematically explore new families of invariant positive
definite functions with remarkable efficiency. We also develop an alternative approach for
obtaining invariant positive definite functions in the form of spherical power series, based on
Ramanujan’s master theorem for symmetric cones. This is used to construct a novel closed-
form invariant positive definite kernel with highly favorable computational properties, which
we highlight through numerical examples. The results represent a significant advance in the
theory and computation of positive definite kernels on spaces of covariance matrices.

Necessary background material is covered in Section 2. This begins with two definitions,
invariant positive definite kernels and U -invariant positive definite functions. Proposition 1
shows that these two concepts are in fact equivalent (below, for brevity, the term "kernel"
will mean positive definite kernel). Section 2 also discusses the Riemannian geometry of the
space of complex covariance matrices, which is indeed a Riemannian symmetric space.
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Section 3 is concerned with the spherical transform on this space. Roughly, this is an
expansion of integrable U -invariant functions in terms of eigenfunctions of the Laplace-
Beltrami operator, called spherical functions (Helgason, 1984; Faraut and Korányi, 1994).
Proposition 2 provides a closed-form determinantal formula for these spherical functions, a
slight generalization of the classic Gelfand-Naimark formula (Gelfand and Naimark, 1950),
while Proposition 3 expresses the spherical transform itself, along with its inverse, in the form
of a multiple integral. The following Proposition 4 is the first application of Proposition 3.
It computes explicitly the spherical transform of a Gaussian function.

Section 4 comes to the main issue of applying the L1– Godement theorem. In (Da Costa
et al., 2023), this theorem was stated under restrictive assumptions, which are not satisfied
in the present work. Theorem 5, along with its proof in Appendix C, make up for this
problem. Proposition 6 shows how Theorem 5 can be used to construct and compute U -
invariant positive definite functions. Specifically, the integrable U -invariant positive definite
functions are exactly the inverse spherical transforms of a certain class of positive functions.
Formulas (23) and (24) provide general expressions for these inverse spherical transforms.
To generate a new positive definite function, it is enough to plug a suitable positive function
into one of these two formulas.

Section 4 closes with three examples. The first one showcases an application of Formula
(23). The second one uses (24) in order to compute the heat kernel (on the space of complex
covariance matrices) in closed form. The last one combines Proposition 4 and Theorem 5 to
prove that a Gaussian function cannot be positive definite.

Section 5 features Proposition 7, which shows how U -invariant positive definite functions
can be obtained in the form of spherical power series, through an application of Ramanujan’s
master theorem for symmetric cones (Ding et al., 1996). An example of a positive definite
function obtained in this way is the so-called "Beta-prime" function (see Expression (33)).
The corresponding kernel will be called the Beta-prime kernel.

Section 6 is concerned with numerical experiments and applications. It begins with a
computational comparison of the Beta-prime kernel to a prominent class of kernels from the
literature, the heat and Matérn kernels (Azangulov et al., 2024b). It then turns to the appli-
cation of kernel methods to two-sample hypothesis testing, highlighting the computational
advantages and performance capabilities of the Beta-prime kernel.

It is remarkable that several spaces of covariance matrices (real, quaternion, block-
Toeplitz, etc.) can be embedded into spaces of complex covariance matrices (eventually
of larger matrix size), in a way which preserves all the fundamental symmetry and invari-
ance properties. Therefore, any invariant kernel constructed using the methods proposed
in the present work immediately yields an invariant kernel on any of the above-mentioned
spaces. In this way, the contribution of the present work is to introduce a general means of
generating invariant kernels which admit analytical expressions and can be used on most of
the usual spaces of covariance matrices.
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2 General background

2.1 Positive definite functions

Denote by M the space of N×N complex covariance matrices. Specifically, these are N×N
Hermitian positive definite matrices. Moreover, denote by G the group of N ×N invertible
complex matrices, and by U the group of N ×N unitary matrices, a subgroup of G.

Recall that G acts transitively on M in the following way : g · x = gxg† for g ∈ G and
x ∈M (where † denotes the conjugate-transpose) (Guigui et al., 2023; Said, 2021). For this
action, U is the stabiliser of the identity matrix id ∈ M . In other words, g · id = id if and
only if g ∈ U .

A kernel K is a continuous function K : M ×M → C, such that for any x1, . . . , xn ∈
M (here, n = 2, 3, . . .), the n × n matrix with elements K(xi, xj) is Hermitian positive
semidefinite. The focus of the present work is on invariant kernels. These are kernels which
satisfy K(g · x, g · y) = K(x, y) for all g ∈ G and all x, y ∈ M (Azangulov et al., 2024b; Da
Costa et al., 2023).

It is convenient to study invariant kernels indirectly, by studying U -invariant positive
definite functions (Da Costa et al., 2023). A function f : M → C is called U -invariant if
f(u · x) = f(x) for all u ∈ U and x ∈ M . This means that f(x) = fo(ρ) where fo is a
symmetric function and ρ = (ρ1, . . . , ρN) are the eigenvalues of x : fo(ρ) remains unchanged
after any permutation of (ρ1, . . . , ρN).

If f is continuous, then it is called positive definite if, for any x1, . . . , xn ∈M (where n =
2, 3, . . .), the n×n matrix with elements f(x−1/2

i xjx
−1/2

i ) is Hermitian positive semidefinite.
The two concepts (invariant kernel and U -invariant positive definite function) are equivalent.

Proposition 1 If K is an invariant kernel, then the function f(x) = K(x, id) is U -invariant
and positive definite. Conversely, if f is a U -invariant and positive definite function, then
K(x, y) = f(y−1/2xy−1/2) defines an invariant kernel.

Proof : let f(x) = K(x, id). If u ∈ U , then f(u · x) = K(u · x, id) = K(u · x, u · id) because
u·id = id. However, if K is invariant, then K(u·x, u·id) = K(x, id). Therefore, f(u·x) = f(x)
and f is U -invariant. To see that f is positive definite, it is enough to note that

f(y−1/2xy−1/2) = K(y−1/2 · x, id) = K(x, y1/2 · id) = K(x, y)

where the first equality follows from the definition of g · x, by taking g = y−1/2, and the
second equality because K is invariant. Thus, for any x1, . . . , xn ∈ M , the matrix with
elements f(x−1/2

i xjx
−1/2

i ) is the same as the matrix with elements K(xj , xi), which is positive
semidefinite because K is a kernel. In addition, continuity of f follows from continuity of K,
and this ensures f is positive definite.

Conversely, let f be U -invariant and positive definite. This clearly implies that K(x, y) =
f(y−1/2xy−1/2) is a kernel. To see that this K is invariant, note that K(x, y) = fo(ρ) where
ρ = (ρ1, . . . , ρN) are the eigenvalues of y−1/2xy−1/2. These are the same as the eigenvalues
of y−1x because the two matrices are similar : y−1x = y−1/2(y−1/2xy−1/2)y1/2 . By the same
argument, K(g ·x, g ·y) = fo(ρ

′) where ρ′ = (ρ′1, . . . , ρ
′
N) are the eigenvalues of (g ·y)−1(g ·x).

However, this last matrix is similar to y−1x,

(g · y)−1(g · x) = (g†)−1(y−1x)(g†)

Therefore, ρ′ = ρ and K(g · x, g · y) = K(x, y), as required. ■
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2.2 Riemannian geometry

An explicit description of U -invariant positive definite functions relies on the Riemannian
geometry of M . Precisely, it relies on the fact that M is a Riemannian symmetric space
(Faraut and Korányi, 1994; Helgason, 2001).

Note that M is an open subset of H, the real vector space of N ×N Hermitian matrices.
Therefore, M is a differentiable manifold with its tangent space at any x ∈ M naturally
isomorphic to H. Now, with this in mind, consider the Riemannian metric on M ,

⟨v, w⟩x = Re [tr(x−1vx−1w)] v, w ∈ H (1)

where Re denotes the real part and tr the trace. This is the affine-invariant metric, which
was made popular by (Pennec, 2006). For any g ∈ G, the map x 7→ g · x is an isometry of
the metric (1). The same is true for inversion x 7→ x−1. These two facts together show that
M satisfies the definition of a Riemannian symmetric space.

The class of U -invariant functions behaves in a special way with respect to the metric (1).
For example, let vol denote the Riemannian volume element of this metric. If f :M → C is
an integrable U -invariant function (Said, 2021),∫

M
f(x)vol(dx) =

CN

N !

∫
RN
+

fo(ρ)(V (ρ))2
N∏
k=1

ρ−N

k dρk (2)

where f(x) = fo(ρ) is a symmetric function of the eigenvalues (ρ1, . . . , ρN) of x, and where
V stands for the Vandermonde polynomial. Here, and throughout the following, CN denotes
a positive constant that only depends on N and whose value is allowed to differ from one
formula to another.

Moreover, if L is the Laplace-Beltrami operator of the metric (1), and f is smooth and
U -invariant, then (Helgason, 1984; Faraut and Korányi, 1994),

Lf =
N∑
k=1

ρ2k
∂2fo
∂ρ2k

+ 2
∑
k<ℓ

ρkρℓ
ρk − ρℓ

(
∂fo
∂ρk

− ∂fo
∂ρℓ

)
+N

N∑
k=1

ρk
∂fo
∂ρk

(3)

Formulas (2) and (3) arise systematically from the Riemannian geometry of M , but they are
also familiar in certain problems of multivariate statistics and random matrix theory (Muir-
head, 1982; Mergny, 2022; Jonnadula et al., 2021).

To close the present section, consider a special case of the integral formula (2). Assume
that fo(ρ) factors into fo(ρ) = w(ρ1) . . . w(ρN) where w is an integrable function such that∫ ∞

0
|w(ρ)|ρ−N dρ <∞ and

∫ ∞

0
|w(ρ)|ρN−2dρ <∞

Then, the volume integral in (2) is convergent and admits a determinantal expression∫
M
f(x)vol(dx) = CN det

[∫ ∞

0
w(ρ)ρk+ℓ−Ndρ

]N−1

k,ℓ=0

(4)

This is an application of the Andréief identity, widely used in random matrix theory, and
was pointed out in (Santilli and Tierz, 2021).

5



Said, Steinert, and Mostajeran

Example : the expression (4) can be used to compute the Gaussian integral of (Said et al.,
2018, 2023)

Z(σ) =

∫
M

exp

[
−d

2(x, id)

2σ2

]
vol(dx) (5)

where d(·, ·) denotes the Riemannian distance induced on M by the metric (1). In (4), this
integral corresponds to w(ρ) = exp[− log2(ρ)/2σ2], which yields

Z(σ) = CN det
[
σe(σ

2/2)(k+ℓ−N−1)2
]N
k,ℓ=1

(6)

a formula due to (Santilli and Tierz, 2021), which will be both simplified and generalized in
the following section (see Proposition 4).

3 The spherical transform

The key ingredient which will be employed in constructing and computing U -invariant pos-
itive definite functions is the spherical transform. Roughly, this provides an expansion of
any well-behaved U -invariant function, in terms of eigenfunctions of the Laplace-Beltrami
operator (3), which are known as spherical functions (Helgason, 1984; Faraut and Korányi,
1994).

The set of all spherical functions is described as follows (Faraut and Korányi, 1994).
Consider first the power function, ∆s :M → C where s = (s1, . . . , sN) belongs to CN ,

∆s(x) = (∆1(x))
s1−s2(∆2(x))

s2−s3 . . . (∆N(x))
sN (7)

where ∆k(x) is the k-th leading principal minor of x ∈M . A spherical function is a function
of the form

Φλ(x) =

∫
U
∆λ+δ(u · x)du (8)

where λ ∈ CN and δk = 1
2(2k −N − 1), while du denotes the normalized Haar measure on

the unitary group U . Two functions Φλ and Φλ′ are identical if and only if (λ1, . . . , λN) is a
permutation of (λ′1, . . . , λ′N).

Each Φλ is U -invariant and an eigenfunction of the Laplace-Beltrami operator (3), with
eigenvalue (λ, λ)−(δ, δ) (Faraut and Korányi, 1994) (Theorem XIV.3.1). Here, and through-
out the following, (µ, ν) =

∑N
k=1 µkνk for µ, ν ∈ CN .

The first claim of the present section is that the spherical functions Φλ , while initially
given by the integral formula (8), admit the following determinantal expression.

Proposition 2 If λ ∈ CN and Φλ is given by (8), then

Φλ(x) =
N−1∏
k=1

k!×
det

[
ρλℓ+(N−1)/2

k

]N
k,ℓ=1

V (λ)V (ρ)
(9)

where (ρ1, . . . , ρN) are the eigenvalues of x and V stands for the Vandermonde polynomial.
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The proof of Proposition 2 will be given in Appendix A. Formula (9) will be called
the Gelfand-Naimark formula, as it is a slight generalization of the formula introduced by
Gelfand and Naimark (Gelfand and Naimark, 1950). The reason why the spherical functions
(8) admit the determinantal expression (9) is that the group G is here a complex Lie group.
This fact is the foundation of the proof in Appendix A.

Now, let f :M → C be an integrable U -invariant function (integrable means with respect
to vol, as in (2)). Its spherical transform is the function f̂ : RN → C,

f̂(t) =

∫
M
f(x)Φ−it(x)vol(dx) (10)

where i =
√
−1 (Faraut and Korányi, 1994). An inversion theorem for the spherical trans-

form (10) is given in (Faraut and Korányi, 1994) (Theorem XIV.5.3). Specifically, if f̂
satisfies the integrability condition∫

RN

|f̂(t)|(V (t))2dt <∞ (11)

then the following inversion formula holds,

f(x) = CN

∫
RN

f̂(t)Φ it(x)(V (t))2dt (12)

After substituting (2) and (9) into (10) and (12), the following is obtained.

Proposition 3 For the spherical transform pair (10)–(12),

f̂(t) =
CN

V (−it)
× 1

N !

∫
RN
+

fo(ρ)V (ρ) det
[
ρ−itℓ−(N+1)/2

k

]
dρ (13)

f(x) =
CN

V (iρ)
× 1

N !

∫
RN

f̂(t)V (t) det
[
ρitℓ+(N−1)/2

k

]
dt (14)

where f(x) = fo(ρ) is a symmetric function of the eigenvalues (ρ1, . . . , ρN) of x.

The proof of this proposition will not be given in detail, as it merely consists of performing
straightforward algebraic simplifications.

It is remarkable that the spherical transform does not involve all the spherical functions
Φλ but only the functions Φ it where t ∈ RN . These functions have in common the property
that they correspond to real, negative eigenvalues of the Laplace-Beltrami operator (3) : each
Φ it corresponds to the eigenvalue −(t, t)− (δ, δ). The spherical functions that do not appear
in the spherical transform are interesting in their own right. For instance, if λ + δ = m
where (m1, . . . ,mN) are positive integers arranged in decreasing order, then one has

Φλ(x) =

N−1∏
k=1

k!× Sm(ρ)/V (λ) (15)

where Sm denotes the Schur polynomial corresponding to (m1, . . . ,mN). Schur polynomials
are very important in the study of circular and unitary-invariant random matrix ensem-
bles (Mergny, 2022; Jonnadula et al., 2021; Meckes, 2019) (because they provide the irre-
ducible characters of the unitary group). In Section 5, below, they will appear within the
framework of Ramanujan’s master theorem.
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The following proposition is motivated by the study of the Gaussian integral (5). Specif-
ically, consider the integrals

Z(σ, λ) =

∫
M

exp

[
−d

2(x, id)

2σ2

]
Φλ(x) vol(dx) (16)

where Φλ was defined in (8). If λ = −δ then Z(σ, λ) is just Z(σ) from (5). On the other
hand, note that Z(σ,−it) = f̂(t) where f(x) = exp[−d2(x, id)/2σ2].

Proposition 4 The integrals (16) admit the following expression

Z(σ, λ) =
CN

V (λ)
× det

[
σ exp

(
(σ2/2)(δk + λℓ)

2
)]N

k,ℓ=1

= CN σ
N2
e

σ2

2
((λ,λ)+(δ,δ))

∏
k<ℓ

sch
(
(σ2/2)(λℓ − λk)

)
(17)

where sch(a) = sinh(a)/a.

The proof of Proposition 4 will be given in Appendix B. This proposition provides a simplified
form of (6),

Z(σ) = CN σ
N eσ

2(δ,δ)
∏
k<ℓ

sinh
(
(σ2/2)(ℓ− k)

)
(18)

as follows by replacing λ = −δ into (17). In addition, for the Gaussian function f defined
before the proposition, putting λ = −it gives the spherical transform

f̂(t) = CN σ
N2
e

σ2

2
((δ,δ)−(t,t))

∏
k<ℓ

sc
(
(σ2/2)(tℓ − tk)

)
(19)

where sc(a) = sin(a)/a.

4 Constructing invariant kernels

The L1– Godement theorem was introduced in (Da Costa et al., 2023). Roughly, this theorem
shows that U -invariant positive definite functions can be obtained by taking inverse spherical
transforms of positive symmetric functions.

Theorem 5 Let f : M → C be an integrable U -invariant function (integrable means with
respect to vol). Then, f is positive definite if and only if

f(x) =

∫
RN

g(t)Φ it(x)(V (t))2dt (20)

where the function g : RN → R is positive (g(t) ≥ 0 for all t), symmetric, and satisfies the
integrability condition ∫

RN

g(t)(V (t))2dt <∞ (21)

Moreover, this function g is then unique — recall that g is said to be symmetric if g(t)
remains unchanged after any permutation of (t1, . . . , tN).
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The proof of Theorem 5 will be given in Appendix C. As explained in (Da Costa et al.,
2023), the L1– Godement theorem is based on the celebrated Godement theorem, which
generalizes Bochner’s theorem to the context of symmetric spaces (Godement, 1958). The
only-if part of this theorem can be used to check whether a given function f is positive
definite or not. On the other hand, the if part can be used to construct and compute positive
definite functions. Indeed, note that (20) is essentially an inverse spherical transform as in
(12), with g(t) instead of f̂(t). Therefore, just as in (14), it is possible to rewrite (20),

f(x) =
1

V (iρ)
× 1

N !

∫
RN

g(t)V (t) det
[
ρitℓ+(N−1)/2

k

]
dt (22)

where (ρ1, . . . , ρN) are the eigenvalues of x. To obtain a positive definite function f , it is
then enough to choose a suitable positive function g and then evaluate the integral (22).

Proposition 6 Let g : RN → R satisfy the conditions of Theorem 5.

(a) Assume that g(t) factors into g(t) = γ(t1) . . . γ(tN), where γ is a positive function.
It follows from (22) that

f(x) =
(det(x))(N−1)/2

V (iρ)
× det

[∫
R
γ(t)tk−1eitsℓ dt

]
(23)

Here, sℓ = log(ρℓ) for ℓ = 1, . . . , N .

(b) Assume that the inverse Fourier transform

g̃(s) =

∫
RN

g(t)ei(s,t)dt (s1, . . . , sN) ∈ RN

is smooth. It follows from (22) that

f(x) =
(det(x))(N−1)/2

V (ρ)
× V

(
− ∂

∂s

)
g̃(s)

∣∣∣∣
sℓ=log(ρℓ)

(24)

where V (∂/∂s) is the Vandermonde operator V (∂/∂s) =
∏

i<j(∂/∂sj − ∂/∂si).

The proof of Proposition 6 is given in Appendix D.

Example : as an application of Proposition 6-(a), choose g(t) = γ(t1) . . . γ(tN) where γ(t) =
(κ/2) exp(−κ|t|) for κ > 0. Replacing into (23) and using elementary properties of the
Fourier transform,

f(x) =
(det(x))(N−1)/2

V (ρ)
× det

[
−γ̃(k−1)(log(ρℓ))

]
(25)

where γ̃(k−1) is the (k − 1)-th derivative of γ̃(s) = (κ2 + s2)−1 . Theorem 5 now says that
this f is a positive definite function. In fact, (25) provides a whole family of positive definite
functions, parameterized by κ.

9
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Example : while it looks a bit too complicated, Proposition 6-(b) can be used to compute
the heat kernel of M in closed form (Helgason, 1984; Lang and Jorgenson, 2001). This
corresponds to g(t) = exp[−κ((t, t) + (δ, δ))] with κ > 0. Now, for this choice of g(t), one
has the following inverse Fourier transform

g̃(s) =
(
(π/κ)N/2e−κ(δ,δ)

)
exp [−(s, s)/4κ]

and one may use a beautiful identity from (Lang and Jorgenson, 2001) (Chapter XII, Page
405)

V

(
− ∂

∂s

)
exp [−(s, s)/4κ] = (1/2κ)N(N−1)/2V (s) exp [−(s, s)/4κ] (26)

Replacing this into (24) yields the heat kernel (rather, f(x) = K(x, id) where K is the heat
kernel)

f(x) = Cκ (det(x))
(N−1)/2 × (V (log(ρ))/V (ρ)) exp

[
−| log(ρ)|2/4κ

]
(27)

where Cκ > 0 is a constant and | log(ρ)|2 = (log(ρ), log(ρ)). Of course, this f is a positive
definite function for each κ > 0, thanks to Theorem 5.

Example : recall the Gaussian function f defined before Proposition 4, with its spherical
transform f̂ in (19). Unlike the functions in the two previous examples, this one is never
positive definite. Precisely, there exists no value of σ for which it is positive definite. This can
be seen using the only-if part of Theorem 5. According to this theorem, since f is integrable
and U -invariant, if f were positive definite, its spherical transform f̂ would be identical
to the positive function g in (20), up to a constant factor. Indeed, because the spherical
transform f̂ in (19) satisfies the integrability condition (11), the inversion formula (12) holds
true. The fact that g = CN f̂ then follows by injectivity of the inverse spherical transform.
Now, to show that f is not positive definite, it is enough to show that f̂(t) < 0 for some
t ∈ RN . Choosing t such that t1 < . . . < tN , note that tℓ − tk ≤ tN − t1 for any k < ℓ, with
equality only if (k, ℓ) = (1, N). If tN − t1 ≤ π then f̂(t) ≥ 0, but as soon as tN − t1 > π,
then sc

(
(σ2/2)(tN − t1)

)
becomes the only negative term in the product on the right-hand

side of (19), and it then follows that f̂(t) < 0.

5 Applying Ramanujan’s theorem

Ramanujan’s master theorem for symmetric cones was stated and proved in (Ding et al.,
1996). Roughly, this theorem converts so-called spherical power series into spherical trans-
forms (or inverse spherical transforms). It is a generalization of the theorem obtained
by Ramanujan, which deals with classical (one-variable) power series and Mellin trans-
forms (Hardy, 1978). Here, the aim is to examine how this theorem can be used in order to
construct U -invariant positive definite functions. In the first place, this is possible because
the space M of N × N complex covariance matrices is indeed a symmetric cone (Faraut
and Korányi, 1994). Spherical power series will be expressed in terms of complex zonal
polynomials (Takemura, 1984). The Schur polynomials Sm from (15) in Section 3 can be
normalized to obtain new polynomials Zm with the property that

(tr(x))n =
∑

[m]=n

Zm(ρ) where [m] = m1 + . . .+mN

10
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for any positive integer n. These are the complex zonal polynomials, and a series of the
following form

F (x) =
∑
m

(−1)[m]

[m]!
a(m)Zm(x) (28)

will be called a spherical power series (the sum is over positive integers m1 ≥ . . . ≥ mN ≥ 0).
Ramanujan’s master theorem can be used to prove the following Proposition 7. In this

proposition, ΓM denotes the Gamma function of the symmetric cone M ,

ΓM (λ) = (2π)N(N−1)/2
N∏
k=1

Γ(λk − k + 1) λ ∈ CN (29)

where Γ is Euler’s Gamma function of a complex variable (Faraut and Korányi, 1994; Ding
et al., 1996). Moreover, the variable x in (28) ranges over the real vector space H of N ×N
Hermitian matrices (M is an open cone within H).

Proposition 7 Let α > N − 1 and assume that the coefficients a(m) in (28) are given by
a function a : CN → C, of the form

a(λ) = ΓM (2α+ λ)ψ(λ− δ) (30)

where ψ : CN → C is symmetric, holomorphic for Re(λk) > (N − 1)/2 − 2α, and satisfies
the growth condition

|ψ(λ)| ≤ CN

N∏
k=1

ePRe(λk) × eA|Im(λk)| (31)

where P,A > 0 and A < π. Then, the series (28) converges in a neighborhood of x = 0,
where it defines a real-analytic function F . Moreover, this function extends analytically to
all of M , in such a way that ∆α(x)F (x) defines an integrable U -invariant function of x ∈M
(∆(x) = det(x)), which is positive definite if and only if ψ(it− α) ≥ 0 for all t ∈ RN .

The proof of Proposition 7 is given in Appendix E. The idea is to show that f(x) =
∆α(x)F (x) defines an integrable U -invariant function with spherical transform

f̂(t) = |ΓM (α+ δ + it)|2 ψ(it− α) (32)

and that this f̂(t) satisfies the integrability condition (11), so that the inversion formula
(12) is also satisfied. The statement about positive definiteness of f then follows by an
application of Theorem 5.
Example: in (30), if ψ is a constant function equal to 1, the series (28) becomes a generalized
binomial series (Faraut and Korányi, 1994) (Proposition XII.1.3), which converges to F (x) =
ΓM (2α)∆−2α(id + x) for any x whose eigenvalues are all < 1. Proposition 7 then says that,
for each α > N − 1,

f(x) = ΓM (2α)∆α
(
x(id + x)−2

)
(33)

is an integrable U -invariant positive definite function, whose spherical transform can be read
from (32), by setting ψ ≡ 1. In the one-dimensional case (N = 1), this function reduces to
the density of the Beta-prime distribution (Balakrishnan et al., 1995). For N = 2, Figure 1
shows a color plot of f(x)/ΓM (2α) with α = 2. In this plot, x is restricted to real, symmetric
positive definite (SPD) matrices. A 2 × 2 SPD matrix x = [xij ]i,j=1,2 is represented as a
point (x11, x12, x22) ∈ R3, which lies in the cone described by x11 > 0 and x11x22 − x212 > 0.

11
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Figure 1: Color plot of f(x)/ΓM (2α), given by (33) with α = 2, restricted to real 2× 2 SPD
matrices, here visualized as points in a cone viewed from two perspectives. The domain of
the depicted plot is restricted to 0 < tr(x) < 2.

6 Numerical Experiments

6.1 Computational considerations

According to Proposition 1, the function f in (33) corresponds to an invariant kernel
K(x, y) = f(y−1/2xy−1/2). After some elementary simplifications, this can be written

K(x, y) = ΓM (2α)

[
∆(x)∆(y)

∆(x+ y)2

]α
α > N − 1 (34)

where ∆(x) = det(x), just as in (33). This kernel will be called the Beta-prime kernel.
Evaluation of this kernel does not involve matrix multiplication or inversion, only com-

putation of determinants, which is typically implemented via LU-factorization. For N ×N
matrices, it has computational complexity O(N3). The factor ΓM (2α) ahead of (34) may of
course be dropped without affecting positive-definiteness of the kernel.

In this section, the Beta-prime kernel will be considered as a kernel on the space of real
covariance matrices. This only involves requiring x and y in (34) to be real, and therefore
symmetric positive-definite (SPD) matrices. In (Azangulov et al., 2024b), alternative kernels
on the space of real SPD matrices have been considered : the heat and Matérn kernels.
The striking difference between the Beta-prime kernel and these alternative kernels is the
significantly lower computational complexity of the Beta-prime kernel.

In fact, the heat and Matérn kernels on the space of real SPD matrices do not have
closed-form expressions. In (Azangulov et al., 2024b; Mostowsky et al., 2024), they are
approximated using a dedicated Monte Carlo technique. On the space of N × N SPD
matrices, this is used to evaluate a rather complicated N -dimensional integral, by means of
a double Monte Carlo integration, in addition to a rejection sampling step. It should then
come as no surprise the closed-form Beta-prime kernel has a low complexity in comparison
to such an elaborate approach. A further drawback of Monte Carlo techniques is that they
introduce noise in the kernel values, which may even lead to loss of positive definiteness.

To visualize the difference in computational complexity, Figure 2 shows runtime (in
seconds) as a function of the matrix dimension N . Specifically, the runtime is the average
time required to compute the kernel Gram matrix [K(xi, xj)]

100
i,j=1 of a random sample of

N ×N SPD matrices (xi; i = 1, . . . , 100).

12
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Figure 2: Computation runtime for 100× 100 kernel Gram matrices, plotted against matrix
dimension N . Beta-prime kernel (left) and 1-Matérn kernel (right). The 1-Matérn kernel is
the Matérn kernel with smoothness parameter = 1.

Especially notable is the scale difference on the axes of the two plots. The plot on the
left involves the Beta-prime kernel from (34) with α = N . The plot on the right involves
the Matérn kernel with smoothness parameter equal to 1 (Azangulov et al., 2024b) (see
Proposition 12).

6.2 Application: the two-sample test

A fundamental problem in statistics is to determine whether two given samples X =
{x1, . . . , xm} ∼ p and Y = {y1, . . . , ym′} ∼ q originate from the same distribution on a
space X . This is the two-sample test problem. Two-sample tests are important to many ap-
plications, and are used to compare the results of generative models (Lopez-Paz and Oquab,
2016).

Several hypothesis testing methods have been developed that summarize the difference
in the statistical properties of X and Y in a test statistic, which is then used to decide
whether to reject the null hypothesis "p = q" (Lopez-Paz and Oquab, 2016). A prominent
test statistic in this context is maximum mean discrepancy (MMD),

MMDF (p, q) := sup
f∈F

|Ex∼p(f(x))− Ey∼q(f(y))| (35)

where F is a certain class of functions f : X → R. This quantity, of course, depends on the
choice of F . When choosing F = {f ∈ Cb(X ) : |f | ≤ 1}, where Cb(X ) is the space of bounded
continuous functions on X , one has p = q if and only ifMMDF (p, q) = 0. However, one may
also choose a smaller F that is dense in Cb(X ) with respect to the uniform topology. Such
F is provided by the unit ball in the RKHS of a C-universal kernel K. In this case (Gretton
et al., 2012), the squared MMD statistic is computed as

MMD2
F (p, q) = Ex,x′ [K(x, x′)]− 2Ex,y[K(x, y)] + Ey,y′ [K(y, y′)] (36)

where x′ and y′ are independent copies of x and y.

13



Said, Steinert, and Mostajeran

Assuming that the samplesX and Y are of equal sizem, an unbiased estimate ofMMD2
F

was given by (Gretton et al., 2012),

M̂MD
2

F (p, q) =
1

m (m− 1)

∑
i ̸=j

h(zi, zj) (37)

where zi = (xi, yi) and

h(zi, zj) = K(xi, xj)−K(xi, yj)−K(xj , yi) +K(yi, yj)

For the present application, X = PN is the space of N ×N SPD matrices. The Beta-prime
kernel from (34) can be proved to be universal for continuous functions on compact subsets
of PN (Steinert et al., 2025). Hence, if the samples X,Y ⊂ PN are drawn from distributions
supported in a compact subset of PN , one may use the Beta-prime kernel to implement the
empirical test statistic (37). The same is true of the heat and Matérn kernels on PN , but
these have to be computed using the computationally costly approach of (Azangulov et al.,
2024b).

Several two-sample tests were performed, with both kinds of kernels (Beta-prime and
Matérn). The matrix dimension was N = 3 and the sample size m = 100. For X, eigenvec-
tors were sampled from a uniform distribution on the three-dimensional orthogonal group,
while eigenvalues were independent, uniformly distributed in the interval [30, 31]. Several
new samples Yk had the same eigenvector distribution, but eigenvalues uniformly distributed
in [rk·30, rk·30+1], where the spectral scaling factors rk were given by rk = 0.1+k(4−0.1)/80
for k = 0, . . . , 80.

While the tests using the empirical test statistic (37) were completed within seconds
using the Beta-prime kernel, those using the 1-Matérn kernel were prohibitively slow. All
tests were therefore redone, using the linear time test statistic from (Gretton et al., 2012)
(Lemma 14). The aim was to determine whether X and Yk were drawn from the same
distribution on a significance level of 5%.

The results are illustrated in Figure 3 which shows the relative number of times that the
null hypothesis "same distribution" was rejected (rejection rate) for different values of rk .
Tests using the Beta-prime kernel were completed in approximately one second on a personal
laptop computer, whereas the same tests using the 1-Matérn kernel required approximately
eleven hours (using the approach of (Azangulov et al., 2024b) and the bespoke computational
package (Mostowsky et al., 2024)).

In addition to this dramatic computational advantage, the Beta-prime kernel exhibited a
clear advantage in performance over the 1-Matérn kernel, as can be seen in Figure 3, where
it is clearly much more effective at distinguishing the two distributions. Indeed, the range of
values of rk where the rejection rate is low (the dip in the curves in Figure 3) is narrower and
more concentrated near rk = 1 for the yellow (Beta-prime) curve than for the blue (Matérn)
curve.
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Figure 3: Rejection rate of the null hypothesis "same distribution" plotted against the
spectral scaling factor rk . Beta-prime kernel (yellow) and 1-Matérn kernel (blue).
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Appendix A. Proof of Proposition 2

The proof starts from (8) and shows that it is equivalent to (9). The first step is to reduce to
the case where x has unit determinant. Let x = rx̄ where det(x̄) = 1. By a direct calculation,
it follows from (7) that ∆s(x) = r(1,s)∆s(x̄) where (1, s) =

∑N
k=1 sk . In particular, s = λ+δ

implies that ∆s(x) = r(1,λ)∆s(x̄), because (1, δ) = 0. Replacing into (8) yields the following
identity

Φλ(x) = r(1,λ)Φλ(x̄) (38)

Now, returning to (8), note that

Φλ(x̄) =

∫
U
∆λ+δ(u · x̄)du (39)

This integral can be restricted to SU , the special unitary subgroup of U (SU is the set of
u ∈ U with det(u) = 1). Indeed, replacing u by eiθu (with θ real) does not change u · x̄.
Moreover, the normalized Haar measure on U descends to the normalized Haar measure on
SU (Knapp, 2002) (see Theorem 8.32). Therefore, (39) is equivalent to

Φλ(x̄) =

∫
SU

∆λ+δ(u · x̄)du (40)

The next step of the proof is to show that (40) is the same as the following Harish-Chandra
integral (Helgason, 1984) (Page 418)

Φλ(x̄) =

∫
SU

exp
[(
2λ− 2δ, log a

(
uρ̄1/2

))]
du (41)

Here, ρ̄ = (ρ̄1, . . . , ρ̄N) are the eigenvalues of x̄, and a(uρ̄1/2) is the diagonal matrix with
positive entries, such that uρ̄1/2 = na(uρ̄1/2)h where the matrix n is upper triangular with
ones on its diagonal, and h belongs to SU (vectors such as ρ̄ will be identified with diagonal
matrices, in a self-evident way, whenever that is convenient).

Because Φλ is U -invariant, it is enough to prove (41) when x̄ = ρ̄. It will be helpfull
to apply the identity Φλ(x) = Φ−λ(x

−1) (Faraut and Korányi, 1994) (Theorem XIV.3.1).
For short, let a = a(uρ̄1/2), so u · ρ̄ = (uρ̄1/2) · id is equal to na2n†. Using the identity just
mentioned,

Φλ(ρ̄) = Φ−λ(ρ̄
−1) =

∫
SU

∆−λ+δ

(
u · ρ̄−1

)
du =

∫
SU

∆−λ+δ

(
(n†)−1 · a−2

)
du (42)

where the second equality follows from (40) and the third equality holds because u · ρ̄−1 =
(u · ρ̄)−1 and u · ρ̄ = na2n†. However, since (n†)−1 is lower triangular with ones on its
diagonal, it is easy to see that ∆−λ+δ

(
(n†)−1 · a−2

)
= ∆−λ+δ

(
a−2

)
. Then, from (7) and

the fact that a is diagonal,

∆−λ+δ

(
(n†)−1 · a−2

)
=

N∏
k=1

a
2(λk−δk)
k = exp [(2λ− 2δ, log a)]
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and (41) follows immediately by replacing this into (42). The final step of the proof exploits
the fact that G is a complex Lie group. In this case, the Harish-Chandra integral (41) admits
a closed-form expression (Helgason, 1984) (Page 432),

Φλ(x̄) =
Π(−δ)
Π(λ)

×
∑

w∈SN
ε(w)e(λ,wρ̄)∑

w∈SN
ε(w)e(δ,wρ̄)

(43)

Here, Π(µ) =
∏

k<ℓ(µk−µℓ) for µ ∈ CN , SN is the symmetric group (group of permutations
of N objects), and ε(w) is the signature of the permutation w, while wρ̄ denotes the action
of that permutation on (ρ̄1, . . . , ρ̄N). Clearly, the polynomial Π is the Vandermonde poly-
nomial, up to sign, while the sums in the second fraction are Leibniz expansions of certain
determinants. Using these observations, and performing some basic simplifications,

Φλ(x̄) =

∏N−1
k=1 k!

V (−λ)
×

det
[
ρ̄λℓ
k

]
det

[
ρ̄N−ℓ
k

] =

∏N−1
k=1 k!

V (−λ)
×

det
[
ρ̄λℓ
k

]
V (−ρ̄)

=
N−1∏
k=1

k!×
det

[
ρ̄λℓ
k

]
V (λ)V (ρ̄)

(44)

Now, (9) can be retrieved from (38) and (44). To do so, it is enough to note that ρ = rρ̄
and that this implies (recall ρ = (ρ1, . . . , ρN) are the eigenvalues of x)

r(1,λ) det
[
ρ̄λℓ
k

]
= det

[
ρλℓ
k

]
and V (ρ̄) = r−N(N−1)/2V (ρ)

Then, since rN = det(x) (which is the product of the eigenvalues ρk),

r(1,λ)
det

[
ρ̄λℓ
k

]
V (ρ̄)

= rN(N−1)/2
det

[
ρλℓ
k

]
V (ρ)

=
det

[
ρλℓ+(N−1)/2

k

]
V (ρ)

(45)

Therefore, performing the multiplication in (38), with the help of (44) and (45), yields the

required (9).

Appendix B. Proof of Proposition 4

Let f(x) = exp[−d2(x, id)/2σ2]. Then, note that (16) reads

Z(σ, λ) =

∫
M
f(x)Φλ(x) vol(dx) (46)

Since both f and Φλ are U -invariant, this can be evaluated using (2). In terms of the
eigenvalues (ρ1, . . . , ρN), f(x) = w(ρ1) . . . w(ρN) where w(ρ) = exp[− log2(ρ)/2σ2] (Santilli
and Tierz, 2021; Said et al., 2023). On the other hand, Φλ(x) is given by (9). Replacing
this into (2), it follows that

Z(σ, λ) =
CN

V (λ)
× 1

N !

∫
RN
+

V (ρ) det
[
ρλℓ−(N+1)/2

k

]∏
k

w(ρk)dρk

Recalling that V (ρ) = det
[
ρℓ−1
k

]
, and applying the Andréief identity (as stated in (Livan

et al., 2018), Chapter 11), this becomes

Z(σ, λ) =
CN

V (λ)
× det

[∫ ∞

0
w(ρ)ρk−1+λℓ−(N+1)/2dρ

]N
k,ℓ=1
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By the definition of δk (right after Formula (8) in Section 3), this is the same as

Z(σ, λ) =
CN

V (λ)
× det

[∫ ∞

0
w(ρ)ρδk+λℓ−1dρ

]N
k,ℓ=1

The integrals inside the determinant can be expressed in terms of the moments of a log-
normal probability density. This gives the first line in (17),

Z(σ, λ) =
CN

V (λ)
× det

[
σ exp

(
(σ2/2)(δk + λℓ)

2
)]N

k,ℓ=1
(47)

To complete the proof of (17), it is enough to use elementary properties of the determinant,

det
[
exp

(
(σ2/2)(δk + λℓ)

2
)]

= det
[
exp

(
(σ2/2)

(
δ2k + λ2ℓ + 2δkλℓ

))]
=

N∏
k=1

e
σ2

2 (δ
2
k+λ2

k) × det
[
exp

(
σ2δkλℓ

)]
(48)

Indeed, it is clear that
N∏
k=1

e
σ2

2 (δ
2
k+λ2

k) = e
σ2

2
((λ,λ)+(δ,δ)) (49)

Moreover, using the definition of δk and performing some straightforward simplifications

det
[
exp

(
σ2δkλℓ

)]
=

N∏
k=1

e
−σ2

2
(N−1)λk × V (eσ

2λ)

=
∏
k<ℓ

2 sinh
(
(σ2/2)(λℓ − λk)

)
(50)

Therefore, replacing (49) and (50) into (48),

det
[
exp

(
(σ2/2)(δk + λℓ)

2
)]

= e
σ2

2
((λ,λ)+(δ,δ))

∏
k<ℓ

2 sinh
(
(σ2/2)(λℓ − λk)

)
In turn, replacing this into (47) directly yields the second line in (17).

Appendix C. Proof of Theorem 5

if part : roughly, the idea of the proof is to show that the spherical functions Φ it are positive
definite functions. Then, (20) says that the function f is a positive linear combination of
these Φ it and is therefore positive definite. For x ∈M , let x = exp(s)x̄ where s = logdet(x)
so that det(x̄) = 1. From (38) (putting λ = it and τ = (1, t)),

Φ it(x) = eiτsΦ it(x̄) (51)

Thinking of s and x̄ as functions of x, let φτ (x) = eiτs and φ̄(x) = Φ it(x̄), so that Φ it(x) =
φτ (x)φ̄(x). Now, recalling the well-known fact that a product of positive definite functions
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is positive definite, it is enough to show that φτ and φ̄ are both positive definite. For any
x1, . . . , xn ∈M , note that

φτ (x−1/2

i xjx
−1/2

i ) = eiτ(sj−si) (52)

where si = logdet(xi). Therefore, the matrix with elements φτ (x−1/2

i xjx
−1/2

i ) is the same
as the matrix with elements eiτ(sj−si), which is Hermitian non-negative definite (of rank 1).
This shows that φτ is positive definite. To see that φ̄ is also positive definite, note that

φ̄(x−1/2

i xjx
−1/2

i ) = Φ it(x̄
−1/2

i x̄j x̄
−1/2

i ) (53)

However, according to (Helgason, 1984) (Page 484), the restriction of Φ it to the unit-
determinant hypersurface (that is to the set of x ∈M with det(x) = 1), which is given by the
Harish-Chandra integral (41), is a positive definite function. In particular, the matrix whose
elements appear in (53) is Hermitian non-negative definite. This shows that φ̄ is positive defi-
nite. Thus, being a product of positive definite functions, Φ it is positive definite (for any t) as
required.
To conclude, recall Godement’s theorem (Da Costa et al., 2023; Godement, 1958) (in par-
ticular, Formula (2.4) in (Da Costa et al., 2023)). This gives a rigorous justification of the
claim that f is positive definite because it is a positive linear combination of positive definite
functions. The last step of the proof is thus a direct application of Godement’s theorem.
only-if part : as stated in (Da Costa et al., 2023), the L1– Godement theorem says that
an integrable function f is positive definite if and only if its spherical transform is positive
and integrable (details can be found in (Da Costa et al., 2023), Section 2 and Appendix A).
In (Da Costa et al., 2023), it is required from the outset that the underlying symmetric
space M should be of non-compact type (in particular, the group G should be semisimple).
This requirement is clearly not satisfied, in the present context. The aim here is to explain
that the L1– Godement theorem can still be applied.

In (Da Costa et al., 2023), the requirement thatM should be of non-compact type was in-
troduced only in order to ensure that spherical functions on M are given by Harish-Chandra
integrals (integrals of the form (41) in the proof of Proposition 2). The proof of the L1–
Godement theorem (see (Da Costa et al., 2023), Appendix A) relies on Godement’s (much
older) theorem (Godement, 1958), which applies to any symmetric space and in particular
to the space M of complex covariance matrices. Specifically, the convolution product of two
compactly-supported continuous U -invariant functions on M is commutative (Faraut and
Korányi, 1994) (Proposition XIV.4.1), and this is the only hypothesis needed for Godement’s
theorem.

With this in mind, the proof is just an application of the L1– Godement theorem as
stated in (Da Costa et al., 2023). Precisely, f is positive definite only if f̂ is positive and
integrable (which here means it satisfies the integrability condition (11)). Then, f is given
by the inversion formula (12), which is the same as (20) with g = CN f̂ .

To finish the proof, note that uniqueness of g follows by injectivity of the inverse spherical
transform (the linear map that takes f̂ to f according to (12)).
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Appendix D. Proof of Proposition 6

Part (a) : in order to prove (23), it is enough to show that, on the right-hand side of (22),

1

N !

∫
RN

g(t)V (t) det
[
ρitℓ+(N−1)/2

k

]
dt = (det(x))(N−1)/2 det

[∫
R
γ(t)tk−1eitsℓ dt

]
(54)

where g(t) = γ(t1) . . . γ(tN) and sℓ = log(ρℓ). Note first that

det
[
ρitℓ+(N−1)/2

k

]
=

N∏
k=1

ρ(N−1)/2

k × det
[
ρitℓk

]
= (det(x))(N−1)/2 × det

[
ρitℓk

]
This implies that (54) is equivalent to

1

N !

∫
RN

g(t)V (t) det
[
ρitℓk

]
dt = det

[∫
R
γ(t)tk−1eitsℓ dt

]
or, what is the same if V (t) is expressed as a determinant,

1

N !

∫
RN

g(t) det
[
tk−1
ℓ

]
det

[
ρitℓk

]
dt = det

[∫
R
γ(t)tk−1eitsℓ dt

]
(55)

Here, using the Andréief identity (Livan et al., 2018) (Chapter 11, Page 75), the left-hand
side is equal to

1

N !

∫
RN

det
[
tk−1
ℓ

]
det

[
ρitℓk

] N∏
ℓ=1

γ(tℓ)dtℓ = det

[∫
R
γ(t)tk−1ρitℓ dt

]

which is the same as the right-hand side (by definition of sℓ). Thus, (55) (equivalent to (54))
has been proven true.
Part (b) : comparing (22) and (24), it becomes clear that one must show

1

N !

∫
RN

g(t)V (t) det
[
ρitℓ+(N−1)/2

k

]
dt = (det(x))(N−1)/2 iN(N−1)/2 V (−∂/∂s) g̃(s) (56)

However, as in the proof of Part (a), this is equivalent to

1

N !

∫
RN

g(t)V (t) det
[
ρitℓk

]
dt = iN(N−1)/2 V (−∂/∂s) g̃(s) (57)

After writing the Leibniz expansion of the determinant, the left-hand side is equal to

1

N !

∑
w∈SN

ε(w)

∫
RN

g(t)V (t)

N∏
k=1

ρ
itw(k)

k dt =
1

N !

∑
w∈SN

ε(w)

∫
RN

g(t)V (t)ei(s,wt)dt

Here, SN is the group of permutations of {1, . . . , N} and ε(w) is the signature of the per-
mutation w. Moreover, on the right-hand side sℓ = log(ρℓ) and wt denotes the action of the
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permutation w on (t1, . . . , tN). By introducing a new variable of integration u = wt in each
one of the integrals under the sum,

1

N !

∑
w∈SN

ε(w)

∫
RN

g(t)V (t)ei(s,wt)dt =
1

N !

∑
w∈SN

ε(w)

∫
RN

g(w−1u)V (w−1u)ei(s,u)du

But the function g is symmetric, while the Vandermonde polynomial V is alternating — for
any permutation w, g(wu) = g(u) and V (wu) = ε(w)V (u). Therefore, the above sum is
equal to

1

N !

∑
w∈SN

∫
RN

g(u)V (u)ei(s,u)du =

∫
RN

g(u)V (u)ei(s,u)du

and it now follows that the left-hand side of (57) is

1

N !

∫
RN

g(t)V (t) det
[
ρitℓk

]
dt =

∫
RN

g(u)V (u)ei(s,u)du (58)

Finally, recalling the definition of the inverse Fourier transform g̃(s), and differentiating
under the integral, one has

V (∂/∂s)g̃(s) = iN(N−1)/2

∫
RN

g(u)V (u)ei(s,u)du

which can be replaced back into (58) to obtain

1

N !

∫
RN

g(t)V (t) det
[
ρitℓk

]
dt = (−i)N(N−1)/2 V (∂/∂s)g̃(s) = iN(N−1)/2 V (−∂/∂s)g̃(s)

which is identical to (57), as required.

Appendix E. Proof of Proposition 7

The proof relies heavily on Ramanujan’s theorem for symmetric cones, as given in (Ding
et al., 1996) (Page 450). This states that if the coefficients a(m) in (28) are of the form
a(m) = q(m− δ) for a function q : CN → C, which is symmetric, holomorphic for Re(λk) >
−L, where L > 3(N − 1)/2, and satisfies the growth condition

|q(λ)| ≤ CN |ΓM (N + λ+ δ)|
N∏
k=1

ePRe(λk) × eA|Im(λk)| (59)

where P,A > 0 and A < π, then the following hold.

(a) the series (28) converges in a neighborhood of x = 0, where it defines a real-analytic
function F .

(b) this function extends continuously to all of M , by the following absolutely convergent
integral

F (x) = CN

∫
RN

F̃ (σ + it)Φσ+it(x)(V (t))2dt (60)

where −L+ (N − 1)/2 < σ < −(N − 1) and F̃ (λ) = ΓM (δ − λ)q(λ).
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(c) for any σ as above, ω in the convex hull of wδ, where w ranges over the symmetric
group SN ,

F̃ (λ) =

∫
M
F (x)Φ−λ(x)vol(dx) (61)

is an absolutely convergent integral, whenever λ = σ + ω + it with t ∈ RN .

Here, the notation σ + λ, where σ is a number and λ ∈ CN , means σ is added to each
component of λ.

For the proof of Proposition 7, in view of (30), take

q(λ) = ΓM (2α+ λ+ δ)ψ(λ) (62)

which is then symmetric, because ψ is symmetric by assumption and ΓM (λ+δ) is a symmetric
function of λ, as can be seen after replacing δk = k− (N + 1)/2 into (29), and holomorphic
for Re(λk) > −L, where L = 2α − (N − 1)/2 > 3(N − 1)/2 (recall that α > N − 1),
again by the assumptions made regarding ψ and the fact that the Gamma function ΓM (λ)
is holomorphic for Re(λk) > N − 1, as one may see from (29). Moreover, this q satisfies the
growth condition (59), since (31) implies

|q(λ)| ≤ CN |ΓM (2α+ λ+ δ)|
N∏
k=1

ePRe(λk) × eA|Im(λk)| (63)

and since, from (29), after putting zk = λk + 2α− (N − 1)/2,

ΓM (2α+ λ+ δ)

ΓM (N + λ+ δ)
=

N∏
k=1

Γ(zk)

Γ(zk +N − 2α)
=

N∏
k=1

z2α−N
k

(
1 +O(|zk|−1)

)
(64)

where the second equality follows from the asymptotic form for the ratio of two Gamma
functions (Olver, 1997) (Page 119). Indeed, by (63) and (64),

|q(λ)| ≤ CN ×
N∏
k=1

z2α−N
k

(
1 +O(|z|−1)

)
× |ΓM (N + λ+ δ)|

N∏
k=1

ePRe(λk) × eA|Im(λk)|

and this implies (59) because |z|2α−N = o
(
eε(Re(z)+Im(z))

)
for any ε > 0, in the limit where

|z| → ∞. Thus, the conditions of Ramanujan’s master theorem are all verified for q given
by (62), so items (a) to (c) above can be applied in the context of Proposition 7. First,
(a) implies the spherical series (28) defines a real-analytic function F in the neighborhood
of x = 0. Moreover, (b) and (c) imply that this F extends continuously to all of M , in
such a way that (60) and (61) are satisfied. Let σ = −α in (60) and note that (8) implies
Φit−α(x) = ∆−α(x)Φit(x). Then, (60) and the subsequent definition of F̃ (λ), applied with
q as in (62), show that

∆α(x)F (x) = CN

∫
RN

|ΓM (α+ δ + it)|2 ψ(it− α)Φit(x)(V (t))2dt (65)

Now, letting f(x) = ∆α(x)F (x), it becomes clear f is U -invariant, since each spherical
function Φit is U -invariant. On the other hand, choosing σ = −α, ω = δ, and t = 0 in
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(61), and noting that Φ−δ(x) = 1 is a constant function, it follows that f is integrble. The
spherical transform of f is found from (61), with λ = −α+it, which shows that this spherical
transform is equal to f̂ in (32).

Before pursuing the final stage of the proof, note that f̂ (given by (32)) satisfies the
integrability condition (11). Indeed, (31) and (32) imply that

|f̂(t)| = |ΓM (α+ δ + it)|2 |ψ(it− α)| ≤ |ΓM (α+ δ + it)|2 × CNe
−NP α

N∏
k=1

eA|tk|

However, by (29) and (Beals and Wong, 2010) (Corollary 2.5.3)

|ΓM (α+ δ + it)|2 = (2π)N(N−1)
N∏
k=1

|Γ (itk + α− (N − 1)/2)|2

= (2π)N
2

N∏
k=1

|tk|α−N/2e−π|tk|
(
1 +O(|tk|−1)

)
and it therefore follows

|f̂(t)| ≤ CN e
−NP α

N∏
k=1

|tk|α−N/2e(A−π)|tk| (66)

But since A < π, this is exponentially small as the |tk| become large. In turn, this shows
that (11) is satisfied.

To complete the proof of Proposition 7, it remains to show that F in (65) is real-analytic
(so that it gives an analytic extension, rather than just the continuous extension stated in
item (b)), and also that f is positive definite if and only if ψ(it− α) ≥ 0 for all t ∈ RN . To
do so, rewrite (65) as follows

∆α(x)F (x) = CN

∫
RN

f̂(t)Φit(x)(V (t))2dt =
CN

V (iρ)

∫
RN

f̂(t)V (t) det
[
ρitℓ+(N−1)/2

k

]
dt

where the second equality follows from (12) and (14) (here, the factor 1/N ! from (14) has
been absorbed into CN). This easily simplifies to

∆α−(N−1)/2(x)F (x) =
CN

V (iρ)

∫
RN

f̂(t)V (t) det
[
ρitℓk

]
dt (67)

Now, replace ρk with the complex variable χk = ρk e
iφk where φk is real and |φk| < ε with

ε < the minimum of π/2 and (π − A)/2 (here, A < π is the constant in (66)). With this
replacement, the right-hand side of (67) becomes

Ψ(χ) =
CN

V (iχ)

∫
RN

f̂(t)V (t) det
[
χitℓ
k

]
dt (68)

The aim is to show that Ψ is a holomorphic function of χ (each χk having its argument
φk subject to |φk| < ε). It will then follow that (67) defines a real-analytic function of ρ
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(the restriction of a holomorphic function of χ). Moreover, since ∆α−(N−1)/2(x) is analytic
and non-zero, as a function of ρ, this will show that F is real-analytic. To see that Ψ
is holomorphic, note that the integral in (68) defines a holomorphic function of χ – call
this I(χ). Indeed, the function under that integral is holomorphic for each fixed t, and
the integral converges uniformly in χ, due to the following upper bound (the fact that the
integral in (68) is holomorphic then follows from (Bochner and Martin, 1948) (Page 41))

∣∣∣ f̂(t)V (t) det
[
χitℓ
k

]∣∣∣ ≤ |P (t)|
N∏
k=1

e(A−π)|tk| ×
∣∣∣det[χitℓ

k

]∣∣∣ ≤ |P (t)|
N∏
k=1

e(A−π+ε)|tk|

where P (t) is some polynomial and A − π + ε < 0. Here, the first inequality follows from
(66), and the second one since |χitℓ

k | = e−tℓφk . Therefore, Ψ(χ) = CN I(χ)/V (iχ) is a ratio
of holomorphic functions, and is holomorphic because any zero of V (iχ) is also a zero of
I(χ) (note that zeros of V (iχ) occur when χk = χℓ for some k < ℓ).

The final part of the proof requires showing that f (defined after (65)) is positive definite
if and only if ψ(it − α) ≥ 0 for all t ∈ RN. Recall that f is integrable and its spherical
transform is f̂ given in (32). Recall also that f̂ satisfies the integrability condition (11), as
shown above, using (66). Therefore, f is given by the inversion formula (12). Accordingly,
from (12) and (20) of Theorem 5, by injectivity of the inverse spherical transform, f is
positive definite if and only if f̂(t) ≥ 0 for all t ∈ RN . This happens precisely when
ψ(it− α) ≥ 0 for all t ∈ RN (this is by (32)).
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