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Droplet behavior influenced by wettability distribution is a pertinent field of research with applications in lab-on-a-chip
and heat transfer devices amongst others. Some have proposed patterned surfaces with controlled variation of wettability
to orient the direction of the droplet motion or to increase its velocity. This patterns are arrived upon with experience and
knowledge of this phenomenon. In this research paper, authors take a mathematical approach to the physical problem
by using a gradient based optimizer for maximizing droplet velocity. Given some initial conditions, the optimizer
marches towards the optimum wettability distribution profile. The droplet motion is modeled in two dimensions (2D)
(i.e. on the GH-plane), on a plate having a wettability distribution in one dimension (1D) (i.e. along G-axis). The single
component pseudopotential model (SCMP) allows for the quantification of the wettability distribution as a distribution
of a pseudo-density of the solid nodes of the flat plate. Starting with several monotonous analytical profiles, quadratic
convex profile allows to reach the maximum mean velocity for the threshold droplet displacement. Different sets of
initial profiles, length of the plate (!) and diameter of the droplet (�) are tested. For smaller !/� ratio, the optimal
wettability distributions exhibit non trivial features: profiles can be non monotonous, and wettability gradient could be
locally null. With the increase of !/� ratio, these specificities tend to be less prominent and optimal profiles converge
to the quadratic convex one. The main innovation and significance of the paper is that mathematical optimization
algorithms have been used conjointly with a multiphase LBM solver to address for the first time the droplet race defined
as: "what is the best wettability profile in order for a droplet to reach a desired location as quickly as possible ?"
Keywords: droplet motion, multiscale optimization, multiphase optimization, pseudopotential model, LBM, brachis-
tochrone problem.

I. INTRODUCTION

In nature, droplet movement on a still surface occurs mainly
due to air currents or gravity (in case of an inclined sur-
face). Recently, unexpected directional motion (without ex-
ternal energy supply) of a liquid droplet on the Araucaria
leaf1 was reported and later this phenomenon has been repro-
duced numerically2. Meanwhile, in a controlled environment,
the droplet motion is possible due to either active or passive
methods of generating a wettability gradient3. Surfaces em-
ployed specifically for this purpose are in literature called as
wettability gradient surfaces (WGS). Active methods include
temperature gradients4 (first documented in the seminal work
of Marangoni5), mechanical vibrations6, electrostatic poten-
tial, etc., while passive techniques require surface chemical
treatments or alteration of surface topography7,8. A realistic
surface is non-ideal as surface roughness due to topographical
imperfections is commonplace. Also a bare surface gathers
dirt or residue being exposed to chemical reactions (including
corrosion) or deposits due to phenomenon such as evapora-
tion over a period of time. This degrades the performance of
WGS with the passage of time as the droplet motion could be
inhibited due to pinning defects.

WGS have multiple applications where droplet transport is
required. These surfaces could be used for orienting the di-
rection of a moving droplet9. It could also function as pump
in micro-scale devices. One major application for a WGS is
the lab-on-a-chip (LOC) device which handles fluids even at
submicroscopic scale10. LOCs have further applications in
nano technology, bio-engineering, sensors, etc. Liquid trans-
port plays an important role in heat transfer process especially
during phase change11. In condensation processes, hybridwet-

tability surfaces improved performances allowing droplet con-
densation on hydrophobic places whereas droplets are drained
toward hydrophilic places and removed due to gravity12,13; the
use of a WGS could then prevent the formation of a liquid
film. Also these surfaces could be useful for self-cleaning,
where the droplet picks up dirt as it is propelled forward; few
inclined hydrophobic surfaces have already been used for this
purpose14,15.
This phenomenon of a wettability gradient initially theoret-

ically studied16,17 has been experimentally verified for chem-
ical surface treatments and thermal gradients on an inclined
plate18. Various theoretical explanations have been put for-
ward providing for different analytical formulations for droplet
velocity19,20 assuming steady state motion. Numerical simula-
tions have on the other hand been used to investigate situations
which are difficult to recreate in an experimental setup. Spa-
tial and temporal fluctuations21 of the wettability, wettability
gradients induced by chemical reactions22, various wettabil-
ity distribution profiles23 and droplet spreading24 on patterned
surfaces, to mention a few studies, have all been explored via
numerical modeling to promote/influence droplet motion.
The numerical simulations for a droplet on a surface could

be divided into two categories: in the former category the con-
tact angle is prescribed and the fluid behavior (pressure, ve-
locity, etc.) for different configurations are obtained a posteri-
ori. In the latter category the interaction forces are prescribed
and both the contact angle and fluid behavior are obtained
after numerical solving. While the former category includes
macroscopic models, most often coupling Navier-Stokes equa-
tions with an interface tracking methods, like Volume of fluid
(VOF)3 or level set (LS), the latter category includesmolecular
dynamics and mesoscopic methods like Van der Waal model25
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or the lattice Boltzmann model (LBM)26. Multiphase LBM
generally exhibits a diffused interface being devoid of the in-
terface tracking equations. In the case of the pseudopotential
method26, this interface and the contact angle are directly a
result of the interparticle forces. These forces are present both
between each fluid particles and between fluid and solid parti-
cles. Among all the multiphase LBM models (color gradient,
phase field, free energy and pseudopotential), the pseudopo-
tential method is used themost commonly27 and it is known for
its efficiency and simplicity as it generally does not employ the
Poisson equation for pressure. These factors play a significant
role in the authors selection of this method for the optimizer, as
it requires multiple reruns of the physical simulation (hereafter
also referred to as the forward problem).

So, even if the motion of a droplet submitted to a wettability
gradient is a well documented phenomenon, both experimen-
tally and numerically, the question of the optimization of this
displacement remains untreated. Indeed, from the performed
bibliography survey, it appears that wettability gradient has
always been assumed to be constant, i.e. the wettability dis-
tribution is restricted to the linear profile, and the main result
is, the steeper the gradient, the greater the mean velocity16,28.
Now the wettability cannot vary indefinitely, i.e. this property
is bounded, from superhydrophobicity to superhydrophilic-
ity. Consequently, the steeper the gradient, the shorter the
displacement length of the droplet. The significance of the
study lies in resolving the conflict between the spread of a
bounded property (wettability) and the displacement length to
achieve highest mean velocity. In other words, for a droplet
to seamlessly travel the desired length, the question of the
optimal wettability profile seems to have no trivial solutions,
and, to the best knowledge of the authors, this has not been
addressed yet. Note that, in the field of optimization applied
on multiphase flow, an adjoint-state gradient-based shape op-
timizer demonstrated its competency of propelling a droplet
with a variation of surface tension, such an optimizer being
based on an approximated two-phase Stokes equations with no
solid-fluid interaction29,30. Another shape optimizer has been
employed on the surface topography in order to control the
droplet shape, without motion31.
The implication of the current study is that increasing the

mean velocity of droplets using specific WGS would improve,
for example, the flow rate of LOC device or the performances
of condensers. From an optimization and historical point of
view, this problem loosely resembles the brachistochrone prob-
lem. The objective of the brachistochrone problem was to find
the optimal geometrical path which would be covered by a
sliding bead starting from rest at a given location (with gravity
and without friction) in order to reach the final location in the
shortest time interval32. The analytical approaches proposed
by five different mathematicians found that a cycloid, rather
than a simple constant step is the best shape for the task. So, for
a given gravitational potential, i.e. a starting height and a final
height, optimization analytical process identified an optimal
structure profile. An innovation of this article is the manner of
approaching the problem, i.e. similar to the brachistochrone
problem, one searches for the best shape or profile of wet-
tability distribution for a WGS. The only difference is that a

numerical optimization algorithm is used here rather than an
analytical approach (if at all one exists).
In the context of the article the forward problem consists of

a droplet resting on a horizontal surface which is a WGS. No
pinning effect (i.e. no contact angle hysteresis) on the interface
between the droplet and the solid is assumed (i.e. the surface is
assumed ideal for the simulation). The optimization process is
for finding the optimum wettability distribution profile so that
the droplets moves as quickly as possible to a desired location.
The simulation is performed in two dimensions of space while
the wettability evolves in one dimension. Although three-
dimensional (3D) effects are not taken into account in this
paper, such a geometric assumption seems not to affect the
mean velocity of the droplet, referring to 2D/3D literature
comparison3, whereas it allows for substantial computational
benefits.
Section II describes the methodology of optimization. In

this section, we discuss the cost function of the optimization
problem, we then elaborate on the forward problem model,
we build the parameterization of the control variable, and
set-up the optimizer. Section III gives the performance of sev-
eral wettability distributions defined by some simple analytical
function, and section IV gives some results of optimization.
Ultimately, section V presents the conclusions of this research
paper.

II. OPTIMIZATION PROBLEM SET-UP

A. Cost function definition

The objective of the study is tomaximize the droplet velocity
on a flat plate by adjusting the distribution of wettability. The
mean velocity is computed when the droplet reaches a certain
desired location (C̃drop). Here locations and droplet positions
are indicated in terms of the droplet center of gravity (denoted
as Cdrop). The droplet center of gravity is computed as:

Cdrop (C) =

∫
Df
(d(r, C) − dvap)AG dr∫
Df
(d(r, C) − dvap) dr

, (1)

where, AG is the G-component of location vector i.e. r for a
2D domain such that the droplet moves along the G-axis on the
GH-plane, d is the density at r and at time C, dvap is the density
of the vapor and Df is the fluid domain restriction.
Mathematically, maximization of the mean velocity consists

in maximizing the following cost function:

J =
Cdrop |C=C 5 − Cdrop |C=0

C 5
, (2)

where the final time C 5 is the time given a posteriori when
|Cdrop − C̃drop | reaches a very small user-defined value.

B. Lattice Boltzmann method

The forwardmodel on which the optimizer relies is based on
the Lattice Boltzmann Method (LBM). For a detailed discus-
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sion on LBM, the reader may refer to27,33. Briefly, LBM is a
numerical solver of the classical Boltzmann transport equation
of probability distribution functions 5 . Under some assump-
tions, one can recover the Navier-Stokes equations, modeling
the fluid flow at macroscale, using LBM representing the fluid
behavior at the mesoscale.

The Boltzmann equation is discretized in space, r, in time,
C, and along velocity directions, e8 . From the knowledge of
probability distribution functions 58 , macroscopic quantities
like density, d, and velocity, u, for example, are retrieved:

d =
∑
8

58; du =
∑
8

e8 58 . (3)

Note that this density is the one to be used in the compu-
tation of the droplet center of gravity eq. (1) used in the cost
function definition eq. (2). As far as this paper is concerned,
physical simulations are performed using the single component
pseudopotential model34 (This model was initially described
by Shan and Chen35). The explicit solver for the 8th velocity
direction is described as:

58 (r + Δr, C + ΔC) − 58 (r, C) = Λ8 +ℱ8,edm. (4)

In eq. (4), the collision operator Λ is approximated by a
relaxation time model. The multiple relaxation time (MRT)
model36,37 and by extension theMRT collision operator (Λmrt),
has been chosen in view of both its stability and accuracy.
Eventually, the last operator involved in this equation, ℱedm,
represents the exact difference forcing (EDM) scheme used for
incorporating action of external forces38.
In the context of this paper, external forces, FT, acting on

a node located within the fluid domain, [, are constituted of
three distinct forces: the fluid-fluid inter-particular force Fp
(1st term in the RHS of eq. (5)), the solid-fluid inter-particular
forceFs (2nd term in the RHS of eq. (5)), and the gravitational
body force Fbody (third term in the RHS of eq. (5)):

FT = −�k([)
∑
8

o8=[+ΔCe8 ∈Df
|o8−[ | ≤

√
2

Ffr,8k(o8)e8

−�k([)
∑
8

o8=[+ΔCe8 ∈Ds
|o8−[ | ≤

√
2

Ffr,8k(o8)e8

+d6grav.

(5)

In eq. (5), Ffr is the forcing weight function, � is the inter-
action strength, o8 is the neighboring node in the 8th direction,
DB represents (the nodes in) the solid domain, 6grav is the
gravitational constant and the space-dependent function k is
the so-called pseudopotential function. The pseudopotential,
which is a function of the density, is related to the real pressure
? of the fluid:

k =

√
2(? − d42

B)
�42

B

. (6)

where, 4B is the speed of sound in the LBM paradigm.

This fluid pressure can be resolved using different realistic
equations of state39; the Carnahan-Starling (CS) equation of
state was used to model the diphasic fluid model:

?cs = d')
1 + 1d/4 + (1d/4)2 − (1d/4)3

(1 − 1d/4)3
− 0d2 (7)

in which 0 = 0.4963'2)2
2 /?2 and 1 = 0.18727')2/?2 are

constants. Here, ' is universal gas constant in LBM units, )
is the temperature and )2 is the critical temperature, while ?2
is the corresponding critical pressure in the LBM paradigm. It
was demonstrated40 that for a particular value of 1 the diffused
interface thickness can be controlled by the value of 0.
The formulation of the solid-fluid inter-particular force Fs

enables the quantification of wettability in terms of the ficti-
tious density of (adjacent) solid nodes. This density, denoted
as dw, is referred to as pseudo-density33. Varying the pseudo-
density from dliq to dvap, a contact angle between 0◦ and 180◦
can be obtained. This mapping allows for a correlation be-
tween the static contact angle \stat and the pseudo-density.
Figure 1 depicts the correlation between \stat and the normal-
ized pseudo-density

(
d∗w = (dw − dvap)/(dliq − dvap)

)
. This

correlation is consistent across different temperatures) (which
is specified relative to the critical point temperature )2). The
static contact angle is unknown a priori and is obtained after
the simulation of a droplet resting on a flat horizontal platewith
constant wettability. This approach is different from macro-
scopic methods where contact angle is directly prescribed. As
such, LBM is apt for such optimization studies.
The variation of the pseudo-density (wettability) along the

length of the plate causes droplet motion which is successfully
captured byLBMdue to its transient nature. Figure 1 illustrates
the dropletmotion, whereℐlbm is the iteration number i.e. time
in the LBM paradigm. Also the fluid streamlines are shaded
according to the fluid velocity. The droplet motion occurs
for a linear wettability distribution (denoted hereafter as Υlin),
and no pinning effects. Small vortices can be observed in
the vicinity of the droplet interface; these are the spurious
currents. As the droplet travels forward, a continuous flux of
vapor can be observed alongwith the formation of its boundary
layer on the top and the bottom of the flat plate. This vapor
flux is an artifact caused by the use of periodic boundary
conditions. Both these artifacts have negligible impact on
the droplet velocity and shape, hence these are ignored. The
forward problem validation is detailed in appendix B.

C. Parameterization of control variables

The space-dependent pseudo-density is the control variable
which is tweaked tomaximize themean velocity of the droplet.
Its physical interpretation was given above in section II B. This
pseudo-density being continuous, a discrete counterpart ver-
sion is used for the optimization algorithm. As far as this
paper is concerned, the discretization is performed using the =
linear Lagrange basis functionsℒ< (AG). This originates from
the optimization domain having = nodes uniformly spaced one
from the other (so using @ = = − 1 elements, all of equal
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Figure 1: (a-d) LBM simulation for droplet motion on a linear wettability profile flat plate at )/)2 = 0.75; (e) illustrates the
domain schematics; (f) Correlation between static contact angle (\stat) and pseudo-density of the solid plate

length). The relationship between the continuous control vari-
able, dw (AG), and the discrete one, ρw is:

ρw,m = dw (AG< ); dw (AG) =
=∑

<=1
ℒ< (AG)ρw,m . (8)

D. Optimizer

Gradient based steepest descent optimizer41 is used for ar-
riving at an optimum solution. For a given parameterization,
the update step is given as:

ρ(:+1)w = ρ(:)w − b (:) ∇J (ρ(:)w ). (9)

In eq. (9), superscripts denote the iteration count, ∇J is
the cost function gradient (i.e. it gathers partial derivatives of
the cost function with respect to each parameter ρw,m, where
< = 1, . . . , =); the finite difference method is used to compute
the cost function gradient. Eventually, b is a positive scalar
value that minimizes J (ρ(:+1)w ); a dichotomy strategy is used
to do so.

From experience it becomes apparent that, performing the
optimization with a small number of elements (@ ≤ 8) in
the parameterization process inhibits attaining a WGS with
high droplet velocities due to lack of resolution of the control
variable. On the contrary, beginning the optimization process
with a large number of elements (@ ≥ 128) leads the optimizer

to quickly reach localminima only, but far away from the global
one. Thuswe follow themultiscale parameterization described
in42. The optimization process consists in maximizing the cost
function eq. (2) for a small number of elements @ using the
update eq. (9), until stabilization of the control variable, then
double the number of elements, and repeat the whole process
until global stabilization is reached. Algorithm 1 describes
schematically this multiscale optimization algorithm. Note
that the control variables is allowed to fluctuate within the
predetermined limits (further explanation in section II E).

Algorithm 1: General flow of a multiscale
optimization algorithm

Input: Pseudo-density state ρ(0)w ∈ Ds
Initialize f , d and u for the fluid domain (Df).
Choose appropriate initial optimization element number: @ (0)
while (@ (I) ≤ @max) do

while (‖ρ(:)w − ρ(:+1)w ‖1 ≥ Wc; where Wc is a constant.)
do

Compute the Boltzmann variables f solving eq. (4)
Compute the cost function J i.e. eq. (2)
Compute the gradient (∇J ) using finite difference
Compute the gradient step size (b) using dichotomy
line search algorithm
Update the pseudo-density using eq. (9)

Update element number: @ (I+1) = 2@ (I)

return Optimum wettability distribution ρ(†)w
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E. Forward problem setup

The range of the non-dimensional pseudo-density is lim-
ited such that d∗w ∈ [0.152, 0.742]. Thus superhydrophobic
and superhydrophilic regions are avoided. The artificial limit
is placed to ensure stability of simulation where density ra-
tio is high (dliq/dvap > 10). Table I describes the geometric
parameters like the plate sizes along with the corresponding
domain sizes and also the value of the constraints, i.e. C̃drop.
These parameters have been chosen in order to ensure stabil-
ity of simulations. Table II details liquid and vapor densi-
ties as well as surface tension, all of these physical proper-
ties being obtained for the CS EOS at different temperatures,
see eq. (7). Periodic boundary conditions are used to en-
sure domain inter-connectivity. For a temperature value of
)/)2 = 0.75 the corresponding density ratio is dliq/dvap ≈ 30.
The Bond number (Bo = 6grav�2Δd/(4f) , where � is the
droplet diameter) of the simulations lies in the range given as
Bo ∈ [0.001424, 0.02279]. The corresponding range of mean
capillary number (Caavg = aliqdliqJ/f, where J is the cost
function, i.e. the mean droplet velocity) for simulations lies
in the range such that Caavg ∈ [0.0236, 0.0456]. In the lattice
Boltzmann paradigm as the simulation occurs in the meso-
scopic scale, the unit system used differs from the real world.
Hence the correlation between the two different systems is
usually expressed in terms of the relevant non-dimensional
numbers.

Many factors influence the motion of the droplet on a sur-
face. The current study proposes a novel manner of attaining
the optimumwettability distribution. As such this article lacks
an analysis on the complete list of parameters. In the current
context, the influence of the size of the droplet (relative to
surface area/size) on the optimization results is looked into.
In the following sections, results of different simulations are
discussed.

Table I: Domain size, plate length and objective used for sim-
ulations.

Plate length (l.u.) Domain size C̃drop (l.u.)
small plate 256 277 × 101 189
medium plate 512 533 × 101 417
large plate 1024 1045 × 201 844

Table II: Fluid densities and surface tension(f) at different
temperatures for the LBM model (simulation results)

dliq dvap f

)/)2 = 0.75 0.333 0.011 0.0090417
)/)2 = 0.80 0.306 0.0193 0.0063263
)/)2 = 0.85 0.2777 0.03 0.0040333

III. PRIOR TO OPTIMIZATION

Three groups of simulations were performed for this re-
search paper. The first group of simulations are only forward
LBMsimulations, without any optimization algorithm coupled
to them. This study, which precedes the optimization studies
in section IV, and which is the context of this preliminary
results section, is done to ascertain values for the optimiza-
tion constraints, and narrow down the region of search for our
optimization study.
Five different wettability profiles corresponding to curves

which are monotonous in nature are tested on the medium
sized plate, see fig. 2a. The equations of these curves can been
obtained from the appendixA. The objectives here are twofold:
to find a good initial wettability profile for a suitable starting
point, and also to find appropriate values for constraints C̃drop
and ℐ

max
lbm (this latter is a maximum time constraint in the

forward LBM simulation). Figure 2b provides us with the
evolution of the droplet center of gravity as the simulation
proceeds. It is apparent that the relative performance of each
profile Υ is dependent on C∗drop = Cdrop/!. Below in eq. (10),
the order of performance (in terms of cost function value) is
mentioned at three points in the simulation:

if C∗drop =


0.3 then J (Υcca) > J (Υqca) > J (Υlin) > J (Υqcv) > J (Υccv).
0.4 then J (Υqca) > J (Υcca) > J (Υlin) > J (Υqcv) > J (Υccv).
0.6 then J (Υlin) > J (Υqca) > J (Υqcv) > J (Υcca) > J (Υccv).

(10)

Moreover, the final center of gravity (Cdrop |C=C 5 ) for each
droplet is different though the leading edge of all the droplets
arrive at the end of the plate. This difference can be explained
by the difference in the droplet curvature which in turn is due
to the spatial wettability distribution under the belly of the
droplet. Now, considering the final center of gravity of the
droplet for each individual wettability profile, with no time
constraint, i.e. C∗drop = C

∗
drop

��
C=C 5

, then the order of perfor-

mance is:

J (Υqcv) > J (Υlin) > J (Υqca) > J (Υccv) > J (Υcca).
(11)

This means that, for this given objective, the highest mean
droplet velocity is for the quadratic convex wettability pro-
file Υqcv. It appears that even with very simple wettability
profiles, the definition of the best one is sensitive to the ob-



The droplet race 6

jective function definition. So, further in the article (for the
optimization process) , C̃drop is chosen such that this objective
can be reached with the constant gradient wettability profile
Υlin. The value of the constraint for each plate sizes is given
in table I. The maximum iteration number ℐmax

lbm is fixed in
a similar manner. The linear (Υlin) and the quadratic convex
(Υqcv) profiles, will be used hereafter as initial guesses.

IV. RESULTS AND DISCUSSION

Three sets of optimization simulations are performed to un-
derstand how the optimizer behaves in different situations. To
begin with, section IVA presents an optimization test based
on the multiscale approach in which the parameterization is
progressively refined. As the resolution increases, the route
taken by the optimizer to the optimal WGS is examined. Next,
section IVB discusses the study on the dependency of the ob-
tained solutions on the initial wettability profile. Lastly, in
section IVC, different plate length to droplet diameter !/�
ratio are used for testing the sensitivity of the optimized pro-
files with respect to both these parameters. Section IVD then
presents the applicability of obtained optimal wettability pro-
files.

A. Progressive refinement of the parameterization

For the small plate (!/� = 3.2), the route embarked on by
the multiscale optimization algorithm is illustrated in fig. 3.
The successive wettability profiles are obtained after attain-
ing convergence for each respective optimization scale. The
initial linear wettability profile, Υlin, is firstly updated after
performing optimization at the first scale, on the 2-elements
parameterization, to obtain Υ10. Considering the proximity of
Υ10 and Υqcv, relative to Υlin, it can be said that the optimizer
approaches in the direction of Υqcv. Now, optimization at the
next scale (with the 4-elements parameterization) gives Υ11.
It is observed that a significant region under the final drop
position (FDP) has a constant pseudo-density i.e. no wetta-
bility gradient (NWG) region. Also, a reduction of slope is
observed for the region under the initial drop position (IDP).
This causes a sharper distribution of wettability in the inter-
mediate region (IR) of the plate, which increases the mean
droplet velocity. Here the optimizer deviates from Υqcv. Note
that both IDP and FDP are defined w.r.t Υ16, these regions
being shaded in fig. 3b. Optimization on the 8-elements pa-
rameterization gives Υ12, where the major change observed
is that now, even a fraction of the region under the IDP is a
NWG region. Also a bump is observed at the leading edge
(LE) of the drop at the IDP, with a peak and valley further
along in the IR. Optimization on the 16-elements parameteri-
zation gives Υ13, where the major change observed is that the
peak is shifted to the LE of the IDP. Also the valley profile
is modified in the IR of the plate. Optimization on the 32-
elements parameterization converges without any additional
major modification. Optimization on the 64-elements param-
eterization gives Υ15, where the modifications observed were

a surge in the peak at the IDP and smoothening of the valley
in the IR. The 128-element optimization converges without
any additional modification. On the other hand, for an opti-
mization performed directly starting from Υlin and having a
parameterization of 128-elements, the cost function of the re-
sulting profile i.e. Υ20 is J (Υ20) = 0.009 l.u./t.s.. Interesting
and non obvious features which appear (while usingmultiscale
optimization) are: Firstly, no wettability gradient is required
under most of the initial and final location of the droplet to
displace the droplet quickly. So, the overall pull-off potential
of theWGS is concentrated in the IR having optimal impact on
the velocity. Secondly, the optimal (wettability profile) solu-
tion is non monotonous, which is counter-intuitive. Although
for Υ16 the first peak is followed by a deep valley, which ought
to cause a local deceleration. This profile is slated to obtain
the highest mean droplet velocity. In fact, without this small
region defined by the wettability decrease, it would not be
possible to reach the performance obtained by the optimizer.
Finally, the multiscale feature of the optimization process is
very useful, improving the performance by 69 % w.r.t the ini-
tial profile i.e. Υlin. Conversely the performance improvement
for optimization only using 128-elements parameterization is
17% w.r.t Υlin.

B. Sensitivity to the initial wettability profile

The objective of such a study is to check whether or not a
single global minimum is reached. For that purpose, differ-
ent initial wettability profiles have been tested with the mul-
tiscale optimizer, namely Υlin (with @ (0) = 2), Υqcv (with
@ (0) = 8) and Υccv (with @ (0) = 8). These simulation have
used the smallest plate, with ! = 256 l.u. and !/� = 3.2.
Multiscale optimization results are reported in fig. 4. The
resulting profiles have the same mean droplet velocity, i.e.
J (Υ16) = J (Υ21) = J (Υ22) ≈ 0.0127 l.u./t.s., but the ob-
tained wettability profiles can be categorized into two groups.
The former group is composed of both Υ16 and Υ21, where
the first peak is observed at the LE of the IDP, followed by a
valley in the IR of the plate. Also similar to Υ16, Υ21 has no
requirement of wettability distribution for significant regions
of IDP and FDP in order to propel the droplet to full dis-
placement. On the contrary, for Υ22, a linear wettability slope
starting from the beginning of the plate and including the IDP
along with most of the IR of the plate is observed. Though the
three obtained profiles are identical at the ending part of the
plate (from the latter part of the IR to the FDP), taking all into
account, it is observed that optimization result is dependent on
the shape of the initial wettability profile. This illustrates the
dilemma of the non unicity of solution and also the sensitivity
of the solution to the initial guess.

Two additional tests are performed to evaluate the cost func-
tion for certain non-trivial curves. As a first example, the curve
Υ23 uses the maximum wettability distribution in the IR along
with a fraction of the IDP and the FDP. The obtained corre-
sponding cost function value is much less than for optimized
solutions, since J (Υ23) = 0.009 l.u./t.s.. The decrease in
performance is attributed to the absence of the peak at the
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Figure 2: Prior to optimization study: performance of wettability profiles for a medium sized plate where !/� = 6.4 and
)/)2 = 0.75

0 5 10 15 20 25 30 35 40
opt

0.007

0.008

0.009

0.010

0.011

0.012

0.013

2 4 8 16 32 64 128

lin

10

11

12

13

14

15

16

Linear initialization

(a) Increase of cost function (J ) en-route a multiscale optimization

0.0 0.2 0.4 0.6 0.8 1.0
r *
x

0.2

0.3

0.4

0.5

0.6

0.7
* final drop...

for 128 elements
initial drop...
for 128 elements

lin :  linear initialization
20 :  direct 128-element
10 :  2-element
11 :  4-element
12 :  8-element
13 :  16-element
14 :  32-element
15 :  64-element
16 :  128-element

(b) Intermediate results in a multiscale optimization alongside the
direct 128 element optimization

Figure 3: Route/path taken by the multiscale optimization algorithm. The small plate is considered (!/� = 3.2) with
)/)2 = 0.75.

LE of the IDP. As a second example, the curve Υ24 is ob-
tained as Υ22 is trimmed to a wettability distribution with
two linear slopes. The obtained corresponding cost function
value is again much less than for optimized solutions, since
J (Υ24) = 0.008 l.u./t.s.. Here, the decrease in performance
is attributed to the variation of the slope, as compared to Υ22
(especially in the latter part of the IR and also the FDP).

Figure 4b depicts the location of the center of gravitywith re-
spect to time, transient velocity being simply the local slope of
this curve. Analyzing the Υlin performances, one can recover
the classical result: for constant gradient, when the droplet
reaches the hydrophilic region, it tends to spread, increasing

the contact surface with the solid, and consequently, slows
down. Variable wettability gradient profiles, like all the opti-
mization results succeed in preventing this trend, maintaining
a higher final velocity

C. Sensitivity to relative droplet and plate sizes

Two series of tests are performed, both dealing with depen-
dency of the optimized solutions to different plate and droplet
sizes.
The first series of test considers different droplet diame-
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Figure 5: Comparing final results for different initialization configuration for multiscale optimization concerning !/�
parameter for )/)2 = 0.75

ters but with a constant plate size. The medium sized plate
has been chosen, and the initial wettability profile is chosen
to be the quadratic convex one, Υqcv. Optimization results
are presented in fig. 5a. Optimized profiles Υ1, Υ2 and Υ3
correspond to !/� ratio equal to 8.53, 6.4 and 5.12, respec-
tively. It can be observed from Υ21, Υ1, Υ2 and Υ3 that, as the
!/� ratio increases, the obtained profile has lesser bumps and
gets progressively smoothened, approaching the initial convex
quadratic profile Υqcv. An explanation for this observation
could be that, for lower !/� ratio, a large force – due to a
steep bump (large wettability gradient) at the LE of the IDP –

is necessary to overcome the inertia of a static droplet. Also,
bumps of similar magnitude helps to further maintain the mo-
mentum of the droplet at the later stage. The decrease in the
volume of liquid drop to be transported causes these bumps to
be superfluous.
The second series of test considers different plate sizes but

with a constant ratio !/� = 6.4. The initial wettability profile
is chosen to be the quadratic convex one, Υqcv. It is here to be
pointed out that for a maximum number of elements @max =
128, the minimum optimization element length is !/@max =
2 l.u., 4 l.u. and 8 l.u. for the small, medium and large plates,
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respectively. Optimization results are presented in fig. 5b,
where profiles Υ4, Υ2 and Υ5 correspond to the small, the
medium and the large plate sizes respectively. It is observed
that, as the plate size increases, more refined features with
defined peaks, dips and valleys are obtained.

D. Applicability of optimization results

The results obtained thus far are for some given prescribed
sizes of both a droplet and a table. The question that arises
is how a droplet of a given size behaves when being subject
to a profile that has been optimized specifically for a another
droplet size. Such a cross-check test somehow evaluates the
robustness of obtained optimized wettability profiles. This
robustness evaluation is of first importance because, though
in some controlled applications, e.g. LOC, the droplet sizes
are monodisperse (i.e. the variation around the mean droplet
size is very small), in other applications, for example in con-
densation, the droplet sizes are polydisperse (i.e. the variation
around the mean droplet size is high). It has thus to be checked
whether an optimal profile that has been obtained for a certain
droplet size would be appropriate for another droplet size.

Table III gives the computed mean velocity for the three
optimal profiles Υ1, Υ2 and Υ3 and for the three !/� ratio.
Firstly, it is seen that, for a given !/� ratio, the highest mean
velocity is the one obtained with the profile obtained specifi-
cally for this !/� ratio, which is not a surprise (these results
correspond to cells filled in green in this table). Secondly, for a
given !/� ratio, the use of other profiles yields either to lower
mean velocity (cells filled in orange in the table) or, worse, to
a droplet that never reaches the other end of the plate (cells
filled in red in this table). The reasons why the droplet does
not reach its destination is either that it is stuck in between
two wettability peaks, or that the wettability gradient is too
low at its IDP, avoiding any motion right from the beginning.
From this result, one conclusion is that, for the specific prob-
lem of sequential displacement of droplets with size ranging
from �min to �max (i.e. assuming no merging of droplets),
optimization of the wettability profile must be performed for
the smallest one in order to avoid pining of droplets.

Table III also gives the computed mean velocity for the
quadratic convex wettability profile. It is seen that the droplet
reaches its destination in all cases. Moreover, though the gain
of use of optimal profile is not much for large !/� ratio (the
gain is 7 % when using Υ1 instead of using Υlin), this gain is
very high for low !/� ratio (the gain is ≈ 44 %when usingΥ3
instead of using Υlin). Note that, comparing the performance
of Υqcv and Υlin (from table III) for all of the sampled droplet
sizes, it is observed that Υqcv is consistently better for small
displacements.

V. CONCLUSION

Optimization of the wettability gradient surface has been
performed in order to increase the mean velocity of a droplet.
In order to do so, the pseudo-density (i.e. the control variable)

Table III: Post optimization study: cost function (J ) for
medium sized plate with different !/� at )/)2 = 0.75,

(fig. 5a)

Curves !/� = 8.53 !/� = 6.4 !/� = 5.12
Υqcv 0.0029 (+0.2% a) 0.0038 (+0.3%) 0.0045 (+4%)
Υ1 0.0032 (+7%) 0.0042 0.0048
Υ2 ×b 0.0046 (+21%) 0.0051
Υ3 × × 0.0062 (+44%)

a Performance comparison w.r.t Υlin.
b Droplet does NOT reach the end of plate, hence C̃drop is out of reach.

has been tuned; which within the Shan and Chen framework
corresponds to locally adjusting the contact angle on the plate
(i.e. an ideal surface, without pinning defects or contact angle
hysteresis).
Firstly, it has been found that the multiscale approach is nec-

essary in order to converge to some optimal robust solutions.
Secondly, for large expected displacements, the proposed

quadratic convex wettability profile appears to be a good can-
didate. On the other hand, for small expected displacements,
optimizing the wettability profile is of prime importance as it
allows an increase of up to 69 % of the mean velocity when
compared to the use of a classical linear wettability profile.
Thirdly, optimization results exhibit some non trivial fea-

tures. At first, no wettability gradient is needed under most of
the initial and the final droplet locations, allowing to focus the
potential of the wettability tuning on a smaller area, enhancing
its effect. Another interesting feature is the existence of some
nonmonotonous optimal profiles. Indeed, starting with a steep
initial profile allows to quickly overcome the inertia, this being
followed by an unexpected decrease of the wettability which
does not result in a pinning droplet.
Conclusions of this numerical work will be vetted in the

future by experimental means, having in mind that many in-
dustrial applications could benefit from this, for example lab-
on-a-chip.
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Appendix A: Interpolation equations for Υ as used in fig. 2

Using the notations dmax
w = d+ at A+G , dmin

w = d− at A−G ,
Δd = d+ − d− and ΔAG = A+G − A−G it is possible to write the
interpolation equations as:

• Linear evolution (passes by both end points):

d1
w (AG) = d+ −

Δd

ΔAG
(A+G − AG)
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• Quadratic convex (passes by both end points plus null
derivative on A−G – no linear term):

d
2,∪
w (AG) = d− +

Δd

ΔA2
G

(A−G − AG)2

• Quadratic concave (passes by both end points plus null
derivative on A+G – no linear term):

d
2,∩
w (AG) = d+ −

Δd

ΔA2
G

(A+G − AG)2

• Cubic convex (passes by both end points plus null
derivative on A−G – no linear and quadratic terms):

d
3,∪
w (AG) = d− +

Δd

ΔA3
G

(A−G − AG)3

• Quadratic concave (passes by both end points plus null
derivative on A+G – no linear and quadratic terms):

d
3,∩
w (AG) = d+ −

Δd

ΔA3
G

(A+G − AG)3

Appendix B: Validation for SCMP pseudopotential model

Generally, as a droplet is propelled on a WGS, its velocity
(vdrop) varies in accordance with the local gradient of wetta-
bility (under the belly of the droplet). For wettability gradient
of low intensity, vdrop approaches an asymptotic value, i.e. a
constant droplet velocity is observed for significant duration of
the droplet journey. This is also known as migration velocity
(vmig) of the droplet and is expressed as16,28:

vmig = UE

fℎ0
aliqdliq

(
d cos(\stat)

dAG

)
(B1)

where ℎ0 is the initial height of the droplet and UE is the con-
stant of proportionality. It is observed16 that the numerically
obtained migration velocity (+mig) is linearly proportional to
the intensity of the wettability gradient. For a simulation on
the small plate, the droplet size is such that !/� = 4.51, while
the surface tension of the liquid is f = 0.003. The Bond
number of the simulation is Bo = 0.018294 with the corre-
sponding density ratio being dliq/dvap = 7.35 at temperature
)/)2 = 0.875, the forward problem successfully reproduces
the linearity for hydrophilic wettability distributions, as shown
in fig. 6 (all values in fig. 6 are mentioned in LBM units).
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