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GYROKINETIC LIMIT OF THE 2D HARTREE EQUATION IN A LARGE MAGNETIC
FIELD

DENIS PERICE AND NICOLAS ROUGERIE

ABSTRACT. We study the dynamics of two-dimensional interacting fermions submitted to a homo-
geneous transverse magnetic field. We consider a large magnetic field regime, with the gap between
Landau levels set to the same order as that of potential energy contributions. Within the mean-field
approximation, i.e. starting from Hartree’s equation for the first reduced density matrix, we derive
a drift equation for the particle density. We use vortex coherent states and the associated Husimi
function to define a semi-classical density almost satisfying the limiting equation. We then deduce
convergence of the density of the true Hartree solution by a Dobrushin-type stability estimate for the
limiting equation.
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1. INTRODUCTION

Motivated in particular by the physical context of the quantum Hall effect [30, 22]] we study the
dynamics of many interacting 2D fermions in a large perpendicular magnetic field. Atthe many-body
level the set-up would be that of the N-body Schrodinger equation

N
Hy =Z{("W1+§xf>2+NV(x,)}+Zw(x,—xk) (1.1)

j=1 j<k

for ¥\ (1) € Lazsym(lRZN ) an antisymmetric many-body wave-function. The second and third terms
of the Hamiltonian were chosen to each formally weigh O(N?) in the large N limit. The first term,
because of the Pauli exclusion principle encoded in the wave-function’s antisymmetry and the nature
of the spectrum of the magnetic Laplacian, will weigh ~ max(N?, bN) (say for fixed 7). What we
mean by a large magnetic field limit is a scaling where b 2 N — oo with fixed 7, with time
possibly rescaled appropriately. This will result in a combined mean-field and semi-classicall limit,
as usual for many-fermions systems. Indeed the Pauli principle will impose the occupancy of a large
number of single-particle quantum states, the hallmark of semi-classical regimes. The most crucial
feature of the large magnetic field regime is that the appropriate classical phase-space is not the
position/momentum (x, p) space. This being perhaps the most novel aspect of the problem, we shall
for now bypass the justification of the mean-field approximation to focus on semi-classics.

Hence we start from the mean-field approximation of the above. This means replacing ¥ e.g. by
a Slater determinant of N orthogonal one-body wave-functions and consider the time evolution of
the projector on the subspace thus spanned. More generally, and with the above scaling conventions,
this leads to Hartree’s equation

iho,y = [H,.7] (1.2)
with 0 < y(¢) < 1 a trace-class operator on L?(R?), that one should think of as being related to ¥ y,
by a partial trace
v =Trp NPy N (PNl

The mean-field Hamiltonian H, is given as

2
H, = (i + 2x*) + NV +wxp, (1.3)

where

py(x) = y(x,x)
is the density of y, defined in terms of its’ operator kernel. The Pauli principle (antisymmetry of
¥ ) translates into the operator constraint 33, Chapter 3]

0<y(m<T
while the number of particles is set as
Try = N.
The limiting dynamics can be guessed by studying that of a classical particle of charge —1 in
a transverse magnetic field of amplitude b and a force field F. Newton’s fundamental equation of
dynamics gives
7"t =Ft, Z@t) +bZ'(t)* (1.4)

2
lObserve the respective roles of 72 and b in the kinetic energy operator (ihV + gxi> .
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For a constant and homogeneous force field, the motion is split into a cyclotron orbit and a drift (of
the orbit’s center) term

|Zé(0)| cos(bt) Ft
Z(@) = > (sin(bt)) Tt (1.5)
::Z(I) ::Zd(t)
where we assumed
Z,(0)=(0,0)
| Z;(0)]

Z,(0) = =5—=(1.0)

The characteristic time for the cyclotron orbit is 5!, that for the drift is of order b. This suggests,
for b — oo, to observe the motion over a time scale of order b, and that the cyclotron motion will be
averaged over in the limit equation, its’ radius being given by

/
r, i= —|ZC(O)| .
b
Then, if we assume a more general force field F, slowly varying on the scale of the cyclotron orbit,
we should expect to leading order an effective equation
FJ_

for the motion of the orbit center. Following (I3)) we should set
F=V(NV +wx*p)

with p the density of particles, which leads via the method of characteristics to a transport-type
equation
0.p+VE(NV +w* p)-Vp=0. (1.6)

Our goal is to rigorously connect (I2)) to (I.6) in the limit 5 ~ N — oco. At the classical level this is
a gyrokinetic limit.

At the quantum level, the cyclotron radius gets quantized in multiples of \/ﬁ where n € N corre-
sponds to the Landau level index labeling the eigenstates of the magnetic Laplacian. I.e. we write
the spectral decomposition of the latter as

o b \? 1
(1V+§xl> =22b(n+§>1'[,,
neN

where II, is an orthogonal projection (see below for more details). The main difference between
the large magnetic field limit we consider here and more common analysis over the (x, p) semi-
classical phase-space is that the gap 2b between Landau levels will be of the same order as other
energetic contributions. As a consequence our phase-space will be parametrized by R,n € R? x N,
corresponding to the center of the cyclotron orbit’s center and the Landau level index/quantized
cyclotron motion.

Corresponding static problems have been considered at the level of energy ground states in the
series of works [33], 36} 50]] for large atoms (see also [19]) and, more related to our context, for
quantum dots in [37] (see also [40]]). In particular it is found that for b << N, the problem reduces to
leading order to a (x, p) semi-classical one, similar to the weak magnetic field situation of [34]49L[18].
The limit energy is the usual Vlasov/Thomas-Fermi functional. By contrast, for b > N, one finds a
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magnetic Thomas-Fermi theory set on the (R, n) phase-space. This is the case under consideration
here, seemingly for the first time at the dynamical level.

Indeed, dynamical studies of large fermionic systems we are aware of, even for non-zero magnetic
fields, all proceed on the (x, p) phase-space. The classical counterpart of this work, i.e. the gyroki-
netic limit of the Vlasov equation, has been well studied [26] [8] 20, 6] [38 148, 7]
Some results start from Newton’s dynamics [29]. In the quantum literature it is known that the
Hartree equation can be obtained by a mean field limit from the N-body Schrodinger dynamics
3] 41]]. It is also known that the Vlasov equation can be derived in a semi-classical limit
from the Hartree equation 146]. The mean field and semi-classical limits can be
coupled to obtain directly the Vlasov equation from the N-body Schrodinger dynamics [14].
More recent results have been dealing with singular potentials [45] [16].

Closer to our setting, we mention the recent [3]] where Euler’s equation in vorticity form is ob-
tained from the N-body Schrodinger dynamics with large magnetic field and repulsive 2D Coulomb
interaction w = —log|.|. This corresponds to the drift equation (L8] in this context. The cru-
cial difference between [3]] and the present contribution is that the former is set in a regime where
the gap between Landau levels is small compared to the interactions. The classical phase-space is
consequently again the position/momentum one. However, [3]] can deal with a much more singular
interaction potential, leveraging its’ coercivity.

As regards the approach to the semi-classical limit, in the (x, p) phase-space, the use of the Wigner
function is often the privileged angle of attack. We do not see that such a tool is available for
the (R, n) phase-space we have to consider here. Hence we rely on appropriate magnetic coherent
states wg, € L?*(R?) with Landau level index n, approximately localized around a guiding center
position R. We associate to y a Husimi function

m,(R,n) & (Wgp YWry)

and study the dynamics thereof. A related approach, based on (x, p) coherent states, has been im-
plemented previously in [14]]. As it now stands, our method is rather demanding in terms of
regularity of the potentials V' and w (four bounded derivatives essentially). This can be improved
if the boundedness of some moments of the magnetic kinetic energy are propagated in time (see
Remark[5.2]below). We cannot prove this at present: we are in effect dealing with long-time asymp-
totics, for which it is difficult to keep moments under control, even at the level of the classical Vlasov
equation.

Acknowledgments. Work financially supported by the European Union’s Horizon 2020 Research
and Innovation Programme (Grant agreement CORFRONMAT No. 758620). The present contri-
bution is an expanded version of a chapter of the first author’s PhD thesis [39]. We are grateful to
the members of the thesis committee (Thierry Champel, Mathieu Lewin, Soren Petrat, Nicolas Ray-
mond, Laure Saint-Raymond, Chiara Saffirio) for their careful reading of, and helpful suggestions
on, the first version of this text. We also thank Laurent Lafléche for interesting discussions.

2. MAIN RESULTS

2.1. Model and scaling. It will be convenient to work in a slightly different scaling than sketched
in the introduction. We set this up first.

Notation 2.1 (Model).
We work on R2. The one body kinetic energy operator is the magnetic Laplacian

&, 1= (ihV + bA)?
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With
Dom (.iﬂb) 1= {y/ el? (RZ) | Ly € L? (Rz)}
We work in symmetric gauge, namely the vector potential is

11
A==-X 2.1
3 2.1
where X is the position multiplication operator in R%. We denote by b the magnetic field amplitude,

associated to the magnetic length
h

b
Let V' be the external potential and w the interaction potential, assumed to be radial.

We study a solution y € L*® (R,, £ (L? (R?))) to the Hartree equation

lb =

ihdyy = [.,% +V +w*p, y] (2.2)
where L7? is the p-th Schatten class,
p, (1, x) 1= y()(x, X) (2.3)
the density associated to y that we identify with its integral kernel. We will denote
1
H,t) =24, +V + 5w * Py 1) (2.4)
<&

Our goal is to obtain from the Hartree equation (2.2)) the following drift equation for a density

p: R, xR>>R,,
0.0+ VEV +w* p))-Vp=0. (2.5)
We will denote
DRIFT,(u)(t,2) := 0,u(t,z) + V- (V + w * p(t)) (2) - Vu(t, 2)

so that our target equation (2.3) takes the form DRIFT p(p) =0.

Our plan is to examine a truly large magnetic field regime where all the terms in the Hamilton-
ian (2.4) are of order 1. As recalled in Section[Blbelow, the order of magnitude of the kinetic energy
is b, which we will henceforth fix to unity. As discussed in the introduction, the time-scale we

work on is of order b. Since we consider fermionic particles, constraints on the density matrix are
imposed to enforce the Pauli exclusion principle. We summarize these conventions below:

Notation 2.2 (Scaling).
We work in a large magnetic field/semi-classical limit

b— +00, hb—> 0

— 00

such that the magnetic kinetic energy is of order 1:

nb — 1. (2.6)

b— 0
Lety € L™ ([R+, Ll (LZ([R2)), such that
Tr[y(]=1 and 0<y(0)<2xl;= 27% 2.7)

define the time rescaled density matrix

Vie R, 7y, :=y(br) (2.8)
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o
If y satisfies (2.2)), the equation for the time-rescaled density matrix is
b 1
om = [ GtV rwk ] =[GV rwks, (2.9)
b

The Pauli principle y, < 2nli (which propagates in time, see Lemma[3.8 below) guarantees that the
system occupies a volume of order 1 in the limit

l, - 0

b—c0

Indeed it is known, [30, Chapter 3] or [40, Subsection I.4], that the degeneracy per area inside a
Landau level is of order 1;2. A typical fermionic state satisfying (2.7) is a projection onto a N-body
Slater determinant of N orthonormal one body wave-functions with

N =0 L
2nl§

Such a N -particles state occupies a volume of order

Hence with (2.6) this confirms that all the terms in the Hamiltonian £, +V +w* p, are of order 1. As
a remark, we give an equivalent formulation of this scaling, making connections to the introductory
section. If one takes exactly 2 = 1/b, then (2.9) is equivalent to

id,y = [(N +BA) + BV +wkp,), yb]

In other words with the new scaling

b= b
~ . b?
Vb3=g7
we have
ﬁm—%,ﬁﬁ
0,7 = (iv+3A>2+ZV+w*py~b,y~,,

~ \2 ~ ~
where all the terms in the Hamiltonian (i Vv + bA) +bV +wx py, are of order b. The above is the

equivalent of the scaling “particle number proportional to magnetic field”, bx N originally studied
in [37]] at the level of ground states, where a magnetic Thomas-Fermi theory emerges as the relevant
effective description.
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2.2. Results. We may now state our main results. We first prove that the density of the Hartree
solution almost satisfies the weak form of the drift equation:

Theorem 2.3 (Dynamics of the Hartree solution).
LetV,w € W4 (RZ) andy, € L*® ([R+,£1 (L2 ([RZ))) be a solution of (2.9) with initial datum

satisfying
0 <7,(0) <2xl;, Tr[r,0)] =1, Tr[r0)H,©0)]<C

with C independent of b. Let the associated drift operator be as in 2.3). Then, Vo € C*® (IR + X Rz)
with compact support

2
<Clp,V,w)l)

/ Py (t, z)DRIFTp (p)(t, z)dtdz — / @(0, z)py 0,2)dz
R,xR2 g R2 ’

for some fixed constant C(@, V , w).

The proof of the above consists of two main parts:
» We define a semi-classical measure on phase-space approximating the exact quantum density. Us-
ing the vortex coherent state y, , (approximately) localized around the position z € C « R? and
(exactly) localized in the n-th Landau level of the magnetic kinetic energy (see Section [3.2] below
for more details) we form the Husimi function

1
(z,n) = ﬁ (v/z,n,ybu/z’,) = m},b(z, n).
b
Selecting a suitably large cut-off M > 1 for the Landau level index we mimic the true density by
summing the above forn < M

pieM = Y m, (zn) = p,, (2.10)

1 i
n<M

under suitable, mild assumptions.

« Combining the Hartree equation (Z.2]) with the algebraic properties of vortex coherent states we
find that p;Z’SM approximately solves (for suitably large b and tuned M > 1) the drift equation (Z.3)).
The control of the implied error terms is the core analytical part of the proof.

Next, using appropriate stability estimates for solutions of the limiting drift equation, we can lift
the above theorem to an estimate between p,, and the classical solution. We denote W) the Monge-
Kantorovitch-Wasserstein (MKW) metric

/ @d (u —v)
R2

I’I/l(/l,\/) = inf / |x—y| dﬂ:(x, y) = sup
IVell
where ['(u, v) is the set of couplings between y,v € P ([Rz), namely P ([R“) Srx el(u,v)if

x€l(u,v) <1
R2xR?2 Le(R2)=

/ 7, Y)dy = H(x), / 75, V)X = V(). @.11)
R2 R2
‘We then have

Theorem 2.4 (Convergence of densities).
We make the same assumptions as in Theorem [2.3] with in addition Vw € L! (RZ) ,we H? ([RZ)
and

Tr [r,(0) [ X|”] < C (2.12)

independently of b, for some p > 7.
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Letpe L*® ([R L (RZ)) solve the drift equation 2.3)). Then Vt € R, and every test function
@ over R?

~ min(22-L 2
'/Rz(p (pyb(t) - p(t))‘ <Cp. 1.V, w) (lellyre + IVell2) <W1 (pyb(o)’ p(0)> +1, (2£53)

(2.13)
with

Cp.t. V. w) 2= [Tr [y, O HyO)] | + IV Il + lleell
+ e2<”W"w2’°°+”V”W2~°°>’<1 +C0) (14T [ 1XP”]) (|Tr [1o@ HyO)] | + 1Vl + leell . )
+C IVl 1+ el eVl 02D ) (1 s + 0l + 10l 2)

([t @ H,O] |+ 1V 1l + leell ) )

Theorem 2.4 follows from a stability estimate a la Dobrushin for classical Hamiltonian equa-
tions. We treat the error between the quantum and classical equations obtained from Theorem[2.3]as
a source term for the limiting equation, and show that the stability theory of the latter (as reviewed
e.g. in [23| Section 1.4]) survives this addition. When considering the limit of the semi-classical
density (Z.10), an estimate is obtained directly in Wasserstein-1 metric, see Proposition below.
The additional initial trapping assumption (Z.12)), and the slight modification of the norm in which
the convergence is measured (Z.13)), arise when vindicating the approximation in (Z.I0). As regards
the additional assumption (Z.2)), we note that it is fairly natural for typical initial data. For exam-
ple, equilibria of systems with an additional trapping external potential included in the Hamiltonian
usually decay exponentially in space, in which case one may think that p = oo formally.

2.3. Organisation of the paper. Section [3] covers preliminaries, focusing on the magnetic Lapla-
cian and the conserved properties of the dynamics. In Section 4] we introduce Husimi functions,
the associated semi-classical densities and prove that they approximate the physical density. Then
we study the dynamics of these semi-classical densities in Section [3]and prove they approximately
follow the drift equation. The conclusion of the proof of Theorem[2.3]is given in Section[3.2]by com-
bining this with the results of Section 4l We study perturbed classical flows associated with 2.3))
in Section [6l This leads to the Dobrushin-like stability estimate allowing to conclude the proof of
Theorem [2.4]in Section

3. LANDAU QUANTIZATION AND THE MAGNETIC HARTREE EQUATION

We here recall the usual formalism for describing the magnetic Laplacian in terms of annihilation
and creation operators. Further details about these operators and the properties of Landau levels are
reviewed e.g. in or [40] and references therein. This formalism provides a basis (3.1]) of eigen-
states indexed by two quantum numbers » and m, with n denoting the index describing the Landau
level and m representing “angular momentum minus Landau level index”. To obtain a projector on
a point in phase space, we use coherent states for a fixed n. In two dimensions, the complex param-
eter in the definition of coherent states can be identified with a position. Consequently, following
e.g. [9, 111 [10]], we construct a one-particle state localized at a specific point in space, see Defini-
tion 3.4l Then, we provide some properties of the associated projector. We conclude this section
with a brief recap of the conserved quantities of the Hartree equation (2.2).
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3.1. Landau quantization.

Notation 3.1 (Magnetic momentum and Kinetic energy).
We denote by p,, p, the coordinates of the magnetic momentum

. = (P o _ (1701 +bA,
hb =" \p,) —  \iho, + bA,

1
with A = XT Define then the annihilation, creation and number operators respectively as

+

.=aa

\V2hb " \anb

+i —1i
a ::P1 Pz’ 4 . P Py N

>

We have the commutation relations:
[a, aT] = 1 (canonical commutation relation)

and may express the magnetic Laplacian as
&, = 2hb (N + %)

Notation 3.2 (Landau levels).
We define the n'” Landau level as the eigenspace associated to n € N:
nLL := {y € Dom (.%,,) such that N'y = ny }

The ground level, denoted LLL for Lowest Landau Level has energy E, = hb.

<

The Landau levels are isomorphic, and the operator a’/4/n + 1 is a unitary mapping from nLL to

(n+1)LL of inverse a//n + 1. Therefore we may, using a', extend a basis of LLL to higher Landau
levels. The Lowest Landau level consists of holomorphic functions pondered by a Gaussian factor,

see e.g. [44].

The Landau level quantization of the kinetic energy corresponds to the quantization of the cy-
clotron orbit. To complete this aspect, we associate an operator to the motion of the guiding center

of the orbit.

Notation 3.3 (Guiding center oscillator).
For the rest of the text, we will identify a vector

X 1= (x1> € R?
X2

with the complex notation, in bold, x := x| + ix,. We introduce the following position operators

1
P _ T _1(-n,
T ) b b D1

R:=X-r
and associate to R the creation and annihilation operators
R —iR, . R +iR,
cC= — ¢ = ———
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The operator r represents the position of a particle in the center of orbit frame. The classical
physics meaning of this definition is that, during cyclotron motion, the momentum is perpendicular
to the position relative to the center to the orbit. Electrons are describing clockwise orbits, thus the
momentum rotated of z/2 gives us r. Moreover, r is related to the quantization of the cyclotron

pulsation of the orbit because
g bitip _r—in o —ir g ir_
Vore V21, Va2, Vi,
From the definition of r, the position R of the orbit center is indeed
X=R+r

and related to the second harmonic oscillator

__ R _ R
V2, Vo,
The components of r, R and X commute with one another. Moreover
[rl,rz] = ili
[Ry, Ry| = —il}
[c, cT] =1Id
[a,c] = [a,cT] = [aT,c] = [aT,cT] =0

c CT

We therefore have two independent harmonic oscillators. By successively applying the creation
operators a' and b’ we obtain the desired eigenbasis of the magnetic Laplacian. In symmetric

gauge (2.1)), the family defined by

(pnm - (P0,0
n'm!
with
—lzl
1 W2
Poo = e 43
2rl,

is an orthonormal Hilbert basis of L2 ([R2). The full expression, see [9} (111, 10}, 441, is
.0 —\n 2
((—2llb6x + lx) X”‘) eJlT%
n+m+1
Vanim! (\/51b>

The orthogonal projector on the n-th Landau level from Notation is recovered as

M, = D |@um) {Puml -

meN

@pm(X) =

3.1

3.2)

3.2. Coherent states. We next define coherent states in order to have wave functions localized at a

precise point in the phase-space “position of the orbit center X Landau level index ™.

Definition 3.4 (Vortex coherent states).
Let z € C & R2,n € N. We define the associated coherent state

bl —zb

l//z,n =e \/E[b (pn,O
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and the associated projector
oy 2= [Won) (Wenl - (3.3)

Hz = Z Hz,n

neN

We let the localised projector

Finally we define for M € N or N; < N, the truncated projectors

N, N
Uy, N, i= 2 I, Tlep i=Hop, Mooy i= an,n
n=N, n=0
with similar definitions for I1, , and I ,, .. o

We will rely heavily on the following closure relations [9} 44]]:

Lemma 3.5 (Coherent states partition of unity).

With Definition
1
— [ m_,dz=T1 (3.4)
271'1% rR2 :
1
3 D /R T dz =10 (3.5)

b neN
Moreover, for any ny,n,, p;,p, € N

p1+p
Pdz = (\/51,,> o

m!

Py m—p, > <(pn2,m—pz

o) (m =)t (m = py)!

Proof. The first two points are standard closure identities for coherent states, whose proofs can be
found in [91144]]. For the last point, with the change of variable m := m +p, = m, + p,, we compute

my+p; _ my~+p; 1z
z e Y dz ¢n1:ml> <(pn2,m2
V2,

(\/51 )P1+P2 mo 2

W) s ! 127\ o

= 271_12 Z '/Rz < 212 e bdz (pnl,m—p] > <(Pn2,m_p2
b m=max(p;.p;) \/(m - )! b

L zP1

3.6)
271'1% R2

Won ) (Wen,

1 _
- ZP1 ZPz dz

20 Joa ™ Womd W

P1tp,
5 (2
B 2ﬂl§ ml’mzeN ml ‘mz' RZ \/Elb

)! (m = p,

m!

Py m—p, > <(pn2,m—pz

m=max(p,.p;) \/(m - D )! (m - pz)!

_ (\/51,,)171 +p>

Note that y, ,, is localised around z in the sense that

Ry, , =2y,
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with fluctuations of order /, (as can be seen from the next lemma). The following explicit expressions
will be important for us:

Lemma 3.6 (Expression of vortex coherent states).

We have
n n \x—z|2—21zl-x
i x-z BT a—
1'% R (x) = e b (37)
o V2xnll, (\/5[,})
1 (F2) ¢-2)\ -belbioton
ARy 212 ¢ N
znll; ;
le=y2=2i(xL y422 (=)
1 - 42
Hz(x7 Y) = —28 b . (3,8)
2zl
Consequently
V;Hz(X, y) == > (3.9)
il
or, as an operator identity,
VoI, = lliz .. X] (3.10)

b

We refer to [9]] again for the derivation of the above exact expressions, from which (3.9) imme-
diately follows. The latter formula will play a key role in the computation of the spacial derivative
of the density in Section[Blbelow. We will also rely heavily on an approximation thereof applying to
the truncated projector.

Lemma 3.7 (Spatial derivatives of coherent state projectors).
For the localized projector (3.3) we have

Vil‘[z’ = L [ Z,,,X] ntl ( 1 }) ('Wz,n> <l/’z,n+1|>

" ilb \/Elb —i |Wz,n+l> <Wz,n|

R <1 1) <|wz,n_1><wz,n|> (3.11)
Vai, \7 ) \ vz} (vzn |

and, summing over n < M,

Vi_n oy = % [HZ <M,X] _ —V]W"'l ( 1 :) (|l//z,M> <WZ,M+1|> ) (312)

<M = <
: il \/Elb [Wonssr) (Ve
Proof. Starting from (3.7)) we have

Vo= L2 X 0 v ==Y

\/_ V2, \/_ \/—lb
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Hence

Y -7 n x—z2+y—z|> =2zt (x—y)
1 (x-z)(y-z) — el Plyal
I, ,(x,y) =w, (O, ,(») = > . e a
27z:n!lb 21b

__1 <(X'Z)(y-z)>"6_%ygz<m&>
B 2 2
27tn!lb 21b

z zn(x Y) Tnzn('x y)+7nn 1z(x Y)

and we deduce

b b

_¥x  — I —

P Ty (W, 0) + 212 = (WL, () + 212 W, ()
b b b

_Y-

n+1 y/n S
t//z DOV, (V) — i—— W, (O, (V) + Vo (W, (V)

21, \/Elb ’ ’ V21,

together with

y

a_I_IZ n(x y) zn(x y) + n—],z(x7 y)
2lb 2lb

X y -y

212 Wz n(x)Wz n(y) + 212 Wz n(x)Wz n(y) + 212 — V- lz(x)l//n lz(y)

-y

X . . \/;
=—2l2 l//z,n(-x)q/z,n(y) +1 v, n(X)l[/n_H Z(y) — l_wn—l,z(x)l//z’n(y)-
b

Vit
V2, ’ Va2,

This leads to

aZ]HZ,n('x’ y) = (az + ai) Hz,n(-xa )’)

Vn+1 -
—i2 "% 5 Hzn(x )+ it (t//z,n(X)l/an,z(y) —t//n+1,z(X)t//z,n(y)>
b V2i,
n _ -
(Wn—l,z(x)wz,n(Y) - Wz,n(x)Wn—l,z(Y)>

—i
V2,

and

azzl_Iz,n(x’ y) =i (az - ai) Hz,n(xa y)

Y= X \/n+1<

=i I,,,(x, ) +
li z,n \/Elb
Jn

- T = (Wn—l,z(x)wz,n(y) + Wz,n(x)Wn—l,z(Y)>

Va2,

VeV 200+ W 002,00
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It follows that

VAL G =P ) - Y (1 1) <wz,n(x>wz,n+1(y>>

lb \/Elb =i i lljz’n-l,-](x)q/z,n(y)

+ \/; (1 1> l//z,n—l(x)l//z,n(y)
Vo, \TH )\, ) )

which is (3.I1I). The summation over n cancels telescopic terms, leading to

a4 —‘MH ( 1 1) <W2,M(X)WM> .

Vil (o) =1 17 Haam 06 ) = Vi, L)\ W Wy ()
O
3.3. Conservation properties. We next state some basic properties of the Hartree dynamics (2.2)).
Lemma 3.8 (Conservation of mass and Pauli principle).
Assume y, € L™ ([R+,£1 (L2 (Rz))) solves

1
9, 7p(1) = 7 [“% tV+wkp, ), 7’1;]
i
b
and satisfies

Tr [1,(0)] =1, 0 <7,0) <2xl;
then Vt € R,
Tr [r,()] =1, 0 <y, <2zl
Proof. This follows from the fact that the dynamics is Hamiltonian. U
We also have
Lemma 3.9 (Energy conservation).
Assume y, € L™ (R+,£1 (L2 (RZ))) solves

1
9,7p(1) = 7 [.,% tV +wkp, ), 7b]
b
then

d
ETr [r,(H, ()] = 0.
Moreover
Tt 1% < [Tr [1, (5 + W)] | + IW Il

Proof. The equation being Hamiltonian, the total energy is certainly conserved. Then, the kinetic
energy is bounded by

Tr (1 %] = Tr [ry (L + W) =Te [ W] < T [, (L5 + W)+ 1W I s

4. HUSIMI FUNCTIONS AND SEMI-CLASSICAL DENSITIES

In this section, we provide the first set of tools mentioned below Theorem 23] namely the con-
struction and properties of Husimi functions and associated semi-classical densities.
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4.1. Semi-classical density. Given a coherent state basis over a Hilbert space and a trace-class
operator acting on the latter, the notion of Husimi function/lower symbol is fairly standard (see
e.g. Section 3.3] and references therein):

Definition 4.1 (Husimi function and associated density).
Fory € ! (L2 ([R2)), let

1 1

2 <Wz,n|y‘/’z,n> = Tr [Hz,ny] 4.1

2l
b

27[1%

m},(z,n) =
with the associated semi-classical density
oo
p(2) 1= ) m,(z.n).
n=0
For M C Nsuchthat ] <« M < l;z, we define the truncated version thereof

sc,<M . 1
pye=M(z) 1= > ler [YT1, <] 4.2)
b

o

The parameter M represents the number of Landau levels we take into account for the semi-

classical approximations. It will be important to have M > 1 when b — oo to recover the true

quantum density p, of a general y (with reasonable magnetic kinetic energy). On the other hand, the

larger n the less the coherent state y, ,, is localized around z, making the approximation less efficient.

For this reason we will mostly use the truncated (#.2)) for a suitable | < M < [ b‘2, and use moments

of the kinetic energy to discard the contribution to the density of Landau levels with index n > M.
The main estimate we will rely on is as follows:

Proposition 4.2 (Convergence of the truncated semi-classical density). ,
Letk >0,y, € £' (L? (R?)) and assume

Trly| =1 0<y, <2, Tr[n%f] <o 43)
thenVep € L™ (R?) n H' (R?),

<M - k
/Rz(p(pyb—pjj )'Sll(plleM 24/ Tr [y,I1s 2

k
M3, ifk<2

+ ClIVoll 2 \/Tr [1pZf] -3 V/InMDI,  ifk =2 (4.4)
l, ifk>2

The first term on the right-hand side of (£.4) corresponds to the contribution of high Landau
levels. In our approach to the semi-classical limit we will rely solely on one moment of the magnetic
kinetic energy being bounded uniformly in time, k = 1. Observe that then the error terms will be
small if \/ﬁ I, < 1. This constraint has a physical meaning. Specifically, from the expression of
the coherent state (3.7), we can infer that the characteristic localization length for particles in nLL is
\/Zl »- Therefore, p;Z’SM with \/M [, < 1represents the semi-classical density of particles localized
with precision better than what is aimed at in the classical equation. The fluctuations of the position
operator will be small in the limit for this contribution.
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We will have to test y, against multiplication operators by nice functions ¢. Using the resolution
of the identity from Lemma[3.3] the gist of the estimate consists in vindicating that

Mz )y /R 2 //R (@00 = @(@) 1, (6, T, (3, X)dxdydz = 0

p n>0

using that the coherent projector’s kernel

I, () = v (W, ()

is strongly localized, for moderate values of n, around z = y = x. We start with a lemma that
will deal with the part of the sum bearing on low Landau levels, A, below playing the role of the
multiplication operator by @(e) — @(z).

Lemma 4.3 (Bounds on expectations of truncated operators).
LetVz € R2, A, be an operator on L2 (RZ), k<0,y, € ! (L2 ([R2)) and assume

Tr [J/b] =1,0<y,< 271'113. 4.5)
Then
1 1 M 1 :
k 2
222 Jr: [A7TT, <a] |d <\ [ <n§ T /R2 Tr [|AZ| nz,n] dz> (4.6)

andV e € L! (RZ) N L*® (RZ),

\/”(P“Ll loll Lo -
2 12/ |(p(Z)I|Tr zysz<M]| bgk

m ||Tr [|A,|2 H,’n]

)

n=0

L® 4.7

(n+ 1k

Proof. The main idea is to exploit the sum over Landau levels to introduce moments of the kinetic
energy using

k
M
Y+ DFTr [101,] < Y (n+ DFTr [,01,] = ) Lll Tr [y, 11,2}
n=0 neN neN| 2hb <n + _)
2
<Y T [y, 2] = Tr 1,2 4.8)

neN
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Applying the Cauchy-Schwarz inequality, using Hﬁ , =1, and (&.3) followed by Young’s inequal-

ity we find
M
< DA/ ([ L]y T [0
n=0
M
<3 /2;;12 Z \/Tr [|AZ|2 Hz,n] Tr [ybHM]
n=0
< (1
5\/§1b Z <€—Tr [|AZ|2HM] +¢,Tr [ybl'[z’n]) 4.9)
n=0 n

M
|Tr [Azybnz,SM” = [Azybnz,n]
n=0

where we will choose €, := e(n + 1) for some € > 0. Integrating in z, using (3.4) and inserting
@.8) gives

L (A7 <u] | d2

272,']2 zyb z,<M

\/; b Z <2ﬂ_12 / Tr [|AZ|2HM] dz+e¢,Tr [ybl'[n]>
1
< %lb <Z m '/Rz Tr [|AZ|2HZ,H] dz + €Tr [ybgbk]>
n=0 b

Choosing now

M 2
1 1 > 1
= Tr [ APT ] dz—
<2n’lb ,,Z:’) (n+ Dk ,/[RZ A4 . Tr [bebk] >

leads to (&.6):
! [AZJ/sz <M] | dz
27[1% =
1 <& 1 2 %
z k
S\/;lb <27rl§ VE) (n+ D* ,/Rz Tr [lAZl HZ’"] dz) Tr [yb%]

1
M

1 1 > ’
=§ Tr [yb"gbk] <n=20 m ,/Rz Tr [|AZ| Hz,n] dz)
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Starting again from (4.9)),

1
2ﬂl§

M
<[z ;/ T [af ) < Tr [, L5
_\/;lb ,;2()2ﬂ126(n+1)k R2|(p(z)| r | Z| | dz+ellolly r[ybfb]
T [jaf 1,
L

il B lloll .
<\ /21 = tellll;o Tr [y,.25 |,
\/;b ,Z:’) 2ﬂl§€(l’l+1)k L [b b]

/ |(P(Z)| |Tr [AzybHZ,SM] | dz
R2

we obtain (4.7) by choosing instead

m || Tr [|A,|2 H,’n]

leoll .
2 k k
2712 ||l & (n+1) Tr [7,2)]

L 1

O
We may next proceed to the
Proof of Proposition For ¢ € C¥ ([RZ), we write
/R X’ (b, = 3= ) =Tr [on,] - ili /R o)Tr [ cyr,] dz
Tr [(0 — @(2) 1, <pr73] dz + Tr [@I1, 517 (4.10)

_27rl§ R2

Step 1, low Landau levels. We will apply Lemma.3lto A, := ¢ — ¢(z). Using the change of
variables

X —2Z

= X
V21,




GYROKINETIC LIMIT OF THE 2D HARTREE EQUATION IN A LARGE MAGNETIC FIELD 19

and Taylor’s theorem, we get

/ Tr[lg — o(2)|°11,,| dz = / lp(x) — @(2)|* 1 ,(x, x)dxd z
Rz

R2xR2
ST
lp(x) — @(2)|? “ dxdz
v2 /
2 nl RZXRZ \/_lb
— // z+ \/Elbx> —@(2) |x|2” e ¥ dxdz
~ zn!
R2xR2
2
— // / V(p(z+\/51bxs)-\/ilbxds |x|2”e_|x|2dxdz
~zn!
[R2><[R2
— / / |V(p(z+ \/_lbxs)| |x|2*D ¢ < gsdxdz
7m
R2xR2

12
—”,||V¢||L2/ Ix**V e dx = 2| Vo2, (n+ DIE @11

Introducing the notation
(%) 1= x4, o+ In()T 0 + 1,50 4.12)
we have the asymptotics
M O (M%) ifk<2

Y ———=100nM) ifk=2 =0(p_,(M)
k—1
mo (1t 1) ol)  ifk>2

Hence (£.3) gives
Mo M
2 2 2 Ik _ 2 2
ZO I /R Tr[lo - 02I° 11,,] dz <2 Vol ;)m + D!F = C2|IVol2, p_p(M)
Using (4.6) we obtain

1
- / Tr (0 — @(2) 1,11, <] dz
2nlb R2

1

M 2
1 X 1 1 _ 2
52 Tr [ng ] (2 12 Z (n+ 1)k /Rz Ir [I(p vl Hz’n] dz)

p n=0

<CIVoll 2 \/Tr [1p L] 1V Pr_a(M) (4.13)

Step 2, high Landau levels. We remark that

[T @M agil | < /T [ 10P] T (L] < ol /T [1T ]
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and
Tr [rlp] < 0 FTr [7,1L,] <= Z r|y,0,.25] = —Tr [y 2. @14)
n>M >M
Hence
T[0T prs] | < ol o M2/ Tr [T, 5 £4] (4.15)
We conclude by combining (£.13), and (@.10). O

4.2. Tmproved convergence with confinement. To complete the proof of Theorem [2.4] we need
to improve (£.4) to an estimate in Wasserstein-1 distance. We may do this at the price of an extra
confining assumption:

Proposition 4.4 (Convergence of the truncated semi-classical density with confinement).
Let f > 0, p > 3. We make the same assumptions as in Proposition with in addition

Tr [y, |X|”] < (4.16)
If4V M1, <17, then

k
M'™: fk<2
Wi (b 2= ) <C) (14T [ 1XV]) [ /T [ 21177 S VIO ik =2
1 ifk>2
k
M7 Te [0 ZE] + 10070 4+ M)
We need a technical lemma containing some basic estimates:

Lemma 4.5 (Technical integration results).
Recalling the definition (3.1),

1
[Wenll o < C i+ D7, 4.17)

0 2
I,(a) := / t"e" 2 dt
a

Letn € N,a > 0 and

then

2w 1 (a)
= nule™ 2 — —_
I, (a)=2"nle 2 Zi! <2> .
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Proof. Using Stirling’s formula

vzl

|x z|
= 21 - A/R2 X;IZ 412 ‘,ﬂ-n'lb/ |x|” 2 dx_ \ lzﬂ'lb/ 2tn+1e 2dl
V ﬂ'n.b v b
; F(— + 1)
/21, [ derar= /2105 | detar =2 a2~
| b ! b .
n! " Jr, n! R, \/;

3
3 \/2” (21> s 31 s 3 1
~ 27 Vrl,~——— "L =2izinil, ~ 2izi(n+1)il,
n—oo
(27rn)4(—>

As for the second claim in the lemma, an integration by parts shows

I,0(a) =+ 1)1,(a)+a e 7

so for odd integers

Dyns1y41(@) = Dyppi0(@) =2(n+ 1) I,y (@) + aDe™ 7

2 - 2\
1,41 (a) = 2"n! <Il(a)+e_7 le' (%) >

2

Ii(a) = e_%

hence by induction,

and

corresponds to the index i = 0 in the sum. O
We now turn to the

Proof of Proposition Let ¢ a Lipschitz function. Since

/R2 @ <Pyb - p;Z’SM> — /R2 (p — (0)) (,;yb _ pf/:,SM>

we can assume without loss of generality that ¢(0) = 0, and hence that

()| < IVell e |x] (4.18)
Let

P
R:=1

and define a partition of unity , yz,ng € C® ([RZ, R +) such that

XrR+t1MR=1
Izl <R = yr=1,ng=0
|z]| 22R = yp=0,ng =1

2
IVl < % (4.19)
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Using (4.10) for ¢ y instead of ¢, we decompose

1
/ qo(pyb—pf,c’5M>=—2 / Tr [(@xr — @D xr(2) I, 7] dz + Tr [@xgI1s 517
R2 b 27th R2

+ /R ong (o, —ry=M) (4.20)
Step 1, low Landau levels. With the bounds (£.18) and we find that, V |z| < 2R,
[V (02) @] < V02 + 2 102)] < V0] + = 121 1Vl <51Vl
Hence
|V (010) 2
Using (@.13) we deduce

12 S5Vell= VIBO.2R)| < C IVl - R

< CRI IVl o \/Tr [15LF] VPro (M)
(4.21)

1
_2/ Tr [((P)(R - (P(Z))(R(Z)) ysz,SM] dz
27z:lb R2

Step 2, high Landau levels. Since

lo(2)xr(2)| < IVell L |2]
it follows from (@.18) that

[ Tr [oxallsps]| < \/Tr [yb IWRIZ] Tt [7,IL 0] < IVl 10 \/Tr 7, 1X17] \/Tr (71, 0]

Inserting @.14)), we deduce

T [oaTo 7] | < 1Vl m /T [ |X P M2 [T [0, 0 2] (4.22)

Step 3, tails of the densities. We next estimate the third term in (£.20) . First, using (£.18),

‘/W PURPy,

<0l [ Il oz <
z>R

IVell =

” ||L°°
p —;(F p
- -/|z|ZR |z] py,(2)dz < - Tr [yb | X | ] . (4.23)

On the other hand, using (4.18]) again,

sc,<M
/R | PRPy,

<IVolie [ el aaz
|z|>R

IVl 1o w—

LOO

== Z |z| Tr [y, 11, | dz (4.24)
271:[[% n:o'/lzlzR [b z,n]

We write the spectral decomposition of y, in the manner

Yy = Z A; |”i> (”i|

ieN
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with 0 < 4; < (27:)‘111:2 and (u;); an orthonormal basis of L%. For |z| > R,n < M, using the
Cauchy-Schwarz inequality, we estimate

J zxmwwﬂ<zxgbﬂ¢@]yﬂﬂf

ieN
Wil T [l sl =Wl [ oo @29
ieN R? R2
Hence

/p |‘l/ |= (x)(1+| mwd <Tr[j/ (1+|X|p H Y,z
o V1o Wanl = o P 1+ |x|? ’ L+ 7],

1+T X|P n ~kL

_(1+7Tr [y, 1X17]) wp "¢ 426

Vamnll, xR 14|z + \/Elbxr’

[SYE

: e : : : n
The function 7 — #"e” 2 attains its’ global maximal on R* at7 = \/Z with maximal value (—) and
e

is decreasing for ¢t > \/ﬁ
Since we assume 44/ M1, < l;ﬂ, if 41, |x| > |z|

|x|zﬂz£z\/Mz\/Z
41, 1,
for b large enough, so in this case

_I2 2
e - pS(ﬂﬂ>Zf@f) (“.27)
L+ |2+ V21,

If instead 4/, |x| < |z|, we have

|2+ V21| 2 121 - \/_lb|x|>|z|< 4) 2]

2
and thus
|x \2 (ﬂ )%
Ix|"e” > \e
> <
e+ Vo 1+
Putting (£.27) (4.28)) and (£.26)) together leads to

p 21\ 2
[l s I a1 s
R? \2znll,

(4.28)
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Inserting this and (£.17) in @.23), combining with Stirling’s formula again gives

1 ) n g
(n+ )3 Iz \" —1(akl <e>
Tr [ybnz’"] SC(I"'TF [7b|X|p]) \/n! (4 lb> ¢ 2( Ib) +1+ z|P
1 n e
< (e i | S () S
n! Iy 1+ %

With the notation of Lemma[£.3]

To_1(4l2) o0
/ |z <4ﬂ) e 2(4’b) dz =£li/ s L iliinﬂ <4—R)
ZI>R I, 327 Jar 32 I,

Since p > 3, we can integrate

© p+1
/ 12| deSZP/ |z|1—1)dz=2p+lﬂ_/ 2Py = 27 -
lzI=R 1 + g |z|>R R (p—3) RP-

Collecting the above considerations gives

(n+ D3 AR\ 1
/lleR |2I Tr [y, 11, ] dz < C(p) (1 +Tr [y, |X17]) (TI?’I"” (f) N RH)

n!

that we may combine with @.24)) to get

M
IVell s
on psc’SM‘ < — / z| Tr |y 01, , | dz (4.29)
‘/Rz Ko 2nl; ; |z|2R| e [T
M( 1)1

n+1)4 4R M
<CP) IVl = (1+7Tr [r, 1X17]) lb2—1n+z(—>+ —— (4.30)

n=0 \/n' lb lep—

But R >4y Ml, > 1, s0 (I " (% >> is increasing, hence it follows from Lemma[.3] that
b neN

1 2 % +1 1
< (n+ 1) 4R ] (n+1)7 4R
Z—In+2 o 2 In+2 =
n=0 \/; lb n=0 \/; lb
[2J(2n+1)1 4R 2] Qn +2)i AR
=Z ——— D2 | 7 )+ —
= \V(2n)! ly = Jen+ ) ly

IA

S

B

(21 +2);i <4R>
<2 — 1 —
o |5

1 n+1 i

- 2 2 2

=2e b Z Mznﬂ (n+1)! Z l' <8R_2>
=0 V(2n)! iz "\ 1}

)
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Then using (2n)! > (n"?,i!' > 1 and 8?—22 >1,
b

14

n+1
e z ! 2ont1 [ o R
<2e b (2n+2)4 (n+ 1) 2 (81—2>

n=0 b
M
g & L 2 M 2 |4 ]+
2% (4] ) o[ 2 2)F (] o8 (o2
2 2 2 12
2\t g
<CM754M <R_> e‘sg — CM 5 HAMA2)In(151)+M In(@)-81, >+
< B
b

Since M <« l;z for large enough b,

M L
Z (n + 1)4 I " <4_R> < Cl;ge1;2]n(1;1)_81;2(1+ﬂ> _ Cl—l2—3e—l;2(]+m<8—lzﬂ ln(l;l))
p < .

n=0 \/; lb ’

Inserting this in (@.29), we get

sc,<M
‘,/uv PR,

Step 4, conclusion. We insert .21) @.22)) (4.23) (4.31) in @.20):
1—
/ o(r,- p;;’SM)‘ < C) IVoll <\/Tr 762511, \/pea (M)
R
_k —1
+4/Tr [yb |X|?|M ™24/ Tr [ybl'I>M.,§fbk] + Tr [yb |X|1’] lf(p )

no- -
n (1 +Tr [J’b |X|p]) (l;7e_lb2(]+m(8_lzﬂ ln(lbl)) + le(p—3)—2>>

L 2D (g 2Py (g M
< CO IVl (1+Tr [r, |X]7]) <lb e (3=mt1) I2Rr-3

4.31)

Since p > 3, we conclude by noting that

\/Tr vy 1X17] < \/1 +Tr [y, | XIP] <14+ Tr [, IXI7] .

5. SEMI-CLASSICAL DYNAMICS OF THE DENSITIES

This section contains the proof of Theorem 2.3l We first provide the second main ingredient
mentioned after the statement, namely the study of the dynamics of the truncated semi-classical
density. We next combine this with the bounds of Section M to conclude the proof.
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5.1. Dynamics of the truncated semi-classical density. We now prove that p;Z’SM , as defined in

Section ] almost satisfies the weak formulation of (2.3)) modulo a suitable choice of 1 < M <« 11:2.
Here W' is a (possibly time-dependent) generic potential that we will replace with V' + w % p,, )
later on.

Proposition 5.1 (Drift equation for the truncated semi-classical density).
Lett e R,k >0,1>1,y,(1) € L! (L2 ([RZ)) W e Wth>(R2) and assume

Tr [r,()] = 1,0 < y,(t) < 2zl
Tr [1,()-Z}] < o
Mwﬁiﬂ%+W%M-

b
Then, Vo € L' nwle ([RZ),

/ #(2) (=M (1,2) + VW (2) - VM (1, 2) ) dz
R2

I1-k
MY ifk<i+2

<CO) el Lriawreo W 1o \ Tr [J/b%k] l;,_l VIn(M) ifk=1+2

| ifk>1+2
gL, +1
M > ifk < 2=
Tr (7L M ar i1 ) X l p—1 f 2
+ +Tr [r,2f] D007 vy k=22

1
[,M*3 =2 )

The proof will proceed from a Taylor expansion of the potential W at order /. Several bounds
will be proved by induction on / and are not particularly more complicated to write in the above
generality. However our choice of / will be set by the a priori bound available to us, as we explain
first:

Remark 5.2 (Choice of the expansion parameters).
In the proof of Theorem 23] we take k = 1 to be able to use Lemma[3.9] Then Proposition 5.1] gives

/2 @ (a,p;Z,SM(t) +Viw vp;;:,sM(t)>‘ < CD @l igwieo IW st
R

I+1 T .,%H _ .
< /Tr [J/b(t).fb]lé_lMT 4 r [7b(l) M 1+1.M+l] +Tr [yb(t)gb] l, /—M> (5.1)
I,VM

I+1
The first error above is of order / 2‘1M %, the third is of order /,4/ M. In Lemma [5.6] we will see

3
that M > 1 may be chosen so that the second error weighs l;l M 2. We are able to control all the

errors if
2 o1
1 3 1 I+1
— ) <M< |—=
() <m=<(3)

which is possible if and only if / > 2. Hence the above will be applied to obtain Theorem 2.3 with
the choices k = 1,/ = 3. This will yield error terms

3
BM*+ 1" M2 + 1,M "/,
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Since the second term must be o(1), the first one dominates the third, and optimization in M leads
to a choice M ~ 1;6/ 7 and a final error of order O(li/ 7).

If more moments of the kinetic energy are bounded for positive times, we may use the above with
a larger value of k and hence get an efficient estimate for lower /, i.e. asking for less regularity of
the external and interaction potentials.

<

The first step in our proof consists in deriving an explicit equation satisfied by p;Z’SM . Most
bounds are then obtained by writing quantum expectations (traces) using integrals of operator ker-
nels. A general term will be an integral in x, y, z € R? where x, y are the arguments of the operator
kernel and z the guiding-center coordinate of the coherent state at hand. As per the observations
of Section such integrals are concentrated around x ~ y ~ z. Principal terms corresponding to
Equation (2.3)) are easily identified by replacing W (x) — W (y) (coming from the commutator with
W) by (x — y) - VW(z) and then using (3.12). Some care in controlling the expansion of W is
needed:

o Using (3.9) (or more precisely, the first term in (3.11)) a factor of (x — y) can make us gairE a
factor of / i at the price of integrations by parts (that we can perform using the regularity of the test
function).

« A factor of |x — z| or |y — z| makes us gain at best a factor of /, \/;, the localization length of the
coherent state wave-function in the n-th Landau level. Cf the discussion below Proposition

« There is a truncation error due to the second term in (3.9), calling for some optimization in M.

In (5.3) below the remainder is in a form allowing to leverage the first observation above. Indeed,
the commutator naturally brings factors of (x—y) (think of the commutator with the position operator
X). The remainders in (3.6) are estimated using the second observation, which we formalize in
Lemma[3.4] below. Finally (3.7)) is the truncation error, whose control will demand a proper choice
of M later in the proof, see Lemmal[3.6

Lemma 5.3 (Equation for the semi-classical density and potential expansion).
Lette R, €N,y (1) € Ll (L2 ([RZ)) W e W (R2) and assume

0,yp(1) = ﬂ% %+ W . r,()] . (5.2)
b

Denote d?W, the p'" differential of W at z € R?, meaning that d? W, is a p-linear form on R2.
Then, with p;Z’SM as in Definition

I p I p
P M+ VEW VoM = gl N N e+ Y Y Rt (5.3)
p=2 gq=1 p=1 g=1
where
1
1
V() 1= W(x) = Y, —d" W, (x — ) (5.4)
= P!
p
1
E(2) 1= —Tr [r, [ <o, V]| (5.5)
2ixl

b

Note that this aspect is algebraic in nature: it is not clear that a factor of |x — y| would gain us a factor of lg.
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and

EM(z) 1= ; = Tr [rpd" W, (X — 2)®0 D @ (VI ) ® (X — 2)®77] (5.6)
bP:
£P9(z) VM +1
! 2\/571'1;1)!
e (1 1Y (van) (Wan] -
Tr |y, d” W, (X — z)®Y ”@( . >( MIA\TEMA ) @ (X — z)®P=9) 5.7
Vb 2 ( z) i i |Wz,M+l> <V’z,M| ( z) (5.7)

Proof. Step 1 : Direct computation. We start from (£.2)) and Equation (3.2):

1
M0 T ]

T [[Z + W T <]

nly 2i7rlb
1 1
=0 2Tr 7y (Mo <prs L+ W] = o T |75 [ <prs W] (5.8)

b

On the other hand, using (3.12),

-1
VAW () Vopy S (2) = =V (@) - Vi (@) = —S VW) T [1 V1T <
T
b

1
" 2t 176 [Mzcnr, X - VW (2]

+ \/M =+ 1VW(Z) ) ( 1 1> (Tr {yb |WZ,M> <Wz,M+l|

2 271:12 =i i Tr J/b|l”z,M+1> <Wz,M|

) (5.9)

Putting together Equation (3.8) and Equation (3.9)) yields

1
atp;lfsSM(Z) +Viw(z)- Vsz,Z’SM(Z) = > 4Tr [yb [HZ,SM’ wW-X. VW(Z)”

m'lb

LYM A1 1VW(.z)- ( 1 1> (Tr F’b Vo) (W prai]

2 27tl§ - Tr 7/b|q/z,M+1><‘//z,n|

> (5.10)

Step 2 : Taylor expansion. We compute

/
Vo) = V() =W () - W(x) = ) I%dPWZ (=2 = (x=2)®)
p=0""

1
W)= W) = (=3 VWD) = 3, dW, (v 2% - (x = 9¥)
p=2""
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and notice the telescopic expression

p-1 p
(y— Z)®p —(x—- Z)®p — Z (x — Z)®q Q- Z)®(p—q) _ Z (x — Z)®q (- z)®(l7—£1)
q=0 gq=1

14 14
— Z (x — Z)®(q—1) ®((y— z)®(l7+1—£1) _ Z (x — Z)®q ®((y— z)®(17—4)
q=1

x=—2®UVRy-—z-(x-2)Q (y— 2%

I
M- 1

1

Q
Il

=22V Q-0 ®(y—2%"?

Il
M"e

£
Il
—_

Combining the above we express the integral kernel
M, cp. W = X - VW (2)] (x, ) =TI, (s (x, ) W (y) = W (x) = (y — x) - VW (2))

/
=11, <y (%, 9) <vz,,(y) ~ Va0 + Y, i,dPWZ (y=2% = (x~ z)®P)>

p=2 P

L p

1 _ .

=TT,y (x, ) <vz,,(y> YV 0+ )Y AW =PV - 0@ (-2 q>>
p=2q=1%"

Inserting (3.12)) we obtain the operator equality

M,y W =X - VW (2)

[ p
= [Mcn Vo] + 2 I%d”WZ (X - 220V @ [T, . X| ® (X — )89
p=2q=1F"

I p
. 1 - _
= [HZ,SM’ vz,l] + lli 2 Z Edvaz (X - Z)®(q b ® (VjHZ,SM) ® (X - Z)®(p 9
p=2q=1""
I p

g [ MA+1 1 _ \®-1) U1 (wan) (Wanrs] @)
il 2 ZZ 4P W (X = 2)% ®<—i i |W§,M+l><sz,M| A A

p=2 q=1
(5.11)

Step 3 : Conclusion. Inserting (3.11) in Equation (3.10Q) we find

4 Tr [yb [HZ,SM’ vz,l”
b

sc, <M 1 . sc, <M —
a,pyb +V-Ww prb il

+Y Yy 12 Tr [1,d"W, (X — 22947V ® (VI .\ ) ® (X — 2)8¢9)]
p=2 g=1 2ﬂ'lbp'

by g VML
p=1 g=1 2\/57!12])!

- Tr [ydeI,VZ (X — Z)®(q—1) ® (_11 }) (Igzx >1<>V2zWM-;|> ® (X — z)®(p_q)
zZ,M+ z,
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Note that the high Landau level error term in Equation (3.10) is exactly the term indexed by p = 1 in
the second sum above. Finally, defining the errors terms (3.3), (3.6), (5.7), we get the decomposition

Equation (3.3)). O

In the proof of Proposition 5.1l we will use repeatedly the following bound to dispatch the error

terms in (3.6) and (3. 7).

Lemma 5.4 (A general error term).
Let y;, be a non negative trace-class operator, X = (X,,X,) the position operator, r, M € N,
z =(zy,2,) € R? and I1, 5 the coherent state projector 3.3). Define

r

Em@ = Y Trln ][ -z [, -2 (5.12)
=1 j=1

iy..i,€{1.2)" Jj=
We have the bound
E. () SCEHE M Tr [y, L0, 0y ra] (5.13)
with I1_ ps_ .. pr., as in Definition 3.4

We first note a technical bound

Lemma 5.5 (Some integrals).
Leta € R, then

I,(a) := L’/ |x|“+2"e_|x|2dx ~ ni
7171’!! R2 n—oo
and AC > 0 such that

Vne M, (@) < Cn+1)2

Proof. With polar coordinates and the change of variable x> — x

1 |x|* e ax = 2/ xH e gx = / XieUdu =T (2 + 1)
T JR2 R R 2

+ +

where I is the Euler Gamma function,

I'(z) :=/ #le dt
R

We have the following equivalent for the Euler Gamma function (as a direct consequence of the
Stirling formula)

I'(n+ x) .
F(n) X—00
Thus
1 o r (n + % + 1)
1 =—F< + =+ 1) =
w@ =+ 3 T+ 1)
and then

I,(a) n:w(n +1)2 o nz.

We now proceed to the
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Proof of Lemmal5.4l We use an induction in r. Define

m(z) = <]L[(X,~j - z,-/,)) 0%, - =)
Jj=1 Jj=1
We have
Tr [ny(2)(X, — 2T, 3 (X — 2))] + Tr [my(2)(Xy = 2)IL 3 (X5 — 2,)]
=Tt [nb(z) X-2)I1, (E)] +Tr [nb(z) (ﬂ) I,y (X — z)]
—Tr [nb(z) X -1, (ﬂ)] +22(M + DTr [n,(2)TT, py ] (5.14)

In view of estimating the first term by induction, we insert the coherent state resolution of iden-
tity (3.3) twice:

Tr [m(z) X -, (X=2)]

) //Tr (D, (X = )T, (

27[12 k1 ENZ,

) Hy’,] dxdy

Then this becomes
1

(2ﬂl§)2 kJEN?

// Tr [nb(z)l'[x’k X=x1I, (X——y> Hy,,] dxdy

R2xR?2
1 // (x —2)Tr [nb(z)l'[x knzM(X y) ]dxdy
(27[1%) kIENZ 5
1 _
5 (Y=2) Tr [n,(2)M, , X = x)I1_ 11, | dxdy
(2713) Kl EN 3
1
// (x—2) (Y= 2) Tr [ny(2)L 11, 11, ] dxdy

k JEN D

(5.15)
and next

D> Vi+ Wi+l // Tr [’71;(2) [Wiek) (W] Tzpg |Wy,l+1> (‘l’y,IH dxdy

(2 ﬂlb) k.JeN?

R2ZxR2
1\/_lb
_ (2 l )2 Z Vi+1 / x—-2)Tr [nb(z)Hx’kHZ’M |y/y’,+1> <u/y’,|] dxdy
% k,leN? ROxR?
1\/_lb 1
b Z k+1 ] ( —Z) Tr [’71;(2)|ka> <ka+l|nz MHyl] dXdy
(2ﬂl ) k,JEN? M
R“xR
2 // (x—2) (Y—=2) Tr [n,(2)I1,  TI_ 5,11, )| dxdy (5.16)

k, leN2 YR2
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further rewritten as

25 M
(2 12)2 // Tr [711;(2) |llfx,M—1> <Wx,M| I o |llfy,M> <ll/y,M_1|] dxdy
g R2xR2
l
1\(/2_ bl;;_ // x—2z)Tr [flb(Z)Hx Y LY |ll/yM> <l//yM 1” dxdy
d R2xR?2
l
l\(/z_bl;;_ // —Z) Tr [nb(z)|WxM 1><lllxM|HzMHyM] dxdy
d R2xR?2
+ (x—12) ( — Z) Tr [ﬂb(Z)HX m Iz a1, M] dxdy (5.17)
(2 12)
3 e

Using (3.6) we remark that

ﬁ/ W m— 1><V’xM|dx— Z|(PM 1m><(PMm|

meN

1
;li - l"’y,M> (V’y,M—1| dx = WEN |(PM,m> <(/’M—1,m|

1
— [ Il dx = Vi, > Vit oum) {@rrm]
27[] R2 meN

1
T Jos 074 = V2 B VT o) (e

meN

Hence, inserting

/ |ll/xM 1><V’xM|dXHzM

271'12

|z[?

m
_ |Prt—1m) (Went] < Z > = Wem-1) W
P V! V) e I

27[12/ | yM> <WyM 1|dx_|WzM> <V’zM 1|

F
S

+1
1 - Vm+1
— 11,, .dxII =V2I 4 = z[1
] Joo e = V2 2@(@) 9360) (Y] = M

1 — —
— Iy, ydy =11, 3,2

M M, M
: 271'1% R2 Y :

in (3.17)), we see that the last terms vanish and obtain
Tr [nb(z) (X =)l (ﬂ)] = 22 MTr [T, 4]
With (3.14) we conclude that
Eim(2) =20ME, \y_(2) + 215(M + DE, py 41 (2).
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Thus we obtain by induction

E () S CO) (M) Y &) pr1i(2). (5.18)

i=—r

Using that

Eom(@ =Tt [p 1, 5| < M7*Tr [y, L 10, ]
from (3.I8]), we get the desired result

Em(2) < COIM™Tr 1, LT gy -

O
Now we can provide the
Proof of Proposition[3.11 Step 1: Estimate of 8(1). We introduce another projector:
Tr [yb [HZ,SM’ vz,l” =Tr [7bnz,SM [Hz,sM’ vz,l” +Tr [Hz,SMyb [Hz,SM’ vz,l”
so with @) applied to A_ := [T, .. V],
/ P(2)E)(2)dz
R2
1] 1
=3 _2/ @(2) (Tr [1p10, cpr [T cprs Vo] ]+ Tr [T, cpg7p [T cprs Voy]]) dz
I, |2zl Jr2
Tr [ [Mcor VL,
Vo (el ol 5 | [Psae P ol ]
T = (n+ 1)k e
VIl Tl |3 e v, o 5.1
T2 \& aepr VI o

We estimate the Hilbert-Schmidt norm with the changes of variables
X—2z y—z

- X, - ).
\/Elb V2 b
This gives
2 5 2 2
|| [Hz,na vz,l] | L2 = | [Hz,na vz,l] (X, y)| dXdy = (vz,l(x) _ vz’l(y)) |Hz’n(x’ y)l dxdy
R2xR? RIvR?
! 2[(x=2)(y—2) n _w
= YV, x)=-V,») |————— % dxdy
Qrn!l})? /szRz (Vi 21() %
— 2
e : / <VZ’,(z V20 -V, (2 4 \/Elby)) lxy] 2 e D dxdy
(ﬂ.n') R2xR2
Using the expansion from Equation (3.4)),

1
(I + 1)t

1+1
Jatetw ] [Va| < eV ]|

Y.z + V20| <
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and similarly with y instead of x. With Lemma[5.3]

”dm” ||L°° 2(1+1) 2(1+1) 2(1+1) 2n —|x|>—|y?
H[Hzn,vzln <C— / LY (1D 4 [yPPED) eyl e dxdy
n. R2xR2

<C “d’“WH; ((n+ 12)™

Inserting this in (3.19)),
M
2(1+1
<cvloli ol | w5 : 2+ D T 1, 2]
=CVlell Tl [ W |, T L]0 pean D) (5.20)

with p_¢42)(M) as in @.12).

P(2)E}(2)dz
R2

Step 2: Estimate of £, From (5.7),

\/M+1

2\/_ﬂlbp iy...i,€{1.2)?

q-1 p
Tr [% <H(Xij - Zi;)> <(_1)i"_1 |‘/’z,M> (V’z,M+1| + |V’z,M+1> (V’zaMD < H (X"j - Zij)>]

j=1 Jj=q+1

EM(z) 1= 0, ...0; W(z)ila™!
b P

Using the Cauchy-Schwarz inequality, we get

VM

3
lb

1 1
'/R2 <€8q—1,M(Z) + egq_l’M_'_](Z) + ESP_Q,M(Z) + ggp—q,M+1(Z)) dZ
(5.21)

<CP N1d*W i L= ol Lo

i (p(z)EI’;’q(z)dz
R

in the notation of Lemma[5.4l Inserting the bound (5.14) leads to

1
Mi_k

i (p(z)EI’;’q(z)dz
R

(6 (138M)" T (1,2 T gt

1 _
+g (liM)p T [7b°§“ﬂkaM—p+q'-M+p—q+1]>

ptl

Since 1 < ¢ < p, choosing € := (I2M) = ~*, we conclude

p_ —
' /R i P(2)EF(2)dz| < C(P) VW || 1= 1@l 1 M 2 "ljj Tr [70-Z gyt ) (5.22)

Step 3: Estimate of 8{’ . In order to estimate Equation (5.6), we start with an integration by parts
for which the following preparations will be helpful.
Let © denote the tensor contraction defined for n, m > k by

U ® - ®u, O ) @+ ® Uy 1= Uy [V1) o (Uypeit [U4) U1 ® ++ Bty ® Uy ® - ® 0,
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Identifying d” W (z) with the associated rank p tensor, we notice that

d"W,(x — 289V @ VI, () (x,y) ® (y — 2)2¢9
=VEW(2) O (x = 247V @ VLTI, ¢y (x.7) ® (v = )20~
=V, (%, ) - VW (2) 0! (x = 220D @ (y — 220

and

Vi . V®1’W(z) o ! (x — z)®(q—1) ®(y— z)®(p—q)
— (Vl . V®p) W (z) oP! (x — Z)®(q—l) ®(y— z)®(p—q)
+VEW(2) 0 (V; ® (x = 2)) ® (x = )% @ (y - )%™
+ ...
+ VW (2) ©F (x - )2 D @ (y — )20V Q (VI ® (y - 2))

but because V1 - V=0,VI @ (x —2)= Vi ® (y—2) = (_01 (1)>
Vi— . V®pW(z) or! (x — Z)®(q—1) ® (y— Z)®(p—4)
= (Vl . V) Ver-Dy(z) 0! (x — 2)®U D @ (y — 2)®P~9)

0 1

®p 4
+ VW (2) 0 (_1 0

> ® (x — Z)®(q—2) ®(y— z)®(17—4)

+ ...

FYEW ()07 (x - 2P0 @ (v - 221D @ (_01 (1)>

_ <V®pW(Z) o (_01 (1))) 02 (x — 2242 @ (y — )P

+ ...

+ (VW (2) 072 (x — 2B D @ (y — 2)®P~17D) @2 <_01 (1)>

=0.
Indeed, since

V®pW(Z), o V®pW(Z) @P—Z (x — Z)®(q—1) ®(y— z)®(P—q—1)

. 0 1Y\. . . . . .
are symmetric tensors and <_1 O) is antisymmetric their contraction product is null.

35
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In view of these considerations, an integration by parts gives

/ P(2)E(2)dz
IR2

1 - —
=— o / Tr [ybdl’]/]/z (X — z)@(q D' ® Vl(p(z)”z,SM ® (X — z)®(p Q)] dz
2zl p! Jr2

1 n
=— E 0. W(2)V-:
¢/RZ :p (@) lq ¢(2)

2
27tlbp! i,El1,2)7

(T s (£ 0220 )

j=1 Jj=q+1

Using the Cauchy-Schwarz inequality and (3.13)) leads to

/ (2 (2)dz
R2

C
< S 14 1 IVl Z / 1D+ 26 (D)) d

(5.23)

2(g—1 1 20— L
<C) | d"W || 1= IV @l 1o 2 ( e e A ") Tr [,y M pgpi ]

n=0 €n

ptl

Choosing €, = (lin) 279, we conclude

2 P(2)E(2)dz
R

—1
S CO N W llw IVl o 1] Pyt (MTr 0L M epg iy

Step 4: Conclusion. Putting Equations (5.3), (3.20), (3.22) and (5.24) together we obtain

o) (0,055 1, 2) + VAW (2) - Vi 1,2) ) dz
R2

Vol ol | W) /T [ 215 pecqaan ()

<

/\

+

MN

L_f,p—2
D COIVW I @l o M2T072Tr 1, 2 Ty ary)
1 g=1

=
Il

MN

p
+ 2, 2 CON Wl V9l s 1]y (M)Tr [ybf,,"nsm,,_l])

2 g=1

<CD @l piawre IW i <\/Tr (7o LK) 17" Pr_iany (M)

+Tr [1p- L My i1 pr 2 M2_k 2+ Tr [1,-%] 2 . lpk Pl (M)>

p=1 p=2

=
Il

(5.24)
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and then

1-k
MY T ifk<i+2

L1 <CO @l piawroo 1W e | /Tr [, L5071 /In(M) itk =1+2

1 ifk>1+2

Mok +1

M 2 if k < 2=
Tr [, 2, Ty 41244 ! >

. k p—1 . 1

" 1 + T [re 2] 107 vy if k= 22
2

where we used liM < 1 for the last inequality. 0

5.2. Dynamics of the first reduced density. In this part we conclude the proof of Theorem 2.3
What is left to do is to put together the estimates of Sections 4 and[5.Jl We start by explaining how
to fix the Landau level cut-off M, as hinted at in Remark 3.2}

Lemma 5.6 (Fixing the Landau level cut-off).
Leta>0,k>0,p e L! ([R+) ,¥p € L™ ([R+,£1 (L2 ([RZ))) and assume

Vi€ R,,y,(1) > 0,Tr [y,()] =1

/ lp)| Tr [y,().Z)] dt < 00

+

then AM (@) € [Hl;"J ,2 [l;"”] such that

/R || Tr [y,()-L Mgy —141: Mgyt ] dE < CDIE / lp)| Tr [r,(NZL)] dt

+

Proof. Assume for contradiction that VM € [Hl;“J ,2 [l;”H] ,

J

|| Tr [1y()-L) Ty gy a4 dt > A lp(®)| Tr [y,(.Z}] di
M +

+ R
then
{ 257 ]
/ @I Tr [yb(t)"gbk] dt 25 Z / lp(6)| Tr [Yb(t)iﬂkaM—m:MH] dt
R o] IR
: M= [lbaJ *
2[57] 5
> / eI Tr [0 L dr - Y,
o w5
el +1
—% / || Tr [ry(0Z] dt
[lb aJ R,
which yields the desired contradiction. 0

Let us now summarize some findings of the previous subsection:
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Lemma 5.7 (Summary of semi-classical approximation).
Let % <a<landy,€ L® (R, L' (L? (R?))) be a solution of Z9) and assume

Tr [7,(0)] = 1,0 < 7,(0) < 21}
Tr [y,(0)H,(0)] < o0
V,we W (R?)

ThenVo € L' (R,, L' n W' (R?)),3M = O (I;*) such that

sc,<M
/[R+><R2 ¢DRIFT, b (pyb >

([T (@ Hy )| + 1V o + ol ) (15—2“ * z,f“”) (5.25)

<C ”(p”Ll(RJr,Llr‘.Wlm(R?)) (||V||W4,oo + ||w||W4,oo)

Moreover, forVt > 0 andVu € L* N H! ([RZ),

‘/Rz T (pyb(t) - pjj’f’”(t))‘
<C (Il + 1981 2) ([T (7@ H O] [ + 1V + ol ) (l,f + l,ﬁ'?> (5.26)

Finally, if p > 3 and Tr [yb(t) |X|”] < 00,

a_ 6+a

Wi (pyb(t),p;jé“(t)) < Ci(t,p,V,w) (l,, Pt

S wir

> (5.27)
with

Ci@p.V,w) 1= C) (14Tt [1,01X17]) (|Tr [ @ HyO) [+ IVl + el )
Proof. By Lemma[3.8]

Tr [7,(0)] = 1and 0 < y,(t) < 271,

then with Lemma[3.9applied to W =: V + %w * Py 1) and Lemma[3.9]

Tr [1,(0%] <|Tr [, Hy () | + HV + %w * pyb(,)“m

=|Tr [7,(0)H,(0)] | + HV + %w * Dy (0) 'Lw

Tt (1O HyO)] | + IV Il + lleoll (5.28)

IA

Moreover
||V +w * pyb(z)nwm <MWV llwae + llwllpase (5.29)

For this proof we choose M := M (t — ”(p(t)”Llnwl,oc(R2)> according to Lemma[3.6l
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Using (@.4) for k = 1 along with (5.28)), 4/ Tr [beb] <Tr [ybiﬂb] and M = 0O (l;“) gives
sc,<M
'/R2 % (pyb(t) =P, (0)‘
-1
<C (Il + 190l 2) (M72 +1,V/M) Tr [1,00.2)]

2 1-4
<C (lull o + 1Vl 2) (|Tr 15O HyO] |+ 1Vl + ||w||Lm) (l,f +1, )

which is (3.26).
Integrating Equation (5.I) in time with W :=V 4+ w % p, and using (5.29),

sc,<M
[ oo, ()

Tr [y, ().Z0,,_,.
/ eIl L1qp1e (Tr [yb(t),,%] ([iMZ + lbW) n [ b b M 2.M+3] ) Jr
- i

Then, using Lemmal[3.6 and (3.28),

sc,<M
A+XR2 (pDRIFprb (p},b )‘
1

_a 3a—1
<C (IV llyae + Nwllyace ) <1§-2“+1b P12 )/ @Ol L1aw 1 Tt [1,(0)-2;] dt
R+

<Cloll, wiawr(eey) (Vs + lollyas) ([ Tr O H O] + 1Vl + 1wl - )

22y E l%a_1
b b b

Noticing that

§<a — 2—2(151—%

we obtain (3.23)).

Let f > 0, we have
2<a<t = aVmy, =(9<1;'%> <> <7
so we can apply Proposition (£.4) for k = 1 and obtain
Wi (s, 0.5 ®)
<Cp) (14 Tr [, 1X17]) Tt [1,(0.)] (1})"’ VM + M54 P00 sz<1"3>‘2>
<C) (14T [1y® 1X1]) ([T [y @ HyO)] | + IVl o + N0l )
<1;'%"} P10 lf("‘3)‘2‘”>

Remark that
pp-D=2p(p—-3)-2-a

39
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so the optimisation in f is done through

3+
pr-3)-2-a=1-2-) = f=
=

NIR

[\

This choice of # leads to (3.27). O
Next we turn to the

Proof of Theorem23] Let ¢ € C® (R, X R?) and choose M according to Lemma 57l

Step 1: decomposition. With an integration by parts,
/R 000, 0) - /R s PDRIFT, (@)
— _ . s¢,<M sc, <M _ _ . s¢,.<M
= /R 00 (2,0 =M O) + /R 9P 0) /R . (s, = p}=M ) DRIFT, (@)
- / p;Z’SMDRIFpr (@)
R, xR2 b
— _ 5¢6.<M se,<M
= /R i ®(0) (pyb(O) py, (0)) - /R . ¢DRIFTp7b(pyb )

sc,<M
_ /R . ( by~ P )DRIFprb((p) (5.30)

Step 2: third term in (5.30). For r € R, (5.26) implies
[ (pu0 =22 @) DRIFT, @10 < € ([T [ #1,0] | + 1Vl + el )
R
« 1-4
(“DRIFprb((p)(t)an + ”VDRIFTM ((p)(t)||L2> (1; +1, 2) (5.31)

Hence we estimate

|[PRIET, (@)0)||, . = |00 + V-V +wx 5,0 - Vo .
<[l 1o + (IVV Il s + 1Vl 1) VOOl o

and

n VDRIFT, (@)(!) n .
- “a,v(p(z) +V (vl(V 1wk py ) V(p(t)) H 2
L

<[00z + (IV w2 + W lly2e) V0O 2+ (14V 1]« + ldw] ) || a0

12
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SO
/R + |[DRIFT, (@) _ +||VDRIFT, (@) ,dr
<1+ 1V llwzs + lwliy2e)
/ (l2:00]l o + V0Ol o + [0,Y0 0] 2 + VoDl 2 + |00, ) dr
.
< (1 + ||V||W200 + Ilw”WZoo) ”(pllWl’l(R+,W1’°°ﬂH2(|R2))
thus (3.31) implies
<M
'/R " <pyb _ p;Z < >DRIFprb((p) <C ||(p||W1,|(R+’W|,mnH2(R2)) (1 + ||V||W2c>c + ||W||W2c>c)
.
« 1-4
([t @ H,O] |+ 1V 1l o + leell ) (1; +1, 2) (5.32)

Step 3: conclusion.

Inserting (3.26)) for u := ¢(0), (3.23) and (3.32)) in (3.30), we get

/R i »(0)p,,(0) - /R . pbeRIFT,,yb((p)

a - 3a—1
< C(p,V,w) (1; R e >

Finally,
a n—»min(g,l — g,2—2a,§a— 1)
2 2 2
is maximal at 2 — 2a = —1 + %a, so we conclude by taking
._ 6
a .= —.
7

6. STABILITY FOR PERTURBED CLASSICAL FLOWS

Our limit model, the drift equation ([Z.3)), enjoys stability estimates with respect to the initial data,
by transport arguments a la Dobrushin (seee.g. Section 1.4] for exposition of this material).
In this section we include a small source term in this formalism, with the goal of treating the error
obtained in Theorem 23] in this way. This will provide estimates on the difference between the
density of the solution to the quantum evolution (2.2)) and the solution of the limit equation, leading
to the proof of Theorem 2.4]

6.1. A Dobrushin-type Estimate. We aim at comparing a solution to the drift equation (2.3) to a
solution to a similar equation with a small source term and a possibly different initial datum.
Let .S, be function of time and space. Let p, be the solution to

0,0y + VIV -V, + Viw % p, - Vp, = S,(t, z)
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and p the solution to
0p+ VIV - Vp+Viwxp-Vp=0
plig,®) =t py € L' (R%LR,) , ||ogl 1 = 1 6.2)
Let Z (1,1, z;) be the flow defined by
0,Z (1,19, z9) = V'V (Z (1. 19, 29)) + VEw * p(t,) (Z,(1. 1. 29)) (6.3)
0,Z (.19 29) = Zg (6.4)
We claim the following, which is classical for S, (t,z) =0

Proposition 6.1 (A Dobrushin-type Estimate).
With the notation above,

Wipy(0), p) < IV I etz ) ool (o, ) + 6,0 )

with

Es, (1) = (6.5)

t t
/ / // Vlw(Zpb(T, 10.y)—Z, (7, v,x)) Sy (v, x) ppo(y)drdvdxdy
to J1y JIR2xR2 ’

We will use characteristics for the above equations. For a general, time-dependent, potential W
the PDE

0,p(t,2) + VW (t,2) - V_p(t,z) =0
is a transport equation with velocity field VAW, thus we define the flow

RXxRxR? — R?
Z .
t, to, Z( g Z(t, to, Zo)
as the unique (by the Cauchy-Lipschitz theorem) solution of the ODEs
0, Z(t, 19, z9) = VW (1, Z(t, 1y, 20))
Z(to, to, Zo) = Zy (66)
We denote Z(t,1,,¢),.0 the push-forward of a measure ¢ by the above. We then have the classic

Lemma 6.2 (Characteristics).
Let

p(t,e) i= Z(t,1g,%).p + /t t Z(t,7,9),S(z,0)dt 6.7)
then 0
0,p(t,2) + VW (t,z) - V_p(t, z) = S(t, 2)
p(tg> ) = po
Proof. Lett, 7 € R the flow satisfies
Z(t, 7, Z(1,t,°)) = Idp2 (6.8)
SO

Z(t, 7,9~ = Z(z,t,9)
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Thus (6.7) can we rewritten
t
p(t, z) = po(Z (1,1, 2)) + / S(r, Z(z,t,z))dr
Ty

Now compute
0,p(t, 2) =0, Z(1,1,2) - Vo (Z(1,1,2)) + S (1, Z(1,1, 2))

t
+ / OIUZ(T,t, z)-V,S (7, Z(z,t,2))dt
)

t
=S(t,2) + 9, Z(tg,1,2) - Vo (Z (19,1, 2)) + / 0, Z(z,1,2) - V.S (z, Z(z,1,2)) dr
)
and
VAW (t,2) - V,p(t, z) =dp(t,*), VW (1, 2)
=dpo 71,1004 Z 10:1,9) .V W (1, 2)

+ / t dS(t,9) y(r1d Z(z,1,%) . VW (t, 2)dT
t
=VpO(UZ(IO, 1,2)) - dZ(ty,1,9),VIW(t, 2)
+ / t V,S(z, Z(z,t,2)) - d Z(z,1,9), VW (t, 2)dt
t
Together the above give 0
0.p(t,2) + VW (t,2) - V_p(t, z) = S(t, 2)
+ Vpo(Z (191, 2)) - <6toZ(t0, t,2) + dZ(ty,1,%). VWL, z))

t
+ / V.S(z, Z(,1,2)) - (atOZ(r, t,2)+dZ(z,1,%). VWG, z)) dr 6.9)
Ty

But (6.8) also implies
dZ(t,7,9) 7(;4.dZ(7,1,0), = ldga
%Z(I, 7, 2(1,1,2) = 0, Z(t,7, Z(7,1,2)) + dZ(1,7,%) 7, ;0;, Z(7,1,2) = 0
therefore, combining with (6.6)) and (6.8) leads to
0, Z(z,1,2) == (dZ(t,7,°) Z(T’,’Z))‘1 0,Z(t, v, Z(1,1,2)) = —d Z(z,1,+),0,Z(t, 7, Z(z,1, z))
=—dZ(z,t,9),V*W (1, Z (t,7, Z(1,1,2))) = —d Z(,1,), VW (1, z)
so we conclude by seeing that the last two terms in (6.9) are null. U
Next we introduce couplings as in (Z.11)) to state the

Lemma 6.3 (Coupling).
Let p, and p be as in ©J) and ©2). Let r, we a coupling between p,, and py and introduce the
notation

D, (1) := // 12,5, 10, %) = 2,2, 10, 9)| dmy(x. )

R2xR2
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then
21V Wll2e)|t—
D, () < (Dﬁb(tO) + gsb(t)> 2V w2, HIW 200 |1=10]
with the same notation as in (6.3).
Proof. Starting from (6.3)), (€©.4),

Zﬂb(t’ to, Zb’o) - Zp(t, to, Zo) - (Zb’o - Zo)

t t
=/ VE(V 4w py(z,9)) (zpb(r, to. zb’0)> dr - / VLW 4w % p(z,9) (2,71, 29)) d
I Ty
=/ (le (zpb(r, tO,zb’0)> —VY (2,0, tO,zo))> dr

t t
+ / / vlw(zpb(f, 10, Zp0) —x) (7, x)drdx — / / Viw (Z,(z,1y.20) — y) p(z, y)dzdy
1o R2 1o R2

Using Lemma

t
pu(E %) = 0y (Z,, 10,70 ) + / Sy (v Z,,orx ) dve 95 9) = py (Z,(00,7.9)
To

and inserting this in the above leads to

Zﬂb(t’ to, Zb,()) - Zp(t, to, Zo) - (Zb’o - Zo)

_ /tt (le (Zpb(f, to, zb’0)> — VY (2,201, zo))) dr

1
+/ / Viw(zpb(f,zo,zb,o)—x>pb,0(zpb(to,r,x))drdx
tg JR2

t
- /, /Rz Viw (Z,(z,19.20) = ) po (Z,(tg. 7, ¥)) drdy
0
t t
+ / / / viw (zp (219, 2p.0) — x) S, (v, Z, (.1, x)) drdvdx
1o J1, JR2 b ’ b
Since the flow is divergence free it preserves volume, thus with the changes of variable

Zpb(t(), T,x) = X, Zp(t()a T, Y) =y
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and again Z pb(v, 7,x) — x for the last integral,

Zpb(t’ to, Zb,O) - Zp(t, lo, Zo) - (Zb,O - Zo)

t
=/t (V4V (2, 102000 ) = VHV (Z,(5.10.29)) ) d
0
t
+ / / viw <Zpb(r, tor Zh0) — Zpb(r,to,x)) pro(0)dTdx
ty JR2
t
- / /2 Vlw (Zp(T7 t()a Z()) - Zp(T7 t()’ Y)) pO(y)dey
 JR
t t
+/ / / Viw <Zp (1,19, 2p0) — Z, (7, v,x)) Sy (v, x)drdvdx
o Jt, JR2 g ' b
t
=/t (V4V (2, 10200 ) = V4V (Z,(5.10.29)) ) de

t
// (vlw (Z,(5. 10, 20) = Z, (7,10, 7)) = V3w (Zpb(r, t0s 250) = Z,, (7. 1o, x)>)

R2xR2

t t
drdry(x, y) + / / / viw (Zpb(r, f0: 250) = Z,, (7, Vs x)> S, (v, x) drdvdx
ty Jt, JR?

1

Next, using

Vi (Z,(5,10, 20) = Z,(710,9)) = VEw (Zpb(T, f0: 250) = Z,, (7, to,x)>

< Vlw (Zp(T7 tO’ ZO) - Zp(T7 t07 y)) - Vlw (Zpb(T7 tO’ zb,O) - Zp(Ta t07 y))‘

+|[Viw (zpb(r, to> 250) — Z,(T, to,y)> —Viw (zpb(f, t0: 20) = Z,, (T, to,x)>‘

<Ny (| 2,510 20) = Z,, (ot 200)| + | 20 10:3) = 2, (210, )
we obtain
t
|Z,,b(l, 1o, Zp0) — Z (1, 1o, Zo)| <|zp0 = 20| + lwllp2e / |Z,,(T, 10> 20) — Z,, (7, 1, Zb,0)| dr
)
t
+ [|wlly 2o / |zp(f, 0 20) = Z,, (7.1, zb’o)i dr
)
t
+ ||w||W2’°°/ "// |Zp(T9t09y)_ Zpb(Tat07x)|d7[b(x9y)dT
Ty

R2xR2
t pt
+/ //
tg Jt, JR?

drdvdx

vViw <Zpb(1, 10> Zp0) — Zpb(r, v, x)) Sy (v, x)
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and integrating against 7,(z,, z,) we obtain

1
Dy <D, )+ (IVlhyoe + 2 tllyee) | D, 01
Iy

t t
+ / / // viw <Zpb(r, 0+ 250) = Z,, (%, v,x)) Sy (v, x) pyo(zp0)drdvdxdz,
o J1p

R2xR2

4
<D, )+ 2(IV lhyae + llcllyee) [ D01
0

14 14
+ [ /t // viw <Zpb(r, o y) — Z, (7, v,x)) Sy (v, x) ppo(y)drdvdxdy
0 0

R2xR2
O
We conclude this subsection by giving the
Proof of Proposition Define
¢t(x7 y) = <Zﬂb(t’ t(), x)7 Zp(t, t()7 y))
Then
782, A) =1, ( Z,, 10,1 R, Z, (10,1, A) ) = my(R2, Z, 10,1, A)) = py(Z, {1 1, A)
=Zp(ta th .)*pO(A) = p(t’ A)
and similarly for the second variable thus 7,(¢) is a coupling for p, () and p(¢) and
W, 1), p(t) = inf / x —y|ldr(x,
1(pp(0), p(1)) rer ™ o |x — yldn(x,y)
R2xR2
= inf x—yldo,, 7, (x,
it = stdgmey
R2ZxR2
= inf Z, (t,ty,x) — Z (1,19, y)| dm,(x,
”beg(r;l’b,osﬂo) .// | pb( 0% p( 0 Y)| 7%:9)
R2xR2
= inf D, (@) < Alwlhstiwlya)l=nl (o p_0)+ &gt
7, €L (pp0.00) ﬂb() 7,€l(py0-P0) ”b( ) Sb()
=z techz )=l (W (o, p0) +£5,0))
O

6.2. Application: proof of Theorem 2.4 As in Section [l it is convenient to first consider the
dynamics of the truncated semi-classical density:

Proposition 6.4 (Convergence of the semi-classical density in Wasserstein metric).
Let % < a < 1. Under the same assumptions as in Theorem[2.3] with in addition

Vwe L! (RZ),wE H? (RZ),
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ifpe L™ ([R_,_, L! ([RZ)) solves the drift equation 2.3) then AM = O (l;“) such that

W, <psc,§M(t) p(t)) <eZ(|IuJ|IW2,w+||V||W2,oo)t
Vb ’ -

(W (r5=40.p00) + o070 (2417 )

Y
with
C,(1,V, w) :=Cr? <||Vw||L1 + lwllose e(”V"wzwllwllwzm)f) (IV s + 0l + N0l 2
([ [ Hy O] + 1V 1= + )
Proof. We will apply Proposition [6.1] with
i)

S, 1= DRIFT ,.cu (,:“éM )
/)yb

where the drift operator is defined in (2.3). We need to estimate the error term & Sb(t) coming
from (6.3). We define

T
o, z) 1= Viw(Z, (£,0,x)=Z, (z,t,2)) p°><M(0,x)drdx
0 R2 pVb pVb b

so that

£ (T) = 1,0 7 DRIFT .cc (SC’5M>
Sb( : ‘/RMRZQ) 0.7 Py Y\ Py,

sc,<M
/R @l DRIFT, (pyb )
.

1 _ S6,SM | sc,<M
,/u&+xna2(pﬂ[o’T]v w*(pyb Py ) prb

=1 & (1) + &5 (T). (6.10)

<

+

Step 1: we estimate ¢ € L' ([0,T], L' (R?) n W' (R?)). Let 1 € [0,T]. With the changes of
variable Z ’, (z,t,2) — z,
b

T
lo®ll 1 < / // Vlw(Zpyb(T,O, x)=Z, (.1, z)) pyo(x)| drdxdz
0
R2xR2
T
:/ / viw (Zpy (7,0,x) — z) ProX)|drdxdz < T ||[Vw|| .1 (6.11)
0 b '

R2ZxR2
by performing the z integral first. Moreover
lo@, 2)| < T |IVwll e

and

T
V.0, 2)| < w2 / |d2pyb(’[,l,')z dr. 6.12)
0
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But, using

T
— L
Zpyb(r,t,z)—z+/t VE(V+wxp,) (2, (1.2)ds

we get

dZ, (r,1,%), =dge + /t avt (v +wp,) d(2,,(s.1.9). ) ds

z
oy, (1:2)

SO

dz, (v.1,%), ds

d (me (5.1, -)z>

< |ldpa | + (IIVIIWz,ac + ||w||Wz,m)/
4
Hence, applying Gronwall’s lemma,

|de (7,1, 9),] < V2e(lV lwaeHlwly2e)le=]
17 -

With (6.12)), we conclude that
T
V(. 2)] V2wl e / oV 2 Hlwlhy20)le= g 7
0
<V2 lwllyoe TellV 2o tlwly20)T
Collecting the above estimates we find
POl pwree(rzy < CT (V0 + [0l yzee eV Tzl z)T
NPl 1w 10 (w2) L w
and thus
“(pﬂ [O’T]||L1(R+,L10W1’°"(R2)) = ||(P||L1([o,T],Lanlm(RZ))

<cT? <||Vw||L1 + 110l 2o e(”V”wwllwllwz,w)T) (6.13)
Step 2: bound on Séb (T'). We choose M according to Lemma[3.7] With the symmetry of w,

Vb 10

[ tom (o == (Vore= )+ v
X

Sgb(T) = '/ Tor Ve - Viw % <pyb - pSC’SM) pie<M
R, xR?

Then, using (5.26)) with

u,x) o= (Vop s ) & Vi) = / Py WVt y) - Viw(x - ydy

leads to

T
£2 (1) <C / (MOl o + IV O d
0

(|7 [ H, )|+ W e + el (lf ¥ l;‘%> .
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With Young’s convolution inequality,
lu@ll e < VOOl Lo IVl Lo

sc,<M
IVuol: < | (vors)

Mwllyz < VeIl L llwll 2
L
SO

&2 (1) <C @101 (IVwl s + llwll 2 )

LR, W1 (82))

([T (@ Hy )| + 1Vl + eoll ) (13 * IF) . (6.14)

Step 3: conclusion. There remains to estimate &£ ;b (T). With (3.23),

el <C |01 (I s + lleollysce)

LY(R,,L'nW=(R2))
_ 3a-1
([t (@ HyO] |+ 1V 1l o + Nl ) (l,% Y )
We combine this with (6.14)) and insert the resulting bound in (6.10):

£5,(1) <C ||o o1 (IV llwseo + lewllsce + 1wll =)

L'(R,,L'nW 1= (R2))

a -« 3 3a—1
<|Tr [yb(O)Hb(O)]|+ WVl -+ ||w||Lm) (1; S e >

Note that
§<a = 2—20{31—%
3 a
<1 —a—-1<—. 6.15
o == 2a S5 ( )
hence using (6.13)),

£5,(T) <CT? (V101 + s 2 12T ) (11 s+ il + ] 2)

_ 3a-1
([t (@ HO] |+ 1V 1l o + Nl ) (l,% Ml )
We obtain the desired conclusion by using Proposition U

Finally we turn to the

Proof of Theorem 2.4 Let % < a < 1 and M be chosen as in Proposition 6.4l From (3.26)),

'/Rz @ (pyb(t) - pjj’“(l))'

<C (Il + 1901l 2) (| Tr [ @ HyO)]| + 1V Il + el . ) (l,? + l,i”)
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On the other hand, using Proposition [6.4] and then (5.27),

/R X% (p;‘j’SM - p(t))

<IVelle Wi (5500, 00))

Ja-1
< ”V(p”Loo e2(||w||W2,oo+||V”W2,oo)f <VI/1 (p;Z,SM(O)’ p(0)> + Cz([, v, LU) <l£—20 + lb2a >>

<|IVoll = 21wl 200 HIV Iy 200 )1

1_a_6+a a ga_l
(W1 (,0.9©) + €0V, 0 (z,, P +z;>+c2(z,v,w) (z§—2a+z; ))

< (@l + IVl 12) U@zt Wilw20)t (1 4 €10, p, V, w) + Cs (1, v, w))

a_ 6ta o

1- a 3a—1
<W1 (pyb(o),p(O))Hb Y e >

Recalling (6.13)) and using the triangle inequality,

‘ /R @ (pybm - p(l))

~ |-g_ b _ 3a—1
<Co.t.V.10) (I9llyre + IVl 2) (W1 (£ p@) 41, 422 )

With

Cp. 1. Vo) = [Tr [, HyO)]| + 1V Il + N0l

+ e2(||wllw2,oo+”V”W2,oo)t (1 + Cl(o’ D, V, I/U) + Cz(l, v, w))

We conclude with with the following optimisation:

is maximal at

with maximal value
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