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We compare three available models of graphene conductivity: a non-local Kubo model, a local
model derived by Falkovsky, and finally a non-local Quantum Field Theory based (QFT-b) model.
The first two models are extensively used in the nanophotonic community. All these models are not
ab-initio since they contain phenomenological parameters (like Fermi velocity, chemical potential
and/or mass gap parameters that depend on the chosen material and possibly on external pertur-
bations), and are supposed to provide coherent results since they are derived from the same starting
Hamiltonian. While we confirm that the local model is a proper limit of the non-local Kubo model,
we find some inconsistencies in the QFT-b model as derived and used in the literature. In particular,
differently from the Kubo model, the QFT-b model shows a plasma-like behavior for the interband
transversal conductivity at low frequencies instead of the expected behavior (an almost constant
conductivity as a function of frequency w with a gap for frequencies fw < /(hvrq)? + 4m?2). We
show how to correctly regularize the QFT-b model in order to satisfy the gauge invariance and, once
also losses are correctly included, we show that the Kubo and QFT-b model exactly coincide. Our
finding can be of relevant interest for both theory, predictions and experimental tests in both the

nanophotonic and Casimir effect communities.

I. INTRODUCTION

Since it was isolated in 2004 [I], the conductivity of
graphene has been of great interest due to its potential
applications [2][3][4]. There are several different mod-
els for the conductivity of graphene that can be clas-
sified into at least three different kinds: based on the
Kubo formula [B][6][7], Quantum Field Theory based
(QFT-b) models [§][9] and based on a hydrodynamic de-
scription [T0J[I1][12]. Here we will focus on the com-
parison between the Kubo formula and QFT-b models.
These two families have a deep connection, but are not
necessarily equivalent. In Nanophotonics, the rule of
thumb is to use the Kubo formula [13], on the other
hand, in Casimir physics, some groups use the Kubo for-
mula [I4] [I5][16] [I7] while another use the QFT-b models
[8, @, 18] that has been used in several dozen papers in
last few years, and claimed as much fundamental than the
Kubo one since derived ”from first principles” [18][19].
In this article we compare Kubo-based and QFT-based
models for the conductivity of graphene. We find that,
by construction, the Kubo formula provides regularized
results that guarantees the fulfillment of the condition
uljiino " (w)A, (w) = 0 for constant static A, (w) [20] and
includes the effect of dissipation of electronic quasiparti-
cles in the conductivity. On the other hand, the QFT-

b model as it was developed and used in the literature
[B][9][21] not only does not consider unavoidable effects
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of losses on the conductivity, but also predicts an ad-
ditional divergent dissipation-less Plasma behavior that
cannot be cured by adding losses. We show that the
QFT-b model is derived using a not correctly regularized
theory and that, if correctly regularized not only does not
provide any non-physical results, but it becomes exactly
identical to the Kubo model. The Kubo and the QFT-b
model are not different, none of them has some partic-
ular ”first-principle” advantage, they start from exactly
the same Hamiltonian and they provide exactly the same
final conductivity/polarization result.

This dissipation-less Plasma behavior that appears in
the non-local transverse interband conductivity [§][9][21]
even when the chemical potential y is inside the mass
gap of the band spectrum clearly is not an acceptable re-
sult in normal materials and it would lead to unobserved
dissipation-less currents in graphene, irrespectively of the
mass gap, chemical potential, temperature and dissipa-
tion, in close analogy to superconductivity [22][23], but
without a proper microscopic theory [24][25]. This is the
main difference between the two models. However, we
find a range of parameters where the 2 models give equiv-
alent results: 1) The longitudinal conductivity for all fre-
quencies; 2) in the local limit and 3) the transverse con-
ductivity, for a sufficiently large (real and/or complex)
frequency w.

In [26] it was shown that the thermal Casimir energy
between graphene monolayers is corrected by & = Bhvp
instead of \p = Bhc (B = (kgT)™', vr ~ ¢/300 is the
Fermi velocity of electronic excitations in graphene, c is
the speed of light, kp is the Boltzmann constant and & is
the reduced Planck constant); the study of the Casimir
effect between graphene layers has been studied by the
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community as a platform to study the effect of tempera-
ture on Casimir effect [3].

Several different models of the em response have been
used to study the Casimir effect of graphene [2][3][27].
For safety small frequencies, as the Dirac point is close
to the chemical potential p, the tight binding model of
graphene can be approached to two (2 + 1)D massless
four-spinor or to a sum of four two-spinors. Due to its
simplicity and adequacy to experimental results, the lo-
cal limit of the Kubo formula, derived by Falkovsky et.
al. [28] (see also [29] and [30]) has been widely used
BI1[32][33]. This model takes into account the (real or
imaginary) frequency w, the chemical potential u, the
temperature T, and the dissipation rate I' = 771 of
the electronic quasiparticles for the Drude conductivity.
However, the dissipation for interband transitions and
the non-zero mass gap cases are not considered in the
model.

In [6], by using the Kubo formula [34] and the two-
spinor representation, the generalization to non-local
conductivities of [28] for finite mass gaps and non-zero
dissipation rate of the interband conductivity was per-
formed. The authors presented closed analytical results
for all complex frequencies of the imaginary positive com-
plex plane for the zero temperature limit. From these
results, the conductivity for finite temperature is easily
obtained.

Another different approach based on Quantum
Field Theory (QFT-b) of the four spinor in (2 +
1)D and on the RPA, like in [35][36][37][38][39] [40],
gives the conductivity from the polarization operator
18] (9] [210 [33] [41] [42] [43] [44] [45] [46] [47)[T9] to cite a very
small set of the literature, in this case, the dissipation
rate I' = 71 of the electronic quasiparticles is not con-
sidered (being equivalent to be set equal to zero), but
the results are valid for finite chemical potential u, tem-
perature T and non-topological Dirac masses m (note
that, in [46], the effect of topological Dirac masses was
described). The results of those models are ”obtained
on the solid foundation of quantum field theory and do
not use any phenomenology” [19], as a consequence, they
lead to the presence of double poles at zero frequency
for the dielectric susceptibility ”of doubtless physical
significance.” [I9]. Here, as this double pole is translated
into a single pole of the conductivity, we argue that the
inclusion of electronic quasiparticle’s dissipation and of
the proper definition of the conductivity tensor in terms
of the polarization tensor eliminate the spurious pole.

In this article, we compare the three different deriva-
tions of the conductivity of graphene in the small (k- p)
limit, and show that the local result of Falkovsky et. al.
can be derived from the non-local Kubo result. We show
how the QFT-b results are related with the non-local
Kubo results, that those results do not coincide and why
it is the case.

We hope that this study will clarify the kind of approx-
imations used in each different model, their similarities
and differences.

The article is organized as follows: In Sect. [l we in-
troduce the tight-binding model of graphene and the ap-
proximations used in the article, we also introduce the
notation we will be using throughout the article. In
Sect. [[I] we derive and present the formulas used to ob-
tain the polarization and conductivity of graphene in the
three different models. In Sect. [Vlwe show how to relate
the different quantities obtained in the non-local Kubo
model (the longitudinal and transversal conductivities)
with the quantities obtained in the QFT-b model (the
pure temporal term and trace of the polarization oper-
ator). In Sect. the non-local model of conductivity
derived from the Kubo formula is shown. In Sect. [VI] the
Falkovsky local model of conductivity is presented, and
its convergence of the non-local Kubo model is shown.
In Sect. the QFT-b model for the polarization (and
therefore the conductivity) of graphene is presented. We
re-derive the results shown in other articles and explicitly
show what is the relation of this model to the non-local
Kubo model, when the results coincide and when and
why they do not. In Sect. [VIII] we compare numerically
the three different models, highlighting their similarities
and differences. We finish in Sect. [X] with the conclu-
sions.

II. TIGHT-BINDING MODEL OF GRAPHENE

In this section we are going to derive the tight-binding
model of graphene. The goal is to show what approxima-
tions are needed to obtain the (241)D Dirac Hamiltonian
and the sum of four (2+ 1)D 2-spinor Hamiltonian. The
relation between the two formulas for the conductivity
we are discussing pivots around those 2 different repre-
sentations and their Green functions.

Graphene is a 2D material with a honeycomb lattice,
whose unit cell consists on 2 nonequivalent carbon atoms
in sp? electronic configuration. We model the electronic
excitations of graphene in the macrocanonical ensemble
with a tight-binding model of a bidimensional honeycomb
lattice [2][48][49][50][51]. This lattice consists on 2 non-
equivalent triangular lattices (denoted as A and B here).
The position of the atoms in each sublattice (or of the
unit cell) can be specified by a vector Ry, n, = niai +
noag (n; € Z), with lattice vectors

() e (). o

being a = 1.42 A the carbon-carbon interatomic distance
in graphene. The nearest neighbors of an atom of the
sublattice A are given by the vectors

ea(t) =3 (5) o5 () o

The reciprocal lattice is also a honeycomb lattice, whose
fundamental translation vectors b; are defined by the re-
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Table I. Table with the notation used along this article.

lation a; - b; = 27d;;, resulting in

() ()

3a

The tight-binding Hamiltonian of graphene in real space
is
16;]1<6

H=>">">" & g tax(d

i)CN Ry 465 (4)
nezZd M\ =1

where é; R, is the creator operator of an electron placed
at R, = aini + agng, with spin s = {1, ]}, triangular
sub-lattice (A or B) and orbital (2p, only in our case)
labelled by A in the unit cell. ¢y gr,, is the annihilation
operator of the electron. ¢y x(d;) is the tight-binding
coupling between an electron placed at R,,, with spin
and orbital A and another electron placed at R,, + d;,
with spin and orbital A’. Those coefficients can be calcu-
lated for each particular case. § is the maximum hopping
distance between atoms we consider in the model. As
the chemical potential u is close to the Dirac points, and
we are interested in relatively small frequencies, we only
take into account the 7 and 7* bands in our model and
first neighbors coupling only, therefore, the tight-binding
Hamiltonian operator of graphene in real space is reduced

to
:tzzczscjs (5)

s==+1 <z‘]

For clarity, we will add the contribution of the chemical
potential to the Hamiltonian later. t = V]mr ~ 28 eV is

the nearest-neighbor hopping energy [2][50], ¢, , and é&; 4

are the creator and annihilation operators of electronic
excitations with spin s = {1,]} at site 4, and in (i|j) 4
run to all the atoms of the lattice while j run all over the
nearest neighbors hopping sites of i.

In the momentum space, the Hamiltonian becomes

H= Y [ Mo @) (6)

s==+1

where we have defined / = / Lz as the momentum

integral defined over the Brillouin Zone BZ (see tab. ,

. 0 f(p )
H,(p) =t * , 7
(p) ( f*p) 0 (7)
and the bi-spinor in the valley sub-space as

wo) = (), ®)

CB,s(p)

where ¢4 s(p) is the annihilation operator of electronic
excitations in the sublattice A with spin s and momen-
tum p, and

3
flp) = =) &%
j=1

= —e 9Py _ 2¢1"7" cos (?apQC) . (9)

Diagonalizing H in momentum space gives the energy
spectrum as

Ex(p) = At|f(p)l; (10)
with A = £1 representing the conduction (A = +1) and
valence (A = —1) bands respectively, and,

[f(p)]> = 1+4cos’ <\/§2ch£>

+4 cos (3“2“) cos <\/§2“py> .1

Inside the Brillouin Zone defined by the parallelogram
b1 ® bsy, this function is zero at the K1 points defined as

27 1-1
K, = — 3, 12
T V3a < 0 ) 12)
with 7 = 41 the valley index. As the chemical potential
w is close to the crossing points between 7 and 7* bands

at the K, points, the dispersion of the bands can be
approached as [52]

3at

Hy(K,+k) = =~ (nkymi + kom2), (13)



h Pauli matrix of the sublattice pseudo-
From this expression the

where 7; is the it
spin for the A and B sites.
Fermi velocity is [50][52]
3at c
= —r —. 14
YF T 9n 300 (14)
Then, the dispersion band for each valley is approached
as

H (K, + k) = H"(k) = hwg (nki11 + kam2) . (15)

After applying this small (k- p) expansion, the electronic
Hamiltonian can be approached as a family of 4 (g = 2
because of spin degeneration and g, = 2 because of the
2 different valleys) 2D Dirac Hamiltonians placed in the
continuum limit as [50]

HZ/

s,m==+

X4 (k). (16)

This Hamiltonian represent a set of 4 equal Dirac cones,
labelled by their valley 17 and spin s. As a consequence,
in addition to the discrete C PT symmetry, the Hamilto-
nian possesses a global continuous U(4) symmetry that
operates in the valley, sublattice and spin spaces [49].
Finally, we combine the bi-spinors of the same spin
of the 2 valleys to form a Dirac four-spinor (note the
exchange of sublattices of the n = —1 valley terms) [49]

(K. + ) CASEK++2§

(K4 + cp.s(K+ +

\I/s(k) :(Tlis(K—‘r“i’k)) = Cgs( + ) ,(17)
CAS(K —l—k)

resulting into

_ T ‘v D
"=y /k VR P (k)L (k),  (18)

0 ki —iko 0 0
- k1 + ik 0 0 0
Dipy_ 1 2
H (k)=hvp 0 0 0 “ky + iky
0 0 —ky — iko 0
= hvp (alk‘l + a2k;2) ) (19)

Here the o* matrices are the Dirac matrices. For ¢ =

{1,2,3}, we have

ai=~3®ﬂ‘=<g 0 ), (20)

—T;

where 7; is the & Pauli matrix of the valley pseudo-spin
n [49]. It will be useful to define o as

70| 0 -
a0<00 TO>TO®TO, (21)

4

and we define the 8 matrix as «* in what follows

- 0
Ol4:5:7'1®7'0:<7_07(-)0). (22)

From those definitions, we have that a° is a 4 x 4 identity
matrix, and the anticommutation relations

{a',a?} =269 Vi, j€{1,2,3,4}. (23)

As a conclusion, we obtain 2 equivalent descriptions of
the Hamiltonian of graphene, one in Eq. , as the sum
of gsg, = 4 bi-spinors in the sub-lattice space, and an-
other one in Eq. the sum of g; = 2 four-spinors in
the sub-lattice-valley space.

A. Action of graphene

To connect to the covariant QFT description of
graphene []][9][21][49], we write the full space-temporal
second quantized action of graphene given in Eq. as

S0 = 3 [ Wih) [hwa® — AP ()] w. (k)
s=+ 7k
SO R UCETABEATE (29
s=+ "k
HP (k) = koa® — hop (a'k1 + oks) (25)
with ko = hw (see tab. . This is the Dirac representation

of the action of the (2 4 1)D Dirac field. To write this
action in a full covariant way by using the Weyl represen-
tation, we define the matrices as yH = a4a“ With this

prescription, we have v° = o*a® = o, v* = ata* = a°
and, for ¢ = {1, 2,3}
N = atal = (—ify) @ T = 0|—7 . (26)
’ Ti 0

The usual anti-commutation relations are fulfilled

{47 =20""y" W{p,v}€{0,1,2,3},  (27)

where g = diag(+1,—1,—1,—1) is the metric ten-
sor. The Dirac conjugated spinor is defined as ¥, (k) =
Ui(k)a* = Ui(k)y°. Then the action is now represented
as

= Y [ wEwAY @YW, o)

with
HY (k) = kor® — hop (v k1 +72k2) - (29)

When this Hamiltonian is perturbed, depending of the
breaking of the C'PT discrete symmetries and on the
generators of the U(4) symmetry used, different kinds
of gaps in the Dirac bands can be induced [49][51]. Here
we will focus in two kind of non-topological mass gaps,
that we will denote them as m, and m in what follows.
The full Hamiltonian become

HP (k) = koa® — ( e+ a2/€2) —a’m, — a'm, (30)



HY (k) = koy° — (71]:71 + ’727~C2> —¥*m. —~v*'m, (31)

where m, is a hopping term between fermions of the same
valley [60][51], while m couples quasi-particles of different
valleys, being it a non-local interaction, but it is a pos-
sible result for the symmetry breaking interaction over
graphene [49].

B. Macrocanonical ensemble

As we are working in the macrocanonical ensemble, we
add a term to the action of our field

S, = ; /,c pN, (32)

where p is the chemical potential and N is the number
of particles operator. This term can be written in each
representation as

S =u) JRACIR A

T 0
D> /k (k)" (k). (33)

In order to compare between the different models of the
polarization operator, we are going to use three different
macrocanonical hamiltonians for graphene, the bi-spinor
expression from Eq. , where

Sy =S;i /k N (R) 7o + ) — (k)| 2 (R)(34)
H(k) = hop [nkymy + kame] + T3AT, (35)

with m, = A7, the Dirac form of the Dirac Hamiltonian
(using Eq. (30)) as a bridge between the 2 formalisms

Sp= Y /k Wl(k) [AD (k) — %] W (k). (36)
s==

and the covariant expression of the Dirac Hamiltonian

(using Eq. (31)) as
_ 7t TW Ly A0
Sw = 3 [ 909 [0 -] w67

C. Effect of interactions

Electronic quasiparticles are subject to differ-
ent possible interactions: phonons, scattering cen-
ters, the unavoidable Coulomb interaction, external
fields, illumination, decoration (impurities) and so on
[4[531[54] 2] [29][55]. When the effects of interactions is

taking into account into the dynamics of the electronic
quasiparticles, the Hamiltonian is modified by the causal
self-energy X(w,q) = Xg(w,q) + iX7(w, q) [10][29][55],
then the electronic spectrum is modified by the addition
of a real self-energy Y g(w, q) (whose effect is considered
here small and absorbed into the phenomenological con-
stants of the Hamiltonian) and an always non-negative
imaginary part Yj(w,q) (to respect thermodynamics),
which leads to a frequency-dependent finite dissipation
of the electronic quasiparticles [G4][4][2]. Here we
argue that the electronic dissipation is a small non-zero
quantity and we assume that its effect on the electric
conductivity can be well approached with the finite life-
time approximation by a constant imaginary dissipation
rate I' = 77! [4][56][55][57]. Taking into account that
the measured electrical conductivity of graphene is a
high but finite quantity (¢ = 96 x 106 Sm~! in[58]),
and that the dissipation time has been estimated to be
on the order of 7 « 6 x 10713 s[4][53], we will take this
quantity in our study. Of course, in situations where
the effect of interactions in graphene is of paramount
relevance (beyond its non-zero nature), like in the study
of the electron-phonon interaction [29], the universal DC
conductivity of graphene when p = 0 [10][11][12] [59)[60],
our interactions-naive phenomenological approach would
not be enough and a more detailed study of the effect of
interactions will be necessary.

D. Green function

For a general linear hamiltonian H(r), we have 2 dif-
ferent expressions of the same Green function. Defining
ko = hw, the Green function fulfils

H(r)Go(r, s) = 8(r — s), (38)

then, in momentum space we have H(k)Go(k) = 1 and,
therefore Go(k) = H~'(k). For each one of the four-
spinor Hamiltonians, its inverse operator is

1 oK, + o'm

D _ g1 _ _
gO (k) - HD (k) - Oé“K# — atm - K“Kﬂ —m2 a(39)

B 1 B YK, 4+ ~v*'m
- YK, —yim o KrK, —m?’

Gy (k) = Hy' (k) (40)

where we define K, = (hAw + p, hvpki, ivpks,m;) (see
tab. , the Einstein summation convention is assumed
and

K'Ky—m? = [ [w+p—e] =[] [w-&] (A1)
A==+ A==+

where

en = M\ (hopk)? +m2 + m2. (42)

with k = \/k? + k3 (see tab. . There is another equiv-
alent expression for a general linear hamiltonian of the



form hwp = kotp = H 1 in terms of the eigenvalues and
eigenfunctions of the Hamiltonian, starting again from

the equation of the Green function (fco — ﬁ) Go(r,s) =

d(r — s), from the eigenproblem
1ur) = (e =) ) = &3] ). (43)

note that the chemical potential ;1 has been absorbed in
H. The macrocanonical Green function in momentum
space is

Golk) =3 ‘1:>_<u: ] (14)
A 0 k

which is a eigenvalue expansion of the Green function. In
our case, the Hamiltonian is diagonal in spin, therefore,
the Green functions are multiplied by §s.

E. Presence of an electromagnetic field

We introduce the coupling of the electronic quasipar-
ticles of the lattice to the electromagnetic field via the
Peierls substitution [49][61]

16;]1<5

H= 3 dptan(d

nez A\ j=1

) iqAR,,0; » v, 'n,+6j(45)

where we have approached

exp iq/ A(r) - dr | = ¢'1ARn 0% (46)

being ¢ the electric charge of the quasi-particle described
by the Hamiltonian, for electronic excitations we have
q = —e. At linear order in Ay, the Hamiltonian in recip-
rocal space is

[6;]<8

Z tan (6
//ZAAT M (p+qAq) e} . (47)

LW

)ei(PHaAa)8; | A

H Cp

I
a—
e

<M
%
=

It is clear that, at first order, the inclusion of the Peiers
substitution leads to a minimal coupling of the momen-
tum [49]. To study the electric conductivity, we need
an expression for the current, understood as the conju-
gated force of the potential vector. Then, expanding the
Hamiltonian at linear order in A, we obtain at linear
order

H = Ho+/JH7_qAZ:H0+/J;qAZ
q

6H
w
Ho+ | Sam (48)

Q

Therefore, the second quantized current is defined as
. _ AT 3, A’ ;Y
Tia = 5AM / D Glgdat p)E . (49)
PN

with the current operator given as

P () = O R+ ady) o1 (p)
7 - © - L
8Aq Ay—0 8p‘
q OHM (k)
= 10 W) g, (50)
ho Ok, ’

where we have used p = hk and 9, is the velocity opera-
tor of electronic quasiparticles. For electronic excitations,
we have ¢ = —e.

III. EM RESPONSE OF GRAPHENE: THE
QFT-B MODEL CORRECTLY REGULARIZED IS
IDENTICAL TO THE KUBO MODEL

A. Constitutive relation of the electric conductivity

Starting from the microscopic Ohm law, the electronic
current is obtained as

Ju(waQ) :U;W(Waq)EV(W7q>v (51)

where 0, (q) is the conductivity operator, q = (go,q)
(see tab. [[) and E#(w,q) = —iwA"(w,q) is the electric
field in Coulomb Gauge Note that we are working in
Coulomb Gauge, but we can restore Gauge invariance
at the end of the calculations by writing all final re-
sults in terms of explicitly Gauge-invariant quantities.
In appendix [D} by using the Kubo formula [5] on the
microscopic Ohm law, the Luttinger formula is obtained
[62][63]

)= DT D ) )
—iw —iw
where the polarization operator is defined as
I, (q) = Tr (Ju(a)J;(q) (53)
and
[ (q) = I**(q) — lim TI"*(q). (54)

w—0

In appendix [D} Eq. (D16)), we also derive
Juw,a) = [T (w,q) = Tim T (@, )] 4 (w, q). (55)

Note that this subtraction, which we derived here sim-
ply from Ohm law and time causality, naturally im-
plies that there cannot exist electronic current when
E¥ =0, i.e., when always J,(w = 0,q) = 0 even when
Au(w = 0,q) # 0 irrespectively of the functional and



tensorial form of II,,(w,q). This is a strong physical
requirement, already discussed by V. Abrikosov in 1963
[64] and more recently in [2§].

However, sometimes, a different transport relation is pro-
posed [8][9] [21][33] [42] [43] [46] [65]

J;L(qu) = Huu(qu)AV(qu)a (56)

This is a natural choice for the transport coefficient pro-
vided in Eq. . However, as written, this linear rela-
tion could possibly lead to non zero electric currents even
when the electric field is zero and to spurious dissipation-
less currents. This pathological result is present in the
QFT-b model as is developed and used in literature, and
that will be discussed in detail in section Sect. [VIIl

B. Polarization Operator

The Kubo formula for the polarization operator is

I (q) = Tr (Ju(a) 5 (a)) (57)

which can be reduced to the bubble Feynman diagram as
[66] [67]

Mlo) =i [ T (GH00TM 19GY e @) 12Nk +0))(58)

> dk,
Here we use the definition / = / - / (see tab. ,
k oo 2T Jk

Gy(k) = <6ﬁéf{"f>0 is the Green function of the un-

perturbed Hamiltonian of the system, and jﬁ")‘/ (q) is
the current operator of electronic quasiparticles, defined
in Eq. . For a general linear hamiltonian of the

form hwtyp = ko = Ht, the Green function fulfils
(1505)‘/”\ — ﬁXJ‘) G)(r,s) = 6 2(r — s), and we have
the eigenproblem

) () ) -

n > (59)

J

note that the chemical potential u has been absorbed in
H. The macrocanonical Green function in momentum
space is

.
Gy(k) = ; T (60)

The use of a different (space-time covariant) form of the
Green function for the Dirac Hamiltonian leads to dif-
ferent representations of the same result discussed here
[9). After introducing the Green function into the po-
larization operator, using that Tr (ABC) = Tr (BCA),
and applying the Matsubara formalism to carry out the
ko integral for the fermionic case by using ky = hAw, =
%’r (n—i—%) Vn € Z, and qy = ihw,, = i%” (m—i—%), we
obtain the following.

< dky 1 1
v eI
—o0 0 fk o+ qo fk.;_q

Fermi

1 1 1
B % ihwy — & ihwn, + ihw, — &

k+q
np(&y) = nr(&nyy)

= - — (61)
ihwm + gl)c\ - g]:;\_t,_q
where the Fermi-Dirac distribution is
1 1
A
= = . 2
nF(gk) eﬁéﬁ + 1 6'3(627#‘) + 1 (6 )
Note that we have used ng(ihw, + f,)e‘;rq) = nF(ffc‘;q).

Using the definition of the electric current operator given
in Eq. 7 the Green function obtained in Eq.
and the analytically expanded Matsubara sum given in
Eq. to the whole upper complex plane by applying
the formal change iw,, = w € C* into the definition of
the polarization operator given in Eq. , we obtain

1’)1/

Aol A z
atte (]| (i
" (q,p,T) = 1622/ VAN

A Y
hw + €

(2m)¢

where we have removed the trace operator because it is
only applied in the k-space and in the (A, \')-bands space.

In order to connect with the conductivity obtained
from the Kubo formula, using that the Kubo formula
for the Ohm law imposes that lin%) " (w)A, (w) = 0 for

w—

constant static A, (w) [20] (except for superconductors
[23][22]), we have to remove the effect of the w — 0 limit

W
i k> {nF(ffc\) —nF (fl’:;rq)} ) (63)
k+q

(

by using
1 . 1 1 1 1 hw
m+A*$%m+A*m+A*Z*m+Ai<ﬁ4)
-1 1 1 1 1
= e lim —
ho+AA  hw |hwt A ws0hwt Al (65)

therefore, we obtain I1"”(q) = IT*(q) — lim II*¥(q)

w—0



,Ol/

Al N A A ’
d%k <Uk‘1)”’uk+q><uk+q Uk> ’I’LF(§I)€‘) — nF(El/c\—&-q)
A Y ’

d AN _
‘Bz (2m) hw + €, — €rq €k ~ €ktq

I (q, 1, T) = ie*hw (66)

which resembles the Kubo formula for the linear conductivity, finally, using Eq. , we obtain the conductivity as
[34][68] [31]

Ao N 2\ ~uloa ,
WG T T) = —ie2h d <Uk’1}“‘uk+q><uk+q’v ‘Uk> np(fi‘)—np(fl)c‘_i_q) o7
@l T) = e Z (2m)d fiw + € — e S . (67)
AN BZ €k €k:+q ek €k+q

Taking into account the effect of interactions into the dynamics of the electronic quasiparticles, the Hamiltonian
is modified by the self-energy X (w,q) = Yg(w,q) + iX;(w, q), then, the electronic spectrum is modified by the
addition of a real self-energy Yp(w,q) (whose effect is considered small and absorbed into the phenomenological
constants of the Hamiltonian) and an imaginary part, which results in a frequency-dependent finite dissipation of
the electronic quasiparticles. Here we have argued in subsect. [[TC| that the electronic dissipation is small and can be
well approached with the finite lifetime approximation by a constant imaginary dissipation rate I'* = Ty ! then, the

. . . . A A | tETA A Nox N R
electronic quasienergies are modified as e — € + 1A' and e, — €0, = €, — 1AL, therefore

A N N NN . ’ . 4
o' (g, T) = —ie*hy / atk ([0 dha) (e 9°2) migd +i00) — mi(g,, — inT) (68)
s 2 Jpz @O hw + (TN A TY) + e} — g A +TV) 4 6 —enpg

where also the electronic eigenvalues ui; are functions of AI'*. Assuming that the dissipation ranges are small, at first

order approximation, by using I' = I'* + P)‘/, we obtain the Kubo formula we are going to use

4% <u2’f;ll‘ug;q><u£;q’f}”’u2> nF(fé\) — nF(fli\lJrq)

2m)? (w+1iT) + e — 6y A Mg

o (q, 1, T) = —ieQEZ/BZ( (69)

AN

where any possible dependence of u,); on AI'* has disappeared as well and the effect of the small electronic dissipation
is given by the phenomenological I' > 0 in this approximation.

(

In Eq. (69), the dissipation rate is the inverse of the  Hall (0j7) and sinusoidal (cg) components as [32} [74] [75]
mean lifetime of the electronic quasiparticle I' = 771

1" : ; A GG
[f;(/)] [BO][4]. .It appears as the imaginary part of (ek oij(amT) = qi% o1 (w, @, T)

€ +q), but it is not a bad approximation to consider qj
it as a constant, therefore, iI' can be absorbed into a .
now complex w — go = (w + il") [57]. This formula + (6, - 4id; or(w, G, u,T)
for the conductivity (Eq. (69)) derived from the Ran- Qﬁ

dom Phase Approximation is completely equivalent to
the Kubo formula, which has been derived elsewhere -~ s
162) [29] [281 6] [70) [71] [72] [34] [73] [63] [57). In the following +(‘”‘”Lf”‘”‘”)as (w, G, 11, T)(70)
section, we are going to relate the expressions for the con- q9j

ductivity obtained in the different models we compare.

+€ij0—H(wv (jv Hy T)

where this is a sum over repeated indices. In general
os # 0, but for graphene it is zero, we show here the
complete analysis. Here, q = (cjo,cj”), q, = (G1,G),

IV. TENSOR DECOMPOSITION (jﬁ = \/m (see tab. , 0;; is the Kronecker delta
function and €;; is the 2D Levi-Civita symbol. However,
If we want to compare the results of QFT-b model [§] a relation between {01, 07, 01,05} and {0¢g, o1, } can be

with the results of the Kubo formula [6], we observe that deduced from Eq. by using the transversality con-
in the former the results for the non-local polarization dition g,0"(q) = 0, where g, = (90,91, q2) = (W, q1,q2)
operator are written in terms of of the component Ilyg (see tab.[l) is the momentum of the quasiparticle, (inher-
and of the quantity IT = QﬁHtr —¢?Ilg, while in the latter  ited from the transversality condition of the polarization
the results for the non-local conductivity tensor o;; were operator), that can be deduced from the application of
written in terms of longitudinal (o), transversal (o),  the continuity equation (0,j*(z,) = 0) for the charge



3-current inside the material together with the Ohm law
for linear currents (j*(q) = o*¥(q)E.(q)):

4ui" (@) = quo" () E,(q) =0 = ¢uo"(q) =0 VE,(71)

In all the text that follows, we use the metric tensor g,,, =
diag {+1,—1,—1}. Separating the temporal component
of the 4-vectors, we get q,,0"" (q) = o0 (q) —qa0™ (q) =
0, therefore, we obtain

on(q) _ 720" (q)

q0
Using Eq. , we obtain
UOl(q) _ q101(q) + @2(omu(q) — 0s(q))
d0 (73)
_ 20.(q) —qi(om(q) —os(q))
o%(q) = ” :

Now we can use that the transversality condition is also
fulfilled for the second index of the conductivity tensor
o"¥(q)q, = 0 as well, obtaining that

70(q) = e, (74)

Using again Eq. , we obtain

q101(q) — g2(om(q) +os(q))

UIO(q) _ 2 |
UZO(q) _ Q20'L(Q) +Q1(OH(q) +0s(q)). (75)
q0

Note that, in general, o, is not symmetric because of og
and of the purely antisymmetric term og. From those
results, we can now derive the 00 component as

2
3a0™(@) _ ¢a0”(@)gp _ 4
a®(q) = @ _ 2( 0 _ ). (76)
do 45 Q
Now we have derived the full form of the conductivity

tensor, we obtain the trace as

Tr (o) = ot = g’ = —or(q) —or(q)=5. (77)

Sl

where . = (hvp) ™", /g5 — G (see tab. . From the ex-

pressions for ¢%° and oy, we obtain that
%
or(q) = ?Uoo(qh
e (78)
or(q) = —ou — q%OOO(Q)-
I

As a conclusion, the conductivity and polarization ten-
sors can be decomposed into the sum of four components
[75] [46] as

ouw = Lyor, + Tyor + Hyon + S0, (79)

with
4
qodpu q, qoqv
b = (0 ) 2 (50 22
8 ( a2 ) dja g2
T = 4, (5”- - q”‘f) 5 (81)
4
0,45 q’
H,, = (-1) opt % €pp—, (82)
q0
QuQp€pr — €upQpQu
S, = pdp€p 2upp , (83)
9
where
q2
da = Qo — i50(x~ (84)
q0

So, now we can compare the results of [8] with the results
obtained in [6]

V. KUBO FORMULA FOR GRAPHENE

By using the Kubo formula (Eq. (69)), in [6], the au-
thors obtained the spatial part of the 2D-conductivity
tensor for the 2D Dirac cone given by Eq. (see tab.

ﬁg(k)20é171+];27'2+73A2, (85)

where m, = Al. Depending of the indices s and 7,
and of external and internal perturbations of the 2D
material, each mass-gap A7 can take different values
[50][76] [77] [78] [T9], which are zero for suspended and un-
perturbed graphene sheets. The velocity vector operator
is 0; = Oy, H = hvp(nty, 7y) and the eigenstates of the
Hamiltonian from Eq. are

12324-177];71

1 — (A" A= T

RPN — PRI P
2ep (ep + AT) k

with  corresponding eigenenergies (compare with

Eq. (#2))

en = M/ k2 + (AD)2, (87)

If we compare with the Hamiltonian of graphene given
in Eq. , we see that we can factor this four-spinor
hamiltonian into the sum of two two-spinors hamiltoni-
ans, one from the second and third rows and columns,
and the other from the first and fourth, as indicated here

]~€0 +m 0 0 ]~€1 — il~€2
- 0 ko +m ki +ik 0
D k) = n 0 ! ~1 2
st ( ) 0 k1 — ko k‘o —-m 0
k1 + iko 0 0

(83)

kofm

Then, the conductivity for each Dirac cone can be ob-
tained from the results of [6], and the full conductivity



will be the sum of the contribution of the four cones
(two cones due to the factorization of Eq. shown in
Eq. , each one counted two times because of the spin
degeneration gs = 2). The velocity-velocity correlators
are given in [6], and in Eq. (L05)). Those results are valid
for all frequencies w € C*, and we remind that they are
the conductivity per Dirac cone, to obtain the conduc-
tivity of Graphene, we must to sum the contribution of
each 4 Dirac cones, having into account their respective
(signed) Dirac masses by using

op(@) =D Y opla, AD), (89)

n==+ s==+

for p={L,T,H}, os(q, A7) = 0 for any Hamiltonian of
the form of Eq. . From the decomposition shown in
Eq. of #P (k) into two 2-spinor Hamiltonians H" (k)
of the form of Eq. with Dirac masses A” = nm (ro-
tate the 2-spinor Hamiltonian obtained from the first and
fourth rows and columns 7/2 rads), the Chern number
of the studied model of graphene is

C= Z Z sgn(nm) = 0. (90)

n== s==+

Therefore, graphene with the induced mass studied here
is topologically trivial, and there is not any Hall conduc-
tivity (o = 0).

Due to the requirements of causality and realism, o,
do not have poles for w in the upper complex plane, and
Eq. is valid for all complex-values frequency with
positive imaginary part simply promoting w € R as a
complex variable w € C*. In [6], it was proven that
the spatial components of the conductivity tensor o;; can
be conveniently given by separating between longitudinal
o, transverse or, and Hall o, contributions [6] [32 [74]

75] (Eq. (70))

oij(a,p,T) = —5-0o

+ (51] - qug) O'T(UJ, 67 122 T)
+€ij0H(wa(jv 22 T)v (91>

because og(q, A7) = 0 for any Hamiltonian of the form of

Eq. ' Herea q= (Qan|\)a q~H = (61762)3 (jﬁ =V (j% + (j%
(see tab. , 0i; is the Kronecker delta function and e;;
is the 2D Levi-Civita symbol. This expression has been
generalized in Eq. of Sect. for the complete con-
ductivity tensor o,,. The explicit analytical form of
those three functions for real and complex frequencies
in the zero temperature limit can be found in [6] and in
the appendix [A] To obtain similar results for finite tem-
peratures, we should apply the Maldague formula [80] [§1]

o a; (q7 Ea 0
0ij (qa Hy T) = [ dE ! 2 ( E—p )
o0 4kgT cosh T

(92)
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where ¢;;(q, 1t,0) is the zero-temperature conductivity
result. This is the more general formula for the lin-
ear non-local conductivity based on the linearized tight-
binding model with a constant dissipation time parame-
ter 7 =T ', and it is completely equivalent to Eq. .
To go beyond this result, the full tight-binding model
of graphene should be used [82][59] instead of the lin-
ear approximation, a deep more detailed study of the
effects of the different interactions in electronic quasipar-
ticle spectrum [I0][II][12][60] or more detailed ab-initio
models [83][84][59].

VI. LOCAL LIMIT OF THE KUBO
CONDUCTIVITY

There is an special case in the local limit (when we
apply the g — 0 limit to the Kubo formula ) when
results valid for all temperatures can be obtained. The
local limit of the conductivities of one massive Dirac cone
are [6]

2 2
oo | pt— A1
Opz(w,0,1,0) = i— | —————=0O (|u| — |A]
R CIUZE )
N A? 02 4+ 4A2 1 (19
MQ 2102 2M ) |’
- 20'() UA 1 1Q
ny(w,(),pb,()) = TEtan m . (93)
oo = ac/4 is the universal conductivity of graphene

(a = ;—26 is the fine structure constant), Q = fw + iAl'
and M = Max [|A[, |u|]. These results are per Dirac cone
and are consistent with those found by other researchers
[68][29] [69] [30] 28] [311 [32] [33] [85] [86] [47] [43] [8 71 []8] []9).

The first term in o,, corresponds to intraband transi-
tions, and the last two terms correspond to interband

transitions. Note that, in the local limit g = 0 one
obtains 0,,(w,0) = 0yy(w,0) = or(w,0) = or(w,0),
and o,y(w,0) = —0yz(w,0) = op(w, 0).

This model not only serves to model the local con-
ductivity of graphene with mass, but also any other 2D
Dirac cones, like the surface states of a Three Dimen-
sional Topological Insulator [90] and Chern Insulators
[91]. By summing the contribution of several different
2D Dirac cones with A # 0, non-trivial topological states
with non-zero Chern number can be studied [79][91].

Here we are going to compare this result with the
Falkovsky model of massless graphene [31], we need to
obtain the A — 0 limit of the sum of the contribution of
4 Dirac cones, then

crm(w,qu = O,T = O,A = O)

PR w) + o o),
ac |pl

m —iQ’

. _i0
onter(y) = ;;tan_l( - ),

2|l
O’iy(u)7 qH = O,T = 0, A= 0) 0. (94)

oinir(w) =



By applying the Maldague formula (Eq. ) to this re-
sult with A = 0, in the non-dissipation limit for the in-
terband term and for finite temperatures, the well-known
result of Falkovsky [31][30] is obtained as

O’fllj‘il) (w’ ]‘—‘7 T7 M) = O—F,intra(w7 F? T’ ILL) + O—gfifinter(w7 07 T? /"L)’

TrxT

; 1 2iackgT
obhintra, T T, ) = - ZIHORBL [QCOSh <2kl;T>} ,

wh w+ il

. hw
ghinter (4, 0.7, 1) = %G (’2D (95)

T
cacdhw [ G(f)_G(‘QD
i IZT/O K4
with

Gle) = sinh (Be) (96)

cosh (Bu) + cosh (Be)

We have the absolute value in the preceding formula
because we are handling also negative real frequencies,
while in [31] the result for only positive frequencies were
derived. The derivation of this result for real and imagi-
nary frequencies is given in the appendix [B]

VII. ON THE QUANTUM FIELD THEORY
BASED MODEL FOR THE CONDUCTIVITY
AVAILABLE IN CURRENT LITERATURE

In literature exists another QFT-b model for the non-
local conductivity also based on the polarization operator
of a 2D + 1 Dirac Hamiltonian [8][9][21][33][42] [43][46],
but different from the one we just derived in section
Sect.[V] That model has been extensively used in the con-
text of Casimir effect, compared to experimental results
[8], and it has been proposed as intrinsically more fun-
damental than the Kubo one since based on ”first prin-
ciples” and being "not phenomenological” like [I8] [19].
This same model, due to a claimed coherence with the
Lifshitz theory has also been suggested as model to mod-
ify the well know dielectric function of metals itself [19].
In this section we show that that model, first does not in-
clude unavoidable losses coming from the inelastic inter-
actions of electronic quasiparticles with different objects
always present in real samples as phonons, scattering
centers, lattice dislocations and non-linear interactions
for example, as discussed in Subsect. To add such
losses at this level of theory it is enough to simply intro-
duce a constant parameter I' = 71 as the inverse of the
mean lifetime of the electron quasiparticle, which is an
experimentally measured quantity (See Subsect. . In
addition to that, that theory is also not physically cor-
rect and predicts nonphysical features like an intrinsic
Plasma behaviour that cannot be cured even by adding
losses. We explain the origin of that pathology and show
that a correct regularization of that model (as done in
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Sect. make that QFT-b model exactly identical to
the Kubo model we derived in previous section Sect. [V}
The starting point is the linear relationship given in

Eq.

Ju(w, q) = (w, @) A" (w, q). (97)

To connect this result with the microscopic Ohm law
Ju(w,q) = o (@) E” (w, q), (98)
where o,,(q) is the conductivity operator, and

E*(w,q) = —iwA*(w,q) is the electric field, the re-
lation between II,,(q) and o0,,(q) is assumed to be
[65][92] [93][94] [95] [96] [8] [21][19]

(@)

—1W

0y () = , (99)
with the Polarization operator defined in Eq. 7 but
using the covariant action and covariant Dirac Hamil-
tonian given in Egs. and Eq. (31). Note that,
contrary to the result obtained in Eq. (55) and in the
appendix Sect. there is no additional regularization
term il—>mo I, (w,q)). Remarkably, we show that this

additional regularization term makes the results for the
transversal conductivity different from the results of the
Kubo formalism.

In this formalism, the Polarization operator is also de-
fined in Eq. , but using the covariant action and co-
variant Dirac Hamiltonian given in Eq. and Eq. .
In addition to that, the main difference with the polar-
ization operator obtained in Eq. , is that, instead of
using the expression of the Green function as an expan-
sion on eigenfunctions given in Eq. , a covariant form
of the Green function of the Dirac Hamiltonian (Eq. (40,
see tab. [I)) is used instead
1 MK+ ¥im

(
YK, —vim n KrK,, — mQ\lOO)

Gy (k) = Hy' (k) =

This is the reason why apparently the results obtained
in [R][41][42][9][21] [32] [33] [46] [47] look completely differ-
ent to the ones obtained by the use of the Kubo formula.
Here we are going to show how the two formalisms are
related, and under what circumstances they provide sim-
ilar or different results for the conductivity for graphene
with a topologically trivial mass term.

By using the definition of the current operator
(Eq. (50)), we obtain that

OHY (ko — eAn(K))
04, (k)
= —6(7070F717 UF'Y2)

€.0 ~1 ~
= = (%959,

Jrk) =

(101)

Inserting this result into Eq. , and using that the
Green function is diagonal in spin, we get

2
W(0) = 0,551 [ T (@ (0768 (e )77) . (102)



where g, = 2 is the spin degeneration, e? = ach, and

u = M(y0, vF7y) (see tab. . After carrying out the trace,
one obtains

];;Mgll + ];?151 + ];’252 +m?
_UF(kugl + k‘1§u)

—Up(zlugg + ‘];Iggu)

ZM(Kasqa) =4

_’UF(]’%},Lgl + /~€1§M)
’U%‘ (fcﬂgli + ];5151 — ];?252 — m2)

U%U;ﬁz + ko31)

12

ZM (Ko, qa)
KrE, —m?|[SFS, —m?]’

ac
""(q) = igs—
(a) n T

(103)

where S, = K, + Q, (sce tab. [[), and Z"(Kq,qa) is
obtained as [9]

—UF(];Mgg + ];525;1)
’U%(lﬁgg + k‘2§1)

U12;~ (];"ng + ];1252 - ];1151 — m2)

(104)

where IEH = ko + W, 8, =50 + 1, k; = hvpk; and §; = hvps; (see tab. . From this result, it is easy to obtain [40][65]

14 bithgen? o (B4 &) or (B + %)
2 Kosa) RN L
Z _vomsel ki 51 1 M} 2 kiSatkasy - -
N(Ka, ¢o) AXA: vE (52 o) v { e gl Rt s e
<uk oH uﬁl_i_ ><u,§+ ’v ’uk>
S ) PR S A i , (105)
_EX [5n — &N
FBY {ko fk} (80 — &3]
[
where N(Kq,qa) = [K'K, —m?] [S*S, —m?] is the  Appendix [C] and results in (see tab.
denominator of Eq. (103)), u2> are the eigenfunctions
. o . . " (q) = igse®h® | [1 — N, (ex)]
of the spinor Hamiltonian (35) with A — m defined in ! Ys & AN
Eq. and &7 are their corresponding eigenvalues, de- A
fined in Eq. with Eq. (87). The product of velocity X Z ZWN(Gk’ k/,\q;), q)2 ,  (106)
correlators coincide with the ones obtained in [6], with 1 %€k (G + ) — €2)
m instead of A, proving explicitly that, even if we start ]
from the covariant Hamiltonian, the Polarization opera- where we have defined, using Eq.
tor (and, therefore, the conductivity) for graphene must
be the same as the one obtained with the expression of Nu(e) = Z np(e+nu) =1—G(e). (107)

the Green function as an expansion on eigenfunctions in
Eq. . However, from this expression we observe that
there is a difference between the results obtained from
the Kubo formula (Eq. (69)) and the results derived di-
rectly from Eq. . In the former we have regularized
the polarization in such a way that 3}1_% " A, = 0isim-

posed, while in the latter there is not such regularization,
and it is related with Eq. instead. As a consequence,
the results derived from Eq. are regular for small fre-
quencies with a finite DC conductivity, while the results
derived directly from Eq. without regularization
has an infinite DC conductivity coming from the infinite
dissipation time and from an spurious Plasma behavior
whose origin is an interband transition.

Applying the Matsubara formalism directly to the ex-
pression of Eq. using Eq. instead of Eq. ,
we obtain the expression for the polarization operator
shown in [9]. The detailed calculations are shown in the

n==%

Following the notation of [9], the Polarization operator
given in Eq. (103)) can be written as

1" (q) = 115" (q) + ArI*(q), (108)

by construction, IIf”(q) is independent of temperature
and of the chemical potential p [9], it can be understood
as the interband contribution with p = kT = 0 eV.
Note that II}"(q), as shown in Eq. (106)), has an ultra-
violet divergence, which can be removed with a Pauli-
Villars subtraction scheme [32], solved by a 1/N ex-
pansion [75] [@7] or solving the regular integral given in
Eq. (63) [B7][6][65]. The regularized IIf”(q) will only
coincide with the regular result obtained from Eq.
using Eq. and the relation between Polarization and
conductivity show in Eq. (99) [6] if the regularization
term derived from the Kubo formula in Eq. of ap-
pendix |D| does not contribute to the end result. We will
observe in what follows that this is not always the case.



In the appendix [C] we derive the expressions for the
longitudinal and transversal parts of the polarization op-
erator derived from Eq. (106). The longitudinal polar-

ization is obtained as
ac gy
Ir(q / — [1 — Ny(ex
@0 =-20.5% | 5 )

M, k
v Z [1+ 00(do I qH) ] (109)
et Q(do. ky» qy) + 2k - g
with g2 = g3 — gjf (see tab.
Moo(Go. k. G)) = —G2 +4doep + 4e,,  (110)
Qdo, k@) = —a — 2dock, (111)
while the transversal polarization is
. acqg 1
1I = 2ig — |1 - N
rla) = hqpé%k[ (ew)]
~ ~ 62 7 ~ A\
x> |1+ Moo (do. ki, 1) — 433 (kﬁ + qoe’“) (112)
pyrt Q(os ky» qy) + 2k - 4
Using the parameters ¢, = /G2 — (jﬁ and § = 22

any complex frequency w € C* (go
2 (1

W(x):Q[m—&—(l—a:)tan (m)}’

in Eq. ( and Eq. .

= hi(w +1iI")), and
(113)

the regularization of IIj"(
lead to [§][9][21][92]

L ac G2
1y (q) = e ~° (9), (114)
. ac |
Hg/E))(Ol) = *QSI%QZ‘I’@)- (115)

In the particular case of imaginary frequencies, we have
jo = ih¢ = iZ, ¢ =i /E2+§f =0, = B, v = £ and

z

§ = 21 (see tab. [T , and it is show in the appendix that

92
the integrals can be reduced to

acC :2

I(q) = g5 =¥ (),

=¥ (116)

ac 0, [ -
Arll(q) = 27Thq _/ du, (025>
I

1 —wu® —2iyu
, (117
\/1—u2—2i”yu—|—(1—’yz)52H( )

1 —Re

Y () = g ——0.9(9),

s . 11
8mh (118)
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=2

ac 2%~ [ ~
Arllr(q) = —go5 = ~ﬁe /5 duN#(6‘25)

(i)’ + (2 1) & H (1)

1 —Re
V1—u? = 2iyu+ (1 —~2)82

X

These results coincide with the results published in
[8][91[21][92] [94] in their appropriate limits.

A. Differences with Kubo formula

With this result, we obtain that II1(q) obtained from
this QFT-b model is consistent with the conductivity ob-
tained from the non-local Kubo formula, however, II7(q)
is not because ilg%) IIr(w,q) # 0, therefore it must be

correctly regularized to avoid nonphysical results.

Having into account that Hg? ) (q) corresponds to the
uw = kpT = 0 €V case, it corresponds to the interband
conductivity. Therefore, the real part of this conductivity
must be zero when Al' — 0 (an electron in the valence
band has to jump to a hole place in the conduction band
to conduct; therefore, a finite gap exists as long as valence
and conduction bands do not tough). In [6] was found
that the interband conductivity can be writen as

Jim Re[or()) = f(@)© (hw — J4am? +a ) . (120)

this functional form is needed to obtain the correct con-
vergence with the local limit. However, from the expres-
sion published in [9], we find that

52 B2,.,2
oG T 0w, qy) = — e 28 121)
7,0 A i —ihw q\l 72002
diverges at small frequencies as
QFT—b S % (jH i) 2A O 122
ofo (W, q)) 17 —ihe ( @i + O], (122)

with ¢ = hvpg). Note that ojcg,gT_b(w,(jH) behaves

as a Plasma model without conduction electrons or
holes. This result of the QFT-b theory would implies
a dissipation-less electric current which is clearly not ac-
ceptable in normal materials. This is an explicit example
of the need to regularize the polarization operator in such
a way to fulfil the condition imposed by Gauge invariance
iiirb " (q)Ay(w,q) = 0 VA,(0,q). Therefore, we keep

the ¢ = 0 interband transversal conductivity derived in
[6] as the correct conductivity o term, given by

ac 1 -
oro(@) = -5 0.90) - qu@)|,  (23)
with 6, =, /(7€)? + G2, 6 = 22 and & = % (see tab. [I).

Note that this expression corresponds to the explicit elim-
ination of the w — 0 limit to the Polarization operator



lirr%J " (w)A, (w) = 0 for constant static A, (0) [20] [22].
w—

This is the difference between using the non-regularized
expression of the Polarization operator given in Eq.
and the regularized used given in Eq. . In Fig. [1| can
be observed, for real (hw) and imaginary (hw = ih¢) fre-
quencies the divergence of Eq. and the convergence
of Eq. to the local limit given in Eq. . For
imaginary frequencies (Fig. ) and for the imaginary
part of the conductivity for real frequencies (Fig. ),
the appearance of the Plasma-like peak is evident, for
the real part of the conductivity at real frequencies, the
Plasma-like peak is a Dirac delta and cannot be observed
in the figure (Fig.[Ip). It is interesting to note that, when
q — 0, the divergence disappear.

Here it is clearly seen the importance the regularization
term ul;lgb II,,(w, q) has. In the QFT-b models, the lack

of regularization at zero frequency opens the possibil-
ity of obtain spurious non-physical Plasma conductivities
without dissipation (I' = 0) in graphene, note that this
result is not cured even if dissipation (I' > 0) is artificially
added to the model. This fact actually happens for the
transversal conductivity aglgT*b({, q) in Eq. , the
longitudinal conductivity is saved from this divergence
because it scales with w? (See Eq. ), however, the

term ag%Fbe should be regularized as well to avoid any
J

or(ihg)
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equivalent non-physical behavior of the charge density of
the system. It is worth noting that, in the local limit,
this divergence disappears, so none of the models stud-
ied here have this non-physical dissipation-less Plasma
current in their corresponding local limit. Finally, the
non-local Kubo model, by construction, do not have this
divergence.

The appearance of this dissipation-less current associated
to the constitutive equation given in Eq.

Ju(qu) = H/M/(qu)AV(w7q)v (124)
resemble to the well-known London equation [23]
‘ —nge?
Jilw, q) = Ai(w, ). (125)

London equation also predicts the Plasma model for the
electronic conductivity without losses, but the Gauge in-
variance is explicitly broken. This breaking of Gauge in-
variance indicated the need of an additional microscopic
theory of superconductivity that would restore the Gauge
invariance of the theory, the BCS theory [24][98][25][22].
A detailed study of the Gauge invariance of the Kubo
and QFT-b models will be published in the future [99].
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1072
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Figure 1. (Color online) Double logarithmic plots of the real part of the transversal conductivity or (in units of the universal
conductivity of graphene oo = <F) as a function of the imaginary frequency hw = ih§ in panel (a), the real part for real frequency
Tuw in panel (b) and the imaginary part for real frequencies in (c), for the case with kg7 = p =0, A =2eV, Gy =1 ¢V and
dissipation rate AI' = 1072 €V. The thick black curve is the non-local conductivity derived from the Kubo formula, given in
this limit by Eq. (123)), the red curve is the non-local conductivity JjQ’IST_b(w, qj) show in Eq. (121)), the yellow curve is the local
conductivity show in Eq. and the green curve is the 7§ — 0 divergence of Eq. (121)), given in Eq. (122)). The dashed curves

in panel (c) represent the positive imaginary parts of the conductivity, while the full curves represent the negative values.

(

VIII. NUMERICAL COMPARISON yellow dashed curves respectively. The non-local conduc-
tivities derived from the Kubo formula with g # 0 eV
and A’ = 1073 eV at T =0 K and T = 300 K are repre-
sented by the thick red and the blue dashed curves respec-
tively. The non-local conductivity derived from the QFT-
b model with ¢y # 0 eV at T'=0 K and T' = 300 K are
represented by the dashed brown and thick green curve
respectively. We study the non-locality for ¢ = 1072 eV

and for g =1 eV.
As can be observed in Fig. [2] the results for the non-

In the following figures, we compare the longitudinal
and transversal conductivities derived from the 3 models
we have studied here. We compared for different tem-
peratures T', chemical potentials p, mass gaps A and
momentum ¢, the longitudinal (Fig. and transversal
conductivities (Fig. [3)) derived from the three different
models studied here. The local limit (¢ = 0) at T =0 K
and T' = 300 K are represented by the thick black and the



local longitudinal conductivities derived from the Kubo
formula and from the QFT-b model almost coincide. Ac-
tually, if we artificially add the (non-existant) dissipation
rate Al' to the QFT-b model, the two curves would al-
most superimpose, with any difference explained by the
use of different regularizations of the integrals. This fact
remarks the contribution the electronic quasi-particle dis-
sipation has in the conductivity, mainly for frequencies
wl ST

As can be observed in Figs. [3] the results for the non-
local transversal conductivities derived from the Kubo
formula and from the QFT-b model are very different.
The main problem here is that an spurious asymptote
proportional to (h&)~! appears for very small imagi-
nary frequencies. This difference is explained because
onqFbe(q) is not regularized as imposed by the Kubo
formula to fulfil ilg}) " (w)A, (w) = 0.

IX. CONCLUSIONS

In this article we have shown a detailed derivation
of the polarization II,, and conductivity o, tensor for
graphene close to the Dirac point in the continuous limit.
We have used the Kubo formula [6] (0%), a Quantum
Field Theory based (QFT-b) model (which approaches
the electronic quasiparticles as (24 1) D Dirac electrons)
[9] (¢®FT=?) and a local model [31] (oF).

The more general result is obtained with the Kubo for-
mula ¢¥. This result is valid for any complex frequency
(with positive imaginary part) w € C*, constant dissipa-
tion rate I', chemical potential p and Dirac mass m as
a closed analytical formula at zero Temperature T'. The
non-zero temperature results can be obtained after an
integration by using the Maldague formula (Eq. )

We obtain that the local limit of o® is actually of
if we make m = 0 and the dissipation of the interband
conductivity exactly zero.

We have derived the polarization (and, therefore, the
conductivity) as in the QFT-b model, we obtain again the
results published elsewhere, and we find that the longi-
tudinal conductivity derived from the Kubo formula and
from the QFT-b model almost coincide, with any dif-
ference explained by the different regularization strate-
gies used. However, there is not such a coincidence
with the transversal conductivity. The main difference
comes from the regularization of the polarization opera-

J
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tor used. In the case of the Kubo formula, the expres-

sion of the polarization operator is regularized by im-

posing lin}JH“”(w)A,,(w) = 0 for all A,(w), as shown
w—r

in Eq. (D16 of Appendix @ By the contrary, in the
derivation of the QFT-b model, as the assumed con-

stitutive relation (Eq. ) does not impose any reg-
ularization term, the Longitudinal conductivity derived
from the QFT-b model only coincides with the result
derived from the Kubo formula because the regulariza-
tion term accidentally cancels out in this case, this is
not the case of the Transversal conductivity, for which
the QFT-b result fulfils ul}lgb IIr(w) # 0. As a conse-

quence, a transversal Plasma conductivity is obtained in
the QFT-b model, that would implies a dissipation-less
electric current which is clearly not acceptable in normal
materials.
We have shown that the use of the Ohm law as the con-
stitutive relation between the electric current J, and the
electric field E” (Eq. (51)) instead of the assumed lin-
ear relationship of the electric current with the potential
vector A” (Eq. (56))) in the Kubo formula leads to differ-
ent models for the electric conductivity of 2D materials
described by the Dirac Hamiltonian, like graphene. This
difference can be traced out to a regularization term that
must be applied to the conductivity tensor. Once this
regularization term is taken into account, the Kubo and
QFT-b model exactly coincide for all parameters of the
model.

This result can affect to the prediction of the Casimir
effect with graphene.
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Appendix A: Non-local Kubo conductivity expressions

The analytical formulas for the non-local conductivities of 2D Dirac cones have been derived in [6] from Eq. (69).
Those formulas are naturally divided into two parts, one independent of the chemical potential p and another term
for which the chemical potential is accounted for. Namely, o,(q) = op0(q) + O(|u| — |Al)op.1(q), where © is the
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Figure 2. (Color online) Double logarithmic plots of the longitudinal conductivity oz (iA€) (in units of the universal conductivity
of graphene oo = 4¢) as a function of the imaginary frequency fiw = ifi§. The thick black and the yellow dashed curves are the
local conductivity (G = 0) at T =0 K and T' = 300 K respectively. The thick red and the blue dashed curves are the non-local
conductivities derived from the Kubo formula with ¢ # 0, hl' = 1073 eV at T = 0K and T = 300 K respectively. The
thick green and brown dashed curves are the non-local conductivity derived from the QFT-b model with ¢ # 0 at 7' = 300 K
and T = 0 K respectively, finally, the thin gray line is the universal conductivity of graphene with o(ikf) = 0o = <¢. In
a) {1, A, g} = {0,0,107%} eV, in b) {u, A, G} = {0,0.2,107%} eV, in ¢) {u, A, g} = {0.25,0,107%} eV, in d) {u, A, G} =
{0.25,0.2,1072} eV, in €) {1, A, G} = {0,0,1} eV, in f) {x, A, G} = {0,0.2,1} eV, in g) {u,A,§} = {0.25,0,1} eV, and in
h) {u, A, G} = {0.25,0.2,1} eV.
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Figure 3. (Color online) Double logarithmic plots of the transversal conductivity o7 (ih€) (in units of the universal conductivity
of graphene oo = <F) as a function of the imaginary frequency hw = ih§. The thick black and the yellow dashed curves are the
local conductivity (G = 0) at T'=0 K and T' = 300 K respectively. The thick red and the blue dashed curves are the non-local
conductivities derived from the Kubo formula with ¢ # 0, Al' = 1073 eV at T = 0K and T = 300 K respectively. The
thick green and brown dashed curves are the non-local conductivity derived from the QFT-b model with g # 0 at T"= 300 K
and T = 0 K respectively, finally, the thin gray line is the universal conductivity of graphene with o(iff) = 0o = <¢. In
a) {1, A, g} = {0,0,107%} eV, in b) {u, A, G} = {0,0.2,107%} eV, in ¢) {u, A, g} = {0.25,0,107%} eV, in d) {u, A, G} =
{0.25,0.2,1072} eV, in e) {1, A, g} ={0,0,1} eV, in f) {u, A, g} = {0,0.2,1} eV, in g) {, A,§} = {0.25,0,1} eV, and in
h) {u, A, G} = {0.25,0.2,1} eV.

Heaviside step function and p = {L,T, H}. Using the parameters 0, = (jﬁ — @, y=

U(z) =2 |z+ (1 —2%)tan™! (1” , (A1)



oro(a) = ;i_éigo -2|A| + ég_éjAQtan_l <2(|§Z>1 = Zi_éifo\lf@)» (A2)
a0 = G alled = 1)+ 5= (54 (7 = ) 72) + o (1 -4 (- 49) 7). (A3)
oro(q) = ;7707*1150 :ég_éjAQ tan™! (;&) - (jﬁ _(j|4A2 tan™! (;L)} = %Jr—ilqo [éz‘l’(é) - ch\Il(m)} , (Ad)
ori(q) = %‘;qio 43:‘2740/1 —|A]) +2/A] - 2; <§§]—'1 + (éz —4A2) 5)

+;l (Fi0 (aF =4 (n2 - A%)) + 70 (4 (42 - A2) - qﬁ))] : (A5)
oro(a) = 2;:0%? tan ™! (;Z')a (AG)

onai(a) = *QTA tan~*! qu i2‘A| . —tan~ ! 2£]o i2|ﬂ| y
T 0, VR? — (Go — 2|A]) VR — (% — 21))

tilog [ o 2nl+ V(o + 20uD? — B2
do + 2|A + /(G0 +2]A])2 — R?

; (A7)

2

where 09 = &¢ = %, Go = ") = hw +ihl' (T' = 77! accounts for the relaxation time), ¢ = hvpg, 6, = 1/cjﬁ — g3,

R=gq/1+ 4(\A\/§Z)2, 0= % and x = %. It is important to note that only the modulus of the mass gaps enter

into the expressions for o; and op, while oy has an additional dependency on the sign of the gaps through the
combination nA%7. The auxiliary functions {F,}5_, depend on qo, , |Al, G, and R, and are the following

Fio= (@ —20u)VE =@ — 2]’ — (@ — 2A)VE = @ - A
+i(do + 21p) /(o + 2uD? = B — (o + 22D/ (G + 2181 = 2, (A8)
Fo = an~! Go — 2|4 ) — tan~ ! ( do — 2|p| )
t <\/RQ—(€70—2A|)2 A\ VR G- 2l
—ilog (do + 2/A] + /(d + 2]A)? = B +ilog (do + 2lul + /@ + 2lu)” — F?) . (49)

o= QM(\/qﬁ_4(M2_A2)+i\/4(u2—A2)—@ﬁ)

+ <4A2 — qﬁ) [ilog(2|A| + qu) —1ilog (2|M\ =+ \/4 (12 — A?) — (jﬁ) ]
+ (4A2 — (jﬁ) [tan_1 (%) —tan~! (%ﬁl)
I

Fi = —2uf qﬁf4(u2fA2)+(qﬁf4A2) tan~! 2l ~ tan~! (M) . (A11)

Fs = (qﬁ —4A2) ;T — tan ™! (%ﬁﬂ . (A12)

Those results are valid for all frequencies w € C*, and we remind that they are the conductivity per Dirac cone, to
obtain the conductivity of Graphene, we must to sum the contribution of each 4 Dirac cones, having into account
their respective (signed) Dirac masses by using

op(@) =D Y opla, Al). (A13)

n==+ s=%+
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Finally, note that if we are interest on the oo term of the conductivity tensor, instead of Eq. , we have to use

2
q
00 Il :
= — — lim Al4
" (q) p or(q) qol OUL(q) , ( )

to avoid the appearance of any possible spurious term in the w — 0 limit.

Appendix B: Local Kubo conductivity expressions

There is an special case in the local limit (when we apply the g — 0 limit to the Kubo formula ) when results
valid for all temperatures can be obtained. The local limit of the conductivities of a massive Dirac cone are

2 2 2 2 2 .
oo |t —A%1 A 0% 4+ 4A 1 [ i
Uxa:(wv()vy’a A) - 1?0 |/J/| ﬁe(“’" - |A|) + MO - 2,02 ! M )
200 nA _ 10
Ory(w,0,p1,A) = 70% tan™ ' <2]\/[>’ (B1)

where Q = hw + ihl, I' = 77! and M = Max [|A[,|u|]. These results are per Dirac cone and they are consistent
with the ones found by other researchers [28][31][32][33][47][87][88][89]. The first term in o,, corresponds to intra-
band transitions, and the last two terms to inter-band transitions. Note that, in the local limit g — O one obtains
Ozz(w,0) = oyy(w,0) = 01, (w,0) = or(w,0), and 0,y (w,0) = —0yz(w,0) = op(w,0).
From those results, we obtain the conductivity at zero temperature of a Dirac cone with A = 0 mass gap as
Oza(w,q = 0,7 =0,A=0) = " (w) + 05" (),

rxT

intra _ %M
Ora (W) - T _iQ7
. —iQ
U;I;ter(w) - & tan~? = ,
27 2|ul
Ooy(w,q =0, =0,A=0) = 0. (B2)

From this result with A = 0, in the non-dissipation limit for the interband term and for finite temperatures, by
using the Maldague formula, the well-known result of Falkovsky is obtained as

0—5’1) (w’ F7 T7 H) = O—féintra(w’ F? T? M) + O-f.‘%inter (w’ 07 T7 H’)’

; 1 2iackgT I
F,lntra I.T _ - LB 9 h
O'.z;c (wa ) 7/”’) 7Th w + 1F n COS 2kBT s
hw
~ G -G||5
F,inter o % @ %47&&) 2
opn M (w, T, Typ) = 1 G(‘ 5 D +i R d¢ ) —dgr (B3)
with
sinh (Be
G (€)= nr(—e+ ) — (ke + ) = () (B4)

cosh (Bu) + cosh (Be)
The intraband term is obtained by the use of the Maldague formula (Eq. ) for Eq. , as

intra _ % 1 g @ o %21]63/1—’ o’
o M (w, T) = - —_mﬁln {2005h< 5 = oLl In |2 cosh T ) |- (B5)

To derive the local interband conductivity at finite temperatures, we first need to apply the zeroth dissipation limit
7 — 00 (I' = 0) of the real part w € R of the interband conductivity of graphene, as

lim Re [0 (w)] = lim o tan~? (‘ig) o [@ (hw — 2|u|) + O (—hw — 2|N|)}, (B6)

T—300 T—00 27 2| ] 4

which coincides with the result shown in [31] in the T — 0 limit for w > 0. Note that Re [0l (—w)] = +Re [l (w)]
is an even function in w.
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Applying the Maldague formula (Eq. ) to Eq. , we obtain

inter _ @ ) _ % < 1 . 1 ) _ % sinh (ﬂ|h7w|)
Relowa(w.n D)) =G (’ 2 ‘ 4 \Pl-1%1) 11 AlutiB)) 4 4 cosh (Bp) + cosh (B]22)) {B7)

We have the absolute value in the formula above because we are handling also negative real frequencies, while in
[31] the result for only positive frequencies where derived. Applying a regularized version of the Kramers-Kronig
relationships that avoids the use of the principal part of a function, that read as [100] [101][102]:

rnla) = 72T/Ooo dwwaj(:;) :igl(x),
or(z) = %x /000 dww, (B8)

it is immediate that

Im [cr

om0l

—4£

which coincides with the imaginary part of the interband term of Falkovsky [103].

Finally, by using the Kramers-Kronig relation to find the real part of the conductivity at imaginary frequencies
w =1 [71]

Re [op,0(i6)] / dw elopo(w / dw ]Im [p0(w)], (B10)

we obtain the interband conductivity for imaginary frequencies as [15]

BT (1R) / Ao (g)GCW> (B11)

Note that this result is completely equivalent to the use of the Maldague formula to ¢i'*" given in Eq. (B2)), and by
making the substitution £ — £ + 1", we can automatically add the constant dissipation to this interband conductivity.

Appendix C: Derivation of the Polarization and conductivity from the QFT-b model previously used in
literature

In this appendix we will show how to derive the results for the polarization operator given in [§][21][9] presented in

section from Eq. (102).

. ac ZM (Ko, qa)
1 g — 10s—F 5
(a) U ) KK, — m2] (1S, — m?]

(C1)

We are going to use the following notation: S, = K, + g, K,, = (ko + u,icu) = (ihwn + p, hork)), qu = (4o, q)) =
(ihwm, hurq))) (see tab. , ZM (K oy, qo) is given in Eq. (104)).

We apply the Matsubara formalism directly to the expression of Eq. ) to obtain the expression shown in [9].
Remembering that, for fermions we have ko = ihw,, = i ( ) Vn € 7Z and qo = ihwy, (m + ) Vm € Z, we
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obtain

RITM (q) /oo dko 2" (ko + 1. kyj, do, G))

oo 2m [KHEK) —m?|[SKS), —m?]
B /°° dko Z% (ko + 1, k), 4o, G))

—oo 2T [(ho + )2 = & [(ho +do + )% — € 1
1F§I:m ZM (ihwy, +u,k|‘,1hwm,q”)
B (ihwy, + p)? — €] [(ihwn + ihwm + p)? — €2]

;,Ll/(_lh(“d’!n — €s, kH ’ lhwmv q~H) Z,ul/(_€k:a ]%H ) lh(‘umy q~H) ]

igsac

2¢5 ((ihwp, + €5)? — €2) 2¢ep ((ihwp, — €)% — €2)

_ Z nF(es - /\/J,)ZMV(—ihLdm + Eé, fc”,ihwm, li”) _ Z ’I’LF(Gk — )\,LL)ZM,,(EIA‘:, ];ZH,ihLum, qNH)
2€s ((iwn, — €2)? — €3) e, ((ihwnm, + €)% — €2)

A==+ A==

where we have used that np(—ifwm, + e — Ap) = np(er — Ap) and s = kj + g (see tab. ). Next, we analytically
expand the Matsubara sum given in Eq. (C2) to the whole upper complex plane by applying the formal change
iw, =w € CT into the definition of the polarization operator given in Eq. (C1J), using go = fiw, we get

Zyu(—Go — €s, k|, G, ) N Z;w(—fka’;hdméﬂ)]

A (q)
%A@+%P—@ 261 ((d0 — ek)? — €2)

igsac

B Z np(es — M) Zuw (—Go +€s7k|\ ) Z Fler — M) Zy (€3, k)5 dos @) (3)
265 ((Go — €))? ek ot 2€k, qo + ek) - eg)

The term in brackets corresponds to the integrand of the 7" = 0 limit, while the second and third terms correspond
to the correction due to the temperature. Therefore, following the notation of [9], the Polarization operator given in
Eq. (C1)) can be written as

" (q) = 115" (q) + ArI*(q), (C4)

by construction, IT§”(q) is independent of temperature and of the chemical potential 4 [9], therefore, it corresponds to
the interband conductivity with g = kT = 0 eV. On the other hand, to simplify ArII*¥(q), we apply the change of
variables k| — — (k| +q|), we also make use of the symmetry of the relation of dispersion ex = €_x and we transform
the dummy variable A — —\ to the first summand of ApIT*¥(g) to obtain

TLF €_k+ )\/L)Z (—(jo - Gika _éHa(jOa qH)
2e_g ((QO + Eik)Q - 62—s)

/k)\ +
/ np (ek + M) Zy (—€3 — G0, — 3, 4o, d)))
k=t
/k)\ +

/ 4%k nr(es — M) Zu (—Go + €, ki), do. G))

2 @m? 2~ 26s (o — )2 — )

2¢p, (((JO + €)% — 6%)

nr(ex + M) Zy (e, k), do. G))

2ek qo +ey)? — eg) (C5)
where we have used that
Zun(—€n — o, —ky — |, Go, 4)) = Zyuw(en, Ky, G0, G))- (C6)
Joining all together, and using
= > np(e+np), (C7)
==+
which is Eq. (107)) of the main text, we simplify ArIIf"(q) into
Zyw(en, Ky1» o, )
ArTIEY (q) = —ige— /Ne N, L LA A C8
T 9 k) < 2¢ ((Go +€x)? — €2) (C8)
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The same change of variables k — —(k + q) can be applied to the first summand of IIf"(q), obtaining
/ Z;w(*f?o — €s, I;:Ha(jOa d||) _ / Z,ul/(quO — €k, 7§\|7‘j()7q~\|)
k265 ((Go+€5)? —€3) e 26k ((Go+€e-k)? —€2,)
_ / Zy(—ex — Go. —ky — @), o, )
k 2er ((Go + k) — €3)
_ / Z;u/(ekvkﬂa(jquH)
k 26k ((Go + ex)? — €3)
where we have use the symmetry shown in Eq. (C6)), then we have
Huy(q) _ 1g %/ Zuu(_qo - 657’;H76076H) + Z (_6k7k|\ 607q‘|)
0 hoJi | 26s((Go+€s)? — €F) 2er((q0 — €r)* — €3)
ig. ¢ Zy(€x, Ky, o ) Z(—ex, k)|, o, G))
TSk | 266 ((Go +er)? — €2)  2e((do — ex)? — €2)

v 6 7k )
_ lgs O[C/ # ko™ QO q”)2 . (Clo)
. i26k do + €p)? —es)

Finally, the full polarization operator can be written as

. Qac Z u(eAak\|750ad|\)
e — s*/ 1— N, (e mk , C11
(a) g 7 k[ u( k)]ékk ((qOJrE;:)szg) ( )

which is the result shown in Eq. (106]). In addition to that, from Eq. (104)), it can be seen that the spatial part of the
Polarization operator can be split as [6]

Zy(ka) = v} |Ze(k ) T + Zr(k.q) (az-j - q;?) + 5 Zs(k,q)], (C12)
Il Il
with
Zoo(k,q) = 4 |kodo + k:H + k”q” cos(p) + m2] ,

(’fuqHCOS ) + kff cos(2¢) — m2)],
o+ (F

Zs(k,q) = [k’”qu sin(p) + k” sm(2g0)} (C13)

1G) cos() + k\l cos(2¢p) — mQ)} ,

where 150 = e,’;, S0 = I%O ~+ qo, /~€|| = hvpk) and q = hvpq (see tab. . Note that there is no Hall term because this
model is topologically trivial (C = 0). It is immediate to see that IIg(k,q) = 0. Then, each term of the polarization
operator can be written, using p = {00, L, T} as

1 M,(do, Ky, q))
I,(q) = —i2g, 0 [ —[1 = N, (ex)] l1+ — |, (C14)
' h K 2k g /\:z:i Q(qo, ki, q)) + 2k - qy
where
Q(do- ky,dy) = —a2 — 2doen, (C15)
- 1 - o -
My(Go, Ky, q) = §Zp(€ﬁ7k|\,%,q”) — Q(qo, ki, q) — 2k - qy (C16)

with ¢2 = §2 — (jﬁ (see tab. . In particular, we obtain

Moo(do, ki, @) = —@ + 4docn + 4k, (C17)
ML (Go, Ky, @) = —@ + 4doen + 4kf cos® (), (C18)
My (Go, ky, G)) = —G + 4doen + 4ki sin® () — 4k G cos(p), (C19)

note that Moo(go, I;:H,(j”) is not a function of ¢, so we can write Myo(go, I;:H@H) instead.
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1. Temporal Polarization

For the case II,,,(q) = Hgo(q), and for imaginary frequencies §o = iZ = i, we can transform Eq. (C14)) into

k 2m =T q
. ac M dkH k‘H de MOO(lzkaJIH)
Ipo(q) = —2igs— — —[1—N,(e E / — |1+ —— -, C20

where I~cH = hvrk), q = hwrq) (see tab.[l) and kjs plays the role of an upper cut-off in frequencies, and

QUE k) = E=°+qf - 2i=e;,
Moo(iE, ky, §)) = —E° — Gf + 4iZep + 4ep. (C21)

By using i‘:l\ -q = ]%H - ) cos(yp) with IQH = hvpk) and ¢ = hvrq), the angular integral can be carried out as

T dy 1 1
/ (

21 Q+acos(p) QP —a2

Therefore, ITpp(q) can be written as

kv dky k Moo(iAE, ki, Gp)
. ac ] 00 » B1s )
II = —2igs— ——[1—=N,(e 2+ —_ . C23
0o(a) e S = v [ u(er)] ;[ NGAE, Fp,d) (C23)
with
QUAZ &y, q)) = E*+ G — 2iAEek,
Moo(IAE, ki, §)) = —E° — G +4iAEex, + 4ei,,
. . 2 .
NN Ky, q)) = \/{Q(D\Evk‘wﬂ)} — (2K q))> (C24)
Note that the ratio can be equivalently represented as
Moo (iIAZ, Ky, Moo (iZ, ky,
> Mol E i) _ g, | Mel2 ) ()
o NOAS Ky, q)) N(E, ki, q))
therefore, we obtain
kar dkey k Moo (iZ, ky, Gy)
. ac Il 0o1=, Ky, g
I — 9ig,oC P N (e)] |1+ Re | 2 2R C26
(@ =-2g.5° [ FLL [ Ny ) (C20)
The next step is to change the integration variable from k| to € = \/(hvrk))? + m?, therefore, we get
=2 _ A2 e 2
Cac [™M O de “E—q+ 4iZe + 4e
tho() = 209, 5 [ 5y (1= Nu(o)] |1+ Re . (e

\/{EZ + - 2156]2 — (24))%(e2 = m?)

It is followed by the change of variable into a non-dimensional energy w, using 6, = /22 + ('jﬁ (see tab. 7 we apply

the change of variable ¢ = 52%, obtaining

2eps  ~ ~ ~ ~
. oc [T O.du ~ —02 + 2120, u + 02u?
Moote) = -i20: 55 [ gy [t m(0:5)] |14 Re | P (€2)
(3 " \/ |02 00|~ (02 - 22)(0202 — 4m?)
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and § = 25—’”, and applying the

m

Taking a common factor of 0, >0, defining the nondimensional parameters v =

1—u? - 2iyu H’ (C29)

limit €); — oo we obtain
V1 —u? = 2iyu+ (1 —2)82

1 —Re

_gsac 0,
11 = —
00(a) Yorh h?v?,

With this result, we obtain that I1°°(q) obtained from the QFT-b model is equivalent to the polarization operator

[Fal-n)

obtained from the non-local Kubo formula.

2. Longitudinal Polarization

Using the relation between the Longitudinal and Temporal terms of the Polarization operator derived from the

transversality condition
%
Mz(q) = ?HOO(Q), (C30)
I
the Longitudinal Polarization can be obtained in terms of TIpo(q) as
(C31)

Moo (o, ki G
P og(q? I Q||~) .
Q(Go, Ky, q)) +2k-q

)
. acqg 1
II =-2igs—= [ — [1 - N,
sla) = 29,750 | ol Nulewll 32

where we have used that ¢ = hvpg and go = hqo (see tab. . This is Eq. (109) shown in Sect.
by using the definitions of Mgy and M, given in Eq. (C17)) and Eq. (C18) respectively, we obtain

(@ = /@ — af)
1 4]~€ﬁ cos?(y)
— 1= N,(e — = — =
/k | () ot Qo kys qy) + 2k - gy

~9 2
) s S 1 (032)
a Q(qo, ky, qy) + 2k - q

From this relation,

the following equality

—G2 + ddoey

1 q
= —[1 - N, (e =1+ = i
. 5 1= Nt 2 [qf ( Qo k- dy) + 2k) -Gy

is easily checked for imaginary
id for all complex frequencies by

that will be used to simplify other terms of the Polarization operator. Eq. (C32

frequencies after an integration over the angular variable ¢ and, therefore, it is va

analytical continuation.
For imaginary frequencies ¢y = ih{ = iZ, we have
ac - =2 [ < 1 —u? — 2iyu
II = — S—GZN—/ du|l1-N,(0,— 1—Re , C33
£(@) 95 9rh aj Js [ ”( 2)} V1= 2 = 2iyu+ (1 —42)d2 (C33)
Once H(LO) (q) is regularized following [9][21], we have
=2 =2 00 2 3
gsac = ac =° ~ U 1 —wu*—2iyu
IT = —U(4) + 37792/ duN,(0,=) |1 —Re ) C34
£(@) 8rh g, (0)+9 2rh G " Js “( 2) \/1_u2_2i’7u+(1_72)52H (C34)
Those are Eq. (116)) and Eq. (117) in Sect. The equivalent conductivity is (ogFT_b(if) = ill; (i) /(1€) = 1L (i) /€)
, 2. [ - 1—u? — 2
_ gsaC i / duN, (8.5 ) |1~ Re - . (C35)
5 2 V1 —u2 = 2iyu + (1 —12)82

2N = O g5
Il



24
3. Transversal Polarization

By using Eq. (C32)) in Eq. (C14) with Eq. (C19), the Transversal Polarization term can be simplified as

- 2
2 Mooldo, by, @) — 4% (K +doc)
. ac 1 00140, |5 4| I 0€k
(o) = 2i0. %8 [ L Ny 3 1+ —— (C36)
G i 2k = Qo by ) + 2Ky - 4
Here we study the special case of imaginary frequencies gy = ii¢ = iZ, in polar coordinates
e—_ 7 ~ ciﬁ 7.2 N
ac —=2 kv dk” k.H Moo(l\:, k”,(]”) + 4? (l{” + 1)\:€k)
(@) = 0.5 = [ R [ 2| i (c37)
a Jo 27 ek 0 = QUE, k|, q)) + 2k q cos()

The integral in ¢ can be carried our using Eq. (C22))

T dy 1 1
/0 21 Q + acos(p) Q2 —a2 (C38)

Therefore, II7(q) can be written as

)
N— T ~ qH 7.2 e\ —
ac — kat dk” k“ 2\400(1)\:7 k‘H,qH) + 4? (k‘” + l/\:€k)
IT =gs— C39
T(Q)ghquo et ekZ o 1 o (C39)
= |:Q(1)“:‘7 k”,q”)} - (2k)q))
Similarly to what was done in Eq. (C25), using t A2 = 1, the ratio can be equivalently represented as
S MOE B )y, lMT(iE,jcm)] (C40)
=t NOAS Ky, ay) NQE, Ky, )
therefore, we obtain
e— 7 ~ qﬁ 7.2 o —
=2 ks dken k Moo(l:., kH,qH) + 4@ (/f + l.:.ﬁk,)
Hr(@) =g [ 5 g (1= Nulew)] |2+ 2Re — (Ca1)
I Jo k = L Lid
\/{Q(lw’fn’%)} = (2 q))?
Now we apply the change of coordinates € = \/(hvpk))? +m?
-2
_=2 pen g —E2 — @@ + 4iZe + 4€® + 42k (2 — m? +iZe
r(a) = 20,5 —- = / 5o [1=Nu(9)] |1+ Re ” = ) (C42)

2
\/(52 + - 2156) —4(e2 = m) @

It is followed by the change of variable into a non-dimensional energy, using 6, = (/22 + (jﬁ (and, therefore, ('jﬁ =

92 =2), we apply the change of variable ¢ = 0.3, obtaining

2¢ 02 02,2 02 u’ 2 =g u

vog? 15 i, . 02+ 2100+ 02 + 4 (L - 1) (024 - m? +i20.%)
Ty (q) = 29, 2¢ = [ ~ N [1+R 43
=205 [ 35 1N 1R - = : (043)

(02 - i=0. ) — (6202 — 4m2)(62 — 22)
Using the definitions § = 2§m and v = éé, we can simplify this integral into
ac —E2 U —1+42iyu+u®+ (y72 = 1) (u? — 6 + 2iyu)
Ty (q) = 29, X "= ——{—N 9;} 1+R (C44
r(a) = 295~ 7 ) o u(:5)] |1+ (C44)

” Vi —iw? — 2 )02
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This integral can be further simplified, and the cut-off can be eliminated to obtain

= 1+ iv—1u)2 -2 _ 1)§2
o) = 295, [~ au [1 - NuB:5)] |1+ Re (Lt )+ 67— Do | (C45)
2h G s V1= 2iyu— a2 + (1 —42)52
Once Hg? ) (q) is regularized following [9][21], we have
=2 o0 =132 -2 2
gs0iC ~ ac 22 - < (I+iv )" + (v2-1)8
II = 0.9(6) — gs —0, duN,(0,=) |1+ Re . C46
r(a) 8h ) =957 27h g ﬁ /5 ! ( 2) V1= 2iyu — w2 £ (1 — 42)02 (C46)

Those are Eq. (118) and Eq. (119) in Sect. The equivalent transversal conductivity is (onFT blie) =
ill7(i§)/ (&) = Iz (i) /€)

1+ Re (CA47)

gsac 4 ac E ~ /°° ~ U
o ==—7 V() - gs— 0. duN, (0. =
7(q) sr ! (6) —g 2 s u( 2) \/1—2ivu—u2+(1—v2)52

(1+iyu)” + (72 - 1)82 H .

4. Polarization Trace

The trace of the polarization operator can be written in terms of the longitudinal and transversal polarization terms
(see Eq. (77))) as
e

i (q) = —1Ir(q) — Hoo( )s (C48)
H

a result derived from the transversality condition. Using Egs. ) and (| -7 we obtain

2 =2 2
. ac 1 40 — 9 +4A
I (q) = —198—/ 5 [1 = Nu(er))] [1 + — | . (C49)
I Ji 26k A;E Q(Go, ki, q) + 2k - g
In imaginary frequencies, after with the same procedure as the one used to obtain Iy, we get
ac 0 o - 0% -1
M, (q) = —ige o 72 du [1—N (ezf)} 1+ Re . C50
wl0) = o, 2P, /5 S g V1 —u2 = 2idyu + (1 —~2)82 (C50)

Appendix D: Derivation of the conductivity from the Kubo formula

In this appendix, starting from the Ohm Law J, = 0,,E” (compare with Eq. )7 we are going to derive the
expression of the conductivity from the Kubo formula [5], where the switching starts at ¢ — —oo to avoid the transitory
to the new (non-equilibrium) steady state

Ot @) = / dr1L,, (r.q) = / ArTr (5 [Ju(r, ), T30, 9)]) (1)

—0o0 —0o0

where the Polarization operator, instead of be given by Eq. , is equivalently defined in real time as ([A, B] is the
commutator between A and B)

HMV(Ta Q) =Tr (ﬁﬂ [‘]/t (T’ Q), J; (0’ q)]) ) (D2)

and as a consequence we have

00, (t, @) = My (L, q). (D3)

We start from the (causal) microscopic Ohm law in the position space.

L(tx) = [ dr / ddyaw(t —71,¢ —y)E"(1,y). (D4)
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Applying a Fourier transform in the position’s coordinates, using the convolution theorem, and substituting E* (7, q) =

—0; A" (7,q) (we are using the Coulomb Gauge in these calculations, as usual) we get
¢
Ju(ta q) = - / dTUuV(t - T, q)a.,.AV(T7 q)'
— 00
Here we apply an integration by parts in time

Ju(t,q) = — {ow(t —1,q9)A" (T, q)r + (—1)2/ dr [870,“,(15 -7, q)] A¥(7,q).

o e
Using Eq. (D3)) and that the integral of the derivative is the initial function, we obtain
t

Ju(t,q) =— [A”(T, q)/ dr107, 040 (t — 1, q)} t_oo +/ drll,, (t — 7,q)A" (7, q).

— 00 —0o0

T

We can cancel out the boundary t — —oo integral term

t t
Juu,q):—[A"(t,q) / drlnw<t—n,q>—o}+ [t -raaa).

and this result can be simplified into

t t
Ju(tq) = — / drIL, (t — 7, q)A”(t, q) + / drTL, (t — 7,q) A (7, q),

Lt = [ too ATl (1~ 7.0)[A"(r.q) — A"(1.q)].

(D5)

(D6)

(D9)

(D10)

Note that this result is already different from the linear relation between the electric conductivity and the potential

vector proposed in Eq. that can be written as a function of time as

t
Bt = [ (- nara)
We can write the integral as a kernel proportional to the retarded A”(r,q) by using

t t
/ d’THH,, (t - T, q)AU (t, q) = / dTIH;LV (t — T1, q)AV (tv q)

— 00 — 00

t t
/ dmIl,, (t —m,q) / drA”(t,q)é(r —t)

—0o0

t t
/ dT/ drmi I, (t — 71, q) A" (t,q)d(T — 1)
t T

Introducing Eq. (D12)) in Eq. (D10]), we have

T

dTlan(T — 71, Q)> A (T7 (I)~

M, (t—7,q) —6(t—1) (/

— 00

Jult.q) :/t ar

— 00

In temporal frequency space, using

T

I, (w,q) = / dTle*i“m@(T — ) (T —11,q9) = / dﬁe*i"’ﬁHW(T —11,q),

— 00 —0o0

/_OC drd(r — 1) (/_OO An I, (r — 7, q)> A (r.q).

(D11)

(D12)

(D13)

(D14)
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we obtain the relation

D) = M)~ ([ antlu(r = m.0)) | 47(0) (D15)
T, ) = [T (w, @) = Tim Ty (@, )] 47 (@, @) # T (@) A% (@, @) (D16)

This is a result in contradiction with the usual assumed relation provided in Eq. . Finally, using the microscopic
Ohm law in temporal frequency space, we have from Eq. (D5|)

Ju(w,q) = oy (w, q)(—iw) A" (w, q). (D17)
Then we can compare Eq. (D16]) and Eq. (D17) to obtain the so-called Luttinger formula [62][63]

H,uv(wv Q) - 3}1_% H;w ((.d, q)

Ul“’(w’q) = (D18)

—iw
So we conclude that, assuming the microscopic Ohm law given in Eq. , and the relation between the conductivity
0, and the Polarization operator II,,,, derived from the Kubo formula given in Eq. , the Fourier transform of the
conductivity tensor is given by Eq. . Therefore, we conclude that the correct conductivity should be obtained
from Eq. . Note that this subtraction, that we derived here simply from Ohm law and time causality, naturally
implies that it cannot exist stationary current in absence of electric field, i.e. that always J,(w = 0,q) = 0 even when
A, (w=0,q) #0. This is a strong physical requirement, already discussed by A.A. Abrikosov in 1963 [64] and more

recently in [28].
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