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Abstract
To our knowledge, the analysis of convergence rates for persistence diagrams estimation

from noisy signals has predominantly relied on lifting signal estimation results through sup-
norm (or other functional norm) stability theorems. We believe that moving forward from
this approach can lead to considerable gains. We illustrate it in the setting of nonparametric
regression. From a minimax perspective, we examine the inference of persistence diagrams
(for the sublevel sets filtration). We show that for piecewise Hölder-continuous functions, with
control over the reach of the set of discontinuities, taking the persistence diagram coming from
a simple histogram estimator of the signal permits achieving the minimax rates known for
Hölder-continuous functions.

Introduction

Inferring information from noisy real-valued signals is a central subject in statistics. Specifically,
in the nonparametric regression setting, where the signal is observed discretely and up to additive
noise, the recovery of the whole signal structure has been extensively studied by the nonparametric
statistics community. When the signal is regular (e.g., belonging to a Hölder, Sobolev, or Besov
space), rigorous minimax studies and tractable optimal procedures have been provided, forming a
nearly exhaustive benchmark. For an overview, see Tsybakov (2008). Nonetheless, in many practi-
cal scenarios, signals are not so regular. For instance, a photograph of a natural scene often exhibits
smooth variations within homogeneous regions (such as sky, sea, or foliage), but the boundaries
of the objects introduce sharp discontinuities. This has motivated the study of broader classes of
irregular signals, typically signals that are only piecewise continuous. This setting has been explored
in several subsequent works. We refer the reader to Qiu (2005) for an overview. However, proposed
methods suffer from certain limitations: strong additional knowledge assumptions (e.g., assuming
knowledge of the number of jumps, their locations, or their magnitudes), limited to low-dimensional
cases (only univariate or bivariate signals), high computational costs, or lack of rigorous and general
statistical guarantees. These challenges motivate the exploration of looser descriptors that can be
inferred more easily.

Over the past two decades, Topological Data Analysis (TDA) has emerged as a powerful framework,
introducing geometric and topological tools to better understand complex data. Among these tools,
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persistent homology has received particular attention. By encoding multiscale topological features
in the form of persistence diagrams (or barcodes), it provides a rich and compact summary that
has proven to be a versatile descriptor, valuable from both practical and theoretical perspectives.
Its applications encompass image analysis, time-series analysis, network analysis, clustering and
classification tasks, and much more, as highlighted in Edelsbrunner and Harer (2008) and Chazal
and Michel (2021).

A growing body of work has focused on the probabilistic and statistical analysis of persistence
diagrams or related objects. Importantly, this has led to the establishment of several limit theorems
(Bubenik, 2015; Duy et al., 2016; Chazal and Divol, 2018; Divol and Lacombe, 2021) and descrip-
tions of persistence diagrams (or related quantities) arising from important random objects such as
Brownian motion, fractional Brownian motion, and Lévy processes (Chazal and Divol, 2018; Perez,
2020, 2022b,a), point processes (Kahle, 2009; Adler and Yogeshwaran, 2012; Chazal and Divol,
2018), and Gaussian fields (Adler et al., 2010; Bobrowski and Borman, 2012; Pranav et al., 2019;
Pranav, 2021; Masoomy et al., 2021).

Beyond these asymptotic and descriptive results, another major line of research has focused on
the estimation of persistence diagrams from data. In this context, the density model, in which one
observes a point cloud formed by i.i.d. samples X1, . . . , Xn from a probability distribution, has
become a central framework. This line of research was initiated in a parametric setting by Bubenik
and Kim (2006), and has since been extended to more general nonparametric frameworks (Chazal
et al., 2011; Fasy et al., 2014; Chazal et al., 2014, 2013). These works introduce various geometric
assumptions on the distribution and its support, which enable consistent recovery of persistence
diagrams and quantification of convergence rates.
More closely related to our setting and to signal processing, Bubenik et al. (2009) and Chung
et al. (2009) tackle the problem of estimating persistence diagrams from the superlevel sets (or,
equivalently, sublevel sets) in the nonparametric regression setting. In particular, in both papers,
they show that a plug-in estimator based on a kernel estimate of the signal converges at rate
O((log(n)/n)α/(2α+d)) over the classes of (L,α)−Hölder signals on Rd.

The general approach followed in all of these works involves estimating the signal or the density,
quantifying the estimation error in sup-norm, Hausdorff distance, or Gromov-Hausdorff distance,
and bounding the bottleneck error on the diagram using stability theorems. The power and impor-
tance of stability theorems are evident as they enable the direct translation of convergence rates in
sup-norm (or similar metrics) to convergence rates in bottleneck distance over diagrams. To further
emphasize the importance of stability theorems, the convergence rates derived from such results are
generally minimax-optimal for regular function classes. For instance, in the density model, this has
been demonstrated in Chazal et al. (2014) and Fasy et al. (2014). Similarly, in the nonparametric
regression setting, although it is not explicitly stated in the original papers, the rates obtained in
Bubenik et al. (2009) and Chung et al. (2009) can also be shown to be minimax-optimal (see, e.g.,
Section 3).

However, stability-based approaches may come at the expense of generality. While persistence
diagrams offer a robust summary of topological features, they encode significantly less information
than the full signal. Moreover, noise does not necessarily affect persistence diagrams in the same
way it impacts the raw data, meaning that sup-norm stability can sometimes obscure the diagrams’
intrinsic robustness. In this direction, Turkeš et al. (2021) offers compelling empirical evidence on
how common types of noise influence persistence diagrams in image analysis. Building on the idea
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that persistence diagrams can, in some cases, be easier to infer than the full signal, Bobrowski
et al. (2017) explores this perspective in both the density estimation and nonparametric regression
settings. Departing from traditional approaches, the authors propose a novel estimation method
based on image persistence and show that it achieves quasi-consistency under minimal assump-
tions, thereby allowing for the consideration of broader function classes. We believe that these
initial results highlight the necessity of moving away from sup-norm stability and, more broadly,
emphasize the value of using topological or geometric descriptors when conventional nonparametric
techniques yield unsatisfactory results. Nevertheless, their framework appears too broad to quantify
convergence rates or even prove proper consistency, motivating the identification of more restricted
function classes for which stronger and more precise results can be obtained. The present work aims
to address this by studying the problem of estimating persistence diagrams in the nonparametric
regression framework, over broad classes of piecewise-continuous signals. As highlighted previously,
such classes of signals are ubiquitous in practical applications, particularly when dealing with image
or voxel data, and estimating the full structure of these signals can be especially challenging. In such
contexts, having access to descriptors, like persistence diagrams, that are easier to infer becomes
particularly valuable.

Framework

Regularity assumptions. For a set A ⊂ [0, 1]d, we denote A its closure, A◦ its interior, ∂A its
boundary and Ac its complement. Let f : [0, 1]d → R, we make the following assumptions about f :

A0. f is bounded by M , i.e., for all x ∈ [0, 1]d, |f(x)| ≤M .

A1. f is a piecewise (L,α)−Hölder-continuous function, i.e., there exist M1, ...,Ml disjoint open
sets of [0, 1]d such that

l⋃
i=1

Mi = [0, 1]d

and for all i ∈ {1, ..., l} and x, y ∈Mi,

|f(x)− f(y)| ≤ L∥x− y∥α2 .

A2. f satisfies, for all x0 ∈ [0, 1]d,

lim inf
x∈

⋃l
i=1Mi→x0

f(x) = f(x0)

In this context, two signals, differing only on a null set, are statistically indistinguishable. Persistent
homology is sensitive to point-wise irregularity. As a result, two signals differing only on a null set
can have very different persistence diagrams. Assumption A2 prevents such scenarios. Furthermore,
note that for any piecewise Hölder-continuous function f , there exists a modification f̃ satisfying
Assumption A2 such that f and f̃ coincide except on a set of measure zero. Following this remark,
note that, although this assumption is necessary for the proofs of our main results, it is more of a
convention to avoid statistical indistinguishability than a true limitation, at least from a practical
perspective.

A3.
⋃l
i=1 ∂Mi∩]0, 1[d is a C1,1 hypersurface, and, for R > 0, it satisfies:

reach

(
]0, 1[d∩

l⋃
i=1

∂Mi

)
≥ R and d2

(
l⋃

i=1

∂Mi∩]0, 1[d, ∂[0, 1]d
)

≥ R
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where, for a set A ⊂ Rd, reach(A) =

sup
{
r ∈ R : ∀x ∈ Rd\A with d2({x}, A) < r,∃!y ∈ A s.t. ||x− y||2 = d2({x}, A)

}
and,

d2(A,B) = max

(
sup
x∈B

inf
y∈A

||x− y||2, sup
x∈A

inf
y∈B

||x− y||2
)
.

is the Hausdorff distance between two sets A and B. The reach is a curvature measure introduced
by Federer (1959). An intuitive way to understand it is that if A has a reach R, we can roll a ball
of radius R along the boundary of A. Positive reach assumptions are fairly common in statistical
TDA (Balakrishnan et al., 2012; Niyogi et al., 2008) and geometric inference (Genovese et al., 2012;
Kim et al., 2016; Aamari and Levrard, 2017; Aamari et al., 2019; Berenfeld et al., 2021). Here, the
first part of Assumption A3 ensures geometric control over the union of the boundary of the Mi,
i ∈ {1, ..., l}, in the interior of [0, 1]d, for example, it prevents the appearance of cusps, corners,
and multiple points. The second part ensures that discontinuities do not appear too close to the
boundary of the cube [0, 1]d.

We denote Sd(M,L, α,R) the set of such functions. The combination of Assumptions A1, A2 and

M1

M2

M3

M4

M6

M5

(a) Assumption A3 verified

M1

M2

M3

M4

M5

M6

(b) Assumption A3 not verified

Figure 1: Illustration of Assumption A3

A3 ensures that the persistence diagrams of f ∈ Sd(M,L, α,R) are well-defined (see Appendix A,
Proposition 1).

Statistical model. We consider the classical nonparametric regression setting with fixed regu-
lar grid design, observing n = Nd points,

Xi = f(xi) + σεi

with (xi)1≤i≤n the points of the regular grid G1/N over [0, 1]d of step size 1/N , σ the level of noise
and (εi)1≤i≤n independent standard Gaussian variables (i.e., N (0, 1)). This provides a standard
and general framework for our analysis. In terms of applications, it is particularly well-suited for
modeling noisy images, where the observed points correspond to pixels (or more generally, voxels)
observed with additive noise.
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Estimator. In this context, our goal is to estimate dgm(f), the collection of persistence dia-
grams associated with the sublevel sets of f , by computing the diagram associated with the sublevel
sets of a histogram estimator of the signal.

More formally, let h > 0 such that Nh is an integer (and so is nhd), consider Gh the regular
orthogonal grid over [0, 1]d of step h and Ch the collection of all the closed hypercubes of side h
composing Gh. For all λ ∈ R, we define the estimator of Fλ = f−1(]−∞, λ]) as follows:

F̂λ =
⋃

H∈Ch,λ

H, with Ch,λ =

H ∈ Ch such that
1

nhd

∑
xi∈H

Xi ≤ λ

 .

the set F̂λ represents the sublevel set indexed by λ of the histogram estimator of f and nhd represents
the cardinality of the set H ∩ Gh for all H ∈ Ch. Next, we consider, for all s ∈ {0, ..., d}, V̂f,s the
persistence module induced by the collection of homology groups:(

Hs

(
F̂λ
))

λ∈R

equipped with the linear maps v̂λ′λ induced by the inclusion F̂λ ⊂ F̂λ′ , λ
′ ≥ λ. We define d̂gm(f) as

the associated collection of persistence diagrams. A natural question is how to calibrate the window
size h for signals. From the proof of Lemma 7 (Appendix B.1), a good choice is taking h such that

hα >

√
log (1/hd)

nhd
(1)

thus, we can choose:

h ≍
(
log(n)

n

) 1
d+2α

.

Contribution

In this framework, we study the convergence properties of the estimator d̂gm(f) with respect to
the bottleneck distance. We provide a rigorous analysis showing that it achieves the following
convergence rates over the classes Sd(M,L, α,R).

Theorem 2.

sup
f∈Sd(M,L,α,R)

E
(
db

(
d̂gm(f),dgm(f)

))
≲

(
log(n)

n

) α
d+2α

.

Furthermore, we establish that these rates are optimal, in the minimax sense, over the classes
Sd(M,L, α,R).

Theorem 3.

inf
̂dgm(f)

sup
f∈Sd(M,L,α,R)

E
(
db

(
d̂gm(f),dgm(f)

))
≳

(
log(n)

n

) α
d+2α

.

Interestingly, these rates coincide with the rates for Hölder spaces, obtained in Corollary 4.4 of
Bubenik et al. (2009). This means that, up to a multiplicative constant, there is no additional
cost to consider signals in Sd(M,L, α,R). It demonstrates the gain of breaking free from the usual
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Original signal

Noisy observations

Histogram estimator

Estimated persistence diagram

True persistence diagram

Comparison
in db

Figure 2: Numerical illustration of the estimation procedures for f(x, y) = cos(2πx) sin(2πx) +

1(x−1/2)2+(y−1/2)2<1/8, σ = 0.1, n = 2500, h = 1/4( log(n)n )1/4.
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analysis approach in TDA and the robustness to discontinuities of persistence diagram estimation.
Furthermore, as such irregularities are challenging to handle for signal estimation, these results
promote the use of persistence diagrams while processing noisy (irregular) signals. The paper is
organized as follows. Section 1 provides some background on persistent homology. Section 2 is
dedicated to the proof of Theorem 2. Section 3 is dedicated to the proof of Theorem 3. Section
4 provides some numerical illustrations of our results in the context of image analysis. Appendix
A,B, and C contain proofs of technical lemmas, propositions, and claims invoked in this paper.

1 Topological background

This section aims to provide the essential topological background needed to follow this paper.

1.1 Homology and invariance under deformation retraction

We provide a brief introduction to (singular) homology, emphasizing key properties that are central
to our work. For further details, we refer the reader to Hatcher (2000), which inspired this section.
We begin by introducing the notion of singular simplex.

Definition 1. Let a topological space X and ∆s the standard s−simplex (i.e., the s-dimensional
simplex whose vertices are the s + 1 standard unit vectors in Rs+1, denoted v1, ..., vs). A singular
s−simplex of X is a continuous map σ : ∆s → X.

Singular simplices are continuous maps from a standard simplex to the space X. They are not
required to be homeomorphisms of any kind and can be widely singular, which allows for very
general construction of homology groups. From these singular simplices, we can define the space of
singular chains and the boundary operator.

Definition 2. The group of s−chains on X, Cs(X), for a field K, is the abelian group of finite
formal sums

∑
i ciσi with σi a singular s-simplex of X and ci ∈ K.

Definition 3. The boundary ∂sσ of a s-singular simplex σ is defined by:

∂sσ =
s∑
i=0

(−1)iσ|[v0,··· ,v̂i,··· ,vs].

where [v0, · · · , v̂i, · · · , vs] = [v0, · · · , vi−1, vi+1, · · · , vs]. The map σ |[v0,··· ,v̂i,··· ,vs] can then be thought
of as a map from ∆s−1 to X. The boundary operator ∂s : Cs(X) → Cs−1(X) is then defined by:

∂s : Cs(K) → Cs−1(K)

c =
∑
i

ciσi → ∂sc =
∑
i

ci∂sσi.

A crucial property of the boundary operator is that applying it twice always gives zero: ∂s◦∂s+1 = 0.
We can then consider two subgroups of Cs(X):

• the s−cycles: Zs = Ker(∂s), i.e., the s-chains whose boundary is zero.

• the s−boundaries: Bs = Im(∂s+1) i.e., the s−chains that are themselves boundaries of higher-
dimensional chains.

As ∂s ◦ ∂s+1 = 0, Bs is a normal subgroup of Zs. We can then define the s−th homology groups as
s−cycles quotiented by s−boundaries.
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Definition 4. Let X be a topological space and s ∈ N. We can define the s−th (singular) homology
group of K (on the field K) by:

Hs(X) = Zs/Bs

Intuitively, these groups identify the “holes” in the space X at a given dimension: H0(X) identifies
its connected components, H1(X) its loops, H2(X) its enclosed cavities, and so on.

A key property of homology, which we extensively exploit in this work, is that it is invariant under
deformation retraction, meaning that if a space can be continuously "shrunk" to a subspace without
tearing or gluing, its homology groups remain the same. The construction of such deformations is
a classical technique that lies at the heart of many foundational results in algebraic topology.

Definition 5. A subspace A of X is called a deformation retract of X if there is a continuous
F : X × [0, 1] → X such that for all x ∈ X and a ∈ A,

• F (x, 0) = x

• F (x, 1) ∈ A

• F (a, 1) = a.

The function F is then called a (deformation) retraction from X to A.

A deformation retraction F from X to A ensures that X and A are “homotopy equivalent” (see
Hatcher, 2000, pages 2–3), and thus are topologically similar. In particular, F induces isomorphisms
between the homology groups of X and A. More precisely, for all t ∈ [0, 1], F (., t) induces a group
morphism F#(., t) : Cs(X) → CS(X) between s−chains of X defined by composing each singular
s-simplex σ : ∆s → X with F (., t) to get a singular s-simplex F#(σ, t) = F (., t) ◦ σ : ∆s → X,
then extending F#(., t) linearly via F# (

∑
i niσi, t) =

∑
i niF

# (σi, t) =
∑

i niF (., t) ◦ σi. The
group morphism F ∗(., t) : Hs(X) → Hs(X) defined by [C] 7→ [F#(C, t)] can be shown to be an
isomorphism for all t ∈ [0, 1] (see Hatcher, 2000, pages 110-113). In particular, F ∗(., 1) : Hs(X) →
Hs(A) is an isomorphism.

1.2 Filtrations, persistence modules and diagrams

The idea behind persistent homology is to encode the evolution of the topology (in the homology
sense) of a nested family of topological spaces, called a filtration. As we move along indices,
topological features (connected components, cycles, cavities, ...) can appear or disappear (existing
connected components merge, cycles or cavities are filled, ...). Two keys to formalize this idea, which
we use throughout this paper, are the notions of filtration and of persistence module.

Definition 6. Let Λ ⊂ R be a set of indices. A filtration indexed by Λ is a family (Kλ)λ∈Λ of
topological spaces satisfying, for all λ, λ′ ∈ Λ, λ ⩽ λ′

Kλ ⊂ Kλ′ .

The typical filtration that we will consider in this paper is, for a function f : Rd → R, the family of
sublevel sets (Fλ)λ∈R =

(
f−1(]−∞, λ])

)
λ∈R.

Definition 7. Let Λ ⊂ R be a set of indices. A persistence module over Λ is a family V = (Vλ)λ∈Λ
of vector spaces equipped with linear maps vλ′λ : Vλ → Vλ′ such that, for all λ ⩽ λ′ ⩽ λ′′ ∈ Λ,

vλλ = id
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and
vλ

′′
λ′ ◦ vλ′λ = vλ

′′
λ .

The typical persistence module that we will consider in this paper is, for a function f : Rd → R
and s ∈ N, the family of homology groups Vf,s = (Hs (Fλ))λ∈R equipped with vλ

′
λ the linear maps

induced by the inclusion Fλ ⊂ Fλ′ . To be more precise, in this paper, Hs(.) is the singular homol-
ogy functor in degree s with coefficients in a field (typically Z/2Z). Hence, Hs (Fλ) is a vector space.

Under the q-tameness assumption (see Definition 10 in Appendix A), a persistence module V can
be fully described by a multi-set in R2, known as its persistence diagram:

dgm(V) = {(bj , dj) | j ∈ J} ⊂ R
2
.

In this representation, each bj represents the birth time of a topological feature (e.g., the emergence
of a connected component or the formation of a cycle), while dj represents its death time (e.g.,
the merging of two components or the filling of a cycle). The difference dj − bj corresponds to the
feature’s lifetime. For a detailed construction of persistence diagrams, we refer the reader to Chazal
et al. (2016). In cases where we consider the collection of modules (Vf,s)s∈N associated with the
sublevel sets filtration of f , we denote by dgm(f) the collection of associated persistence diagrams.

(a) graph of f (b) H0-persistence diagram of f

Figure 3: Graph of f(x) = x cos(8πx) over [0, 1] and the (0-th) persistence diagram associated to its
sublevel sets filtration. a1, ..., a4 correspond to local minima of f and thus birth times in dgm(f).
a5, ..., a7 correspond to local maxima of f and thus death times in dgm(f).

1.3 Bottleneck distance, interleaved modules and algebraic stability

To compare persistence diagrams, we need a distance. A popular such distance, due to its stability
properties, is the bottleneck distance. This distance is defined as the infimum over all matchings
between points in diagrams of the maximal sup norm distance between two matched points. To
allow for matchings between diagrams that do not contain the same number of points, the diagonal
is added to the diagrams. This distance will be used in this work to evaluate the quality of our
estimation procedures.

Definition 8. The bottleneck distance between two persistence diagrams D1 and D2 is,

db (D1, D2) = inf
γ∈Γ

sup
p∈D1∪∆

||p− γ(p)||∞

with Γ the set of all bijections between D1 ∪∆ and D2 ∪∆, where ∆ = {(x, x), x ∈ R}.
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multiplicity 2

D1

D2

Figure 4: Optimal matching for the bottleneck distance between D1 and D2.

Another notion that will be the key to proving our upper bounds is the notion of interleaving
between persistence modules. We use in particular the fact that if two modules are ε−interleaved,
then the bottleneck distance between their diagrams is upper bounded by ε in bottleneck distance.

Definition 9. Two persistence modules V = (Vλ)λ∈I⊂R and W = (Wλ)λ∈I⊂R are said to be ε-
interleaved if there exist two families of linear maps, which we will refer to as (persistence module)
morphisms:

ϕ = (ϕλ : Vλ → Wλ+ε)λ∈I⊂R and ψ = (ψλ : Wλ → Vλ+ε)λ∈I⊂R

such that, for all λ < λ′, the following diagrams commutes,

Vλ Vλ′ Wλ Wλ′

Wλ+ε Wλ′+ε Vλ+ε Vλ′+ε

Vλ Vλ+2ε Wλ Wλ+2ε

Wλ+ε Vλ+ε

ϕλ ϕλ′

wλ′+ε
λ+ε

wλ′
λ

ψλ

vλ
′+ε

λ+ε

ψλ′

vλ+2ε
λ

ϕλ ψλ+ε ψλ

vλ
′

λ

wλ+2ε
λ

ϕλ+ε

Theorem (algebraic stability (Chazal et al., 2009)). Let V and W be two q−tame persistence
modules (see definition 10 in Appendix A). If V and W are ε−interleaved then,

db (dgm(V),dgm(W)) ≤ ε

Note that in the context of sublevel set persistence, a direct consequence of this theorem is the
stability of persistence diagrams with respect to the sup-norm distance between functions. More
precisely, if two q-tame real-valued functions f and g satisfy ∥f − g∥∞ ≤ ε, then their sublevel sets
filtrations satisfy

Fλ−ε ⊂ Gλ ⊂ Fλ+ε, for all λ ∈ R.

The linear maps induced in homology by these inclusions define an ε-interleaving. By the algebraic
stability theorem, this implies:

db(dgm(f), dgm(g)) ≤ ε.
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2 Upper bounds

This section is devoted to the proof of Theorem 2. First, we introduce some notations. For a point
x ∈ [0, 1]d and b > 0, we denote the closed Euclidean ball centered at x of radius b:

B2(x, b) = {y ∈ [0, 1]d, ||x− y||2 ≤ b}

Similarly, for a set A ⊂ Rd and b ≥ 0, we denote,

Ab = B2(A, b) =
{
x ∈ [0, 1]d s.t. d2 ({x}, A) ≤ b

}
and

A−b =
(
(Ac)b

)c
.

We also define, for all h > 0:

Nh =

max
H∈Ch

∣∣∣∣∣ σ
nhd

∑
xi∈H

εi

∣∣∣∣∣√
2σ2

log(1/hd)
nhd

.

Proof outline. The strategy is to construct an interleaving between the estimated and true
persistence modules and then apply the algebraic stability theorem (Chazal et al., 2009). To do so,
we need to construct two families of linear maps ϕ and ψ (i.e., module morphisms):

Vf,s
ϕ−→ V̂f,s

ψ−→ Vf,s

satisfying Definition 9. The outline of our proof is as follows:

• We show in Lemma 1 that for some β1 ≥ 0, depending on Nh, F̂λ ⊂ F
√
dh

λ+β1hα
, which induces

a linear map from the homology group of F̂λ to the homology group of F
√
dh

λ+β1hα
.

• We identify in Lemma 2 two families of sets (Kλ)λ∈R and (Gλ)λ∈R such that for some β2, β3 ≥ 0,
depending on Nh, F

√
dh

λ+β1hα
⊂ Kλ+β2hα , Kλ+β2hα (deformation) retracts onto Gλ+β2hα and

Gλ+β2hα ⊂ Fλ+β3hα which induces a linear map from the homology group of F
√
dh

λ+β1hα
to the

homology group of Fλ+β3hα .

• The composition of the two linear maps obtained previously induces a linear map from the
homology group of F̂λ to the homology group of Fλ+β3hα . This is (essentially) our ϕ.

• We proceed similarly to construct ψ, identifying in Lemma 3 two families (Nλ)λ∈R and
(Mλ)λ∈R such that for some β4, β5 ≥ 0, depending on Nh, Fλ ⊂ Nλ+β4hα , Nλ+β4hα (de-
formation) retracts onto Mλ+β4hα and Mλ+β4hα ⊂ F−

√
dh

λ+β5hα
. Moreover, in Lemma 1 we show

that for some β6 ≥ 0, depending on Nh, F−
√
dh

λ+β5hα
⊂ F̂λ+β6hα .

• We prove in Lemma 4 that the supports of these retractions, when applied to x ∈ F̂λ, remain
within F̂λ+β7hα , for some β7 ≥ 0. Then, we use this additional property to show that the ϕ
and ψ we construct satisfy Definition 9 and define an interleaving that depends on Nh.

• We conclude using a standard concentration argument on Nh (Lemma 5).
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Following this outline, we formally state Lemmas 1-5, which form the fundamental building blocks
of our proof.

Lemma 1. Let f : [0, 1]d → R. For all λ ∈ R and h > 0 satisfying (1),

F−
√
dh

λ−
√
2σNhhα

⊂ F̂λ ⊂ F
√
dh

λ+
√
2σNhhα

.

The proof of Lemma 1 is provided in Appendix B.1. This double inclusion induces a morphism
from (Hs(F−

√
dh

λ ))λ∈R to V̂f,s and a morphism from V̂f,s to the module (Hs(F
√
dh

λ ))λ∈R.

Now, what we need to construct the desired interleaving is, for arbitrary h > 0:

• a morphism from Vf,s to (Hs(F−h
λ ))λ∈R

• a morphism from (Hs(Fh
λ ))λ∈R to Vf,s

We begin with the construction of the morphism from (Hs(Fh
λ ))λ∈R to Vf,s. The main difficulty

arises near the boundaries of the regular pieces. When we thicken Fλ by h, the resulting set Fh
λ may

extend into regions where the signal is significantly larger than λ. This prevents us from establishing
a straightforward inclusion of the form:

Fh
λ ⊂ Fλ+ε

for a reasonable ε. In particular, this is why standard techniques based on sup-norm stability cannot
be directly applied in this setting.
To formalize this issue, we define the set of problematic points as

Sλ,h =

( l⋃
i=1

∂Mi∩]0, 1[d
)h

\ Fλ+Lhα

 ∩ Fh
λ .

Intuitively, Sλ,h consists of the regions where Fh
λ extends beyond Fλ+Lhα , preventing a controlled

inclusion. Our goal is to smoothly "push" these points into Fλ+ε for some ε ≍ hα. To achieve this,
we will construct a deformation retraction using Theorem 4.8 of Federer (1959). Under Assumption
A3, this theorem guarantees that for every x ∈ [0, 1]d at a (Euclidean) distance strictly smaller
than R from ]0, 1[d∩

⋃l
i=1 ∂Mi, there exists a unique closest point in ]0, 1[d∩

⋃l
i=1 ∂Mi, denoted by

ξ(x), i.e., there exists a well-defined projection map. Moreover, the function ξ is continuous.
Using Assumptions A1 and A2, we can show (see the proof of Lemma 2) that for all x ∈ Sλ,h, the
projection ξ(x) belongs to Fλ+ε for some ε ≍ hα. The idea is then to map each point x ∈ Sλ,h to
ξ(x), moving along the line segment [x, ξ(x)]. However, turning this idea into a proper deformation
retraction requires several technical adjustments.
The first issue is that the segments [x, ξ(x)] for x ∈ Sλ,h may not be contained entirely in Fh

λ . To
resolve this, we consider a slightly larger set, adding the segments [x, ξ(x)] for all x ∈ Sλ,h:

Kλ,h := Fh
λ ∪

 ⋃
x∈Sλ,h

[x, ξ(x)]

 ⊂ F2h
λ .

12



M1

M2

Fh
λ

Fλ+Lhα

Sλ,h

Kλ,h

x

ξ(x)

Figure 5: Illustration of the sets Fh
λ , Fλ+Lhα , Sλ,h, and Kλ,h. The region Fλ+Lhα is shown in red,

while Fh
λ is depicted in grey. The part of Fh

λ not included in Fλ+Lhα corresponds to Sλ,h. The blue
region represents the union of segments added to Fh

λ to form Kλ,h.

Additionally, to ensure the continuity of the deformation retraction, we must avoid moving exces-
sively points of

⋃
x∈Sλ,h

[x, ξ(x)]∩Mi that are close to Fλ+Lhα ∩Mi for all i ∈ {1, . . . , l}. To achieve
this, we introduce the condition (C1): there exists some i ∈ {1, . . . , l} such that

x ∈
⋃

x∈Sλ,h

[x, ξ(x)] ∩Mi (2)

and
d2 (ξ(x),Mi ∩ Fλ+Lhα) ≥ 2h− ||x− ξ(x)||2. (3)

We then define the function Fλ,h : Kλ,h×[0, 1] → Kλ,h, which will serve as our deformation retraction,
by:

Fλ,h(x) =

{
(1− t)x+ t

(
ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+

x−ξ(x)
||x−ξ(x)||2

)
, under (C1),

x, otherwise.

where (.)+ = max(., 0) denotes the positive part. For x ∈
⋃
z∈Sλ,h

[z, ξ(z)], the function Fλ,h pushes
x along the segment[

x, ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+
x− ξ(x)

||x− ξ(x)||2

]
⊂ [x, ξ(x)].

From a geometric point of view, Fλ,h(x) pushes in the direction of the normalized vector − x−ξ(x)
∥x−ξ(x)∥2 ,

which corresponds to the opposite of the gradient of the distance function to the set
⋃l
i=1 ∂Mi∩(0, 1)d

at the point x. This perspective links naturally to existing results that use the (generalized) gradient
of the distance function to construct deformation retracts (see for instance Kim et al., 2020, Theorem
12). Moreover, as

⋃l
i=1 ∂Mi ∩ (0, 1)d is an C1,1 hypersurface, it is worth noting that the vector

− x−ξ(x)
∥x−ξ(x)∥2 generates the normal cone of the hypersurface at ξ(x) (see Federer, 1959, Theorem 4.8.).

Note that the term (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+ and the condition (C1) will be instrumental in
establishing the continuity of Fλ,h, as they ensure that, for any point x ∈

⋃
x∈Sλ,h

[x, ξ(x)]∩Mi, the
closer x is to Fλ+Lhα ∩Mi, the less it will be displaced by the deformation Fλ,h.

13



Finally, we define
Gλ,h = Im (x 7−→ Fλ,h(x, 1)) ,

which will serve as our deformation retract. With this, we have all the necessary formalism to state
Lemma 2.

M1

M2
Fλ,h

Figure 6: Illustration of the deformation retraction Fλ,h. The region Fλ+Lhα is shown in red, while
Fh
λ is depicted in gray. Points closer to Fλ+Lhα experience less displacement under Fλ,h, which

ensures its continuity. The green region represents elements of Gλ,h that do not belong to Fλ+Lhα
but will be included in Fλ+ε for some ε ≍ hα, as ensured by Assumptions A1 and A2 (see proof of
Lemma 2).

Lemma 2. For all 0 < h < R
2 and λ ∈ R, Fλ,h is a deformation retraction of Kλ,h onto Gλ,h.

Furthermore, we have Fh
λ ⊂ Kλ,h ⊂ F2h

λ and Fλ ⊂ Gλ,h ⊂ Fλ+L(1+3α)hα.

The proof of Lemma 2 is provided in Appendix B.2. Combining the inclusion F
√
dh

λ ⊂ Kλ,
√
dh, the

retraction from Kλ,
√
dh to Gλ,√dh, and the inclusion Gλ,√dh ⊂ Fλ+L(1+3α)dα/2hα , provided by Lemma

2, induces a morphism from (Hs(F)
√
dh

λ ))λ∈R to Vf,s.

Now, we construct the morphism from Vf,s to (Hs(F−h
λ ))λ∈R. The idea is similar to the con-

struction of the previous morphism, with the key difference being that here we want to map points
of Fλ, that are not in F−h

λ+ε for reasonable ε, into F−h
λ+ε. These problematic points are typically

contained in:

Pλ,h =

( l⋃
i=1

∂Mi∩]0, 1[d
)h

\ F−h
λ+2Lhα

 ∩ Fλ,

which are located near the boundaries of the regular pieces. The idea is to push these points away
from the boundaries. To do this, we define the map:

γh(x) =


x+

(h−d2(x,
⋃l

i=1 ∂Mi∩]0,1[d))
d2(x,

⋃l
i=1 ∂Mi∩]0,1[d)

(x− ξ(x)) , if x ∈
(⋃l

i=1 ∂Mi∩]0, 1[d
)h

\
⋃l
i=1 ∂Mi,

x, if x /∈
(⋃l

i=1 ∂Mi∩]0, 1[d
)h
.

The function γh pushes points from the h-neighborhood of the boundaries by following the gradient
of the distance function to

⋃l
i=1 ∂Mi∩]0, 1[d, moving them outside of this h-neighborhood. It should
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be noted that, for all x ∈
(⋃l

i=1 ∂Mi∩]0, 1[d
)h

\
⋃l
i=1 ∂Mi, the vectors γh(x)− x and ξ(x)− x are

collinear and point in opposite directions. Consequently, γh(x)− x also generates the normal cone
of
⋃l
i=1 ∂Mi∩]0, 1[d at ξ(x). Moreover, this function can be continuously extended to Pλ,h using

Assumption A3 (see the proof of Lemma 3). We denote this extension by γh,λ.

xξ(x) γh(x)

M1

M2

h

Figure 7: Illustration of ξ and γh. In blue is represented the normal cone of
⋃l
i=1 ∂Mi∩]0, 1[d at

ξ(x).

Our goal now is to use γh,λ to push smoothly points of Pλ,h, constructing again a deformation
retraction. Similarly to what we did in Lemma 2, for some x ∈ Pλ,h, the line segment [x, γh,λ(x)]
may not be contained entirely in Fλ. Therefore, we consider the larger set, adding the segments
[x, γh,λ(x)] for all x ∈ Pλ,h:

Nλ,h := Fλ ∪

 ⋃
x∈Pλ,h

[x, γh,λ(x)]

 ⊂ Fλ+Lhα .

To ensure the continuity of the deformation retraction, we need to control how much we move the
points of

⋃
x∈Pλ,h

[x, γh,λ(x)] ∩Mi that are close to Fλ+2Lhα ∩ (Mi)
c. Thus, we introduce condition

(C2): there exists i ∈ {1, . . . , l} such that

x ∈
⋃

x∈Pλ,h

[x, γh,λ(x)] ∩Mi (4)

and
d2
(
γh,λ(x), (Mi)

c ∩ Fλ+2Lhα
)
≥ 3h− ∥x− γh,λ(x)∥2. (5)

We then define Hλ,h : Nλ,h × [0, 1] → Nλ,h, which will serve as our deformation retraction, by
Hλ,h(x) ={

(1− t)x+ t
(
γh,λ(x) +

(
3h− d2

(
γh,λ(x), (Mi)

c ∩ Fλ+2Lhα
))

+

x−γh,λ(x)
∥x−γh,λ(x)∥2

)
, if (C2),

x, else.

Finally, we denote Mλ,h = Im(x 7→ Hλ,h(x, 1)), which will serve as our deformation retract. We
can now state Lemma 3.
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M1

M2

Pλ,h

Fλ

F−h
λ+2Lhα

ξ(x)
x

γλ,h(x)
h

Nλ,h

Figure 8: Illustration of the sets Fλ, F−h
λ+2Lhα , Pλ,h, and Nλ,h. The region F−h

λ+2Lhα is shown in red,
while Fλ is depicted in gray. The part of Fλ not included in F−h

λ+2Lhα corresponds to Pλ,h. The blue
region represents the union of segments added to Fλ to form Nλ,h.

M1

M2

h

Hλ,h

Figure 9: Illustration of the deformation retraction Hλ,h. The region F−h
λ+2Lhα is shown in red, while

Fλ is depicted in gray. Points closer to F−h
λ+2Lhα experience less displacement under Fλ,h, which

ensures its continuity. The green region represents elements of Mλ,h that do not belong to F−h
λ+2Lhα

but will be included in F−h
λ+ε for some ε ≍ hα (see proof of Lemma 3).

Lemma 3. For all 0 < h < R
2 and λ ∈ R, Hλ,h is a deformation retraction from Nλ,h onto Mλ,h.

Furthermore, we have F−h
λ ⊂ Mλ,h ⊂ F−h

λ+(2+5α)Lhα and Fλ ⊂ Nλ,h ⊂ Fλ+Lhα .

The proof of Lemma 3 is provided in Appendix B.4. Similarly to Lemma 2, Lemma 3 provides a
morphism from Vf,s to (Hs(F−

√
dh

λ ))λ∈R.

Next, we state a technical result: Lemma 4, which will allow us to prove that the morphisms
we constructed previously induce an interleaving.
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Lemma 4. Let λ ∈ R and h ≍
(
log(n)
n

) 1
d+2α , for sufficiently large n, we have, for all f ∈

Sd(M,L, α,R), for all x ∈ F̂λ ∩ Sλ+√
2σNhhα,

√
dh,

[x, ξ(x)] ⊂ F̂λ+(c1
√
2σNh+c2)hα

(6)

and for all x ∈ F̂λ ∩ Pλ,√dh, [
x, γλ,

√
dh(x)

]
⊂ F̂λ+(c1

√
2σNh+c2)hα

(7)

with c1 = 2(1 + (2d)d), c2 = (1 + (2d)d)(5L
√
d+ 2κM) and κ a constant depending only on d and

R.

In particular, as F̂λ ⊂ F
√
dh

λ+
√
2σNhhα

(by Lemma 1), Assertion (6) of Lemma 4 ensures that, for

sufficiently large n and for all x ∈ F̂λ:

Fλ+
√
2σNhhα,

√
dh(x, [0, 1]) ⊂ F̂λ+ch

for some constant c depending on the model parameters and Nh. This implies that any chain
C ∈ Cs(F̂λ), s ∈ N, is homologically equivalent, within F̂λ+ch, to its deformed counterpart:

F#

λ+
√
2σNhhα,

√
dh
(C, 1).

Similar guarantees also hold for the deformation retraction involved in Lemma 3. More precisely, it
follows from Assertion (7) of Lemma 4, that for all x ∈ F̂λ ∩ Fλ,

Hλ,
√
dh(x, [0, 1]) ⊂ F̂λ+ch

and consequently for any C ∈ Cs

(
F̂λ ∩ Fλ

)
, C is homologically equivalent, within F̂λ+ch to:

H#

λ,
√
dh
(C, 1).

These key properties will be instrumental in showing that the morphisms ϕ and ψ satisfy Definition 9,
in particular, to prove that the diagrams involved commute. This will allow us to establish an
interleaving with a constant depending on Nh. To complete the proof, we will therefore require a
concentration inequality for Nh, which is stated in the following lemma and proved in Appendix B.7.

Lemma 5. Let h > 1/N,

P (Nh ≥ t) ≤ 2

(
1

h

)d
exp

(
−t2 log

(
1/hd

))
.

Consequently, there exist two constants C0 and C1 depending only on d such that, for all h < 1,

P (Nh ≤ t) ≤ C0 exp
(
−C1t

2
)
.

Equipped with these lemmas, we can now prove Theorem 1, from which follows Theorem 2.

Theorem 1. Let h ≍
(
log(n)
n

) 1
d+2α . There exist C̃0 and C̃1 (depending only on M , L, α, R and σ)

such that, for all t > 0,

sup
f∈Sd(M,L,α,R)

P

(
db

(
d̂gm(f),dgm(f)

)
≥ t

(
log(n)

n

) α
d+2α

)
≤ C̃0 exp

(
−C̃1t

2
)
.
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Proof. It suffices to show the result for large n (up to rescaling C̃0). Hence, we assume that n is
such that 2

√
dh < R and Lemma 4 holds. The proof is essentially a combination of the lemmas

stated throughout this section. We begin by specifying the exact construction of ϕλ, which will be
obtained by the composition of the following linear maps:

j1,λ : Hs

(
F̂λ
)
→ Hs

(
Kλ+

√
2σNhhα,

√
dh

)
the map induced by the inclusion F̂λ ⊂ F

√
dh

λ+
√
2σNhhα

⊂ Kλ+
√
2σNhhα,

√
dh obtained by combining

Lemma 1 and 2,
j2,λ : Hs

(
Kλ+

√
2σNhhα,

√
dh

)
→ Hs

(
Gλ+√

2σNhhα,
√
dh

)
induced by the deformation retraction from Lemma 2, and, with k1 = Ldα/2 (1 + 3α) + c2,

j3,λ : Hs

(
Gλ+√

2σNhhα,
√
dh

)
→ Hs

(
Fλ+(k1+(1+c1)

√
2σNh)hα

)
the map induced by inclusion, following again from Lemma 2. Now, we can define:{

ϕλ : Hs

(
F̂λ
)
→ Hs

(
Fλ+(k1+(1+c1)

√
2σNh)hα

)
ϕλ = j3,λ ◦ j2,λ ◦ j1,λ

This provides the first persistence module morphism ϕ. Let us construct the second one by specifying
the construction of ψλ, which will be obtained by composition of the following linear maps:

j4,λ : Hs (Fλ) → Hs

(
Nλ,

√
dh

)
the map induced by the inclusion Fλ ⊂ Nλ,

√
dh from Lemma 3,

j5,λ : Hs

(
Nλ,

√
dh

)
→ Hs

(
Mλ,

√
dh

)
the map induced by the deformation retraction from Lemma 3, and, with k2 = Ldα/2(2 + 5α) + c2,

j6,λ : Hs

(
Mλ,

√
dh

)
→ Hs

(
F̂λ+(k2+(1+c1)

√
2σNh)hα

)
induced by the inclusion Mλ,

√
dh ⊂ F−

√
dh

λ+k2hα
⊂ F̂λ+(k2+(1+c1)

√
2σNh)hα , from the combination of

Lemma 1 and 3. We then define:{
ψλ : Hs (Fλ) −→ Hs

(
F̂λ+(k2+(1+c1)

√
2σNh)hα

)
ψλ = j6,λ ◦ j5,λ ◦ j4,λ

which provides the second morphism ψ. Now, we show that ψ and ϕ induce an interleaving between
V̂f,s and Vs,f . More precisely, we show that the following diagrams commute for all λ < λ′. For
compactness of notations, let K1 = k1 + (1 + c1)

√
2σNh and K2 = k2 + (1 + c1)

√
2σNh.

Hs

(
F̂λ
)

Hs

(
F̂λ′
)

Hs (Fλ+K1hα) Hs (Fλ′+K1hα)

ϕλ

v̂λ
′

λ

ϕλ′

v
λ′+K1h

α

λ+K1h
α

(8)
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Hs (Fλ) Hs (Fλ′)

Hs

(
F̂λ+K2hα

)
Hs

(
F̂λ′+K2hα

)
ψλ

vλ
′

λ

ψλ′

v̂
λ′+K2h

α

λ+K2h
α

(9)

Hs

(
F̂λ
)

Hs

(
F̂λ+(K1+K2)hα

)

Hs (Fλ+K1hα)

ϕλ ψλ+K1h
α

v̂
λ+(K1+K2)h

α

λ

(10)

Hs (Fλ) Hs

(
Fλ+(K1+K2)hα

)

Hs

(
F̂λ+K2hα

)

v
λ+(K1+K2)h

α

λ

ψλ ϕλ+K2h
α

(11)

• Diagram 8: We can rewrite the diagram as (unspecified maps are simply induced by set
inclusion),

Hs

(
F̂λ
)

Hs

(
F̂λ′
)

Hs

(
Kλ+

√
2σNhhα,

√
dh

)
Hs

(
Kλ′+

√
2σNhhα,

√
dh

)

Hs

(
Gλ+√

2σNhhα,
√
dh

)
Hs

(
Gλ′+√

2σNhhα,
√
dh

)

Hs (Fλ+K1hα) Hs (Fλ′+K1hα)

v̂λ
′

λ

j2,λ j2,λ′

v̂
λ′+K1h

α

λ+K1h
α

As j2,λ and j2,λ′ arise from deformation retractions and other maps are simply induced by
inclusion, all faces of Diagram 8 commute. Consequently, Diagram 8 commutes.

• Diagram 9: it can be decomposed similarly to Diagram 8. One can check that the same
reasoning applies.

• Diagram 10: Here, the proof is slightly more technical and requires more subtle geometric
arguments, in particular involving Lemma 4. Let C ∈ Cs

(
F̂λ
)

and [C] be its classes in

Hs

(
F̂λ
)
. To prove the commutativity of Diagram 10, it suffices to show that:

ψλ+K1hα (ϕλ([C])) = [C] ∈ Hs

(
F̂λ+(K1+K2)hα

)
. (12)
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First, observe that ϕλ maps [C] to [C ′] with,

C ′ = F#

λ+
√
2σNhhα,

√
dh
(C, 1).

We begin by proving that:

[C
′
] = [C] ∈ Hs

(
F̂λ+(K1+K2)hα

)
. (13)

Denote F λ+√
2σNhhα,

√
dh the restriction of Fλ+√

2σNhhα,
√
dh to:

Fλ+
√
2σNhhα,

√
dh(F̂λ, [0, 1]).

It is a deformation retraction from Fλ+
√
2σNhhα,

√
dh(F̂λ, [0, 1]) to Fλ+√

2σNhhα,
√
dh(F̂λ, 1). Thus,

by homology invariance under deformation retraction,

[C] =
[
F

#

λ+
√
2σNhhα,

√
dh
(C, 1)

]
=
[
F#

λ+
√
2σNhhα,

√
dh
(C, 1)

]
= [C ′] ∈ Hs

(
Fλ+

√
2σNhhα,

√
dh(F̂λ, [0, 1])

)
.

Assertion (6) of Lemma 4 ensures that

Fλ+
√
2σNhhα,

√
dh(F̂λ, [0, 1]) ⊂ F̂λ+K1hα

and thus,
[C] = [C ′] ∈ Hs

(
F̂λ+K1hα

)
.

As F̂λ+K1hα ⊂ F̂λ+(K1+K2)hα , this proves (13). Next, as C ′ ∈ Cs(F̂λ+K1hα ∩ Fλ+K1hα),
ψλ+K1hα maps [C ′] to [C

′′
], with,

C
′′
= H#

λ+K1hα,
√
dh
(C ′, 1).

Let us prove that:
[C

′
] = [C

′′
] ∈ Hs

(
F̂λ+(K1+K2)hα

)
. (14)

Denote Hλ+K1hα,
√
dh the restriction of Hλ+K1hα,

√
dh to:

Hλ+K1hα,
√
dh

(
F̂λ+K1hα ∩ Fλ+K1hα , [0, 1]

)
.

It is a deformation retraction and thus, again, by homology invariance under deformation
retract,

[C ′] =
[
H

#

λ+K1hα,
√
dh
(C ′, 1)

]
=
[
H#

λ+K1hα,
√
dh
(C ′, 1)

]
= [C

′′
] ∈ Hs

(
Hλ+K1hα,

√
dh

(
F̂λ+K1hα ∩ Fλ+K1hα , [0, 1]

))
Assertion (7) of Lemma 4 then ensures that:

Hλ+K1hα,
√
dh

(
F̂λ+K1hα ∩ Fλ+K1hα , [0, 1]

)
⊂ F̂λ+(K1+K2)hα

and consequently proves (14). Combining (14) and (13) we have (12) and therefore Diagram
10 commutes.

20



• Diagram 11: Let C ∈ Cs (Fλ), ψλ maps [C] to [C ′], with,

C ′ = H#

λ,
√
dh
(C, 1).

As Mλ,
√
dh ⊂ Gλ+K2hα,

√
dh, the linear map ϕλ+K2hα behaves as an inclusion induced map,

mapping [C ′] to [C ′]. From Lemma 3, we have:

Hλ,
√
dh(Fλ, [0, 1]) ⊂ Nλ,

√
dh ⊂ Fλ+(K1+K2)hα .

Thus,
[C] = [C ′] ∈ Hs

(
Fλ+(K1+K2)hα

)
and Diagram 11 commutes.

The commutativity of diagrams 9,8,10 and 11 means that V̂f,s and Vf,s are (K1+K2)h
α interleaved,

and thus we get from the algebraic stability theorem (Chazal et al., 2009) that

db

(
dgm

(
V̂f,s

)
,dgm (Vf,s)

)
≤ (K1 +K2)h

α

and as it holds for all s ∈ N,

db

(
d̂gm(f),dgm(f)

)
≤ (K1 +K2)h

α.

Now, using Lemma 5, this implies that, for all f ∈ Sd(M,L, α,R),

P
(
db

(
d̂gm(f),dgm(f)

)
≥ thα

)
≤ P (K1 +K2 ≥ t)

= P

(
Nh ≥ t− k1 − k2

2
√
2σ(1 + c1)

)
≤ C0 exp

(
−C1

(
t− k1 − k2

2
√
2σ(1 + c1)

)2
)

≤ C0 exp

(
2

C1(k1 + k2)(
2
√
2σ(1 + c1)

)2 t
)
exp

(
−C1

(
k1 + k2

2
√
2σ(1 + c1)

)2
)
exp

(
− C1(

2
√
2σ(1 + c1)

)2 t2
)

= C0 exp

(
−C1

(
k1 + k2

(2
√
2σ(1 + c1))

)2
)
exp

(
2

C1(k1 + k2)(
2
√
2σ(1 + c1)

)2 t− C1

2
(
2
√
2σ(1 + c1)

)2 t2
)

× exp

(
− C1

2
(
2
√
2σ(1 + c1)

)2 t2
)

Now, as for all t ∈ R,

2
C1(k1 + k2)(

2
√
2σ(1 + c1)

)2 t− C1

2
(
2
√
2σ(1 + c1)

)2 t2 ≤ 2C1(k1 + k2)
2(

2
√
2σ(1 + c1)

)2
we have:

P
(
db

(
d̂gm(f),dgm(f)

)
≥ thα

)
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≤ C0 exp

(
−C1

(
k1 + k2

(2
√
2σ(1 + c1))

)2

+
2C1(k1 + k2)

2(
2
√
2σ(1 + c1)

)2
)
exp

(
− C1

2
(
2
√
2σ(1 + c1)

)2 t2
)

= C0 exp

(
C1(k1 + k2)

2(
2
√
2σ(1 + c1)

)2
)
exp

(
− C1

2
(
2
√
2σ(1 + c1)

)2 t2
)

and the result follows.

We can derive from this result bounds in expectation, proving Theorem 2.

Theorem 2. Let h ≍
(
log(n)
n

) 1
d+2α ,

sup
f∈Sd(M,L,α,R)

E
(
db

(
d̂gm(f),dgm(f)

))
≲

(
log(n)

n

) α
d+2α

Proof. The sub-Gaussian concentration provided by Theorem 1 ensures that, for all t > 0,

P

db
(
d̂gm(f),dgm(f)

)
hα

≥ t

 ≤ C̃0 exp
(
−C̃1t

2
)

Now, we have:

E

db
(
d̂gm(f), dgm(f)

)
hα


=

∫ +∞

0
P

db
(
d̂gm(f),dgm(f)

)
hα

≥ t

 dt

≤
∫ +∞

0
C̃0 exp

(
−C̃1t

2
)
dt < +∞.

3 Lower bounds

In this section, we prove that the rates obtained in the previous section are optimal by deriving
lower bounds on the minimax risk.

Theorem 3.

inf
̂dgm(f)

sup
f∈Sd(M,L,α,R)

E
(
db

(
d̂gm(f),dgm(f)

))
≳

(
log(n)

n

) α
d+2α

.

Where the infimum is taken over all the estimators of dgm(f).

The proof follows a standard method to provide minimax lower bounds, as presented in Section 2

of Tsybakov (2008). The idea is, for any rn = o

((
log(n)
n

) α
d+2α

)
, to exhibit a finite collection of

functions in Sd(M,L, α,R) such that their persistence diagrams are pairwise at distance 2rn but
indistinguishable, with high certainty.
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Proof. Let

f0(x1, ..., xd) =
min(M,L)

2
√
d

|x1|α

and for m integer in [0, ⌊1/h⌋],

fh,m(x1, ..., xd) = f0 −
min(L,M)√

d
(hα − ||(x1, ..., xd)−m/⌊1/h⌋(1, ..., 1)||α∞)+

f0 and the fh,m are (L,α)−Hölder-continuous and bounded byM . Thus, they belong to Sd(M,L, α,R)
for all R > 0.

We have dgm(f0) = {(0,+∞)} and for all 0 < m < ⌊1/h⌋, integer, dgm(fh,m) ={
(0,+∞),

(
min(L,M)

2
√
d

(
m

⌊1/h⌋

)α
− L√

d
hα,

min(L,M)

2
√
d

(
m

⌊1/h⌋

)α
− min(L,M)

2
√
d

hα
)}

.

Thus, for all 0 < m ̸= m′ < ⌊1/h⌋, integers,

db (dgm(f0), dgm(fm,h)) ≥
min(L,M)hα

2
√
d

and db (dgm(fm,h), dgm(fm′)) ≥ min(L,M)hα

2
√
d

.

We set rn = min(L,M)hα

4
√
d

, then,

db

(
dgm(f0), dgm(fd,h,mk′ ,α)

)
≥ 2rn and db

(
dgm(fh,m),dgm(fh,m′)

)
≥ 2rn.

For a fixed signal f , denote Pnf =
⊗n Pf the joint distribution of the observations (X1, ..., Xn).

From Theorem 2.5 of Tsybakov (2008), it now suffices to show that if rn = o
(
( log(n)/n)

α
d+2α

)
, then,

1(⌊
1
h

⌋
− 2
)
log
(⌊

1
h

⌋
− 2
) ∑

0<m<⌊1/h⌋

KL
(

Pnfh,m ,P
n
f0

)
(15)

converges to zero when n converges to infinity, where KL is the Kullback-Leibler divergence between
probability distributions. We denoteHm the hypercube defined by ||(x1, ..., xd)−m/⌊1/h⌋(1, ..., 1)||∞ ≤
h

KL
(

Pnfh,m ,P
n
f0

)
=

n∑
i=1

KL (N (fh,m(xi), σ),N (f0(xi), σ))

=
n∑
i=1

(fh,m(xi)− f0(xi))
2

2σ2

=
∑

xi∈Hm

(fh,m(xi)− f0(xi))
2

2σ2

=
min(M,L)2

4dσ2

∑
xi∈Hm

(hα − ||xi −m/⌊1/h⌋(1, ..., 1)||α∞)2+

≤ min(M,L)2

4dσ2
|Hm ∩Gn|h2α
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≲ nh2α+d

Hence, if h = o
(
( log(n)/n)

1
d+2α

)
, we have that (15) converges to zero. Consequently, if rn =

o
(
( log(n)/n)

α
d+2α

)
, then h = o

(
( log(n)/n)

1
d+2α

)
and we get the conclusion.

Following the remark made in the Introduction, it is worth noting that the previous proof establishes
a stronger result. Throughout the proof, we have only considered (L,α)-Hölder continuous functions,
implying that the lower bound we obtain also applies to the minimax risk over Hölder spaces. As
a direct consequence, this formally confirms that the rates obtained in Bubenik et al. (2009) and
Chung et al. (2009) are minimax.

4 Numerical illustrations

The present work focuses mainly on addressing the statistical difficulty of estimating persistence
diagrams for noisy signals. However, for practical applicability, the computational aspects of the
proposed strategy should also be discussed. Although it is easy to implement, it suffers from
computational limitations. Since the proposed estimator constructs persistence diagrams using
cubical homology, for a window size h, it requires, in the worst case, O(h−d) memory to store
the cubical complex associated with the sublevel filtration, and the computation of persistence
diagrams runs in O(h−3d). Following Theorem 1, the h that leads to the minimax convergence
rate is of order O((ln(n)/n)1/(2α+d)), which then induces a complexity of O(nd/(2α+d)) = O(n) in
memory and O(n3d/(2α+d)) = O(n3) in computation, which can be prohibitive in many practical
scenarios. Note that this is not specific to our method. Any standard plug-in estimator suffers from
similar shortcomings. This is likely the main limitation preventing the broader use of persistence
diagrams in signal processing. However, efficient computation of persistent homology for cubical
complexes is an active area of research (see e.g., Wagner et al., 2012; Jaquette and Kramár, 2015;
Otter et al., 2017; Dłotko and Wanner, 2018; Kaji et al., 2020), and the proposed methods may
benefit from future progress in this direction. Also note that in some cases, this complexity can
be improved. For example, if one is only interested in 0th-order persistent homology (i.e., tracking
the evolution of connected components), the complexity for computing the H0-persistence diagram
reduces to O

(
h−dα(h−d)

)
= O

(
nα(n)

)
, where α denotes the inverse of the Ackermann function (see

Wagner et al., 2012, Section VII.2). Since α grows extremely slowly, this implies that the algorithm
runs essentially in linear time in this case.
Nonetheless, we believe that our strategy can still be valuable in certain practical scenarios, partic-
ularly in lower-dimensional settings. To illustrate this, we provide numerical examples in dimension
two, situating ourselves in the common practical scenario of image analysis in the presence of addi-
tive noise. In this context, Assumptions A0-A3 essentially allow us to consider images displaying
objects with smooth boundaries, with no intersections between objects’ boundaries or between
objects and the boundary of the image. We consider the following two toy examples:

• First, we consider k = 8 non-intersecting discs D1, ..., Dk, chosen randomly (random centers
(x1, y1), ..(xk, yk) and random radii r1, ..., rk) in [0, 1]2. We also ensure that D1, ..., Dk do
not intersect the boundary of [0, 1]2. We then consider the family of signal fα : [0, 1]2 → R,
α ∈]0, 1] defined by:

fα(x) =

{
(−1)i

(
2−

(
||x−xi||2

ri

)α)
if x ∈ Di, 1 ≤ i ≤ k

0 else
.
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(a) Graph of f1 (b) Graph of g1

Figure 10: Graph of f1 and g1.

These are simply sums of bump functions with exponent α on the discs D1, ..., Dk, shifted to
create discontinuity at the boundaries of eachD1, ..., Dk. Note that fα belongs to S2(M,L,R, α),
for, M = 2, L = (1/min1≤i≤k ri)

α and some R > 0 depending on min1≤i≤k ri and the minimal
distance of the discs D1, ..., Dk to the boundary of [0, 1]2.

• Second, we choose p = 5 discs D̃1 ⊂ ... ⊂ D̃p centered at (0, 0) with raddii 1/2 > r̃5 =
1/2.2 > r̃4 = 1/3 > r̃3 = 1/4 > r̃2 = 1/6 > r̃1 = 1/12 and consider the family of signal
gα : [0, 1]2 → R, α ∈]0, 1], defined by:

gα(x) =


−
(
||x−xi||2

r̃1

)α
if x ∈ D̃1

(−1)i
(
||x−xi||2

r̃i

)α
if x ∈ D̃i \ D̃i−1, 2 ≤ i ≤ p

||x− xi||α2 else

.

In contrast to the previous example, where the objects in the image (represented by the disks
D1, . . . , Dk) are non-overlapping, now, we consider k overlapping objects (represented by the
disks D̃1, . . . , D̃p) that are strictly contained within one another. This inclusion ensures that
their boundaries do not intersect. As a result, it follows that gα belongs to S2(M,L,R, α), for
M = 1, L = (1/min1≤i≤k r̃i)

α, and some R > 0 depending on min(r̃1, r̃2 − r̃1, . . . , r̃p − r̃p−1)
and the distance of the disks D̃p to the boundary of [0, 1]2.

For these two examples, we run simulations to illustrate that, although the estimation of the signals
in the sup-norm is out of reach, the plug-in histogram estimators of their persistence diagrams are
consistent. To achieve this, for varying resolutions of observations {N × N,N ∈ [10 : 50 : 510]}
(where [N1 : q : N2] denotes the set {N1, N1+ q,N1+2q, ..., N2}), we generate noisy versions of the
images associated with fα and gα by adding independent Gaussian noise to each pixel, with a stan-
dard deviation of σ = 0.1. We then estimate the signal via histograms. We choose the window size
according to Theorem 1, taking h = 1

10 × (ln(n)/n)1/(2α+d), and compute the diagrams associated
to its sublevel sets using the Python package GUDHI (2025) via its function CubicalComplex
(Dlotko, 2025).
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We repeat each simulation r = 100 times, from which we compute the average errors for both
the bottleneck distance on the persistence diagrams and the sup-norm loss on the signals for each
resolution. The true persistence diagrams are provided explicitly, whereas the sup-norm error is
approximated by looking at the maximal errors on a grid with significantly higher resolution of
800 × 800. To examine the influence of regularity, we perform these simulations for several values
of α: α = 1, α = 7

8 , α = 2
3 , and α = 1

2 .

The results are presented in Figure 11 for fα and Figure 12 for gα. They clearly show that the
estimation of the signal is not consistent. This is intuitive because, at the pixels overlapping on
the boundaries of the disks, consistent estimation is infeasible due to the discontinuity. However,
we observe that the persistence diagrams are well-estimated, with errors in the bottleneck distance
relatively rapidly converging to 0. This illustrates the inefficiency of the sup-norm stability theorems
in these contexts, highlighting the relevance of the analysis we conducted.

Additionally, we compute the time required for each persistence diagram computation and calculate
the average time for each resolution and each α. The results are shown in Table 1. The observed
computation times appear reasonable, even for the highest resolutions. For these simulations, we
consider relatively high regularity parameters α, but we still observe that computation times grow
rapidly as the regularity decreases. In cases where regularity is low and resolution is high, using the
theoretically optimal window h may become impractical, leading to a tradeoff between statistical
performance and computational cost.

Figure 11: Simulation results for fα. The average bottleneck distance errors for diagram estimation
(PD, marked with triangles) and average sup norm errors for signal estimation (SN, marked with
squares) are displayed as functions of the observation resolution. The red curves correspond to
α = 0.5, the green to α = 2/3, the orange to α = 7/8, and the blue to α = 1
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Figure 12: Simulation results for gα. The average bottleneck distance errors for diagram estimation
(PD, marked with triangles) and average sup norm errors for signal estimation (SN, marked with
squares) are displayed as functions of the observation resolution for gα. The red curves correspond
to α = 0.5, the green to α = 2/3, the orange to α = 7/8, and the blue to α = 1.

Resolution
10× 10 110× 110 210× 210 310× 310 410× 410 510× 510

1 9, 62× 10−4 7, 40× 10−2 2, 06× 10−1 4, 57× 10−1 8, 18× 10−1 1, 25
7/8 1, 06× 10−3 7, 11× 10−2 2, 69× 10−1 4, 46× 10−1 9, 88× 10−1 1, 16
2/3 9, 71× 10−4 7, 25× 10−2 2, 76× 10−1 6, 32× 10−1 1, 47 1, 71

α

1/2 1, 24× 10−4 1, 90× 10−1 2, 90× 10−1 6, 51× 10−1 1, 49 2, 44

Table 1: Average computation time (in seconds) for computing the persistence diagram of fα over
r = 100 simulations, for varying resolutions and values of α.

5 Discussion

To date, the statistical analysis of persistence diagrams has largely depended on transferring es-
tablished results from signal or density estimation, leveraging sup-norm stability. In contrast, the
present work marks a departure from this paradigm. We introduce a finer statistical analysis of the
plug-in histogram estimator, demonstrating that it achieves the minimax convergence rates over the
classes Sd(M,L, α,R), matching the known rates for Hölder-continuous signals. These functional
classes encompass irregular signals that typically pose significant challenges for classical nonpara-
metric methods. It is also worth noting that the statistical arguments used in this work are limited
to a simple concentration bound (Lemma 5), and can therefore be easily adapted to other standard
models, such as the density estimation model or the Gaussian white noise model.
Beyond the theoretical results established in this work, our approach opens up a broader perspective
on the inference of persistent homology. In particular, it reveals that the regularity assumptions
traditionally imposed on the underlying signals can be meaningfully relaxed. This motivates further
exploration of potential relaxations, especially of Assumption A3.
One promising direction involves controlling the µ-reach, as introduced in Chazal et al. (2006),
of the discontinuity set. Such an extension would significantly broaden the applicability of our
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(a) A true cycle not captured by
cubical approximation

(b) A false cycle created by cubical
approximation

Figure 13: λ−sublevel cubical approximation for f the function defined as 0 on the hatched area
and K outside (for arbitrarily large K). (a) displays a case where the histogram approximation
fails to capture the true cycle in green, for at least all 0 < λ < K/2. (b) displays a case where
the histogram approximation creates a cycle in red, not corresponding to any true cycle, with an
arbitrarily long lifetime.

results, enabling the treatment of signals with more complex discontinuity structures, such as sets
containing multiple points (e.g., self-intersections) or corners. In the context of image analysis,
as discussed in Section 4, this would allow us to consider objects with intersecting boundaries,
boundaries intersecting the image frame, and objects with non-smooth boundaries.
However, as illustrated in Figure 13, the plug-in histogram estimator becomes inadequate in these
more complex settings. Histograms may fail to capture accurately the topology of sublevel sets or
may create false topological features due to multiple points and intersections with the boundary of
the cube. We believe this limitation is not unique to histograms but likely extends to other standard
plug-in estimators. Addressing these challenges may require moving beyond the plug-in framework,
calling for the development of new inference techniques.
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A Proofs for q−tameness

This section is devoted to proving the claim that the persistence diagrams we considered in this
work are well-defined. Following the construction of Chazal et al. (2016), it suffices to prove that
the associated persistence modules are q−tame.

Definition 10. A persistence module V is said to be q-tame if for all λ < λ′ ∈ Λ, rank
(
vλ

′
λ

)
is

finite.

Lemma 6. Let f ∈ Sd(M,L, α,R). For all s ∈ N and h < R
2 , for all λ ∈ R, there exists a morphism

ϕλ such that
Hs (Fλ) Hs

(
Fλ+L(1+3α)hα

)
Hs

(
Fh
λ

) ϕλ
(16)

is a commutative diagram (unspecified maps come from set inclusions).

Proof. Let ϕ̃λ : Hs (Kλ,h) → Hs (Gλ,h) be the linear map induced by the deformation retraction
from Lemma 2. We also denote i1,λ : Hs

(
Fh
λ

)
→ Hs (Kλ,h) the linear map induced by the inclusion

Fh
λ ⊂ Kλ,h and i2,λ : Hs (Gλ,h) → Hs

(
Fλ+L(1+3α)hα

)
the linear map induced by the inclusion

Gλ,h ⊂ Fλ+L(1+3α)hα , also provided by Lemma 2. We take ϕλ = i2,λ ◦ ϕ̃λ ◦ i1,λ. Diagram 16 then is
(unspecified maps are induced by set inclusion),

Hs (Fλ) Hs

(
Fλ+L(1+3α)hα

)
(F1) (F2) (F3)

Hs

(
Fh
λ

)
Hs (Kλ,h) Hs (Gλ,h)i1,λ

i2,λ

ϕ̃λ

(17)

Faces (F1) and (F3) simply commutes by inclusion. Face (F2) commutes as ϕ̃λ is induced by a
deformation retraction. All faces of Diagram 17 commute, hence Diagram 17 (and equivalently
Diagram 16) is commutative.

Proposition 1. Let f ∈ Sd(M,L, α,R) then f is q-tame.

Proof. Let s ∈ N and Vs,f be the persistence module (for the s−th homology) associated to the
sublevel sets filtration F . For fixed levels λ < λ′ denote vλ′λ the associated map. Let λ ∈ R and
h < R

2 . By Lemma 6, vλ+L(1+3α)hα

λ = ϕλ ◦ ĩλ, with ĩλ : Hs (Fλ) → Hs

(
Fh
λ

)
. By Assumptions

A1 and A2, Fλ is compact. As [0, 1]d is triangulable, Fλ is covered by finitely many cells of the
triangulation, there is a finite simplicial complex K such that Fλ ⊂ K ⊂ Fh

λ . Consequently, ĩλ
factors through the finite-dimensional space Hs(K) and is then of finite rank. Thus, vλ+L(1+3α)αhα

λ

is of finite rank for all 0 < h < R
2 . As for any λ < λ′ < λ

′′ , vλ
′′

λ = vλ
′′

λ′ ◦ vλ′λ , we have that vλ′λ is of
finite rank for all λ < λ′. Hence, f is q-tame.

Proposition 2. Let f ∈ Sd(M,L, α,R) then, for all s ∈ N, V̂hs,f is q-tame.
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Proof. Let h > 0 and λ ∈ R. F̂λ is a union of hypercubes of the regular grid Gh, thus, Hs

(
F̂λ
)

is

finite dimensional. Thus, V̂s,f is q-tame by Theorem 1.1 of Crawley-Boevey (2012).

B Proofs of technical lemmas

B.1 Proof of Lemma 1

This section is dedicated to the proof of Lemma 1, from Section 2, which relies on the following
lemma.

Lemma 7. Let f : [0, 1]d → R and h satisfying (1). Let H ⊂ Fc
λ+

√
2σNhhα

∩ Ch and H ′ ⊂
Fλ−√

2σNhhα
∩ Ch. We have that:

1

nhd

∑
xi∈H

Xi > λ and
1

nhd

∑
xi∈H′

Xi < λ.

Proof. Let us consider here the case where in H ′ ⊂ Fλ−√
2σNhhα

(the proof being the same in both
cases). We have:

1

nhd

∑
xi∈H′

Xi

=
1

nhd

∑
xi∈H′

f(xi) + σεi

≤ λ−
√
2σNhh

α +Nh

√
2σ

√
log (1/hd)

nhd

< λ

By the choice made for h.

Proof of Lemma 1. Let x ∈ F−
√
dh

λ−
√
2σNhhα

and H be the hypercube of Ch containing x. We then
have:

H ⊂ Fλ−√
2σNhhα

.

Hence, by Lemma 7,
∑

xi∈H Xi − nhdλ < 0, thus,

H ⊂ F̂λ.

Now, let x ∈
(
F

√
dh

λ+
√
2σNhhα

)c
, and H be the hypercube of Ch containing x. We then have:

H ⊂ Fc
λ+

√
2σNhhα

.

Hence, by Lemma 7,
∑

xi∈H Xi − nhdλ > 0, thus,

H ⊂ F̂c
λ

and Lemma 1 is proved.
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B.2 Proof of Lemma 2

This section is devoted to the proof of Lemma 2 from Section 2.

Proof. First, note that if x belongs to
⋃
x∈Sλ,h

[x, ξ(x)] then x is at distance at most h from
the union of (∂Mi)i=1,...,l, and thus ||x − ξ(x)||2 ≤ h which proves that Kλ,h ⊂ F2h

λ . As Fλ ⊂(⋃
x∈Sλ,h

[x, ξ(x)]
)c

∩ Fh
λ , Fλ ⊂ Gλ,h.

Now, we prove that Fλ,h is a deformation retraction. By definition of Gλ,h:

Fλ,h(x, 1) ∈ Gλ,h, ∀x ∈ Kλ,h

and by definition of Fλ,h:
Fλ,h(x, 0) = x, ∀x ∈ Kλ,h

Let x ∈ Kλ,h satisfying (2) and (3), we have Fλ,h(x, t) ∈ [x, ξ(x)] for all t ∈ [0, 1]. In particular,
this implies that ξ(Fλ,h(x, 1)) = ξ(x) thus, by definition of Fλ,h, Fλ,h(Fλ,h(x, 1), 1) = Fλ,h(x, 1).
Otherwise, Fλ,h(x, 1) = x. Hence,

Fλ,h(x, 1) = x, ∀x ∈ Gλ,h.

The proof for the continuity of Fλ,h is provided separately in Appendix B.3. Then Fλ,h is a defor-
mation retraction of Kλ,h onto Gλ,h.

Now, we prove that Gλ,h ⊂ Fλ+(1+3α)Lhα . Let x ∈ Kλ,h, and suppose that x ∈M i ∩ [0, 1]d:

• If x does not satisfy (2), Fλ,h(x, 1) = x, then, directly, by definition of Sλ,h, x belongs Fλ+Lhα .

• If x satisfies (2) and 2h− d2 (ξ(x),Mi ∩ Fλ+Lhα) ≥ 0, as Fλ,h(x, 1) ∈ [x, ξ(x)] ⊂M i, we have

d2 (Fλ,h(x, 1),Mi ∩ Fλ+Lhα) ≤ 3h.

Thus, Assumptions A1 and A2 then ensure that (details concerning this claim are provided
in Lemma 12, Appendix C.2),

Fλ,h(x, 1) ∈ Fλ+L(1+3α)hα .

• If x satisfies (2) and 2h − d2 (ξ(x),Mi ∩ Fλ+Lhα) < 0, then, Fλ,h(x, 1) = ξ(x). Let ε > 0,
there exist j ∈ {1, ..., l}, i ̸= j and y ∈ Fλ ∩ Mj , such that ||x − y||2 ≤ h + ε. Hence,
ξ(x) ∈ ∂Mj∩]0, 1[d and ||ξ(x)− y||2 ≤ 2h+ ε. Assumptions A1 and A2 then ensure that (see
again Lemma 12 in Appendix C.2),

ξ(x) ∈ Fλ+L(1+(2+ε)α)hα

as it holds for all ε > 0,
Fλ,h(x, 1) = ξ(x) ∈ Fλ+L(1+2α)hα .

Finally, combining cases, Gλ,h ⊂ Fλ+L(1+3α)hα .
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B.3 Proof of the continuity of Fλ,h

This section is devoted to the proof of Fλ,h, claimed in the proof of Lemma 2.

Lemma 8. Let R/2 > h > 0 and λ ∈ R, Fλ,h is continuous.

Proof. Let δ, δ′ > 0, x, y ∈ Kλ,h such that ||x− y||2 ≤ δ and t, s ∈ [0, 1] such that |t− s| ≤ δ′. Let’s
check the different cases.

We begin with the cases where x ∈ M i and y ∈ M j , i ̸= j. Let δ < h, then ||x − ξ(x)||2 ≤ δ,
||y − ξ(y)||2 ≤ δ, and thus Fλ,h(x, t), Fλ,h(y, s) ∈ [x, ξ(x)] ∪ [y, ξ(y)] ⊂ B2(x, 2δ). Then,

||Fλ,h(x, t)− Fλ,h(y, s)||2 ≤ 4δ

And the conclusion follows in this case. From now on, we suppose that x, y ∈Mi.

• If x does not satisfy (2) or (3) and y does not satisfy (2) or (3), then, directly,

||Fλ,h(x, t)− Fλ,h(y, s)||2 = ||x− y||2 ≤ δ.

• If x satisfies (2) and (3), and y does not satisfy (2), then, y ∈ Fλ+Lhα . Thus,

d2 (ξ(x),Mi ∩ Fλ+Lhα) ≤ ||x− ξ(x)||+ ||x− y||2

and thus, by (3),

||x− ξ(x)|| ≥ 2h− d2 (ξ(x),Mi ∩ Fλ+Lhα) ≥ ||x− ξ(x)|| − δ.

Consequently, ∥∥∥∥ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+
x− ξ(x)

||x− ξ(x)||2
− x

∥∥∥∥
2

≤ δ

Then,

||Fλ,h(x, t)− Fλ,h(y, s)||2

=

∥∥∥∥(1− t)x+ t

(
ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+

x− ξ(x)

||x− ξ(x)||2

)
− y

∥∥∥∥
2

≤ ||x− y||2 +

∥∥∥∥ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+
x− ξ(x)

||x− ξ(x)||2
− x

∥∥∥∥
2

≤ 2δ.

• If x satisfies (2) and (3), and y satisfies (2) but not (3). Then,

||x− ξ(x)||2 ≥ 2h− d2 (ξ(x),Mi ∩ Fλ+Lhα)
= 2h− d2 (ξ(y),Mi ∩ Fλ+Lhα)
+ d2 (ξ(y),Mi ∩ Fλ+Lhα)− d2 (ξ(x),Mi ∩ Fλ+Lhα)

≥ 2h− d2 (ξ(y),Mi ∩ Fλ+Lhα)− ||ξ(x)− ξ(y)||2
≥ ||y − ξ(y)||2 − ||ξ(x)− ξ(y)||2
≥ ||x− ξ(x)||2 − 2||ξ(x)− ξ(y)||2 − ||x− y||2.
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Hence,∥∥∥∥ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+
x− ξ(x)

||x− ξ(x)||2
− x

∥∥∥∥
2

≤ ||x− y||2 + 2||ξ(x)− ξ(y)||2

And thus, we have:

||Fλ,h(x, t)− Fλ,h(y, s)||2

=

∥∥∥∥(1− t)x+ t

(
ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+

x− ξ(x)

||x− ξ(x)||2

)
− y

∥∥∥∥
2

≤ ||x− y||2 +

∥∥∥∥ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+
x− ξ(x)

||x− ξ(x)||2
− x

∥∥∥∥
2

≤ 2||x− y||2 + 2||ξ(x)− ξ(y)||2
≤ 2δ + 2||ξ(x)− ξ(y)||2

and we conclude by continuity of ξ.

• Finally, if x and y both satisfy (2) and (3), then,

||Fλ,h(x, t)− Fλ,h(y, s)||2

=

∥∥∥∥(1− t)x+ t

(
ξ(x) + (2h− d2 (ξ(x),Mi ∩ Fλ+Lhα))+

x− ξ(x)

||x− ξ(x)||2

)
−(1− s)y − s

(
ξ(y) + (2h− d2 (ξ(y),Mi ∩ Fλ+Lhα))+

y − ξ(y)

||y − ξ(y)||2

)∥∥∥∥
2

and the conclusion follows again, in this case by continuity of ξ.

All possible cases have been checked, the proof is complete.

B.4 Proof of Lemma 3

This section is dedicated to proof of Lemma 3 from Section 2.

Proof of Lemma 3. First, we check that γh extends continuously to Pλ,h. Let x ∈ Pλ,h∩
⋃l
i=1 ∂Mi∩]0, 1[d.

Assumption A3 ensures that Pλ,h ⊂ ]0, 1[d, and that there exist i, j ∈ {1, . . . , l} such that B2(x, h) ⊂
Mi ∪Mj ∪ (∂Mi ∩ ∂Mj) (details concerning this claim are provided in Appendix C.1). Now, if

B2(x, h) ∩ Fλ ∩Mi ̸= ∅ and B2(x, h) ∩ Fλ ∩Mj ̸= ∅

then by Assumptions A2 and A1, B2(x, h) ⊂ Fλ+L2hα (see Lemma 12 in Appendix C.2) and thus
x ∈ F−h

λ+L2hα . Hence, B2(x, h) ∩ Pλ,h ∩ Mj = ∅ or B2(x, h) ∩ Pλ,h ∩ Mi = ∅. Without loss of
generality, suppose that B2(x, h) ∩ Pλ,h ∩Mj = ∅. Assumption A3 imposes that

⋃l
i=1 ∂Mi∩]0, 1[d

is a C1,1 hypersurface and thus ensures that, for all x ∈ Pλ,h ∩M i∩]0, 1[d, limy∈Mi∩Pλ,h→x γh(y)
exists. We can then define:

γh,λ(x) = lim
y∈Mi∩Pλ,h→x

γh(y).

Note that this intuitively follows from the fact that the C1,1 assumption ensures that the normal
cone of

⋃l
i=1 ∂Mi∩]0, 1[d at ξ(x), which contains the set of points {y ∈ Pλ,h, ξ(y) = ξ(x)} by Theo-

rem 4.8 of Federer (1959), is simply a line. Thus, there is only one point at distance h from ξ(x) in
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{y ∈M i ∩ Pλ,h, ξ(y) = ξ(x)}, namely γh,λ(x). Doing so for all x ∈ Pλ,h ∩
⋃l
i=1 ∂Mi∩]0, 1[d extends

continuously γh(x) to Pλ,h.

Now, we prove that Hλ,h is a deformation retraction. As F−h
λ ⊂

(⋃
x∈Pλ,h

[x, γh,λ(x)]
)c

∩ Fλ,
F−h
λ ⊂ Mλ,h. Note that, by definition of Mλ,h,

Hλ,h(x, 1) ∈ Mλ,h, ∀x ∈ Nλ,h

and by definition of Hλ,h

Hλ,h(x, 0) = x, ∀x ∈ Nλ,h

Let x ∈ Nλ,h satisfying (4) and (5). By construction Hλ,h(x, t) ∈ [x, γh,λ(x)] for all t ∈ [0, 1]. In
particular, this implies that γλ,x(Hλ,h(x, 1)) = γh,λ(x). Thus, Hλ,h(Hλ,h(x, 1), 1) = Hλ,h(x, 1). In
other cases Hλ,h(x, 1) = x. Hence,

Hλ,h(x, 1) = x, ∀x ∈ Mλ,h.

The proof of the continuity of Hλ,h is provided separately in Appendix B.5. Then Hλ,h is a defor-
mation retraction of Nλ,h onto Mλ,h.

Now, we prove that Mλ,h ⊂ F−h
λ+L(2+5α)hα . Let x ∈ Nλ,h, and suppose that x ∈M i ∩ [0, 1]d:

• If x does not satisfy (4), directly, F (1, x) = x ∈ F−h
λ+2Lhα .

• If x satisfies (4) and 3h−d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
)
≥ 0, then there exists z ∈Mj∩Fλ+2Lhα

with j ̸= i such that ||x − z||2 ≤ 3h thus ||Hλ,h(x, 1) − z||2 ≤ 4h. By Assumption A3,
B2(Hλ,h(x, 1), h) ⊂ Mi ∪M j (see Lemma 11 in Appendix C.1) and by Assumptions A1 and
A2 (see Lemma 12 in Appendix C.2):

B2(Hλ,h(x, 1), h) ∩M j ⊂ B2(z, 5h) ∩M j ⊂ Fλ+L(2+5α)hα

and
B2(Hλ,h(x, 1), h) ∩M i ⊂ B2(x, 2h) ⊂ Fλ+L3αhα .

Thus, it follows that:
Hλ,h(x, 1) ∈ F−h

λ+L(2+5α)hα .

• If x satisfies (4) and 3h − d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
)
< 0, then Hλ,h(x, 1) = γh,λ(x) and

thus B2(Hλ,h(x, 1), h) ⊂ M i. As ||x− γh,λ(x)||2 ≤ h, it follows, by Assumptions A1 and A2
(see again Lemma 12 in Appendix C.2), that

Hλ,h(x, 1) ∈ F−h
λ+L3αhα .

From the same reasoning, it also follows that [x, γh,λ(x)] ⊂ Fλ+Lhα and hence Nλ,h ⊂ Fλ+Lhα .

Combining the different cases, it follows that Mλ,h ⊂ F−h
λ+L(2+5α)hα .

B.5 Proof of the continuity of Hλ,h

This section is devoted to the proof of the continuity of Hλ,h, claimed in the proof of Lemma 3.

34



Lemma 9. Let R/2 > h > 0 and λ ∈ R, Hλ,h is continuous.

Proof. Let δ, δ′ > 0, x, y ∈ Nλ,h such that ||x− y||2 ≤ δ and t, s ∈ [0, 1] such that |t− s| ≤ δ′. Let’s
check the different cases.

• If x ∈M i, γλ,h(x) ∈Mi and γλ,h(y) ∈M
c
i , then:

d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
)
≤ 2h+ δ.

Thus, either x satistifies (4) and (5) and we have :

||γh,λ(x)− x||2 ≥ 3h− d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
)
≥ ||γh,λ(x)− x||2 − δ

and consequently∥∥∥∥γh,λ(x) + (3h− d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
))

+

x− γh,λ(x)

||x− γh,λ(x)||2
− x

∥∥∥∥
2

≤ δ.

which gives ||Hλ,h(x, t) − x||2 ≤ δ. Or, x does not satistify (4) or (5) and Hλ,h(x, t) = x. In
both cases ||Hλ,h(x, t)− x||2 ≤ δ. Similarly we can show that ||Hλ,h(y, s)− y||2 ≤ δ. Hence,

||Hλ,h(x, t)−Hλ,h(y, s)||2 ≤ ||Hλ,h(x, t)− x||2 + ||x− y||2 + ||Hλ,h(y, s)− y||2 ≤ 3δ.

From now on, we can suppose that x, y ∈M i and γλ,h(x), γλ,h(y) ∈Mi.

• If x does not satisfy (4) or (5), and y does not satisfy (4) or (5), then directly,

||Hλ,h(x, t)−Hλ,h(y, s)||2 = ||x− y||2 ≤ δ.

• If x satisfies (4) and (5) and y /∈ ((∂Mi∩]0, 1[d)h)◦, then, d2
(
x, ∂Mi∩]0, 1[d

)
≥ h− δ and thus

||x− γh,λ(x)||2 ≤ δ. As Hλ,h(x, t) ∈ [x, γh,λ(x)], we have:

||Hλ,h(x, t)−Hλ,h(y, s)||2 = ||Hλ,h(x, t)− y||2 ≤ ||x− y||2 + ||x−Hλ,h(x, t)||2 ≤ 2δ.

• If x satisfies (4) and (5) and y ∈

( ⋃
x∈Pλ,h

[x, γh,λ(x)]

)c
∩
((
∂Mi∩]0, 1[d

)h)◦. Then, y ∈

F−h
λ+2Lhα . Thus, for sufficiently small δ there exists z ∈ (M i)

c ∩B2(y, h) and,

d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
)
− 2h ≤ ||γh,λ(x)− z||2 − 2h ≤ ||x− y||2 ≤ δ.

Hence, by (5),

||γh,λ(x)− x||2 ≥ 3h− d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
)
≥ ||γh,λ(x)− x||2 − δ

and consequently,∥∥∥∥γh,λ(x) + (3h− d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
))

+

x− γh,λ(x)

||x− γh,λ(x)||2
− x

∥∥∥∥
2

≤ δ.

We then have:

||Hλ,h(x, t)−Hλ,h(y, s)||2

=

∥∥∥∥(1− t)x+ t

(
γh,λ(x) +

(
3h− d2

(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
))

+

x− γh,λ(x)

||x− γh,λ(x)||2

)
− y

∥∥∥∥
2

≤
∥∥∥∥γh,λ(x) + (3h− d2

(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
))

+

x− γh,λ(x)

||x− γh,λ(x)||2
− x

∥∥∥∥
2

+ ||x− y||2

≤ 2δ
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• If x satisfies (4) and (5) and y satisfies (4) but not (5), then,

||γh,λ(x)− x||2 ≥ 3h− d2
(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
)

≥ ||y − γh,λ(y)||2 − ||γh,λ(x)− γh,λ(y)||2
≥ ||x− γh,λ(x)||2 − 2||γh,λ(x)− γh,λ(y)||2 − ||x− y||2.

Thus,

||Hλ,h(x, t)−Hλ,h(y, s)||2

=

∥∥∥∥(1− t)x+ t

(
γh,λ(x) +

(
3h− d2

(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
))

+

x− γh,λ(x)

||x− γh,λ(x)||2

)
− y

∥∥∥∥
2

≤
∥∥∥∥γh,λ(x) + (3h− d2

(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
))

+

x− γh,λ(x)

||x− γh,λ(x)||2
− x

∥∥∥∥
2

+ ||x− y||2

≤ 2||γh,λ(x)− γh,λ(y)||2 + 2||x− y||2
≤ 2δ + 2||γh,λ(x)− γh,λ(y)||2

and we conclude, in this case, by continuity of γh,λ.

• Finally, if x satisfies (4) and (5) and y satisfies (4) and (5), then,

||Hλ,h(x, t)−Hλ,h(y, s)||2

=

∥∥∥∥(1− t)x+ t

(
γh,λ(x) +

(
3h− d2

(
γh,λ(x), (M i)

c ∩ Fλ+2Lhα
))

+

x− γh,λ(x)

||x− γh,λ(x)||2

)
−(1− s)y − s

(
γh,λ(y) +

(
3h− d2

(
γh,λ(y), (M i)

c ∩ F−h
λ+Lhα

))
+

y − γh,λ(y)

||y − γh,λ(y)||2

)∥∥∥∥
2

and again the conclusion, follows in this case, by continuity of γh,λ.

All possible cases have been checked, the proof is complete.

B.6 Proof of Lemma 4

This section is devoted to the proof of Lemma 4 from Section 2. The arguments for Assertions (6)
and (7) rely on the same underlying ideas:

• First, due to Assumption A3 (see details in Appendix C.1), in a sufficiently small neighborhood
V of any point x close to the boundary of the pieces of f , the boundary locally corresponds
to the frontier between two pieces Mi and Mj .

• Secondly, by Assumption A3 again, this frontier can be well approximated (up to a quadratic
error) by a hyperplane (see Figure 14).

We formalize this intuition in Lemma 10.

Lemma 10. Let 0 < K and 0 < h < 1 such that Kh < R/2. There exists a constant C2 (depending
only on K, d and R) such that for all i, j ∈ {1, ..., l} and x ∈ B2(

(
∂Mi∩]0, 1[d

)
,Kh)∩M i such that

ξ(x) ∈ ∂Mj. We have:

d2 (B2 (ξ(x),Kh) ∩Mj , B2 (ξ(x),Kh) ∩ P (x)) ≤ C2h
2 (18)
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with
P (x) =

{
z ∈ [0, 1]d s.t.

〈
z,

x− ξ(x)

∥x− ξ(x)∥2

〉
≤
〈
ξ(x),

x− ξ(x)

∥x− ξ(x)∥2

〉}
and

d2
(
B2 (ξ(x),Kh) ∩Mi, B2 (ξ(x),Kh) ∩ P (x)

)
≤ C2h

2 (19)

with
P (x) =

{
z ∈ [0, 1]d s.t.

〈
z,

x− ξ(x)

∥x− ξ(x)∥2

〉
≥
〈
ξ(x),

x− ξ(x)

∥x− ξ(x)∥2

〉}
.

Furthermore if z ∈ P (x) ∩B2 (ξ(x),Kh) then

z − C2h
2 x− ξ(x)

||ξ(x)− x||2
∈M j (20)

and if z ∈ P (x) ∩B2 (ξ(x),Kh)

z + C2h
2 x− ξ(x)

||ξ(x)− x||2
∈M i. (21)

Proof. Let B1 be the Euclidean closed ball centered at ξ(x)−R x−ξ(x)
∥x−ξ(x)∥2

of radius R and B2 be the

Euclidean closed ball centered at ξ(x) +R x−ξ(x)
∥x−ξ(x)∥2

of radius R. By Assumption A3, B1 ⊂Mj and
B2 ⊂Mi (see details in Appendix C.1). Then, the Hausdorff distance between B2 (ξ(x),Kh) ∩Mj

and B2 (ξ(x),Kh) ∩ P (x), and between B2 (ξ(x),Kh) ∩ Mi and B2 (ξ(x),Kh) ∩ P (x), are both
upper bounded by the Hausdorff distance between ∂B1 ∪ ∂B2 intersected with B2 (ξ(x),Kh) and
the intersection with B2 (ξ(x),Kh) of the hyperplane:

P (x) =

{
z ∈ [0, 1]d s.t.

〈
z,

x− ξ(x)

∥x− ξ(x)∥2

〉
=

〈
ξ(x),

x− ξ(x)

∥x− ξ(x)∥2

〉}
.

By symmetry, this distance is equal to the Hausdorff distance between ∂B1 ∩ B2 (ξ(x),Kh) and
P (x) ∩B2 (ξ(x),Kh).

Mi

Mj

R

P

B2

B1

Kh

x

ξ(x)

2C2h
2

Figure 14: The tangent balls B1 and B2 of radius R delimit the region where ∂Mi ∩ ∂Mj lies in.
2D illustration.

37



Now, let z ∈ ∂B1 \ {ξ(x)}, and p(z) be its projection on P (x). Let Q be the plane containing z,
p(z) and ξ(x), Q intersects ∂B1 in a circle C of radius R and intersects P in a line D tangent to
C. The problem then reduces to upper-bounding the distance between a circle and a tangent line
around the intersection point. Without loss of generality, we can suppose that we are in R2, C is the
circle of radius R centered at (0, R) and D the line y = 0 (tangent to C at (0, 0)). In B((0, 0),Kh),
as Kh < R/2, C can be described as,

C =
{
(x, y) ∈ B((0, 0),Kh) s.t. y = R−

√
R2 − x2

}
.

Hence the distance between C and D in B((0, 0),Kh) is upper bounded by:

R−
√
R2 − (Kh)2 =

K2

2R
h2 +O(h3).

Assertions (18) and (19) then follow. Now, simply observe that since Kh < R/2, for all z ∈ P (x),
z − (R −

√
R2 − (Ch)2)(x − ξ(x))/||x − ξ(x)||2 ∈ B1 and (20) follows. And symmetrically, for all

z ∈ P (x), z + (R−
√
R2 + (Ch)2)(x− ξ(x))/||x− ξ(x)||2 ∈ B2 and (21) follows.

Before turning to the full proof of Lemma 4, we give a high-level outline of the argument. The
idea being essentially the same for both (6) and (7), we present the outline for proving (6). Let
H1 ∈ Cλ,h be a hypercube of center x1 and x ∈ H1 ∩ Pλ+√

2σNh,
√
dh:

• If the entire segment [x, ξ(x)] is contained in H1, then we directly have [x, ξ(x)] ⊂ F̂λ.

• Otherwise, let y be the first point along the segment [x, ξ(x)] where it exits H1. Then y lies in
a hypercube H2 ∈ Ch of center x2 and adjacent to H1 (in the sense that they share a common
boundary point). Moving along the line segment [x, ξ(x)], we go from a piece Mi, where f
(around x) is significantly greater than λ to the boundaries of another piece Mj , where the
signal f (around ξ(x)) is smaller than λ + ε, with ε ≍ hα. Exploiting Lemma 10, we show
that the translation of the set H1 ∩M j ∩G1/N by x2 − x1 (which is a subset of H2), remains
within M j ∩G1/N , except for a subset of H1 ∩G1/N that has cardinality of order O(nhd+1).
Using this and Assumptions A0-A2, we show that H ′ ∈ F̂λ+ε for some ε ≍ hα.

• We then repeat the same argument starting from y. Iterating this reasoning along the segment
[x, ξ(x)], we establish assertion (6).

Proof of Lemma 4. We start by proving Assertion (6). Let x ∈ M i ∩ F̂λ ∩ Sλ+
√
2σNhhα,

√
dh and

assume that ξ(x) ∈ ∂Mj . In particular, we have ||x − ξ(x)|| ≤
√
dh. Assume that n is sufficiently

large such that 3
√
dh < R/2. By Assumption A3 (see Lemma 11 in Appendix C.1), we have:

([x, ξ(x)])
√
dh ⊂Mi ∪M j .

Furthermore, as x ∈ Sλ+
√
2σNhhα,

√
dh,

x ∈
(
Mj ∩ Fλ+√

2σNhhα

)√dh
.

Let H1 ∈ Ch,λ be a hypercube containing x and denote x1 its center. Suppose that there exists
y ∈ [x, ξ(x)] such that y /∈ H1. Denote H2 the hypercube of Ch containing y and x2 its center.
Suppose furthermore that H2 is adjacent to H1 (i.e., H1 ∩H2 ̸= ∅). If,

H1 ∩Mi ∩ Fλ+(
√
2σNh+3L

√
d)hα ̸= ∅
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then, as H2 ⊂ H
√
dh

1 , H2 ⊂ Fλ+(
√
2σNh+5L

√
d)hα by Assumptions A1 and A2 (see Lemma 12 in

Appendix C.2), and thus, by Lemma 7, H2 ⊂ F̂λ+(2
√
2σNh+5

√
d)hα . From now on, we suppose:

x

ξ(x) y

x1

x2

Mi

Mj

H1

H2

P

Figure 15: A 2D scenario where ξ(x) is not in H1.

H1 ∩Mi ∩ Fλ+(
√
2σNh+3L

√
d)hα = ∅. (22)

As y ∈ H2, then, 〈
ξ(x)− x

||ξ(x)− x||2
, x2 − x1

〉
=

〈
y − x

||y − x||2
, x2 − x1

〉
≥ 0. (23)

Let us denote P = P (x) and P = P (x). Then, it follows that for all z ∈ H1 ∩ P , z + (x2 − x1) ∈
H2 ∩ P . Note that for all z ∈ H2 ∪ H1, ||ξ(x) − z||2 ≤ 3

√
dh. Thus, take K = 3

√
d and let C2

be the corresponding constant according to Lemma 10. For a set A and a vector u, we denote
A+u = {z+u, z ∈ A}. By Lemma 10, if z ∈ H1∩M j \P 2C2h2 then z ∈ P . Thus, z+(x2−x1) ∈ P .
Furthermore, if z+(x2−x1) /∈ P 2C2h2 , applying Lemma 10 again, we have that z+(x2−x1) ∈M j .
Therefore, we have: (

(H1 ∩M j) \ P 2C2h2 + (x2 − x1)
)
\ P 2C2h2 ⊂ H2 ∩M j . (24)

As H2 ⊂ H
√
dh

1 , Assumptions A1 and A2 imply that, for all z ∈ H2 ∩M j , z ∈ Fλ+(
√
2σNh+3L

√
d)hα

(see Lemma 12 in Appendix C.2). Hence, by (22),

sup
z∈H2∩Mj

f(z) ≤ inf
z∈H1∩Mi

f(z).

Now, observe that:
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• if z ∈ H2 ∩Mj , either z − (x2 − x1) ∈ Mi ∩ H1, and then (22) ensures that f(z) ≤ f(z −
(x2 − x1)), or z − (x2 − x1) ∈ M j ∩ H1, and then Assumptions A1 and A2 ensure that
f(z) ≤ f(z − (x2 − x1)) + L(

√
dh)α (as ||x2 − x1||2 ≤

√
dh and by Lemma 12 in Appendix

C.2). Thus, in both cases,

f(z) ≤ f(z − (x2 − x1)) + L(
√
dh)α.

• If z ∈ H2 ∩Mi and z − (x2 − x1) ∈ Mi ∩ H1, then, Assumptions A1 and A2 ensure that
f(z) ≤ f(z − (x2 − x1)) + L(

√
dh)α (Lemma 12 in Appendix C.2).

• If z ∈ H2∩Mi and z−(x2−x1) ∈M j∩H1, then, by (24), z ∈ P 2C2h2 or z−(x2−x1) ∈ P 2C2h2 .

Now, let x1, ..., xn be the points of G1/N (the regular grid on which the signal is observed). Let
A1 = H2 ∩M j , A2 = {z ∈ H2 ∩Mi s.t. z− (x2 − x1) ∈Mi ∩H1} and A3 = {z ∈ H2 ∩Mi s.t. z−
(x2 − x1) ∈M j ∩H1}. As we have shown that:

A3 ⊂ {z ∈ H2 ∩ P 2C2h2} ∪ {z ∈ H2 s.t. z − (x2 − x1) ∈ H1 ∩ P 2C2h2}

=
(
P 2C2h2 ∪

(
P 2C2h2 + (x2 − x1)

))
∩H2

there exists a constant κ (only depending on d and R) such that |A3 ∩ G1/N | ≤ κnhd+1. Using
Assumption A0, it follows that:∑

xi∈H2

f(xi) =
∑
xi∈A1

f(xi) +
∑
xi∈A2

f(xi) +
∑
xi∈A3

f(xi)

≤
∑
xi∈A1

(
f(xi − (x2 − x1)) + L(

√
dh)α

)
+
∑
xi∈A2

(
f(xi − (x2 − x1)) + L(

√
dh)α

)
+
∑
xi∈A3

(f(xi − (x2 − x1))− f(xi − (x2 − x1)) + f(xi))

≤
∑

xi∈A1∪A2∪A3

(
f(xi − (x2 − x1)) + L(

√
dh)α

)
+
∑
xi∈A3

2 sup
z∈[0,1]d

|f(z)|

≤
∑

xi∈A1∪A2∪A3

(
f(xi − (x2 − x1)) + L(

√
dh)α

)
+ 2nhd+1κM

=
∑
xi∈H1

f(xi) + nhdL(
√
dh)α + 2nhd+1κM.

Now, as H1 ∈ Ch,λ, recall that we have:

1

nhd

∑
xi∈H1

Xi =
1

nhd

∑
xi∈H1

(f(xi) + σεi) ≤ λ

Thus, by choice of h (and as h ≤ 1),

1

nhd

∑
xi∈H2

Xi =
1

nhd

 ∑
xi∈H2

f(xi) + σ
∑
xi∈H2

εi


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≤ 1

nhd

 ∑
xi∈H1

f(xi) + nhdL(
√
dh)α + 2nhd+1κM + σ

∑
xi∈H2

εi


≤ λ+ L(3

√
dh)α + 2κMh+

σ

nhd

∑
xi∈H2

εi −
σ

nhd

∑
xi∈H1

εi

≤ λ+ L(3
√
dh)α + 2κMhα + 2Nh

√
2σ

√
log (1/hd)

nhd

≤ λ+ L(3
√
dh)α + 2κMhα + 2

√
2σNhh

α.

Therefore:
H2 ⊂ F̂λ+(2

√
2σNh+5L

√
d+2κM)hα .

Now, if H2 is not adjacent to H1, there exists a finite sequence H3, H4, ...,Hp of cube of Ch such
that for all k ∈ {2, ..., n}, [x, ξ(x)]∩Hk ̸= ∅ and H3 is adjacent to H2, H4 adjacent to H3, ..., and Hp

adjacent to H1. Applying the previous reasoning iteratively then gives that, for all k ∈ {2, ..., p},

Hk ⊂ F̂λ+(1+p−k)(2
√
2σNh+5L

√
d+2κM)hα .

Note that since ||x− ξ(x)|| ≤
√
dh, we have:

p ≤
∣∣∣B2(x,

√
dh) ∩ Ch

∣∣∣ ≤ ∣∣∣B2(H1,
√
dh) ∩ Ch

∣∣∣ ≤ |B∞(H1, dh) ∩ Ch| ≤ (2d)d

. Thus, for all k ∈ {2, ..., n},

Hk ⊂ F̂λ+(1+(2d)d)(2
√
2σNh+5L

√
d+2κM)hα .

and Assertion (6) follows.

Now, we prove assertion (7). The proof is essentially the same as that for assertion (6). Sup-
pose that x ∈ F̂λ ∩ Pλ,√dh ∩M i and that γλ,√dh(x) ∈Mi. In particular, it implies:

x ∈ Fλ ∩Mi and ||x− γλ,
√
dh(x)||2 ≤

√
dh.

Assume that n is sufficiently large such that 3
√
dh < R/2. Assumption A3 ensures (see Lemma 11

in Appendix C.1) that there exists j ∈ {1, ..., l} such that[
x, γλ,

√
dh(x)

]√dh
⊂M i ∪M j

Let H1 ∈ Ch,λ be a hypercube containing x and denote x1 its center. Suppose that there exists
y ∈

[
x, γλ,

√
dh(x)

]
such that y /∈ H1. Denote H2 the hypercube of Ch containing y and x2 its center.

Suppose furthermore that H2 is adjacent to H1. If

H1 ∩Mj ∩ Fλ+(
√
2σNh+3L

√
d)hα ̸= ∅

as H2 ⊂ H
√
dh

1 , then H2 ⊂ Fλ+(
√
2σNh+5L

√
d)hα by Assumptions A1 and A2 (see Lemma 12 in

Appendix C.2) and thus, by Lemma 7, H2 ⊂ F̂λ+(2
√
2σNh+5

√
d)hα . From now on, we suppose that:

H1 ∩Mj ∩ Fλ+(
√
2σNh+3L

√
d)hα = ∅. (25)
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As y ∈ H2, we have:〈
γλ,

√
dh(x)− x

||γλ,√dh(x)− x||2
, x2 − x1

〉
=

〈
y − x

||y − x||2
, x2 − x1

〉
≥ 0. (26)

Let us denote P = P (γλ,
√
dh(x)) and P = P (γλ,

√
dh(x)). Note that, by definition of γλ,√dh, P can

be equivalently written as:

P =

{
z ∈ [0, 1]d s.t.

〈
z − ξ(x),

γλ,
√
dh(x)− x

||γλ,√dh(x)− x||2

〉
≥ 0

}
.

Consequently, for all z ∈ H1 ∩ P , z + (x2 − x1) ∈ H2 ∩ P . Note that for all z ∈ H2 ∪H1,

||ξ(γλ,√dh(x))− z||2 = ||ξ(x)− z||2 ≤ 3
√
dh.

Thus, take K = 3
√
d and let C2 be the corresponding constant according to Lemma 10. By Lemma

10, if z ∈ H1∩M i\P 2C2h2 then z ∈ P . Thus, z+(x2−x1) ∈ P . Furthermore, if z+(x2−x1) /∈ P 2C2h2 ,
applying Lemma 10 again, we have that z + (x2 − x1) ∈M i. Therefore, we have:(

(H1 ∩M i) \ P 2C2h2 + (x2 − x1)
)
\ P 2C2h2 ⊂ H2 ∩M i. (27)

As H2 ⊂ H
√
dh

1 , Assumptions A1 and A2 implies that, for all z ∈ H2 ∩M i, z ∈ Fλ+3L
√
dhα (see

Lemma 12 in Appendix C.2). Hence, by (25),

sup
z∈H2∩M i

f(z) ≤ inf
z∈H1∩Mj

f(z) (28)

Now, observe that:

• if z ∈ H2 ∩Mi, either z− (x2 − x1) ∈Mj ∩H1 and (28) ensures that f(z) ≤ f(z− (x2 − x1)),
or z − (x2 − x1) ∈M i ∩H1 and, as ||x1 − x2||2 ≤

√
dh, Assumptions A1 and A2 ensure that

f(z) ≤ f(z − (x2 − x1)) + L(
√
dh)α (Lemma 12 in Appendix C.2). Thus, in both cases,

f(z) ≤ f(z − (x2 − x1)) + L(
√
dh)α.

• If z ∈ H2 ∩Mj and z − (x2 − x1) ∈ Mj ∩ H1, then Assumptions A1 and A2 ensure that
f(z) ≤ f(z − (x2 − x1)) + L(

√
dh)α (Lemma 12 in Appendix C.2).

• If z ∈ H2∩Mj and z−(x2−x1) ∈M i∩H1, then, by (27), z ∈ P 2C2h2 or z−(x2−x1) ∈ P 2C2h2

.

Now, let x1, ..., xn be the points of G1/N . Let A1 = H2∩M i, A2 = {z ∈ H2∩Mj s.t. z−(x2−x1) ∈
Mj ∩H1} and A3 = {z ∈ H2 ∩Mj s.t. z − (x2 − x1) ∈ M i ∩H1}. Again, there exists a constant
κ (only depending on d and R) such that |A3 ∩G1/N | ≤ κnhd+1. Using Assumption A0, it follows
that: ∑

xi∈H2

f(xi) =
∑
xi∈A1

f(xi) +
∑
xi∈A2

f(xi) +
∑
xi∈A3

f(xi)

≤
∑
xi∈A1

(
f(xi − (x2 − x1)) + L(

√
dh)α

)
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+
∑
xi∈A2

(
f(xi − (x2 − x1)) + L(

√
dh)α

)
+
∑
xi∈A3

(f(xi − (x2 − x1))− f(xi − (x2 − x1)) + f(xi))

≤
∑
xi∈H1

f(xi) + nhdL(
√
dh)α + 2nhd+1κM.

Now, as H1 ∈ Ch,λ, recall that we have:

1

nhd

∑
xi∈H1

Xi =
1

nhd

∑
xi∈H1

(f(xi) + σεi) ≤ λ

Thus, by choice of h, for n sufficiently large such that h < 1,

1

nhd

∑
xi∈H2

Xi =
1

nhd

 ∑
xi∈H2

f(xi) + σ
∑
xi∈H2

εi


≤ 1

nhd

 ∑
xi∈H1

f(xi) + nhdL(
√
dh)α + 2nhd+1κM + σ

∑
xi∈H2

εi


≤ λ+ L(3

√
dh)α + 2κMh+

σ

nhd

∑
xi∈H2

εi −
σ

nhd

∑
xi∈H1

εi

≤ λ+ L(3
√
dh)α + 2κMhα + 2Nh

√
2σ

√
log (1/hd)

nhd

≤ λ+ L(3
√
dh)α + 2κMhα + 2

√
2σNhh

α

H2 ⊂ F̂λ+(2
√
2σNh+5L

√
d+2κM)hα . Applying again the iterative reasoning used for assertion (6), we

obtain assertion (7).

B.7 Proof of Lemma 5

This section is dedicated to the proof of Lemma 5 from Section 2.

Proof. Let h > 1/N and H ⊂ [0, 1]d be a closed hypercube of side h. As the (εi)i=1,...,n are i.i.d and
standard Gaussian variables, we have, for all H ∈ Ch,

P

∣∣∣∣∣∣ 1

nhd

∑
xi∈H

σεi

∣∣∣∣∣∣ ≥ t

 ≤ 2 exp

(
−nh

dt2

2σ2

)
.

And thus, as the number of point in any H ∈ Ch is at least to nhd,

P

∣∣∣∣∣∣ 1

nhd

∑
xi∈H

σεi

∣∣∣∣∣∣ ≥ t

 ≤ 2 exp

(
−nh

dt2

2σ2

)
.
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Now, by union bound, using |Ch| ≤ (1/h)d,

P

max
H∈Ch

∣∣∣∣∣∣ 1

nhd

∑
xi∈H

σεi

∣∣∣∣∣∣ ≥ t

 ≤ 2

(
1

h

)d
exp

(
−nh

dt2

2σ2

)

and thus,

P (Nh ≥ t) ≤ 2

(
1

h

)d
exp

(
−t2 log

(
1/hd

))
.

Now, take t ≥
√
8, then t2/4 + 2 ≤ t2. Thus, if h < 1

P (Nh ≥ t) ≤ 2

(
1

h

)d
exp

(
−1

2
t2 log

(
1 +

1

hd

))
≤ 2

(
1

h

)d
exp

(
−(t2/8 + 1) log

(
1 +

1

hd

))
≤ 2 exp(−t2 log(2)/8).

Observe that, for all t ≤
√
8,

exp(−t2 log(2)/8) ≥ exp(− log(2))

and thus, for all t ≤
√
8,

2 exp(log(2))× exp(−t2 log(2)/8) ≥ 1 ≥ P (Nh ≥ t) .

It follows that, for all t > 0,

P (Nh ≥ t) ≤ 2 exp(log(2))× exp(−t2 log(2)/8).

C Claims details

C.1 Lemma 11

This section provides details supporting a key claim that was repeatedly invoked in the previous
proofs: namely, that Assumption A3 implies that, locally, the boundaries of regular pieces separate
at most two regions. We formalize this claim in the following lemma.

Lemma 11. Let x ∈ [0, 1]d and h < R. Under Assumption A3, there exists 1 ≤ i, j ≤ l such that
B2(x, h) ⊂M i ∩M j.

Proof. Suppose, by contradiction, that B2(x, h) intersects three or more regular pieces. Then either
there exists a multiple point z ∈ B2(x, h), that is, a point lying in the boundaries of at least three
distinct regular pieces. Let Mi1 ,Mi2 ,Mi3 be three such pieces, so that z ∈ ∂Mi1 ∩ ∂Mi2 ∩ ∂Mi3 .
By Theorem 4.8 of Federer (1959), and under Assumption A3, there exist three Euclidean balls of
radius R/2, denoted B1, B2, B3, all containing z and such that Bj ⊂Mij ∪{z} for all 1 ≤ j ≤ 3. In
particular, B1 ∩B2 ∩B3 = {z}, which is a contradiction, since no three balls (with strictly positive
radii) in Rd can intersect at a unique point. This excludes the case of a multiple point. Now,
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suppose that there is no multiple point within B2(x, h). Then there exists a regular piece Mi1 such
that

∂Mi1 ∩

⋃
j ̸=i1

∂Mj \ ∂Mi1

 ∩B2(x, h) = ∅,

but both ∂Mi1 ∩B2(x, h) ̸= ∅ and
(⋃

j ̸=i1 ∂Mj \ ∂Mi1

)
∩B2(x, h) ̸= ∅. Let

(y1, y2) ∈ argmin
y1∈∂Mi1

∩B2(x,h), y2∈
(⋃

j ̸=i1
∂Mj\∂Mi1

)
∩B2(x,h)

∥y1 − y2∥2,

Note that ||y1 − y2||2 > 0 and define z = (y1 + y2)/2. Since B2(x, h) is convex, z ∈ B2(x, h).
If z ∈

⋃l
j=1 ∂Mj , then

d2

∂Mi1 ,
⋃
j ̸=i1

∂Mj \ ∂Mi1

 ≤ ∥y1 − y2∥2
2

< ∥y1 − y2∥2,

which contradicts the minimality of ∥y1−y2∥2. Therefore, using that d2(z, ∂Mi1) ≤ ∥y1−y2∥2/2 ≤ h,
we conclude that

z ∈ B2

 l⋃
j=1

∂Mj , h

 \
l⋃

j=1

∂Mj .

Now, the point z admits (at least) two distinct closest points in
⋃l
j=1 ∂Mj , namely y1 and y2. If

this were not the case, there would exist y3 ∈
⋃l
j=1 ∂Mj such that ∥z − y3∥2 < ∥y1 − y2∥2/2, which

would imply

d2

∂Mi1 ,
⋃
j ̸=i1

∂Mj \ ∂Mi1

 ≤ ∥y1 − y2∥2
2

+ ∥z − y3∥2 < ∥y1 − y2∥2,

contradicting again the minimality of ∥y1−y2∥2. Hence, z has at least two distinct closest points in⋃l
j=1 ∂Mj , which violates the reach condition from Assumption A3. This completes the argument.

C.2 Lemma 12

This section provides details supporting another key claim that was repeatedly invoked in the
previous proofs involving Assumptions A1 and A2, formalized as the following lemma.

Lemma 12. Let i ∈ {1, ..., l}, λ ∈ R, x ∈Mi ∩Fλ and h > 0. Under Assumptions A1 and A2, we
have B2(x, h) ∩M i ⊂ Fλ+Lhα .
Proof. By Assumption A1 for all y ∈ B2(x, h) ∩Mi,

|f(x)− f(y)| ≤ L||x− y||α2 ≤ Lhα

Thus B2(x, h) ∩Mi ⊂ Fλ+Lhα . Moreover, if z ∈ ∂Mi ∩B2(x, h), there exists (yn)n∈N a sequence of
elements of B2(x, h) ∩Mi converging to z. Then, by Assumption A2, we have:

f(z) ≤ lim
n→+∞

f(yn) ≤ λ+ Lhα

and consequently B2(x, h) ∩M i ⊂ Fλ+Lhα .

Following the same reasoning, the result of Lemma 12 can also be extended, supposing only that
x ∈M i and limz∈Mi→x ≤ λ.
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