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Abstract. In this paper we consider the following problem:
—div (a(z, u, Du) = H(z,u, Du) + 2D 4y oy f2) in 02,

|ul®
u=0 on 02,

where (2 is an open bounded set of RV, 1 < p < N, —div(a(z, u, Du)) is a Leray-
Lions operator defined on W, (£2), ap € L™/?(£2), ap > 0,0 < 6 < 1, X{uz0} I8 &
characteristic function, f € LY/?(£2) and H(z, s, £) is a Carathéodory function which
satisfies:

—coa(x, s, )¢ < H(x, s, €)sign(s) < va(z, s, )¢ ae x € 2,VscR ,VE€RY,

For |laol|n/p and ||f||n/p sufficiently small, we prove the existence of at least one
solution w of this problem which is moreover such that the function exp(d|ul) — 1
bellongs to Wy P (£2) for some & > . This solution satisfies some a priori estimates in
Wy'P(02).

Keywords: Nonlinear problems, existence, singularity.

AMS Subject Classification: 35J60; 35J75.

1 Introduction

In this paper, we consider the quasilinear problem

u € WP (1), (@)
aoplT

—div (a(z,u, Du)) = H(x,u, Du) + T + X{uzo} f(z) in D'(£2),
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where §2 is an open bounded subset of RV, 1 < p < N, —div (a(x,u, Du)) is a
Leray-Lions operator defined on W, (£2) and H(z,u, Du) is a Carathéodory
function with natural growth in |Du|P, and more precisely satisfies:

[H (2,5,8)| < c[¢]”. (1.2)

for some positive constant c.
We assume that ag € LN/p(Q), ap > 0,0 <0 <1, Xx{uzo} is a characteristic
function and f € LV/?(02).

When ag and f are sufficiently small, that is they satisfy the smallness
condition (2.11), we prove in the present paper the existence of at least one
solution u of (1.1) which is moreover such that the function

(e = 1) € (),

with
-1 H'“‘—lH <z 1.3
e , .
¢ Moo = % (1.3)
where p is in an interval (0, ), which depends on the norms of ag and f, the
bound of H and the coercivity of a, and the nonnegative constant Zs is given
in (3.25).

A similar result has been proved in [19] in the quasilinear case p = 2 and
where the function a(z, s, €) is assumed to have the form a(z,s, &) = A(z)E,
with being A(z) a matrix bounded entries and coercive. In that setting the
change of unknown function w = p~'(e#*l — 1)sign(u) transforms equation
(2.1) in a quasilinear equation with a quadratic term which satisfies a “sign
condition”.

The proof used in the present paper follows along the lines of the proof
n [12], [13], [18] and [19] and can be obtained as follows.

We first consider a sequence of problems which approximate (2.1), obtained
by truncation of the functions H (z, s,§), ag(x) and f(z) at level n, with n € N*,
thanks to Leray-Lions theorem (see [20], [21]), this approximation guarantees
the existence of solution u,, of (3.19).

Once the solution of the approximate problem has been obtained, we per-
form the change of unknown function w,, = pu~'(e#l“"| —1)sign(u,) , we then
obtain equation (3.8) which is equivalent to (3.4). Thanks to the smallness
condition, we obtain the a priori estimate of w, which does not depend on
n, and we extract a subsequence denoted w, such that w, weakly converges
in Wy?(£2) to some w, and we prove that w, strongly converges in Wy, (£2).
By equivalent Theorem 2, we obtain the strong convergence of u,. Another
difficulty is the passage to the limit of the singular term, for that we use the
method introduced in [16], and more precisely we treat a control of strong

/ Lm)lgo dxr when v is small.
1)6
flun|<vy ([un] +3)

Compared to the results obtained in the latest papers, we prove in the
present paper, as said above, the existence at least one solution of (2.1) in the
case (2.7) (i.e. ap > 0) when ag and f satisfy the smallness condition (2.11),
but our result is obtained in the general case of a nonlinearity H(z, s, ) which
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satisfies only (2.5) with f € LN/P(£2) and with ag to LY/?(12).

Let us begin some review of the literature, the problem (2.1) has been exten-
sively studied by many authors in the case a(z, u, Du) = A(x)Du, H(z,u, Du) =
0, f(x) = 0 and ag(z) is smooth (see, for instance, [1], [2], [3], [4], [6], [7], [8]
(9], [10], [11], [22], [23] and [25]).

In [14], the authors studied a singular elliptic problem whose model is

\V4 2
—Au = | |UT9 + f(z) in £,
u=0 ondf?2,

where 6 € (0,1) and the datum f has no constant sign and belongs to L™ ({2),
with m > %7 and prove the existence of a solution.
In [25], the author considered the following two classes of singular boundary

value problems
[Vul® _
—AuF A P = f(x)u™®

u>0 inf2, wu=0 ondf,

where A > 0, § > 0, « > —1 and the datum f satisies some property.
In [16] and [17], the authors proved the existence of at least one nonnegative
solution and a stability result for the following problem

{ —div (A(z)Du) = f(z)g(u) +1(z) in £,
u=20 on 012,

where A(z) € L>®(2)N*N is a coercive matrix, g : [0,4+00) — [0,+00) is
continuous and 0 < g(s) < S% +1,V¥s>0,0<0<1;and f, l € L"({2) where
r satisfies some conditions. In [7], the authors proved the existence, regularity
and nonexistence results for problems whose model is

x

—Au = —f(e) in £2,
U
with u = 0 on 942, £2 is bounded open of RY, § > 0 and f is nonegative function
on {2 and belongs to some Lebesgue spaces. For this, they have introduced
an approximate problem by treating the singular term 7%9 and construct an
increasing sequence (u,,)nen of solutions to nonsingular problem
x
—div (A(z)Duy,) = L)e in £,
1
(n +3)

n

U, =0 on 012,
where f,, = min(f(z),n). This sequence satisfies, for any w CC (2, and
UnZUnﬂZ"'ZMZCw Vo € w.

The authors discussed in [2] the solution of the elliptic problem, with a gradient
term and a singular nonlinearity

_ f

uw>0in 2 and w=0o0ndf?,

in £2

)

Math. Model. Anal., xx(x):1-19, 20xx.
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where 2 ¢ RY is a bounded regular domain, g : R, — R is a continu-
ous increasing function with additional hypotheses given, 1 < ¢ < 2 and f is
a measurable nonnegative function and obtained optimal conditions on g, ¢
which allow to get the existence positive solution for the largest possible class
of datum f.

2 Existence result and comments

As said in this introduction we study in this paper the existence of the solutions
to the following singular nonlinear problem

ue Wyt (9),
—diva(z,u, Du) = H(z,u, Du) + a|0(|:z) + X{uzo} f(x) in D'(£2), (2.1)
u
where
2 is a bounded open subset of RY and 1 <p < N. (2.2)

The function a : 2 x R x R — RY is a Carathéodory function which also
satisfies, for a.e. x € 2, any s € R and any &,¢ € RV, with £ # ¢

(a(a:, Saf) - CL(QL‘, S)fl))(f - 5/) > 07
a(z, s, £) > a|EP, (2.3)
la(z,s,6)| < B(b(x) + [sP~" +[€P71),

for a given constant o > 0, some constant 5 > 0, some nonnegative function
b e LN/P=1(0), and which is moreover satisfies that

a(z,—s,—§) = —a(z,s,€) ae x €l VseR Ve RV, (2.4)

the nonlinearity H(z, s, €) is a Carathéodory function with a natural growth in
¢, and more precisely satisfies

a.e. x € 2,V¥s € R, V&€ € RV, (2.5)
where v > 0 and ¢y > 0,

the function sign being defined by

+1 if s > 0,
sign(s) = 0 if s =0, (2.6)
-1 if s <0,
the coefficient aq satisfies
ap € LN'P(2), a9 >0, ag#0, (2.7)

the exponent 6 satisfies
0<0<1, (2.8)
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and finally
feLNr). (2.9)
Since N > p, let p* be the Sobolev’s exponent defined by
1 1 1
o p N

and let Cy, be the Sobolev’s constant defined as the best constant such that
lellps < CnpllDellp, Yoo € W (£2). (2.10)
Since (2 is a bounded, we equip the space of Wol’p(ﬁ) with the norm
Hu||W01'p(Q) = [|Dul|(Lr(2))~

Finally, we assume that [lao||n/p and || f ||y -1 () are sufficiently small (see
Remark 2, below), and more precisely that

p—1\"" a
Cx(0) laollnyp + 11 flInp < | =—— —— (2.11)
0 CN,p

where C(0) is defined by

0
A gl
C\0)=| ——— here A = ——.
»9) (1n<1+x>> AT
Our main result is the following.

Theorem 1. Assume that (2.2), (2.3), (2.5), (2.7), (2.8) and (2.9) hold true.
Assume moreover that (2.11) holds true,
Then there exists at least one solution of (2.1), which further satisfies that:

(21l — 1) e Wy P(R2), Y8 >~ such that

o 2.12)
Cou(0) llaol v /p + 1flnjp < ——rp—s (
g P /P Hr 16%,17

where C,(0) is the constant defined by

Cu(0) = (M)e (2.13)

Remark 1. In the case where the function H(z,s,£) = H(z,&) does not depend
on s, assumption (2.5) is satisfied if and only if

|H (2,8)| < cal(x, s, )8,

for some ¢ > 0.
When v = 0 in (2.5), the nonlinearity function H(x,&) satisfies a sign
condition and existence result can be proved for every f € W=7 ().

Remark 2. In this Remark, we consider that the open set (2, the functions a
and H are fixed and the functions ag and f as parameters.

Math. Model. Anal., xx(x):1-19, 20xx.
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Our set of assumptions on these parameters is made of the smallness con-
dition (2.11).
Indeed, if, for example, ag is sufficiently small such that it satisfies
o

< — >1
HG‘OHN/P = ,LLp71 C}\(e) C%,p (CA(G) = )7

then the smallness condition (2.11) is satisfied if || f||/, is sufficiently small.
Similary, if, for example, f is sufficiently small that it satisfies

(0%
Iflln2 < —=5
/2= 4C%,

then, the smallness condition (2.11) is satisfied if ||a ||/, is sufficiently small.

Remark 3. The smallness condition (2.11) shows that § as parameter is bounded
and satisfies

1
(p—1)arr
0<7S5§ﬁ~

C%, aoll
Remark 4. The definition of the constant Zs; which appears in (1.3) and (3.25)
is given in (the technical) Appendix (see Lemma 1). This definition is based on

the properties of the family of functions @5 (see (4.1)) which look like convex
parabolas (see Figure 1): Zs is the unique value which satisfies @5(Z5) = 0.

3 Proof of Theorem 1

The proof will be made in seven steps.

Step 1: Approximation and change of unknown function.

For n € N* we set T),(s) = min{n, max{s, —n}} and G,(s) = s — T,,(s), we
consider two sequences a,, and f, such that

an(z) = Th(ao(z)), (3.1)

and
fa(@) = Tu(f(2)). (32)
For n € N*, the function H,(z, s,£) is defined by

H(z, s,

Hp(z,5,8) = 1+ LH(z,s,6)|

(3.3)

Observe that H,(x, s, &) satisfies |H,(z,s,§)| < H(z,s,§) as well as (2.5).

Since an (), fn(z) and Hy(z, s, &) are bounded in L>(£2), a classical result
of J. Leray and J.-L. Lions [20] and [21] asserts that the following approximate
problem (3.4) has at least one solution.

Un € H&(Q),
. an\T A4
—div(a(z, un, Duyn)) = Hp (2, un, Du,) + ﬁ + X{un 50} fr(2) (34)
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Observe that wu, belongs to L>(£2) for each n given since a,(x) € L(12),
fu(x) € L®(2), and H,(x,ty,, Du,) € L>®(2).

Let § > 0 be fixed satisfies

v <4 such that

Cul®) loall + 11l < it where= 2 ()
If we formally define the function w,, by
wy, = ¢(Un), (3.6)
where
o(s) = p~(e"*l — 1) sign(s), where u = %, (3.7)

we have at least formally
wn, € WP (02) N L (12),
1
et =1+ plwn|, up = i In(1 + plw,|), Dw, = " Du,,
and

—edlvnl div(a(z, un, Duy)) =
—div(e®*la(z, un, Du,)) + 6 €21 sign(uy, ) (a(x, wn, Dun))Duy,

where —e?l“nl div(a(x, un, Duy)) is the distribution defined by

D/(Q)<—€6‘u"|diV(a(x’un’Dun))’gp> :/ a(ai,un,Dun)D(eélu7L‘4p)
5o (2) Q

for any o € Wy P (£2) N L™= ().

Since etlvnl =1 4+ wlwn|, we deduce that w, is, at least formally, a solution (see
Theorem 2) of the following problem

—div(a(z, wn, Dwy) = Ks(z, wn, Dws,) sign(wy)

- 14 plw,|)P
+(1+ plwa])’ Xqw n+ (

( plwnl) X{wn 0} [ (p='In(1 + plwn|) + %
w, =0 on 012,

)7 Qn, (3.8)

where the function @ : 2 x R x RY — R is a Carathéodory function defined by
a5, = (L4l a (L 0+ plssigns) 5 ) (39)
I L+ pls|

(Note that the function a satisfies Leray-Lions conditions (2.3)),
and where the function K5 : 2 xRxRY — R is defined by the following formulas

Ks(w,5,€) = (1+ pls)*~* (Ha (2, L n(1 + pls]) sign(s), 1575 ) sign(s)

1 _ . . (3.10)
_5a(m, m In(1 + pls|) sign(s), m) 71+u|s|) .

Math. Model. Anal., xx(x):1-19, 20xx.
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Note also that the functions Ks(z,w, Dw) and Ks(z,w, Dw)sign(w) are correctly
defined and are measurable functions when w € W' (£2) (see Remark 3.2 in [18]).
When v < §, this computation in particular implies that

Ks(z,5,6) <0 aexzecf, VseR, VeéeRM. (3.11)
From (2.3) and (2.5) one has

Ko 5.6)| <
(o +0)(1+ )" a (1 £ 11+ s (s
ae € VseR, VEeRY.

£ ) 3
Tl plsl) T+ pls|”

(3.12)

Step 2: A priori estimate
Since that the right hand side of (3.8) belongs to L'(£2), we would like to use w,, as
a test function in (3.8) and Ks(z,s,£) < 0 (see (3.11)), we have

/ a(z, wn, Dwy) Dwy, dx
19,

< / (1+ plwn )" wn X g, 20} fn(2) do (3.13)

2

p—1

+/ (1 + /J«|UJn|) Wn — an(x) dz.
2 (p=t In(1+ plwn]) + 7)

By the coercivity condition on & and |x{uw, 03| < 1, we get

af|[Dwn|fp < /9(1 + plwn )P wal | fu ()] de
p-1 (3.14)
[l g,
I7) (u*l In(1 + plwn|) + %)
Using Hélder’s and Sobolev’s inequalities (2.10) this implies that

/9(1 + plwn )" wn fu (@) de < ([ fllngpllwnllp 11+ ploa )5 (3.15)

Now we split §2 into 2 = {Jw,| < 1} U {|wn| > 1} and writing the last term of the
right-hand side of (3.13) as

p—1
/ (L4 pfwal)*” wn 7 an(z) dx =
2 (p=t In(1+ plwal) + )
(1 + plwa )P~ wn

an(x) dx (3.16)
{wnl<1y (p=' In(1 4 plw,]) + 1)?
'
+/ (1 +/~L‘wn|) Wn, — an(x) dCL‘7
{wnl>1} (=1 In(1+ plwa]) + 1)

we need ||an||n/p < [laol|vyp and || falln/p < || fllv/p and since the function F(z) =
x

is increasing on R, we get

p—1
/ (bl un
{Jwnl<1} (o1 In(1 +9/L|wn|) + 1) (3.17)

% —0 —1
< Cu(0)192]77 [|aol/p l1wnllps * (1 + plwn)I153

In(1+ x)
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where C,(0) is the positive constant defined in (2.13) and

1+ plwy
/ _1( ,LL| |) T an(fb) dx
{lwnl>1} (p ln(1+,u|wn\) 1y 1
< Cu(0 )HaoHN/pran (X + plwn ][5

From (3.15), (3.16), (3.17) and (3.18), we have

ol Duwnl [ < Cu0)| 217 llaol[n/p w15 1(1 + el ][ .
+(Cu(0) llaollnyp + 1 flln/p) llwnllps |\(1+u\wnl)\|”

Using that
1L+ lwn )l < 1217 + pllwallpr < 1217 + pCnpl[Dwnllp,
from (3.19) and (3.20), we have

af|[Dwn|[p <
_ 0
C 2 Cu () 217 [laoll vy | Dwal (5~ (12]7 + ON pl| Dwn||p)"™ '
+Cn.p (Cu(@) llaollnsp + 1 fllnsp) 1Dwallp (192177 + wCn.p| | Dwnllp)"~
To treat the a priori estimation, we have two cases to study

Case1l: 1<p<2
Observe that 0 < @ =p — 1 < 1 and for every a, b > 0, one has

(a+b)* <a”+b.

(3.18)

(3.19)

(3.20)

(3.21)

(3.22)

From (3.21), (3.22) and dividing by ||[Dwx|[;~? (note that the result remains true in

the case when ||Dwy||p, = 0), we have

(o= w7 €% (Cul®)llaoll oy + 111 ) [ D[54 <
1P R0 0 (0)| 217 [laol [y || Dwal B
+ Ol (Cul®llacllx + 11111 ) [1Dwallf
+ L Cu0)12 7 Yaollny-

Case 2: p > 2

1-0 9

From (3.21) and dividing by ||[Dw,||Z~", we have

1 B p—1+6
ar=1 — pCL  (Cu(®)llaolln/p + || flInyp) 7T )HDwanP <
p—0 1

p=6 _1 _1
uCﬁ}fC’H( )|Q| =7 llaollx/p ||Dwn||,,
+Ox, 1If?l (Cl I\aol\zv/p+\|f\|zv/p) ||Dwn||
C’;}; cr- 1(49)|Q

(3.23)

(3.24)

Given the definition of (4.1) below of the function @5 (see also Figure 1), we have

proved if wy, is any solution of (3.8), one has

P5(|[Dwnllp) <0, if y <9,

Math. Model. Anal., xx(x):1-19, 20xx.
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this implies that

[|[Dwn||p < Zs, (does not depend to n), fory <4, (3.25)
where the constant Zs > 0 satisfies
&5(Zs) = 0. (3.26)
Since un, = p~ (In(1 + plwn|)) sign(wy), (3.25) implies that
u, is bounded in Hj(£2). (3.27)

Step 3: Proof of reqularity result of (2.12)
Extracting a subsequence, still denoted by w,, we have, for some u € H&(Q) and
w € Hy(2)

un — u  weakly in H3(£2), a.e.in £2,

wy, —w  weakly in Hj(£2), a.e.in 2, (3.28)
where
w = o(u) = p ("™ = 1) sign(u).
Observe that u and w do not belong to L*({2) in general.
Let us consider another 6, say ¢, which also satisfies
e
v <4 suchthat  Cur(9)llaollnyp + I flIn/p < icE (3.29)
1% N,p
!
where p = 0 .
p—1

The above a priori estimate (3.25) again shows that w;, defined by

wh, = /7 (e - 1) sign(un),
is bounded in Wol‘p(.Q)7 this proves that u is such that
(e“/‘“‘ — 1) sign(u) € Wy'P(2), V& suchthat ~ < ¢ satisfies (3.29),
that is (2.12).

Step 4: An estimate for/ | Dwy, |P

|wn|>k
Since Gy (wn) € WyP(£2) N L>°(£2), the use of G (w,) as test function in (3.8) is licit.
This gives

d(m,wn,Dwn)DGk(wn)daz—/ Ks(x, wn, Dwy) sign(wy) Gi(wy) dx
0 Q
(1 + plwa])P~ Gr(wn)
= n d
L e s et @)

+ / (14 wa])”~ i (wn) X uon oy fo () di.
2

(3.30)

Using the coercivity (2.3) of the function a, sign(s) Gk(s) > 0 and Ks(x,s,§) <0, we
have

alim/ |DG(up)|Pdx
nJ0
</’U+MMVAGMM
< Jo Gt 1+ pwnl)?

from which we deduce that

aodzt [ (L ol Gulw) oy £ dz,
(9]

lim sup/ |DGk(un)|Pdz — 0 ask — +oo (3.31)
n 2
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Step 5: Strong convergence of DTy (wy,) in (LP(£2))N
In this step, we will fix £ > 0 and prove that
DTy (wn) = DTy (w)  strongly in (L*(2))N, asn — +ooc. (3.32)

In order to prove this result we use a technique which goes to Bensoussan et al. [5],
let k be fixed, we define
zn = Tk(wn) — Ti(w), (3.33)

and we choose an increasing, C* function ¥ : R — R such that
P(0) =0, ¥'(s) = (co+8)|p(s)|>1/2, VseR, (3.34)
where ¢ is the constant which appears in the left-hand side of assumption (2.5) on

H and we get for example ¥(s) = se*” with A = (co + 6)%/4.

Since z, € WyP(£2) N L>=(£2), and since (0) = 0, the function t(z,) belongs to
WyP(£2) N L>=(£2). The use of 1(zy,) as test function in (3.8) is licit. This gives

/&(x,wn,Dwn)Dan(zn)dm — /K(;(J:,wn,Dwn)sign(wn)w(zn)daz

2 1)
_ (1 + plwn )P~ Y (zn) ) de
/ﬂ Gt ) (3.35)

+/ (14 plwn )"~ 9 (20)X w20} fr () d
(7]

Since
Duw,, = DTk (wyn) + DGr(wyn) = Dzn, + DTk (w) + DGi(wy). (3.36)

Splitting §2 into 2 = {|wn| < k} U {Jwn| > k}, the first term of the left-hand side of
(3.35) reads as

a(x wn,Dwn)Dan/J (zn) dx

S~

/ (&, Town, DTx(wn)) — a(z, Town, DTe(w))) Dzt (2) dav

‘“’n‘<’“} (3.37)
a(z, Tywn, DTy (w))) Dzt (2,,) dz

Jwp | <k}
a(z,wn, Dwn)Dznw (zn) dz.
{lwn|>k}

On the other hand the second term of the left-hand side of (3.35) reads as
/ Ks(x, wn, Dwy) sign(wy, ) (z,) de =
2
[ K, Dwn) sign(,) () da (3.39)
{lwn|>k}

+ Ks(x, Wn, Dwy) sign(wn)(zn) dz,
{lwn|<k}

the first term of the right-hand side of (3.38), we claim that

/ Ks(z, wn, Dwy) sign(wn )Y (z,) dz < 0, (3.39)
{lwn|>k}

Math. Model. Anal., xx(x):1-19, 20xx.
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indeed in {|wy| > k}, the integrand is negative since on the first hand the function
Ks(z,wn, Dwy,) < 0 in view of (3.11) and é > ~, and since on the other hand one has

sign(wn) ¥(zn) >0 in {|wn| > k}, (3.40)

indeed in {|wn| > k}, one has z, = Ty(wn) — Tk(w) = ksign(w,) — Tr(w), and
therefore sign(z,) = sign(wn); this implies

sign(wn) ¥ (2n) = sign(zn) ¥(zn) = [P(2n)| in {Jwa| > k}, (3.41)

which proves (3.39).

The second term of the right-hand side of (3.38), in view of (Remark ?7), (3.9) and
§ > =, we obtain

| K5(z, wn, Dwy,) sign(wn)y(zn)| < (co + 9) [¢(2zn)] a(z, wn, Dwy) Dwy,. (3.42)
Since in view of (3.36) one has
Dw,, = Dz, + DTy (w) in {|wn| <k},

and implies that

/ K5 (@, 1wn, Duwn) sign(wn) (zn) dz
{l

<k}
< / (co 4+ 0)|Y(zn)| (a(x, Thwn, DTk(wy)) — a(z, Txwn, DTk (w))) Dz, dx
{lwn|<k}

+ (co + 0)|¥(2zn)| a(x, Thwn, DTk (wy)) DTk (w) dz

|wn | <k}
—|—/ (co + 0)|Y(2zn)| a(x, Thwn, DTk (w))Dzy dx.

{‘U’n‘gk}
(3.43)

From (3.34), (3.35), (3.37), (3.38) and (3.43), we deduce that

1/ (@(, Tawn, DTi(wn)) — a(x, Tawn, DTk (w))) Dzn da
2 J{wy 1<k}
<-

a(z, Town, DT (w)))Dzny’ (2,) dz

\wn\<k

a(z, wn, Dw)Dzp1)' (2, dz
wn‘>k

(co+ O)|(zn)| (@, Thwn, DTy (1)) DT (w) da

_|_

+

lwn|<k}

(z, wn, Dwy,) sign(wx, ) (zn) dx

+

{|wn \>k}

(1+ plwn )"~ an ()
P(z
+u”m1+umHD9( i

1+u|wn|) X w0y Jn (@) ¥(20) de.

f”ﬁ’“} (3.44)
/ (co + 0)|¥(2zn)| a(x, Thwn, DTk (w)) Dz, dz

We claim that each term of the right-hand side of (3.44) tends to zero as n tends to
infinity.
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Since ¥ (zn) — (co + ) [¥(2n)] > 1/2 by (3.34), and since the function & is monotone
and coercive (see (2.3)), this will imply that

zn — 0 in HOI(Q) strongly,
n

or in the other terms (see the definition (3.33) of z,) that

Te(wn) — Ti(w) in WyP(2) strongly,

In order to prove the claim let us recall that in view of (3.28) and of the definition
(3.33) of 2z, one has

Zn — 0 in Wy P(2) weakly, L>(£2) weakly star and a.e. in 2.

Since 1(0) = 0, this implies that 1 (z,) tends to zero almost everywhere in {2 and
in L*(42) weakly star as n tends to infinity, which in turn implies that

Dzn ' (2n) = D(z,) = 0 in (LP(2))Y weakly as n — +oc.

This implies that the first term of the right-hand side of (3.44) tends to zero as k
tends to infinity.
Indeed 2, (and thus 9'(z,) is bounded in L*(§2) and

Dz, = DTy (w,) — DTk (w) tends to zero weakly in (L”(£2))",

and using Vitali’s theorem, we have X {|uw,, |<k}@(2, Tkwn, DTk (w))Y' (2n) tends strongly
60 Xgjul<ry &z, Tew, DTe(w))y/(0) in (L7 ().
For the second term of the right-hand side of (3.44), we observe that

X{|wn|>k} DZn = =X{jwn |5k} PDTk(w) — 0 strongly in (L ()N,

as ¢’ (zn) is bounded in L*(§2) and from (2.3) the fact a(x, wn, Dw)’(2,) is bounded
in (L”' (2))V.
This implies that the second term of the right-hand side of (3.44) tends to zero.

For the third term of the right-hand side of (3.44) tends to zero, since DT (w)y(2zx)
converges strongly to DT (w)(0) = 0 in (LP(2))", while a(x, Tk (w), DTk (wy)) is
bounded in (LPI(Q))N.

For the fourth term of the right-hand side of (3.44) tends to zero, since Dz, =
DTy (wn) — DTy (w) converges to zero weakly in (LP(£2))Y, while by Vitali’s theorem
and ¥(0) = 0, X{jw,|<k}@(z, Tk (wn), DTk (w))[1)(2n)| converges strongly to zero in
(@ ()~

Together with condition (3.39), this implies that the fifth term of the right-hand
side of (3.44) is negative.

For the sixth term of the right-hand side of (3.44), we consider for almost every =
in the set {w = 0} the assertions w, and ¥ (z,) = ¥(T%(wy)) converge to zero almost
everywhere in {2 and observe that |Tx(wn)| < |wx|, thus there exists no € N, such
that for all n > ng implies that |w,| < 1, and

(1 + polwn )"~ (2n)

5 an(x) < (1+ p)P ' Cu(B)e ao(z).
(=t in(1 + plwn) + 17 00 = (TGO alw)

By Lebesque’s theorem, this implies that

(1 + U|wn|)p_l ¥(zn)
(1" In(1 + plwa]) + +)

n

7 an(x) converges to zero in L'({w = 0}). (3.45)

Math. Model. Anal., xx(x):1-19, 20xx.
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On the other hand, we consider for almost every z in the set {w # 0} N {|w| < 1},
since z, converges almost everywhere to zero, then there exists n1 € N, such that for
all n > n; implies that
S i
Jeal = 1TicCwn) — Ti(w)] < 20 and fun| > 1%
and )
(L + plwn )" ¢h(2n)
0
(a1 + ) + 2)
By Lebesque’s theorem, this implies that

an(@) < (14 p)P "' Cu(0)e ao ().

(14 plwa])”~ " 9(2n)
(=t In(1 + plwal) + 7)

n

gan(z) — 0in L'({w # 0} N {|w| < 1}). (3.46)

Finally, we consider for almost every z in the set {|w| > 1}, since 2z, converges almost
everywhere to zero and ¥(0) = 0 and by Vitali’s theorem, then

(L + plwn )"~ ¥ (zn)
(e (1 + plwn) + 1)’
Collecting the results on (3.45), (3.46) and (3.47) implies that for k fixed:

an(z) — Oin L'({Jwa] > 1}). (3.47)

(14 pwn))*~" $(zn)
(=" In(1 + prfwal) + 2)°

an(z) — 0in L'(£2).

For the seventh term of the right-hand side of (3.44) tends to zero, indeed by
Vitali’s theorem, the strong convergence (3.2) in LY/?(£2) of f,, the L?" (£2) bound
on w, and ¥ (0) = 0 imply that

1+ M\wn|)p71X{wn¢o} fn(x) P (20) - 0 strongly in L'(£2).
Passing to the limit in (3.44), we get
/{| | }(d(x,Tkwn,DTk(wn)) — a(x, Tywn, DTy (w)))Dzn dz — 0. (3.48)
w | <k n
By the growth condition of (2.3) on a (thus on a), and by Vitali’s theorem, we have
/{| | k}(d(w,Tkwn, DTy (wy)) — a(z, Txwn, DTk (w)))Dzy 7 0 (3.49)
wy |>
Combining (3.39) and (3.49), we have
/Q (a(z, Txwn, DTk(wn)) — a(z, Thwn, DTk (w))) Dz, dx - 0. (3.50)

Thanks to the assumption (2.3) and by a result of Browder, we deduce

Zn = Ti(wy) — Te(w) — 0 strongly in Wy " (£2). (3.51)
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Step 6: Strong convergence of u, in Wol’p(ﬂ)
Taking into account
Dw,, — Dw = (DTy(wn) — DTk (w)) + (DGk(wyn) — DGg(w)),
from (3.31) and (3.51), we have
Dw, — Dw strongly in (L?(£2))",
since we have
un = (1 + plwal),

it follows that
un — u  strongly in Wy (£2).

Step 7: Control of strong / %)ggo dx when v is small
flunt<iy ([un] + 3)

In this step, we claim that

lim/ %gpd /a‘o(v))gﬁdx, Yo € Wy P (2) N L™ (R2).

First we observe that

an(.’L’)
Ju s s = o DD s

[ Ho(z.un, Dun)pdr - / (Xl 0y ) ()0 .
0 0

(3.52)

Taking into account the growth conditions (2.3) and Hoélder’s inequality, we get

an(x )
7(pdx<
fois .
P
BBl x/ -1 120 % [lolloo + BlIellp (JunllB 1N+||Dun\|p Y

+ (co + O)lellocl[Dunllp + Bllelloll fn

(3.53)

From now on, we consider a nonnegative ¢ € Wol’p(.Q) N L (£2), applying Fatou’s
Lemma to the left-hand side of (3.53), we have.

/ (@) e < 0, (3.54)

|ul®

where Cy is a positive constant and does not depend to n. Hence 0 < ao(z)

0 €
L*(£2), for any nonnegative ¢ € Wy (2) N L™= (£2).
1

As consequence, W is unbounded as s tends to 0, we deduce that
S

{u =0} C {ao =0},
up to set of zero Lebesgue measure.

From now on, we consider a nonnegative function ¢ € Wy (£2)NL>(£2), and choising
it was test function in the weak formulation, we have

/ a(z, Un, Dun) Do dx = Hy (2, un, Duy) ¢ dz
2 2 3.55)
an(x) (
b [ 0ot [ (o) B @),
o unl + 177 X0} Jn)

Math. Model. Anal., xx(x):1-19, 20xx.
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we want to pass to the limit in the second right-hand side of (3.55) as n tends to

infinity.
For v > 0 fixed, we consider the second right-hand side of (3.55)

an () _ an(z) an(x)
/(2WSde_‘/‘un‘SVW@dm_'_‘/‘unl>VWsodm (3.56)

Applying Lemma 1.1 of [24], we have that for v > 0, V,(u») belongs to W, (£2),

where V,, : ] — 0o, +o00[ = [0, 400 is defined by
0 s < —2v
2—|—f —2v<s< —v
Vi(s) = 1 v —v<s<v
922 v<s<2v
0 v s > 2v.

Since Vi (un) € Wy (£2), the use of (Vi (un) @) as test function in (3.4) is licit. This
gives

/ %)19 pdr < / a(z, Un, Dun) D(V,, (un) p)dx
funl<y ([un] +3) o (3.57)
—/ Hy (@, un, Dun)Vy (un) ¢ do — / (Xgun0y fn)(@) Vi (un) ¢ dz
7} Q
The first term of the right-hand side of (3.57) can be written
/ a(x, un, Dun) D(V,, (un)p) de = / a(z, un, Dun) Dp Vi, (u,) dz. (3.58)
Q e
Indeed, splitting {2 into 2 = {|un| < v} U {|un| > v} and using (2.4), we get
/ a(z, Un, Dupn)Duy Vi) (un) o dz = 0 (3.59)
e

Since V, (un) Dy converges to Vi (u) Dy strongly in LP ()™, as n tends to infinity,
while the Carathéodory function a(z, un, Du,) converges to a(z,u, Du) strongly in
LP(2)N | we obtain

lim/ a(x, un, Dun) DoV, (un) dx:/ a(z,u, Du) Dp V, (u) dz. (3.60)
"Je ?

In the second term of the right-hand side of (3.57), we observe that ¢V, (u,) is
bounded in L*(§2) and

Hiu(ttn, Dun) Vi (un) < [ lloc (co +7) [ Dun?,

which implies that the functions Hy (un, Durn) ¢Vi(un) are equiintegrable since Duy,
strongly converges to Du in LP(£2)™, we have

lim/ Hy (un, Duy) Vi (up) de = / H(u, Du) ¢V, (u) dz. (3.61)
noJo o
In the third term of the right-hand side of (3.57), the functions x{u, <0} fn® Vi (un)

are equiintegrable, since f,, strongly converges in L™/?(£2) and V,,(u,) converges to
V. (u) strongly in L? (£2). Thus Vitali’s theorem implies that

i [ g o o oVolun) do = [ Xguor £ oVolw) (3.62)
mJo 0
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Together with (3.57), the three limits (3.60), (3.61) and (3.62) imply that
117131/ %)19 pdr < / a(x,u, Du) Do V, (u) dz
lun|<v (|Un| + H) 2

+ [ H,Dw eV do+ [ sy FoVilu)da
2 (93

(3.63)

Since V,,(u) converges to X{u—o} a.e. in £2, as v — 0 and since u € Wy P (£2), then
(a(z,u, Du) DuDp + H(u, Du) ¢ + X{uzo} f ) Vi (u) el 0 ae.inf2. (3.64)
v—

Applying the Lebesgue’s dominated convergence Theorem on the right-hand side of
(3.63), we obtain that

lim lim an(2)

) dr = 0. (3.65)
v=0 n S uni<oy (Jun| + 2)°

Finally, let us pass to limit in n for v > 0 fixed in the second term of the right-hand
side of (3.56)

an (T an T
/ _on(@) )1 7 sodfﬂ:/ _on(@) )1 7 X{Jun|>v} P d.
Uunl>v} (Junl+ 1) @ (Jun] + 1)

Observing that we need to choise v ¢ {v : meas{|u(z)| = v} > 0} which is at most
countable set, we have

an(x) ao(x)
(|u n l)g ©p — fuf? @ a.e.on {2,
and
an(@) < 90@) o).

Y=
(lun| + 1)° Juf®
By Lebesgue’s theorem, we have

liTILn/{ _ 0@ :/ 0(®) e ¢ C. (3.66)

|un|>v} (‘un‘ + %)6 {|u|>v} ‘U"e

Moreover it follows by (3.54) that Yo € WP (£2) N L>=(2), ¢ >0

an(x) ao(z)

lim lim ——— pdx :/ pdz. (3.67)
v20 S untsey (Junl + 1)° (lu>0p [ul’

Moreover, decomposing any ¢ = ¢ — ¢~ and observing that (3.66) is linear in
@, we deduce that (3.66) holds for every ¢ € Wy'P(2) N L>(£2).
As u, — wu strongly in V[/*Ol’p(_Q)7 it is then easy to pass to the limit in the approxi-
mate equation (3.4). This proves that u is a solution of (2.1).
The proof of Theorem 1 is then complete.

4 Appendix

4.1 An equivalence result

Theorem 2. [12] Assume that (2.3), (2.5), (2.7), (2.8), (2.9), (3.1), (3.2) and (3.3)

hold true, and let § > 0 be fized. Let the function Ks be defined in (3.10).

If un is any solution of (2.1) then the function w, defined by (3.6) is solution of (3.8).
Conversely, if wy is any solution of (3.8), then the function uy is solution of (3.4).

Math. Model. Anal., xx(x):1-19, 20xx.
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4.2 Definition of Z;

The goal of this Subsection is to define the constant Zs (with 6 = pu(p — 1)) which
appear in Theorem 1. We will prove the following result.

Lemma 1. For § >0, let s : Rt — R (see Figure 1) be the function defined by

oM (X) l<p<?2
P5(X) = 9 - 4.1
5(X) { 45‘(521)()() p>2, (4.1)
where
200 = (o= 07 OF, Cu®llanll . + [17115)) X771
ORI Cu(0)1215° ol X7
(4.2)
— Ol (@ mwwwmﬁ
— CNFCu@121 57 [laollyps
and
(2) 1 =t 1 p= 1+9
0P (X) = (a7 T = uC, (Cul®laollv/p + 1 1lnsp) 7T ) X570
—6 1
—u G, O 012175 JlaolF] X (4.3)

c“mv<<nmmmwNMWIXw
—Ck, CET )19

where 0 satisfies (2.8), namely 0 < 6 < 1, C,(0) is the constant satisfies (2.13) and
where Cn p is the best constant in the Sobolev’s inequality (2.10).
Then, for § > ~y, there exists a unique number Zs such that

@5(25) =0, and VX <Zs5: @5(X) <0. (4.4)

min &, :=:"' ;

[ITTE R S——

Figure 1. The graphs ot the functions @5(X) and ¢ (X).
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Proof. Let us now study the family of functions @s(X) : RT™ — R defined by (4.1),
from the smallness condition relative to § (see 2.12), implies that

and

o= @K (Cul®)llacl | +1Ifl[x) 20 for1<p<2,

1 =2 1
ar=T = uCf  (Cu(@)llaol|n/p + || flIn/p)P~T >0 forp > 2.

Each function ®s look like the restriction to RT of a “convex parabola”, when

0 <7 < 6. This “convex parabola” has a unique minimizer in X5 of the function ®s,
and the minimum of @5, namely ®s(X5) is negative and using the intermediate value
theorem, then there exists Zs such that ®5(Zs) = 0.
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