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REAL FORMS OF MORI FIBER SPACES WITH MANY SYMMETRIES

RONAN TERPEREAU AND SUSANNA ZIMMERMANN

ABSTRACT. We determine the rational real forms of the complex Mori fiber spaces for which the
identity component of the automorphism group is a maximal connected algebraic subgroup of
Bir(P2). This yields a list of maximal connected algebraic subgroup of Bir(P¥). We furthermore
determine the equivariant Sarkisov links starting from these rational real forms. This article is
the first step towards classifying all the maximal connected algebraic subgroups of Bir(P).
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1. INTRODUCTION

1.1. What is known. Consider an algebraic group G acting regularly and faithfully on a variety
Z. When we replace Z with a variety X that is birationally equivalent to Z, the biregular G-
action on Z becomes a birational G-action on X. Consequently, G can be viewed as a subgroup
of Bir(X), and we refer to it as an algebraic subgroup of Bir(X); see Section 2.3 for a precise
definition. Classifying the algebraic subgroups of Bir(X) for a given variety X can be quite
challenging. In the present article we focus on the case where X is rational.

Enriques classified in [21] the maximal connected algebraic subgroups of Bir(P%), showing
that they are conjugate to Aut(PZ), Aut®(PL x PL), and Aut(F,,c) with n > 2 (see [55] for a
modern treatment). In fact, this result holds over any algebraically closed field k. Using methods
from the Minimal Model Program for smooth projective surfaces, this list follows from the fact
that any connected algebraic subgroup of Bir(Pf) is conjugate to a subgroup of Aut®(S), where
S is a rational minimal smooth projective surface over k.

A list of the maximal connected algebraic subgroups of Bir(P3) was obtained in the 1980’s
by Umemura [53, 54, 55, 56, 57] and Mukai-Umemura [42]. More precisely, Umemura proved
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2 RONAN TERPEREAU AND SUSANNA ZIMMERMANN

that any connected algebraic subgroup of Bir([F’fé) is contained into a maximal one, that any
maximal connected algebraic subgroup of Bir(P3) is conjugate to some Aut®(X), where X is
a minimal smooth rational projective complex threefold, and he gave a list of all the minimal
smooth rational projective complex threefolds whose identity component of the automorphism
group is a maximal connected algebraic subgroup of Bir(IP’%).

Blanc-Fanelli-Terpereau studied in [9, 8] the connected algebraic groups acting on Mori fibra-
tions X — Y, over an algebraically closed field, with X a rational threefold and Y a surface or
a curve. For such Mori fiber spaces, they considered the identity components of their automor-
phism groups and explore their equivariant birational geometry. In the end, this study allowed
them to determine the maximal connected algebraic subgroups of Bir(IP’i), recovering most of
the classification results of Umemura when k = C. Their main results can be summarized as
follows (the notation will be specified in Section 4).

Theorem 1.1. ([8, Theorems EJ, see also [56, Theorem (2.1)]) Let Z be a rational projective
threefold over an algebraically closed field k of characteristic zero. Then there is an Aut®(Z)-
equivariant birational map Z --+ Z, where X is one of the following Mori fiber spaces:

(a) A decomposable P'-bundle Fboe— T, with a,b >0, a# 1, c € Z, and
(a,b,¢) =(0,1,—-1); or
a=0,c#1,b>2,b>|c; or
—a<c<a(b—1); or

b=c=0.
(b) A decomposable Pl-bundle Py — P2 for some b > 2.
(¢) An Umemura Pl-bundle u};e — T, for some a,b>1,¢c > 2 with

c<bifa=1; and

c—2<abandc—2#a(b—1) ifa>2.

(d) A Schwarzenberger P'-bundle Sp— P? for someb=1 orb>3.
(e) A P!-bundle V, — P2 for some b > 3.

(f) A singular P!-fibration Wy — P(1,1,2) for some b > 2.

(9) A decomposable P2-bundle Rmm) — P! for some m >n >0,

with (m,n) # (1,0) and
m=mn orm > 2n.

(h)  An Umemura quadric fibration Qy— P! for some homogeneous
polynomial g € k[ug, u1] of
even degree with at least
four roots of odd multiplicity.

(i)  The projective space P3.

(j)  The smooth quadric Q3 C P

(k)  The weighted projective space P(1,1,1,2).

(1)  The weighted projective space P(1,1,2,3).

(m) A rational Q-factorial Fano threefold of Picard rank 1 with terminal singularities

not isomorphic to any of the cases (i)-(j)-(k)-(1).
Moreover, in cases (a)-(l), each Aut®(X) is a mazimal connected algebraic subgroup of Bir(IP}),
and the equivariant Sarkisov links between these Mori fibrations are given in [8, Theorem F|.

Remark 1.2. When k = C, it follows from the work of Umemura and Mukai that the case (m)
in Theorem 1.1 can be replaced by

(n) The quintic del Pezzo threefold Y5 ¢ or the Mukai-Umemura Fano threefold X %%

The automorphism groups Autc(Ysc) ~ PGL2 ¢ and Aut(c(Xi\g’[gC) ~ PGLy ¢ are furthermore
maximal connected algebraic subgroups of Bir(]P’%), and there are no nontrivial equivariant
Sarkisov links starting from Y5 ¢ or Xi\g’% (see Proposition 11.2).

1.2. What we do. This article constitutes the first step towards extending the previous clas-
sification of the connected algebraic subgroups of Bir([P’i) to the case k = R. For the sake of
completeness, the 2-dimensional case is treated in Section 3, employing the classical Minimal
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Model Program (MMP) approach. Subsequently, our attention shifts to the 3-dimensional case,
where we adopt a distinct strategy to obtain a (possibly incomplete) list of maximal connected
algebraic subgroups of Bir(P3). Indeed, instead of using the MMP over R to reduce the study
of the connected algebraic subgroups of Bir([P’%) to the study of automorphism groups of real
rational Mori fiber spaces, we determine the rational real forms of the complex threefolds enu-
merated in Theorem 1.1. Remarkably, the identity component of the automorphism group of
each such real form yields a maximal connected algebraic subgroup of Bir(]P’%); see Corollary
2.22.

The process of determining these rational real forms begins by determining the full automor-
phism group of the complex threefolds enumerated in Theorem 1.1 (this is done in Section 4).
We then compute for each case the first Galois cohomology set with value in the automorphism
group, which parametrizes the isomorphism classes of real forms. What makes this approach
possible is the fact that all families enumerated in Theorem 1.1, with the exception of family
(h), are actually defined over Q. Therefore, in almost every case, there exists a canonical real
structure, corresponding to the trivial form, which enables us to define the first set of Galois
cohomology. The case of family (h), however, requires more in-depth study (in Section 9). It then
remains to determine which real forms are rational, which we do not fully accomplish for the
family (h). All of this is done in Sections 5-10. The proofs of our main results follow in Section
12. To the extent possible, we work over an arbitrary field of characteristic zero; a restriction to
the field of real numbers R is only made when computations are significantly simplified.

Finally, in Section 11, we determine all equivariant birational maps starting from the ratio-
nal real forms obtained. Notably, we did not find in the existing literature this type of study
concerning the classical Fano threefolds Y5 and X9, over arbitrary fields of characteristic zero.

This new approach via computation of rational real forms is much simpler than the one via
MMP, but it potentially yields an incomplete list of maximal connected algebraic subgroups of
Bir(P3). The reason for this is that there might exist connected algebraic subgroups of Bir(P3)
whose complexification is not maximal in Bir(P3). Moreover, in the case of the family (h), there
are several real forms for which we were not able to determine their rationality (see Section 9).

1.3. Statement of our main results. Our first main result, which serves as an appetizer
before tackling the 3-dimensional case over R, consists of handling the 2-dimensional case over
an arbitrary perfect field. Let us mention that a classification of the infinite algebraic subgroups
of the Cremona group of rank two was obtained over R by Robayo-Zimmermann in [44] and
over an arbitrary perfect base fields by Schneider-Zimmermann in [47].

Proposition 1.3 (see Section 3 for the proof). Let k be a perfect field of arbitrary characteristic.
Let G be a connected algebraic subgroup of Bir(]P’i). Then there exists a G-equivariant birational
map : Py --» X such that G~ C Aut®(X) and X is one of the following surfaces:

(i) the projective plane P ;

(i7) a Hirzebruch surface Fy, with n € N>o \ {1};
(ii1) the Weil restriction Rk i (Pk), where k — K is a quadratic field extension; or

(iv) a rational del Pezzo surface of degree 6 with Picard rank 1.

Moreover, all the above groups are maximal connected algebraic subgroups of Bir(IP’i) and the
corresponding conjugacy classes in Bir(Pi) are pairwise disjoint.

Remark 1.4.
« Cases (1) and (i7) always occur, while Cases (i7i) and (iv) may not occur (depending on the
base field k). For instance, if k = k, then Cases (iii) and (iv) do not occur.
e In Case (iii), we have Ry, k(Pk,) ~ Rk, k(Pk,) is and only if the fields K; and Ky are
k-isomorphic; see [47, Lemma 3.2 (3)].

In particular, when the base field is R, Proposition 1.3 specializes as follows:
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Corollary 1.5 (see Section 3 for the proof). Let G be a connected algebraic subgroup of Bir(P3).
Then there exists a G-equivariant birational map v: P% --+» X such that Gy~ C Aut®(X)
and X 1is one of the following surfaces:
(i) the projective plane PZ;
(i7) a Hirzebruch surface Fy, with n € N> \ {1}; or
(7i1) the Weil restriction SRC/R(IP’%:), which is the only nontrivial rational real form of P& x PE.
Moreover, (i)—(iii) are mazimal connected algebraic subgroups in Bir(PZ) and the corresponding
conjugacy classes in Bir(P2) are pairwise disjoint.

Remark 1.6. It follows from Corollary 1.5 that if Aut®(X) is a maximal connected algebraic
subgroup of Bir(P%), then Aut®(Xc) is a maximal connected algebraic subgroup of Bir(P%). We
do not know if this persists in dimension 3.

Let us now move on to the 3-dimensional case. As previously explained, we are able to provide
a (possibly incomplete) list of maximal connected algebraic subgroups of Bir(P3) simply by
computing the rational real forms of the complex Mori fiber spaces obtained by Blanc-Fanelli-
Terpereau (see Theorem 1.1). For the sake of completeness, we actually compute the rational real
forms of all complex Mori fiber spaces enumerated in Theorem 1.1, considering all parameters
rather than just those appearing in loc.cit. Our main results in the 3-dimensional case are
Theorems 1.7, 1.9, and 1.11 and Corollary 1.13 (all proved in Section 12).

Theorem 1.7 (see Section 12 for the proof). Assume that the base field k is an arbitrary field
of characteristic zero. Let X be a Mori threefold over k that belongs to one of the families (a)
with parameter a > 1, (b), (¢), (e), (f), (g), or (i). Then the trivial k-form is the only rational
k-form of X. Moreover, for all families except (f), the trivial k-form is the only k-form of X
with a k-point.

Remark 1.8. A description of the automorphism groups for all the families considered in
Theorem 1.7, over any base field k of characteristic zero, can be found in Section 4.

In the next result, we set k = R and determine all real forms, as well as the identity component
of their automorphism groups, for the complex Mori threefolds within families (a) with parameter

a=0, (d)7 (])7 (k)a (l)7 and (n)
Theorem 1.9 (see Section 12 for the proof).
(i) If X = (PL)? (family (a) with a = b = ¢ = 0), then X has siz non-isomorphic real forms,
two rational real forms and four real forms without real points, which are
Zpgr = (%C/R(]P’(lc))p x (PR)? x C", with p,q,r € N>q satisfying 2p +q +r = 3.

(Here we denote by C' the nontrivial real form of IP’}C) Moreover, either r = 0 and then
Zp.qr 18 Tational or r > 0 and then Z, 4, has no real points. The identity component of the
automorphism group of Z, 4, is given by

AutO(Zp,qm) >~ (ZRC/R(PGLQ,(C))” X (PGL2’R)q X (SOg’R)T.
(i7) Let X = ]-"g:é with b > 0 and (b,c) # (0,0) (family (a)).

o If b #|c|, then ]-"g:é has no nontrivial real form with a real point.

o Ifb=|c|, then ]-"g”f: has exactly two non-isomorphic real forms with a real point, namely
the trivial real form ]-"g”fK and the real form Gy if b = —c resp. Hy, if b = ¢ (with the notation
of Definition 5.11), corresponding to the real structures given by (2) in Proposition 5.12.

Moreover, if Z is a real form of fg’(cc, then either Z is rational or Z has no real points, and
the identity components of the automorphism groups of the nontrivial real forms Gy and Hy
are described in Remark 5.13.

(13i) If X = S1,c (family (d) with b= 1), then X has three non-isomorphic real forms:
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o The trivial real form Sy r, which is rational, and such that Aut®(S; r) ~ PGL3 k.

« A nontrivial real form Sy g, which is also rational, and such that Aut®(S; ) ~ PSU(1,2).
o A nontrivial real form ‘SA’LR, which has no real points, and such that Auto(glyR) ~ PSU(3).
These three real forms are described explicitly, in terms of real structures, in Example 8.2.

(iv) If X = Spc with b > 2 (family (d)), then X has two non-isomorphic real forms:

e The trivial real form Sy, which is rational, and such that Aut(Spr) ~ PGLa k.
o A nontrivial real form Syr, which is rational if b is odd and has no real points if b is
even, and such that Aut(Spr) ~ SO3 R.

The real structure corresponding to the real form g’b,R s given in FExample 8.5. In particular,
for b odd, it is shown that Spr is the total space of a P!-bundle over ]P)]%.

(v) If X = Q3 (family (j)), then X has three non-isomorphic real forms: Q2 and Q*', which
are both rational and with automorphism groups the indefinite special orthogonal groups
SO(3,2) and SO(4,1) respectively, and Q>°, which has no real points. (Here we denote by
Q" a real quadric hypersurface in ]P’ﬂ*g given by a real quadratic form of signature (r,s).)

(vi) If X =P(1,1,1,2)¢ (family (k)) or X =P(1,1,2,3)c (family (1)), then the trivial real form
1s the unique real form of X, up to isomorphism.

(vii) If X is one of the two complex Fano threefolds Ys ¢ or Xi\g’% (family (n)), then X has exactly
two non-isomorphic real forms and both are rational with automorphism groups isomorphic
to PGLa g, for the trivial real form, and SO3zr, for the nontrivial real form.

In particular, in each case, a real form of X is either rational or has no real points.

Remark 1.10.

o A description of the automorphism groups of the trivial real forms of the families considered
in Theorem 1.9 can be found in Section 4.

A description of the automorphism groups of weighted projective spaces can be found in [1,
Section 8§].

« In general, the group schemes Aut(Z) and Aut®(Z) say nothing about the rationality of Z or
the existence of real points; see for instance the case of the nontrivial real form Z = gb,R of
Sp,c in Theorem 1.9.

o It turns out that all the rational real forms obtained in Theorem 1.9 are real Mori fiber spaces.

It remains to determine the (rational) real forms of the family (h), which stands as the only
family among those listed in Theorem 1.1 whose members are not necessarily defined over QQ in
all cases (depending on the choice of g € Clug, u1]). This is done in the next result:

Theorem 1.11 (see Section 12 for the proof). Let g € Clug,u1] be a homogeneous polynomial,
which is not a square, and of degree 2n > 2.

(i) The complex threefold Q4 c admits a real form if and only if there exist X € C* and ¢ =

a b

dl € SLy(C) such that ¢’ := X(g o ) € Rlug, u1], in which case Qyc ~ Qg c.

(i1) The algebraic group Aut(Qy) fits into a short exact sequence

1 — Aut(Qy)pr — Aut(Qy) — F —> 1,

where F is an algebraic subgroup of PGLac and Aut(Qg)pr ~ PGLy xZ/27. Moreover, if g
has at least three distinct roots, then F is finite. If g has exactly two distinct roots, then F
is isomorphic to either Gy, c % Z/2Z (when the two roots have the same multiplicities) or
Gm,c (when the two roots have different multiplicities).

(#4i) The number of non-isomorphic real forms of Qg c is given in the following table:
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Subgroup F' C PGLg ¢ n even (n > 2) n odd (n > 3)
rational ‘ 7 ‘ w/o real points | rational ‘ ¢ ‘ w/o real points

Gm,c 1 1 1 1

Gm.c X ZJ2Z 2 2 2 2

A, 1>1, 1 odd 2 2 2 2

A, 1>2, 1 even 4 4 2 2

Dy, 1>3, 1 odd 4 4 2 2

Dy, 1>2, 1 even 6 6 4 3 3 4
Es 2 2 4 1 1 4
Er 4 4 4 2 2 4
Eg 2 2 4 1 1 4

The column labeled “rational” indicates the number of real forms known to be rational (for
any choice of g), the column labeled “w/o real points” indicates the number of real forms
known to be without real points (for any choice of g), and the column labeled “?” indicates
the number of real forms for which conclusions regarding rationality or the existence of real
points are not known for an arbitrary g.
(iv) Let Z be a real form of Qg c, then Aut®(Z) is isomorphic to

e PGLor XGy,r if F' is infinite and Z is one of the real forms Qg ¢ labeled “rational”;

e SO3r XGyp v if F is infinite and Z is one of the real forms Qg c labeled “?7;

e PGLoR if F' is finite and Z is one of the real forms Qg c labeled “rational”; and

e SO3 R if I is finite and Z is one of the real forms Qg c labeled “?”.

Remark 1.12.

e When F'is finite, explicit equations for the real forms of Q, ¢ labeled “rational” or “?” can be
obtained through the classical invariant theory of the finite subgroups of SLs c; see Section
9.3 for details.

e When F is infinite, explicit equations for the real forms of Q, ¢ can be found in Section 9.4.

o It turns out that all the real forms obtained in Theorem 1.11 are real Mori fiber spaces.

Corollary 1.13 (see Section 12 for the proof). Let Z be a rational real projective threefold.
If Aut®(Zc) is a mazimal connected algebraic subgroup of Bir(PZ), then Aut®(Z) is a mazimal
connected algebraic subgroup of Bir(]?%). Moreover, Z¢ is one of the complex Mori fiber spaces
listed in Theorem 1.1 if and only if Z is one of the rational real Mori fiber spaces listed in
Theorems 1.7, 1.9, and 1.11 (with parameters as in Theorem 1.1).

Remark 1.14. We do not know if there exist rational real Mori fiber spaces Z such that Aut®(Z2)
is a maximal connected algebraic subgroup of Bir(P) but Aut®(Z¢) is not a maximal connected
algebraic subgroup of Bir(IF’%). Answering this question will be the subject of a next article.

Finally, we determine the equivariant Sarkisov links starting from one of the rational real Mori
fiber spaces listed in Theorems 1.7, 1.9, and 1.11. Let us note that the equivariant Sarkisov links
starting from the trivial real forms of the complex Mori fiber spaces enumerated in Theorem 1.1
are described in [8, Theorem F]. (The base field in loc. cit. is assumed to be of characteristic zero
and algebraically closed; however, one can check that [8, Theorem F]| is indeed valid over any
characteristic zero field.) Consequently, we are left with determining the equivariant Sarkisov
links starting from the nontrivial rational real Mori fiber spaces listed in Theorems 1.9 and 1.11.

Theorem 1.15 (see Section 12 for the proof).

(i) Let X be one of the rank 1 Fano threefolds S g, Q>2, Q%Y. or a real form of Y5 or X%I}é.
Then there are no nontrivial Aut®(X)-equivariant Sarkisov links starting from X.

(i1) There is one Aut®(X)-equivariant Sarkisov link of type IV starting from X = Re g (Pg) x Py
(induced by the projections on both factors), and there are two Aut®(X)-equivariant Sarkisov
links of type IV starting from X = JP’]%R X ]P’]%R x Pk (induced by the three natural projections
on P x PL).
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(#i7) The only Aut(G)-equivariant link starting from Gy is a divisorial contraction 1: Gy — Z,
where Z is isomorphic to the singular quadric hypersurface Q'3 in IP’ff{. The only nontrivial
Sarkisov link starting from Z ~ Q% is the blow-up of the singular point 1: Gi — Z.
Moreover, v Aut(Gy)y~! = Aut(Q?).

(tv) If b > 2, then there are no nontrivial Aut®(Gy)-equivariant Sarkisov links starting from Gy.

(v) There is an Aut®(H1)-equivariant birational morphism §: H1 — P3, such that § Aut®(H,)d~*
C Aut®(P3).

(vi) If b > 2, then there are no nontrivial Aut®(Hp)-equivariant Sarkisov links starting from Hyp.

(vii) Let b > 3 be an odd integer. There is a birational involution o: Sb,R -3 Sb,R, which is a
type IT equivariant link such that  Aut®(Syr)p ' = Aut®(Spr). Moreover, ¢ is the unique
equivariant Sarkisov link starting from Sb,]R-

(viti) Let g € Rlug, u1] be a homogeneous polynomial, which is not a square, and of degree 2n > 2.
Let h € Rlug, u1] be a polynomial, irreducible over R. Let m: Uy — ]P’]%{ be a real form of
nc: Qg — PL. Then the birational map defined by

Y Ug —=» Ugp2, [wo: 211 T2 @35u0 : u1] = [hao : hay @ hog : 23;up : ug

is a Sarkisov link of type II. Moreover, ;" Aut®(Ugp2)bn, € Aut®(Uy) with equality if and
only if either g has at least three (complex) roots or gh? has exactly two (complex) roots. If
furthermore g has at least three distinct (complez) roots, then there are no other equivariant
Sarkisov links starting from U,.

Remark 1.16.

o The singular quadric threefold @' is a real Mori fiber space, but its complexification Q(IC’S
is not a complex Mori fiber space (see Remark 11.4). It provides an example of a real Mori
fiber space Z for which Aut®(Z) is a maximal connected algebraic subgroup of Bir(P3), yet
Z¢ does not appear among the complex Mori fiber spaces listed in Theorem 1.1 (even though
Aut®(Z¢) is a maximal connected algebraic subgroup of Bir(P3.)).

o Assume that g (as in Theorem 1.15 (viii)) has exactly two distinct (complex) roots. Let
m: Uy — Pk be a real form of mc: Qyc — PL with Uy rational. Then Aut®(U,) is not a
maximal connected algebraic subgroup of Bir(]P’%); see Corollary 11.9.

Acknowledgments. We would like to thank Olivier Benoist, Michel Brion, Jean-Louis Colliot-
Théléne, Adrien Dubouloz, Alexander Duncan, Andrea Fanelli, Enrica Floris, Lena Ji, Frédéric
Mangolte, Christian Urech and Egor Yasinsky. for interesting discussions related to this work.

2. PRELIMINARIES

2.1. Notation. In this article, we work over a fixed field k of characteristic zero (unless stated
otherwise) with algebraic closure k. We denote by I' = Gal(k/k) the absolute Galois group of k.
To the extent possible, we do not assume that k = R, except when this assumption considerably
simplifies the situation. We refer to [49] for a general reference on Galois cohomology.

A variety is a separated scheme of finite type over k that is geometrically integral. An algebraic
group is a group scheme of finite type over k. By an algebraic subgroup, we always mean a closed
subgroup scheme. The identity component of an algebraic group G is the connected component
containing the identity element, denoted as G; this is a normal algebraic subgroup of G, and
the quotient G/GP is a finite group scheme. We denote by G x (or simply by G, when no
confusion is possible regarding the base field) the multiplicative group scheme over k.

Let K/k be a field extension. We denote by Xk = X Xgpec(k) Spec(K) the variety over K
obtained from the variety X over k via the base change Spec(K) — Spec(k). Moreover, if X
is a group scheme over k, then Xk is a group scheme over K. If Y is a variety resp. a group
scheme, over K and X is a variety (resp. a group scheme) over k such that Xk ~ Y as varieties
resp. as group schemes, over K, then X is called k-form of Y. Recall that, if the variety Y
is quasi-projective and the extension K/k is Galois, then there is a one-to-one correspondence
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between the isomorphism classes of k-forms of Y and the equivalence classes of descent data on
Y [10, Proposition 2.6] (see also [51, Tag 0CDQ)]). In the particular case where the field extension
k — K is R — C, giving a descent datum on Y is equivalent to giving a real structure (i.e. an
antiregular involution) on Y.

Assume now that the field extension k — K is finite. If Z is a quasi-projective algebraic
variety over K resp. an algebraic group over K, then we denote by Rk /k(Z ) the quasi-projective
algebraic variety over k resp. the algebraic group over k, that represents the Weil restriction
functor with respect to the field extension k < K (see [11, Section 7.6] for a detailed treatment
of the Weil restriction functor).

All along the text, a P"-bundle over a scheme is always assumed to be locally trivial for the
Zariski topology; in particular, it is the projectivization of a rank n + 1 vector bundle when
working over a regular Noetherian scheme.

2.2. Mori fibrations and Sarkisov links. Throughout Section 2 we work over a base field k
of characteristic zero, unless explicitly stated otherwise.

Definition 2.1. Let m: X — Y be a surjective morphism of normal projective varieties. Then

m is called a Mori fibration, and the variety X a Mori fiber space, if the following conditions are

satisfied:

(a) m(Ox) = Oy and dim(Y) < dim(X);

(b) X is Q-factorial with terminal singularities;

(c) the anticanonical sheaf w} = Ox(—Kx) is m-ample; and

(d) the relative Picard rank p(X/Y) := dimg(N;(X/Y)) is one, where N;1(X/Y) is the real
vector space of 1-cycles of X that are contracted by m modulo numerical equivalence.

Remark 2.2. If X is a smooth projective variety of arbitrary dimension whose canonical divisor
Ky is not pseudo-effective (i.e. not contained in the closure of the cone spanned by classes of
effective divisors), then we can run an MMP; see [6, Corollary 1.3.3] when k = k and [33,
Example 2.18] for the extension to non-algebraically closed fields. This applies in particular
when X is uniruled (see [12, Theorem 0.2]), in which case the output is always a Mori fibration.

Proposition 2.3. Let G be a connected algebraic group. Let Xg be a smooth projective G-variety
on which we can run an MMP. Then each step of the MMP is G-equivariant, and if the output
is a Mori fibration m: X — Y, then G acts on Y and 7 is G-equivariant.

Proof. As the induced action of G on the cone of effective curves NE(Xy) is trivial (since G
is connected), any contraction morphism ¢: Xo — Yp associated with an extremal ray of
NE(Xy) Kx, <0 18 G-equivariant. Moreover, the finite type Oy, -algebra A= D,50 0:O0x, (MK x,)
is canonically a G-equivariant sheaf (see [51, Tag 03LE] for the notion of equivariant sheaf), hence
the variety X := Proj(A) is endowed with a G-action and the birational map X --» Xj is
G-equivariant. O

In [15, 25], a Sarkisov link x: X; --+ X2 between two Mori fibrations X;/B; and Xa/Bo
is one of the four types of birational maps between Mori fiber spaces as shown in Figure 1.
Each morphism has relative Picard rank 1, a morphism denoted by div is a divisorial contrac-
tion, a morphism denoted by fib is a Mori fiber space, and the horizontal dotted arrows are
isomorphisms in codimension 1.

Remark 2.4. A Sarkisov link is represented by a directed commutative diagram, a so-called
Sarkisov diagram. This diagram corresponds to the 2-rays game starting from a variety at the
top of the diagram. For instance, a link of type I or II satisfies p(Y;/B;1) = 2, indicating that
there are at most two extremal rays above B;. Each of these rays corresponds to a contraction,
one of which corresponds to the divisorial contraction Y7 — X7. The other contraction is either
a small contraction, thereby inducing a flip, flop, or antiflip (as the start of the dotted arrow),
or it is a divisorial contraction or a fibration. In the latter two cases, the dotted arrow is an


https://stacks.math.columbia.edu/tag/0CDQ
https://stacks.math.columbia.edu/tag/03LE
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Y1 3 X2 Yi > Y2
div| //,,—';('/ }fib div| Vdiv
X7 B, Xy oo X
fb\) — i Fib

! B1 Bl = BQ
type 1 type 11
Xl S - > Y2 Xl X > X2
fib} \\i\‘\ \ ldiv  fib] | fib
B]. > XQ B]_ B2
g e
type 111 type IV

FIGURE 1. The four types of Sarkisov links.

isomorphism and the contraction is either Yo — X5 or X9 — By (in the case of links of type
IT or I, respectively). We can see the 2-rays game on other diagrams in a similar way.

Remark 2.5.
o The composition of a Sarkisov link with an isomorphism of Mori fibrations is again a Sarkisov
link. In what follows we will always identify two such links.
e In dimension 2, isomorphisms in codimension 1 are isomorphisms and the horizontal dotted
arrows in the four diagrams are therefore isomorphisms.

Our main reason for introducing the notion of Sarkisov link is the following statement.

Theorem 2.6. (factorization of birational maps into Sarkisov links)

(a) Assume that k is a perfect field. Then any birational map between 2-dimensional Mori fiber
spaces is a composition of Sarkisov links.

(b) Assume that k is a field of characteristic zero. Then any birational map between Mori fiber
spaces is a composition of Sarkisov links.

Proof. (a): See [15, Appendix] or [26, Theorem 2.5].

(b): If k is algebraically closed, the statement is [15, Theorem 3.7] for the 3-dimensional case and
[25, Theorem 1.1] for the general case. Let k be a field of characteristic zero and I" := Gal(k/k).
Any MMP over k starting from a projective k-variety X corresponds to a I'-equivariant MMP
starting from Xj, and vice-versa. Using this, we can follow the proofs of [25, Theorem 1.1]
and [35, Theorem 3.1] to obtain the I'-equivariant Sarkisov program; in fact [35, Theorem 3.1]
adapts the proof of [25, Theorem 1.1] for dimension two, but the adaption it can be done for
any dimension. O

Since we are mostly interested in Mori fiber spaces endowed with actions of connected algebraic
groups, we will rather use the following statement, which is a refinement of Theorem 2.6.

Theorem 2.7. (factorization of equivariant birational maps into equivariant Sarkisov links)

Let G be a connected algebraic group. Let X1/B1 and Xo/By be two Mori fiber spaces endowed

with a G-action.

(a) Assume that k is a perfect field and that dim X1 = 2. Then any G-equivariant birational
map between X1 and Xo is a composition of G-equivariant Sarkisov links.

(b) Assume that k is a field of characteristic zero and that dim Xy > 2. Then any G-equivariant
birational map between X1 and Xs is a composition of G-equivariant Sarkisov links.
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Proof. (a): We follow the proof of [22, Theorem 1.2], which uses Theorem 2.6(b), but instead
of using loc.cit. (which holds over algebraically closed fields), we use [35, Theorem 3.1] (which
adapts the proof of Theorem 2.6(b) for surfaces over perfect fields).

(b): One can adapt the proof of [22, Theorem 1.2] by using Theroem 2.6(b) instead of [25,
Theorem 1.1]. O

The next result will be useful in the proof of Proposition 1.3 in Section 3.

Lemma 2.8 ([15, p. 250]). Let Z be a surface on the top row of a Sarkisov diagram and B the
variety at the bottom row of the Sarkisov diagram. Then —Kz is relatively ample over B. In
particular, if B = Spec(k), then Z is a del Pezzo surface.

Proof. Tt follows from the definition of Sarkisov link that p(Z/B) = 2 and that there are exactly
two extremal contractions from Z over B (divisorial contractions and/or Mori fiber spaces), and
so Pic(Z/B)g = Qf1 ®Qf2, where f1, fo are extremal curves in Z. Then —K - f; > 0fori=1,2,
and Kleinman’s criterion implies that — K7 is relatively ample over B. (I

We finish this section with two observations concerning the equivariant Sarkisov program that
will be useful in Section 11.

Lemma 2.9. The base field k is assumed to be of characteristic zero. Let m: X — B be a Mori
fibration such that m_: Xio — By is a Mori fibration. If there are no Aut®(Xy)-equivariant
Sarkisov links of type I, II and III starting from Xy — By, then there are no Aut®(X)-
equivariant Sarkisov links of type I, II and III starting from X — B.

Proof. Let x: X --+ X’ be an Aut®(X)-equivariant Sarkisov link to a Mori fiber space X' — B'.
The following is summarized in the two diagrams below. We run an MMP W: X/E --» Z over B’E
to a k-Mori fiber space Z — B/K' Then © := Vo xi: Xy --» 7 is an Aut(Xi)-equivariant bira-
tional map between k-Mori fiber spaces. It is the composition of Aut(Xy)-equivariant Sarkisov
links by Theorem 2.7(b). By assumption, there are no Aut(Xy)-equivariant Sarkisov links of type
I, IT and III starting from Xj.. Therefore, © is an isomorphism. In particular, if p: I' X Xiz —
X, (v,7) = py(x) is a descent datum, then T ><AZ — Z, (7,2) — (© © fiy © 0 H(2) is a
descent datum on Z corresponding to a k-variety Z. Denote by #: X — Z the isomorphism
(defined over k) such that 6 = ©. Then ) := 0 o x~! is a birational map (defined over k) and

Y= 0.

e 0

T T T T Tt
X X/E ”””””””” > Z X :i:,),(,,,> ) LA 37
iwk } / i” } /
By B/E B B’

Note that 1 is a birational contraction (its inverse does not contract any divisor), because ¥ is
a birational contraction. Then 1 = p(X’/B') < p(Z/B') = 1 implies that v is an isomorphism
in codimension 1. Since Z — B/K is a Mori fiber space, also X’E — B/K is a Mori fiber space. It
now follows from our assumptions that x;- and hence x are isomorphisms in codimension 1. [J

Lemma 2.10. The base field k is assumed to be of characteristic zero. Letn: Y — X be a Ky -
extremal divisorial contraction between two terminal Q-factorial k-varieties contracting a divisor
E onto a curve C' C X. Suppose that Fy; = Ey+---+ E,, where Ey,--- | Ey, are hypersurfaces in
Y. Then there exist birational morphisms ny: Yz — Z1 contracting Ey and niy1: Z; — Zita
contracting n; - - - m (Eijy1) fori=1,...,n—1 with Z, = X5 such that g = npo- - -ony. Moreover,
if C is smooth, then each n; contracts E;y1 onto a smooth curve isomorphic to Cy.

Proof. Since p(Y/X) = 1, the hypersurface E is irreducible, and I" permutes FEi,..., E,. Let
J1 C Ej1 be any curve contracted onto a point by 7 and such that the I'-orbit of f; consists of
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curves fi,..., fp with f; C E;, i =1,...,n. Then
0>Kyi-(f1+---—i—fn):nKyE-fl-, fori=1,...,n.

In particular, there is a birational contraction 71: Y- — Z1 contracting fi. Let C; := n1(fi),
t=2,...,n. Then niC; = f1 + fi. Then

Kz, - Ci=mKz, -niCi=Ky_- (i + fi) =2Ky_- fi <0.

In particular, there is a birational contraction 72: Z7 — Z5 contracting Cs, and Zs is again
terminal and Q-factorial. Inductively, we show the existence of the contractions 73, ..., 7, in the
same way. Then the birational map 7, o---omny: Y — Z, contracts E;- and hence corresponds
to a birational map n': Y — Y’ contracting E. By the uniqueness of contraction of extremal
rays, there is an isomorphism «: Y’ — X with o’ = 5. The last claim follows from the
construction of the ;. O

2.3. Algebraic subgroups of Bir(X) and regularization.

Definition 2.11. Let X be a variety, and let G be an algebraic group.
» We say that G acts rationally on X if there exists a birational map

UE GxX--+Gx X’ (gvx) F=2 (gung(‘r))

that restricts to an isomorphism U — V on dense open subsets U,V C G x X, whose
projections onto G are surjective, and such that 7y, = n, o ny, for any g, h € G. If moreover
the kernel of the induced homomorphism G(k) — Bir(X), g — ng is trivial (i.e. if G acts
faithfully on X), then (G,n) is called an algebraic subgroup of Bir(X).

« If, in addition, n is an automorphism of G x X, then we way that G acts regularly on X and
that (G,n) is an algebraic subgroup of Aut(X).

 An algebraic subgroup (G, n) of Bir(X) is called mazimal if it is maximal with respect to the
inclusion among the algebraic subgroups of Bir(X), i.e. for every commutative diagram

GxX---"-- -G x X
J : J
GxX—-—--——- -G x X

induced by an inclusion of algebraic groups ¢: G < G’, we have G = G’ and + = Id.

Remark 2.12.
* When 7 is clear from the context, we will often drop it and simply write that G is an algebraic
subgroup of Bir(X) or of Aut(X).
e Let T' := Gal(k/k). The canonical I'-action on Xy yields a canonical T-action on Bir(Xj) by
conjugation, and there is a canonical bijection Bir(X) ~ Bir(Xy)". We will therefore identify
Bir(X) with the subgroup Bir(Xp)! of Bir(Xy) in the rest of this article.

o If G is an algebraic subgroup of Bir(X), then Gy is an algebraic subgroup of Bir(Xy) and

G(k) = Bir(X) N G¢(K).

We recall that if X is a projective variety, then the contravariant functor

Auty (X) :  {k-schemes} — {Groups}
S — Auts(X Xk S)

is represented by a group scheme Aut(X) locally of finite type over k (see [38, Theorem 3.7]).
Also, the identity component Aut®(X) is a geometrically irreducible algebraic group over k (see
[13, Theorem 2.4.1]). In particular, Aut®(X) is a connected algebraic subgroup of Bir(X).

Theorem 2.13. Let n € N>y. For each connected algebraic subgroup G of Bir(Py), there exists
an n-dimensional rational Mori fiber space X and a birational map ¢: Py --» X such that

©Go~! C Aut®(X).
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Proof. The proof of this result is based on the proof of [8, Theorem 2.4.4], where the base field
was assumed to be algebraically closed of characteristic zero.

Note that the connected algebraic subgroup G of Bir(Pg) is linear ([8, Lemma 2.4.2]), and
thus G is linear (by [24, Proposition 14.51 (6)]). According to the regularization theorem of
Weil (valid over any field; see [61, p. 375, Theorem]), the group G is conjugated to an algebraic
subgroup of Aut®(X’), where X’ is a rational variety. Replacing X' by its smooth locus, we may
moreover assume that X’ is smooth. Then, by a result of Sumihiro ([52, Theorem 3.8]), X' is
covered by G-stable quasi-projective open subsets. Replacing X’ by one of these G-stable quasi-
projective open subsets, we may assume that X' is quasi-projective. Taking a G-equivariant
compactification ([52, Theorem 2.5]), and then a G-equivariant resolution of singularities (see
[32, Proposition 3.9.1 and Theorem 3.36] or [58, Theorem 8.11]), we may assume that the rational
variety X’ is smooth and projective. Then we can run an MMP on X’ (see Remark 2.2), which is
G-equivariant as GG is connected, see Proposition 2.3. We obtain a Mori fiber space X, birational
to P}, on which G acts faithfully and regularly. Hence, there exists a birational map ¢: P} --» X
such that oGt C Aut®(X). O

Remark 2.14. If n = 2, then Theorem 2.13 holds over any perfect base field (not necessarily
of characteristic zero). Indeed, the only place in the proof of Theorem 2.13 where we use the
fact that char(k) = 0 is for the existence of an equivariant resolution of singularities, but such
a resolution always exist for a surface: it suffices to repeatedly alternate normalizing the surface
with blowing-up singular points (see [36] or [4]).

2.4. Algebraic tori of the Cremona group. We are now more particularly interested in the
case of algebraic tori of Bir(Py). According to [17, p. 508, Corollaire 4 (p. 522) and Corollaire 1
(p. 524)], there are no tori of dimension greater than n in Bir(P}), and any d-dimensional split
torus of Bir(Py), with d € {n — 1,n}, is conjugate to a torus of Aut(P}). More generally, for
n-dimensional tori of Bir(Py), we have the following result.

Proposition 2.15. Let T1 and T be two n-dimensional tori of Bir(Py). Then Ty ~ T5, as
algebraic groups, if and only if T\ and T5 are conjugate in Bir(Py).

Proof. («<): It is clear that if 77 and T3 are conjugate in Bir(IP}), then they are isomorphic as
algebraic groups.

(=): We now suppose that T} and T, are isomorphic as algebraic groups. According to Weil’s
regularization theorem, there exists a rational threefold X; endowed with a faithful T;-action
which makes it a toric variety. Let U; be the dense open T;-orbit of X; (which is necessarily
isomorphic to T; itself as X; is rational). Then the equivariant isomorphism U; ~ Us, induced
by the isomorphism 77 ~ T3, yields a birational equivariant map ©: X7 --+ Xy such that
YT~ = Ty, and the result follows. O

Let us now focus on the case k = R. We first recall the classification of the real tori (Lemma
2.16) and then prove that an n-dimensional torus of of Bir(Pg) is never a maximal connected
algebraic subgroup (Corollary 2.18).

Lemma 2.16. Any real torus of dimension d € N>q is isomorphic to
(Re/r(Gme))? x (ST x Gy, g with 2p + g+ = d,

where S := Spec(R[z, y]/(2? +y* — 1)) is the unit circle and Re/r(Gm,c) is the Weil restriction
of Gy, c with respect to the field extension R — C. Moreover, since all tori of dimension at most
two are rational, any real torus is rational.

Proof. See [60, Chapter 4, Section 10.1] or [41, Lemma 1.5] for the first statement, and [59,
Theorem 4.74] for the second statement. ]

Remark 2.17. It follows from the results recalled in this section that each isomorphism class
of real tori of Bir(PZ) non-isomorphic to S! yields a single conjugacy class in Bir(IP%). However,
we will see in Section 3 that it is not true for real tori isomorphic to S! (see Proposition 3.2).
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Corollary 2.18. Let T ~ Re/r(Gmc)P x (1) x GI, p, with 2p+q+r=n>1, be a torus of

m,R?
Bir(P}). Then T is conjugate to a torus of the real algebraic subgroup

Aut®(Re/(PL))? x (P)™") = (Re/(PGLec))? x (PGLyr)™"

in Bir(Pg). In particular, an n-dimensional torus of Bir(PR) is never a mazimal connected
algebraic subgroup of Bir(Pg).

Proof. The n-dimensional variety (Rc/r(Pg))? x (Pg)?*" is rational (since the real locus of
the smooth projective real surface R¢ /R(IP’}C) is non-empty and connected; see [37, Theorem
4.4.8]), Aut(Py) ~ PGLa g contains strict algebraic subgroups isomorphic to G,, g and S!, and
Aut®(Re/r(Pg)) ~ Re/r(PGLyc) contains strict algebraic subgroups isomorphic to Re /g (Gm,c)-
On the other hand, by Proposition 2.15, two n-dimensional tori of Bir(P}) are conjugate if
and only if they are isomorphic as real algebraic groups. Hence, T' is conjugate to a torus of
Aut®((Re/r(PE))P x (Pg)7F7). The last sentence follows from Lemma 2.16 and from the fact
that T is a strict algebraic subgroup of Aut®((Re/r(Pg))? x (Pg)4*"). O

Remark 2.19. It follows from Corollary 1.5 that tori are not maximal algebraic subgroups of
Bir(P%). However, for n > 3 and 1 < d < n, we do not know if a d-dimensional torus can be a
maximal algebraic subgroup of Bir(Pg).

2.5. Maximal connected algebraic subgroups of Bir(X) and base change.

Proposition 2.20. Let ki, ks be two fields with k1 — ks. Let X be a projective variety over
ki. Then (Auty, (X))k, ~ Auty,(Xk,) as group schemes over ko. In particular, (Auty (X))k, =~
Auty, (Xy,) as connected group schemes over ks.

Proof. Let us start with an observation. Consider the functor
H: {ko-schemes} — {kj-schemes}, (T' — Spec(ks)) — (T' — Spec(ks) — Spec(ky)),

where the morphism Spec(ka) — Spec(k;) is the one induced by the field inclusion k; <
ko. It follows from the universal property of the fiber product (see [51, Tag 01JO]) that if a
functor F': {kj-schemes} — {Sets} is represented by a kj-scheme S, then the functor F' o
H: {ko-schemes} — {Sets} is represented by the ka-scheme Sy, = S Xy, Spec(ka).

For i € {1,2}, we denote by F; = Auty (X): {ks-schemes} — {Groups} the functor repre-
sented by Auty, (X). By the observation above, the group scheme (Auty, (X)), represents the
functor F1 o H. Hence, (Auty, (X))k, ~ Auty,(Xk,) as group schemes over ks if and only if the
group functors F5 and F} o H are isomorphic.

Let T'— Spec(ks) be a ko-scheme. Then we have the following commutative diagram

Xy X1y T ——— Xy ————— X

| ! l

T — Spec(ka) — Spec(k;)

2

whose two squares are Cartesian. In particular, by natural associativity of the fiber product,
there is an isomorphism of schemes Xy, Xy, T ~ X Xy, H(T), and so for each element f €
Auty(Xg, Xk, T') we have a commutative diagram

Xk2 Xko T ~X Xk H(T) .
/ le NJ

Spec(ky) +— Spec(ky) +— T
Xk2 Xko T ~ X Xk, H(T)

As a consequence, there is a group isomorphism

nr: FQ(T) = AutT(Xk2 X ko T) ~ AutH(T)(X Xk, H(T)) = (Fl o H)(T)


https://stacks.math.columbia.edu/tag/01JO
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Moreover, one can check that, for every morphism of kgp-schemes f: 77 — 15, we have np, o
F>(f) = (Fro H)(f) o np,. Therefore the group functors F» and Fy; o H are isomorphic, and so
(Auty, (X))k, >~ Auty, (Xk,) as group schemes over ks.

Finally, the last statement follows from [13, Theorem 2.4.1]. O

Remark 2.21. Let X be a k-variety. Then the Galois group I' = Gal(k/k) permutes the
Aut®(Xj)-orbits. Indeed, the I'-action on Xj_ induces a I'-action on Aut®(Xy) ~ Aut®(X )y such
that, for every v € I', we have ., (Aut®(Xy) - p) = Aut®(Xy) - p,(p) for all p € Xi..

The next result will be the key-ingredient to prove Corollary 1.13.

Corollary 2.22. Let ki,ko be two fields with k1 < ko. Let X be a projective variety over ky.
If Aut®y, (Xx,) is mazimal in Bir(Xy,), then Aut®y, (X) is mazimal in Bir(X).

Proof. We prove this statement by contraposition. If Aut®y, (X) is not maximal in Bir(X), then
by Theorem 2.13 there exists a projective variety Y over k; and a birational map ¢: X --» Y
such that ¢ Aut®y, (X)¢ ™' € Aut®, (Y). Then Proposition 2.20 yields

Pko AUtokz (Xk2)§01:21 = (QD AUtOk1 (X)Qp_l)kQ - (Autokl (Y))kQ = AUtOkQ (Yk2)7

where @1, = ©X1, Idgpec(ks): Xky ~—* Yk, is the birational map induced by . Thus Aut®y, (X, )
is not maximal in Bir(X},), which finishes the proof. O

Remark 2.23. The converse of Corollary 2.22 is not true in general. For instance, let k be a
field for which there is a rational del Pezzo surface X of degree 6 and of Picard rank 1. Then,
according to Proposition 1.3, Aut®x(X) is maximal in Bir(Pf), while Aut®(Xy) ~ anﬁ is not
maximal in Bir(]P’%); see [47, Section 4] for details on automorphism groups of del Pezzo surfaces
of degree 6.

3. MAXIMAL CONNECTED ALGEBRAIC SUBGROUPS OF Bir(P?)

In this section we prove Proposition 1.3 and Corollary 1.5, and we then determine the conju-
gacy classes of the real algebraic tori of Bir(PZ). Recall that, given a perfect field k, we denote
its Galois group by I' := Gal(k/k).

The following result is classic and will be useful to us several times later.

Proposition 3.1. (Chatelet’s theorem, see e.g. [43, Proposition 4.5.10]) Let k be an arbitrary
field. Let X be a k-form of IP’% withn > 1. Then X (k) # @ if and only if X ~ P{. In particular,
the only rational k-form of ]P’% is the trivial k-form P} (up to isomorphism,).

Let us now prove Proposition 1.3 and then Corollary 1.5.

Proof of Proposition 1.3. Let k be a perfect field of arbitrary characteristic. Let G be a connected
algebraic subgroup of Bir(IP’i). By Theorem 2.13 and Remark 2.14, GG is conjugate to an algebraic
subgroup of Aut®(X), where X is a 2-dimensional rational Mori fiber space. Hence, to determine
the conjugacy classes of connected algebraic subgroups of Bir([[”i), it suffices to list the Mori
fiber spaces X/B up to Aut®(X)-equivariant birational maps. Moreover, since every equivariant
birational map between Mori fiber spaces can be decomposed into equivariant Sarkisov links
(see Theorem 2.7), we only need to check for the existence of equivariant Sarkisov links starting
from X.

Case 1. Suppose first that the basis B of the Mori fibration is Spec(k). Then X is a smooth
rational del Pezzo surface with p(X) = 1 and [26, Theorem 2.6] implies that K3 > 5 (see also
[47, Proposition 2.9]). We now consider the different possibilities for K% .

« If K3 = 5, then X has a finite automorphism group since Aut(Xy) ~ &5 is the symmetric
group of degree 5 (see [19, Theorem 8.5.6]). Hence K% = 5 cannot occur.
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o If K% = 6, then Aut®(X) is a 2-dimensional torus and X has exactly six (—1)-curves that
form a hexagon, all preserved by Aut®(X) (see [47, Section 4]). Moreover, the only Aut®(Xj)-
fixed points in X are the six intersection points of the (—1)-curves, and so there are no
Aut®(X)-equivariant Sarkisov links starting from X by Lemma 2.8. This yields Case (iv) of
Proposition 1.3.

o If Kg( = 7, then X has Picard rank at least 2; indeed, Xi- has three (—1)-curves, two of which
are disjoint and the third one intersects the other two, and so NS(X) = NS(Xp)! has rank
at least 2. Hence K3 = 7 cannot occur.

o If K% =8, then X ~ Rg i (P ) for some quadratic field extension k < K (see [47, Lemma
3.2]), and so Aut®(X) ~ Rk /x (PGLa k) acts on X with no fixed closed point. Consequently,
there are no Aut®(X)-equivariant Sarkisov links starting from X. This yields Case (iii) of
Proposition 1.3.

o If K¥ = 9, then X ~ IP’IQ( by Chételet’s theorem (Proposition 3.1), and so there are no
Aut®(X)-equivariant Sarkisov links starting from X since Aut®(X) ~ PGL3x acts on X with
no fixed closed point. This yields Case () of Proposition 1.3.

Case 2. Suppose now that B ~ P,.. Then X — B is a Mori conic fibration. According to
[46, Lemma 6.13], we have the following possibilities for X.

« X is a Hirzebruch surface F,, for some n € N>g. If n = 0, then Aut®(Fy) acts transitively
on Fo. For n > 1, we have Aut®(F,) = Aut(FF,,), and Aut(F,) acts on [F,, with exactly two
orbits: the (—n)-section and its complement. In particular, there are no Aut®(F,,)-equivariant
birational maps to another Mori fiber space, except when n = 1, in which case the contraction
of the (—1)-curve conjugates Aut(FF;) to a strict algebraic subgroup of Aut®(PZ) = Aut(P2).
This yields Case (ii) of Proposition 1.3.

e X is a del Pezzo surface of degree 6 obtained by blowing-up a point of degree 2 on X' =
R /k(IP’%{), where k — K is some quadratic field extension. But then Aut°(X) is conjugate
to the strict subgroup of Aut®(X’) preserving the point of degree 2 of X’ that was blown-up.

e X is a del Pezzo surface of degree 5 obtained by blowing-up a point of degree 4 on Pi. But
this case is excluded for us since then Aut®(X) is trivial.

This concludes the proof of Proposition 1.3. [l

Proof of Corollary 1.5. As the only quadratic field extension of R is R < C (up to complex
conjugation), and as there are no real del Pezzo surfaces of degree 6 with Picard rank 1 (see [44,
Lemma 3.1]), the result follows readily from Proposition 1.3. O

We now focus on algebraic tori of Bir(P%). According to Lemma 2.16, a torus of Bir(P%) is
isomorphic to G, g, St, G%,LR, (SH2, St x Gyr o1 Re/r(Gi,c)- For each type, there is a single
conjugacy class (see Section 2.4) in Bir(IP%), except for S!, for which the following lemma gives
the list of conjugacy classes.

Proposition 3.2. The unit circle S' has the following two distinct conjugacy classes in Bir(IP’]%Q):

(a) the conjugacy class of the natural embedding of S* into PGLgr = Aut(P%) fizing the line
(2 =0) — here we write [z : y : 2] for the coordinates on P% — and the point [0: 0 : 1]; and

(b) the conjugacy class obtained by embedding S' into PGLagr x PGLog = Aut®(P} x PL) diag-
onally.

Proof. Let G be a connected algebraic subgroup of Bir(IP%) isomorphic to S!. By Corollary 1.5,
we have the following possibilities for G.

« X = F,, with n > 2, and G is conjugate to an algebraic subgroup of Aut(X) ~ V,, x
GLa g / unl, where V,, is a unipotent group of dimension n + 1 and u, = {As, A" =1} C
GLg . Conjugating G by an element of Aut(X) if necessary, we can furthermore assume
that G is contained in GLag /uty. In particular, G preserves the two sections s_p: [zg :

1This is an old classical result, but we did not find an original reference. It is reproved in [9, Remark 2.4.4] with
details.
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x1] = [0:1; x : x1] and sp: [wo : 1] — [1 : 05 zo : x1] of the structure morphism
F, — PL (see Section 4.1 for the notation). On the other hand, G is not contained in
Aut® (X )IFDHlg ~ V, x Gy, g, and so G acts naturally on P}, and preserves therefore two I'-

conjugate fibers of the structure morphism F, — PL. We pick two I'-conjugate points
on these fibers that are contained in the the section s,. The elementary transformation
F,, --» F,_2 not defined at these two points is G-equivariant. Continuing like this, we find
a G-equivariant birational map F,, --+ F,, over Py with m € {0,1}. If m = 0, then G is
conjugate to an algebraic subgroup of Aut®(P4 x P§), and if m = 1, then G is conjugate to
an algebraic subgroup of Aut(P%).

e X =TFj and G is conjugate to an algebraic subgroup of Aut®(X) = PGLyr x PGLyr. Then
G preserves the two fibrations py,pa: Fg — P} (by Proposition 2.3) and acts nontrivially on
both or one of them. In particular, G has no fixed real point, and so any equivariant Sarkisov
link starting from Fy goes to Fo. Finally, if G acts trivially on one of the two fibrations,
then G is contained in PGLygr x{1} or {1} x PGLy R, and otherwise G is conjugate to an
algebraic subgroup of {(g,9) | g € PGLar} ~ PGLy . However, denoting by 7: P} x P —
PL x Pk, (z,9) = (y,z), we see that 70 (g,1) o7 = (1,g), hence the actions of S! from the
left and from the right are conjugate in Bir(IP’%g). Finally, consider the birational map

0: Pk x Pl —— Pk x Pk, ([z1: 2], [y1 : ya]) = ([w1y1 + 2292 : £1y2 — 2201, [y1 : ¥a])-

Then 6 o (g, g) = (id, g) o § for any g € S!. This yields Case (b).

« X = DQC/R(IF’}C) and G is conjugate to an algebraic subgroup of Aut®(X) = R¢/r(PGL2c).
The maximal tori of Ri¢/r(PGLac) are all conjugate, and each of them is isomorphic to
Re/r(Gm,c). Since Re/r(Gm,c) contains a unique subgroup isomorphic to S!, we deduce
that Aut®(X) contains a unique conjugacy class of tori isomorphic to S'. The surface X has
three S'-fixed points: one point whose residue field is C (corresponding to two I'-conjugate
points in X¢) and two real points. Blowing-up one of the two S!-fixed real points and then
contracting the two disjoint (—1)-curves swapped by the I'-action on IP’%; X IP)}C yields an S'-
equivariant Sarkisov link to IP’%.

« X =P2 and G is conjugate to an algebraic subgroup of Aut(X) = PGL3g. Let g € G\ {1};
its characteristic polynomial in P(R[¢]) is of degree 3 and thus has a real root of multiplicity
one (as g # 1). So, g has a fixed real point p € P%, say p = [0 : 0 : 1]. Moreover, since G is
commutative and connected, it fixes p. Blowing up p, the group G acts on F; as a subgroup
of Aut(F1) = Vi x GLar conjugate to a subgroup of GLy . Conjugating G by an element
of Aut(X,p) if necessary, we can assume that G is a subgroup of GLyg. In particular, G
preserves the section s; (in the notation from above) of the structure morphism F; — IP’]%Q,
and hence the line £ = [ : *x : 0] in ]P’%&. The group G is therefore conjugate to the image
of the natural embedding of S! into PGL3g = Aut(P%) preserving the line £ and the point
p. Lastly, the only G-equivariant Sarkisov links starting from ]P’f{ are the blow-up F; — IP’]%{
of the real point p and the blow-up of the unique G-fixed point on ¢ with residue field C
followed by the contraction of the strict transform of ¢, which gives an equivariant Sarkisov
link to Rer(Pg). This yields Case (a) of the proposition.

This concludes the proof of the proposition. O

4. MORI FIBER SPACES OF THEOREM 1.1 AND THEIR AUTOMORPHISM GROUPS

Until the end of this article, we work over an arbitrary base field k of characteristic zero,
unless explicitly mentioned otherwise. We define the Mori fiber spaces enumerated in Theorem
1.1 and determine their full automorphism groups (not just the identity component). This will
be used in the next sections to compute their rational k-forms through Galois cohomology.
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4.1. Family (a). Let a,b,c € Z. The a-th Hirzebruch surface F, can be defined as the quotient
of (A% \ {0})2 by the action of G2, given by
Gy, x (A?\{0})?  — (A%\ {0})
((M?p)a(y()aylazﬁazl)) = (Mp_ayo7#ylaPZO,P21)
The class of (yo,y1, 20, z1) will be written [yo : y1; 20 : 21]. The projection
F, — PY, [yo:wy1;20: 21] — [20 : 21]

identifies F, with P(Op1(a) ® Op1) as a Pl-bundle over P!. Also, we have F, ~ F_, via [y :
Y1520 : 21) = (Y1t Yo; 20 : 21], and most of the time so we will choose a > 0. The disjoint sections
S—q,8q C Fg given by yg = 0 and y; = 0 have self-intersection —a and a respectively. The fibers
f C F, given by zg = 0 and z; = 0 are linearly equivalent and of self-intersection 0. We moreover
have Pic(F,) = Zf @ Zs_q = Zf @ Zs,, since sq ~ S_q + af.

We now define F2¢ to be the quotient of (A?\ {0})3 by the action of G2, given by

Gy, x (A%\ {0})? — (A%\ {0})°
((Ahua p)?(anxlay()vbeOaZl)) = ()‘:uibx()v)‘picxlaupiay()a:uylapZOHOZl)
The class of (zg, z1, Yo, Y1, 20, 21) Will be written [z¢ : Z1;Y0 : y1; 20 : 21]. The projection
q: Fo© — Fa, [0 21390 1 y15 20 : 21] = [yo 1 913 20 ¢ 21]

identifies F¢ with P(Op, (bsy) ® Or, (cf)) = P(Of, @ O, (—bs, + cf)) as a Pl-bundle over F,,.

Like for Hirzebruch surfaces, we have ]:i’fl ~ Fb¢. Moreover, the exchange of 2o and x; yields
an isomorphism F2¢ ~ F%~¢ Hence, we may assume that a,b > 0. Note that F20 ~ P! x F,.
Let us mention that the algebraic group Aut®(F2¢) is described in [9, Section 3.1]; in particular,

Aut®(F5¢) maps onto Aut®(F,). We recall the following result as it will be useful for us to prove
Propositions 4.3, 5.7, and 5.12.

Lemma 4.1. Let X = F¢ with a,b> 0 and c € Z.

(a) The group NSq(X) is generated by Hy, := (z9 = 0) =~ Fo, Hy, = (yo = 0) =~ F., and
H,, = (20 =0) ~TF,.

(b) The group N2(X) is generated by the curves £y := Hyy N Hyy, by := H,, N Hy,, and {3 :=

H., N H,y,.
(¢c) The intersection form on X is given by
HZ 0 HyO Hw 0 HZO HyO Hx 0
Hzo 0 €3 ﬁg 61 1 —a &
Hyo fg —a€3 él EQ 0 1 —b
on EQ 51 —bgl + (C - ab)ﬁg €3 0 0 1

(d) Let £y = (z1 = yo = 0) that satisfies €4 = £1 — cl3 in N2(X). The cone of effective curves
NE(X) is generated by {1, l2, and U3 if ¢ < 0 and by 4, {2, and l3 if ¢ > 0.

(e) The canonical divisor of X is Kx = —(a(b+ 1) +2 —c¢)H,, — (b + 2)H,, — 2H,,, thus
Ky -lh=a—-c—2,Kx - lo=b0—-2,Kx -l3=-2,and Kx -ly=a+c—2.

(f) The structure morphism q: f};c — F, corresponds to the contraction of £3.

Proof. The proof is the same as in the case over algebraically closed fields; see [8, Lemma 6.5.1]
for details. O

Lemma 4.2. Consider a short exact sequence of algebraic groups 1 — G — Go — Gz — 1
over an arbitrary base field. If Gy is connected, then Gy and Gs have the same number of
connected components.

Proof. Since G — G35 is onto, the number of connected components of G5 is at least equal
to the number of connected components of G3. Now assume that there exist two connected
components C' and C’ of G that are mapped onto the same connected component H of Gs.
Multiplying C' and C’" by the inverse of an element of C if necessary, we can assume that
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C = G5 and H = G3. But since G is assumed to be connected, it is contained in G5 = C,
which contradicts the fact that an element of C’ is mapped to 1¢,. Hence, only one connected

component of G2 is mapped onto a given connected component of G5, which finishes the proof.
O

Proposition 4.3. Let X = J-"f;:c with a,b >0 and c € Z.

(a) Ifa=b=c=0, then X ~ (P1)? and Aut(X) ~ (PGL2)? x S35, where Ss is the symmetric
group of order 3 that acts naturally on the three copies of P'.

(b) Ifa=0andb=|c|#0 orifb=0 and a = |c| # 0, then Aut(X) ~ Aut®(X) x Z/2Z, where
the generator of Z/27 can be taken as the involution o of X defined by

e [x0 | = ]z1: @020 21590 1] ifa=0and b=c
e [zo: Y0 Y1520 0 21 = [To s 1320t 230 s 1] ifa=0 and b= —c
(o : 1390 1 Y1320 2 21] = (Yot Y1521 1 o320 : 21] if b=0 and a = c
e [0 : @150 1 Y1520 : 21) F> [Yo 1 Y13 %0t w1520 21) if b =0 and a = —c

(¢c) In all other cases, Aut(X) is connected.

To *T13Y0 F Y1520 * 21

Proof. Assume first that a = ¢ = 0. If b = 0, then X ~ (P!)3 and Aut(X) ~ (PGL3)3 x S3
(this can be checked for instance by looking at the induced action of Aut(X) on NSg(X) and
Ni@(X)) If b # 0, then X ~ F, x P! and Aut(X) ~ Aut(F;) x PGLs is connected.

Assume now that b = 0. If a = 0 and ¢ # 0, then X ~ F. x P! and Aut(X) ~ Aut(F.) x PGLs
is connected. If ¢ = 0 and a # 0, then X ~ F, x P! and Aut(X) ~ Aut(F,) x PGLy is
connected. If a = |¢| # 0, then Lemma 4.1(d)&(e) implies that the involution o defined in the
statement swaps the two extremal rays generated by ¢9 and /3 in NE(X). Therefore, for every
automorphism ¢ € Aut(X), either ¢ or ¢ o o stabilizes the two extremal rays generated by ¢,
and £3. On the other hand, using the global description of X = ]-"fl’*c above and the description
of Aut®(X) given in [9, Section 3.1], one can check that an automorphism ¢ € Aut(X) that
preserves the two fibrations ¢2: X — F. and ¢3: X — F, (corresponding to the contraction
of the extremal rays generated by ¢o and /3 respectively) belongs to Aut®(X). We deduce that
either ¢ or ¢ o o belongs to Aut®(X), and the result follows.

From now on, we assume that b # 0 and (a # 0 or ¢ # 0), in which case the structure
morphism ¢: X — F, is Aut(X)-equivariant; indeed, it corresponds to the contraction of the
extremal ray generated by ¢3, and the class of ¢35 is Aut(X)-invariant by Lemma 4.1(d)&(e).
Hence, we have an exact sequence of algebraic groups

1 — Aut(X)p, — Aut(X) — H — 1,

where Aut(X)p, is connected by [9, Remark 3.1.6] and Aut®(F,) C H C Aut(F,) by [9, Lemma
3.1.5]. If @ > 1, then H = Aut(F,) is connected, and so Aut(X) is also connected by Lemma
4.2. We now assume that a = 0 (and bc # 0), in which case Aut(F,) ~ (PGLg2)? x Z/27Z.
If |b| = |c|, then the involution o defined above maps to the generator of Z/2Z (given by
[yo : y1;20 : 21) = [20 : 21590 : y1]). Hence H = Aut(F,), which implies that Aut(X) has two
connected components (by Lemma 4.2), and so Aut(X) ~ Aut®(X) xZ/2Z. If |b| # |c|, then the
fibers of pr; o q: ]:g’c — P! are the non-isomorphic Hirzebruch surfaces F, and F, respectively,
where pr;: P! x P! — P! is the i-th projection (for i = 1,2). Thus, every automorphism
¥ € Aut(X) maps to Aut®(F,), i.e. H = Aut®°(F,) and Aut(X) is connected (by Lemma 4.2). [

4.2. Family (b). Let b € Z. We denote by P, the quotient of (A% \ {0}) x (A% \ {0}) by the
action of G2, defined by

G, x (A2\ {0}) x (A%\ {0}) —  (A%\{0}) x (A%\ {0})
(1, ), (Yo, w13 20, 21, 22)) = (wp~Pyo, pyn; p2o, p21, pz2)

and we write [yo : Y1 ; 20 : 21 : 2] for the class of (yo, y1, 20, 21, 22). The projection

q: P, — P2, [Yo:y1; 20:21: 22] — [20: 21 29]
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identifies P, with P(Op2(b) ® Opz2) as a P-bundle over P2. In particular, P_j ~ P, and so we may
assume that b > 0. Let us mention that Aut®(P;) is described in [9, Section 4.1]; in particular,
Aut®(Py) maps onto Aut(P?).

Proposition 4.4. Let b > 0. Then Aut(Py) is connected.

Proof. If b = 0, then Py ~ P! x P? and Aut(Py) ~ PGLy x PGL3 is connected. If b = 1, then
P is isomorphic to P? blown-up at the point p :=[0:0: 0 : 1] (see [8, Lemma 5.3.5]), and so
Aut(P;) ~ Aut(P3, p) is connected. Assume now that b > 2. A rather direct computation (see
e.g. the proof of [8, Lemma 6.5.1] for a similar computation) gives us that the cone of effective
curves of P, is generated by two curves f (a fiber of ¢) and ¢ (a line contained in the section
defined by yo = 0), and that Kp,.f = —2 and Kp,.f = b — 3. Hence, Aut(P;) stabilizes the two
extremal rays of NE(P,) generated by f and ¢, from which it follows that the structure morphism
q: Py — P? is Aut(Py)-equivariant. Moreover, by [9, Lemma 4.1.2], the induced homomorphism
Aut(Py) — Aut(P?) is onto. Hence, we have an exact sequence of algebraic groups

1 — Aut(Pp)pe — Aut(Pp) — Aut(P?) — 1,
where Aut(Pp)p2 is connected by [9, Remark 4.1.3]. By Lemma 4.2, the algebraic group Aut(P)

is therefore connected. O

4.3. Family (c). Let a,b > 1 and ¢ > 2 such that ¢ = ak +2 with 0 < k < b. We call Umemura
P'-bundle the P'-bundle Z/{fl”c — F, obtained by the gluing of two copies of Fy x Al along
Fp x (A1\ {0}) by the automorphism v € Aut(Fy, x (Al \ {0})) defined by

ve ([zo @1 yo:wilz) = ([wo: w12 + zoybyd "2t 5 yoz® ], %) ;
= ([0 @1z 4 moyliyl M2 gz, L)

The structure morphism g: Ug’c — F, sends ([zo : 1 ; %o : ¥1],2) € F, x A onto respectively
[yo :y1; 1: 2] € Foand [yo : y1 ; 2 : 1] € F, on the two charts. Let us mention that the
algebraic group Aut®(U%°) is described in [9, Section 3.6]; in particular, Aut®(Z/%¢) maps onto
Aut(F,). In fact, the Umemura P!-bundles are the only P!-bundles over Hirzebruch surfaces,
besides the decomposable P!-bundles introduced in Section 4.1, whose identity component of
the automorphism group maps onto the identity component of the automorphism group of the
basis (see [9, Proposition 3.7.4]).

Proposition 4.5. Let a,b > 1 and ¢ > 2 such that ¢ = ak + 2 with 0 < k < b. Then Aut(blfl”c)
is connected.

Proof. The proof is analogous to that of Proposition 4.4. The cone of effective curves and the
intersection form on X = U>¢ are described in [8, Lemma 6.4.1]: the cone NE(X) is generated
by three curves f, s, £ if ¢ > 2 and by three curves f, s, r if ¢ = 2, where the structure morphism
q: X — [, contracts the class of f. The intersection of these 1-cycles with Kx is given by

Ky -f=-2, Ky-s=b0—-2, Kx-l=alk+1)ifc>2, Kx-r=a—-2ifc=2.

Consequently, Aut(X) preserves the extremal ray of NE(X) generated by f, and so ¢ is Aut(X)-
equivariant. Since a > 1, the group Aut(F,) is connected and so the surjectivity of the in-
duced homomorphism Aut(X) — Aut(F,) follows from [9, Lemma 3.6.3]. The connectedness
of Aut(X)p, is given by [9, Remark 3.6.4]. The connectedness of Aut(X) then follows from
Lemma 4.2. |

4.4. Family (d). Let b > —1 and let s be the (2 : 1)-cover defined by
K: P! x P! — P2
(Iyo s ], [20 - 21]) = [yozo0 = woz1 + w120 : 121,

whose ramification locus is the diagonal A C P! x P! and whose branch locus is the smooth

conic Cop = {[X : Y : Z] | Y? = 4XZ} C P2. The b-th Schwarzenberger P!-bundle S, — P? is



20 RONAN TERPEREAU AND SUSANNA ZIMMERMANN

the P'-bundle defined by
q: Sp = P(ksOp1yp1 (—b — 1,0)) — P2

Note that S, is the projectivization of the classical rank 2 vector bundle k.Opiypi(—b — 1,0)
introduced by Schwarzenberger in [48]. The shift by —1 in our notation, and therefore the fact
that we take b > —1, comes from the fact that the preimage of a tangent line to Cy by S, — P?
is isomorphic to F, when b > 1 (see [9, Lemma 4.2.5]).

Remark 4.6. From [48, Proposition 7] (see also [9, Corollary 4.2.2] and [27, Example 2.1.8]),
we have

S 1 ~P ~P(Op(1) ® Op2), So~Po~P' xP? and S; ~P(Tp2) ~PGL3 /B,

where B is a Borel subgroup of PGL3. Recall that we have already determined Aut(S_;) and
Aut(Sp) in Proposition 4.4.

Proposition 4.7. Let b > 1.
(a) If b =1, then Aut(S;) ~ PGL3 xZ/2Z.
(b) If b > 2, then Aut(Sy) ~ Aut(P?, Cp) := {g € Aut(P?) | g(Cp) = (Co)} ~ PGLs.

Proof. If b = 1, then & ~ PGL3 /B is a flag variety and [17, Theorem 1] yields Aut(S;) ~
Autg (PGL3) ~ PGL3 xZ/2Z. If b > 2, then by [8, Lemma 5.3.9] the effective cone NE(S) is
generated by a fiber f of the structure morphism ¢: S, — P? and a certain curve s1, and they
satisfy Kg,.f = —2 andKg,.s1 = b — 3. It follows that ¢ is Aut(Sp)-equivariant, and so we have
an exact sequence of algebraic groups

1 — Aut(Sp)pe — Aut(Sy) — H — 1,

where H C Aut(P?) is the image of the homomorphism Aut(S,) — Aut(P?) induced by
the Aut(Sp)-action on P2. By [9, Lemma 4.2.5], the group Aut(S,)p: is trivial, Aut®(S,)
Aut(P?,Cy) ~ PGLy (since b > 2), and H must preserve Cp. Therefore, we have Aut(Sp)
Aut(IP’2, Co) ~ PGLa.

O R

4.5. Family (e). Let b > 1. We denote by q: V, — P? the P'-bundle obtained from Z/{f’2 — Iy
by contracting the (—1)-section of F;. The existence of the P'-bundle Vj, — P2 follows from the
descent Lemma obtained in [9, Lemma 2.3.2]; see [9, Lemma 5.5.1] for details. Let us note that
V) ~ & (see the proof of loc. cit.), and so we may assume b > 2 since we already determined
Aut(S;) in Proposition 4.7.

Corollary 4.8 (of Proposition 4.5). Let b > 2 and let : Z/{f’z — V, be the blow-up of the
smooth rational curve ¢~ ([0 :1:0]). Then Aut(V,) = wAut(Uf’Q)z/Fl is connected.

Proof. Let n: F; — P2 be the blow-up of pg := [0 : 1 : 0]. By [9, Lemma 5.5.1], there is a
commutative diagram

ut "y,

F) — P2
where the vertical maps are the structure morphisms. By [8, Lemma 6.4.2], the structure mor-
phism V, — P? is Aut(V})-equivariant. Moreover, by [9, Lemma 5.5.1(2)], Aut(V};) fixes the
point pg in P2, and so Aut()},) stabilizes the fiber ¢~ (pg) and v is therefore Aut(V,)-equivariant,
i.e. v~ Aut(Vy)¢ C Aut?). Thus

b Aub(Vy)e © Aut(UP?) = Aut®(UP?) = o Aut° (V)

where the connectedness of Aut(Z/{f’2) is Proposition 4.5 and the last equality is [9, Lemma
5.5.1(4)]. Hence, Aut(V}) = wAut(Uf’Q)w_l is connected. O
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4.6. Family (f). Let b > 2. The variety W, is the toric threefold defined as the quotient of
(A%\ {0}) x (A3\ {0}) by the action of G2, given by

Gy, % (A2\{0}) x (A*\{0}) — (A%\ {0}) x (A%\ {0})
(1, )5 (W0, 91 5 20, 21, 22)) = (MPl_QbymMyl ; PZOaPZI>02Z2)

and we write [yo : y1; 20 : 21 : 22] for the class of (yo,y1, 20, 21, 22). The projection

)

g W, — P(1,1,2), [yo:y1; 20:21: 22— [20: 21 22]

yields a Mori P*-fibration over P(1, 1, 2) which is a P!-bundle over P(1,1,2)\ [0 : 0 : 1]. Moreover,
W) has exactly two singular points, namely [1:0; 0:0: 1] and [0:1; 0:0 : 1], both located
in the fiber over [0 : 0 : 1]. Let us recall that Aut(P(1,1,2)) ~ Aut(Fs) is connected.

Remark 4.9. Let b > 2. Then Aut(Wb)]p(Ll’Q) is the connected algebraic group

{ Ll) g\] S GLQ(k[Z(),Zl,Zg]) M € k* and p e k[zO,zl,ZQ]le} s

and the action of Aut(W,)p(1,1,2) on W, is as follows:

()\,p) : [yo “Yi15%20 - =21t 22} = [yo DAy +yop(20721722);20 21 22]~

Moreover, the natural homomorphism Aut®(W,) — Aut(IP(1, 1,2)) is onto. All these facts can
be seen directly from the global description of W, above.

Lemma 4.10. Let b > 2.

(a) The group of numerical equivalence classes of 1-cocycles NSg(Wh) is generated by F' = (29 =
0) and S = (yo = 0).

(b) The group of numerical equivalence classes of 1-cycles NP(W;,) is generated by f = (21 =
zo=0) and L =FNS = (yp= 2 =0).

(¢) The intersection form on W satisfies

F S
()1 1(1-2b)
flo 1

(d) The cone of effective curves NE(Wy) is generated by f and .
(e) TheSC(mom'cal divisor of Wy, is Ky, = —25 — %(Qb—i— 3)F, thus Ky, - f = —2 and Ky, - { =
b—3.

Proof. The proof of the statements (a)-(d) is analogous to that of [8, Lemma 6.3.1] using the
global description of W, given above. For (e), we cannot apply the adjunction formula (because
W is singular), but since W, is toric, we know that an anticanonical divisor of W}, is obtained
by summing the five torus invariant prime divisors of W, (see e.g. [16, Theorem 8.2.3]), and the
result follows. O

Proposition 4.11. Let b > 2. Then Aut(W,) is connected.

Proof. Tt follows from Lemma 4.10 (e) that the structure morphism ¢: W, — P(1,1,2) is
Aut(W,)-equivariant. Moreover, the induced homomorphism Aut(W,) — Aut(P(1, 1, 2)) is onto
and Aut(Ws)p(1,1,2) is connected (see Remark 4.9). Hence, the result follows from Lemma 4.2. [

4.7. Family (g). Let m > n > 0. We consider the P2-bundle over P! defined by
7?'(m,n) = P(O[P’l(_m) @ O[P’l(_n) S OI[M);
it identifies with the quotient of (A3 \ {0}) x (A2 \ {0}) by the action of G2, given by

Gy, x (A*\{0}) x (A%\ {0}) — (A%\ {0}) x (A%\ {0})
(()\,,LL), (5307551,95%3/0,2/1)) = ()‘Mimx(]a)‘uin'xla)‘x%ﬂym/‘yl) ’
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and we write [z : x1 : 2 ; yo : y1] for the class of (xg,x1,x2,y0,y1). The structure morphism
7: Rimp)y — P! identifies with the projection [z : 21 : 22 ; %o : ¥1] — [yo : y1]. The algebraic
group Aut®(R ) is described in [8, Lemma 5.3.1].

Lemma 4.12. For each i € Z we denote by k[yo,y1]i C k[yo, y1] the vector subspace of homo-
geneous polynomials of degree i (which is {0} if i < 0). Then Aut(Rmn))p2 is the connected
algebraic group defined by

P10 P2n—m DP3,—m
) s s "y c k 0, 4
Pam-n P50 DPe—n | € PGLs(k[yo,11]) ?0 i [i/ yl]zg

DPrm P8n P90 i

Moreover, the action of Aut(R(y, n))p2 0N R(m ) is as follows:

Pb1,0 P2.n—m P3,-m| [T0
[®o:x1:22; Yo:y1] = | |Pam—n D50  Dé—n| |ZT1| 5 Yo:w1
| P7m bgn 9,0 T2

Proof. This can be seen directly from the global description of R, ) above, and by using
trivializations on open subsets of P! isomorphic to Al. O

Proposition 4.13. Let m > n > 0. Then Aut(R,, n)) is connected.

Proof. The proof is analogous to that of Proposition 4.4. By Lemma [8, Lemma 6.3.1], the cone of
effective curves of X = R, ) is generated by two curves f and ¢, and they satisfy Kx - f = —3
and Kx - £ = m +n —2 > —2. It follows that the structure morphism q: Ry, ) — P!
is Aut(R(y,n))-equivariant. The surjectivity of the induced homomorphism Aut(R, n)) —
Aut(P') is given by [8, Lemma 5.3.1] and the connectedness of Aut(R, ,))p by Lemma 4.12.
The connectedness of Aut(R(y, ) then follows from Lemma 4.2. O

4.8. Family (h). Assume that k = k. Let g € k[ug, u1] be a homogeneous polynomial of degree
2n, for some n > 0. We denote by Q, the projective threefold defined by

Q= {[wo : 21 1 22t x33u0 : 1] € P(OF® & Op1(n)) | 2§ — w122 — g(uo, u1)a3 = 0},
where IP’(OHEPF’ ® Op1(n)) is the quotient of (A*\ {0}) x (A%\ {0}) by the action of G2, given by

((/’Lv p) : (:l','(), x1,x2,T3,UQ, ul)) = (lu’x()a M1, UT2, Pinﬂx& pPUQ, pu1)7
and we denote by m,: Qp — P! the projection [zg : =1 : T2 : 23;ug : u1] = [ug : u1]. If g is
not a square, then m;: Q, — P! is a Mori quadric fibration (see [8, § 4.4] for details). In the
following, we will call such a fibration an Umemura quadric fibration.

Remark 4.14. Suppose that n = 0. If g = 0, then Qg ~ P? x P! ~ Py (see Section 4.2). If g # 0,
then the equation 23 — z122 — go3 = 0 defines a smooth quadric in P? and Q, ~ (P')3 ~ .7:8’0
(see Section 4.1). Hence, from now on, we will always assume that n > 1.

When g is not a square and n > 1, the algebraic group Aut®(Q,) is described in [8, Corollary
4.4.7): it is isomorphic to PGLa XG,, if g has only two roots, and isomorphic to PGLgy if g has
at least three roots. We now compute the whole automorphism group Aut(Q,).

Proposition 4.15. Assume that k = k. Let g € k[ug, u1] be a homogeneous polynomial, which
is not a square, and of degree deg(g) = 2n > 2. Then Aut(Q,) acts on P* and my: Q5 — P! is
Aut(Qy)-equivariant. Then Aut(Qg) fits into a short exact sequence

(1) 1 — Aut(Qg)pr — Aut(Qy) — F — 1,
where F' is an algebraic subgroup of PGLy and Aut(Qg)p1 ~ PGLy XZ/2Z acts on Qg4 as follows:
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o for every [Z Z} € PGLa(k), we have

[(ad 4 be)zo + aczy + bdxs : 2abxg + a’xy + b?xo : '

a b
[ ] Hwo s @y wy wgiug ] = 2cdxg + c2x1 + d?zs ¢ (ad — be)wz; ug : u1) ’

c d
e the nontrivial element of Z/2Z acts on Qg as the bireqular involution

[Xo 1@yt ot w3;ug U] > [mo w1 w2 T —x3;Up ¢ U

Moreover, the following hold:
o If g has at least three distinct roots, then F' is finite. If furthermore n is even, then the short
exact sequence (1) splits and Aut(Qg) ~ Aut(Qg)pr x F.
o If g has exactly two distinct roots with the same multiplicities, then F ~ Gy, x Z/2Z, where
the generator of Z/27 exchanges the two roots of g; otherwise, when the roots of g have
different multiplicities, F' ~ Gy,.

Proof. By [8, Lemma 4.4.3] and its proof, the cone of effective curves on Q, is generated by two
curves f and h that satisfy K¢, - f = —2 and Kq, -h = n —2 > —1. Since the contraction
of the extremal ray generated by f yields the structure morphism my: Q; — P!, we obtain
that Aut(Q,) acts on P! and 7,: @, — P! is Aut(Q,)-equivariant. The fact that Aut(Qg)p1 ~
PGLy xZ/2Z follows from [8, Lemmas 4.4.4 and 4.4.5].

Let F := Im(Aut(Q,) — PGLy). The identity component F° must fix each root of g. Assume
first that g has at least three distinct roots. Then F? must be trivial and hence F' is a finite
subgroup of PGLgy. If n is furthermore even, then the natural SLs-action on IP’(OI?P @ Op1(n))
defined by

a b
lc d] lwo s xg i xsyug ug] = [mo @y wo w3 aug + bug : cug + dug|
induces a PGLg-action on P(O]?ls @® Op1(n)) that restricts to an F-action on Q4. This F-action
commutes with the Aut(Q)pi-action, and thus Aut(Qgy) ~ Aut(Qg)p1 x F.

Assume now that g has exactly two distinct roots. Up to a linear change of coordinates, we
can assume that g = udu} for some odd a,b > 1 (because g is not a square). Then a direct

computation (see [8, Example 4.4.6]) yields that either F' ~ G,,, x Z/2Z when a = b, where the
generator of Z /27 exchanges the two roots of g, or F' ~ G,, when a # b. ]

Remark 4.16. Every finite subgroup of PGLg can occur as F' in Proposition 4.15. Indeed, fix
H a finite subgroup of PGLy and denote by H the inverse image of H in SLy. It suffices then

to take g € k[ug,u1]", and g not contained in the invariant algebra of a finite subgroup of SLs
containing H as a strict subgroup, to have F' = H in Proposition 4.15.

5. FORMS OF DECOMPOSABLE PROJECTIVE BUNDLES
From now on, we will indicate with a subscript the base field when there is a possible ambiguity.
As before we denote by I' = Gal(k/k) the absolute Galois group of k.

In this section we determine the rational k-forms of the projective bundles (a), (b), and (g)
of Theorem 1.1.

Proposition 5.1. The k-variety Py, with b > 0, has no nontrivial k-form with a k-point. In
particular, the trivial k-form Py is the only rational k-form of P, 1.

Proof. Let us denote X = P, .. If b= 0, then X ~ IP’%XIP”E and it follows from Chatelet’s theorem

that Pi X Pll( is the only k-form of X with a k-point. We now assume that b > 1. Computing the
cone of effective curves of X (see the proof of Proposition 4.4), we see that I' = Gal(k/k) fixes
the two extremal ray (f) and (¢) of NE(X); indeed, Kx.f = —2 and Kx.¢ = b— 3, so the result
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is clear for b > 2, and for b = 1 the contraction of (f) yields the structure morphism X — IP%
while the contraction of (¢) yields a divisorial contraction to IP’%, and so these two contractions
cannot be swapped by the I'-action. The I'-action on X induces therefore a I'-action }P’% such
that the structure morphism X — IP% is I'-equivariant.

The group Aut(X) is connected by Proposition 4.4. Then the homomorphism Aut(X) —
Aut (]P’%) is onto by [9, Lemma 4.1.2] and Aut(X)IFDzE ~ U %G, ¢ by [9, Remark 4.1.3], where

U := k|29, 21, 22)p is a unipotent group. Hence, we have a I'-equivariant short exact sequence
1—UxG, ¢ — Aut(X) — Aut <IP%) —1
which induces an exact sequence in Galois cohomology
H' (I,U % G,, ) — H" (I, Aut(X)) — H' (T, Aut (P2)).

Let us note that, if X — Y is a morphism between k-varieties such that X (k) # &, then
Y (k) # @. Thus, if moreover Y- ~ P, we must have Y ~ P (by Chatelet’s theorem). Therefore,
the k-forms of X with a k-point correspond to elements of H! (I, Aut (X)) contained in the fiber
of HY (', Aut (X)) — H! (F,Aut (IP’%)) over the marked point of H! (F,Aut (IP’%)) (i.e. over
the point corresponding to the trivial k-form of IP’%); this fiber coincides with the image of the
map H! (I‘, U Gm,ﬂ) — H (T, Aut (X)). Hence, to prove the result, it suffices to show that

H! (F, UxG,, E) is a singleton.
Using the description of the Aut(X )pz-action on X given in [9, Remark 4.1.3], we see that
U is I'-stable and that each element v € I' acts on GmK(E) = k" via the corresponding field

automorphism of k. As the two corresponding sets H! (I',U) and H* (F,Gm E) are singletons
(by [49, Chp. III, Section 2.1, Proposition 6] for U and by Hilbert’s Theorem 90 for G, 1), we

obtain that H* (F, UxG,, E) is also a singleton. Thus, the unique k-form of X with a k-point

)

is Ppx (up to isomorphism). O

Remark 5.2. Assume furthermore that k = R. Then Pp ¢ admits a unique real form, up to
isomorphism, if b > 1 and exactly two non-isomorphic real forms if b = 0 (namely P% x P} and
}P’%& x C', where C' is the conic with no real points). Indeed, this is an easy consequence of the
fact that ]P’%{ is the unique real form of IP’%, up to isomorphism.

Proposition 5.3. Let m > n > 0. The k-variety R(m n) K has no nontrivial k-form with a

k-point. In particular, the trivial k-form R, »)x s the only rational k-form of R(m )k

Proof. Let us denote X = R(m,n)i’ If m=n=0, then X ~ IP’% X ]P% ~ Py and the result follows
from Proposition 5.1. From now on we assume that (m,n) # (0,0). The rest of the proof is
analogous to that of Proposition 5.1. By Lemma [8, Lemma 6.3.1], the cone of effective curves of
X is generated by two curves f and ¢, and they satisfy Kx-f = -3 and Kx-{ =m+n—2 > —-2.
Moreover, the natural homomorphism Aut(X) — Aut(IPﬂE) is onto by [9, Lemma 5.3.1]. Hence,
we have a I'-equivariant short exact sequence

1— Aut(X)P% — Aut(X) — Aut(Py) — 1
which induces an exact sequence in Galois cohomology
H'(D, Aut(X)p1) — HY(T', Aut(X)) — H'(T, Aut(Py)).
As explained in the proof of Proposition 5.1, it suffices then to show that H!(T', Aut(X )PIE ) is

a singleton to prove the proposition. Let us note that an element v € I acts on Aut(X)p C
PGL3(k[yo, y1]) (described in Lemma 4.12) as the corresponding field automorphism of k on
each coefficient. We distinguish two cases:
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e« Case m =n > 1 orm > n = 0. In both cases Aut(X)p1 ~ U x GL,, where U is a
unipotent group stabilized by the I'-action, and I' acts naturally on GLQE’. Since HY(T, U)
and H'(T, GL, ;) are singletons (by [49, Chp. III, Section 2.1, Propositioh 6] for U and by
[50, Chp. X, Section 1, Proposition 3] for GL27§), we obtain that HY(T, Aut(X)p1) is also a
singleton.

e Case m >n > 0. Then Aut(X)p ~ U x G2 —, where U is a unipotent group stabilized by

the I'-action, and I' acts naturally on (G2 = But there again, H(I', U) and H}(T, G* 7) are

singletons (by Hilbert’s Theorem 90 for G2 %), and so HY(T, Aut(X)p1) is a smgleton
Thus, in both cases we find that H! (T, Aut(X )[Pn) is a singleton, which concludes the proof. [
Remark 5.4. Assume furthermore that k = R. Then, using the fact that ]P’(lc admits two non-
isomorphic real forms, namely P} and the conic with no real points C, we can adapt the proof
of Proposition 5.3 and use the global description of R, ) recalled in Section 4.7 to show that
R (1m,n),c admits a unique real form (up to isomorphism) if m or n is odd, and two non-isomorphic
real forms if m and n are even. In the second case, the nontrivial real form has no real points
and corresponds to the real structure (i.e. the antiregular involution) defined by

Rimm).c — Rmm),co [To 211225 yo 1] = [To: 21 : T2 ; —U1 : Yol

Lemma 5.5. Let a > 1. The k-variety F_ i has no nontrivial k-form with a k-point. In partic-
ular, the trivial k-form F,y is the only mtwnal k-form ofIF
Proof. The proof is analogous to that of Proposition 5.1. O

Remark 5.6. Assume furthermore that k = R. Then F, ¢ admits a unique real form (up to
isomorphism) when a is odd and exactly two non-isomorphic real forms when a > 0 is even (see
e.g. [5, Théoreme 4.3]).

Proposition 5.7. Let a > 1 and let b,c € Z such that b > 0 or a # |c|. The k-variety fb’ﬁ has

no nontrivial k-form with a k-point. In particular, the trivial k-form Foe ak 18 the only mtzonal
k-form of]-" =

Proof. Let us denote X = fb °. Let us first assume that b = ¢ = 0. Then X ~ IP’1 x F, and the

result follows from Chételet’ s theorem combined with Lemma 5.5.

We now assume that b > 0 or ¢ # 0. The proof is then analogous to that of Proposition 5.1.
Indeed, since a # |c¢|, Lemma 4.1 implies that I" fixes the extremal rays of NE(X), and so we
have a I'-equivariant short exact sequence

1 — Aut(X)p, — Aut(X) — Aut (F ) — 1

ak
which induces an exact sequence in Galois cohomology

H! (I, Aut(X)s,) — H (I, Aut(X)) — H (I, Aut (F, 7)) -

Hence, since F_ 1 has no nontrivial k-form with a k-point (by Lemma 5.5), it suffices to show

that HY(T', Aut(X)p,) is a singleton to prove the proposition. By [9, Remark 3.1.6], we have
that Aut(X)p, ~ U x G, 1, where U is a I'-stable unipotent subgroup and I' acts naturally on

Gm,E(E) =k, so H(I', Aut(X)g,) is a singleton, which concludes the proof. O

Remark 5.8. Assume furthermore that k = R. If a or ¢ is odd, then the trivial real form Fa b’c
is the unique real form of .7-"b’C (up to isomorphism). If a (> 1) and ¢ are even, then ]-" ' has
exactly two non-isomorphic real forms: the trivial real form Foe aR and a second one (with no real

points) corresponding to the following real structure:

b,c ey ey s e . o . o
]:a,(C — ./—" o [l‘[) CX15Y0 - Y1520 - Zl] — [IL’O T X15Y0 Y1, —21 - Zo].
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This follows from Remark 5.6 and the global description of the F2¢ given in Section 4.1.

It remains to determine the rational k-forms of the k-variety FZ’% when a = 0. Until the end
of Section 5, it is assumed for simplicity that k = R. 7
Lemma 5.9. (see [45, Proposition 1.2] for the case n = 2)
Denote by C the real conic with no real points (i.e. the nontrivial real form of IP’(%:). Up to
isomorphism, the real forms of the complex variety (IP’}C)", with n > 1, are the following:

Zpgr = (SRC/R(IP’}C))” x (P})? x C", with p,q,r € N>q satisfying 2p +q +r = n.

Moreover, either r = 0 and then Zp 4, is rational or r > 0 and then Z,,, has no real points.
The identity component of the automorphism group of Z, . is given by

AutO(Zp%r) ~ (%C/R(PGLQ,C))I’ X (PGL2’R)q X (SOgyR)r.

Proof. Since Aut((P{)") ~ Autg, ((SL2,c)") as I'-groups (endowed with the canonical I'-action on
both sides), there is a bijection between H!(I', Aut((P%)") and H(T', Autg, ((SL2)"). The latter
set, which parametrizes the real forms (up to isomorphism) of (SL2)™ in the category of real
algebraic groups is described in [41, Lemma 1.7 and Example 1.8]; it corresponds to the set of
non-isomorphic real forms 7, ,, defined in the statement of the lemma. The claim concerning
the rationality and the real points of Z, ,, follows from the facts that the surface R¢ /R(]P’%j) is
rational while C has no real points. The description of Aut®(Z, 4.) is straightforward since Z, 4 ,
is a product of projective varieties (see [14, Corollary 4.2.7]) and we have Aut®(Re/r(Pt)) ~
Re/r(PGLa ) and Aut(C) ~ SOz k. O

Lemma 5.10. Let I' = Gal(C/R) act on P{ x PL via ([yo : w1, [20 = 21]) — ([20 : Z1), [W0 : ¥1))-
Then

Pic(Re/r(Pr)) = Pic(PE x Pe)' ~ Z[ + 4],
where 01 resp. o, is the class of the curve y; = 0 resp. of z1 = 0, in Pic(IP’(%: X IP’}C) ~ Z[ly, la].
Moreover, for every b € Z, the rank 2 vector bundle Opi . p1 (b)) @ O]p(lcxp(lc(bEQ) is I'-linearized
(T exchanges the two factors) and corresponds therefore to a rank 2 vector bundle on %@/R(]P’%:)
that we will denote by Hpy —> %C/R(IP’}C).

Proof. The first isomorphism is [51, Tag 0CDT]. The second isomorphism and the second state-
ment follow from the fact that the nontrivial element of I' swaps £ and #s. O

Definition 5.11. Let b > 0 and keep the notation of Lemma 5.10. We denote
Gy =P (O (pr) ® O o (er)(—b(l1 + £2))) and Hy = P (Hy)
which are real forms of .7:3:(5 b and fg:(lé respectively. Let us note that Gy ~ Ho ~ P x Re /R(IP)%R).

Proposition 5.12. Let a = 0 and let b,c € Z such that b > 0 and (b, c) # (0,0).
o If b # |c|, then fg:('é has no nontrivial real form with a real point.
o If b=|c|, then fg:((é has exactly two mon-isomorphic real forms with a real point, namely the
trivial real form fg:ﬂ% and the real form Gy if b = —c resp. Hy if b = ¢ (with the notation of
Definition 5.11), corresponding to the real structure

To I T1:20 21,70 1 UL if b= —c; and
2 0: |xo:x1;90: Y1320 : 21| — [ﬁ E’iﬂ i’@ @ l,f ’
(2) [zo = w1590 1 Y15 20 * 21] { T % T T ifb=c.

Moreover, if Xg is a real form of ]:g’(cc, then either Xq s rational or Xg has no real points.

Proof. Let us denote X = fg’é. For any descent datum I' x X — X, it follows from Lemma
4.1 and Proposition 4.3 that we have a I'-equivariant short exact sequence

1 — Aut(X)p, — Aut(X) — H — 1,
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where H = Aut(Foc) if b = |¢| # 0 and H = Aut®°(Foc) otherwise, which yields an exact
sequence in Galois cohomology

H' (T, Aut(X)r,) — H' (I, Aut(X)) — HY(T, H).

Let us note that HY(T', Aut(FFo ¢)) parametrizes the equivalence classes of all real structures on
Fo while H(I", Aut®(Fo,c)) parametrizes the equivalence classes of real structures on Fo ¢ that
do not exchange the two rulings. By Lemma 5.9, a rational real form of X is therefore mapped
to Py x Py if b # |c|, and to Py x Py or Rer(Pg) if b = |c|. Also, by [9, Remark 3.1.6],
Aut(X)p, ~ U x Gy, ¢, where U is a unipotent subgroup stabilized by the I'-action and I" acts
on Gy, c viat — tortm— 7' In the first case, HY(T, Aut(X)p,) is a singleton, while in the
second case it has two elements.

If b # |c| and I" acts canonically on X (i.e. via complex conjugation), then I' acts on G, c C
Aut(X)p,) via t — £, and so HY(T', Aut(X)p,) is a singleton, which implies that H*(T, Aut(X))
is also a singleton.

Assume now that b = |¢|. The canonical I'-action on X induces the canonical I'-action on
Foc = Pt x P{, and then again HY(T', Aut(X)p,) is a singleton. On the other hand, if we let T'
act on X via the real structure 6 defined in the statement, then the induced I'-action on Fy ¢
corresponds to the real form Re g (P¢) and one can check that H' (I, Aut(X)g,) has one element
if b = —c and two elements if b = ¢ (because in the first case I' acts on G, c C Aut(X)p, via
¢ — 7 while in the second case I acts via t — 7 ).

In the latter case, these two elements correspond to the real structures 6 and

0" [z0: w1390 s Y1520 © 21] = [~T1 : To3 %0 : 21370 ¢ Uil
The real locus of ' is empty, and so 6’ corresponds to a real form of X with no real points. On
the other hand, 6 corresponds to a real toric threefold with a dense open orbit isomorphic to
G X Re/r(Gm,c) if b= —c resp. to S' x Re/r(Gc) if b = ¢, and is therefore rational. This
finishes the proof. O

Remark 5.13. Using (2) in Proposition 5.12 and the results from Section 4.1, we can easily
describe the real algebraic groups Aut®(G,) and Aut®(Hy).

« We have Gy = P} x ERC/R(}P’}C), and so Aut®(Go) = PGLa g xR /r(PGL2c).

e Let b > 1. Then Aut®(Gp) fits into an exact sequence

(b+1)? o
1—s (GGR X Gm,R) — Aut®(Gy) — Re/p(PGLac) — 1.
o Let b > 1. Then Aut®(H,;) fits into an exact sequence
1 — S' — Aut®(H;) — Rer(PGLyc) — 1.

6. FORMS OF SINGULAR Pl-FIBRATIONS OVER P(1,1,2)

Proposition 6.1. Let b > 2. The trivial k-form Wj x is the only rational k-form of the k-variety
W, 1.
bk

Proof. Given a descent datum I' x F, — I, -, there exists a unique descent datum I' x
P(1,1,2); — P(1,1,2); that makes F—équivarian]c the contraction morphism IF, iz — P(1,1,2),
and the converse is also true since the singular point of IP(1, 1, 2)y is necessarily fixed for any I'-
action. This implies that the trivial k-form P(1, 1, 2) is the unique (up to isomorphism) rational
k-form of P(1,1,2); since the trivial k-form Fyy is the unique (up to isomorphism) rational k-
form of F,, - (see Lemma 5.5). Moreover, Lemma 5.5 also implies that, if Y is a nontrivial k-form
of P(1,1,2), then Y (k) is a singleton (corresponding to the singular point of P(1,1,2)).

The proof of the lemma is then analogous to that of Proposition 5.1. Indeed, denoting X =
Wb,E’ Lemma 4.10 and Remark 4.9 imply that we have a I'-equivariant short exact sequence

1 — Aut(X)p(1,1,2) — Aut(X) — Aut (P(1,1,2)) — 1
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which induces an exact sequence in Galois cohomology
H (0, Aut(X)z(1,1,2)) — H'(T, Aut(X)) — H (I, Aut (P(1,1,2)p)) -

Hence, since the trivial k-form P(1, 1, 2) is the unique k-form of P(1, 1, 2);- with more than one
k-point (up to isomorphism), it suffices to show that H'(I', Aut(X )p(1,1,2)) is a singleton to prove
the proposition. By Remark 4.9, we have that Aut(X)p(1,1,2) ~ U % Gm,E’ where U is a I-stable
unipotent subgroup and I' acts naturally on Gm,Ev so HY(T', Aut(X )p(1,1,2)) is a singleton, which
concludes the proof. O

Remark 6.2. Any k-form of W), as k-points; indeed, the two singular points of W i are both
fixed by any I-action.

7. FORMS OF THE P'-BUNDLES U’¢ — F, AND V, — P?

In this section we determine the rational k-forms of the P!-bundles L{b’% — F_ 1 (case (c))

a,

and V, ¢ — IF’% (case (e)).

Proposition 7.1. The k-variety US’% has no nontrivial k-form with a k-point. In particular,

the trivial k-form US’IC( is the only rational k-form of Uj’%

Proof. Let us denote X = Llj’%. The proof is analogous to that of Proposition 5.7. The fact that

HY(T, Aut(X)F,) is a singleton is an immediate consequence of the fact that the group Aut(X)p,
is unipotent (see [9, Remark 3.6.4)). O

Corollary 7.2. The k-variety Vg with b > 2, has no nontrivial k-form with a k-point. In
particular, the trivial k-form V,x is the only rational k-form of V, 1.

Proof. Let us denote Y =V, - and X = Lllb%. Let ¢»: X — Y be the blow-up of the smooth

rational curve ¢’ *([0:1:0]) in Y. The cone of effective curves of Y is generated by two curves
[’ and ¢’ that satisfy Ky - f' = =2 and Ky - s = b—3 > —1 (see [8, Lemma 6.4.2]), and so
the structure morphism ¥ — IP’% is ['-equivariant for any I-action on Y. Similarly, it follows
from [8, Lemma 6.4.1] that, for any I'-action on X, the structure morphism X — F, i and the
divisorial contraction v are I'-equivariant. 7

Consider the canonical T-actions on X and Y. Since v Aut(X)y~! = Aut(Y) (by Corollary
4.8), we have an isomorphism of I'-groups Aut(Y) ~ Aut(X), ¢ — ¢’ := ¢! o p o). This
isomorphism induces a natural bijection of pointed sets between the I'-actions on X and on Y,
resp. between the k-forms of X and of Y.

Consider now a I'-action on Y corresponding to a k-form Yy of Y with a k-point. This I'-action
lifts uniquely to X and we have a I'-equivariant commutative diagram

X— " .y

l l

2
Flg— P
which corresponds, in the category of k-varieties, to the commutative diagram

Xo———mmmY)

1 1

Zy —— Wy

By assumption, Yy(k) # @, and thus Wy (k) # @. In fact Wy ~ P{ by Chatelet’s theorem, and
so Wy(k) is Zariski dense in Wy. Since Zy — W is birational, Zy(k) # &, and so necessarily,
we have that Zy ~ Fyx (by Lemma 5.5) and thus Xy is isomorphic to I/lf’i (see the proof of
Proposition 7.1). Hence, the trivial k-form Vi is the only k-form of Y’ with a k-point. O
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8. REAL FORMS OF SCHWARZENBERGER P!-BUNDLES

In this section we determine all the real forms of the Schwarzenberger P!-bundles Sy ¢ — PZ%
(case (d)).

Proposition 8.1. The complex flag variety S c ~ PGL3 ¢ /B, where B is a Borel subgroup of
PGL3 ¢, has three non-isomorphic real forms:

e The trivial real form Sy r, which is rational, and such that Aut®(S; r) ~ PGL3 g.

o A nontrivial real form ‘SN'UR, which is also rational, and such that Auto(g’l’R) ~ PSU(1,2).

o A nontrivial real form ‘SA'LR, which has no real points, and such that Auto(éA‘LR) ~ PSU(3).

Proof. Since S ¢ ~ PGL3 ¢ /B is a flag variety, [17, Theorem 1] implies that
AUtC(SLC) ~ Autgr(PGL&(c) o~ PGLg’(C NZ/2Z

as I'-groups (for the canonical I'-action on S; ¢ and the natural I'-action on PGL3 ¢ XZ/27Z
induced by the complex conjugation coefficientwise on PGL3 ¢), from which we deduce that
the set HY(T, Autc(S1,c)) ~ HY(T, Autg (PGL3c)) has three elements (corresponding to the
three non-isomorphic real forms of the complex algebraic group PGL3 ¢ in the category of real
algebraic groups; see e.g. [29, Section VI.10]). An explicit computation (e.g. using [41, Examples
1.12 and 2.13)) yields that S; ¢ has two non-isomorphic real forms with real points, say S; g and
gl,R, such that Aut®(S;r) ~ PGL3r and Auto(gLR) ~ PSU(1,2), and another real form with
no real points, say ,,SA‘LR, such that Aut°(§17R) ~ PSU(3). Moreover, Pic(glvR) ~ Pic(S1c)t ~Z
since the corresponding I'-action on Sj ¢ swaps the two extremal rays of NE(S; c). Thus [2,
Theorem 1.2 (ii)] implies that §17R is rational, which finishes the proof. (I

Example 8.2. Identifying

Sic > {([azo a1 o), [Yo vt ye)) € PE x PA Zmzyl = 0} ,
(2

we can write down the real structures on S; ¢ corresponding to the three non-isomorphic real

forms given in Proposition 8.1.

e The restriction of the canonical real structure on IP’(% X P(% corresponds to the trivial real form
SI,R-

o The restriction of the real structure ([xo : 1 : @2],[yo : v1 : y2]) — (%0 : U1 : U2}, [0 :
T71 : T3]) corresponds to the nontrivial rational real form gl,R. Indeed, the real locus is non-
empty and the I-action swaps the two extremal rays of NE(S; c) corresponding to the two
projections onto each ]P’% factor.

« The restriction of the real structure ([zo : 1 : 22, [yo : Y1 : y2]) — ([Yo : U1 : B2, [To : 71 : Z2))

~

corresponds to the real form with no real points S; r. Indeed, the real locus is empty.

Lemma 8.3. (see [23, Proposition 8.1(i)]) Let 7: X — P be a conic fibration such that
X(k) # @ and 72 Xio — ]P’% is a P1-bundle. Then X is rational.

Proposition 8.4. Let b > 2. The complex threefold Sy c has two non-isomorphic real forms:
e The trivial real form S,r, which is rational, and such that Aut(Spr) ~ PGLag.
o A nontrivial real form gb,R, which is rational if b is odd and has no real points if b is even,
and such that Aut(g’b’R) ~ SO3R.

Proof. 1t follows from [8, Lemma 5.3.9], which describes the cone of effective curves and the
intersection form on X = S ¢, and Proposition 4.7 that we have the following I'-equivariant
isomorphisms

Aute(X) =~ Aut(P%, Co) ~ Aut(Cp).
These isomorphisms induce a bijection H!(T', Aut(X)) ~ HY(T, Aut(Cp)), and so X has ex-
actly two non-isomorphic real forms: the trivial real form S, g, which is rational and satisfies
Aut®(Spr) ~ PGLg g, and a nontrivial real form that we denote by g’b,R.
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Recall that X is an almost homogeneous SLg c-threefold (see [9, Remark 4.2.7]). It follows
from [40, Corollary 4.17 and Appendix C] that Aut(Syr) ~ SOz and that Syg(R) # @ if and
only if b is odd. Moreover, since any I'-action on X fixes the extremal rays of NE(X), there is
a conic fibration structure ngR — IP’%& whose complexification yields the P'-bundle structure
X — P2, and so gb,R is rational if and only if gb,R(R) # & by Lemma 8.3. This concludes the
proof. O

An explicit description of the threefold ;S'va is given in the following example. It is also shown
that, when b is odd, Spr — P2 is a P-bundle.

Example 8.5. Let b > 2. Denote by Uy, Uy C IP% the two open subsets
Up={[X:Y:Z|X#A0y~ A%, U ={[X:Y:2]|Z+#0}~AZ.

By [8, Lemma 4.2.1], the restriction of Syc on PZ \ {[0 : 1 : 0]} is obtained by gluing P& x Uy
and P& x Uy along PL x (Up NUy) via the isomorphism given by

0: IP)(%: X Uo = [P)(%: X U1

([ﬁﬂy[lzu:vo = (Aw,mm,[if:l]),

where A(u,v) € GLy(Clu, v, 1]) is uniquely defined by the equality

1 st —tb st(sPT — b
A(s +1t,st) = P L,bﬂ _ bt st(s® — 1)

and A(u,v) is the image of A(u,v) in PGLy(Clu, v,2]). One can check that

(3) A(s + 1, st) A ( (s +¢) ) = (-1 0 GLy(Cluv, ),

and thus A(s +t,st) A(ZEF Ly = [ in PGLy(Clu, v, 1).
The antiregular map

Pl x U — P! x Uy

(o) = (v,

gives rise to a real structure 5 on Spc. Indeed, one can check (using (3)) that (6 o v)p1ywynuy)
is an involution and then notice that any antiregular involution defined on the inverse image of
P2\ {[0: 1: 0]} via the structure morphism Syc — PZ extends uniquely to Sy c. Let us note
that the real structure defined by 7 is not equivalent to the canonical real structure since the
I-action on Cy C P2 induced by 7, which is given by [X : Y : Z] = [Z : =Y : X|, corresponds
to the conic with no real points.

If moreover b is odd, then (3) implies that the real structure ¥ on Spc is induced by a
I'-linearization of a rank 2 vector bundle & — IP%, whose transition function is given by

0: AZ x Uy --» AZ x U,

<<§?>7[1:u:v]> = (A(u,v)@?),[i!Z:lD,

such that P(&,) ~ S, ¢ as Pl-bundles over IP’%. In particular, gbR — ]P’%& is a P'-bundle and we
recover the fact that Sy is rational.

9. REAL FORMS OF UMEMURA QUADRIC FIBRATIONS

In this section we determine all the real forms of the Umemura quadric fibrations 9, c — P&
(case (h)), where g € Clug,u;] is a homogeneous polynomial of degree 2n > 2. The two main
results of this section are Proposition 9.2 and Theorem 9.9.
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9.1. Existence of real forms for Q,c. Let us start by determining for which g € Clug, u1]
the complex threefold Q, ¢ admits real forms.

Lemma 9.1. Let g,¢9' € Clug,u1] be two homogeneous polynomials of degree 2n > 2. Then

a

Qq.c =~ Qg c if and only if there exist A\ € C* and ¢ = lc b] € SLo(C) such that ¢ = A(go ).

d
Proof. The “if” part is clear; indeed, the automorphism of P(O;‘?IS @ Op1(n)) given by
[Xo @1t @o t w3;ug U] > [To w1 2 w2 \/Xl’g;CLUO + buy : cup + duq]

induces an isomorphism Qg ¢ ~ 9 c.

Let us now assume that Qgc ~ Qg c. Then the hyperelliptic curves C' and C’, defined
respectively by the equations g(ug, ;) —u2 = 0 and ¢’ (ug, u1) —u3 = 0 in the weighted projective
space P(1,1,n)¢, are isomorphic (see [8, Lemma 4.4.5] and its proof).

If n > 2, any automorphism of P(1,1,n)c can be written

1
[ug : up @ ug] — [aug + buy : cug + duy : ﬁuz + p(ug, u1)l,

b
d
n. But such an automorphism of P(1,1,n)c maps C’ to C if and only if p =0 and ¢’ = A(go ),
which proves the claim for n > 2.

where ¢ := € SLy(C), A € C*, and p € Clug, u1] is a homogeneous polynomial of degree

If n = 1, then C' and C’ are plane conics. As their anticanonical divisor induces an embedding
into IP%, any isomorphism C’ ~ C' extends to an automorphism « of ]P’(QC. Since the equations of
C and C’ do not contain any ugus and ujus terms, o must be of the form

PGL3(C)>a=|c d 0| with ¢:= ¢ Z} € SLy(C)
0 0 u
Then
_ 1
(9/ (o, ur) =13 = 0) = €' = a™(C) = (g(p(uo, 1)) — (uz)? = 0) = (Mggwo,ul)) —uj = o) :
which proves the claim for n = 1. O

The proof of the next result is inspired by the proof of [7, Proposition 3.11], where Blanc-
Bot-Poloni determined when the so-called Danielewski surfaces admit real forms.

Proposition 9.2. Let g € Clug, u1] be a homogeneous polynomial of degree 2n > 2. The follow-
ing conditions are equivalent:
(a) The complex threefold Qg c admits a real form.

(b) There exist A € C* and ¢ = li Z} € SLy(C) such that Mg o ¢) € Rlug, u1].

(c) There exists g’ € Rlug, u1] such that Qg c ~ Qg c.
Moreover, for g € Rlug, u1], a canonical real structure on Qg ¢ is given by

(4) 1 [xo @y xe w3 ug ul| &> [To : T 2 T T3 Up : UL-

Proof. If g € Rlug, u1], then it is clear that ;11 defines a real structure on Qg c. Hence, (c) implies
(a). The equivalence (b) < (c) is Lemma 9.1. Let us prove (a) = (b).

Since (b) is easily verified when ¢ is a monomial, we may assume that ¢ is not a monomial.
Replacing g by some A\(g o ) (see Lemma 9.1), we may further assume that

(5)  g(uo,ur) = ubud"~" + Z csudu"™* for some r € {2,...,2n}, and with ¢, € C.

s<r—2
Assume that Q, ¢ admits a real form, i.e. that there exists a real structure p: Qqc — Qg .
Then p induces an isomorphism of complex threefolds 6: Q, ¢ >~ Qg c = Qy.c Xgpec(c) SPec(C),
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where Spec(C) — Spec(C) is the morphism Spec(z +— z) and g € Clug, u1] is the homogeneous
polynomial of degree 2n obtained from ¢ by taking the complex conjugate of each coefficient.
Indeed, we have the following commutative diagram (whose square is Cartesian):

Qg,(C T

m

e QE,C Qg,(c
i Spec(z—7%) i

Spec(C) ——————— Spec(C)

According to Lemma 9.1, there exist A € C* and ¢ = “ Z € SLy(C) such that g = A(g o ¢).
Using (5), we see that necessarily b = ¢ = 0, A = (a"d**")~! = a®>(*") and |a| = 1 (because
if cs, # 0, then we must have &y = Aa?(0 ¢, = o250 "¢, | hence la| = 1 by taking the

modulus on both sides of the equality) Let o € C* be such that o = a; in particular, |a| = 1.
Let ¢'(uo, u1) := o2 " g(aug, o 'uy). Let us check that ¢’ € Rlug, u1], which will conclude the
proof:

2(r—n)—

g(a—luo, aul) = a2(r—n))\(g ° go)(a_luo, aul) — a2(n—r)

g(aug, o ur) = g (ug, uy).

O

?(UO,U1) =

9.2. Classification of the real forms of 9, ¢ through Galois cohomology. From now on,
and without loss of generality (see Proposition 9.2), we consider real forms of Q, ¢ only when
g € Rlug, u1]. As before, we will denote by Qg g the trivial real form of Qg c. Our goal, in the
rest of Section 9, is to determine the other real forms of Q, ¢ using Galois cohomology.

Proposition 9.3. Let g € Rlug, u1] be a homogeneous polynomial, which is not a square, and
of degree 2n > 2. Let T' act on Aut(Qgc) by pi-conjugation, where p1: Qqc — Qg is the
canonical real structure defined by (4). Then the short exact sequence (1) of Proposition /.15
induces an exact sequence in Galois cohomology

HY(T, Aut(Q, c)p1) — H (T, Aut(Q, c)) — HY(T, F).

The set HY(T', Aut(Qg.c)p1) parametrizes the four real forms of Qg ¢ defined as the hypersurfaces

in IP’(OI%S @ Op1(n)) given by the equations

e Qur: % — z122 — g(up, u1)x3 = 0 (the trivial real form, always rational);

« Qg: x% 1129 + g(ug, u1)z3 = 0 (always rational);

e Tyr: x0+x1+x2 g(up,u )%-0 and

e Tygr: @p+ i + 23 + g(ug, u1)a3 =

Moreover the following hold:

« Assume that g has at least three (complex) roots. If X € {Qyr,Qyg}, then Aut®(X) ~
PGLy R, and if X € {Ty R, 7;/,&}7 then Aut®(X) ~ SOs . In particular, Qg r and Tyr are two
non-isomorphic real forms of Qg c.

o Assume that g has ezxactly two roots. Up to a complez-linear change of coordinates, we can
assume that g = ulub for some a,b > 1. If X € {QyR, o) then Aut®(X) ~ PGLar XGp g
and if X € {Tyr, T g}s then Aut®(X) =~ SO3r XGyp g, where Gy r C Aut(P}) is the real
multiplicative group preserving the two real roots of g.

Proof. Recall that the cone of effective curves on Qg ¢ is generated by two curves f and h that
satisfy Kq, - f = =2 and Kg, -h =n—2 > —1 (see [8, Lemma 4.4.3] and its proof). Hence T’
acts on IP’%: and the structure morphism 7,: Qgc — IP}C is I'-equivariant. By Proposition 4.15,
we have therefore a short exact sequence of I'-groups

I — Aut(Qyc)pr — Aut(Qyc) — F — 1
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which induces an exact sequence in Galois cohomology
Hl(rv Aut(Qg,(C)pl) — Hl(F7 Aut(ggyc)) — H' (F7F)

Let us now determine the real forms of Q ¢ parametrized by H'(T', Aut(Q, c)p1). We have
Aut(Qg c)pr =~ PGLy(C) X Z/27Z as I'-groups, where I' acts on PGLy(C) via complex conjugation
on each coefficient and trivially on Z/27Z. Thus

HY(T, Aut(Q, c)pr) ~ HY(I', PGLy(C)) x HY(T, Z/2Z) ~ 7./27 x Z./2Z,
where the first copy of Z/27Z is generated by the class of the involution 7: [xg : 1 : X2 : x3;ug :
ui] ¥ [—xo : x9 1 1 : x3; wo : w1 while the second copy of Z/2Z is generated by the class of
the involution o: [zg : @1 : @2 @ x3; wo : ui] — [xo : 1 : T2+ —x3; up : ui]. We deduce that
HY (', Aut(Q,,c)p1) parametrizes the equivalence classes of the four real structures

1 Do @y g a3y wo w] — [To:T1: T2 T3; Up : ULl

o = 0 O i1 R E T R R S E T TR — [@To: @1 :Te: —T3; U : ULl;
Ji3 =T 000 Dro @y @y a3y wou] = [—To: T2 T —T3; Uo : UL);
e =T O L] wo s @y s wo w3y uo ug) — [~ : T2 : T1 : T3; Up : Uy

These four real structures correspond to the four real forms listed in the statement (in the same
order). Also, the maps

6) (z,y,2)— [z:2%—g(1,2)y*:1:y;2:1] and (z,y,2) = [z:2® +g(1,2)y% : 1:y;2:1]

yield open immersions of A3 into Q, g and Q;,R respectively (see the proof of [8, Lemma 4.4.3]),
and so Q,r and Q;,R are both rational.

It remains to compute the identity component of the automorphism groups of these four real
threefolds. For Q g and Q;’R, the same formula as in Proposition 4.15 yields a faithful PGLg -
action. For 7, r and 7'9’7R, a faithful SO3 g-action is obtained by letting SO3 g act naturally on
(w0, 21, 22) € R? and trivially on the other coordinates. If g has exactly two roots, we furthermore
have a faithful G,, r-action on the basis of the fibration. The result follows then from Proposition
4.15 since PGLy g and SO3r are the two real forms of PGLy ¢ in the category of real algebraic
groups. O

Remark 9.4. Depending on the choice of g € Rlug,u1], it is possible for the real forms Qg g
and Q'g,R, as well as for the real forms 7, and 7'g’7R, to be isomorphic. This occurs when the

corresponding cohomology classes in HY(I", Aut(Qy c)p1) are mapped to the same cohomology
class in HY(I', Aut(Q, c)), which is the case precisely when n is odd and F # A; with [ odd (see
the proof of Theorem 9.9 for details).

We now focus on determining H'(I', F') when F = Im(Aut(Q,c) — PGLac) is a finite
subgroup of PGLg ¢. We first recall the classification of the finite subgroups of PGLy c.

Lemma 9.5. (Finite subgroups of PGLy c; see [28]). If F' is a finite subgroup of PGLa ¢, then
it is conjugate to one of the following subgroups:
o (A1, 1> 1) The cyclic group of cardinal I, generated by we; = {%l 491} , where (op s a primitive
21
2l-th root of unity.

e (Dy, | >2) The dihedral group of cardinal 21, generated by A; and f = {(; (ﬂ
1—i 1—i

e (Eg) The tetrahedral group of cardinal 12, generated by Dy and o = Cioi 14dl

e (E7) The octahedral group, of cardinal 24, generated by Eg and Ay.

-1
e (Eg) The icosahedral group, of cardinal 60, generated by A, h = {_01 é} ,and B = GG !

1 el
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Remark 9.6.

e Let F':= Im(Aut(Qyc) — PGLy ). Then, performing a real-linear change of coordinates
with ug and wq if necessary, we may and will always assume that F is one of the finite
subgroups of PGLj ¢ listed in Lemma 9.5.

e Let T act on PGLy(C) coefficientwise by complex conjugation. Then each finite subgroup of
PGLy ¢ listed in Lemma 9.5 is I'-stable.

Lemma 9.7. Let I' be one of the finite subgroups of PGLa ¢ listed in Lemma 9.5, and let I" act
on F' coefficientwise by complex conjugation. Then an erhaustive list of class representatives of
the finite set HY(T, F) is given in the table below.

’ Subgroup F C PGLy ¢ ‘ HYT, F) ‘

A, 1>1, 1 odd [I2]

Ay, 1>2, 1 even [I2], [wa]

Dy, 1 >3, 1 odd 2], [f]

Dy, 1>2, 1 even [L2], [wal, [f], [h]
Eg (2], (7]

E; (2], [ws], [A]

FEg 2], [

Proof. Recall that, if I' ~ Z /27 and A is a I'-group, then
HY (T, A) = ZY(T, A)/ ~, where ZYT,A)={acA|a'=~-a}

and a1, ag € Z1(T, A) satisfy a1 ~ ag if az = b~'ai(y - b) for some b € A. Determining each set
HY(T, F) is then done by an explicit calculation on a case-by-case basis. g

Remark 9.8. With the notation of Lemma 9.7, the class [h] in H!(T, F') corresponds to the
equivalence class of the real structure [ug : w1] — [U7 : —Tg| on P§; the latter corresponds to
the real form of ]P’(%: with no real points. All the other classes given in the table of Lemma 9.7
correspond to the trivial real form Pﬂ@.

Theorem 9.9. Let g € Rlug, u;1]| be a homogeneous polynomial with at least three distinct roots,
which is not a square, and of degree 2n > 4. Assume that F' = Im(Aut(Qyc) — PGLac) is
one of the finite subgroups listed in Lemma 9.5. Then the number of real forms of Qg c, up to
isomorphism, is given in the table in Theorem 1.11 (iii).

Proof. Let us start with the case n even (n > 2). According to Proposition 4.15, Aut(Q,) ~
Aut(Qg)pr x F' as I'-groups, where I" acts on Aut(Q,) and on Aut(Q,)p: by p1-conjugation (with
p1: Qgc — Qg,c the canonical real structure defined by (4)), and coefficientwise by complex
conjugation on F (see Remark 9.6). Hence HY(I', Aut(Q, ¢)) ~ H'(T', Aut(Q, c)p1) x H'(I, F),
and so the real forms of Q, ¢ are parametrized by the pairs of cohomology classes ([]q, [*]2) €
HY(T, Aut(Qy.c)p1) x HY(I', F). The total number of real forms of Q, ¢, up to isomorphism,
follows then from Proposition 9.3 and Lemma 9.7. Moreover, if []o = [h]2, then the corresponding
real forms of Q,4 ¢ have no real points (see Remark 9.8). Furthermore, denoting

1 ifFe {Al with [ odd, Eg, Eg}
r=1< 2 if F € {A; with [ even, D; with [ odd, E7}
3 if F = D; with [ even
the 4r real forms of Q, ¢ for which []o # [h]2 can be described as the hypersurfaces
Wi x5 — z1w2 — gi(uo,ur )z =
Xi: g — miwo + gi(ug, )z =
Yi: 2+ 23 + 23 — gi(uo,u1)zd =
Ziw w3+ 22 + 23 + gi(ug,u1)zd =

o O O O
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in P(O;‘?f’ ® Op1(n)), where ¢ € {1,...,7} and the g; € Rlug, u1] are some homogeneous polyno-
mials of degree 2n that can be written explicitly using the classical invariant theory (see Section
9.3 for details). Let us note that each W; and X; contains a dense open subset isomorphic to
A}, (consider the maps defined by (6)), and so they are rational. We are then able to fill in the
first three columns of the table in the statement of Theorem 1.11 (corresponding to the case n
even).

Let us now consider the case n odd (n > 3). If FF = A; with [ odd, then we still have that
Aut(Qgc) ~ Aut(Qgc)pr X F' as I'-groups; indeed, the natural surjection SLyc — PGLyc
restricted to the subgroup generated by w; induces an isomorphism when [ is odd, and so the F-
action on IP’}C lifts to an F-action on Qg ¢ that commutes with the Aut(Qg c)pi-action. Arguing
as in the case n even yields therefore the existence of four non-isomorphic real forms for 9, c,
two of which are rational. We now assume that F' # A; with [ odd. Then Aut(Q,) is no more
isomorphic to the direct product Aut(Qg)p1 x F, but we still have an exact sequence in Galois
cohomology

HY(T, Aut(Q, c)p1) — H'(T, Aut(Q, c)) — HY(T, F).

The real structures on Q, ¢ defined by

. 1
1 T7 T 1 T3 5 Culio : Gy ULl

—  [To
We : [xo:xy:xe:wgyug i uy] > [To:T1:Tz: T3 iU iug); and
— [0

Ws : [xo @y X2t w3y Uup ¢ U

Wy o [xo @y xe t wyyup ¢ ug) To:T1:Ta: T3 ; Ul : —Ug)

correspond to cohomology classes of H!(I', Aut(Q, ¢)) that are respectively mapped to the co-
homology classes [wy], [f], and [h] in HY(T', F). Moreover, each yu; with j € {5,6,7} stabilizes
Aut(Qg c)pr and satisfies pj o p o puj = pp o p o py, for every ¢ € Aut(Qg c)pr. It then follows
from Proposition 9.3 that, for each I'-action, H(I', Aut(Qg c)p1) has four elements (correspond-
ing to hypersurfaces W;, X;, Y;, and Z; as above when j € {1,5,6}), and it remains to deter-
mine in each case which elements from H'(T, Aut(Q, c)pr) are mapped to the same elements in
HY (", Aut(Q,.c)) to conclude concerning the number of real forms of Q, ¢ (up to isomorphism).

Denote § := %(C%O + 3¢ — 2¢10 + 1) and € = é(3§f’0 — (%) + 4¢10 — 2). We consider the
automorphism ¢ € Aut(Q, c) defined by

[Xo : @1t @e : w3y iug : —iug| if F € {A; with [ > 2 even, Eg, Er};
v lrg i xy i xg 3 U U] [Xo : @1t @ : w3 iug : dug] if F = Dy with [ > 2;

[Xo : @1 : @ : w3; Jug + €uy : eug — duy| if F = Eg.

Then 1) satisfies ¢ o 3 0991 = py and 1 o ug o = = 4. Hence, p1, p2 € HY(T, Aut(Qyc)pr)
resp. pi3, s € HY(D, Aut(Q, c)p1), are mapped to the same element in HY(T, Aut(Q,c)). We
conclude that the fiber of the map HY(I', Aut(Q, ¢)) — H(T', F) over [I2] contains exactly two
elements. The same holds over [wy] (replacing p1 by ps and taking ¢([zg : 1 @ z2 @ x3;up :
u1]) = [xo : @1 : @2 : w3;iug : —iug]) and over [f] (replacing p1 by ue and taking ¥ ([zg : x1 : zo :
x3;up :ui]) = [xo : @1 : xg: x3;ug : dugl). However, the same does not hold over [h]; indeed, the
equality o o 7 = 1) o ur 09! (see the proof of Proposition 9.3 for the definition of the regular
involution o) is equivalent to the existence of an element M € F , where F is the inverse image
0 1 0 1
-1 0 -1 0
last equation has no solution when F' € {D; with [ > 2 even, Eg, E7, Ex}.

We therefore obtain the following results regarding the cardinality of the fiber of the map
HY(T, Aut(Q,.c)) — HY(I, F) over a given cohomology class [+] in H'(T', F):

of F' via the natural cover SLy c — PGLy ¢, such that M=-M [ ], and this
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Subgroup F' C PGLac | [I2] | [wa] | [f] | [A]
A, 1> 2, [ even 2 2 X | %
Dy, 1 >3, [ odd 2 X 2 | x
Dy, 1 > 2, [ even 2 2 2 | 4
E6 2 X X 4
E7 2 2 X 4
ES 2 X X 4

Arguing as in the case n even, we observe that the real forms of Q, ¢ over the class [h] € H (T, F)
have no real points, and that half of the real forms over [*] # [h], the ones given by W; ~ X;
(since uq is equivalent to ug as explained above), contain a dense open subset isomorphic to A%.
We are then able to fill in the last three columns of the table in the statement of Theorem 1.11
(corresponding to the case n odd). O

Remark 9.10.
o With the notation of Proposition 9.3, we always have

/ !/
Wi~Qyr, X1 ~Qur, Y1 ®Tyr, and Z1 ~ 7T .

e As shown in the proof of Theorem 9.9, if n is odd and F' # A; with [ odd, then we have
W; ~ X, and Y; ~ Z;. Otherwise, the four real forms W;, X;, Y;, and Z; are pairwise non-
isomorphic. Indeed, we precisely show that the real structures p; and ug resp. pus and ug are
mapped onto the same element in H'(I', Aut(Q, ¢)), which means exactly that Wi ~ Xj et
Y7 ~ Z;. The same holds for the other W;, X;,Y;, Z;.

 Arguing as in the proof of Proposition 9.3, we check that if X € {W;, X;}, then Aut®(X) ~
PGLa R, and if X € {Y}, Z;}, then Aut®(X) ~ SO3 .

» As mentioned earlier, each W; and X; contains a dense open subset isomorphic to A% (consider
the maps defined by (6)), and so they are rational. However we do not know in general for
which g € Rlug, u1] the threefolds Y; and Z; are rational.

9.3. Description of the real forms of Q,c through invariant theory. In this section
we resort to the classical invariant theory of the finite subgroups of SLy ¢ (see Remark 4.16)
to give explicit equations for the real forms of Q, ¢ corresponding to cohomology classes in
HY(T", Aut(Q, c)) whose image in H!(I', F) is not the cohomology class [h] via the exact se-
quence in Galois cohomology that appears in Proposition 9.3. Recall that the real forms of Q¢
corresponding to cohomology classes in H'(I', Aut(Q, c)) that are mapped to [h] in H (T, F)
have no real points; they are therefore not of immediate interest to us since we are primarily
interested in the rational real forms of Q, c. Generators of the invariant algebra for each finite
subgroup of SLg ¢ acting naturally on Clug,u;] can be found for instance in [18, Section 1.3].

Let g = g1 € Rlug, u1] be a homogeneous polynomial, which is not a square and of degree
2n > 4. Let F' = Im(Aut(Qg c) — PGLy ) be one of the finite subgroups listed in Lemma 9.5.
Let

1 ifFe {Al with [ odd, Eg, Eg}
r=4q 2 if F € {A; with [ even, D; with [ odd, E7} .
3 if F'= D; with [ even
Then (see proof of Theorem 9.9) the following equations define 47 real forms of Q, ¢, seen as
real hypersurfaces in P(OE‘?S’ @ Op1(n)), corresponding to cohomology classes in H(I', Aut(Q, ¢))
whose image in HY(T, F) is not the cohomology class [h]:

Wi ap — 122 — gi(uo,u1)ry =
Xi: g — w2 + gi(uo, wr)ry =
Yio af+ i + a3 — gi(ug,w)ry =
Ziw a3+ 23 + 23 + gi(uo, u1) 73

O O OO

where i € {1,...,r} and the g; are defined as follows:
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o If F = A;, with [ > 1, then there exists p; € R[T7, T3, T3] such that

fi(uo, ur) = ud
g1 = p1(f1, f2, f3) with ¢ fa(uo, u1) = uous

f3(uo,u1) = ud

and, when [ is even, we denote g = p1(—f1, f2, — f3). Indeed, consider the complex isomor-
phism defined by

o: Wac — Qgc, [To: @1 T2t T35u0 : ut] — [x @ @1 @ T2 @ 235 Qup nglul].

Then @ o 1 0 p~ ! = us, which means precisely that us is the real structure associated to the

real form W g of Qg ¢ defined above. The verification is similar in the other cases (X2, Y2, Z5).

o If FF = D;, with [ > 3 odd, then there exists ps € R[T1,T5, T3] such that

fi(ug,ur) = udu?

g1 = p2(f1, f2, f3) with { fo(uo,ur) = udl — uf
f3(uo, ur) = ugur (uh — ul)?

and we denote go = pa(f1, f2, f3) with

fl(uﬂaul) = —(ud +u})?

o 21—k

{Q(anul) = 222:0(_1)]%%) (=) uzh k)1
P, 1) = —230 (43 + w1 — 203 4+ ) o (— DR (2 ud g

o If F = D, with [ > 2 even, then there exists p3 € R[T1, T, T3] such that

f1(uo, ur) = udu?

g1 = p3(f1, f2, f3) with ¢ fa(uo,ur) = (uf) — uh)?

f3(uo, u1) = uou (udl — u?)

and we denote go = p3(f1, —(ub +ut)?, —f3) and g3 = p3(f1, fo, f3) with

fi(uo,ur) = —(uf + uf)?

. j 21—k
Faluo,r) = =200+ ) + 2 g~ (rahag®
f - !

f3(uo,u1) = —2(ug + u%) 22:1()(—1)k(2]3+1)u0 u%k+1

o If F' = Fj, then there exists py € R[T1, T, T3] such that
5

]
J1(uo, u1) = u0u1 — uguy
g1 = pa(f1, f2, f3) with { fa(uo,u1) = Uo+14uo“1+u1
f3 (UOa ’LL]_) 33”0’&1 33U0U1 + U

« If F' = E7, then there exists ps € R[T, T, T3] such that

fi(ug,u) = uf + 14u0u1 + uf
g1 = p5(f1, f2, f3) with < fo(ug,u1) = ui’u? — 2uSul + udui® ,
f3(uo, u1) = ud ur — 3dupduf + 3dudui® — uoul”
and we denote
o f:l(u()vul) = —uj + 14“3“% —uf
92 = ps5([f1, f2, f3) with ¢ fa(uo,u1) = —U(l)ou - 2Uou - U%U%O
f3(uo, u1) = ud u + 3dupduf — 3duduld — uoul”

o If F' = Ej, then there exists pg € R[T}, T2, T3] such that

fi(ug,uy) = Uo up + 1ubul — uguit

g1 = pe(f1, fo, f3) with $  fo(ug,u1) = uo 228u15 ? + 494uui® + 228udui’ + w2
3(uo, up —u 04 uZdub — Uy Uy — Uy U] — uguy” +u
f 522u2%uj — 10005 30 10 10005 50 %0 522udu?® + u3°
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9.4. The case when g has exactly two distinct roots. We now suppose that g € Rlug, u1]
is of degree deg(g) = 2n > 2 and has exactly two distinct roots. Up to a complex-linear change
of coordinates, we can assume that g = ugu? for some odd a,b > 1 (because g is not a square).

First, suppose that the multiplicities of the two roots of g are distinct. By Proposition 4.15,
we have a short exact sequence

1 — Aut(Q%(c)[% — Aut(Q%(c) — Gm,(C — 1
which induces an exact sequence in Galois cohomology
Hl(F,Aut(Q%C)P}C) N HY(T, Aut(Q, c)) — HYT,G,,c) = {*} (by Hilbert’s theorem 90)

Then W is a surjection. By Proposition 9.3, there are at most four real forms for Q, ¢, namely
Qur: 73 —z139 —udulzd = 0

I 2 b..2 —
R T — T1r2 +uguiry =

0
Tor: 23+ 23+ 23 —uldubzd = 0
Tor: o5+ 27 + 23 + ufufz3 0
with a + b = 2n, a,b > 1 odd, corresponding to the four real structures pi, po, ug and py
respectively. But W maps p1 and ps resp. ps and g, seen as elements of Hl(F,Aut(Q%(C)P(I:),
to the same element in HY(T', Aut(Q, ¢)). Indeed, the automorphism of Q, ¢ defined by ¢: [z :
Ty Tyt mgyup coul] > [T omp o xo t i %@y —up ¢ uy] (see [8, Example 4.4.6(1)]) satisfies
@wop 0wt = poand popuzoe !t = uy. Therefore, Qg,c admits exactly two non-isomorphic

real forms which are Q, (always rational) and 7, g.

Now let us consider the case where the multiplicities of the two roots of g are the same,
i.e. a =b > 1. By Proposition 4.15, we have a short exact sequence

1 — AUt(Qg,(C)]P’(l: — Aut(ngc) — Gc X Z/2Z — 1,

where 7Z/27 is the subgroup of Aut(Q, c) generated by the involution v: [xg : @1 : T2 : 35 ug :
ui] = [xo @1 ;2 x3;ug : up). It induces an exact sequences in Galois cohomology

H' (T, Aut(Qy c)pr) — HY(T, Aut(Qy c)) — H' (T, Gy % Z/22) ~ Z/2Z.

If T acts on Aut(Q, ¢) via u1-conjugation, then Proposition 9.3 yields that H' (T, Aut(Qg,@)Pé)
parametrizes the equivalence classes of the four real structures p1, p2, ps and pgq. Moreover, as
in the previous case (a # b), the automorphism ¢ € Aut(Q, c) satisfies ¢ o 1 0 = = s and
@ o 3 oot = uy. Therefore, the fiber ®~1(®([u1])) parametrizes the two non-isomorphic real
forms of Qg ¢ defined as the hypersurfaces in P(OE‘,?I?’ @ Opi(n)) given by the equations

« Qur 1 2§ — w122 — (ugu1)®@3 = 0 (always rational); and
e Tor ¢ 2%+ 23+ 23 — (upup)®a} = 0.

On the other hand, writing ug := v o 1, we see that pg is a real structure on Q4 ¢ such that
®([us]) # ®([p1]). Letting I act on Aut(Qg ¢) via us-conjugation, we see that H (T, Aut(Qg@)Pé)
parametrizes the equivalence classes of the four real structures ug, pg := oo ug, ft10 ;= T00 0 g
and p11 := Topug (see the proof of Proposition 9.3 for details). These four real structures, seen as
elements of H! (T, Aut(Qg@)P(lc), are mapped via U to four different elements of H (T, Aut(Q, ¢))-

Therefore, the fiber ®~!(®([ug])) parametrizes the four non-isomorphic real forms of Q, ¢ de-
fined as the hypersurfaces in IP’(OE?E’ @ Op1(n)) given by the equations

o 2% — 1179 — (ud + u2)*@3 = 0 (always rational);

o 23 — z122 + (u§ + u})?2% = 0 (always rational);

o 23+ 23 + 23 — (ud + u})?2% = 0; and

o 2%+ 22 + 23 + (ud + u?)?2% = 0 (no real points).
By Proposition 9.3, the identity components of the automorphism groups of the first two real
forms are isomorphic to PGLy g XG,, g while the identity components of the automorphism
groups of the last two real forms are isomorphic to SO3r XGy, .
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The following proposition summarizes our study.

Proposition 9.11. Let g € Rug,u1] be a homogeneous polynomial with exactly two distinct

roots, which is not a square, and of degree 2n > 2. We use the notation of Proposition 9.3.

(a) If F ~ Gy, c, then Q4 c admits exactly two non-isomorphic real forms which are Qg w (trivial
real form, always rational) and Tyr.

(b) If F ~ Gy, X Z/2Z, then Q4 ¢ admits exactly two non-isomorphic real forms which are Qg
(trivial real form, always rational), Qg (always rational), Tyr and T, .

10. REAL FORMS OF RANK 1 FANO THREEFOLDS

In this section we determine all the real forms of the Fano threefolds (j)-(1) of Theorem 1.1
and (n) of Remark 1.2.

Definition 10.1. Let r,s € N. We denote by Q"® the real quadric hypersurface of equation
(2 4ol =l = —af) SR

Proposition 10.2. Let X = Q3 be the complex smooth quadric in Pé. Then X has three non-
isomorphic real forms: Q32 and Q*', which are both rational and with automorphism groups
the indefinite special orthogonal groups SO(3,2) and SO(4,1) respectively, and Q>°, which has
no real points.

Proof. The automorphism group of Q3 is SO5 ¢, hence the set of real forms (up to isomorphism)
of @3 is in bijection with H!(I', SO5 ). But, since Autg,(SO5c) =~ SOs ¢, the set HY(T, SO5 ¢)
is also in bijection with the set of real forms (up to isomorphism) of SO5 ¢ in the category of
algebraic groups. There are three such real forms (see e.g. [29, Section VI.10]), and so Q3 has
three non-isomorphic real forms. On the other hand, Q*2, Q*! and Q> are three non-isomorphic
real forms of @3, so there is no other real form (up to isomorphism). Finally, only @32 and Q**
have real points, and the result follows then from the fact that a smooth quadric over a field k
is rational if and only if it has a k-point (see e.g. [3, Proposition 2.6]). O

Proposition 10.3. The trivial real form P(1,1,1,2)r resp. P(1,1,2,3)g is the unique real form
(up to isomorphism) of the complex weighted projective space P(1,1,1,2)¢c resp. P(1,1,2,3)c.

Proof. The description of the automorphism groups of weighted projective spaces given in [1,
Section 8] implies that Aut(P(1,1, 1,2)) and Aut(PP(1, 1,2, 3)) are both connected (over any field).
Then [8, Proposition 6.2.1] implies that Aut(P(1,1,1,2)c) ~ Aut(P2c) as I'-groups (endowed
with the canonical I'-action on both sides). Hence, H(I', Aut(P(1,1,1,2)¢)) ~ HY(T', Aut(Pa ),
and the result follows from Remark 5.2. Likewise, [8, Lemma 6.3.4] implies that Aut(R3 1) c) =~
Aut(P(1,1,2,3)c) as T-groups. Hence, H'(I', Aut(R 3 1) ¢)) ~ H'(T', Aut(P(1,1,2,3)c)), and the
result follows from Remark 5.4. O

Proposition 10.4. Let X be one of the two complex Fano threefolds Ys ¢ or X%,% of Remark
1.2. Then X has ezxactly two non-isomorphic real forms and both are rational with automorphism
groups isomorphic to PGLa g (for the trivial real form ) and SOz r (for the nontrivial real form).

We denote by Ys g the nontrivial real form of Ys ¢ and by X%I}fg the nontrivial real form of X%[}é

Proof. We have Aut(X) ~ PGLac (see e.g. [34, Theorem 1.1.2]) from which we deduce that
HY(T, Aut(X)) is a set with two elements, i.e. that X has exactly two non-isomorphic real forms.
By [3, Theorem 1.1}, both real forms of Y5 ¢ are rational and a real form of Xf/zl}é is rational
if and only if it has a real point. On the other hand, [40, Proposition 4.13, Corollary 4.14 and
Appendix C] implies that the two non-isomorphic real forms of X fg% have real points, so they are
both rational. The statement concerning the automorphism groups of the two non-isomorphic
real forms of Y5 ¢ and X%}{: also follows from loc. cit. [l
Remark 10.5. The k-forms of the quintic del Pezzo k-threefold Y, i are studied in [20, Section

2] when k is an arbitrary field of characteristic zero.
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11. DESCRIPTION OF THE EQUIVARIANT SARKISOV LINKS

In this section, we determine all the equivariant Sarkisov links starting from one of the non-
trivial rational real Mori fiber spaces listed in Theorems 1.9 and 1.11. We will proceed case by
case.

11.1. Sarkisov links from the Fano threefolds. We show that there are no Aut®(X)-
equivariant Sariksov links starting from a Fano threefold X as in Theorem 1.9 (4)-(ii7)-(v)-(vii).

Lemma 11.1. Let X be a real projective variety such that Aut®(Xc) acts transitively on Xc.
Then any Aut®(X)-equivariant birational map starting from X is an isomorphism. In particular,
there are no Aut(X)-equivariant Sarkisov links starting from X € {gl,R, Q32, Q%' there is one
Aut® (X)-equivariant Sarkisov link of type IV starting from X = SRC/R(IP’}C) x Pk (induced by the
projections on both factors), and there are two Aut®(X)-equivariant Sarkisov links of type IV
starting from X = Pk x Pk x Py (induced by the three natural projections on Pk x Pg).

Proof. Let ¢: X --» X' be an Aut®(X)-equivariant birational map starting from X. Then the
birational map ¢¢: X¢ --» X¢ (which is both I'-equivariant, for the natural I'-actions on X¢ and
X, and Aut®(X¢)-equivariant) is an isomorphism. Indeed, since X¢ is Aut®(X¢)-homogeneous,
the birational map ¢ has no base-locus and does not contract any subvariety; it is therefore an
isomorphism between X¢ and ¢c(X¢), and since X is projective we must have ¢c(Xc¢) = X¢.
Hence, X ~ X’ and ¢ is an Aut®(X)-equivariant isomorphism. The second part of the lemma
follows from the fact that :S'VLR, Q32?, Q%! are Fano threefolds of Picard rank 1, and by considering
the cone of effective curves for Re g (Pg) X Py (two contractions) and for Pf x Py x Py (three
contractions). O

Proposition 11.2. Assume that the base field k is a characteristic zero field. Let X be a k-form
of one the Fano k-threefolds Y, or Xi\g% Then there are no Aut(X)-equivariant Sarkisov links
starting from X. 7

Proof. Recall that Aut(Y; k) ~ PGLg g ~ Aut(X%[}f{) are connected. We will prove that there
are no Aut(Xj)-equivariant Sarkisov links starting from Xi- when k = k. The claim will then
follow from Lemma 2.9 and the fact that there are no (equivariant) Sarkisov links of type IV
starting from a Fano variety.

So, suppose that k = k. First, notice that by the description of Sarkisov links (see Figure 1 in
Section 2.2), any Aut(X)-equivariant Sarkisov link x: X --» X’ starting from the Fano threefold
X is a link of type I or IT (because p(X) = 1). This means it is of the following form

Y v > X/ Y 7 > Y’
1l X ]gfib or w)i( ) ;d
fzb\A N — Fib > b

FIGURE 2. The possible forms of x.

where 7 and div are divisorial contractions, * is a point, fib is a Mori fibration and ¢ is an
isomorphism in co-dimension 1.

Let us recall the construction of X given in [42]. Denote by R,, the vector space of homogeneous
polynomials in k[z,y] of degree n. The group SLs = SLgk acts naturally on R, and hence on
P(R,,). Then X is defined as the closure of the orbit SLs-f, for some f, € R, with n = 6
if X = Y5 and n = 12 if X = XMV [42, Lemma 3.3]. The threefold X contains the surface
S := SLg -2 1y = SLy -z™ 'y LU SLy -2™, which is singular along the rational curve ¢ := SLq -z"
[42, Lemma 1.6]. Furthermore, X = SLy-f, U S [42, Lemma 1.5]. Moreover, S is the image of
an Slp-equivariant morphism ¢: ]P’II{ X IP’II{ — S given by a linear system of bidegree (n —1,1)
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on PL x PL, where SLy acts diagonally on PL x PL [42, Lemma 1.6]. In particular, £ ~ Py is the
image of the diagonal in P{ x PL.

Notice that the Aut(X)-orbits of X are X \ S and S\ ¢ and ¢, of dimension 3, 2 and 1
respectively, and so each of them is preserved by the I'-action on X (corresponding to the k-
form X) by Remark 2.21. In particular, the link x has indeterminacy locus ¢. Since k = k and X
and ¢ are smooth, 7 is a blow-up along ¢ on an open subset of X [8, Lemma 2.2.8]. Since ¢ is an
Aut(X)-orbit and 7 is Aut(X)-equivariant, 7 is the blow-up along /. It follows that Y is smooth
and p(Y') = 2. In particular, the cone of effective curves has dimension two and hence NS(Y") has
to extremal rays; one induces the contraction 7. Suppose that the other extremal ray induces a
contraction n: Y — Z. If ) is a fibration, then y is of type I, but according to [8, Theorem E]
there is no Aut®(Y{)-equivariant birational map from Y to a conic fibration or to a del Pezzo
fibration. Hence x is of type II, and 7 is a divisorial contraction or a small contraction. By [39,
Theorem 3.3] (see also [30, Theorem 1.2.5]), and since Y is smooth, the exceptional locus of 7 is
a divisor. In particular, n is a divisorial contraction. By Remark 2.4, ¢ is an isomorphism and
sowe can set Y/ =Y, Z = X', and n = div o ¢ in the right-hand side of Figure 2.

Denote by S the strict transform of S in Y, and by E the exceptional divisor of w. These
are the only two Aut®(Y)-invariant divisors in Y, and so 7 must contract S. Consider the
curve f := ¢({p} x PL) C S. Then the morphism ¢|{P}XP11(: {p} x PL — f is of degree 1 and
Op(r,)(1) - f = 1 [42, Corollary 1.7]. Moreover, the proof of [42, Lemma 3.4] implies that S is
a smooth ruled surface over 77(!7) ~ P| with general rational fiber the f which are the inverse
images of f by the morphism S — S.

The embedding Xi- < P(R,) is given by a very ample divisor D and D - f = 1. Since
Pic(X) ~ Z [42, Corollary 1.9] and since —Kx is ample, we can write a(—Kx) = D for some
a € Qso. Then1 =D f = a(—Kx)- f, which implies that %a = Kx - [ € Z<o (since Xi_is Fano
by [42, Lemma 3.3.]). It follows that a = 1 and thus —Kx - f = 1. Also, E - f = 2 [42, Lemma
3.4]. We have Ky = 7*Kx + E, since X and ¢ are smooth, and thus

Ky f=(m"Kx+E)-f=Kx-f+E-f=-1+2=1>0.
This contradicts the assumption that 7 contracts S, i.e. that [ f] is a Ky-negative extremal ray

in NE(Y'). Hence, there are no Aut(X)-equivariant Sarkisov links starting from X when k = k,
which concludes the proof. O

11.2. Sarkisov links from G, and #H;. In this section we work over k = R. We list the
Aut®(X)-equivariant Sarkisov links starting from X when X ~ G, or H;, which are the nontrivial
rational real forms of Fg:fc that appear in Theorem 1.9 (i). If b = 0, then Gy ~ Ho ~ PL x
Re /R(}P’%&), which is already treated in Lemma 11.1, and so we will assume that b > 1.

Lemma 11.3.

(a) If b > 2, then there are no Aut®(Gy)-equivariant Sarkisov links starting from Gy.

(b) If b = 1, the only Aut(Gi)-equivariant link starting from Gy is a divisorial contraction
WV: Gy — Z, where Z is isomorphic to the singular quadric hypersurface Q'3 in IP’]%{.

(c) The only Sarkisov link starting from Z ~ Q3 is the blow-up of the singular point 1: G; —
Z. Moreover, 1 Aut(G1)y~1 = Aut(Q13).

Proof. Recall that Gy is the real form of ]-"g’(a b corresponding to the real structure
b,—b b,—b S
0: ]:O,C — .7'-0,@ ) [960 T30 Y1520 ¢ 21] = [xo tT15;20 21540 ¢ yl]-

With the notation of Lemma 4.1, the cone NE(Gy) of effective curves on Gy is generated by the
two extremal rays [¢; 4 ¢2] and [¢3], and we have Kg, - [(1 + {2] = 2(b—2) and Kg, - [(3] = —2.

We now assume that b > 1. By [9, Section 3.1], the group Auto(fg’(gb) acts on fg’éb with

two orbits, namely the surface Hy := (x9 = 0) and the open orbit ]:g:(a b \ Hy. We deduce that
Gy is the union of two Aut®(Gp)-orbits, namely the divisor Hy and its complement. It follows



42 RONAN TERPEREAU AND SUSANNA ZIMMERMANN

that the only possible equivariant Sarkisov links starting from G are links of type III and IV.
But if b > 2, we have seen that we can only contract the ray [¢3] which yields the P!-fibration
Gy — R/r(Pe). Hence, for b > 2, there are no Aut®(G,)-equivariant Sarkisov links starting
from Gy. This proves (a).

It remains to study the case b = 1. The contraction of the extremal ray [¢; + ¢2] corresponds
to the Aut®(Gy)-equivariant birational morphism : G; — Z given by

Gic~Foc — Zc CPg, [wo: 21390t Y1520 : 21] = [Toyo2o0 : Toyoz1 : ToY1zo : Toy121 @ 2],

where the real structure on P¢ is defined by u([a:b:c:d:e])=[a:¢:b:d:e] and Zc is the
singular quadric hypersurface of equation ad — bc = 0 in P¢. The pair (Z¢, Hz) corresponds
to the real quadric hypersurface in P4 defined as the zero-locus of the real quadratic form
4ad — b? — % of signature (1,3). This proves (b).

Finally, since the blow-up of the singular point of Z ~ Q'3 is Aut(Q'*)-equivariant, we obtain
that 1 Aut(Gy)y~! = Aut(Q3). The fact that 1 is the unique Sarkisov link starting from Q'3
is a consequence of the fact that Qé’?’ is the union of two Aut(Q(lc’S)—orbits: the singular point
and its open complement. This proves (c¢) and concludes the proof of the lemma. O

Remark 11.4. Let us note that the real Fano threefold Z ~ Q'3 is Q-factorial while the
complex Fano threefold Z¢ is not (indeed, Q%® = (w? — 2% — 3? — 22 = 0) and for instance
(w—x =y+iz =0) is not a Q-Cartier divisor, see also [31, Definition 3.1]) and that is why Z¢

does not appear in the list of complex Mori fiber spaces given by Theorem 1.1.
Lemma 11.5. Let b > 2. There are no Aut®(Hy)-equivariant Sarkisov links starting from Hyp.

Proof. Recall that Hy is the real form of }"g:é’: corresponding to the real structure

0: fé”f; —>f3’fé, [0 : 21390 : Y1320 : 21] > [T1 : @03 20 = 2150 : 1) -
By [9, Section 3.1], the group Aut® (]-"O’(C) acts on .7-'0 ¢ with three orbits, namely the surfaces
Hp := (xo =0) and H; = (x; = 0), and the open orbit ]-"0(C \ (Ho U Hy). Since 0 swaps Hy and
H,, we deduce that H;, is the union of two Aut®(H;)-orbits, namely the divisor Hy 4+ Hp and its
complement. It follows that the only possible equivariant Sarkisov links starting from #; are links
of type IIT and IV. With the notation of Lemma 4.1, the cone NE(#;,) of effective curves on Hj, is

generated by the two extremal rays [¢2+{4] and [¢3]. Since Ky, - (€2 +{4) = 2(b—2) > 0 (because
b > 2), we can only contract the ray [¢3] which yields the P!-fibration H;, — R¢ /R(IP)}C). O

Remark 11.6. The morphism
.F&’(é — ]P%, [.%'0 1T13Y0 - Y1520 - 21] —> [:Boyo TToY1 X120 : xlzl]

induces an Aut®(H;)-equivariant birational morphism § from H; to P . It follows that Aut®(H1)
is not a maximal connected algebraic subgroup of Bir(P%) since & Auto(’r'-h)(s e Aut(}P’R) =
PGL4r (indeed, by Remark 5.13, we have dim(Aut®(H1)) = 7).

11.3. Sarkisov links from Sy . In this section we work over k = R and consider the Aut®(S, r)-
equivariant Sarkisov links starting from SbR We recall that an explicit debcrlptlon of the real
threefold SbR is given at the end of Section 8; in particular, it is shown that SbR is rational if
and only if b is odd, in which case the natural conic fibration 7: SbJR — ]P’2 is a P'-bundle.

Proposition 11.7. Let b > 3 be an odd integer. There is a birational involution ¢: S’b,R -3 Sb,R;
which is a type II equivariant link such that ¢ Aut®(Spr)e ™1 = Aut®(Syr). Moreover, ¢ is the
unique (up to automorphism) equivariant Sarkisov link starting from Spr.
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Proof. This is proved similarly to [8, Proposition 6.2.2]. We work mostly over C and keep track
at each step of the I'-action. Consider the Cartesian square

where # is the double cover defined in Section 4.4. We recall from [9, Lemma 4.2.4 (2)] that Sy
contains a unique curve invariant by AutO(SbR), which is isomorphic to the real form of IP’}C with
no real points and that we denote by 9. Let D := 7= (Co¢). For i = 1,2, let pr;: PL xPE — PL
be the i-th projection. Then pr; o q: Sb,(c — Plisa Fy,c-bundle and we set S; C S'b,(c to be
the union of the (—b)-sections. The intersection 7' = S; N Sy is a curve isomorphic to the
diagonal A of PL x PL. Set E := ¢(S1) = £(S2). According to [8, Lemma 5.3.9(1)], the group
Auto(gb@) ~ PGLy ¢ acts on S’b@ with four orbits, namely the curve voc = &(T") C D, the two
surfaces D \ yo.c and E \ 7oc, and Spc \ (D U E). Moreover, by [8, Lemma 5.3.9(3)&(6)], the
cone of effective curves of §b7@ is generated by the class of a general fiber f of m and by the
class of a curve s; C E such that K - s; = b —3 > 0, and the two extremal rays [f] and [s;] are
I'-invariant.

It follows that an Aut® (Sb r)-equivariant link x : Sb R --+ Y is not of type Il or IV. So, it is of
type I or II, and hence it starts with the inverse of a birational contraction n: Z — Sp R. Since
Syr has no invariant points, 7 contracts a surface H onto the curve o. Since p(Z/Spr) = 1, the
surface H is irreducible. So, H¢ has either one or two irreducible components that are exchanged
by the I'-action on Sb,c-

Suppose that H is geometrically irreducible. Then 7¢ is the blow-up of vy ¢ (see [8, Lemma
2.2.8]). We can then contract Aut®(Syc)-equivariantly the strict transform of D and obtain a
birational involution Sb(C - ¢, which is a link of type II, as explained in [9, Lemma 5.6. 2]
Since both v c and D are I'-invariant, this defines an Aut® (Sb r)-equivariant link SbR -3 SbR
of type II.

Suppose now that Hc has two irreducible components H; and Hs. Let D C Z be the strict
transform of the surface D C Sp. Since Dg is I-stable and I' switches H, Ho, both components
H,, Hy have to intersect Dc. By Lemma 2.10, we can write nc = 12 o 11, where n1: Z¢ — U
contracts Hy and n2: U — S contracts 71 (Ha). They are both Aut®(Sc)-equivariant by
Blanchard’s lemma (see [14, Proposition 4.2.1]). Since both H; and D¢ intersect, the surfaces
m (Hg) and 7, (Dc) must be tangent. However, 7 is the blow-up of Sy, in 70,c- Indeed, since v ¢
and Sp, ¢ are smooth, 7, is the blow-up of 7o on an open subset of S ¢ [8, Lemma 2.2.8]. Since
72 is Aut® (Sb,c) equivariant, it is the blow-up of vy c. Then m (Dc) is the strict transform of D¢
by 72. We can compute that it is not tangent to the exceptional divisor n;(Hz) of 7. O

11.4. Sarkisov links from quadric bundles over IP’%R. In this section we work over the field
k = R and determine the Aut®(X)-equivariant Sarkisov links starting from X when X is a real
form of the Umemura quadric bundle Q,c — IF’(}:.

Let g € Rlug, u1] be a homogeneous polynomial of degree 2n > 2 that is not a square. Recall
that the real forms of m¢c: Q4 c — }P’(lc were determined in Sections 9.2 and 9.4. The real forms
of mc: Qg — IP’}C considered here are exclusively those of the forms 7: U, — IP’]%%. (This
limitation is not overly restrictive, as our primary focus lies on the rational real forms of Q,c.)
When we talk about the roots of g, we always mean the complez roots of g, even if g € Rug, u1].

Proposition 11.8 (see [8, Lemma 6.6.2] when k = C). Let h € Rlug, u1] be a polynomial,
irreducible over R. Let m: Uy — Pk be a real form of nc: Qgc — P&. Then the birational
map defined by

Up: Uy == Ugpz, [xo: 1 @2 x33u0 2 ur] = [hag : hay @ hag @ 235 ug @ ug]
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is a Sarkisov link of type II. Moreover, ¢,:1 Aut®(Ugp2 )tbn C Aut®(Uy) with equality if and only
if either g has at least three roots or gh® has exactly two roots. If furthermore g has at least three
distinct roots, then there are no other equivariant Sarkisov links starting from U,.

Proof. A description of the real forms of Q¢ together with the identity components of their
automorphism groups was obtained in Section 9. Using this description, a case-by-case verifi-
cation yields that v, * is Aut®(Ugp2)-equivariant, i.e. that it Aut®(Ugp2)bn, C Aut®(Uy) with
equality if and only if either g has at least three roots or gh? has exactly two roots (see also [8,
Lemma 6.6.2]). As 1)y, furthermore decomposes as a blow-up of some invariant curve followed by
the contraction of an invariant divisor (see [8, Lemma 6.6.2]), it is a Sarkisov link of type II.

It remains to check that if g has at least three distinct roots, then there are no other equivariant
Sarkisov links starting from U,. Let us show first that there are not Aut®(Uy)-equivariant links
of type III and IV starting from Uy. A link of type III or IV corresponds to the contraction of the
two extremal rays of U, (see Remark 2.4). Denote respectively by H, F' C Qg ¢ the hypersurfaces
(3 = 0) and (u; = 0). Since g is not a square, [8, Lemma 4.4.3] gives that the cone of curves
NE(Qy,c) is generated by [f] and [h], where f = FNH and h = (vg = 1 = 23 = 0), and we
have Ko .- f = —2and Kg,.-h =mn—2 > 0 because n > 2 and g is not a square (see [8,
Lemma 4.4.3] and its proof). In particular, both extremal rays are I'-stable, but only the one
generated by [f] yields a contraction. Therefore, there are no Aut®(Uy)-equivariant links of type
IIT and IV starting from Uj.

Before continuing, let us recall the orbit decomposition of Q, ¢ for the action of Auto(Qg,@) ~
PGLa ¢ (see [8, Lemma 6.6.1]):

« If p € PL is a root of g, then the singular quadric Tc L(p) consists of three orbits: a fixed
point ¢ = (vg = 1 = o2 = 0) N7z (p), the curve A, := (z3 = 0) N7s'(p), and the surface
nz (1) \ (A, U{a}).

« If p € PL is not a root of g, then the smooth quadric 7¢ L(p) ~ PL x PL consists of two orbits,
namely the diagonal curve A, C 7' (p) and the surface 7' (p) \ Ap.

Suppose now that there is a link x: U, --» X’ of type I or II; see Figure 3. Since g has at

v ® X y ¥ > Y’
e n bdiv
Ug - B or Ug X > X!

FIGURE 3. The possible forms for a link x of type I or II.

least three distinct roots, the group Aut®(Uy) acts trivially on ]P’]ﬁ and, by the description of the
Aut®(Qg,c)-orbits above combined with Remark 2.21, the center of 7 is contained in a fiber F'
of the structure morphism 7: U, — IP’]%Q. Hence, we have the following possibilities for 7:

o If F is irreducible, then the center of n is Ay (p) if F' is smooth and it is Ay (p) or the fixed
point Fg;p, if F' is singular. We then obtain the link of type II from the statement with
deg(h) = 1 analogously to [8, Proposition 6.6.5].

o If F¢ is reducible, we have Fr = Fy U Fy and F, = Fy. The center of 1 has two geometrical
components C; C Fj, for i € {1,2}, and Cy = C7. Then C; is Az (k) if F is smooth and it
is Aro(r) O (Fi)sing if F' is singular. We then obtain the link of type II from the statement
with deg(h) = 2 analogously to [8, Proposition 6.6.5].

O

Corollary 11.9. Assume that g has exactly two distinct roots. Let w: Uy — P be a real form
of mc: Qgc — IP)}C. There exists a birational map ¢: Uy --+ Qo, where Qo C P?R is a smooth
real quadric hypersurface, such that ¢ Aut®(Uy)p~t C Aut®(Qo).
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Proof. Up to a complex-linear change of coordinates, we can assume that g = ugulf with a,b > 1
odd and a + b = 2n. By Proposition 11.8, there exists a birational map v: Uy --+ Uyyy, such
that ¢ Aut®(Uy)y ! = Aut®(Uygu, )-

We now assume that g = uguy. According to [8, Example 4.4.6 (2)], the morphism Q ¢ — P&
given by [z : x1 : T2 : x3;up : ui] & [To @ @1 ¢ T2 ¢ x3ug : w3uy] is the blow-up of the plane
P C }P’é given by P = {[xo:x1 : w2 x3: x4 € Pé‘: | 3 = x4 = 0}, so Qg ¢ is the blow-up of the
smooth complex quadric hypersurface Q = {[zo : 1 : k2 : x3 : 4] € Pé | 22 — 1129 — w374 = 0}
along the smooth conic C' = P N Q. This yields a birational map v¢: Q,¢c --» @ such that
¥ Aut®(Qu )yt = Aut(Q, 0) := {f € Aut(Q) | f(C) = C} C Aut®(Q).

On the other hand, the real structures on Qg ¢ when g = ugu; were determined in Section
9.4: up to equivalence, there are six real structures on Qg c, namely 1, u3, ps, fo, pio and
p11. Letting I' act on Qg4 ¢ via one of these six real structures, we see that there is in each case
an induced I'-action on () making the birational map : Q4 ¢ --» @ I'-equivariant. Therefore,
there exists a real birational map vg: Uy --+ Qo, where Qo C I[”ffg is a smooth real quadric
hypersurface, such that v Auto(Ug)wO_1 C Aut®(Qo). O

12. PROOFS OF OUR MAIN RESULTS IN THE 3-DIMENSIONAL CASE

Proof of Theorem 1.7. The base field k is assumed to be arbitrary of characteristic zero.
« If X belongs to the family (a) with parameter a > 1, then the result is Proposition 5.7.
« If X belongs to the family (b), then the result is Proposition 5.1.
« If X belongs to the family (c), then the result is Proposition 7.1.
o If X belongs to the family (e), then the result is Corollary 7.2.
), then the result is Proposition 6.1.
g), then the result is Proposition 5.3.
i), then the result is Chatelet’s theorem (Proposition 3.1).

o If X belongs to the family
o If X belongs to the family
o If X belongs to the family

N N N N N N

O

Proof of Theorem 1.9.
o If X = (P})?, then the result is Lemma 5.9.
o If X = ]_-g,c with b > 0 and (b, ¢) # (0,0), then the result is Proposition 5.12.
« If X = S ¢, then the result is Proposition 8.1.
o If X = 8¢ with b > 2, then the result is Proposition 8.4.
o If X = @3, then the result is Proposition 10.2.
« If X =P(1,1,1,2)¢c or P(1,1,2,3)c, then the result is Proposition 10.3.
o If X is one of the complex Fano threefolds Y5 ¢ or X %{%, then the result is Proposition 10.4.

O
Proof of Theorem 1.11. Part (i) is Proposition 9.2, part (i7) is Proposition 4.15, part (iii) is
Theorem 9.9 and Proposition 9.11, and part (iv) follows from Proposition 9.3. O

Proof of Corollary 1.13. The first part of the statement is Corollary 2.22 with k; = R and
ko = C. The second part of the statement is a direct consequence of Theorems 1.7, 1.9, and
1.11. O

Proof of Theorem 1.15.
e (i) is Lemma 11.1 and Proposition 11.2.
e (7i) is Lemma 11.1.
e (7i7) is Lemma 11.3 (b)-(c).
(1v) is Lemma 11.3 (a).
(v) is Remark 11.6.
(
(
(

vi) is Lemma 11.5.
e (vit) is Proposition 11.7.
viit) is Proposition 11.8.
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