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Abstract

Is it possible to consider a lattice Boltzmann scheme as an approximation of a partial dif-
ferential equation? For a nonhomogeneous advection problem in one spatial dimension, we
propose equivalent partial differential equations at various orders. We compare the lattice
Boltzmann results and a spectral approximation of the differential equations. No simple
correlation is obtained for a stationary problem. For an unsteady situation, we show that
the initialization scheme of the microscopic moments plays a crucial role.

* This contribution has been presented at the 19th International Conference for Mesoscopic
Methods in Engineering and Science, Mount Qing-Cheng (Chengdu, Sichuan, China) the 25 July
2023 and at Institut Henri Poincaré the 04 October 2023.
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1) Introduction

The classical framework for the art of scientific computing starts from partial differential
equations. After discretization with some numerical method (finite differences, finite ele-
ments, etc.), numerical software is developed. Then an approximate solution of the original
partial differential equation is computed. A large number of high-quality books exist on this
subject. We refer to the works of Oden and Reddy [25], Ferziger and Perié¢ [14], Lucquin
and Pironneau [23|, among others.

With cellular automata and lattice Boltzmann schemes, this paradigm is reversed. The
computing algorithm is the starting point of the study. Then an asymptotic analysis is
conducted to derive the underlying continuous equations. The reader can consult, e.g., the
books of Rothman and Zaleski [28], Succi [30], Guo and Shu [16], or Kriiger et al. [21].

In order to define a physical model from the algorithm, the classical approach is the Chapman-
Enskog method [5]. It has been revisited in [6, 27| to take into consideration the discrete
aspects of space and time with cellular automata and lattice Boltzmann schemes. We have
suggested using Taylor expansions to derive equivalent partial differential equations |7, §|.
We have also established that this Taylor expansion method is equivalent to the Chapman-
Enskog approach [10].

When an asymptotic partial differential equation is known, it is possible to fit some pa-
rameters of the scheme to obtain super convergence. This was done by d’Humiéres and
Ginzburg [20], and by our team in [1, 11, 12, 26]. We apply this type of idea in the present
contribution.

In this work, we adopt the paradigm of multirelaxation lattice Boltzmann schemes [18§],
and we have a methodology [9, 10] to develop an asymptotic analysis. Thus an important
question is the comparison between the simulation with a lattice Boltzmann scheme and
reference solutions of the equivalent partial differential equations. In this contribution, the
work is done with an elementary D1Q3 one-dimensional lattice Boltzmann scheme and a
simple spectral approach to solve numerically with great precision the family of equivalent
partial differential equations at various orders.

The outline for this work is as follows. In Section 2, we study the reference model: the
advection equation in one spatial dimension with a given cosine velocity field. The method
of characteristics yields an analytic solution. In Section 3, we present our variant of the
D1Q3 lattice Boltzmann scheme, introduced initially by Broadwell [4] in the context of sim-
ple discrete-velocity gases. In the lattice Boltzmann framework, dynamics is captured with
particles and the relaxation process occurs in the space of moments [18]. They are divided
into two families: the conserved moments and the microscopic variables in the denomination
proposed by Gatignol [15]. Then we present the “ABCD” asymptotic analysis |9, 10]. From
the precise algebraic expression of a multirelaxation lattice Boltzmann scheme [18, 19|, we
derive from a formal exponential expression a set of equivalent partial differential equations
up to fourth order accuracy. Here we adapt the underlying algebra first to the case of a non-
homogeneous linear partial differential equation, and second to the D1Q3 lattice Boltzmann
model. In Section 5, the Fourier series method is adapted to treat in a precise way the case
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of an cosine advective field. A long-time asymptotic analysis is presented in Section 6. We
present various numerical experiments with several values of the velocity field and refining
meshes. Then the unsteady evolution is presented in Section 7. A first result is relative to
a constant velocity and an initial sine wave. Then we take into account a cosine advection
velocity with a sinus or a constant initial condition. An interesting phenomenon of lack of
convergence is encountered. This motivates the next Section relative to the initialization
of microscopic moments. In the last Section, we present our numerical experiments with
a detailed asymptotic analysis. Various parameters are considered: the type of problem,
with constant or cosine advective velocity, the approximation order of the partial differential
equation, the number of mesh points and the initialization process.

This work is the result of conversations in Medford (MA, USA) in summer 2018, then in
Paris in spring 2019. Independent numerical experiments were done during the covid in
spring 2020, and complementary work in Beijing in summer 2023.

2)  Advection with harmonic velocity in one space dimension

We introduce a reference length L > 0 and a reference scale velocity A > 0. For a given

scalar U € R and for 0 < x < L, we consider the regular periodic velocity field

2m
(1) u(z) =AU cos(kz), k= 7

The linear inhomogeneous advection equation is the first-order partial differential equation

(2) gf + A 83 [U cos(kz) p] = 0.

We introduce a periodic function [0, L] 3 x — po(z) € R as an initial condition

(3) pl, 0) = po(x).
Moreover, we suppose periodic boundary conditions throughout this study.

Proposition 1. Method of characteristics
The differential equation associated with the method of characteristics for the partial differ-

ential equation (2) is written

(4) dd)t( — Au(X(8) = AU cos (kX(8)).

With the initial condition X (0) = xy with 0 < zq < L, the solution is:
7TX h7rt + Cotgﬂ'xo

) t

(5) T T + th” cotg™F*

exp ¢ — exp(—¢)

with AU = £, thy =
exp ¢ + exp(—¢)

=T

and cotgy = tangp'

Proof of Proposition 1.
If t =0, then Cotg”X = cotg™% and 7TXL

is well defined in the interval [0, L]. Moreover, we have the following calculus:

20 is a multiple of 7. Then the position X = x,

1 7dX 71—t hzﬂ—t)(l—cotg”xo) T 1 21 X
e = cos
sin?Zx L dt - T (1 + th%F cotg™)? T sin? zX L
Then &% =1L cos2Z2 and the dlfferentlal equation (4) is satisfied. O
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Proposition 2. Algebraic solution of the inhomogeneous advection equation
Given x € [0, L] and t > 0, the solution p(z, t) of the equation (2) satisfying the initial
condition (3) is given by the relation

2rx 2w
pla, 1) cos (T5) = polwo) cos ()

where zy satisfies

T T cotg™® — thTt
6 cot = )
(6) 577 1 —thT cotg™re

Proof of Proposition 2.
We search the foot zy of the characteristic t — X(¢) (4) such that X(0) = z, and
X(t) = x. First, we deduce from the partial differential equation (2) that the product

p(z, t) cos (%2%) remains constant. Second, from the relation (5), we deduce the relation (6)
for defining . O
——0—0—

- 0 +

Figure 1: D1Q3 lattice Boltzmann scheme

3) D1Q3 lattice Boltzmann scheme

The scale velocity A > 0 is now equal to the ratio between the space step Az and the time
step At: Ax

A= A
From the particle distribution f = ( fes fo, f,)t presented in Figure 1, we construct a single
conserved moment W denoted “density” in the following: p = f.+ fo+f_. We have also two
non-conserved microscopic moments Y = (J, e)t with the “momentum” J = A f, — A\ f_
and the “energy” e = A2 (fy — 2 fo + f_). Then the family of moments m = (W, Y) is
linked to the particles f with the d'Humiéres [18] matrix M: m = M f, with

1 1 1
M=|{ X 0 =X
A2 207 N2
For an inhomogeneous linear equilibrium Y*? = ®(W) = E(z) W, the equilibrium ma-

trix E(x) is a function of space. In the case of an advective field u(z) proposed in the

relation (1), we have
Bz) = AU cos(k x)
A a

with a coefficient &« = —1 in our numerical experiments.
The relaxation Y —— Y™ of the nonconserved moments Y is classical:
{ Jr=J+s(Jv9=J)=(1—-5)J+sAU cos(kzx)p
ef=e+5(e9—e)=(1—-5)e+s Nap

4
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and we have chosen s = 1.5, s = 1.2 in our reference numerical experiments. Observe that
the parameters U, «, s and s’ are without dimension. We set finally m* = (p, J*, e*)".

The collision step is defined according to f* = M~'m*, and the exact propagation of
particles along the characteristic directions A, 0, —\ of the D1Q3 scheme:

Jo(z, t +At) = fi(x — Ax, t)

fola, t+ A1) = fi(a, )

fo(z, t+ At) = f*(x + Ax, t)
is well known (see e.g. [18]). The solution of this lattice Boltzmann scheme can be ap-
proached by the first order equivalent partial differential equation

ap 0 B
a2 + A Ep [U cos(kz) p] = O(Ax).

Therefore, it is natural to compare the numerical solution of the D1Q3 lattice Boltzmann
scheme with the exact solution of the nonhomogeneous advection equation (2). We have
done this work in a first numerical experiment, and the results are displayed in Figure 2.

g T=infinity, d1q3 computation
vV Vv ~¥v - T=40, characteristic method
v v —=— T=40, d1g3 computation
—v— T=30, characteristic method
—+— T=30, d1g3 computation
—v— T=20, characteristic method
—+— T=20, d1g3 computation
—v— T=10, characteristic method
—s— T=10, d1g3 computation
—+— T=01, characteristic method
—— T=01, d1g3 computation
—— initial field: constant equal to 1

—=

AAAAAAAAAAAAAAAAAAAA

O N
0.0 0.2 0.4 0.6 0.8 1.0

Figure 2: Evolution for an advective velocity (1) with U = 0.005 and N = 128 mesh points.
We observe that with the cosine advection velocity, the numerical solution has no symmetry.

During the first time steps (see the results for 7' = 01 and 7' = 10), the two results agree with
good precision. But we observe that the solution of the advection equation (2) is unsteady,
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whereas the lattice Boltzmann scheme rapidly converges towards a stationary solution. Then
the approximation of the D1Q3 scheme by the first-order partial differential equation is not
sufficient. We adapt a complementary analysis in the next section.

4) ABCD asymptotics in the isotropic linear case

In this section, we revisit the “Berlin algorithm” introduced in [2]| for the linear analysis of
lattice Boltzmann schemes. First recall that we have two steps for one time iteration:

(i) nonlinear relaxation

Y*
with a diagonal relaxation matrix S. For the D1Q3 scheme, we have S = diag(s, s).

m%ﬁwﬁz( ),WnﬂVJ”=Y+S@m0—m

(i) linear advection
m* — ft+At): ff=M"m*, fi(z, t+ At) = fi(z —v; At ).
The momentum-velocity operator matrix A is defined from the diagonal advection operator
>, V¥ 0, according to |9
A=M diag( Z v 8a> Mt
1<a<d
with d the spatial dimension. This is nothing more than the advection operator in the basis
of moments. Following a remark proposed in [9], we have an exact exponential expression
of the lattice Boltzmann scheme

m(z,t+ At) = exp(—At A) m*(z, t).
We can expand this relation up to fourth order to obtain

At? At? At?
nMW+Aﬂ:P—MA+2<M—(3M+24M+O@ﬂ7ﬁmﬂ.
The equivalent partial differential equations of the scheme are found from the asymptotic

expansion (see e.g. [10])

Oy = Oy, + At Oy, + At? 0y, + A 0;, + O(AF?).
Consider now the “ABCD” block decomposition (see [10]) of the momentum-velocity operator
that is obtained for the D1Q3 lattice Boltzmann scheme:

0 | 8 o0

A B
AE(C D)Z %)\2@3 0 0,
0 |A\9, 0

Asymptotic analysis is carried out to second order. It uses only a small set of algebraic
expressions:

(0, W +T,=0
D,W +T5=0
I, =AW + Bo(W)
(7) Y =®(W)+ At S0, + O(A?)
U, =do(W).I'y — (CW + D ®(W))
Yy=51- %I
[,=BXVU,.
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The application to the Navier Stokes equations can be found in [13]. For the fourth-order
analysis, these relations are enriched in the following way [9, 10]. We first extend the
asymptotic expansion for the microscopic moments
(8) Y =0(W)+ S (ALY (W) + A Uy (W) + AP Uy (W) ) + O(ALY).
We observe that the operators ¥; are a priori nonlinear operators of order j. The partial
differential equation for the conserved moments takes the form

ouWw+I1=0, 0,W+T9=0, 0,W+I5=0, 0,W+T14,=0.
The differential operators at third order are obtained by nontrivial algebra [9, 10]:
(9) { Uy(W) = 2dUy(W).I' (W) + de(W).Iy(W) — DX W (W)

D3(W) = BEUo(W) + 55 B2 U1 (W) — ¢ BAW(W).T'((W)
and it is also the case for the fourth-order terms:
V(W) =XdUy(W).To(W) +de(W).Is(W) — DX Wy (W) + XdWe(W).I (W)

+% DAy, (W).Iy(W) — % Dy Wy (W) — % d (dwy (W).I').T1 (W)
(10) Ly(W) =BEU3(W) + ;B Uo(W) + § BD XU (W) — ¢ ABW,(W)
—% B (d (d®.I'y).Iy (W) — %Bd (dCID.Fz).Fl(W))
_% BEd(dvy(W).I'). I (W),

with A, B\ _ (A B\ (A B\ [(A*+BC AB+BD
¢, p,)=\c p)\c¢c p)~\ca+pc cB+D*)

In one spatial dimension, the previous A, B, C, D differential operators take a simpler form:

(11) A=A09,, B=B9,, C=C0d,, D=D 0,.

In the previous context, we introduce a nonuniform equilibrium:

(12) O(W)=E(x)W.

Then we can define a new nonhomogeneous differential operator § with

(13) W =0, (®(W)) = 0, (E(x) W).

We have § = 221+ E(z) d,. Then we observe that the commutator [9,, 6] = 8,0 — 60, is
not equal to zero: [0, , 8] = 0, 0.(E(x) @) — 0.(E(x) 0up) = 0, ((0.E) ¢).

Proposition 3. Differential operators for linear nonuniform advection
In the previous context of a linear nonhomogeneous scheme, the differential operators I'y,
Uy, Ty, Uy, '3, U3 and Iy, defined at the relations (7)(9)(10), take the form
Fi=a; W, ¥, =5,W

with the following algebraic relations
(0 =A0,+Bd
Bi=FEa; —(C 0, +D§)
Qg = BY Oy b1
Bo=%p1ay+Eay—DXd,
a3 =BY0, B+ legaiﬂl - %Eazﬂl Qi
Bs=Ypras+Eaz— DX 0, B+ LB + %Eazﬂl oy — %5104% — %3239351
oy =BY0, B34+ 1By02 s+t BDy X021 — t ABO? 3

—tBéajay — tBdawa; — tBY O, B al.

(14)

7
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The proof of this proposition is a tedious algebraic calculation. It is presented in Annex A.

We consider in this contribution the case of the D1Q3 scheme with one conservation law with
a cosine velocity field u(x) = AU cos(kx) introduced in (1). Then the differential operator
d proposed in (13) takes the form

oo = 0, (E(x) p) = 0 ()\ U;S(Sl(il”)%@) =0, <)\;L;0(p) :
With the notation
(15) Opp = U@z(cos(k: a:)gp)
if the velocity field is cosinusoidal (c.f. (1)) and
Oup = U O

when the velocity field is constant, we have simply

(16) 5— <A§jgx> |

We observe that the differential operators 0, and 0, do not commute:

[ &L]go:am(—kU sin(k z) <p).

Proposition 4. D1Q3 differential operators for linear nonuniform advection
The linear differential operators explicited in (14) admit the following expressions in terms
of the operators 0, and 0,. We have for the two first orders

vy — af2 g
— —)\2 [ A~ 3 7T
(17) 0[1—)\8“, 51—/\ ()\<a_1)8u)

= Mo (02— =22 02)

18 u 92 at2 ol 1 _a¥2 ju g2
(18) b= (2030 (o5 )26 8+2 LAY

Ma—1) (0 +0') & — 2326 %)
with the Hénon coefficients [17] ¢ and ¢’ defined accordlng to

IR

Ts T2’ Ty Ty
At third order, the formulae are more complicated. We have
(19) a3 = A3[(2a2—1) 0+ (‘”2 R (i—aa)) 20, 1252, 02|

’ 6/ 3 6 3 12 3

and 5= (N
° T )‘5 ﬁSe ’
with

[ By =21 (1-a)oo' + ((a+2)0*+1)] 03
[ 22200 By ] ol 2220,
) 2ot s Ll oh - Do + (0t U2
Bae =52 [(a+2)0*+ (1+2a)00’ — 2] 920, + (1 - )a+2 (04 0')0, 02
—(1—a) (202 +200 +0? - 1) 83

8
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At fourth order, we have

ay =\ [“T“((a+2)a3—(1—a)020’—%0)8§
+[ 22208+ 52 (20%0" + 00”7 — 1 o) + 22 5] 2 02
+[—2°‘T+203+1_T"‘020'—|—%0} D, 02 0,

+°‘T+20(—20+%)838§+a(502—%)83].

(21)

The proof of Proposition 4 is detailed in Annex B.

When the velocity field has a constant value u(z) = AU, super-convergence can be obtained
with an appropriate choice of relaxation coefficients, called “magic” in [20]. Because magic is
not science, we prefer the denomination of “quartic parameters” [12| to acheive fourth-order
accuracy, or “cubic parameter” in the present case to obtain a third-order precision.

When the advection velocity field has a constant value, we have 9, = U 0, and the coeffi-
cient «ag initially given according to (19) takes now the value

AU
99 _
(22) a5 =5

Then for a fixed set of values for U, a and o, the cubic parameter o/, is defined by forcing

[—2(1—1202)U2+4(1—a)aa’+1+a—8(2+a)02] o3

to zero the value of a3 in the relation (22):

(23) 0222(1_120)[]42—18_(20;0&)0 —(1—1—0&)‘

In the following, we first experiment with the D1Q3 lattice Boltzmann scheme with constant
velocity, possibly with cubic parameters. Then we consider a cosine advection velocity. We
detail in the next section the Fourier methodology developed to solve the various equivalent
partial differential equations with very good precision.

5) Interlaced Fourier series

We compare the numerical simulation done with the D1Q3 lattice Boltzmann scheme with
the solution of the equivalent partial differential equations up to fourth-order accuracy. This
hierarchy of equations can be written

(24) —+> Al p=

They are of order ¢ for 1 < /¢ < 4. We recall that we have the following structure
Ato ap = A au
At Qg = —/Lag + Ly 83

9
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The coefficients oy oy €u7 gxua guxv Cu47 C:ca:uU7 Cuzxm Cuua:a: and Cx4 are easy to eXphcate
from the relations (17)(18)(19)(21):
( H= QTH)PO-a ,uu:)\20-7
=¥ (200~ 1), €= (2 (o) 455 (- 00), fur = N 2520
Ca=X0(50%=2), Guuw=X[-2%0"+ 152 (20%0 + 007 — 1)+ H22 0]
Gu = X [ 258000 4120 0200 BB 0] G = N80 (20}
( G =M [P ((a+2)0® - (1-a)o?d —%0)].
We use a spectral method to capture an approximation of a partial differential equation of
the family (24). In the case of an advective field given in (1), we introduce the two discrete
spaces S; and S, defined as follows. The space of odd sine and even cosine is called S;:
Siop= Za2j+1 sin ((2j +1) kz) + Za2j+2 cos ((2j +2) kx)

520 >0

9

and the space of even sinus and odd cosinus is denoted by S):
Sp > p= Z bgj+1 COS ((2] + 1) k[lf) + Z b2j+2 sin ((2] -+ 2) kl‘)
Jj=0 Jj=0

The derivation operator breaks down into two parts:

or . S, — S,

852 : Sp — Sz .
Relatively to the basis (sink:x, cos 2kx, sin 3kx, cos 4k, ) of S; and to the basis
(coskx, sin 2kx, cos 3kx, sin4dkx, -- ) of S,, the operators 9?7 and 92" admit the fol-

lowi tri '
owing matrices { AP — diag(k, —2k, 3k, —4k, )

AP = diag( — k, 2k, =3k, 4k, ---) = —AP.
The second order operator 92 = 9P, 9 operates inside the space S; and is represented by
the matrix

APP AP = —diag(k?, 4k*, 9K, 16 k>, -+ - ).
We introduce also the operator m, of mutiplication by u = U cos(k ). It operates from S;
and takes its values in S,. Then 0, = 0, ,m,, operates inside the space S;. More precisely,
we have, without forgetting the constant component ag:

my, p=U cos(kx) [ao + D50 G2j+1 sin (2 +1) k) + > j>0 G2j+2 COS ((25+2) kx)]
= (ao + %ag) U cos (k: x) + % ijo (a2j+1 + a2j+3) sin ((2]' +2) k’x)

+% Zj21 (a2j =+ (12j+2) cos ((2j +1) kx)
The matrix

01 0
10 1 O
Muzg
2101 0
00

is a natural implementation of the operator m, of multiplication by the velocity wu for
p € S;. Then the differential operator 9, = 0, m, in the space S; after truncation is
represented by the matrix AP' M,,.

10
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We have used two discretizations with 30 to 60 Fourier modes. After these algebraic oper-
ations, the partial differential equation (24) can be seen as an infinite system of ordinary
differential equations

dp
2 L 4L Ap=
(25) 9 +Ap=20

with an operator A given at fourth order by the relation

A= X0, my — 0%+ p1y, 0p My Oy my,
+(&u O My Oy My Oy + E4y 02y + & O 1y, 02)
+ (Cut Oz My D My By My O My + Cus 02 My O My + G O My 03 1,
+Cuuze O My Op My 0% + Caa 8;1) .
We observe that the matrix A is constant. Then after discretization with N modes, it
becomes a constant matrix Ay. The system (25) is replaced by a system of a finite number

(26)

of ordinary differential equations

dp

Due to the fact that the matrix Ay is fixed, the solution of (27) is approached in this
contribution by a Taylor expansion at order 5 from the initial condition pg:
()= exp(—t A po~ 1—tAr bz g Boga 0 A
= exp(— ~ I — — AT — — — At - — .
P P po 2 6 21" T 1207 1

In an initial series of numerical experiments, we have put in evidence approximations of the
stationary solution of a lattice Boltzmann scheme forced with a cosine velocity field.

6) Long-time asymptotic study with a cosine advection field

We have done numerical experiments with three advective velocities given by the relation (1)
with U = 0.0005, U = 0.005 and U = 0.05. For each of these parameters, we have used four
meshes with 64, 128, 256 et 512 points. We have made various choices for the approximation
of the D1Q3 stationary field.

We first observe that the analytical expression of the stationary solution for the equation
O+ 0. (AU cos(kz)p) — pdap=0

with the integral condition

(28) / p(z)dz = 1.

can be explicated as
(29) p(z) = K exp <)\—U sin(k x))
k

The normalization constant K in relation (29) is chosen such that the condition (28) is
satisfied.

11
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We compare the numerical solution obtained with the D1Q3 scheme with the numerical
solution of Fourier series truncated with 30 active modes. We introduce an operator A

obtained at various orders from the relation (26) typically and

1
A = 7 A
0o

Then A, p = constant and this constant is zero by periodicity of all the fonctions of the
problem. Then A, p =0 with an operator A, given at various orders by

Aéo =Amy, — po,

at order 1, ) )
AL = Ay + by My, Op My,

at order 2 and
Aio = Aio + &y Op My, Op My, +£m0§mu —l—fummu@i
at order 3 and finally,
{ AL = A%+ Cua iy Op iy 8y My O My + Capu 02 My O Moy + G T 05 111
ACunza Moy Oz Moy Oy + Cua O
at order 4.
For U = 0.0005, the numerical results are presented in Figures 3a to 3d and the quantitative

residuals in Table 1.

1.10

d1lg3, U=0.0005, 64 meshes

analytical solution with two terms in the equivalent equation
Fourier series at second order

difference d1q3 - Fourier series, order 2 [+1], scaling 500
difference d1q3 - Fourier series, order 3 [+1], scaling 1000
difference d1q3 - Fourier series, order 4 [+1], scaling 200 000
initial field

RERERR

1.051

1.004+

0.951

0.90 - ' ' ‘ : ;
0.0 0.2 0.4 0.6 0.8 1.0

Figure 3a: Stationary field, U = 0.0005, 64 mesh points. Parameters of the D1Q3 scheme:
a=—1, s =15, & =1.2. The symbol “[+1]|” in the legend indicates that the value “+1”
has been added to the data in order to display all curves in the same area of the graph. This
convention is used in other graphs.
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1.2

1.14

0.9

d1lg3, U=0.0005, 128 meshes

analytical solution with two terms in the equivalent equation
Fourier series at second order

difference d1q3 - Fourier series, order 2 [+1], scaling 2000
difference d1q3 - Fourier series, order 3 [+1], scaling 2000
difference d1q3 - Fourier series, order 4 [+1], scaling 2 000 000
initial field

RREERE

0.0

0.2 0.4 0.6 0.8 1.0

Figure 3b: Stationary field, U = 0.0005, 128 meshes.

1.4+

1.2

1.0

—— d1qg3, U=0.0005, 256 meshes
—— analytical solution with two terms in the equivalent equation
e Fourier series at second order
—=— difference d1qg3 - Fourier series, order 2 [+1], scaling 10 000
—es— difference d1qg3 - Fourier series, order 3 [+1], scaling 10 000
—s— difference d1qg3 - Fourier series, order 4 [+1], scaling 100 000 000
initial field

0.8+

0.0

0.2 0.4 0.6 0.8 1.0

Figure 3c: Stationary field, U = 0.0005, 256 meshes.
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1.8

1.4

—+— d1g3, U=0.0005, 512 meshes

—— analytical solution with two terms in the equivalent equation

e Fourier series at second order

—=— difference d1qg3 - Fourier series, order 2 [+1], scaling 20 000
—e— difference d1qg3 - Fourier series, order 3 [+1], scaling 20 000
—— difference d1qg3 - Fourier series, order 4 [+1], scaling 1 000 000 000
initial field

1.0‘/ \ /
0.6
0.0 0.2 0.4 0.6 0.8 1.0
Figure 3d: Stationary field, U = 0.0005, 512 meshes.
mesh points \ equation order 1 2 3 4

64 8.182107° | 8.167107° | 5.455107° | 6.935107®
128 4.495107° | 4.483107° | 2.997107° | 1.113107®
256 2.616107° | 2.611107° | 1.744107° | 2.067107°
512 1.601107° | 1.610107° | 1.06810~° | 4.83610~1'°

Table 1: Differences between the lattice Boltzmann D1Q3 scheme and various equivalent

equations for a stationary experiment with U = 0.0005

We observe that increasing precision improves the quality of the approximation between the
lattice Boltzmann scheme and the computation with Fourier series. We observe that the
discrete time needed to reach good precision can be very large. This is consistent with the
relaxation diffusion time 7 = ﬁ measured with our scaling. For example, with 512
mesh points, we have used more than 3,400,000 time steps to reach the numerical result
presented in Table 3. We observe also that the convergence order for the formal fourth-order

approximation (fourth column of Table 1) is only 2.39.
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—— d1q3, U=0.005, 64 meshes

—¥— analytical solution with two terms in the equivalent equation
& Fourier series at second order

—=— difference d1q3 - Fourier series, order 2 [+1], scaling 500
e

e

2.0
difference d1qg3 - Fourier series, order 3 [+1], scaling 1000
difference d1qg3 - Fourier series, order 4 [+1], scaling 200 000

initial field

1.5

1.0-/

0.51
0.0
0.0 0.2 0.4 0.6 0.8 1.0
Figure 4a: Stationary field, U = 0.005, 64 mesh points.
dlg3, U=0.005, 128 meshes
3.0 analytical solution with two terms in the equivalent equation

Fourier series at second order

difference d1qg3 - Fourier series, order 2 [+1], scaling 1000
difference d1qg3 - Fourier series, order 3 [+1], scaling 1000
difference d1g3 - Fourier series, order 4 [+1], scaling 1 000 000
initial field

—-—
—
©
-
I
P

0.0
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4b: Stationary field, U = 0.005, 128 mesh points.
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—— d1qg3, U=0.005, 256 meshes

—— analytical solution with two terms in the equivalent equation
@ Fourier series at second order

4.0- 4 —=— difference d1q3 - Fourier series, order 2 [+1], scaling 2000
- —s— difference d1q3 - Fourier series, order 3 [+1], scaling 2000

difference d1q3 - Fourier series, order 4 [+1], scaling 5 000 000
initial field

0.0 0.2 0.4 0.6 0.8 1.0

Figure 4c: Stationary field, U = 0.005, 256 mesh points.

—=— d1q3, U=0.005, 512 meshes
—— analytical solution with two terms in the equivalent equation
e Fourier series at second order
6.0 1 —s=— difference d1q3 - Fourier series, order 2 [+2], scaling 5000
—s— difference d1q3 - Fourier series, order 3 [+2], scaling 5000
—e— difference d1q3 - Fourier series, order 4 [+2], scaling 10 000 000
initial field
4.0
2.0
\/
0.0+
0.0 0.2 0.4 0.6 0.8 1.0

Figure 4d: Stationary field, U = 0.005, 512 mesh points.
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For U = 0.005, we present the numerical results in Figures 4a to 4d and the quantitative
residuals in Table 2. We again use 30 Fourier modes. The convergence process when the mesh
is refined is slow. We have, for example, for the fourth-order partial differential equation
(fourth column in Table 2), that a least-square fitting gives a convergence order of 1.58.

mesh points \ equation order 1 2 3 4
64 1.3501072 | 1.3781072 | 9.08310~* | 2.886 1076
128 8.538107* | 8.845107* | 5.69210~* | 8.780 1077
256 6.183107* | 6.437107% | 4.122107* | 3.066 10~ 7
512 4.578107% | 4.750107* | 3.05210~* | 1.05210°7

Table 2: Differences between the lattice Boltzmann D1Q3 scheme and various equivalent
equations for a stationary experiment with U = 0.005

When U = 0.05, we have encountered a numerical difficulty. With 30 Fourier modes, the
results are correct for 64 and 128 mesh points. But with 256 and 512 mesh points, oscillations
appear in the numerical results. This is the sign of a under-resolved simulation. We have
changed the number of Fourier modes and used 60 modes for 256 and 512 mesh points. We
tested the representation of the solution of the D1Q3 scheme with a Fourier series. We have
observed a residual in ¢* norm of 1.7910~'* and 6.06 10~'*. This precision is sufficient for
our simulations. The results are presented in Figures 5a to 5d and in Table 3.

d1lg3, U=0.05, 64 meshes

analytical solution with two terms in the equivalent equation
Fourier series at second order

difference d1qg3 - Fourier series, order 2 [+1], scaling 50
difference d1qg3 - Fourier series, order 3 [+1], scaling 100
difference d1qg3 - Fourier series, order 4 [+1], scaling 2000
initial field

6.0 1

[ttty

0.0 0.2 0.4 0.6 0.8 1.0

Figure ba: Stationary field, U = 0.05, 64 mesh points, 30 Fourier modes.
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—— d1qg3, U=0.05, 128 meshes
10.01 —— analytical solution with two terms in the equivalent equation
' & Fourier series at second order
—=— difference d1qg3 - Fourier series, order 2 [+1], scaling 100
—+— difference d1qg3 - Fourier series, order 3 [+1], scaling 100
—s— difference d1q3 - Fourier series, order 4 [+1], scaling 10 000
8.0 — initial field
6.0
4.0+
2.0
0.0 o e
-2.01
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5b: Stationary field, U = 0.05, 128 mesh points, 30 Fourier modes.

—— d1q3, U=0.05, 256 meshes
15.01 —=— analytical solution with two terms in the equivalent equation
o Fourier series at second order
—=— difference d1q3 - Fourier series with more terms, order 2 [+3], scaling 200
—+— difference d1q3 - Fourier series with more terms, order 3 [+3], scaling 200
—e— difference d1q3 - Fourier series with more terms, order 4 [+3], scaling 50 000
12.01 initial field
9.0
6.0
3.0
O.o B y

0.0 0.2 0.4 0.6 0.8 1.0

Figure 5c: Stationary field, U = 0.05, 256 mesh points, 60 Fourier modes.
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—+— d1g3, U=0.05, 512 meshes
—=— analytical solution with two terms in the equivalent equation

20.01 = Fourier series at second order
—=— difference d1qg3 - Fourier series with more terms, order 2 [+3], scaling 500
—+— difference d1qg3 - Fourier series with more terms, order 3 [+3], scaling 500
—s— difference d1qg3 - Fourier series with more terms, order 4 [+3], scaling 1000
—— initial field

15.01

10.0-
5.0
0.0 | m—— .
-5.01
0.0 0.2 0.4 0.6 0.8 1.0

Figure 5d: Stationary field, U = 0.05, 512 mesh points, 60 Fourier modes.

mesh points \ equation order 1 2 3 4
64 3.8831072 | 4.0421072 | 2.5901072 | 6.58510~*
128 2.8561072 | 2.9671072 | 1.9041072 | 2.43910~4
256 2.0571072 | 2.1361072 | 1.3721072 | 8.820107°
512 1.4681072 | 1.5231072 | 9.7901073 | 3.153107°

Table 3: Differences between the lattice Boltzmann D1Q3 scheme and various equivalent
equations for a stationary experiment with U = 0.05

Once again, the order of convergence is not directly correlated with the order of the approx-
imate partial differential equation. For example, the numerical order of convergence for the
fourth-order partial differential equation is only 1.46.

We have also put in evidence some intrinsic properties of the D1Q3 lattice Boltzmann scheme
with the first stationary mode. One step of the algorithm on a grid with N mesh points

can be written

f(t+ At) = Apigs ()
with Apigs the global iteration matrix of order 3N x 3N of this linear scheme. The matrix
Apigs contains all information relative to collision and advection for all the vertices. With
an Arnoldi algorithm (see e.g. [22]), we extract the first eigenmode of the matrix Apigs.
This eigenvalue = is numerically real in our case and we introduce a scaled parameter I'
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defined as follows. From the operator as in (18), we first introduce the discrete equivalent

viscosity kK = AAxo O‘T” Then for a simulation with a wave number k£, we set
v
30 = —.
(30) 2

This is the scaled first eigenvalue of the iteration matrix Ap;gs. Then from the corresponding
eigenvector f,, we extract the conserved moment

j=3
Py = Z fri
j=1

It is a function defined at all mesh points. We have represented in Figures 6-a to 6-d the
corresponding modes for U = 0, 0.0005, 0.005 and 0.05. There is no simple correlation with
the stationary results in Figures 3, 4 and 5 except for U = 0.05. In this case (Figure 6-d) the
non-zero values of the mode concentrate in the left part of the interval [0, L] as evidenced
by the scale chosen for Figure 6-d.

The very interesting observation concerns the evolution of the eigenvalue I' as function
of velocity and number of mesh points (N = 64, 128, 356, 512) presented in Figure (7).
A spectacular growth occurs for the largest velocity. In practice, the lattice Boltzmann
scheme is much more viscous than proposed by the natural scaling k2. This gives a first
explanation of the large number of time steps (more than 3 million) necessary to reach
convergence for the largest mesh in this case. We have also observed that for large values of
the velocity U, we find values for I" roughly proportional to U N.

—— N=064 Gamma=1.00053560
0.21 —»— N=128 Gamma=1.00013382
N=256 Gamma=1.00003341
N=512 Gamma=1.00000831

0.11

0.0+

-0.11

0.2
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6-a: First eigenmode of the stationary D1Q3 discrete dynamics, U = 0.
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—— N=064 Gamma=1.00193081
—e— N=128 Gamma=1.00572981

0.2 - N=256 Gamma=1.02241778
—— N=512 Gamma=1.08930892

0.11

0.0

-0.11

-0.21

0.0 0.2 0.4 0.6 0.8 1.0

Figure 6-b: First eigenmode of the stationary D1Q3 discrete dynamics, U = 0.0005.

0.2 1

—+— N=064 Gamma=1.13928618
Gamma=1.54649116
Gamma=3.00825658
Gamma=6.75648764

0.11

0.0

-0.11

-0.21 . . . . .
0.0 0.2 0.4 0.6 0.8 1.0

Figure 6-c: First eigenmode of the stationary D1Q3 discrete dynamics, U = 0.005.
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0.61
—+— N=064 Gamma=8.62260312

—e— N=128 Gamma=17.81972445
— N=256 Gamma=36.16622885

0.4 —— N=512 Gamma=72.84095421

0.2

0.0

-0.2 1

0.0 0.1 0.2 0.3 0.4 0.5

Figure 6-d: First eigenmode of the stationary D1Q3 discrete dynamics, U = 0.05.

—*— N=512
—e— N=256
—+— N=128
—s— N=64
60 1

401

20+

A ) ) /

0 0.0002 0.0005 0.001 0.002 0.005 0.01 0.02 0.04 0.05

Figure 7: First eigenvalue I' defined in (30) for the stationary D1Q3 discrete dynamics as
a function of velocity and number of mesh points. Observe that the z-scale is neither linear
nor logarithmic to clearly highlight the numerical values.
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As a partial conclusion for the stationary case, the analytic formula (29) obtained with the
advective terms and only the uniform dissipation gives a very correct approximation of the
stationary asymptotic solution obtained with the D1Q3 lattice Boltzmann scheme. It is just
necessary to compute precisely the constant K in order to satisfy the integral condition (28).
With higher-order Fourier series, the convergence is better. This experiment validates for
nonuniform operators the formal expansion developed in the previous sections. Nevertheless,
the speed of convergence towards the stationary state is not directly correlated with the order
of the underlying partial differential equation.

7)  Unsteady evolution

We now compare the D1Q3 lattice Boltzmann scheme up to time 7" = 1 with the Fourier
approximations of the various equivalent partial differential equations at various orders

dp

— + A =0, 1<45<4.

at+ ]p ) _j_
We have at order 1:

Alz)\@xmu,
at order 2: )
A2:A1_Max+/lua:vmuaxmua

at order 3:

Az = Ao + (&4 00y 0y Op iy + Epu 02 My + Eup O3 My, 02)
and at order 4:
Ay = Az + (Cua 0y my 95 my Oy My 05 My + Cogun 02 My Oy,
{ +Cuzau O My O3 Moy + Cuuaw O My Oy My 2 + (s 07)

We have chosen the following parameters

U=0.005, a=-1, 0 =001 [s =1.960784313725], s’ = 1.2
1_ 1
s 2
N = 128 mesh points respectively. In Figures 8a and 8b, we consider a constant velocity
field with a sinusoidal initial condition. In Figures 9a and 9b, a cosine velocity field with

with o0 = . The results are presented in a triple series of two figures for N = 64 and

a sinusoidal initial condition is studied. Finally the Figures 10a and 10b present the case
of a cosine advection field with a constant initial field (pg = 1). These figures show that
the approximation of the lattice Boltzmann scheme with the equivalent partial differential
equations is globally correct. Then we refine the mesh up to N = 1024 points. The results
are presented in Figure 11. They are not completely satisfactory.
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—+— D1Q3 simulation
= characteristic method
e Fourier series
—+— shape of the error
— initial field

.

-1.0
0.0 0.2 0.4 0.6 0.8 1.0

Figure 8a: Unsteady evolution, constant advection field [U = 0.05], 64 mesh points, sinu-
soidal initial condition.

1.0 —+— D1Q3 simulation
= characteristic method
e Fourier series
—+— shape of the error
0.5 initial field

-1.01

0.0 0.2 0.4 0.6 0.8 1.0

Figure 8b: Unsteady evolution, constant advection field [U = 0.05], 128 mesh points, sinu-
soidal initial condition.
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—+— D1Q3 simulation
= characteristic method
e Fourier series
—+— shape of the error
initial field

1.01

0.5

-0.51

-1.0
0.0 0.2 0.4 0.6 0.8 1.0

Figure 9a: Unsteady evolution, sinusoidal advection field [U = 0.05], 64 mesh points, sinu-

soidal initial condition.

—— D1Q3 simulation
= characteristic method
104 e Fourier series
' —— shape of the error
—— initial field
0.51
O~/
-0.5 1
-1.01
0.0 0.2 0.4 0.6 0.8 1.0

Figure 9b: Unsteady evolution, sinusoidal advection field [U = 0.05], 128 mesh points,
sinusoidal initial condition.
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—— D1Q3 simulation
= characteristic method

1.3 = Fourier series
—+— shape of the error [+1]
1.21 — initial field

1.14

1.0 7
o.9-- |
0.8

0.4 0.6 0.8 1.

0.0 0.2 0

Figure 10a: Unsteady evolution, sinusoidal advection field [U = 0.05], 64 mesh points,
constant initial condition.

—— D1Q3 simulation
= characteristic method

1.3 s Fourier series

—+— shape of the error [+1]
1.2 —— initial field
1.1
1.0-:'; V
0.9
0.81

0.0 0.2 0.4 0.6 0.8 1.0

Figure 10b: Unsteady evolution, sinusoidal advection field [U = 0.05], 128 mesh points,
constant initial condition.
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-84
_10_
-121
-14
_16_

—%— equation order=1, precision order = 1.10

—e— equation order=2, precision order = 1.99

-181 —#— equation order=3, precision order = 1.99

—%— equation order=4, precision order = 1.99

64 128 256 512 1024

Figure 11: Errors measured with the maximum norm between the D1Q3 lattice Boltzmann
scheme |with parameters a« = —1, 0 = %—% = 0.01, s’ = 1.2] and various equivalent partial
differential equations for an unsteady experiment with constant velocity field U = 0.05,
finite-time evolution with final time 7" = 1, and initialization with a sine wave. The z-axis
represents the number of mesh points with a logarithmic scale and the y-axis is graduated
with the base-2 logarithm of the error. The microscopic moments were initialized with the

equilibrium values.

In order to overcome the moderate speed of convergence for an unsteady evolution, we focus
in the next section on the way the lattice Boltzmann scheme is initialized.

8) Initialization of microscopic moments

In the previous section, we have taken the non-conserved moments at time ¢ = 0 equal to
the value at equilibrium:

(31) Yolt = 0) = D(py).
We recall the asymptotic expansion of nonconserved moments for a lattice Boltzmann scheme
through the general expression (8):

Y =0(W)+ S (At T (W) + AP Uy (W) ) + O(AF).
For the advective D1Q3 scheme with a cosine advection field,
(] (AU cos(kzx)p B 2 (u0, — EE0,
Y_(6>7¢(p)_( /\2a,0 7\:[]1_61p7/81_)\ )\( au

+2
3
a—1)
and _
20%@2_(@—}—20__'_04 10/)88_a+20_282
— — \3 2w 3 3 T XU 3 AT
\112 62p752 A ( )\(04—1)((04-0',)83—&;:2083)
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For initialization at order 0, the relation (31) is simply applied. The initialization suggested
by Mei, Luo, Lallemand and d’Humiéres [24] at order 1 is:

(32) Yi(t = 0) = ®(po) + At S~ By po.

In the following, we also consider a second-order initialization:

(33) Ya(t = 0) = ®(po) + S~ (At i po + At Ba o).

We remark that this framework can certainly be revisited with the new version of lattice
Boltzmann schemes through multistep finite difference schemes, as proposed by Bellotti,
Graille and Massot [3]. The results of our simulations are presented in the next section.

9) Unsteady fields for a constant or variable advective velocity

We first study the uniform advection case. Then we specify the case of cubic parameters.
Then we look to nonuniform cosine advection. In all cases, the choice of the initialization
scheme has a great influence on the final precision. Observe also that only one mode is
needed for the Fourier approximation when the velocity advection is constant.

mesh points \ equation order 1 2 3 4
initialization order 0 0 0 0
64 2.798 1073 | 7.606 10~* | 7.604 10~* | 7.596 10~*
128 1.218 1073 | 1.983 10=% | 1.983 10+ | 1.982 10~
256 5.598 107% | 4.979 1077 | 4.979 1075 | 4.978 107°
512 2.675 1074 | 1.245 107° | 1.245 1075 | 1.245 107°
1024 1.307 107* | 3.113 107% | 3.112 107% | 3.112 10~¢
convergence order 1.10 1.99 1.99 1.99

Table 4: Errors measured with the maximum norm between the D1Q3 lattice Boltzmann
scheme |with parameters a = —1, 0 = %—% =

differential equations for an unsteady experiment: constant velocity field U = 0.05, finite

0.01, s’ = 1.2] and various equivalent partial

time evolution with final time 7" = 1, and initialization with a sinus wave. The error remains
second-order accurate even if we use the third-order or the fourth-order equivalent equation
for the approximation of the lattice Boltzmann scheme. Figure 11 is an other representation
of these results.

With the first-order initialization (32), the results are presented in Figure 12 and Table 5.

They become consistent for the three first levels of approximation, but there is no convergence
at fourth-order accuracy.
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-10

-15

-20

-25

-30

equation order=1, precision order =
equation order=2, precision order = 2.13
equation order=3, precision order = 3.03
equation order=4, precision order = 3.01

128

Figure 12: Same experiment as the one described in Figure 11 with the initialization of the

256

512

microscopic moments at first order following (32).

1024

mesh points \ equation order 1 2 4
initialization order 1 1 1 1
64 2.039 1073 | 7.967 107 | 2.911 10¢ | 2.652 107©
128 1.020 1073 | 1.648 107% | 3.544 10~ | 3.290 1077
256 5.101 107* | 3.697 1077 | 4.305 10~% | 4.049 10~8
512 2.551 107* | 8.730 107® | 5.296 10~? | 5.018 10~
1024 1.275107% | 2.120 1078 | 6.569 10719 | 6.247 10~ 1©
convergence order 1.00 2.13 3.03 3.01

Table 5: Same numerical experiment as the one described in Table 4, except that the initial-
ization has been changed to the first-order approximation (32). The precision is improved
for second order and we obtain the third order correctly, but the fourth-order approximation
is only converging up to third order.

With the second-order initialization (33), the results are displayed in Figure 13 and Table 6.
The experimental order of approximation is now coherent up to fourth order. In Table 7,

economical initialization orders are used to present an optimal convergence accuracy.
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_m*\\\\ﬁg\\\\*\\\\ﬁh\\\\ﬁ

-151

-201

-251

-301

equation order=1, precision order = 1.00
equation order=2, precision order = 2.02
equation order=3, precision order = 3.18
equation order=4, precision order = 3.99

-351

IRAXS

6 128 256 512 1024

Figure 13: Same experiment as the one described in Figure 11, with the initialization of the
microscopic moments at second order following (33).

mesh points \ equation order 1 2 3 4
initialization order 2 2 2 2
64 2.039 1072 | 5.607 107% | 1.397 10¢ | 6.191 10~
128 1.020 1073 | 1.332 1076 | 1.382 10~7 | 3.997 1078
256 5.101 107% | 3.299 107 | 1.485 108 | 2.506 10~*
512 2.551 107* | 8.233 10~% | 1.703 107 | 1.567 10719
1024 1.275 107* | 2.057 1078 | 2.034 1070 | 9.798 1012
convergence order 1.00 2.02 3.18 3.99

Table 6: Same numerical experiment as the one described in Table 4, except that the ini-
tialization has been changed to the second-order approximation (33). The precision order is
now consistent with the approximation order.

mesh points \ equation order 1 2 4
initialization order 0 0 1 2
64 2.798 1072 | 7.606 10~* | 2.911 107 | 6.191 10~7
128 1.218 1073 | 1.983 107* | 3.544 1077 | 3.997 1078
256 5.598 107* | 4.979 10 | 4.305 1078 | 2.506 10~*
512 2.675 1074 | 1.245 107° | 5.296 107 | 1.567 10719
1024 1.307 10~* | 3.113 1075 | 6.569 10710 | 9.798 1012
convergence order 1.10 1.99 3.03 3.99

Table 7: Optimal initialization orders for the numerical experiment described in Table 4. The
precision order is now consistent with the approximation order without any extra calculus
for the initialization at the lowest orders.
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In a second series of experiments with a constant velocity field, we use cubic parameters:
U=0.05, a=-1, 0 =0.01,
as previously. The second relaxation coefficient s’ such that the relation (23) is satisfied:

o' =0.072425, ' = 1.7469537493994847

with o' = 5 — % The initial condition is still a sine wave and we need only one term in the

Fourier series.

In Table 8, the initialization for the second-order approximation is only of order zero and
the cubic convergence property is not obtained. On the other hand, when the initialization
for the second-order partial differential equation is first order accurate (see Table 9), the
second-order and third-order approximations are identical.

mesh points \ equation order 1 2 3 4
initialization order 0 0 1 2
64 2.826 1073 | 7.882 107 | 2.181 107 | 6.455 10~
128 1.219 1073 | 1.988 10~* | 2.332 1077 | 4.063 1078
256 5.598 10~* | 4.980 1075 | 2.665 10~8 | 2.544 10~°
512 2.675 107* | 1.245 107° | 3.174 107 | 1.590 10~10
1024 1.307 107* | 3.113 1076 | 3.869 10710 | 9.951 1012
convergence order 1.11 2.00 3.11 4.00

Table 8: Errors measured with the maximum norm between the D1Q3 lattice Boltzmann
scheme with cubic parameters o = —1, 0 =1 — 1 =0.01 (s = 1.96078), ¢’ = 0.072425
(s = 1.74695) for the unsteady experiment described in the caption of Table 4. Even if
the relaxation parameters have been fitted in order to obtain third-order accuracy with the
second-order equivalent partial differential equation, the error remains second-order accurate
in this case.

mesh points \ equation order 1 2 3 4
initialization order 0 1 1 2
64 2.826 1073 | 2.181 107 | 2.181 107¢ | 6.455 1077
128 1.219 1073 | 2.332 1077 | 2.332 1077 | 4.063 1078
256 5.598 1074 | 2.665 10~® | 2.665 10~% | 2.544 10~
512 2.675 1074 | 3.174 107 | 3.174 107 | 1.590 1010
1024 1.307 107 | 3.869 1071° | 3.869 1071° | 9.951 10~!2
convergence order 1.11 3.11 3.11 4.00

Table 9: Same numerical experiment as the one described in Table 8, except that the ini-
tialization scheme is first-order accurate when comparing with the second-order equivalent
partial differential equation. The third-order terms of the partial differential equation are
identically null in this case due to the choice of a set of cubic parameters, and the order of
accuracy jumps to third order.
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When the velocity is no longer constant but given by the relation (1), the modes are coupled
as detailed in Section 5. We have used 30 active modes in the Fourier series. In Tables 10
to 12, we experiment with the three types of initialization, (31), (32) and (33). The results
are qualitatively identical to the previous experiments with a uniform vector field. When
the initialization is done with the equilibrium (31), the lattice Boltzmann scheme can be
compared with equivalent partial differential equations only at second order, as detailed
in Table 10. For the first order (32), third-order accuracy can be obtained. Nevertheles,
the fourth-order differential model is only third-order accurate (Table 11). With a second-
order initialization (33), the asymptotic partial differential equation of a given degree is
an approximation of the lattice Boltzmann scheme with the same degree, as presented in
Table 12.

mesh points \ equation order 1 2 3 4
initialization order 0 0 0 0
64 5.625 1073 | 1.172 1072 | 1.120 1073 | 1.088 1073
128 2.534 1073 | 2.952 10~ | 2.819 10~ | 2.778 10~*
256 1.195 1072 | 7.327 107° | 6.992 10~ | 6.940 107
512 5.793 10~* | 1.823 107° | 1.739 107° | 1.733 10~°
1024 2.851 107* | 4.547 107 | 4.337 1076 | 4.329 10~°
convergence order 1.07 2.00 2.00 2.00

Table 10: Same numerical experiment as the one described in Table 4; the uniform vector
field is replaced by a cosine velocity (1). As in the previous experiment, the error remains
second-order accurate even if we use the third-order or the fourth-order equivalent equation
for the approximation of the lattice Boltzmann scheme.

mesh points \ equation order 2 3 4
initialization order 1 1 1
64 4.561 1073 | 1.087 107* | 5.628 107> | 2.446 1075
128 2.259 1073 | 1.982 10~ | 6.495 107% | 2.427 107°
256 1.126 1073 | 4.124 1076 | 7.747 1077 | 2.622 107
512 5.620 10* | 9.336 1077 | 9.441 10% | 3.018 1078
1024 2.808 1074 | 2.216 10~7 | 1.165 10~® | 3.610 10~°
convergence order 1.01 2.23 3.06 3.18

Table 11: Same numerical experiment as the one described in Table 10. The initialization is
now given by the first-order approximation (32). The precision is improved for the second-
order partial differential equation and we obtain the third-order correctly. But the fourth-
order approximation is converging only up to third order.
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mesh points \ equation order 1 2 3 4
initialization order 2 2 2 2
64 4.548 1073 | 9.505 1075 | 4.264 10~° | 1.082 10~°
128 2.257 1073 | 1.807 107° | 4.742 107 | 6.741 1077
256 1.125 1073 | 3.904 10¢ | 5.540 10" | 4.162 10~8
512 5.620 10=* | 9.060 10~7 | 6.678 1078 | 2.544 10~°
1024 2.808 107% | 2.182 1077 | 8.191 107 | 1.522 10~1°
convergence order 1.00 2.19 3.08 4.03

Table 12: Same numerical experiment as the one described in Table 10. The initialization
is now given by the second order approximation (33). The precision order is now consistent
with the approximation order.

Optimal initialization orders for the numerical experiment with sinusoidal velocity can be
made precise as follows:

partial differential equation order =1 or 2 : initialization at order 0
partial differential equation order = 3: initialization at order 1
partial differential equation order =4 : initialization at order 2.

The precision order is now consistent with the approximation order without any extra cal-
culus for the initialization at the lowest orders.

If the initial condition is no longer a sinus wave but a constant state, the results presented
in Tables 10 to 12 are essentially unchanged. We present in Table 13 the analogue of Table 8
for this case.

mesh points \ equation order 1 2 3 4
initialization order 0 0 1 2
64 6.050 10~* | 3.597 107° | 1.224 10~° | 1.306 10~°
128 2.932 107 | 7.528 107¢ | 1.475107% | 8.102 10~®
256 1.447 107* | 1.699 1075 | 1.800 107 | 5.034 10~°
512 7.194 107° | 4.024 1077 | 2.221 1078 | 3.130 10~
1024 3.587 107° | 9.784 107% | 2.758 107Y | 1.943 10~
convergence order 1.02 2.13 3.03 4.01

Table 13: Optimal initialization orders for the numerical experiment with sinusoidal velocity
described in Table 10. The initial condition is changed from a sinusoidal function to a con-
stant state, as shown in Figures 10a and 10b. Each asymptotic partial differential equation
presents a precision order consistent with its approximation order.

We tried also to apply a cubic choice of coefficients for the non homogeneous case. We have
not observed any spectacular improved precision. There is no inconsistency because the
cubic parameters have been explicated with the hypothesis of a constant velocity field.
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10) Conclusion

In this contribution, we have extended the ABCD asymptotic analysis developed in [9]
and [10] to a nonhomogeneous linear problem. It has been necessary to develop a small
library of Fourier series to approximate with high accuracy the equivalent partial differential
equations at orders 1 to 4. The differential operators have been explicated with the help of
formal calculation and, in particular, the Sagemath [29] library.

For a stationary problem after a long time evolution, we have not observed a complete
consistency between the lattice Boltzmann scheme and the four differential models. The
models are asymptotically correct but the order of accuracy is not the one suggested by the
order of the partial differential equation. A first explanation is the fact that the asymptotic
model is derived for space-time evolution and not for purely stationary problems. This
question could be specifically studied in a future work.

The main result concerns a finite-time evolution. We have put in evidence the importance of
a correct initialization order to force the Boltzmann scheme to simulate a partial differential
equation at high order. This question could be naturally revisited within the framework
introduced by Bellotti et al. in [3].

It would be useful to consider in the future a two-dimensional situation to get information
about anisotropic defects of lattice Boltzmann schemes.
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Annex A. Proof of Proposition 3
We first recall the general result presented in [9] and [10]. We have

(Ty(W) =AW + B®(W)
(W) =do(W).I(W) — (CW + DO(W))
[y,(W) = B U (W)
Uy(W) =2 dU (W).Ty (W) +dd(W).Ty(W) — DX U (W)
L3(W) = BEWy(W) 4+ 5B U (W) — £ BAW (W).I' (W)
Us(W) =X d¥ (W).To(W) + dd(W).T3(W) — DE\IIQ(W) +2d\1/2( ).T1 (W)
+5 DAV (W).Ty (W) — 5 Dy Uy (W) — 5 d(d¥ (W).Ty(W)).Ty (W)
Ly(W) =BEUs(W) + 1 By Us(W) + ¢ BDQE\IJ (W) — —AB\Ifz(W)
—2+Bd(d®.I').To(W) — : Bd(d®.I';).I (W)
\ L Byd @y, (w).r).r ().

With the one-dimensional relations (11), we have in particular

B®=DB0,® =B 0,(E(x)W)=BsW.
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Then T3 = AW +B6W = oy W with a; = A 9, + B4 and the first relation of the
family (14) is proven. We have as previously D® = D 9,(E(z) W)= D§W and

Uy (W) =de(W).Iy(W) — (CW+D®W))=Ea, W —(Co,W +DsW)
=[Fa,—(C O, +D )| W=pW
Then the second relation in (14) relative to f; is established.
From the fact that the matrix ¥ is constant, we have now
Lo(W)=BX U (W)=B0, 28 W=BX0,5W =a, W
and the relation in (14) relative to ay is proven.
When we differentiate the vector field Wy (W), we have dW,(W).£ = ;¢ and
dW,(W).I' (W) = 1oy W. Then
Uo(W) = S AW, (W).Ty (W) + dB(W).Ty(W) — DI U, (W)
=YB8aiW+EwxW -D&ShW=(Shoar+Ea—DSd, )W =W
and the relation relation to £y in (14) is proven. We have also
By=(AB+BD)=A0,B08,+B0d,Dd,=(AB+B D) =By0>.
In consequence,
T3(W) = BY Wy (W) + 11232 Uy (W) — L B, (W).Ty(W)
=BY0, oW + 5B 021 W %Eazﬂlalw
= (BX0, 6o+ 55 328251 tBO o) W=z W
and the expression of the operator «as in (14) is established. From the relation (34), we have
d(dW,(W).I1(W)).£ =d(Bra; W).£ and
d(dW, (W).T1(W)).I(W) = Braron W = By ai W. Then
U3(W) = Zd¥(W).Lo(W) +de(W).[3(W) — DEW(W) + X d¥y(W).I(W)
+5 DAV (W).Dy (W) = 35 Dy Oy(W) — 15 d(d,(W).Ty(W)).Ty (W)
=YBaaW+EazW —DO,XBW +X oy W
+%53x51a1W— ﬁEQQ%@N/V— 1—1251CY%W
= (251042 +Eaz3— D3, X B+ X By + %Eamﬁl o1 — %5239351 - %5106%) w
and the relation (14) concerning (3 is established.
We observe now that
Bd(d®.Iy).£ = BO,d(EaaW).€ = Bday€é and Bd (d®.Ty).I(W) = Béasaq W.
We have finally
Ly(W) =BEU3(W) + 1 Bo U (W) + : BD, XU (W) — £ ABU,(W)
—L1Bd(d®.T).To(W) — L Bd(d®.Ty) Ty (W) — 1 BXd (AT (W).Ty).T4 (W)
=BY0,BW +1By2W+iBDSE/W —LAB2 W
—tBéajooeW =t Bdasay W — : BX 0, f1f W
= [BS0,55+ 1 B2026, + 1 BD, 5035, - LABOf, — L Boan

F(S@gal—%EEaxﬂla% WEO(4W

1
6
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and the last relation of (14) giving the operator «y is explicated. U

Annex B. Proof of Proposition 4
We start from the relations (14) that we write again which we rewrite for clarity of reading:
( ] = Z 63; —|— E 6
Bi=FEa;—(C0,+DJ)
Qg = BY. 0y B1
Bo=%Bion+Eay— DX, b
a3 =BX0, B+ %E@%ﬂl - %Eaxﬁl oy
Bs=SBias+Eaz— DX, o+ X Pocy + %Eaxﬁloél — %51@ — %52@%51
g =BY0, B3+ 1By0% B+ %Eﬁgﬁl@ﬁﬁl — %ﬁ?@%&
L —%Eéalag—%§5a2a1—é§§lﬁmﬁ1a%.
With the D1Q3 lattice Boltzmann scheme, we have

= (20 = () 5= 5 )

and . - . 22 o 0 1
A=0,B=(1,0), C <0>,D (AQ 0).

Then we obtain a; = = A0,

i= (i) 2o () o= (o o) (0 ) = (i ™)
B (Au@u — 32 (a+2) 335))
B A (o —1) 0y
and the relation (17) is proven. We have for second order accuracy B ¥ = (a, O). Then
=00, [Aud, — ’\?2 (a+2)0,)] =0 (02— *20?).
For the microscopic variables, we have

o 0 Aud, — 2220, — 2 a0, u N
52:(0 a’>)\2( X0 d, — X', )mﬁ(va)v”(%_%a@

) 0 %’ u@u—%/\Q(a—i—Q)ﬁx '
Mo 0 A (e —1) 0,
For the first component,
By =0 (Aud, — 2 N20,) A0, + Nuo (02— 2292) — N3 29, (o — 1) 9,
=2 0ud? —22)30,0, — N2 ud? - N (a—1)% 0,0,
N[0 30 (- 250 0,0, — 2040l
and for the second component

B3 =0 (A(a—1)0,) A0y + Xao (02— 2202) — Mo (L0, — 22 0,)
=M [(a—1)0' 32 +ao (82— 2 P) — o (92— 22 5?)]
=M(a—1)((c+0") 02— 2050?).
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Then the relations (18) are established. At third order, we have from (14),
=BX0, ﬁz—i‘ 328251 - —B@ Br o

— o (Aud, — 220, — 2 a0,
_O-azﬁ2 12( ) 3) x/Bl lBaz( )\30638 —)\383 )\au
=N00,[20892 — (26 - 210)9,0, - 22|+ L2 (a—-1)020,

—2 0, [Aud, — <2 N2 0,] /\8
:)\3[<202—%)83 |:_O_(a§-20_+a 1 )+0‘3—61+a+2]323 _a+2 % 8, &
=N[(202 =) B+ (22 (F-0?) + 25 (S —00)) B2, - 22 00,02
and the relation (19) is proven. We have now

/332251042+E043—523x52+2ﬁ2061+%Eaxﬁloél—%5104%—%523351

and we can precise these seven terms:

s () D (BT, e e ) )
Eas= (Aga) ¥[(207 = L) a8+ (222 (L= 0*) + 552 (§ — 0 ') 920, — 252020, 2]
msane-(h )0 o (B e T T )
a5 ) (I )

) v (1 0\ . (Aud,— 3N (a+2)0,)
Dza B = <O % 03 N (a—1)0, .

Then the first component of f3 is given by the relation
B3 =\ [QTH [-(1-a)oo'+ ((a+2)0*+1)] 02
+U [— a;ﬂa + = O‘aa’+11+—20‘] 8%(%—2(]0‘7”02(%8%

H[-22820% 4 552 (200 + 0% = 1)] 9,02 + (50° — 1) U B3]

and the second is given by
52 = N9 [1-70 [(a+2)0?+(1+2a)00’ — 122] 20, + (1 — a) =20 (0 + 0*) D, 07
—(1-a) (202 +200 + 07— 1) 82] .
The relation (20) is proven. Finally,
=BY0, 05+ B0+ § BD: Y02 3y —
—%§5a2a1 — %EE@xﬁla%.

ZE&% 62 — %Eé&l (6%)

1
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After some lines of algebra,

oy = [(O‘—“)203+(a—1)a—”020’—°‘—“a0] ot

+[-292 0 +21520%0" + 52007 + H22 0 + 2L 0/] 02 02
+[—2°‘—+20 +1—°‘0 0+7§2°‘ ]8 020, +°‘+2 (—20+%)3§8§+0(502—%)84

=[*2 ((a+2)c* - (1-a)o’c’ —%0) 02

—1—[—26%20 —|—1_—a(2020’+00’2—}10/)—}——““92‘“0} 02 02

+[-292 0+ 5207 0"+ 2% 0] 0,020, + %20 (—20+3) 0202+ 0 (50°—32) O

and the relation (21) is established. This completes the proof. U
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