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Inverse Optimal Cardano-Lyapunov Feedback
for PDEs with Convection

M. C. Belhadjoudja, M. Krsti¢, M. Maghenem, and E. Witrant

Abstract— We consider the problem of inverse optimal con-
trol design for systems that are not affine in the control. In
particular, we consider some classes of partial differential equa-
tions (PDEs) with quadratic convection and counter-convection,
for which the L? norm is a control Lyapunov function (CLF)
whose derivative has either a depressed cubic or a quadratic
dependence in the boundary control input. We also consider
diffusive PDEs with or without linear convection, for which a
weighted L? norm is a CLF whose derivative has a quadratic
dependence in the control input. For each structure on the
derivative of the CLF, we achieve inverse optimality with
respect to a meaningful cost functional. For the case where
the derivative of the CLF has a depressed cubic dependence in
the control, we construct a cost functional for which the unique
minimizer is the unique real root of a cubic polynomial: the
Cardano-Lyapunov controller. When the derivative of the CLF
is quadratic in the control, we construct a cost functional that
is minimized by two distinct feedback laws, that correspond to
the two distinct real roots of a quadratic equation. We show
how to switch from one root to the other to reduce the control
effort.

I. INTRODUCTION AND MAIN RESULTS

Parabolic PDEs with convection arise in fluids, traffic,
chemical reactors, manufacturing, and other applications.
They give rise to a fascinating feature that, under Dirichlet
boundary actuation, the simple L? spatial norm is a control
Lyapunov function (CLF) due to the fact that the CLF’s
derivative is not affine in control but a higher order polyno-
mial in control with a non-zero leading coefficient. In [1] we
introduced feedback laws for such systems, which achieve
stabilization far more simply than using PDE backstepping.
In this paper, we expand that family of stabilizing controllers
to controllers that are inverse optimal with respect to mean-
ingful cost functionals, which are positive definite but not
quadratic in control.

A. Problem Statement and Prior Work

Take a control system (finite or infinite dimensional), with
state » and scalar control input v. Suppose that this system
admits the origin (u,v) := (0,0) as an equilibrium point.
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Moreover, suppose that we know a CLF V for this system
whose time derivative along the control system has the form

V(u) = ¢(u) + B(u)v + v*, (1

where ¢ and [ are continuous operators verifying ¢(0) =
B(0) = 0. A typical example of control systems admitting
a CLF with the depressed cubic structure in () is given
by the class of parabolic PDEs with quadratic convection,
in which case V is simply the L? norm. Very few works
highlight this fundamental property of Dirichlet boundary-
actuated convective parabolic PDEs, such as [8, Equation
3.2] for Burgers’ equation, and [13, Equation 4.19], [14,
Lemma 6], [3, Lemma 3], and [2, Equations 11 and 12]
for the Kuramoto-Sivashinsky equation. For instance, for the
generalized Burgers’ equation, the functions ¢ and g are
given explicitly below.

Example 1 (PDEs with quadratic convection): Consider
the class of PDEs

U = €Ugy — (u?), +R(u) =€ (0,1) )
subject to Dirichlet-type actuation
u(0) =v, u(l) =0, 3)

where u is the state and v is the control input. Here, € > 0
is the diffusion coefficient, and R is a continuous operator
such that RSO) = 0. In this particular case, the function

V(u) := 3 [ udz is a CLF and V is of the form (T), with

1 1
¢ = g (/0 uR(u)dx — 6/0 uidm) , B= —%ul.(O).
O

Let « be a class K, function, and suppose that we want to
design v such that along the closed-loop solutions, we have

V < —a(V). “)

E.g., choosing (V) := V, @) would imply exponential
stability. This stabilization problem is addressed in [1],
inspired by the ideas developed in [8], [13], [14], [3], [2].
We set the feedback law as

v = e(¢(u), B(u), V(w), )

that is continuous with respect to its arguments, vanishes at
the origin v := 0, and leads to asymptotic stability in the
sense of inequality (). This feedback law is given by the
Cardano-Lyapunov formula

3l q @ B s q @ B
m(u).—\/ 2+\/4+27+\/ 5 7t ©




where

ofu) = 0(w] + 222318 +

By injecting (@)-(7) in (1), we find

o—101- 221818 -

a(V). (7

a(V), ®)

which implies (@).

The question we would like to answer in this paper is
whether this feedback law is optimal, for some meaningful
cost functional. This defines the concept of inverse opti-
mality. Namely, instead of choosing a cost functional and
deriving a corresponding optimal feedback law, we construct
a (family of) feedback law(s) and show that some cost
functional is minimized in closed-loop. We say in this case
that the (family of) control law(s) is inverse optimal.

The origin of the inverse optimal control approach goes
back to the works of Kalman on robustness analysis of linear
quadratic regulators [7]. The first extension of the inverse
optimal control concept to nonlinear control systems affine
in the control is due to Moylan and Anderson in [15], and
a complete methodology for the design of robust inverse
optimal nonlinear controllers for control-affine systems has
been developed in [6], [16]. Since then, a vast amount of
work has been devoted to inverse optimal control, and it
would not be possible to survey all the obtained results
here comprehensively. To cite just few references, in [12],
adaptive inverse optimal controllers are designed for systems
that are affine in the control input and in the unknown
parameters. The cost that is minimized involves penalty on
the state, the control, and the adaptation error. In [5], inverse
optimal controllers are designed for stochastic nonlinear
systems that are affine in the control and in the noise. The
cost is minimized by the control and maximized by the
noise. In [9], nonlinear systems affine in the control and in a
deterministic disturbance are considered, and inverse optimal
controllers, achieving input-to-state stability with respect to
the disturbance, are constructed. The cost is minimized by the
controller and maximized by the disturbance. In [4], inverse
optimal controllers are designed for stochastic nonlinear
systems that are affine in the control and in the noise, under
the assumption that the covariance of the noise is unknown.
More recently, the inverse optimal control concept has been
successfully adapted to the problem of inverse optimal safety
filter design for nonlinear systems that are affine in the
control [10].

The common point in the aforementioned references is that
the underlying control system is affine in the control. In this
case, the inverse optimal controllers can be designed using
Sontag’s universal formula [17]. This approach is specific to
control-affine systems, and cannot be applied if the derivative
of the CLF is given, e.g., by (I). Another situation where the
existing results developed so far cannot be applied is when
the derivative of the CLF V is of the form

V(u) = ¢(u) + B(u)v — v2. 9)

It has been shown in [18, Equation 13] that linear non-
convective diffusion-reaction equations subject to a right-
end Dirichlet-type actuation admit a weighted L? norm as
a CLF, whose derivative has the quadratic structure in @
Another example of a control system admitting a CLF whose
derivative has the structure in (9) is given below.

Example 2 (PDEs with counter-convection): Consider
the equation

U = €Uy + Uy + R(u) €(0,1) (10)

subject to Dlrlchlet actuation (3). In this case, the function
V(u fo u?dz is a CLF whose derivative verifies (9) with

1 1
=2 R(u)dxr — € 2d>, = —2eu,(0).
" (Auwm [ ae). 5= —2e0

O

The structure of the feedback law developed in [18, Equation
25] for the specific case of linear diffusion-reaction PDEs is,
in fact, general, and can be extended to any control system
admitting a CLF whose derivative has the quadratic structure
in @), especially to some classes of boundary actuated
convective PDEs; see for instance [1]. Namely, asymptotic
stabilization, in the sense of inequality @]), can be achieved
by setting

v i= rg(6(u), Blu), V(u)), (an

where K, is continuous in its arguments, vanishes if u := 0,
and is given by the formula

B+ +/B?+460(u)
2 b

kg(u) == (12)
where
0(u) = |p(u)| + (V). (13)
By injecting (T2) in @), we find
— ol = a(V), (14)

which implies (@). We show in this paper that, as for the
Cardano-Lyapunov formula, this quadratic feedback law is
inverse optimal for some meaningful cost functional.

B. Main Results

We prove in this paper the following results.

Theorem 1: Consider a control system (finite or infinite
dimensional) with state u, and scalar control input v. Suppose
that the origin (u,v) := (0,0) is an equilibrium point of the
system and that we know a CLF V whose derivative along
the control system has the depressed cubic structure in (T,
for some continuous operators ¢ and 3 that vanish at u := 0.
Moreover, let

e (u) = mie(¢(w), Bu) /m?, V(u))
where £ is given in (), (@), (7). Then the feedback law
(16)

m>2 (15

v =K} (u)



achieves asymptotic stabilization in the sense of inequality
(@), and is the unique asymptotically stabilizing minimizer
of the cost functional

T = / T (Lot R(BARA) A, (D)
0
where
Le(u) == m(m —2)R;' = 2m(¢ — R;') >0, (18)
R(u)~":=m® {|¢> + 2—? ‘nfz ’ +a(V)} >0. (19)

The minimum of 7. is JF := 2mV (0).

Theorem 2: Consider a control system (finite or infinite
dimensional) with state u, and scalar control input v. Suppose
that the origin (u,v) := (0,0) is an equilibrium point of
the system and that we know a CLF V whose derivative
along the control system has the quadratic structure in (9),
for some continuous operators ¢ and [ that vanish at u := 0.
Moreover, let

tig(u) = mtg(d(u), B(u)/m, V (u))

where x, is given in (TI), (I2), (I3). Then both feedback
laws

m>2,  (20)

v = r,(u), and (21)
v = B(u) — ry(u), (22)

guarantee , and minimize the cost functional
Ty = / (Lq + R, (B —)* v2) dt, (23)

0
where

Lq(u) := =2m(¢ — R;") + m(m — 2)R, ", (24)
Ry(u)™t := mO(u). (25)

The minimum of J, for both feedback laws is jq* =
2mV (0).
Remark 1: Note that the functionals L. and R, defined
respectively in (I8) and (T9), verify
L.(0)=0, R.(0)=+4oc0 (26)
L.(u) >0, 0< R.(u) <+4oo when uz#0. (27)

Similarly, the functionals L, and R, defined respectively in
and (23), verify
Lg(0) =0, R4(0) =400
L,(u) >0, 0< Ry(u)<+oco when

(28)
u 0. (29)

Remark 2: The cost functionals J. and J; are meaningful
for the following reasons:

1. Any meaningful cost functional has to penalize the state
u and the control input v, i.e. the functionals (u,v) —

Z.(u,v) € R := [~00,0] and (u,v) — Z,(u,v) € R
defined by
%= L, + R.(f + v*)%?,
Ly = Lq+ Re(B — v)*v?,

(30)
€29

need to be positive definite. This condition is verified.
Indeed, if (u,v) # (0,0), then R, > 0, and since m > 2,
then m(m — 2)R;! > 0. Additionally, since o € Ko,
then

—om(¢—R;1) = —2m(6 — m?|g])
2V3| B
+ 2m3<9 ’m

which implies that L. > 0, and thus, that .Z, is positive as
R.(B + v?)*v? > 0. Moreover, .Z.(0,0) = 0. Similarly,
if (u,v) # (0,0), then R, > 0, and since m > 2, then
m(m — 2)R;' > 0. Additionally, since o € Ko then

Ty a(V)) >0, (32)

—2m(¢p—R;") = —=2m(¢ — m|¢|) + 2m*a (V) > 0,
(33)

which implies that L, > 0, and thus, that .Z}, is positive
as Ry(B8 — v)*v? > 0. Finally, .%,(0,0) = 0.

2. It is also important to guarantee that .%,(0,v) > 0 and
Z,(0,v) > 0 for all v # 0. This property is verified.
Indeed, when u = 0 and v # 0, having ¢(0) = 5(0) =0,
« a class Koo function, and R.(0) = R,(0) = +oo, we
conclude that the functionals ., and .Z; satisfy

Z.(0,0) = +o0v® >0, Z,(0,v) = +oov? >0. (34)

It means that for zero state, the penalty on control is infi-
nite. This property comes from the weight on the control
being inversely proportional to the state. It is interesting
to observe also that Z.(u,0) > 0 and .Z,(u,0) > 0 for
all u # 0.

3. Finally, note that when the state grows to +oo in the L?
norm, then, since « is a class K, function, the function
R, that multiplies v? in J,, as well as the function R,
that multiplies v? in Jq» g0 to zero. It means that the
optimal controller is allowed to take larger values if the
state is farther from the equilibrium, which is a common
property of inverse optimal feedback controllers [16], [5],
(91, [11].

C. Examples

We give here some examples to illustrate the results in
Theorems [T and 2

Example 3 (PDEs with quadratic convection):
Consider the class of PDEs (2) subject to (), and let
Viu):=32 fol u?dx. The derivative of V has the depressed
cubic structure in (I), with ¢ and S given in Example
[11 According to Theorem [I} inverse optimal asymptotic
stabilization can be achieved by setting v := K, where &

is given by (13), (), (6), (7). The cost that is minimized,



T, is defined in (I7), where the functionals L. and R, are

given by
3 1 1
—2m ( (/ uR(u)dx — e/ uidm) - Rc_1>
2 \Jo 0

L.:

+m(m—2)R; (35)
—1 2|: 3 < ! ! 2
R =m®||= / uR(u)dx — e/ usdx
2 \Jo 0
L V2 ()
5 2 + oz(V)} (36)
O

Example 4 (PDEs with linear convection): Consider
— Uy + R(u) € (0,1), 37

subject to the left-end Dirichlet-type actuation (3). The L?
norm is not a CLF for this PDE. Indeed,

d [ 1 1
— | wPdx =2 (/ uR(u)dx — e/ uidx)
dt Jo 0 0

— 2eu, (0)v + 02

Ut = €Ugy

(38)

Inspired by the approach developed in [18] for diffu-
sive PDEs without convection, we suggest to consider the
weighted L? norm

1
V(u) ::/ e” e u2da.
0

By differentiating V' along the regular solutions to (37)
subject to (3), and using integration by parts, we find

(39)

.2 !
V==V+ 2/ e_%”u(m)R(u)dx
€ 0

1
— 26/ efgmum(xfdx — 2eu, (0)v — 0?2, (40)
0

The function V is therefore a CLF whose derivative has the
quadratic structure in (), with 8(u) := —2eu,(0) and

2 Loy
o(u) == 7V+2/0 e < Pu(x)R(u)dx

(41)

To achieve inverse optimal asymptotic stabilization, it is
therefore sufficient to set v := rj or v := 8 — Ky, where £

is given by (20), (T1), (12), (13). “The cost that is m1n1mlzed

Jy» is defined in (23) with
2 1
Ly = 2m<€V+2/O eff‘”uR( )dx

1
—26/ e’%Iuidx—Rq >+m(m 2)R, L
0

(42)
9 1
Rt = mz{ -V+ 2/ e_%”’uR(u)dx
€ 0
L 2
- 26/ e~ <Culde —l—a(V)} (43)
0
]

II. PROOF OF THE MAIN RESULTS
A. Proof of Theorem|]]

In this section, we prove Theorem [I] The proof follows
in two steps. First, we show that the controller k) :=
mee(g, 8/m?, V) for m > 2 achieves asymptotic stability
in the sense of inequality (). Then, we show that v = £} is
the unique asymptotically stabilizing minimizer of 7.

1) Step 1. The Feedback k. is Asymptotically Stabilizing:
Let v = k% := mke(¢, B/m?, V) for m > 2, where k.. is
the feedback controller (3)). Note that we have

Bo +v° = mBre(d, B/m2, V) + mPro(p, B/m2, V)3
= m3 (anIic(Qb,ﬂ/mQ,V) + KC((ZS? ﬁ/mQ,V)3>

<|¢ + & 752 +a(V)> . (44)

e

As a consequence, we obtain

Vo md <|¢,+2\fnf2 +a(V)>, (45)

Nl

which implies, since m > 2, asymptotic stability in the sense
of inequality (@).

2) Step 2. Optimality: We shall prove now that x is the
unique minimzer of the cost .. First, note that We have

T = —2m/oo(¢+ﬁv+u3—¢—b’v—v3)dt
Jo
+/ (=2m(¢ — R;*) +m(m
OOO
R, 22,201
+/0 (B4 v7) v3dt

Using (1), we can rewrite (@6) as

—2)R;Y)dt

(46)
o [e%e] [e’e] 3
Je = Qm/o dV+2m/0 (¢ + Bv+v°)dt
+ / (=2m(¢ — R;) +m(m — 2)R; " )dt
0
+ /OO Re(B + v?)*v?dt
0
= —2m(V(c0) = V(0)) + 2m/ (¢ + Bv +v>)dt
0
+ / (—2m(¢ — R;Y) +m(m — 2)R; 1 dt
0
+ / Re(B + v?)%v?dt. (47)
0

Since we are searching for the minimizer of 7, over asymp-
totically stabilizing controllers, we can set V(co) = 0.
Rearranging and simplifying the terms in (7)), we find

J. = 2mV(0) + /Oc(mQRc_l + 2m(Bv + v*))dt
0

+ /oo R.(B +v?*)*vdt. (48)
0



Next, note that

— Rc((ﬁ+1}2)21}2 +m2R0—2

_ Rc(ﬁ+v2)2v2 +m2RC_1
+ 2m(Bv + v®).

Using [@9), we can rewrite (48) as

Re(Bv+v* +mR;1)?
+2m(Bv +v*)RY)
(49)

T =2mV (0) + / (Bv+v® +mR;V)2R.dt.  (50)
0

, equation (30)

Using the facts that
becomes

—mR:Y = Bri + (k)

J. = 2mV(0) + /OO R.(Bv+ v — BKL — (52)3)2dt.
0
(51

The feedback v = [, is therefore optimal for the cost 7,
and the minimum of 7. is J = 2mV(0). It remains to
show that it is the unique minimizer. To do so, we show that
the unique real root of the depressed cubic equation

— Br — (k) =0

is given by the Cardano root formula, that is, v = . This
cubic equation admits a unique real root if its discriminant
is positive, i.e.

A =483 +27(Bk: + (8

v® + Bu (52)

%) > 0. (53)

From the definition of s} we have

3

*\3 f 2
Ke)” = <|¢| + ﬁ

As a consequence, A becomes

B+ (

+ oz(V)) . (54)

2
A = 483 4 27mS <|¢| + i 3 4 a(V)>
=483 +2Tm 6 \BI +27m 6<|¢|2+OZ(V)
T 2l f\ (19 +a<v>>>.
> a(V)>. (55)

Since « is a class K function, then A > 0 provided that
V' #£0,i.e. u # 0. In this case, the unique real root is v = &.
Moreover, if uw = 0, then = 0 and the cubic equation
(52) becomes v3 = ()3, which implies that v = x*. We
conclude that the unique minimizer of J. is v = k.

B. Proof of Theorem

This section is devoted to the proof of Theorem 2] We fol-
low the same steps as in the proof of Theorem [I] Namely, we
first show that the controllers v = r = ms, (¢, 8/m, V)
for m > 2, and v = 8 — kj achieve asymptotic stability in
the sense of inequality (d), then we show that v = Ky and
v=p— /—1; minimize the cost Jj.

1) Step 1. The Feedback Laws k}; and (3 — r are Asymp-
totically Stabilizing: Let v = K := mk4. Note that we have

Bv —v? = mPBr, — mzng =m? (Tﬂnliq - n(QI = —m?20(u).
(56)

Equation (9) becomes

V=¢—m’(|¢| +a(V))
which implies, since m > 2, asymptotic stability in the sense
of inequality (@).

Now, let v = 3 — /{Z. We have

Bo—v? = B(B - rg) — (B ry)?
= 3% = Bry — 87 = (k) + 285
= By = (59)* = =m®0(u),

which implies (57), and therefore asymptotic stability in the
sense of inequality (@).

(57)

(58)

2) Step 2. Optimality: We prove now that v = rj and
v=[— KZ minimize the cost J;. First, note that we have

Tqg = 72m/w(¢+6v7v2 — ¢ — Bv+v?)dt
0
+ /0 (=2m(¢ — R;") + m(m — 2)R, " )dt
+ /Oo R, (B — v)*v?dt. (59)
0

Using (9) and the fact that V(co) = 0 for asymptotically
stabilizing controllers, we can rewrite (39) as

Ty =2mV(0) + /Oo(m2Rq_1 +2m(Bv — v?))dt
0

+ / R, (B —v)?vidt. (60)
0

We note then the identity
Ry(Bv —v® +mR;")? = Ry(B — v)*v® + m*R,"
+ 2m(Bv — v?).

Using (61), we can rewrite (60) as

(61)

Ty = 2mV(0) +/ Ry(Bv —v® +mR")?dt.  (62)
0

By observing that
becomes

-1 _ 2 -
-mR;' = fr} — (k;)?, equation (62)

T, = 2mv(0) + / Ry(Bv —v* — Brs + (s5)?)%dt
0
= 2mV(0) +/ Ry(v— Ii;)2(ﬂ — Ky — v)2dt (63)
0
The cost is minimized with two distinct feedback laws, v =

/1; and v = 8 — KZ;. In both cases, the minimum of J, is
J; = 2mV(0).



III. SWITCHING BETWEEN INVERSE OPTIMAL
CONTROLLERS

An important property of the cost functional [, in The-
orem [2| is that it does not admit a unique asymptotically
stabilizing minimizer, to the contrary of the cost [J. in
Theorem [I] that is minimized only by the Cardano-Lyapunov
controller. As a result, it is natural to wonder which of the
two feedback laws, v = /@Z orv=/ —/@Z, one should choose.
These two feedback laws lead to the same minimum for
Jy> namely J; = 2mV (0). They are therefore not different
in terms of optimality. To understand how «} differs from

q
B — ki, let us write their formula explicitly. We have

2
@_§+2’<i>+w,md (64)
2
ﬁ—m;:§~fg (i)-+w, (65)

where 0 = |¢| + (V). At a given time instant ¢, it is better,
in terms of input norm, to use «; (u(t)) instead of 3(u(t)) —
ty(u(t)) if B(u(t)) < 0, and vice-versa, it is better to use
Blu(t)) — w;(u(t)) instead of «j(u(t)) if B(u(t)) > 0. This
being said, we propose to use the feedback law 7y = K}
if 3 <0,and k5 = B — ry if B > 0. This feedback law,
that switches between the two inverse optimal controllers £
and 3 — kj is inverse optimal for the cost J,. It leads to
the same minimum as before. Its advantage, over using only

Ky or 3 — kg, is that it reduces the control effort. Strictly

speaking, the switching feedback x} is defined as follows

v =k:(u) = L min{|o|}

~sgn(p) 20 540
= s 18] + /B2 + 4m20
+m\Ve, 8 =0.

The discontinuity of s’ occurs along the axis § = 0. It is
worth noting that the cost [J, does not distinguish between
the controllers “Z» ﬁ—/@’; and x7%, because they all lead to the
same value for (3 — v)?v2. It also means that, although the
closed-loop solutions are different, the differential equation
on V remains the same, namely @]) This observation is
specific to the fact that the actuated part of Visa quadratic
polynomial admitting two real roots that are distinct when
B # 0, rather than an affine function in the control.

(66)

Remark 3: Note that this idea of switching from one real
root of a quadratic equation to the other root, depending on
the sign of the function § that multiplies v, appears e.g. in
[18, Equation 27] for the special case of linear diffusion-
reaction systems with right-end Dirichlet actuation. This
approach can also be employed when the derivative of the
CLF has a cubic dependence in the control input, as shown
in [14, Lemma 6], [3, Lemma 3] and [2, Equations 6 and 7]
for the Kuramoto-Sivashinsky equation.

IV. CONCLUSION

We proved in this paper the inverse optimality of the
Cardano-Lyapunov controller when the derivative of the CLF
has a depressed cubic dependence in the control input, and
we constructed a cost functional that is minimized by two
distinct controllers for the case where the derivative of the
CLF is quadratic in the control. We have also shown, in
the second case, how to switch from one inverse optimal
controller to the other to reduce the control effort. In future
work, we would like to extend our approach to the problem
of inverse optimal safety filter design for systems that are
not affine in the control.
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