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Abstract

Missing values pose a persistent challenge in modern data science. Consequently, there
is an ever-growing number of publications introducing new imputation methods in vari-
ous fields. The present paper attempts to take a step back and provide a more systematic
analysis. Starting from an in-depth discussion of the Missing at Random (MAR) condition
for nonparametric imputation, we first develop an identification result, showing that the
widely used Multiple Imputation by Chained Equations (MICE) approach indeed identifies
the right conditional distributions. Building on this analysis, we propose three essential
properties a successful imputation method should meet, thus enabling a more principled
evaluation of existing methods and more targeted development of new methods. In partic-
ular, we introduce a new imputation method, denoted mice-DRF, that meets two out of the
three criteria. We then discuss and refine ways to rank imputation methods, developing a
powerful, easy-to-use scoring algorithm to rank missing value imputations.

Keywords: Nonparametric imputation, missing at random, pattern-mixture models, distri-
butional prediction, proper scores

1 Introduction

In this paper, we study general-purpose (multiple) imputation of missing data sets: instead of
imputing for a specific estimation goal or target, we focus on imputations that can be used
afterward for a wide variety of analyses. Developing such imputation methods is still an area
of active research, as is benchmarking imputations. To categorize the wealth of imputation
methods, one usually differentiates between joint modeling methods that impute the data using
one (implicit or explicit) model and the fully conditional specification (FCS) where a different
model for each dimension is trained (van Buuren| |2007, 2018). Joint modeling approaches may
be based on parametric distributions (Schafer,|1997)), or on neural networks, such as generative
adversarial network (GAN) (Yoon et al. (2018)); Deng et al.| (2022)); Fang and Bao| (2023)) or
variational autoencoder (VAE)(Mattei and Frellsen (2019)); |[Nazabal et al.| (2020); |Qiu et al.
(2020); [Yuan et al| (2021)). In contrast, in the FCS approach, imputation is done one variable
at a time, based on conditional distributions (see, e.g.,/Ibrahim et al.[1999; |Lee and Mitral 2016;
Xu et al., |2016; Murray}, [2018). The most prominent example of FCS is the multiple imputation
by chained equations (MICE) methodology (van Buuren and Groothuis-Oudshoorn, [2011)). In
this paper, we address three questions.

First, is imputation under MAR possible with the FCS approach? Formally, using the so-
called pattern-mixture model (PMM, Little|(1993)) view of MAR, we prove that the conditional
distribution needed to impute a missing value is identifiable. Thus, imputation with the FCS



approach is feasible in principle. As we will show, this result is non-trivial in the non-parametric
missing data framework, as we do not assume that the parameters of the missingness mechanism
and the distribution of the data are distinct. In this context, we compare the MAR condition
we consider to stronger conditions used in the context of GAN-based imputation methods in
[Deng et al.| (2022)) and [Fang and Bao| (2023).

Second, what properties should an ideal imputation method have? Despite the previous
positive identification result, MAR imputation can be extremely challenging, notably when
distributions of observed variables differ across missing patterns. Thus, we list three properties
a successful imputation method should meet. In short, it should be a distributional regression
method, able to capture non-linear dependencies between covariates, while being robust to
covariate shifts. We discuss existing methods that meet some of these criteria and introduce
a new method based on the Distributional Random Forest of |Cevid et al.| (]2022[), denoted
“mice-DRF”.

Third, how can one choose the best imputation for a given data set? While being of
primary importance, this question has not been addressed at all until very recently. The first
important contribution towards solving this problem was made in , who define
the concept of “proper” imputation scores (I-Scores) to rank imputations. Following their
argument, imputation is a distributional prediction task and needs to be evaluated as such.
In particular, when comparing imputation methods, one should refrain from using measures
such as the root mean squared error (RMSE), as already pointed out (van Buuren, 2018} Hong|
land Lynnl| 2020} [Naf et al., 2023). Indeed, measures like RMSE favor methods that impute
conditional means, instead of draws from the conditional distribution. Hence, using RMSE
as a validation criterion artificially strengthens the dependence between variables and leads
to severe biases in parameter estimates and uncertainty quantification. Currently, imputation
methods are largely benchmarked and evaluated based on measuring the RMSE between the
imputed and the underlying true values, see e.g., [Stekhoven and Biihlmann| (2011)); [Waljee
et al.| (2013)); [Yoon et al.| (2018)); Bertsimas et al| (2018)); Kokla et al.| (2019); |Anil Jadhav and
Ramanathan| (2019); [Nazdbal et al| (2020); Qiu et al.| (2020); [Jager et al.| (2021); Dong et al.
(2021) and many others. Instead, we advocate to use a distributional metric or score (Gneiting
land Rafteryl, [2007} |Székely, 2003) between actual and imputed data sets when the true values
are available. In the more realistic scenario when true values are not available, we propose to
use a new I-Score, which is proper under weaker conditions than that of while
being more computationally efficient and easier to implement.

The remainder of the article is organized as follows. In Section [2} we study different MAR
conditions and imputations in more detail and present our identification results. We then use
these insights to present recommendations for imputation methods, including three properties
any ideal imputation method should meet in Section 3.1} Section [3:2] then turns to the question
of how to evaluate imputation methods and presents a new proper I-Score. Finally, we illustrate
the main points of this paper in four empirical examples in Section @] Code to replicate the
experiments and to use the new scoring methodology can be found in https://github.com/
JeffNaef/MARimputation.

1.1 Related Work

Though the literature on missingness is vast, the results and discussions presented in this
paper are new to the best of our knowledge. Most papers discussing MAR add the additional
assumption that the distribution of X* (complete observations) and M | X* (distribution of the
missing pattern conditional on complete observations) are parametrized by two distinct sets of
parameters as mentioned above, leading to the classical ignorability result of . This
simplifies the analysis and generally avoids the issues we discuss here. For instance, while the
FCS and, in particular, the MICE approach has been studied theoretically (Little and Rubin),



https://github.com/JeffNaef/MARimputation
https://github.com/JeffNaef/MARimputation

1986; [Liu et al., |2014; |Zhu and Raghunathan) 2015) under this ignorability, the problems of
identification in this general setting appear to have been largely ignored. Instead, these papers
generally focus on the challenging problem of potential incompatibility of the conditional models
and analyze the convergence and asymptotic properties of the FCS iterations. Our aim is in
a sense much simpler, as we want to answer the question of whether the right conditional
distributions are identifiable under MAR when no assumption on the parametrization is placed.
An important exception is given in the recent work of Ren et al.| (2023)). They appear to be the
first to discuss the same identification result under MAR. Our result was derived independently
and in the context of a more general discussion of the MAR condition for imputation. Moreover,
we also study a weaker condition than MAR. In contrast Ren et al.| (2023)) focus on binary data
and the No-Self-Censoring condition, the latter being an MNAR, situation that neither implies
nor is implied by MAR (Ren et al.l 2023]).

As the paper views missingness through the lens of pattern-mixture models of [Little| (1993)),
other conceptually close papers are those based on the generative adversarial network approach:
Both Deng et al.| (2022)) and [Fang and Bao| (2023) make use of the PMM view in their proofs,
without explicitly mentioning this, as does the original GAIN paper of [Yoon et al.|(2018). We
essentially provide a similar identification result for the FCS or sequential approach under MAR
as Deng et al.[(2022)) provide for their GAN-based approach. However, the identification results
in Deng et al.|(2022) and [Fang and Bao| (2023|) for GAN-based methods rely on stronger MAR
conditions, as shown below. Similarly, [Tian| (2017)) claims the full distribution is recoverable
under MAR, but uses a conditional independence condition that is much stronger than the
MAR condition we consider. Indeed, graph-based papers concerned with recoverability usually
assume variables that are always observed and formulate MAR as conditional independence
statements, see e.g [Doretti et al| (2018]). This is much stronger than the traditional MAR
condition of [Rubin| (1976)). To the best of our knowledge, we are also the first to propose a list
of properties an imputation method in the FCS framework should have, based on a thorough
analysis of the MAR condition. This list complements existing guidelines on general imputation
methods with a different focus, see e.g., [Murray| (2018} Section 4). Finally, when considering the
evaluation of imputation methods, we build upon the arguments in Naf et al.| (2023) but heavily
improve their approach to develop a score that is proper, in the sense that it provably ranks
the best imputation method highest in a population setting, under a much weaker condition.

1.2 Notation

We assume an underlying probability space (£2,.4, P) on which all random elements are defined.
Throughout, we take P to be a collection of probability measures on R?, dominated by some
o-finite measure u. We denote the (unobserved) complete data distribution by P* € P and by
P the actually observed distribution with missing values. We assume that P (P*) has a density
p (p*). We take X (X*) to be the random vector with distribution P (P*) and let X; (X/),

i=1,...,n, be realizations of an i.i.d. copy of the random vector X (X*). Similarly, M is the
random vector in {0,1}%, encoding the missingness pattern of X, with realization m, whereby
for j =1,...,d, m; = 0 means that variable j is observed, while m; = 1 means it is missing.

For instance, the observation (NA,xs,x3) corresponds to the pattern (1,0,0). We denote the
support of X* as X ¢ R M as M c {0,1}%.

To denote assumptions on the missingness mechanism, we use a notation along the lines
of [Seaman et al.| (2013)). For each realization m of the missingness random vector M we
define with o(X,m) := (X})je(1,....a}:m;—0 the observed part of X according to m and with
0°(X,m) := (Xj)jeq1,...d}:m;—1 the corresponding missing part. Note that this operation only
filters the corresponding elements of X according to m, regardless of whether or not these
elements are actually missing or not. For instance, we might consider the unobserved part



0°(X,m) according to m for the fully observed X, that is X ~ P|M = 0, where 0 denotes the
vector of zeros of length d.

As in Naf et al.| (2023)), we define Hp C P to be the set of imputation distributions com-
patible with P, that is

Hp :={H € P: H admits density h and h(o(z, m)|M =m) = p(o(z,m)|M =m)
for all m € M}, (1.1)

where as above for a pattern m, o(z,m) = () e(1,....d}:m, =0 subsets the observed elements of
x according to m, while 0°(x,m) = () e(1,....a}:m,=1, Subsets the missing elementsﬂ Clearly,
P* € Hp, so that the true distribution P* can be seen as an imputation.

Finally, when talking about scoring imputations, we will take || - |2 to be the Euclidean

distance on R¢ and write expectations as E x g [|| X — Y ||ga], to clarify over which distributions
Y~ P

the expectation is taken.

2 Sequential Imputation under MAR

In this section, we present different definitions of MAR used in the literature. While the original
definition of MAR, (Rubinl [1976) is established under parametric assumptions, we consider here
the general case of non-parametric distribution, as done in more recent literature (see references
below). We first study the exact relations between all these definitions, as summarized in
Figure|2} We then show that if the number of missing values of a pattern m is larger than one,
learning the imputation distribution directly from other patterns is generally not possible under
the common MAR, definition . However, in Section we prove that learning
this imputation distribution is theoretically possible for PMM-MAR] if one variable at a time
is imputed, as is done in the FCS approach. We then also consider a specific MNAR setting.

2.1 MAR Definitions

In this section, we analyze several different MAR conditions. We present two different settings,
the selection model (SM) and the pattern-mixture model (PMM), each one leading to a different
set of MAR assumptions.

Selection Model In the selection model framework (Littlel [1993), the joint distribution of
X* and M is factored as p*(z, M =m) =P(M =m | 2)p*(x). In this setting, MAR is defined
as follows.

Definition 2.1 (SM-MAR). The missingness mechanism is missing at random (MAR) if, for
allm e M, and all z,% such that o(x,m) = o(Z, m), we have

P(M = m|z) = P(M = m|i). (SM-MAR)

SM-MAR] is sometimes referred to as “Always Missing at Random” (see, e.g., [Mealli and
Rubinl [2015; Deng et all 2022). A widely used alternative definition of MAR (see e.g., Molen-
berghs et al.| (2008)); [Little et al.| (2019)) is the following.

Definition 2.2 (SM-MAR II). The missingness mechanism is missing at random (MAR) if,
for allm e M,z € X, we have

P(M =m|z) = P(M = mlo(x,m)). (SM-MAR II)

INote that while h and p are densities on R%, notation is slightly abused by using expressions such as
h(o(x,m)|M = m) and p(o(z, m)|M = m), which are densities on RIt7:mi=0}




Note that o(x,m) is different for each m, and thus neither [SM-MAR| nor [SM-MAR II| are
statements about conditional independence, as remarked in|Mealli and Rubin| (2015). Nonethe-
less, SM-MAR TI| is intuitive: for any value of m, the probability of occurrence of missing pat-
tern m only depends on the observed part of z. We can verify that these two definitions are
equivalent.

Corollary 2.1. Condition [SM-MAR) is equivalent to [SM-MAR T1,

Pattern Mixture Model We now turn to the pattern-mizture model (PMM) framework
[1993), which is based on the following decomposition p*(z, M = m) = p*(z | M =
m)P(M = m). The PMM view emphasizes that the conditional distribution of the complete
vector X* | M = m may vary across m € M. Consequently, learning a distribution of a
given pattern m based on another pattern m’ may be challenging, as the two distributions may
differ drastically. A typical example is the Gaussian pattern-mixture model, where X* | M =
m ~ N(tm,Xm), so that the distribution in each pattern might follow a different Gaussian
distribution. In this setting, Molenberghs et al.| (2008) proposed the following definition.

Definition 2.3. The missingness mechanism is missing at random (MAR) if, for all m €
M,z e X,

p*(0°(z,m) | o(z,m), M =m) = p*(o°(x,m) | o(z,m)). (PMM-MAR)

Thus the conditional distribution of the missing part given the observed part o°(X*,m) |
o(X*,m) in pattern m is equal to the conditional distribution, when no information about the
pattern is available.

Proposition 2.1 (Molenberghs et al| (2008))). Condition (SM-MAR 1I)) is equivalent to[PMM]
AR

A stronger, but more interpretable condition, than [PMM-MAR] is the conditionally inde-
pendent MAR (CIMAR), introduced in Deng et al.| (2022).

Definition 2.4. The missingness mechanism is conditionally independent MAR (CIMAR) if,
for allme M,m' e M,z € X, we have

p* (0" (x,m) | ofw,m), M = m') = p*(o"(x,m) | ola,m)). (CIMAR)

Contrary to all previous assumptions, [CIMAR] is a conditional independence statement,
namely that o°(X*,m) | o(X*,m) is independent of M: the distribution of 0°(X™*,m) | o(X™*, m)
remains the same, for all missing patterns M = m’. Thus, allows learning the distribu-
tion of 0°(X*, m) | o(X*,m) from any pattern m’ (see|Naf et al. for an application). It in

turn is still weaker than MCAR however, which requires that for all m € M, m' € M,z € X,
p*(z)=p (x| M =m)=p (x| M=m'). (PMM-MCAR)
Clearly, PMM-MCAR] implies [CIMAR] which implies PMM-MAR] Example [I] below and

Example [d] in Appendix [B-4] also show respectively an example that is [CIMAR] but not [PMM]

[MCAR] and one example that is PMM-MAR] but not [CIMAR] Thus it holds that:

Proposition 2.2. MCAR (PMM-MCARY)) is strictly stronger than |CIMAR| which is strictly
stronger than [PMM-MAR|

Figure [1] illustrates these different conditions in a small example. Another important MAR
condition is the extended MAR condition, introduced in Deng et al.| (2022).
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Figure 1: Illustration: X* is the assumed underlying full data, M is the vector of missing indicators
and X arises when M is applied to X*. Thus each row of X/X* is an observation under a different
pattern. Under condition the distribution of X1,X35 | X3 is not allowed to change when
moving from one pattern to another, though the marginal distribution of X3 is allowed to change. In

contrast, under MCAR (PMM-MCARYJ), no change is allowed. Under MAR (PMM-MARY) the only

constraint is that the distribution of X{, X35 | X3 in the third pattern is the same as the unconditional
one.

Definition 2.5. The missingness mechanism is Extended Missing At Random (EMAR), if, for
allz € X, for allm € M, for m' =m and m’ =0, we have

p*(0°(z,m) | o(x,m), M =m’) = p*(0°(x,m) | o(x,m)). (EMAR)

EMAR] can be rewritten as p*(0o¢(z,m) | o(z,m), M = m) = p*(0°(z,m) | o(z,m)), M = 0).
Clearly, [CIMAR] implies EMAR] and Example [4 in Appendix demonstrates that [EMAR] is
stronger than [PMM-MAR] while it is clearly weaker than Figure [2] summarizes the

different implications between the above MAR assumptions.

In the presence of missing data, one may resort to imputation, to approximately recover a
sample from P*. To impute correctly, one needs to determine the distribution of o¢(X*,m) |
o(X*,m), which can be used to impute the missing components 0°(X*,m) | M = m. Clearly
under 0°(X*,m) | o(X*,m) can in principle be determined from any other pattern
m/, while under this is possible for m’ = 0. On the other hand, it appears not
immediately clear what is needed to identify the right conditional distribution under [PMM]
[MAR] We formalize these insights in the next section.

2.2 Identifiability under MAR

A crucial property of all three MAR definitions (PMM-MAR, CIMAR, EMAR) presented in
Section 2.2]is that

p*(0°(z,m) | o(z,m), M = m) = p*(o°(z,m) | o(x, m)).

Thus to impute pattern m successfully, one needs to learn p*(o°(z,m) | o(x,m)). We are
now able to summarize the three different MAR definitions in one result about the ability to
identify p*(o°(xz,m) | o(z,m)). We say p*(o°(z,m) | o(x, m)) is identifiable from a set My C M
of missing patterns, if there exists wp,/(o(x,m)), with 3, v, W (o(z,m)) = 1, such that
the mixture

B (0°(x,m) | o(z,m)) = D wp(o(x,m))p*(o°(z,m) | o(z,m), M = m’), (2.1)
m’eMo

satisfies p*(0°(z,m) | o(z,m)) = h*(0°(x,m) | o(x,m)). In particular, we say that p*(0°(x, m)
o(z,m)) is identifiable from a pattern m’ € M, if p*(0®(x, m) | o(xz,m), M = m’) = p*(0°(x, m)
o(x,m)). Define in the following

Ly = {m' € M :m/; =0 for all j such that m; = 1}.

Thus L,, is the set of patterns for which o¢(x, m) is observed.
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Figure 2: Relationships between the M(N)AR conditions discussed in this paper. An arrow from
condition A to condition B, encodes that A implies B. The definitions are given in Section and
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Proposition 2.3. Assume |M| > 3. Then for any pattern m € M, p*(0°(x,m) | o(x,m)) is
- identifiable from any other pattern m’ # m under [CIMAR],
- identifiable from the pattern of fully observed data, m' = 0, under[EMAR]
- is not identifiable from any single pattern m’ # m under[PMM-MAR),

In addition, if )Z‘;Zl mj’ > 1, p*(0°(x,m) | o(x,m)) is not identifiable from Ly, .

To appreciate Proposition imagine for any pattern m’ in which o¢(x,m) is observed,
X was already correctly imputed, such that X* | M = m’ is available for all m’ € L,,. In
this case, it would still not be possible to identify p*(o°(x, m) | o(x, m)) under as
no mixture of the conditional distribution p*(0°(X™*,m) | 0°(X*,m), M = m’) will recover the
correct distribution. This is related to the fact that [PMM-MATR]still allows for a change in the
conditional distributions over different patterns (see, e.g. Example [4|in Appendix . Thus,
the right conditional distributions are not trivially identified under MAR. On the contrary,
under we are able to impute 0¢(X™*, m) based only on the distribution of the complete
input vector. However, such a practice may be difficult due to the low number of complete
observations. At the price of the more stringent [CIMAR] assumption, we are able to build
correct imputations by leveraging the information of all missing patterns.

Now, we show that the identification of the correct conditional distributions is possible, if
one focusses on one variable X; at a time. To this aim, let L; = {m € M : m; = 0}, be the
set of patterns in which z; is observed. Based on the missing patterns in L;, one can build the



following mixture distribution,

(x_ | M =m)P(M = m)
h _ E J p*(x; _i M= 2.2
% |$ j meLj ZmeL p* 1‘—] |M m)]P(M = m) (% |x 7 m), ( )

which is based only on the missing patterns such that x; is observed. Note that the mixture

(2.2) coincides with (2.1)), if o(z,m) = x; and
P (s | M = m\P(M =)

Wy (0(x,m)) = ZmGLJ‘ p*(x,j | M =m)P(M =m)’

Proposition 2.4. Under |PMM-MAR), the predictor h* defined in (2.2)) satisfies, for all j €
{1,...,d}, for all x_; such that p*(z_;) > 0, and for all z;,

h*(xj | x_j) = p*(x; | 2—j). (2.3)

Proposition [2.4] shows that the true distribution p*(x; | #_;) is indeed computable in prin-
ciple from all available patterns. Intuitively at X, one can reduce the | M| patterns to two,
one where X; is missing, and one where it is observed. Though these two aggregated patterns
are mixtures of several patterns m € M, it can be shown that the MAR condition implies that
both aggregated patterns have the same conditional distribution X7 | X* ;» thus allowing to
identify the right conditional distribution in the pattern where X; is observed. A similar result
was already independently discussed in [Ren et al.| (2023), see Section In Appendix
we discuss the classical result of |Rubin| (1987) and highlight why this discussion of distribu-
tion shifts under MAR may not be relevant for (parametric) Maximum Likelihood Estimation
(MLE).

Remark 2.1. To illustrate these results, comsider the following analogy. One could think
of different missing value patterns m as different environments, such as different hospitals.
Given several hospitals in which (X;,Xij) is observed, we would like to predict a variable X7
from (fully observed) covariates X*; for a new hospital. Under covariates X* ; can
arbitrarily change their distribution from one hospital to the next, but X7 | X*; remains the
same in all hospitals, making it possible to learn the correct conditional distribution from any
other hospital. Under on the other hand, X7 | X* ; may also differ from hospital to
hospital. However, taking all hospitals such that (X}, X* ;) is observed together, the distribution
of X7 | X, in the resulting mizture is the same as X7 | X, needed for the new hospital.

Link with the FCS approach Imputing one variable at a time is precisely the approach
of FCS. The goal of the FCS in general and the MICE approach in particular is to impute by
iteratively drawing for all j € {1,...,d} and t > 1,
t+1 * t
2T pt(ay |2,
where x(_tg = {flfl(t)}l?gj are the imputed and observed values of all other variables except j at

the iteration t. Doing this repeatedly leads to a Gibbs sampler that converges under quite mild
conditions (Little and Rubin| (1986 Chapter 10.2.4.)). In practice, we do not have access to

any true distribution p*(z; | a:(j;) for j € {1,...,d}, and sample instead from an estimated

distribution py,(z; | x(fg) Proposition shows that if we assume to have access to the true
distribution p*(x_;), we can compute the true distribution p*(x; | _;) using only the observed

values of X;. As % Z! é 5] and [CIMAR] are both stronger than [PMM-MAR] Proposition [2.4] also

holds with replaced with either one of those conditions. Thus, Proposition




shows that the FCS approach can identify the right conditional distributions under a weaker
condition than GAN-based approaches in principle. Indeed, [Deng et al.| (2022)) show that their
GAN architecture is able to impute missingness under [EMAR] Similarly, Fang and Bao| (2023)
show that their GAN-based method can identify the conditional distribution of missing given
observed data. However, while they claim this shows identification under MAR, the condition
they present in Section 3.2. is actually stronger and more akin to [CIMAR]

Block-wise FCS The FCS approach of imputing one variable at a time has been criticized
for computational reasons. Indeed, in FCS, d models have to be fitted repeatedly, which can
be computationally intensive for large d. One way to remedy this would be to use multi-output
methods such as DRF to impute variables as blocks, such that say 10 variables may be imputed
simultaneously. The idea of using block-wise FCS was already discussed in [van Buuren| (2018,
Chapter 4.7). However, Propositionshows that one might not be able to recover the correct
imputation distribution with this approach under [PMM-MATR]

2.3 Identifiability beyond MAR

An important takeaway from the above discussion is that MAR is surprisingly weak. Indeed, it
appears FCS imputation quickly breaks down when trying to weaken MAR, as we discuss here.
So far, we have shown that MAR allows to identify the correct distribution for FCS imputation,
assuming all other variables were already correctly imputed. However, it is not the weakest
condition under which a similar argument is possible.

Definition 2.6. The missingness mechanism is conditionally independent MNAR (CIMNAR)
if, for all j € {1,...,d}, for all x € X, we have

P(M; = 1|z) = P(M; = 1|z_;). (CIMNAR)

Corollary 2.2. Assumption [SM-MAR)] implies Assumption [CIMNAR], but Assumption [CIM
[NAR) does not imply Assumption [SM-MAR]

As shown in Corollary 2.2} [CIMNAR]is a strict generalization of MAR. Indeed, Example [3]in
Appendix [B:2shows a setting in which[CIMNAR] holds, but [SM-MAR] does not. Closely related

assumptions have already been introduced in the literature. For example, Beesley et al.| (2021))
suggested condition together with the conditional independence of the missingness
indicators

M. ILMy| X*. (2.4)

Taken together these two conditions do not generalize MAR, as might not hold under @
@ Condition also looks similar to the no self-censoring condition (NSC, Shpitser
(2016)), where, for all j, X I M; | X*;, M_;. However, as demonstrated in Ren et al| (2023),
neither MAR or NSC imply one another. In particular, using their adapted FCS approach for
NSC data does not identify the right imputation distribution if the missingness mechanism is
actually MAR. Let

~ (x—; | M =m)P(M =m)
h*( _ § J i |x_;, M = 2.5
xj | ! J mELC Z7n¢L p T— —J | M = “L)IPUM = n)p (xj | ’ 7 m)’ ( )

be the equivalent of h*(x; | x—;) but where we consider the patterns in L§ (the unobserved
patterns) instead of L;. In their brief discussion of FCS imputation under MAR,

(2023) showed that MAR implies h*(z; | _;) = h*(z; | ©_;). This holds also true under
[CIMNAR}



Proposition 2.5. Let h*(x; | x_;),h*(z; | _;) be defined as in [2.2) and [2.5) respectively.
Then, for all x;, and for all x_; with p*(xz_;) >0,

W (wj | aog) = B (x5 | 2—5) = p*(z; | 2—;), (2.6)

if and only if[CIMNAR)| holds.

Under h*(z; | —;) = p*(z; | x—;) immediately implies that one can draw from
the right distribution for imputation of X;. However, PMM-MAR] might not hold in general
under 'CIMNARI, which implies that there exists m € L§, such that p*(z; [ z—;, M = m) is not
equal to p*(x; [@_;). Thus, it is no longer the right distribution to impute X; in pattern m €
LS. This is true, even if we assume in addition, hence the reason why Beesley et al.| (2021)
proposed adaptations to the FCS algorithm based on parametric assumptions. Nonetheless,
Proposition shows that one can correctly impute X; from the mixture distribution h* (x|
x_j), which is based on all patterns m € LS.

Unfortunately, Proposition [2.5 does not imply that all FCS imputation iterations are valid
under To see this, assume that we start with a variable X; and impute it via
the random variable Y3, based on X*,. For the next variable X;, we assume to have ac-
cess to (Y, X* (), where X* .\ = (X[), ;- Under MAR, the joint distribution of
(X;,Yx, Xi(juk)) in all patterns m € L; corresponds to the true distribution p*(z | M = m), so
there is no issue for estimating p*(z; | z—;). However, Example [3|in Appendix shows that
the same is not true for [CIMNAR] in general. Despite this, it is sometimes possible to recover
P* under as demonstrated by a modification of Example [3] as well as an empirical
example in Section [4.3]

3 Implications for Imputation

In Section [2} we proved the identification of p*(x; | z_;) for all j, based on all missing data
patterns under [SM-MAR] While this result is a first step to create methods that replicate the
data distribution P*, in practice it remains to estimate p*(z; | _;) in the FCS iterations. From
now on, we will refer to any method that estimates p*(x; | x_;) for all j, as an imputation
method.

In this section, we present three essential properties that an ideal imputation method should
satisfy. We then discuss which properties are met by classical FCS imputation strategies and
introduce a new imputation approach denoted mice-DRF. Finally, we turn to the question of
how to score imputation methods and develop our new m-I-Score.

3.1 Requirements for Imputation Methods

The goal of each iteration of an FCS algorithm is to estimate the conditional distributions
p*(z; | z—;) for all j € {1,...,d}. Thus, an imputation method is intrinsically a distributional
estimator (Requirement below). In order to accurately estimate the conditional distri-
butions p*(z; | _;), an imputation method should be able to capture complex (potentially
non-linear) interactions in the data (Requirement . Finally, our identification result in
Proposition shows that p*(x; | z_;) can be written as a mixture of all conditional distribu-
tions corresponding to patterns in which X is observed. Unfortunately, even under stringent
assumptions such as [CIMAR] distribution shifts in the observed variables may occur across
different missing patterns, as highlighted in Example [1] below. Thus, an imputation method
should be able to handle distributional shifts in the covariates (Requirement .
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Example 1. Consider the following Gaussian mizture model for two patterns my = (0,0) and

my = (1,0):
(X7, X3) | M =my ~N <<8> ’ G D)

e (().¢ 1)

For both patterns, the conditional distribution of X{ given X3 is given as
p (a1 | wo, M =mq) = p* (a1 | 22, M = m3) = N(22,1)(z1),

where N(x2,1)(x1) is the univariate Gaussian density with mean xo and variance 1 evaluated
at x1. In this example, holds. However, the distribution of X5 in pattern my (N(0,1))
is heavily shifted compared to pattern mo (N(5,1)). Consequently, an estimation method that
is able to accurately learn P)*(I|X2’ for Xo ~ N(0,1), also needs to be able to extrapolate to

P%.x,» for X2 ~ N(5,1).
Consequently, in the FCS framework, an imputation method should
(1) be a distributional regression method
(2) be able to capture nonlinearities and interactions in the data
(3) be able to deal with distributional shifts in the covariates.
Remark 3.1. (Section 4) also discusses best practices for general imputation

methods. His points partly overlap with ours. In particular, he suggests that “imputations should
reflect uncertainty about missing values” (corresponding to@) and “imputation models should
be as flexible as possible” (corresponding to @[} As we note in Section@ he also emphasizes
that for multiple imputation the uncertainty of the imputation model should be considered. This
is not met by the imputation methods presented here and is an open problem for nonparametric
imputation. While this becomes less consequential in large samples, this additional uncertainty
is needed for reliable uncertainty quantification with multiple imputation.

We now describe some of the state-of-the-art imputation methods, based on the benchmark
analysis of papers by Waljee et al. (2013)); Hong and Lynn| (2020); Jager et al.| (2021); Wang]
let al| (2022); Naf et al| (2023).

We first consider two very simple methods, the Gaussian and regression imputations. Fol-
lowing the naming convention of the mice R package, we also denote the former as mice-
norm.nob and the latter as mice-norm.predict. Both fit a linear regression of X; onto X_;.
The Gaussian imputation then imputes X; by drawing from a Gaussian distribution, while
the regression imputation simply uses the conditional mean. Given that linear regression is
known to extrapolate well, mice-norm.predict meets while mice-norm.nob meets and
(3)} A widely-used method in a variety of fields is the missForest of |Stekhoven and Biithlmann|
. In this method, X is regressed on X_,; with a Random Forest (RF, Breiman| (2001))
and then imputed with the conditional mean in each iteration. As such, missForest, only meets
In contrast, mice-cart and mice-RF (Burgette and Reiter} 2010; [Doove et al., 2014) use
one or several trees respectively, but sample from the leaves to obtain the imputation of Xj,
approximating draws from the conditional distribution. Thus these methods approximate |(1)
in addition to As such, they may be inheriting the accuracy of missForest, while providing
draws from the conditional distribution. However, they are ultimately not designed for the
task of distributional regression. To this end, the distributional random forest (DRF) was re-
cently introduced in |Cevid et a1.| (]2022[). We thus define a new imputation method, denoted

11



Method (1)

—

2) 13)

| missForest

‘ mice-cart
‘ mice-RF

‘ mice-DRF
|

|

mice-norm.nob

< s

ANIENIENIEN

mice-norm.predict

Table 1: Properties met by different imputation methods. Following the naming convention
of the mice R package, “mice-norm.nob” refers to the Gaussian imputation, while “mice-norm.predict”
refers to the regression imputation.

mice-DRF, that regresses X; onto X_; and then imputes by sampling from the distributional
regression estimator. As DRF is a forest-based distributional method, mice-DRF meets |(1)|
and However, as any local averaging estimate (kernel methods, tree-based methods, near-
est neighbors), DRF still generalizes poorly outside of the training set (see, e.g., Malistov and
Trushin, 2019)), i.e. Requirement is not met. Table |l{summarizes the properties met by the
different mice methods considered in this paper.

Figure [3| illustrates the behavior of different imputation strategies for Example [l As the
Gaussian imputation fits a regression in pattern m; and then draws from a conditional Gaussian
distribution given the estimated parameters, it is the ideal method in this setting and indeed
captues the distribution very well. For the nonparametric methods, DRF, as a distributional
method, performs better than mice-RF. However, it still fails to deal with the covariate shift,
centering around 2, when it should center around 5.

Thus, while previous analysis suggests that forest-based methods such as mice-cart, mice-
RF, and likely also mice-DRF may be some of the most successful methods currently available,
finding an imputation method that satisfies (3)|is still an open problem. In general, there are
many more imputation methods that could be considered, including joint modeling approaches
such as GAIN (Yoon et al.,[2018)). Thus the ability to rank imputation methods is crucial. This
will be considered in the next section.

3.2 A Proper Scoring Method Under M(N)AR

We now turn to the question of how to evaluate the performances of different imputation
strategies. Requirement suggests that distributional distances or scores should be used
instead of classic predictive metrics such as RMSE. Recall that P refers to the distribution of
X with missing values and correspondingly, P* € P refers to the distribution of X* without
missing values.

First, we assume that the true underlying distribution P* is known. In order to evaluate
the performance of an imputation strategy that produces a distribution H, we compute the
(negative) energy distance between imputed and real data:

d(H,P*) =2Ex~p [|X = Y|l2] ~Ex~n [[|X — X'[l2] = Ey.p |
Y ~P* X'~H Y'~P*

Y = Y7|l2],

where || - ||2 is the Euclidean metric on R¢. Given samples from P* and a sample of imputed
points this can be readily estimated, see e.g., [Székely| (2003).

Second, we are interested in creating a reliable ranking method when the underlying data
are not available. To this end, we consider the I-Scores framework of [Naf et al.| (2023).
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in Example E
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Figure 4: Illustration of Oy, for j = 1,2. For X, Xo, = (X3, X4) in gray, while for X1, Xo;, = X4
in black.

Definition 3.1 (Definition 4.1 in [N&f et al| (2023)). A real-valued function Sya(H,P) is a
proper I-Score iff
SNA(H7 P) S SNA(P*7P)7

for any imputation distribution H € Hp. It is strictly proper iff the inequality is strict for all
H #+ P*.

Our new scoring method for evaluating imputation performances requires that there exist
j.k € {1,...,d} such that j # k and such that X}, is always observed when X is observed (see
Figure [4] for an example).

Assumption 3.1. There exists j € {1,...,d} such that O; = mmeL,-{l :my = 0} is not empty
and, for all k such that Oy # 0, Xx LMy | Xo, -

Let in the following H;}jlfo- be the distribution with density
' J

(o, | M = m)P(M = m)

h*(z; | zo,)
! m; Z'meL p :I“O ‘M m)]P(M = m)

p*(z; | xo,, M =m), (3.1)
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and similarly, Hx, |, o; the distribution of the same mixture with p* exchanged with the impu-
tation distribution h. For all j € {1,...,d}, we define the score of variable j as

S&A(H’P) =

1
Exo,~r Exwriy, o, [1X = Yol = SExnsry i, (1X =X, (3:2)

Y~HY X'~Hx.
Xj1Xo; ~Hx;jix0,

Xo,IMeL;

where the outer expectation is taken over Xo, ~ Pg o, IMEL;" the distribution of all fully

observed variables wrt to variable j. This is the (expected) energy score, which is directly
related to the energy distance above, see e.g., |Gneiting and Raftery| (2007)); |Gneiting et al.
(2008) P Moreover, let

O ={j:m; =0 for all m € M} (3.3)

be the (potentially empty) set of all fully observed variables. Then, the full score is given as

Sna(H, P) = |S|ZS

JES
where § = 0°N {j : O; # 0} and O° is the set of variables with at least one missing value.
Proposition 3.1. Under Assumption[3.1, Sya is a proper I-Score.

Naf et al.| (2023 developed a first I-Score using density ratios and random projections
A c{l,...,d}, denoted “DR-I-Score”. The set of projections could be chosen by a practitioner
as a tool to increase the number of fully observed observations. The score was shown to be
proper under [CIMAR] on each projection. In Appendix we show that it is actually proper
under (on each projection), but that it is not proper under MAR.

Compared to the DR-I-Score, this new score is not only easier to use but also proper under
a modified condition. Here, projections are given by A = O;, for each variable j we
would like to test. Assumption [3.I]can thus be seen as “CIMNAR on each projection”, which is
considerably weaker than CIMAR on each projection. However, the projections can no longer
be freely chosen but are instead given by the maximum number of observed variables available
for a given variable j. We note that the construction of this score and the propriety result hinges
on the discussion in Section [2| The I-Score of [Naf et al.| (2023)) fails to be proper under MAR,
even on the projected data, because it compares joint distributions of individual patterns m, m’.
In contrast, Sna(H, P) compares conditional distributions obtained from mizture of patterns
that are ensured to be the same under the restricted condition (Assumption for
the perfect imputation.

3.3 Score Estimation

We describe now an estimation strategy for Sxa(H, P) based on a sample of n observations
with missing values. Recall that S = O°N{j: O; # 0}. Fix j € S and recall that L; collects
all patterns m, such that m; = 0. For each i such that m; € L; (that is x; ; is observed), we

build a sample of N points, X( ) cee X](\f;), as follows:
1. Create a new data set by concatenating the observed (xi,j,;viyoj), m; € L; and the

imputed (gci’j, ZEi,oj), m; € L;, as in Figure |5, and set the observed observations of X; to
missing, i.e. x; ; = NA for ¢ with m; € L;.

2Usually, in the scoring literature, one only considers the inner expectation, even though in practice “scores
are reported as averages over comparable sets of probabilistic forecasts” (Gneiting et al., [2008 page 222). We
thus also consider the outer expectation to model the different test points.
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Figure 5: Conceptual illustration of the score approximation. First, the imputed values in blue are used
to learn HX].‘XO‘ . Then, for each Ti,0, for which x; ; is observed, we score the “prediction” HXj|XO_
J J

using the energy score with test point xz; ;. In practice, this is done by (approzimately) generating a
sample XZ(Z)J =1,...,N from Hx 2, o -
T

2. Approximate the sampling from Hx Xo, by simply imputing these artificially created
NA values with H, N times.

As multiple imputation corresponds to drawing several times from the corresponding conditional
distribution, this is a natural way of obtaining )N(l(i), l=1,...,N. If a method is not able to
generate multiple imputations, X l(i) is just a unique value copied N times, as Hy |z, o, is simply
a point measure.

We can use the generated samples X( 9 ...,)N((Z) for all 7 such that m; € L, in order to
estimate S, ,(H, P):

N N
~ 1 ~
J _ § : E :§ : (4) (1 § : (4) .
SNA(H>P) - |{ m; € L. }| B ( IN2 el ‘Xl X ‘X mhﬂ|> ’
(3.4)

as in |Gueiting et al.| (2008, Equation (7)). This is nothing more than the empirical counterpart
of Equation (3.2]). The final score is then given as

S ZS (3.5)

JES

SNAHP

Remark 3.2. Formally, the observations in Xo, are needed to ensure the test points z; ; are
truly sampled from h*(x; | xo,), which in turn is equal to p*(x; | xo0,) under Assumptz’on
as shown in Proposition [3.1l While these points are observed, their marginal distribution is
fized to p*(x;), but since x_; is imputed and thus drawn from H_;, relative to the imputed
point x; _;, the test point z; ; might not be sampled from the right distribution p*(x; | x_;).

We refer to this approach as the m-I-Score. The m-I-Score score thus uses the ability of
imputation methods to generate multiple imputations naturally in its scoring. Unfortunately,
this can be computationally demanding, as /N should be chosen high, say at least 50 to give an
accurate score. Moreover, if all variables contain missing values, this would need to be repeated
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d times. This would be infeasible for realistic dimensions if the full data set had to be imputed
each time. However note that in the data set created in steps 1. and 2. only one variable has
missing values, while all the others are observed. This means that only one pass is needed to
impute, which essentially corresponds to fitting the chosen model (e.g., RF) once. Moreover,
for large d it is possible to only consider a subset of variables X; to calculate Sy 4. For instance,
one could choose the p < d X; with the largest missingness proportion.

4 Empirical Study

The goal of this section is to illustrate the concepts discussed in this paper on both simulated
and real data. We first describe the implementation of the new mice-DRF. The mice package
provides a very convenient interface whereby new regression methods can be added to the
MICE routine. We thus implement the following in MICE: for each variable j with missing
values, fit a DRF regressing the observed x; ; onto ; _; to obtain an estimate of the conditional
distribution, given by forest-induced weights. For each unobserved z; ;, we predict the weights
based on z; _; and draw from the observed z; ; according to those weights. This is essentially
the mice-RF implementation described in [Doove et al.| (2014), with the traditional Random
Forest exchanged by the Distributional Random Forest.

Imputation methods We empirically evaluate the performances of the following FCS meth-
ods

e mice-cart
e mice-DRF
e missForest

e regression imputation, named mice-norm.predict (see R-package mice (van Buuren and
Groothuis-Oudshoorn|, 2011]))

e Gaussian imputation, named mice-norm.nob (see R-package mice (van Buuren and Groothuis-
Oudshoorn, [2011)))

We also compare two deep learning strategies (see Appendix [A.1)
e GAIN (Yoon et al., |2018])
e MIWAE (Mattei and Frellsen, 2019)).

All methods are used with their default hyperparameter values. In all examples, we standardize
the scores over the 10 repetitions to lie in (—1,0).

Evaluation To evaluate the imputation methods we calculate the (negative) energy distance
between the true and imputed data sets, using the energy R-package (Rizzo and Szekely,
2022)). As this “score” is able to access the true underlying values, we will refer to it as
the full information score. We compare the orderings of the full information score with the
m-I-Score, which does not have access to the values underlying the missing values. The only
hyperparameter to choose in this case is the number of samples N, which we will set to NV = 50.
To illustrate the discussion in this paper, we also add the negative RMSE, which again uses
the full data set. We also compare the m-I-Score to the DR-I-Score of [Naf et al| (2023) in

Appendix
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Figure 6: Standardized scores for the Gaussian mizture model with distribution shift. Methods are
ordered according to the full information score. For each method, the m-I-Score (dark gray, left), RMSE
(gray, middle), and full information score (white, right) are shown.

Results The three examples considered in this section, as well as the analysis in Appendix

indicate that:

(I) The m-I-Score reliably finds the best imputation method and the ordering it produces is
similar to the one of the full information score, even in the first challenging distributional
shift example in Section[d.1] If differences arise, it is often because the m-I-Score penalizes
methods that cannot produce multiple imputations. Given the discussion in this paper,
this might be desirable. An exception is the third example in Section where none of
the methods perform well. Here the scores disagree quite heavily.

(IT) mice-DRF and mice-cart are the most promising methods in terms of the full information
score. This aligns with the findings in [Wang et al.| (2022); [Naf et al.| (2023)). In partic-
ular, they tend to have higher scores than missForest, GAIN, and MIWAE, as shown in

Appendix [A7T]

(IIT) However, none of the methods is able to reliably deal with distributional shifts and non-
linearity, showing once again that better imputation methods need to be found.

4.1 Gaussian Mixture Model

We first turn to a Gaussian Mixture model to be able to put more emphasis on distribution
shifts under MAR. In particular, we simulate the distribution shift of Example [I] in higher
dimensions. We take d = 6 and 3 patterns,

my = (1,0,0,0,0,0)

mg = (0,1,0,0,0,0)

m3 = (07 Oa 1) 07 07 O)
The last three columns of fully observed variables, denoted X, are all drawn from three-
dimensional Gaussians with means (5, 5,5), (0,0,0) and (=5, —5, —5) respectively, and a Toeplitz

covariance matrix ¥ with ¥; ; = 0.5/"=7l. Thus there are relatively strong mean shifts between
the different patterns. To preserve MAR, the (potentially unobserved) first three columns are
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where B is a 3 x 3 matrix of coefficients, (£1,¢2,e3) are independent N (0, 4) random errors and
O = {4,5,6} is the index of fully observed values. For B we copy the vector (0.5,1,1.5) three
times, such that B has identical rows. The data is thus Gaussian with linear relationships, but
there is a strong distribution shift between the different patterns. However, this distributional
shift only stems from the observed variables, leaving the conditional distributions of missing
given observed unchanged, as in Example[I] Consequently, it can be shown that the missingness
mechanism meets [CIMAR] and is thus MAR. Moreover, Assumption [3.1] holds.

For each pattern, we generate 500 observations, resulting in n = 1.500 observations and
around 17% of missing values. In this example, we expect that the imputation able to adapt
to shift in covariates will perform well, even if they are not able to catch complex dependencies
between variables. Indeed, we note that P* corresponds to the Gaussian imputation (mice-
norm.nob) with the (unknown) true parameters. As such, a proper score should rank mice-
norm.nob highest. In contrast, the forest-based scores should have the worst performance here,
as they may not able to deal properly with the distribution shift. On the other hand, they might
still be deemed better than mice-norm.predict, which only imputes the regression prediction.
Results for the (standardize) full information score, m-I-Score and RMSE are given in Figure
[(l The full information and m-I-Score behave as expected, with mice-norm.nob in first place,
and the forest-based methods last. Interestingly, both score mice-norm.predict second. RMSE
in turn, ranks mice-norm.predict as the best method. Thus, despite having access to the true
underlying data, RMSE is not able to identify the method that best replicates P*.

Appendix[A-2] also shows that the DR-I-Score is not able to rank mice-norm.nob as the best
method. This may be due to the difficulty of random forests to deal with covariate shifts, as the
DR-I-Score implementation relies on an RF classifier to estimate the involved density ratios.
This shows a clear advantage of our new score, as it does not rely on any auxiliary method
to estimate Hx| Xo, but instead directly generates and judges samples from the imputation
method.

Thus, despite the challenging setting, the m-I-Score still provides a very sensible ordering.
An interesting difference between the m-I-Score and the full information score is that the m-
I-Score scores missForest lower than the full information score. However, this makes sense
as missForest gets more severely punished when it creates N imputations with very limited
variation. In this sense, the m-I-Score, without having access to the true data, might actually
give a more accurate picture of the correct ordering.

4.2 Mixture Model with Nonlinear Relationships

We now turn to a more complex version of the model in Section to add nonlinear relation-
ships to the distributional shifts. This example should indicate that the search for successful
imputation methods is by no means complete.

Using the same missingness pattern, and Gaussian variables X we use a nonlinear function
f for the conditional distribution:

Xoe =f(Xo)+ [ e2 |, (4.1)

with
f(x1, 22, 23) = (zgsin(x122), x2 - 1{za > 0}, arctan(zy) arctan(xs)).
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Figure 7: Standardized scores for the nonlinear mizture model with distribution shift. Methods are
ordered according to the full information score. For each method, the m-I-Score (dark gray, left), RMSE
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This introduces nonlinear relationships between the elements of X¢. and X, though the con-
ditional distribution of X . | X7 is still Gaussian and the missingness mechanism is CIMAR.
Moverover, Assumption [3.1] is met here. For each pattern, we generate 500 observations, re-
sulting in n = 1’500 observations and around 17% of missing values.

In this example, the ability to generalize is important, and so is the ability to model nonlinear
relationships. Accordingly, this is a very difficult example. The ordering of the m-I-Score and
the full information score shown in Figure [7]is quite different. In particular, they do not agree
on the best two methods, though they both rank mice-DRF high. This serves to illustrate,
that while at least the m-I-Score should be able to identify the “ideal” imputation, there is
no guarantee for what happens when all imputations are bad. The disagreement of the scores
should thus be seen as more of a testament that none of the methods perform well than a sign
that the scores themselves are flawed. Finally, the RMSE is surprisingly close to the ranking
of the full information score based on the means over the 10 repetitions.

4.3 MNAR Example

We also consider an example of [CIMNAR] In the previous two examples, the focus lay on
the complex shifts that can occur under MAR. Here, we instead focus on a complex missing-
ness mechanism. As such we simply take X* to be a six-dimensional Gaussian with mean
(5,5,5,5,5,5) and Toeplitz covariance matrix 3, with ¥;; = 2 - 0.5!*=71. For M | X*, we then
choose:

1
1+exp(=1/43,,; xy)’

for j = 1,...,3. That is the probability of the first three variables being missing depends on
all other variables, whether or not they are missing. We again take Xy, X5, Xg to be fully
observed.

First, the mean (unstandardized) energy distance between the real data and the mice-
norm.nob imputation is approximately 0.001, around the same as for the MAR example in
Section 1] This surprisingly indicates that MICE imputation is able to recreate the distribu-
tion of this MNAR example quite closely. In fact, generating the same proportion of MCAR
missing values for the same example leads to similar mean energy distance values. Figure

P(M;=1|z)=P(M; =1|z_;) =
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Figure 8: Standardized scores for the MNAR example. Top: DR-I-Score over 10 iterations. Methods
are ordered according to the full information score. For each method, the m-I-Score (dark gray, left),
RMSE (gray, middle), and full information score (white, right) are shown.

shows the standardized scores for this example. Despite the fact that Assumption does not
hold in this setting, the m-I-Score performs well, again correctly identifying the best imputation
method to be mice-norm.nob. RMSE in turn again scores both mice-norm.predict as well as
missForest higher than mice-norm.nob. In fact, the ordering of RMSE is almost the reverse of
the ordering of the full information score.

4.4 Air Quality Data

We end with the air quality data set obtained from https://github.com/lorismichel/drf/
tree/master/applications/air_data/data/datasets/air_data_benchmark2.Rdata. This
is a preprocessed version of the data set that was originally obtained from the website of the En-
vironmental Protection Agency website (https://aqgs.epa.gov/agsweb/airdata/download_
files.html). For a detailed description of the data set, we refer to|Cevid et al.| (2022, Appendix
C.1). The data set contains a total of 50’000 observations with 11 dimensions.

The goal of this example is to consider a real dataset with MAR missing values generated
with an established procedure. We use the “ampute” function of the mice package (van Buuren
and Groothuis-Oudshoorn, 2011) to introduce MAR missingness into the first four numerical
variables. The ampute function presents a flexible way of introducing missingness according to
a desired mechanism, based on [Schouten et al.| (2018]). We specify the 4 patterns

m1 = (1,0,0,0,...,0)
ms = (0,1,0,0,...,0)
ms = (0,0,1,0,...,0)
ma = (0,0,0,1,...,0),

and the ampute function to generate missingness according to these patterns.

The wealth of data allows us to redraw a data set of 2’000 observations B = 10 times to
get an idea of the variation of our scores. That is, we redraw the data randomly B times and
generate the missingness mechanism using the ampute function. Figure |§| shows the (stan-
dardized) scores. The ordering of the m-I-Score and the full information score is again similar,
showing mice-cart and mice-DRF first and mice-norm.predict last. This makes sense as mice-
norm.predict neither draws from the conditional distribution nor is it able to deal with the
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Figure 9: Standardized scores for the air quality data example. Methods are ordered according to the
full information score. For each method, the m-I-Score (dark gray, left), RMSE (gray, middle), and
full information score (white, right) are shown.

apparent nonlinearities in the data. In contrast, missForest scores higher, though interestingly
the scores are not in agreement. While the full information score puts it in third place, the
m-I-Score puts it just above mice-norm.predict. This might be due to the fact that missForest,
while predicting instead of drawing from a conditional distribution, still models the nonlinear-
ities in the data relatively well, a feat the Gaussian-based norm.nob cannot achieve. However,
the m-I-Score again penalizes the inability of missForest to draw samples more severely and
thus puts it lower than the other two scores. Given the discussion in this paper, one might
argue that the low ordering of missForest of the m-I-Score is more accurate in this example.
RMSE on the other hand scores missForest highest, simply because it likely estimates the con-
ditional means well. This mirrors previous analysis on real data with artificially generated
missing values that found missForest to perform well (see e.g., [Waljee et al.| (2013); Hong and|
[Lynn| (2020); |Jager et al. (2021)) among others) and indicates that this might be entirely due
to the use of RMSE.

5 Discussion

This paper gives a more systematic discussion of FCS imputation. We analyse and generalize
the MAR condition for imputation and, based on this analysis, propose three essential properties
an ideal imputation method should meet, as well as a principled way of ranking imputation
methods. We conclude with four important points.

RMSE should not be used RMSE is not a sensible way of evaluating imputations. Drop-
ping RMSE as an evaluation method likely has important implications. For instance, the recom-
mendation of papers to use single imputation methods such as k-NN imputation
[and Ramanathan| 2019) or missForest (Waljee et al.l [2013} [Tang and Ishwaran| 2017) appears
to rest entirely on the use of RMSE. Even well-designed paper benchmarking imputation meth-
ods such as Jager et al|(2021) use RMSE. Nonetheless, there appear to be only a handful of
recent papers that at least consider different evaluation methods, for instance, [Muzellec et al.
(2020); Hong and Lynn| (2020); Wang et al|(2022). Indeed, the problems of RMSE appear to
be rediscovered in different fields. For instance, [Hong and Lynn| (2020)) empirically emphasize
that, while missForest achieves the smallest RMSE, parameter estimations in linear regression

21



are severely biased. Similarly, Wang et al. (2022) discusses some problems with using RMSE
in the machine learning literature. In contrast, GAN-based approaches recognize the objec-
tive of drawing imputations from the respective conditional distributions and naturally use the
pattern-mixture modeling approach. However, despite having the right objective, these papers
again use RMSE to compare the imputation quality of their method to competitors (see, e.g.,
Yoon et al.| [2018).

New imputation methods are needed The problem of imputation is by no means solved.
Though there is a set of promising imputation methods with mice-cart, mice-RF, and mice-
DRF, there is room for improvement, especially concerning the ability to deal with covariate
shifts. In particular, Section shows an example with distribution shifts and nonlinear rela-
tionships for which all methods fail. Appendix demonstrates that modern joint modeling
approaches do not fare better in this example. In addition, when considering multiple im-
putation, we note that none of the studied nonparametric methods is able to include model
uncertainty. However this would technically be needed for correct uncertainty quantification
with multiple imputation, see e.g., Murray| (2018). Though both mice-rf of [Doove et al.| (2014)
and the new mice-DRF attempt to account for model uncertainty using several trees, this is
only a heuristic solution.

Identifiability does not imply consistency Our identification results, though an impor-
tant first step, are far from results guaranteeing consistency of the imputation distribution and
generally cannot explain the impressive performance of MICE in finite samples. In addition, a
better understanding of when FCS imputation under is possible, might be fruitful.

Further MAR generating mechanisms may need to be considered It appears intu-
itive that the combination of distributional shifts and nonlinear relationships is widespread in
real data. At the same time, the success of forest-based methods such as missForest and mice-
cart in benchmark papers suggests that current ways of introducing MAR might not produce
enough distribution shifts in general. For instance, Naf et al.| (2023)) analyzed a range of data
sets using the standard MAR mechanism of the ampute function implementing the procedure
of [Schouten et al.| (2018]), as we did in Section Though their score is not proper under
MAR, as shown in Appendix[B.3] their analysis also showed mice-cart consistently in first place.
Thus, tweaking the approach of |Schouten et al.| (2018) to produce MAR data with distribution
shifts, might be an avenue for further research. In this context, the CIMAR] assumption might
be useful, as MAR examples with distribution shifts can easily be generated.
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Figure 10: Full information score for the Gaussian mizture model with distribution shift with GAIN
and MIWAE.

A Additional Empirical Considerations

A.1 Comparison of MICE to GAIN and MIWAE

Here we use the negative energy distance advocated in the main text (i.e. the “full information
score”) to compare the performance of the MICE methods used in Section [4| to the joint
modeling methods GAIN and MIWAE. The code for GAIN was taken from the original Github
repository https://github.com/jsyoon0823/GAIN, while the implementation of MIWAE was
obtained from https://github.com/nbip/notMIWAE/blob/master/MIWAE.py. As both were
coded in Python, the R package reticulate (Ushey et al., |2024)) was used to embed the code
into R.

Figures [I0] - [I3] show the results. Overall these two methods cannot compete with MICE
and usually are scored last, except in the nonlinear example with distribution shift (Figure
where MIWAE performs about the same as mice-cart and mice-DRF. However, we gave MIWAE
a somewhat unfair advantage: We standardized the data in the air quality data application,
as otherwise the implementation broke down, but did not do this for all the other examples.
In practice, one would likely always standardize the data, given the numerical problems one
faces otherwise, and this would have led to a lower ranking of MIWAE. Interestingly, GAIN
and MIWAE tend to perform worse than missForest, even in terms of the energy distance. All
in all this small analysis provides a further hint that, at least for data sets of small or moderate
dimensions, modern joint modeling methods such as GAIN and MIWAE cannot compete with
FCS.

A.2 Comparison of the m-I-Score and DR-I-Score

We start by studying the real data example of Section [.4] with missing values generated using
the ampute function. A similar setting with different data sets was studied in [Naf et al.| (2023)).
Figure [14]shows the results using the DR~I-Score with 20 random projections. Interestingly, the
DR-I-Score and the m-I-Score display the same ordering, though the DR-I-Score has somewhat
less power to differentiate the methods.

Next, we study the Gaussian example with distribution shift of Section As the DR-
I-Score needs EMAR on each projection to be proper in a population setting, we do not use
any random projections here. As the example is[CIMAR] the requirement for propriety is met.
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Figure 11: Full information score for the nonlinear mizture model with distribution shift with GAIN
and MIWAE.
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Figure 12: Full information score for the MNAR data example with GAIN and MIWAE.
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Figure 13: Full information score for the air quality data example with GAIN and MIWAE, calculated
with full data.
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Figure 14: Standardized scores for the air quality data example. Methods are ordered according to the
full information score. For each method, the m-I-Score (dark gray, left), DR-I-Score (gray, middle),
and full information score (white, right) are shown.

Nonetheless, Figure [15 shows that the DR-I-Score erroneously scores mice-DRF and mice-cart
in first place. This bias likely results because the DR-I-Score relies on a Random Forest classifier
to estimate the involved density ratios. This classifier is likely not able to effectively deal with
the distribution shift in this example. This showcases the advantage of the new score to let
imputation methods “speak for themselves”.

B Proofs and Additional Results

In this section, we provide additional results and collect the proofs of the results not shown in
the main paper. We first highlight why the discussion of distribution shifts under MAR may
not be relevant for Maximum Likelihood Estimation. In Section we then show that the

score developed in |Naf et al.| (2023)) is not proper under [PMM-MAR

B.1 Ignorability in Maximum Likelihood Estimation

In the context of MLE, it has long been established (Rubin, [1976) that the missing mechanism
is ignorable under MAR, and an additional condition. This additional condition is critical for
our discussion. To formalize this assume p* is parametrized by a vector #. Moreover, assume
the conditional distribution of M | x is parametrized by ¢. Then we can rewrite the MAR
definition in slightly, as in |Rubin| (1976); Mealli and Rubin| (2015):

Py(M =m|z) =Py(M = m|Z) for all m € M

and x, Z such that o(x, m) = o(&, m). (B.1)
As so far, ¢ and 6 are not restricted to be finite-dimensional, this could in principle be assumed
without loss of generality, such that (B.1]) is indeed the same as condition [SM-MAR! In the
following, we will assume for simplicity that 6 is finite-dimensional. Let £y be the space of 6,

Q4 the space of possible ¢ and €y 4 the joint space of the parameters. The crucial additional
condition is that:

Qg :QQXQ . B.2
1 ¢
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Figure 15: Standardized scores for the Gaussian mixture example. Methods are ordered according to
the full information score. For each method, the m-I-Score (dark gray, left), DR-I-Score (gray, middle),
and full information score (white, right) are shown.

This just means that ¢ is distinct from 6, so that P, (M = m|x) does not depend on 6 (Rubin
[1976; |Seaman et al. [2013} [Mealli and Rubin| 2015). In this case, we can rederive the classical
ignorability result for MAR in a likelihood context: Consider the likelihood for a pattern m,

L(0;0(x,m)) = pg s(o(x,m), M =m) = /p§7¢(m,M = m)do®(z,m).

That is, £(0;0(z,m)) is the joint density of the observed values with respect to pattern m, and
M = m, seen as a function of §. Under (B.1) it can be checked that

[ (.2 =)o, m) = B(M = | ofer ) o m)
= c(ol, m)pj olr,m),

with c(o(xz,m)) not depending on 6. Consequently, it is possible to ignore the missingness
mechanism (and potential distribution shifts) in a likelihood setting due to (a) the assumption
of distinct parameters 6, ¢ and (b) the nature of maximum likelihood. In particular, even
though the distribution pj ,(o(z,m), M = m) is not the same as the pj(o(x, m)), it is essentially
the same from an MLE perspective: We can therefore simply maximize pj(o(x,m)) over 8 to
get the MLE. Whether this ignorability holds under MAR is a question of parametrization, as
we illustrate in Example

Example 2. Consider the following setting:
M={(0 0 0),(0 1 0),(1 0 0)},
(X7, X5, X3) independently uniformly distributed on [0,1] and

IP(M:ml |$) :IP(M:ml ‘1‘1) 21‘1/3
IP(M:TTLQ | .13) :P(M:mg ‘ xl) :2/3—1‘1/3
P(M =ms|z)=P(M =m3)=1/3.

We will revisit this ezample in Example[4) in Section[B.4l Now assume that the parameter of
interest is the upper boundary of x1, such that X{ is uniform on [0,6]. As P(M =m,; | z) does
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not change, it follows that:
* * T1
Py.o(T1, 22,23, M =my) = P(M = my | x1)py (w1, T2, 23) = Elpg(lil,fﬁQ,l'g). (B.3)

Thus for optimization purposes, maximizing p§,¢(x1,x2,x37M = mq) over 0 is equivalent to
mazimizing py(x1, X2, x3) over 0. In particular, being able to identify 6 allows to identify pj(x1 |
Za,x3) and thus to impute x1. This, despite the fact that

* :I; * *
(21, w2, 3, M =my) = glpo(thﬂzwfs) # pp(x1, 2, x3).

Having obtained 0, it is then possible to impute X1 in the third patterns by drawing from
py(21 | 22, x3). However, notice that this is not the same as saying that 6 can be recovered from
only looking at the first pattern my. Indeed in this case:

IP(M = mi | .’171)
IP(M = ml)

I

Po.s(T1, 22,23 | M =my) = P (21,2, 23) = ?pz(mwz,ﬂ?s), (B.4)

as P(M = my) = 0/3. Thus mazximizing p§7¢(ac1,x2,x3 | M = mq) is not equivalent to
mazimizing py(z1,x2,x3). On the flipside, if one changes P(M = mq | z1) to x1/30, violating
(B-2), mazimizing py 4(x1, 22, x5, M = m1) will not recover 6.

Remark B.1. Assuming (B.2), ignorability also holds under [EMAR| and [CIMAR)|

B.2 FCS under CIMNAR
We study an example under which FCS imputation under CIMNAR is biased.

Example 3. We consider
M={0 0 0),(1 0 0),(0 1 0),(1 1 0)},

(X3, X3) to be standard Gaussian random variables with correlation p and X5 ~ N(0,1) in-
dependently of X1, X5. We assume that My, My, M3 are independent given X* (i.e., (2.4)),
and

That is, Xo is missing with probability p independently of x, while the probability of X1 being
missing depends on Xo. If p = 0, we recover a MAR mechanism. In the following, we set
p = 0.5. In this case, it holds that:
P(M=my|z)=P(M=m3|z)=(1—1{xz2 >0}-0.8)-0.5
P(M=mgy|z)=P(M =my4|z)=1{xzs > 0}-0.8-0.5.
As Xy is missing in patterns ms and my, [SM-MAR I1 does not hold. However[CIMNAR] holds

here and thus,
W (zo | 21,23) = h* (22 | 21,23) = N(pa1,1 — p?)(22) = p* (22 | 21,23).
However, if we would like to impute Xo | M = my, it holds that

P(M =my | x)

PM=my|2_2) 2N (px1,1 — p?)(x2)1{zs > 0},

P*(wz | T o, M= m4) :P*(»Tz | 5672)
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Figure 16: Left: Actual distribution of X5 | M = ma. Right: N(0,1) Imputation.

a half-normal distribution. Following the above modeling approach, we first impute Xo in pat-
terns mgz and mg with h*(xy | x_3) = N(px1,1 — p?)(x2). Again, this means we will replicate
the distribution of X5 correctly, that is Ys L X3, where 2 means equal in distribution. But now
assume we need to impute X1 using this imputed Xo. To learn the desired p*(x1 | x—1), we need
to consider patterns in Ly, i.e., patterns my and mg, and then impute in patterns mo and my.
Unfortunately, in these two combinations of patterns, Ya no longer has the correct distribution.
This leads to two problems: First, it implies we cannot learn the correct conditional distribu-
tion from (X1,Ys) in patterns my and ms. While the correct conditional distribution would be
p*(x1 | o, M € Ly) = p*(21 | 22) = N(pxa, 1 — p?)(x1), the actual conditional distribution
of X1 | Ya is proportional to N(pya,1 — p?)(z1)(1 — 1{y2 > 0} - 0.8). Thus the bias in the
imputation of X5 propagates into the conditional distribution of Xy | Ya. Note that this would
not be an issue if we were able to observe (X1,Ys) in patterns my and mq. A similar problem
arises on the imputation side. The joint distribution for (Xi,X3) in patterns ma and my is
given as:

1{zy > 0}-0.8-0.5
0.5-0.8-0.5

p (1,2 | M ¢ L1) = N(pza, 1 — p°) (1) N(0,1)(x2),

such that the mizture of p*(z1,22 | M € L1) and p*(x1,22 | M ¢ L1) corresponds to N(px2,1—
0p2)(21)N(0,1)(z2). Even if one assumes that we were able to obtain the correct conditional
distribution p*(z1 | x2) = N(px2,1 — p?)(x1) and use it to impute X1 in patterns ma and my,
obtaining Y1 and imputed version of X, the joint distribution of (Y1,Ys) would be N(pys,1 —
p2)(y1)N(0,1)(y2). This again does not correspond to p*(x1,m2 | M ¢ L), rendering the
distribution of (Y1,Ys) different than the one of (X7,X3).

We notice that in the above example there would be no issue for p = 0, such that X} and
X5 are independent. Figure [16|illustrates how X5 | M = my is still wrongly imputed, plotting
the true density of X* | M = my against the imputation distribution (N(0,1)). Nonetheless,
Figure [17] shows that the Gaussian imputation manages to accurately impute the distribution
overall.

B.3 DR-I-Score is not proper under MAR

Here we show that the Density Ratio I-Score of |[Naf et al.| (2023) is not proper under MAR.
Define the Kullback-Leibler divergence (KL divergence) between two distributions P, @ € P on

R? with densities p, ¢
Disp 9= [ pta)iog (%2 ) duto)

Naf et al.| (2023 developed a proper I-Score using the KL divergence estimated by a classifier
in conjunction with random projections A C {1,...,p}. The projections were done as a way
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Figure 17: Left: True joint distribution of (X7,X5) (top) and distribution of X5 (bottom). Right:
Gaussian imputation of the joint distribution of (X1, X2) (top) and X2 (bottom).

to obtain more observations of each pattern. They proved that the population version of their
score is a proper I-Score if condition [CIMAR] holds each projection A. Even without considering
any projections, i.e. A ={1,...,d}, thisis a stronger condition than as was shown
above. In particular, in Example [4] their score will not be proper. Since the score is defined
using a pattern-by-pattern comparison, when H = P* it will compare p*(x; | z2, z3)p* (z2, x3)
(third pattern) to

P (21 | 22,23, M = mq)p” (2, 23) = 21p" (21 | 22, 23)p" (22, 23),

in the second pattern. Thus, while we would like to score the imputation p*(x; | 22, x3) highest,
imputing by h(z1 | 22, 23) = x1p* (21 | 22, x3) will lead to a score value of exactly zero, while

* * * 1
Drr(p* || p") = /p (z1,72,73)log <m> dp(w1, 2, 73) > 0.
1
Thus we have just shown that

Proposition B.1. The I-Score defined in|Naf et al. is mot proper if[PMM-MAR) holds,
but not [CIMAR.

However, inspecting the proof of (Naf et al, 2023 Proposition) reveals that their score is
actually proper under

Corollary B.1. The I-Score defined in is proper under [EMAR]

B.4 Proofs
Corollary 2.1. Condition [SM-MAR) is equivalent to [SM-MAR 11

Proof. We start by reformulating [SM-MAR)] for any z, Z such that o(z, m) = o(Z, m),

P(M =m|z) =P(M =m|Z) &
P (lM = m)P(M = m) _ p*(FIM = m)P(M = m)

p*(x) p*(%)
p*(o(z,m),0(z,m) | M =m) _ p*(o(z,m),0(z,m))
p*(o(Z,m),0¢(,m) [ M =m)  p*(o(Z,m),0°(&, m))
pr(o°(z,m) | o(z,m), M =m) _ p*(o°(Z,m) | o(x,m), M =m)

pr(o°(w,m) [o(z,m)) — — p*(o°(Z,m) | o(z,m))
p*(o°(Z,m) | o(z, m), M = m)
p*(0¢(&,m) | o(z,m))

p(0°(z,m) | o(z,m), M = m) = p*(0°(z,m) [ o(z,m)) (B.5)
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Integrating (B.5)) with respect to the missing part of x, o¢(x, m), only shows that

p*(0°(&,m) | o(x,m), M =m)

p*(0°(Z,m) | o(z,m))

and thus also[PMM-MAR] This shows that SM-MAR] and PMM-MATR] are equivalent.
|berghs et al.| (2008) show that (SM-MAR II) is also equivalent to [PMM-MAR] proving the

result. O

:]_7

Example 4. Consider
M={(0 0 0),(0 1 0),(1 0 0)}, (B.6)
and (X7,X5,X3) are independently uniformly distributed on [0,1]. We further specify that

IP(M:ml |.13) :IP(M:m1 ‘331) 21‘1/3
P(M:mgll') :P(M:mg ‘ .’1?1) :2/3—$1/3
P(M =m3|z)=P(M =mg3) =1/3.

It can be checked that these are valid distributions, as in particular, > P(M =m) =1 and
Yo P(M =m|x;) =1 for j=1,...,3. Moreover, P(M =m |z) =P(M =m | o(x,m)) and
thus the MAR condition [SM-MAR)| holds. In particular, for variable x1 in pattern msg, it holds
that

p*(21 | 22,03, M = m3) = p*(21 | T2, 73).
However, if we consider x1 given (x2,x3) in the first pattern, we have:

IP(M = mi ‘ 1‘1,1‘271‘3)
IP(M =mi | fﬂg,l’g)

= xlp*(xl | T2, ng),

showing that both [CIMAR| and [EMAR| do not hold and that p*(xy | z2,x3) is not identifiable
from pattern my. The same argument shows that p*(x1 | x2,23) is also not identifiable from
pattern mo. Figure tllustrates this behavior: It shows the distribution of X7 in different
patterns. As the distribution of (X3,X3) in the different patterns is always the same, this
directly illustrates the change in the conditional distribution of X{ | X5,X3 when changing
from pattern my to pattern ms. Indeed, [PMM-MAR] allows for a change in the conditional
distributions over different patterns, and requires only that the distribution X7 | X3, X5 in
pattern ms corresponds to the unconditional one.

p* (1| x2, 23, M =my) = p*(x1 | x2, x3)

Proposition 2.3. Assume |M| > 3. Then for any pattern m € M, p*(o°(x,m) | o(x,m)) is

- identifiable from any other pattern m' # m under |CIMAR,
- identifiable from the pattern of fully observed data, m' = 0, under|[EMAR

- is not identifiable from any single pattern m' # m under|PMM-MAR)].
In addition, if )Z‘jzl mj’ > 1, p*(0°(x,m) | o(x,m)) is not identifiable from L, .

Proof. By definition of [CIMAR] and [EMAR] it directly follows that

p*(0°(z,m) | o(x,m), M = m') = p"(°(x,m) | o(x,m)),
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Figure 18: lllustration of Example . Left: Distribution we would like to impute X7 | M = ms.
Middle: Distribution of X1 in the fully observed pattern (X1 | M = ma). Right: Distribution of all
patterns for which X1 is observed (Mixture of the distribution of X1 in patterns mi and m2).

for all m" € M and

p(0°(z,m) | o(z,m), M = 0) = p*(o°(x, m) | o(z,m)),
respectively. Example [4] shows that under

p*(0°(xz,m) | o(x,m), M =m’) = p*(0°(x,m) | o(x,m)),

might not hold for any m’ # m. Finally Example |[5| shows that there exists a MAR situation,
where for some m € M,

(0% (x,m) | o(x,m)) = Y waw(o(a,m))p* (o (x,m) | o(x,m), M = m'),

m/'€Lm
is not equal to p*(0°(z,m) | o(x,m)) for any set of weights w, (o(z,m)). O
Example 5. Consider
M={0 00 0,0 010,01 00,1 10 0]}, (B.7)

and (X7, X5, X5, XT) are independently uniformly distributed on [0,1]. We further specify that

M:m3|x1)=1/4—x1/8

( ) =B(

]P(Mzmg | 3;‘) :]P(M:mQ | .132) = 1/4—.132/8
( ) =P(
( ) =P(M =my) = 2/4.

Again, P(M = m | ) = P(M = m | o(z,m)) and thus the MAR condition [SM-MAR)| holds.
Consider now m = my, such that o¢(xz,m) = (x1,22). Then it holds that

1
p*(0°(xz,m) | o(x,m), M =my) = 5 (x1 4+ 22) p*(z1, 22 | 23, 4)

p*(0°(z,m) | o(x,m), M = mgy) = (2 — x2)p" (z1, T2 | T3,24)
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Consider the mizture as in (2.1]),
B0 (.m) | o(e,m) = 37 wour(ola,m))p (o (e,m) | ofw,m), M = m),
m/' €Ly,

with Y, ep Wy (0(z,m)) = 1. Then for h*(o°(z,m) | o(x,m)) = p*(0°(x,m) | o(z,m)) to
hold, it must hold that for all x1,xs,

1
Wi, ($3,$4)§ (21 + 22) + Wi, (T3, 24)(2 — x2) = 1.

It is impossible to find a set of weights that meet this condition for all x1,xo simultaneously.

Proposition 2.4. Under |PMM-MAR), the predictor h* defined in (2.2)) satisfies, for all j €
{1,...,d}, for all x_; such that p*(x_;) > 0, and for all z;,
h(zj | w—j) = p*(z; | 25). (2.3)
Proof. Recall that
Lj e {m e M: mj; = 0} (BS)

We assume that L; is not empty. As all previous variables have been imputed and xz; is
observed, it is thus possible to identify the full distribution p*(z | M = m) for all m € L;.
Thus, we learn the mixture of joint distributions

1
p*(zj,x—; | M € Lj)= ol Z P(M=m)-p* (x| M =m)

meL;

=& Y P(M=m|a)p (),
meL;

where C'is a constant such that p*(x;,z_; | M € L;) integrates to 1. Integrating p*(z;,z_;
M € Lj) over z;, we obtain similarly
* 1 *
pile—j | Melj)=5 Y P(M=m|z_;) p(xy)
mEL]‘
Thus in fact:
pr(zj, x| M € Lj)
p*(x—j | M € Lj)
s, P(OM = m | 2)p(a)
>omer, P(M =m | z_;)-p*(z—;)
(o o)) >omer, P(M =m|z)
=p*(z; |z_; .
P P(M =m )

h (x| x_j) =

mELj
It only remains to show that

S mer, PO =m | 2)
S er, POL=m [2_)

Indeed, we note that for any m € L,

-1 (B.9)

P(M=m|z)=PM=m|z_j),
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by SM-MAR] Consequently,
1= > PM=m|2)+ Y P(M=m|z_j),

meL; meLS
so that
Y PM=m|z)=1- Y P(M=m|z_)
meL; meLs
= Z P(M=m]|z_j),
meLj
and thus (B.9) indeed holds. O

Corollary 2.2. Assumption [SM-MAR)] implies Assumption [CIMNAR], but Assumption [CIM]
[NAR) does not imply Assumption [SM-MAR]

Proof. Proposition [2.4] showed that under SM-MAR] for all x,

ZmGLj IP(M =m | {17) -1
ZmEL]- IP(M =m | x—j) ’

showing that P(M; =1|2) =P(M,; =1]|z_;). O

Proposition 2.5. Let h*(z; | x_;),h*(x; | z_;) be defined as in [2.2) and [2.5) respectively.
Then, for all z;, and for all x_; with p*(x_;) > 0,

W (x| 2og) = h* (2 | w—j) = p" (x5 | 2), (2.6)

if and only if[CIMNAR] holds.
Proof. Recall that L; = {m € M : m; = 0} is the set of patterns in which z; is observed and

note that -, o, P(M =m|x)=P(M; =1]z). Thus under [CIMNARY} it holds that

R (x| 2_y) = () 1= Xper, P(M=m|z)
P pr ) 1= e, P(M = m | )

= p*(l‘ ‘ x—j)a

and similarly for h*(z; | z—;). Now assume there exist « such that h*(z; | z_;) # p*(z; | z—;).
This implies that

P(Mj=1]az)= Y PM=m|z)# > P(M=m|z_;)=PM;=1|z_,),

melL; melL;
and thus that ICIMNARI does not hold. O
Proposition 3.1. Under Assumption[3.1, Sya is a proper I-Score.

Proof. We show that for each j,
SgVA(va) < SgVA(P*’P)

holds. To ease notation, we define

1
es(H,y) = iE))((/NI;{HX — X' - Ex~u[|X -yl

33



By propriety of the energy score (see e.g., |Gneiting and Raftery| (|2007P) Eyomy  [es(Hx;e 0,7 V)] <
Jleo,

lz0;
) [es(H}k(jlmoj ,Y)]. Taking expectations over Xo, ~ P)*(OJ_ \mer, on both sides shows

EYNH;J_
that

lzo

Sha(H, P) = E[E[es(Hx,|x, . Y)]] < E[E[es(HX;x,,- Y], (B.10)

where we omitted the subscripts for a lighter notation. Moreover, Assumption [3.1] implies that

ZmGLj P(M =m | xj,xoj)
ZmeLj P(M =m | CL’oj)

h*(xj | :on) :p*(ﬂ?j | ‘Toj)

=p*(z; | zo,).
Thus, it follows that H}_‘XO = P;('IXO , and thus:
J j J j
E[Eles(Hy, x,, V)] = E[E[es(Px, x,, V)] = Sy 4(P*, P). (B.11)

Combining (B.10) and (B.11]) gives the result. O
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