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Abstract

We study in this paper boundary stabilization, in the L? sense, of the perturbed Kuramoto-Sivashinsky (KS) equation subject
to intermittent sensing. We assume that we measure the state on a given spatial subdomain during certain time intervals, while
we measure the state on the remaining spatial subdomain during the remaining time intervals. We assign a feedback law at
the boundary of the spatial domain and force to zero the value of the state at the junction of the two subdomains. Throughout
the study, the equation’s destabilizing coefficient is assumed to be unknown and possibly space dependent but bounded. As a
result, adaptive boundary controllers are designed under different assumptions on the perturbation. In particular, we guarantee
input-to-state stability (ISS) when an upperbound on the perturbation’s size is known. Otherwise, only global uniform ultimate
boundedness (GUUB) is guaranteed. In contrast, when the state is measured at every spatial point all the time (full state
measurement), convergence to an arbitrarily-small neighborhood of the origin is guaranteed, even if the perturbation’s maximal

size is unknown. Numerical simulations are performed to illustrate our results.

Key words: KS equation, boundary control, intermittent sensing, Lyapunov methods, adaptive design.

1 Introduction

In control loops, inputs are often subject to sensor limita-
tions. For systems governed by partial differential equa-
tions (PDEs) evolving in both space and time, a major
limitation is the spatial range of sensing, as it can be im-
practical to measure the state simultaneously at every
spatial point. Another limitation is the energy cost asso-
ciated with always-on sensors, as it can be unaffordable
to run the sensor all the time. In this work, we propose an
intermittent-sensing scenario that takes into account the
aforementioned limitations, in which the system’s state
is measured at certain spatial subdomains over specific
time intervals, rather than continuously across the en-
tire spatial domain. This scenario depicts situations of
restricted-energy sensors [1,2], network control systems
[3,4], and mobile sensors [5].

The proposed sensing scenario is considered in the con-
text of the perturbed KS equation given by [6,7]

U + WUy + A(T)Upg + Usggas = [, 1), (1)
where © € (0,1) is the one-dimensional space variable,
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A > 0 is known as the destabilizing coefficient, and f is
the perturbation. This equation has been used to model
various physical phenomena including wildfires [8], tur-
bulence in reaction-diffusion systems [6], and plasma in-
stabilities [9], among others.

Since [10], several boundary controllers are proposed to
stabilize the origin for (1) when f = 0; see [11-13]. These
works, however, either assume a small A, in which case
boundary measurements are enough to ensure global
asymptotic/exponential stability, or assume arbitrary
A but small initial conditions while requiring full state
measurement. Additionally, \ is often assumed constant,
though it could be space-dependent according to [14,15].
To the best of our knowledge, the first work to study (1)
without constraining the range of the initial condition
nor the size of X is [16]. The state in the latter reference
is assumed to be measured intermittently over the sub-
domains (0,Y) and (Y,1). Furthermore, feedback con-
trollers are applied at x = 0 and z = 1, while enforcing a
zero state at £ = Y, to ensure L? global exponential sta-
bility of the origin. However, the destabilizing coefficient
A is assumed constant and known. This requirement is
relaxed in [17] by allowing A to be unknown, and propos-
ing an adaptive design of the control parameters, to
guarantee the same stability conclusions. On the other
hand, the perturbed KS equation is considered in [18],
where a boundary controller using boundary measure-
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ments is shown to guarantee an input-to-state stability
with respect to f, under small .

In this work, we study boundary stabilization for (1) un-
der intermittent sensing, in the presence of the bounded
space- and time-dependent perturbation f. More specif-
ically, we extend the adaptive Lyapunov-based approach
in [17] to the perturbed case, when an upper bound on
the norm of f is either known or unknown. In the former
case, we establish L?-input-to-state stability [19] with re-
spect to f, while in the latter case, we establish only L2-
global uniform ultimate boundedness. On the other hand,
under full state measurement, we simplify our design to
achieve convergence to arbitrarily-small neighborhoods
of the origin, even if we ignore an upper bound on the
norm of f. Notably, the presence of perturbations pre-
vents us from establishing the same properties under full
and intermittent sensing, different from the unperturbed
case, where L? global exponential stability of the origin
is guaranteed under both scenarios.

The rest of the paper is organized as follows. Problem
formulation is in Section 2. The proposed adaptive con-
troller as well as key Lyapunov inequalities are in Section
3. The results are in Sections 4 and 5. Finally, numerical
simulations are in Section 6.

Notation. Depending on the context, a.e. means ei-
ther almost every or almost everywhere. We denote by
L?(a,b), for b > a, the space of functions u : [a,b] — R

such that ffu(x)gdx < 4o0. Furthermore, we let
[u]oo = esSSUP (g u(z)| = Inf{M >0 : |u(z)|] <
M for a.e. € (a,b)}. For (z,t) — u(z,t), the partial
derivative of u with respect to ¢ is denoted by wy, the
first partial derivative with respect to = is denoted by
u,, the second partial derivative with respect to x is de-
noted by u,, (and so on), and we may write u(x) instead
of u(z,t). We denote the time derivative of a function
t — V(t) by V. We also denote the space derivative of a
function x — A(z) of a scalar variable by \'. A continu-
ous function ® : R>y — Rx>¢ is of class C if it vanishes
at zero and is strictly increasing. Finally, for z € R,
sgn(z)=1ifz>0,=0ifz=0and = -1ifz < 0.

2 Intermittent sensing and control location

In this section, we formulate the proposed sensing sce-
nario and the in-domain and boundary conditions.

2.1 Intermittent sensing

Consider equation (1), let Y € (0,1), and consider a
sequence {t;}72; C Rxq, where t; = 0 and ¢;41 > ¢; for
all i € {1,2,...}, such that

S1) w(w,t) is measured for all t € Iy := ;- [tok—1, tor)
and for a.e. z € (0,Y).

S2) u(z,t) is measured for all ¢t € I := Uy [tok, tork+1)
and for a.e. z € (Y, 1).

Associated with the proposed sensing scenario, we con-
sider the following assumption.

Assumption 1 There exist four constants Ty, To, T,
Ty > 0 such that, for each k € N*, we have

Ty <top —tog—1 <T1, Ty <topyr —tor <Th.

The proposed sensing scenario could represent situations
where two battery-powered sensors are used (one mea-
suring u over (0,Y’), and the other one over (Y,1)), in
case where their simultaneous activation can be costly;
see [1,2]. Furthermore, in the context of network control
systems [20], we can assume that the two sensors share
the same channel to transfer measurements to the con-
troller. Hence, each sensor is allowed to use the chan-
nel only over certain time intervals. Another motivation
emerges when using a single mobile sensor [21]. Indeed,
when the sensor’s commuting speed (between two sub-
domains (0,Y) and (Y, 1)) is fast enough, the proposed
sensing scenario can offer a fair approximation.

2.2  Control locations

In the case of intermittent sensing, we propose to control
(1) at z = 0 and « = 1. Also, we set the u and its spatial
derivative u, at x = Y to a null value. Therefore, we
assimilate (1) to a system of two PDEs interconnected
through boundary constraints at x = Y. That is, we
introduce the system of PDEs

W + Wwy + )\wm:c + Wegzer = f HAS (07 Y)v
Vi + VU + Mgz + Vozar = f S

w(Y) = wy(Y) = w,(0) =0,
v(Y) = v, (Y) = v,(1) =0, (2b)
w(0) = uq, v(1) =

where (u1,us) are control inputs.

uz,

As a consequence, we define a solution w : [0,1] x R>¢ —
R to (1) subject to the boundary conditions

uw(0) = u1, u(l) = ug, (3)

for some inputs (u1,us), as u(z,t) := w(x,t) for a.e.
(z,t) € (0,Y) xRy and u(z, t) := v(x,t) for a.e. (z,t) €
(Y, 1) x Ryg, with (w,v) a strong solution to (2) subject
to the same inputs (u1,uz); see [22, Chapter 9] for the
concept of strong solutions. According to this concept of
solutions, we study (1) under (3) by fully focusing on (2).

3 General approach

We follow in this work a Lyapunov-based approach to
design (uq, us) for (2). To do so, we start introducing the
Lyapunov function candidates

v 1
Vi(w) := 5/0 w(z)?dz, Va(v) := 7/ v(z)?dz.  (4)



The following lemma establishes key Lyapunov inequali-
ties along (2), that hold under the following assumption.

Assumption 2 The function X is absolutely continuous
on (0,Y) U (Y, 1), and there exist f, \i, A, Aj, A > 0
such that | fleo < f and

esssup |A(#)] < M, esssup |A(z)] < Ar,

2€(0,Y) we(Y,1)
esssup |\ (z)| < Nj, esssup |\ (z)| < L.
z€(0,Y) ze(Y,1)

Lemma 1 Along (2), it holds that

X 3
Vl §91‘/1+C1 \/‘/1 +%+ulwzwm(0)7 (5)
3

V2 <OV + Cy V Vo — % - UQUaca:x(l)a (6)

where C1 == V2Y f, Cy := \/mf! and

— - 1 - 1 12
Y2
01 := X +2<)\z+2> (<A1+2>+Y2)a
— - 1 - 1 12
)2 — Z -
= +2<>\r+2> <()\T+ 2) i (1—Y)2)'

Proof. The proof is in the Appendix . |

In view of (5)-(6), the control input u; affects the (worst-
case) behavior of V] only and since (V1, Wy (0)) is avail-
able on I; only, we propose to design u; to guarantee a
stable behavior for V7 over I; and set u; = 0 otherwise.
For the same reasons, we design us to guarantee a stable
behavior for V5 over Iy and set us = 0 otherwise. That
is, we let

on Iy,

(u17u2) = {((H(Vhwzzm(o)vel),()) (7)

07_K(‘/27U;EZ$(1)aé2)) on 123

where él, 6y > 0 are adaptation parameters that we de-
sign to handle the fact that A\, N, and (T1,T2,T;,T5)
from Assumption 1 can be unknown. Furthermore, we
design x : R>g X R X R>¢ — R to verify

k(V,w,0)3

3 + k(V,w, )w < —0V. (8)

The latter inequality combined to (5)-(6) yields

Vi < (61— 00)Vi + C1vW
. a.e. on Iy,
Vo< Vo + Cov/Vs

Vi 6,V + C1v/Vi
Vo < (02 — 02)Va + Co/Va

IN

a.e. on Is.

A

As aresult, the stability analysis of the origin for the sys-
tem of PDEs (2) is achieved through the stability analysis
of the origin for the switched system (9).

We provide in the next lemma an example of a feedback
law k verifying (8).
Lemma 2 Given €,§ > 0 such that e > 1, e(de) > 1,
and €36 — (£/3) —ed — 1 > 0, the function k : R>o x R x
R>¢ — R given by

A - VV if|w| > UV, 0
(V0.6 1= sAgn(w)\!» if lw| > UV, 0), (10)
—((+0VV otherwise,
where 1(V,0) := (1/3)(1 + 30)V2/3, verifies (8).
Proof. The proof is in the Appendix . |

Remark 1 The discontinuity of x is key to verify
(8) while guaranteeing boundedness of k indepen-
dently of how large w can be, and as long as V and 6
are bounded. This will allow us to conclude that, as
long as (V1, ‘/Q,él,ég) are bounded, the control inputs
(uq,u2) will remain bounded independently of how large
(Wpgz(0), Vg (1)) may be. Another discontinuity in
(u1,u2) is due to transitioning from a time interval in I;
to a time interval in I3, and vice versa; see (7). Discon-
tinuous boundary control of PDEs brings challenges in
terms of numerical and practical implementation as well
as to ensure well-posedness; see [23,24].

4 Results under intermittent sensing

In this section, we design the parameters (6;,6,) in (7)
when f is unknown. Then, to ensure stronger properties,
we assume that f is known.

4.1 Unknown perturbation range

In this case, we update (él, ég) according to the following
algorithm.

AAlg(A)rithm 1 Given Ay,As, 0 > 0, the coefficients
(01,02) are dynamically updated as follows.

R1) On every interval [tog—1,tar) C 11, we set 0y := 0.
Moreover, if

Vi(tak—1) > Vi(tak—3) exp 7 (f2e-1=tak-3)

i (él (t2k73) " 91 (t2k3)2> exp(él(t2k73)+1)(t2k71*t2k73)
4 ’

we set él := Ay ; otherwise, we set él =0. )

R2) On every interval [tog,tog+1) C o, we set 0, := 0.
Moreover, if

Va(tor) > Va(tog_o) exp 7t —tak—2)

n (ég(t%g) n 02(t2k2)2> exp(é2(tQk_2)+1)(t2k7t2k_2)
4 )



we set ég = Asy; Aotherwise, we fet égA:: 0.
R(?) On [thtg], 01 = 91(0) 2 0 and 02 = 92(0) 2 0.

Remark 2 According to Algorithm 1, if we assume that
¢+ 01(t) is bounded (which we prove later), being non-
decreasing, it will become equal to a constant 67 after
some finite time. Hence, according to R1), we verify that
k +— Vi (tar—1) converges to the ball centered at the origin
of radius (0}‘ + %) exp @ HD(THT) - Ag we will show
that 67 admits an upperbound that is independent of the
PDEs initial conditions, we will be able to conclude that
V1 converges to a neighborhood of the origin whose size
is independent of the PDEs initial condition. The same

reasoning applies to (92, Va).

Remark 3 The tuning parameters A; and As repre-
sent the adaptation gains for 6, and ég, respectively.
Specifically, A; (respectively, Ay) determines the rate at
which ¢ — 01 (t) (respectively, ¢ — 05(t)) increases dur-
ing intervals in I (respectively, I5) until specific decay
of t — Vi (t) (respectively, t — Va(t)) is detected, which
marks the end of the adaptation phase. Hence, larger val-
ues of A; (respectively, As) will result in 6, (respectively,
ég) quickly compensating the destabilizing effect of 6,
(respectively, 2). It is to be noted that, since the growth
rate of t — 01 (t) (respectively, t — 05(t)) is updated at
specific time instants, large values for A; (respectively,
A3) can lead to large values for 6 (respectively, f) and
thus large control inputs. On the other hand, the gain
o defines the desired decay rate for ¢ — (Vi(t) + Va(t)),
once the adaptation phase is over. That is, larger values
for ¢ would result in faster decay rates.

Theorem 1 Consider system (2) such that Assumption
2 holds. Consider the intermittent sensing scenario in
S1)-52) in Section 2.1 such that Assumption 1 holds. Let
(V1, Va) be defined in (4), k be defined in (10), and (01, 05)
be governed by Algorithm 1. Then, system (2) in closed
loop with (u1,uz) asin (7) satisfies:

) Lf—global uniform ultimate boundedness: For any
(01(0),02(0)), there exists a constantr > 0 such that
for any R > 0, there exists a finite time T(R) > 0
such that, along the closed-loop solutions, we have

V1(0) + V2 (0) < R = Vi(t) + Va(t) < r, Vt > T(R).

e For each (61(0),05(0)), there exists M > 0 such that
max{|01]co, |02]cc } < M for all (V1(0), V2(0)).

e The inputs (uy,us) remain bounded.

Proof. The proof relies on the stability analysis of the
origin {(V4,V2) = 0} for the switched system (9) and is
divided into three steps. In Step 1, we prove that (6y, 62)
become constant after some finite time 7' > 0. Fur-
thermore, ; and 62) never exceed max{6;(0), M;} and
max{ég(O), My}, respectively, where My, My > 0 depend
Only on (Ua 917 927 Cla CQleaT2a21a227 Ala A?) In Step
2, we analyze the function Vi + V5 and show that the

L?-global uniform ultimate boundedness property holds.
Finally, in Step 3, we use the structure of x and the fact
that (91, ég, V1, Va) are bounded to conclude that (uy,us)
remains bounded.

Step 1: We first show that él and ég become constant after
some T" > 0 using contradiction. Namely, we assume that
there is not such a T > 0 such that, for all ¢ > T, 6 (t) =
05(t) = 0. As a result, according to R1)-R3) in Algorithm
1, we conclude that lim; o 01(¢) = lim;— o 02(t) = 0.
Therefore, there exists T' > 0 such that, for all t > T, we
have

A (91 +1)T2—|—O’(T1 —|—T2)

01(t) >0, +C1 + 7 +1, (11)
=1

X 0y + 1T T+ T

92(t)292+02+<2+ ) 1;0( 1+ 1) Ly, (12)
)

Let £k > 1 be such that to5_3 > T. Using Lemma 4
in the Appendix, while replacing therein (V,0,6,C) by
(V1,01,61,C1), we find

Vi(tag—2) < Vi(tag_3) exp o f2r-2—tai-3)

+ 01 (tar—3). 1)

Next, we shall prove the following inequality

Vi(tar—1) < Vi(tag—2) exp@r FHF2n—1—tak—2)
) 2 R 14
n 91(152:—3) exp(01(t2=3) F 1) (ta 1ok ) 14)

To obtain the latter inequality, we start using

Vi <0,V +Ci/Vi ae. on [tag—2,top—1) C I1.

Then, applying Lemma 5 in the Appendix while replac-
il’lg (95 07 [O’ T]a 5) therein by (017 Cla [t2k72; t2k71]7 1)7 we
obtain

Vi(tak-1) < Vi(top—o) exp@Flzn1=tar-2)
G
4(0, + 1)

2
< <V1(t2k2) + C4’1> exp(P D (Fara—tar =)

(01+1)(t2k—1—tar—2)

_|_

exp

Using the fact that 6, (tak—3) > 601, we obtain

Vi(tak—1) < Vi(tag—o) explfr tD(tar-1—tak2)
+ Ci eXp(él(t2k—3)+1)(t2k—1*t2k—2) ) (15)
4

Finally, using (15) and the fact that 0, (tak—3) > Cy, we
obtain (14).



By combining (13) and (14), we obtain
Vi(tor—1) < Vi(tap—g)exp o (P2r-rmtans) 4
(él (t2k73) n 61 (t2k3)2> eXp(él(t2k73)+1)(t2k71_t2k73)7

4
(16)
Which implies, according to R1) in Algorithm 1, that
0, (t) =0 for all t > tor_1. We show in a similar way that
ég (t) = 0 for all ¢ > toy, which leads to a contradiction.
To show the uniform boundedness of §; with respect to

the closed-loop trajectories, we first suppose the existence
of T' > 0 such that

01+ )T+ o(T1 +Ts)
T,

0,(T) = 6, +Cl+( +1. (17)

Since 91 is non-decreasing, then either él is smaller than
the right-hand side of (17), or 6,(0) is greater than the
right-hand side of (17), or there exists T such that (17)
holds. In the case where such a T exists, we can always
pick it to be in I, as 0, is constant over each interval in
I>. Thus, we let T € [tog—3,top—2) C I; for some k' > 1.
Note that inequality (17) implies (11), with ¢ > T. We
have already shown that if (11) holds, then (16) also holds
for all k > 1 such that t9;_3 > T'. Thus, we can write that

Vi(togs1) < Vi(tag_1)exp @Uarri—tae) 4

b él(t?k*1)2 (01 (t2r—1)+1) (tont1—t2n—1)
1(tar—1) + e * ;

for all £ > 1 such that top_1 > T. ]F‘urthe_rmore7 using

R1) in Algorithm 1, we conclude that 0 < (t) < A, for
all t > 0. As a result,

01(T) < 01 (topr 1) < 01(T) + 24, T}

On the other hand, note that, using R1), we have 0, (t) =
0 for all ¢ > top/41. As a result,

01(t) < 0y(T) +2A1Tq, Yt > topyq.

We thus conclude that |6;| < max{6;(0), M;}, with

(01 + )Ty + o(T1 + To)

M, =86 C
1 1+ 01+ T,

(18)
Similarly, we can show that |6;| < max{6; (0), M, }, with

(92 —+ 1)?1 + U(Tl +TQ)
I,

My =0y +Csy +
(19)

+142AT;.

+ 14 2A,T5.

Step 2: To study the function V; 4+ V5, we first define the
sequences {T;}5°, and {T7}52,, such that T} := ¢2;41 and
T! := tg;. Since 01 and 03 are nondecreasing and become
constant after some finite time, we conclude the existence
of at most a finite number of intervals [tax—1, tax) C I, on
which, 6; may increase. On the latter intervals, we know
that V; is governed by the inequality V; < 6:V1+C1v/ V1,
while on the remaining intervals, V7 does not verify the in-
equality in R1). The same reasoning applies to 05 and V5.
More precisely, for each initial condition (6;(0),62(0)),
there exist two integers IV}, N5 € Nsuch that, for each lo-
cally absolutely continuous solution (V7, V) to (9), there
exist two finite increasing subsequences {41, iz, ..., @ N; } C
N and {ji1, j2, .-, jny } € N* such that
e For each i € {i1,i2,...,in; }, we have
2
Vi(Tig1) < (Vl(Ti) + %) expM DT =T
e For each j € {j1,jo, ..., iy }, we have
2 / ’
Va(Tj) < (ValT) + 2 ) expMe D=1,
e For each i € N/{iy,42,...,in}, we have
Vi(Tig1) < Vi(T;) exp= o Tier =10
+ M1 + MTIZ exp(M1+1)(Ti+1—Ti) .
e For each j € N*/{j1, ja, ..., iny }, we have
Va(T 1) < Va(T) exp~ T
+ (M2 + MT) expM2 DT =T))
Using Lemma 6 in the Appendix, while replacing
(V, M, v, N*) therein by (Vi, My, My +1, N7), we obtain

Vi(T;) <71 Vi(0) exp™ " +@1(M;) Vi €N,

for some v; > 0 and ®; € K. Similarly, using Lemma 6
in the Appendix, while replacing (V, M, vy, N*,{T;}$2,)
therein by (Va, Mo, Ma + 1, N3, {T/}52,), we obtain

Va(T)) < 72Va(0) exp=Ti +®,(My) Vi € N¥,

for some 5 > 0 and ¢4 € K. As a consequence, for each
te [na Ti+1]7
Vi(t) < 71 exp@HHOTHT) v (0) exp =@t

M2 P
Dy (M) + ——L— | exp@FDT14T2) (90
+ |: 1( 1)+ 4(61+1):| exp ( )

Moreover, for each t € [T}, T}, ],

Va(t) < 7z exp@+ 2 TAT2) v (0) exp =7t

n[2 P
Do (My) + ——2— | explletDT14T2) = (9]
+|: o( 2)+4(62+1):|exp (21)



Defining
Y = max {71 exp(01+1+a)(T1+T2)’ Y exp(92+2+a)(i+?2)}
M? N —
D= | D (M 1 (01+1)(T1+T2)
[ 1(My) + 106, +1)} exp
(02+1)(T1+T2)

+ {%(Mﬁ + 4(9]2\44%1)} exp

and summing (20) and (21), which are valid for all ¢t > 0,
we obtain

Vi(t) + Va(t) < 7(Vi(0) + V2(0)) exp™ 7" +@.

Let r := ® 4 ¢, where € is any positive constant, and sup-
pose that V1(0) + V2(0) < R. We conclude that Vi (¢) +
Va(t) < yRexp ' +® for all t > 0. Hence, to guar-
antee that YRexp 7' +® < r, it is sufficient to have

t>T(R) = Llog (1),

Step 3: The boundedness of (u1,ug) follows from the

boundedness of (6y,60,), the L2-global uniform ulti-
mate boundedness property of the closed-loop solu-
tions, and the structure of x in (10) which implies that

u;| < max{e(0; + 8),1}/V; for i € {1,2}. [ ]
4.2 Known perturbation range

In this section, we use the knowledge of (C1,C3) in (9)
to design (01, 63) according to the following algorithm.

Algorithm 2 Given Ay, As, 0 > 0, we update (éhéz)
according to the following rules.

R1) On each interval [tog—1,tor) C I, we set 0y = 0.
Moreover, if

Vl(tQk—l) > Vl(t2k73)exp_a(tzk—l—tzk—S)

+ (Cl + Cf%) eXp(él(t2k—3)+1)(tzk—l_t2k—3)
4 b

we set él := Aq; otherwise, we set él =0.

R2) On each interval [tax, tagt+1) C I, we set 0, := 0.
Moreover, if

Va(tar) > Va(tag_o) exp ot —tak—2)

+ (02 + C§> exp(é2(t2k—2)+1)(t2k*tQk—2)
4 b

we set ég = As; ptherwise, we fet é%:: 0.
Rﬁ)) On [tl,tg], 91 = 91(0) Z 0 and 92 = 92(0) Z 0.

The main difference between Algorithms 1 and 2, is that
in the latter case, the inequality in R1) uses the constant
C1. As aresult, along the lines of Remark 2, we show that
the map &k +— Vi (tog—1) converges to the ball centered at

)

2 x i,
the origin of radius (Cl + %) exp(91+1)(T1+T2). Hence,

since C := V2Y f, we _conclude that the latter radius is
a class K function of f. The same reasoning applies for
the behavior of V5.

Theorem 2 Consider system (2) such that Assumption
2 holds. Consider the intermittent sensing scenario in
S51)-52) in Section 2.1 such that Assumption 1 holds. Let
(V1, V2) be defined in (4), k be defined in (10), and the pa-
rameters (01, 6s) governed by Algorithm 2. Then, system
(2) in closed loop with (u1,uz) asin (7) satisfies:
) Lz—input—éo—statf stability with respect to f; namely,
for each (61(0),02(0)), there existsy > 1 and a class
K function ® such that, for allt > 0, we have

Vi(t) + Va(t) < 4(Vi(0) + Va(0))e ™" + &(f),

where o > 0 comes from Algorithm 2.
e Foreach (01(0),02(0)), there exists M > 0 such that
101 |00, |02]00 < M for all (V1(0), V2(0)).

o The inputs (u1, uz) remain bounded. Additionally, if
f =0, then (u1,uz) converge to zero.

Proof. The proofis divided into three steps. In Step 1, we

prove that él and 92 become constant after some 7" > 0
and are bounded uniformly with respect to (Vi,V2). In
Step 2, we analyze the function V1 + V5 and show that the
L?-input-to-state stability property with respect to f is
verified. Finally, the boundedness of (u1,us) follows, as
in Step 3 in the proof of Theorem 3, from the structure
of k and the boundedness of (V1, Vs, 91, ég).

Step 1: We show that 91 and ég are constant after some
T > 0 using contradiction. Assume that ‘_chere is not such

a finite time 7' > 0 such that 0;(t) = 6(t) = 0 for all
t > T. As a result, according to R1)-R3) in Algorithm
2, limy_ o0 61 (t) = lims_ oo ég(t) = o0. Therefore, there
exists T > 0 such that, for all ¢ > T, inequalities (11) and
(12) hold. Let k > 1 be such that top_3 > T. Inequality
(15) hold. Furthermore, using Lemma 4 in the Appendix

while replacing therein (V é, 0,C) by (Vi, él, 01,C4), we
obtain,

Vi(tar—2) < Vi(tar—3) expoltar-27ta=s) L O (22)

By combining (15) and (22), we obtain

Vi(tak—1) < Vi(tog—3) exp~ o (t2r-1—tar=s) 4
(Cl + 012/4) eXp(él (tzk—3)+1)(752k—1*t21c—3)7

which implies, according to R1) in Algorithm 2, that
él(t) = 0 for all t > top_1. We show in a similar way

that 65(t) = 0 for all ¢ > to),, which leads to a contradic-
tion. We follow the exact same steps as in the proof of

Theorem 1 to conclude that |6;] < max{#;(0), M;} and



05| < max{62(0), My}, where M; and M, are defined in
(18) and (19) respectively.

Step 2: To study the function V; + V5, we introduce the
sequences {T;}2, and {T7}52,, such that T; := tg;41
and T} := tg;. As in the proof of Theorem 1, for each
initial conditions (0;(0),65(0)), there exist two inte-
gers Ny, N5 € N such that, for each locally absolutely
continuous solution (Vi,V2) to (9), there exist two fi-
nite increasing subsequences {i1,g,...,in} C N and
{j1,J2; s jny } € N* such that

e For each i € {i1,12,...,in7 }, we have
Vi(Tin) < (V(T) + G ) exp+D (T =T,
e For each j € {j1,j2, ., jny }, we have

Va(Tji) < (VZ(TJ/) + CTS) exp M2t DT =T5)
o For cach i € N/{i1,is, .., in; }, we have
Vi(Ti41) < Vi(Th) exp 7 (Tit1=Th)

+(C1+ G expMa DT =T,
e For each j € N*/{j1, j2, ..., inz }, we have
Va(T)) < Va(T}) exp=oTies=T)
+ (C’g + %§> expM2 DT =T))
Using Lemma 6 in the Appendix, while replacing

(V, M, 4, N*) therein by (V1,C1, M7 + 1, Ny), we obtain
the inequality

Vi(T;) < mVa(0)exp 7T +@1(Cy) VieN, (23)

for some y; > 0 and ®; € K. Similarly, using Lemma 6
in the Appendix, while replacing (V, M, v, N*, {T;}52,)
therein by (Va, Ca, My + 1, N3, {T}}22,), we obtain

Va(T!) < 7oV (0) exp®Ti +®,(Cy) Vi € N*,  (24)

for some v5 > 0 and ®5 € K. As a consequence, for each
t € [T}, Ti+1], we have

Vi(t) < 1 exp@ 14 THT2) 17 (0) exp
2

C
+ [¢1(Cl)+ 1 !

(01+1)(T1+T2) . (25
(0r + 1)} b (25)

Similarly, for each t € [T}, T}, ], we have

Va(t) < 7 eXp(02+2+a)(T1+?2) 5(0) eXp—ot

022 (024+1)(T14+T2)
+ [‘Pz(cz) + 4(02+1)} exp . (26)

Defining

=

(91+1+U)(?1+?2)

v exp<92+2+o>(i+ﬂ>} :

max {’yl exp
2

3 T
D, (C __ 2 (02+1)(T1+T2)
+[ 2 2)+4(92+1)}6Xp ’

] eXp(91+1)(T1+Tz)

and combining (25) and (26), we obtain, for all ¢ > 0,
Vi(t) + Va(t) < y(Vi(0) + Va(0)) exp™ 7" +@(f).  (27)

Remark 4 The main result in [17] follows now as a di-
rect corollary of Theorem 2. Indeed, using the latter the-
orem with f = 0, we recover the L? global exponential
stability of the origin.

5 Result under full sensing

In this section, we consider (1) subject to
w(0) = uy, u,(0) =u(l) =ux(l) =0, (28)

where u; is a control input to be designed. We assume
that A is absolutely continuous on (0,1) and that w is
measured a.e. on (0, 1) and for all time. As a result, defin-
ing the Lyapunov function candidate

1
V(u) = 7/0 u(z)?da, (29)

and using Lemma 1, we conclude that, along (1) and (28),
. 3 —
VSOV +OVV 4+ it (0), O = v2f  (30)

where 0 := |N[% 4+ 2 (Ao + 3) (Al + 3) +12).

Now, by letting u; := &(V, uz22(0), 0), where & is defined
in (10) and € > 0 to be designed, we conclude using (30)
and Lemma 2 that

V< (0-0)V+CVV.

Finally, using Young inequality, we obtain
. c? .
V§<9+—9)V+e Ve > 0. (31)
€

At this point, we propose to update the parameter 0 ac-
cording to the following algorithm.

Algorithm 3 Given A, 7, ¢, 0 > 0, the coeﬂicienté 18
dynamically updated, on each interval [k, (k + 1)7] with
k € N*, according to the following rules:



R1) For eacht € [k, (k+ 1)7] if
V(s) < V(kr)exp 2G5 + 5 Vs € [kr, 1],
o

then O(t) = 0; otherwise,

0ry=0(kr)+A VYrelt,(k+1)7.  (32)

R2) On the interval [0,7), we set 6 = 6(0) > 0.

According to Algorithm 3, if ¢ — 6(t) is bounded, be-
ing non-decreasing, we can show that 6 becomes constant
after some finite time. Hence, according to R1) in Algo-
rithm 3, the function ¢ — V(t) converges to a ball of
radius €/o. Since such a radius can be made arbitrarily
small, we conclude that we can achieve the convergence
of V to an arbitrarily small neighborhood of the origin.

Theorem 3 Consider system (1) under (28) such that
Assumption 2 holds. Let V be defined in (29), k be defined

in (10), and the parameter 6 governed by Algorithm 3.
Then, we conclude that (1) and (28) in closed-loop with
= K(V, Uz (0), é) satisfies the following properties:

o L2 globally practically attractivity (GpA) of the ori-
gin; namely, for any n > 0, we can find adaptation
gains (1,0, €) such that, for any 0(0) > 0 and for any
V(0) > 0, we have limsup,_, | . V(t) <.

e For each 0(0), there exists M > 0 such that |0]os <
M for all V(0).

e The input uy remains bounded.

Proof. We first show that 6 admits an upperbound that
does not depend on V(0). As a result, since 0 is nonde-
creasing and, when it increases, it does so according to
(32), we conclude that 6 becomes constant after some fi-
nite time T > 0. Next, we analyze the Lyapunov function
candidate V in (29) and show that, after a finite time,
V starts decaying exponentially towards a neighborhood
of the origin, whose size is proportional to €. Hence, we
conclude L2-global practical attractivity of the origin. Fi-
nally, using boundedness of (V,6) and the structure of
the feedback law k, boundedness of the control input uq
follows. Let us show that

0(t) < max{0+ C%/e+ o+ A,0(0)} Vt>0. (33)

To conclude that the inequality (33) is verified, we first
suppose that 6(0) < 0 + C?/e + 0. As a result, either

0t) <O+C%/e+0 Vt>0.

Otherwise, in view of R1) in Algorithm 3, there exist
k* > 1and t € [(k* — 1)7, k*7) such that

0+ C%le+0<0(t)<O+C?/e+0+A.

Using (31), we then conclude that

V(s) < V(t)exp~ o +§ Vs € [t, k*7).

This implies that @ is constant on [t, k*7]. Since 6 is non-
decreasing, it follows that

V(s) < V(t)exp ot~ < Vs > t,
o
which in turn implies that
0(s)=0(t) <O0+C*/e+o+A Vs>t

If H(0) > 0 + C2/e + o, we use the fact that § is nonde-
creasing to conclude that

V(s) <V(0)exp~7° +£ Vs >0,
o

which in turn implies that 6(s) = 6(0) for all s > 0.
To analyze the function V, we let k& > 0 such that 6 is
constant on [k7, +00). As a result, for each t € [kT, +00),

there exists n > 0 such that ¢t € [(k +n)7,(k+ 1+ n)7).
Now, according to R1), we have

V() < V((k+n)r) exp=rt=(mn 4 = o
vt € [(k+n)7, (k+1+n)7].

Moreover, by continuity of V' and according to R1), we
conclude that, for each ¢ € {1,...,n}, we have

Vk+0r) <V((k+i—1)T)exp 7" +§

We show next that

€

V(k+n)T) <V(kT)exp 7" + (35)

o(1—exp=o7)’
Indeed, the latter inequality combined with (34) allows us

to conclude L2-global practical attractivity of the origin.
To prove (35), we note that

V((k+m)7) < V((k+n—1)r)exp™ +=

<V((k+n—2)7)exp > +— (1+exp )

€

g
p n

<V(k —ont | = —joT

< V(kt)exp +J jgoexp

Finally, (35) follows using the fact that

n oo 1
—joT —joT
E exp < E exp < pp—— exp—‘”'
Jj=0 Jj=0



Remark 5 Under full sensing and when f = 0, we can
guarantee L2 global exponential stability of the origin
by following an approach analogous to the one in this
section. More specifically, since f = 0, then V < (0—0)V.
The parameter 0 is then updated according to Algorithm
3, while setting € := 0 therein. The rest follows using the
arguments in the proof of Theorem 3.

6 Simulation Example

The system (1) under (3) is simulated with the controller
introduced in Section 4.1. We set A(x) := 47%/0.25 +
50 + 2sin(4z)? for all x € (0,Y) and A(z) = Az —
Y) for all z € (Y,1) and f(z,t) := 12 x 103sin(2 x
10*t) + &(x, t), where ¢ is a white noise of power 80 dABW
generated using the Matlab function 'wgn’. We set [ :=
[0,1) U [2,2.8) U[3.9,5) U [5.5,6.5) U[7,7.6) x 1073 and
I :=[1,2)U[2.8,3.9)U[5,5.5) U[6.5,7) U[7.6,8) x 1073.
Finally, (u1,us) are given by (7), with x defined in (10)
for (¢,6) := (1,2), and 0, and 6, designed according to
Algorithm 1 with 6;(0) = 65(0) = 0, A} = Ay = 0.01,
and o = 100.

The system is discretized with the mesh-free collocation
method in [26], based on radial basis functions (RBF's).
We estimate the boundary values wg4,(0) and w,(0) us-
ing the Euler forward scheme and v,4,.(1) and v, (1) using
the Euler backward scheme. The Lyapunov function can-
didates (V7, V2) are estimated using Riemannian sums.

We use multiquadric RBFs, which depend on a shape
parameter ¢ := 0.4. The initial and final simulation times
are selected as t; := 0 and ¢y := 8 x 1073, respectively.
We select 10 uniformly separated collocation points on
the interval [0,Y] (with Y := 0.5), ranging from z, := 0
to xg := Y, and select the same number of points on the
interval [V, 1]. Hence, our spatial step is Az = 0.05, which
makes us choose the time step of At := 1077 to keep
the ratio At/Ax?* small. For comparison, the time step
At := 1077 and the spatial step Az := 5 x 10~ are used
in [27], to simulate the third-order Korteweg-de Vries-
Burgers’ equation defined on [0,1]. Finally, the initial
condition u,(z) := —A(cos(4rz) — 1) for all z € (0,1) is
tested for different values of A > 0.

Figure 1 shows the closed-loop solutions corresponding
to the initial condition u, under A = 3. The correspond-
ing control inputs are shown in Figure 2. As expected,
the inputs are bounded, at the price of some chattering
due to the discontinuous nature of our controller. Fur-
thermore, the corresponding plots of t — (Vi(t), Va(¢))
and ¢t — Vi (t) 4+ Va(t) are depicted in Figure 3. On every
interval in I, where u; = 0, the final value of V7 is greater
than its initial value at the beginning of that time inter-
val. This increase is compensated over the next intervals
in I, where u; = K(V1, Wyer(0), él) The same behavior
is observed for V5, which increases over intervals in I, and
decreases over intervals in I5. In Figure 4, we plot the

evolution of the adaptation parameters ¢ — (61 (t), 62(t)),

—~10
-~
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t T

Fig. 1. The KS response to (3), (7), and Algorithm 1.
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Fig. 2. The inputs (u1,u2) in (7) and Algorithm 1.
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Fig. 3. Lyapunov functions (V1, V2) and Vi + V5 along the KS
response under (3), (7), and Algorithm 1.

which shows the existence of an adaptation phase, dur-
ing which 6, and 6 increase before they become, as ex-
pected, constant. Finally, Figure 5 illustrate the evolu-
tion of t — Vi (t) + Va(t) for the initial condition u, with
A € {2,3,4,5,6,7}. The conclusions of Theorem 1 are
in agreement with Figure 5, which shows finite-time con-
vergence of V; + V5 to a bound that is independent of the
various choices of A.

7 Conclusion

In this paper, we studied the boundary stabilization prob-
lem for the perturbed KS equation under an intermit-
tent sensing scenario, and compared the obtained re-
sults with those we obtained with full sensing. The inter-
mittent sensing scenario forces us to consider in-domain
conditions, that we do not necessarily require under full
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Fig. 4. The adaptation parameters (6;,6,) constructed ac-
cording to Algorithm 1.

Vi+ Vs

4
Time

6 8
%10

Fig. 5. V1 + V, along the KS response to (3), (7), and Algo-
rithm 1, for different sizes of initial condition.

sensing. Our design is Lyapunov-based, tailored to some
adaptive design to handle unknown parameters and per-
turbations. The obtained results are summarized in the
following table.

Sensing Scenario f=0 f known f unknown
Full Sensing L?*-GES IL*-GpA  L?*-GpA
Intermittent Sensing L?-GES  L2-1SS L?>-GUUB

Several challenging research directions emerge from our
work. A primary extension would involve considering
measurements taken intermittently over an arbitrary
number of subregions, rather than just two. Another
compelling direction concerns uncertainty in the loca-
tion Y, which becomes particularly relevant when the
Lyapunov functions (V1, V,) must be approximated nu-
merically using sensor measurements. A related scenario
arises when enforcing the in-domain condition at z =Y
while gathering measurements over intervals [0, Y,] and
[Yo,1] with ¥, < Y. The consideration of packet losses
under an average dwell-time condition is also an in-
teresting research perspective. Finally, extending our
approach to accommodate measurements from scan-
ning and pointwise sensors [21,28] represents a natural
progression of our work.
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Appendix

Lemma 3 ([25], page 84) Given u : (a,b) — R be
twice continuously differentiable and let € > 0. Then,

/b2d< 1+12/b2d+/b2d
aumx_ c T h—ap au T eaumx.

(36)

Lemma 4 Let {t;}2, C R, witht; = 0 and t;41 > t;,

1 = Uk 1[t2k 1,t2k) andI2 —Uk 1[t2k,t2k+1) MOTC—
over, let T < top—top—1 < T1 and Ty < topy1—tap < T2
for allk > 1, and for some constants T,T5,T1,T> > 0.
Furthermore, let 0,C € R>q, and t — é(t) > 0 be a non-
decreasing function such that there exists T > 0, such
that, for allt > T, we have

O+ DTy + o(Ty + Tp)
I,

0(t) >0+ C + +1,  (37)

wherea > 0. WeletV : R>g — Rxq be alocally absolutely
continuous solution to the switched system of differential
inequalities

V< (G—é)V—&—C\/V a.e. on Iy, (38)
VS oV + CVV a.e. on Is.
Then, for all k > 1 such that top,_3 > T, we have
V(t2 ) < V(to )exp—a(tzkfz—tzkfs) +C, (39)
V(t2 ) < V( )eXp_U(tQk—2—tZk—3) +é(t2k—3)-

(40)

Proof. To prove (40), first note that, a.e. on [tag_3, tag—2) C
I, we have, according to (38),

0 —0)V +CVV

V<
<(O+C-0)V+C,

(41)

where we have used the fact that v/V < V +1. Integrating
(41), we obtain

f:;: 2 O+0—0(0)dr

V(tQk 2) < V(tgk 3) exp

tok—2

expft% (0+C—b(s)ds 5

+C

tok—3

Furthermore, since ¢ — é(t) is non-decreasing, we con-
clude that t — 6 4+ C' — 0(¢) is non-increasing. Therefore,

0+C—0(t) <O+C—0(tag—s),  Vt>top_s.
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Using the latter inequality, we can write

V(ton—2) < V(tap_s) exp(0+0*é(t2k—3))(t2k—2*t2k—3)
tok—2
exp
tok—3

< V(top—3) eXp(9+C_é(t2k—3))(t2k72—t2k—3)
|:exp(9+c—é(t2k3))(t2k2_7) :| T=t2r—2
—(0+C — O(tn—3))
(04+C—0(tan—3))(tar—2—t2n—3)

+C (0+C—0(ta_3))(tar—2—T) dr

T=l2k—3

< V(tag—3) eXp

[ 0+ C — O(tan— 3))}
[exp(9+c e(tQkS))(t2k2_t2k3):|

(04 C — 0(tar—3))

Next, in view of inequality (37), we conclude that

p+c—mm4ﬂgg—g—w+m@_dﬁ+@)
< —o(T) + T»). (42)

and
0+ C — 9(t2k 3) < —1.

Now, using the fact that

T, <topo—tox—3 and O+ C —0(ta_3) <0,

we obtain

exp(9+0—é(t2k73))(t2k72—tzkfs) < eXp(9+C—9A(f/2k73))Zl

)

|:eXp(9+Cé(t2k—3))(t2k—2t2k—3):|
- <0,
(0+C —0(tar—3))
and thus
V(tan—2) < V(tar_s) exp#O =0zl L,y

_ [ C ]
(0 +C = O(ta-3))
|:eXp(9+Cé(t2k3))(t2k2t2k3):|
(0 +C — 0(tan—3))
< V(tag—3) expw*C*é(t%—s))L

Q

- [(9 +C —C;(tgk_g))] '

Furthermore, in view of (42) and, since tog_o — tog—3 <
T, + Ts, we conclude that

eXp(0+C O(tan—3))T, <exp~ o(Th+T2)

<exp~ o(tag—2—t2r—3) .



Combining the aforementioned inequalities, and the fact

that S0 0 = C, we obtain

(tar—3) eXp(e""C_é(tzkfa))Zl +C
(t2k73) exp_g(t2k72—t2k,3) LC.

V(tgk,Q) 1%
1%

INIA

Finally, (40) is obtained by combining (39) with the fact
that, from (37), we have 0(top_3) > C. [ |

Lemma 5 Let V : R>g — Rxq be a locally absolutely
continuous solution to the differential inequality

V<OV +CVV  ae on[0,T] C Rso, (43)

where 6,C" > 0 are constants. Then, for any constant
d > 0 we have, for allt € [0,T],

V(t) < V(0)exp+9t 4

C* /49 (exp o+0)t —1) . (44)

(6 +9)

Proof. Let 5 > 0 and consider the function f(V) :=
VV - ‘%V - = By dlfferentlatmg f, we find for all V' >
0, (V) = m — &. As a result, the function f is
strictly increasing on [O7 C?/(46%)] and strictly decreas-
ing on [C?/(46?),00). Moreover, f(0) = —C/46, and
f(C?/(46%)) = 0. Therefore, for all V. > 0, we have
f(V) < 0. As a consequence, we can rewrite (43) as
V<OV +CVV < (0+6)V + %;. By integrating this
inequality from 0 to ¢, (44) follows. |
Lemma 6 Let the function V : R>g — Rxq be locally
absolutely continuous, let a sequence {T;}2, and T, T > 0
such that Ty =0 and T > Tiy1—1T; >T VieN. Let
{i1,12, ...,in+} C N, with N* € N, and let (M,,0) be
nonnegative constants. Assume that

e Foreachi € {i1,ia,...,in*},

M2
V(Ti41) < (V(Ti) + 4> exp?Tit1=T0) (45)
e Foreachi € N/{iy,ia,...,in*},
V(Tis1) < V(T;) exp = Tirr=To)
(46)

2
+ <M + AZ) exp? (T =Ti)
Then, we have
V(T;) < exp(‘”w)N*T V(0)exp T

(CHONTN YM + M2 =
+ &P + exp?T,  VieN.
1 —exp~oL 4

Proof. To prove the Lemma, it is enough to show that

V(T;) < expl@tONT (V(0) exp=Tt 4n(i)) Vi€ N,
(47)
where, for each i € N,

‘ AM + M? -
n(i) := <Z exp’“’T> %exp“

k=0

2 _

. 1 MM
1 —exp—°L 4

To prove (47), it is sufficient to show that

V(Tz) < eXp(U'H/J)N(i)? (V(O) eXp—aTi +77(Z)) Vi € N,

(48)
where N (i) := card{[T},Tj+1] : j+1 < i, j €
{i1,12, ..., 0N~} } is the number of time intervals [T}, T} 1],

J € {i1, 42, ...,in~}, prior to T;, which satisfies N (i) < N*
for all i« € N. To show (48), we proceed by recurrence.
Indeed, for i = 0, the inequality in (48) is trivially satis-
fied. Suppose now that the inequality in (48) is verified
for ¢ € N and let us show that it is also verified for ¢ + 1.

Note that either N(i4+1) = N(i) or N(i+1) = N () + 1.
If N(i +1) = N(¢) then, using (46), we obtain

V(Tip1) < V(T;) exp=? Tt =T0)

2
M + M) expw(Ti+1—Ti)
4

+

< (exp(”“/’ N@&T (V(0)exp— i
+ (7)) ) exp T+ =Ti)

2
+ <M + M> expd)(Ti“*T"’)
4

< expl@tOINOT () exp = (Titr=Ti+T)

+ 77(2) eXp(U-i-w)N(i)T exp—o(Ti+1—Ti)
M2
’ (M+4> exp? T

< exp(U‘Hb)N(i)T V(O) eXpigTiJrl
+ (77(2) exp_”(T'iH—Ti)) exp(a-&-w)N(i)T

2
+ <M + M) exp? (Ti+1=T0)
4

Using the fact that

i+1 M2 _
n(i) exp~?T1=T) < Lz_lexp_kaT] (M + 4> exp’”

)



we obtain
V(E+1) < exp(0'+’¢))N(i)T V(O) eXp,o-TiJrl

i+1 M2 _ o

The proof is completed by showing that
n(i) exp™CFOT L M2 /4 < i+ 1),

Indeed, we note that

M? T M2
+ (M + 4> exp? (T =T n(i) exp~ o TOT 7
T T M? T
It implies that <n(i)exp 7T exp T + (M + 4) exp¥
(c+¢)N@)T —0Ti41 41 M2 -

V(Tiy1) < exp V(0) exp < Z exp FL <M + ) exp?T

i+1 5 —

M k=1
—koT M YT (c+¢)N ()T
+{ZeXp } (M+ . ) exp?” exp M2 T
p + (M A+ Jexp™ =n(i+1)
M2 _ =
M+ M7 ot T exp@HONGT |
( + 1 > exp’’ exp =
Combining the latter two terms, we obtain Proof of Lemma 1
e By differentiating V7 along (2), we obtain
V(Tis1) < expl@TINOT Y (0) exp=oTin Y g Vi along (2)
i+1 2 ) Y
+ [ZeXp_koT} (M + 4> xp?T exp@HINOT Vi :/ w(z)wi(z)dz
k=0 0,
— [ 0@ @) a) - Aw)ue (o)
Finally, since N (i) = N(i +1) < N* and 0
_wwzxw(x) + f(x)] dx
i+1 ko M2 1[)?
n(i+1) {ZQXP } <M + 4) eXpT, Note that —3 fOY w(z)?w, (x)dr = —w(Y)3 +w(0)3. Us-

we obtain
V(Tii1) < expl@tONEDT () exp =T

) ex
4 77(1' + 1) eXp(Jer’)N(l)T

If N(i+1) = N(i) + 1, we use (45) to conclude that

V(Ti) < (v<:m

(c+y)N@H)T

M2 _
+ 4> expr

< exp exp“’?

M2
4) '

N(i) + 1, we obtain

X (V(O) exp % +n(i) + exp —(e+¢)N()T

Now, using the fact that N (i +

1) =
V(Tii1) < exp@TONGIT oy gdT o= (0 +9)T

X (V(O) exp~ T 44(i) + exp~ (o+¥)N ()T Z\f)
(o4+¢)N(i+1)T expwf

— M2
X (V(O) exp 7T (i) exp~ @+ +4> .

< exp

14

ing integration by part, we obtain

-/ (@) Warne (2}

Y
— [w(2) W ()] + /O W () Waaa (z)dx

Y
(@) e (@) + [0 (20 ()] / Wy ()2

Using the boundary conditions w,(0) = w,(Y) = 0, we
obtain

% Y
Y 2
/0 W(T) Wazwe (2)dr = [W(T)Waaa ()], _/0 W (z)°dx

Y
— Uy Wags (0) +/ Wy () dx.
0
Similarly, note that

Y Y
— 2 w(T)Wey (2)dz = 2w, (x)2dx
/0A<><> (2)d /My””d
+ ; N(2)w(z)w, (z)dx.



Using Young inequality, we obtain
1 -
N (@)w(@)w, (@) < 5 (N*w(z)® + we(x)?).

This allows us to conclude that

- ' M) w(z)wey (z)dz < [ N + 1 ' w,(z)?dx
0 2) Jo
+ 22V

Finally, using Cauchy-Schwarz inequality, we obtain

foyw(a:)f(x)das < ffoﬁw(x)\dx < C1V/Vh. As a conse-
quence, we have

o -1 Y
Vi <AV + (Al + 2) / wy (z)%dx
0

Y 3
— / wm(x)zdx + C1/ V1 + % + U Wery (0).
0

Invoking Lemma 3 with € := 1/(\; + 1), we find

(o) [ RRCEy e

< (0, — MW,

which proves inequality (5). We show inequality (6) in a
similar way. ]

Proof of Lemma 2

Consider first the case when |w| > I(V, ). It implies that
/3 +3kw <V =3V VI(V,0) < —30V. On the other hand,
|w| < 1(V,0) implies that

K 43kw + 30V < K2+ 3|k|1(V, 0) 4 30V
<[ =¥ 0+0)° +e(0+6)(1+30)+30]V
< [~ €30 — 3e(e(ed) — 1)6?
—3(e36% — (¢/3) — €6 — 1)0 — (£0)° + 8] V.

Since 6 > 0, we conclude that k3 + 3kw + 30V <0. B
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