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UNEXPECTED SUBGROUP SCHEMES OF PGL;; IN CHARACTERISTIC 2

BIANCA GOUTHIER AND DAJANO TOSSICI

ABSTRACT. If the characteristic of a field k is odd any infinitesimal group scheme of PGLy j,
lifts to SLa ;. In this paper, we prove that this is not true in characteristic 2 and we give
a complete description, up to isomorphism, of infinitesimal unipotent subgroup schemes of
PGLj3 . Also, the infinitesimal trigonalizable case is considered.

1. INTRODUCTION

In this paper, we are interested in finite subgroup schemes of PGLs ;. In his paper [Beal()],
Beauville classified, up to conjugacy, all finite subgroups of PGLy (k) of order coprime with the
characteristic. Here we are interested in the opposite case, infinitesimal subgroup schemes. It
seems to the authors that it is quite an accepted fact that any infinitesimal subgroup scheme
of PGLy j, lifts to GLg . In particular any unipotent infinitesimal sugbroup scheme of PGLy j,
would be a subgroup scheme of G, i, and so it would be isomorphic to a;n i for some n > 0.
In this paper, we prove that this is not true if the characteristic of the field is 2. The result is
instead true if the characteristic is odd and we give a proof of it in the section

We recall that, for any field k, PGLo x represents the automorphism group functor of Pj.
So the study of subgroup schemes corresponds to faithful actions on IF’}C. Moreover PGLg 1 (k)
coincides with the Cremona group in dimension one, i.e. birational morphisms of IE”}C, since any
rational morphism from a projective nonsingular curve extends to the whole curve. In positive
characteristic, the situation is completely different if we consider rational actions of infinitesimal
group schemes. Most of the faithful infinitesimal actions of the affine line do not extend to P}.
For instance, all the actions of a;), with n > 4, over A}, do not extend to ]P’,i, since PGLy , has
dimension 3 and the Lie algebra of o) has dimension n. See, for instance, [Bri22, Lemma 3.6]
and [Gou24| Corollary 6.9].

The main result of the paper is the following.

Theorem 1.1. Let k be a field of characteristic 2.

(1) The infinitesimal unipotent subgroup schemes of PGLq j are, up to isomorphism, all and
only the subgroup schemes of the semi-direct product agn j X ag ), with n > 1, where the
action of a1, on aan i is given by a-b=1>b+ ab?.

(2) If k is perfect, any infinitesimal trigonalizable, not unipotent, subgroup scheme of PGLg y is
isomorphic to pg g, or to the semi-direct product of por j, for some l > 1, by one of the two
unipotent group schemes

(i) the semi-direct product cuon ) X aa, with n > 1, where the action of aap on aon i is
given by a - b= b+ ab?
(ll) Qgn [
for some nontrivial action of py .

An explicit description of all these group schemes will be given in the section §4 While the
above Theorem gives a complete classification of infinitesimal unipotent subgroup schemes of
PGLz g, for trigonalizable group schemes we do not know if, for any nontrivial action of pg j
over the unipotent group schemes in (i), the associated semi-direct product acts faithfully on P}.
In the section §§L we prove that there exists at least one action of g over any unipotent group
scheme which appears in (i) such that the associated semi-direct product acts faithfully on P}.
In the commutative case, we get a complete classification over an algebraically closed field.

Corollary 1.2. Let k be an algebraically closed field of characteristic 2. The list of infinitesimal
commutative subgroup schemes of PGLy 1, up to isomorphism, is the following:

(1) agn g, for somen >0,
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(2) agk X gk,
(3) the 2-torsion of a supersingular elliptic curve,
(4) pan, for some n > 0.

The corollary follows from the Theorem using the Lemma Upon completion of writing
an early version of this article, Michel Brion pointed us to [Kno95|, where the author classified
subgroup schemes of SLy . Of course, it could be possible to deduce our results by computing
the quotient of all infinitesimal trigonalizable subgroup schemes of SLy ;. In fact, in our approach,
we just need to know infinitesimal unipotent subgroup schemes of SLj j, which is much easier.

Acknowledgements: The authors are deeply grateful to Fabio Bernasconi, Alice Bouillet,
Andrea Fanelli, Pascal Fong, and Matthieu Romagny for very useful conversations. We also
remark Michel Brion who pointed to us the existence of the paper [Kno95| and suggested the
proof of the Lemma 2.1, which in the first version of the paper was only given in the case H
commutative.

2. INFINITESIMAL SUBGROUP SCHEMES OF PGLg ; IN CHARACTERISTIC p > 2

Let k be a field of characteristic p. Let G be an infinitesimal subgroup scheme of PGLj .
Since SLy ;, = PGLgy is an étale covering then G lifts to SLy ;. This result is known and, for
instance, it is mentioned in Fakhruddin [Fak20]. We, however, report here the details of the
proof, which are not present in the aforementioned paper. We have the following lemma.

Lemma 2.1. Any short exact sequence of algebraic group schemes over a field k
1—H -5 G —Q—1,
such that H is étale and Q is infinitesimal, splits and the semi-direct product is in fact direct.

Proof. We firstly observe that G is necessarily a finite group scheme. Let us consider the
connected-étale sequence

1 — G — G5 (@) — 1.

We remark that G is infinitesimal, since G is finite. Let us consider the morphism woi: H —
mo(G). We claim that this is an isomorphism. Indeed, since H and 7o(G) are étale, it is enough
to prove that H (k) — m(G)(k) is an isomorphism, where k is an algebraic closure of k. Now we
have the factorization

HE B a® ™™ @) ®).

By |MiIL7, Corollary 5.48], the morphism i(k) (resp. 7(k)) is an isomorphism since Q(k) (resp.
G°(k)) is trivial. So 7 o4 is an isomorphism and let f be its inverse. Then for:G — H is a
left inverse of ¢ and therefore the exact sequence in the statement is trivial and the extension is
isomorphic to the natural extension of the direct product.

O

Proposition 2.2. If k is a field of characteristic p and p does not divide n then any infinitesimal
subgroup scheme of PGL,, i, lifts to SLy, 1.

Proof. We consider the exact sequence
1= fing — SLpg = PGL, x — 1.

Since p does not divide n then p, j is an étale group scheme. Let G be an infinitesimal subgroup
scheme of PGL,, . Then 7~!G is an extension of G by p, k. By the previous Lemma the
extension is trivial, so G lifts to SL,, . O

In particular the above Proposition applies when n = 2 and p > 2.
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3. INFINITESIMAL UNIPOTENT SUBGROUPS SCHEMES OF GLy j

In this subsection, we give an explicit description of all infinitesimal unipotent subgroup
schemes of GLj3 ;, where k is a field of positive characteristic p. The following result will be used
in the proof of the Theorem.

Proposition 3.1. Any infinitesimal unipotent subgroup scheme of GLa i is one of the following
subgroup schemes of SLg i,

Hg, oo = {(231 235 ) € ker Fgp, | [si(zsi—1)+s;(zi5) = 0,220 = 2—z11 for (i,7) = (1,2),(2, 1)},
for some [s; : so] € PY(k) and n > 1.

Proof. Any infinitesimal unipotent subgroup scheme of GL5 j is isomorphic to ayn 1, for some 7,
since, up to conjugation, it is contained in the subgroup of upper triangular unipotent matrices,
which is isomorphic to G, ;. Moreover any unipotent subgroup scheme H of GLg j, is contained
in SLy j since, over a field, any map from a unipotent group scheme to a diagonalizable group
scheme is trivial, so the restriction of the determinant to H is trivial. We now observe that

Homk,gr (Oépn’]€7 SLQ’]C) g SLQ’k(k[T}/(Tpn))

and it consists of matrices A(T) such that A(S+T) = A(S)A(T) € SLax(k[S,T]/(SP",T?").
Since A(0) = Id we have that

pt—1

AT)= Y AT
1=0

with A; € Ma(k) for any 0 < i < p™ —1 and Ay = Id. Now

AFTT-S Y (f)asT

i=0 j=0

and
p"—1

AG)AT) = 3 AA5T.
i,j=0
Therefore for any 0 < ¢, < p" we have that
(Z " J) Airj = AiA;
J
where we set A = 0if k > p™. Then

yr (i’) (p;) Ay = %}Am

for any 0 < <p™ — 1. Now

SO

AP =0.
Moreover A; commutes with A; for any 0 <4, < p™ — 1. It is known that if two nilpotent
matrices of rank 2 commute then one is a multiple of the other. Therefore there exists a nilpotent
matrix B € My(k) and f(T) € k[T]/(T?") such that A(T) = Id+f(T)B. Now it is easy to
verify that f(T') is additive. Then the matrix A(T) belongs to Hy, s, »(k[T]/(T?")), where
(s1,52) € ker B\ {(0,0)}. So any infinitesimal unipotent subgroup scheme of GL2 . is contained
in some Hy, s, for some [s; : s3] € P!(k). On the other hand, for any [s1 : so] € P'(k) the
matrix

AT) =1d+T ( —si )

2
32 —8182

gives an isomorphism between apn i, and Hy, s, n.
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4. SOME NONCOMMUTATIVE UNIPOTENT INFINITESIMAL GROUP SCHEMES.
In this section we explicitly describe the group schemes which appear in the Theorem.

Definition 4.1. Let k£ be a field of characteristic p and consider the action of oy, as an
automorphism of groups, on G, 1 given by a - b = b+ ab?. We define the associated semi-direct
product £ = Gq 1 X o k.
(i) For any n > 0 we define the subgroup scheme D,, of £ induced by the closed immersion
apn i, = Gg . It is isomorphic to the induced semi-direct product a,n X oy, .
(ii) For any a € k and n > 1, we define H, ,, as the kernel of the morphism

(—aF" 1) : D, — Gup
where 7 is the inclusion i : ap , = Gg k-

Explicitly we have that D,, is isomorphic to Spec(k[S, T]/(SP, TP") where the comultiplication
is given by
S—»S®1+108
and
ToTR1+10T+5T".
We observe that, for p = 2, this is the group that appears in the statement of the Theorem.
Indeed the previous group scheme is equally isomorphic to Speck[S,T]/(S?, TP"), where the
comultiplication is given by o B
S—ISR1+18S
and o - B
T—Tel+1T+T ®8S.
The two group schemes are isomorphic via S — S, T +— T + ST". We will need this second
presentation in the proof of the Theorem.
Moreover H,_,, is isomorphic to Spec k[T]/(T?") where the comultiplication is given by
_ _ _ _n—1 .
T—Tel+1eT+d" T
We collect some easy results that will be freely used in the rest of the paper.

Lemma 4.2. Let k be a field of characteristic p.

(1) Dy is isomorphic to oy i and Dy is isomorphic to ap X .

(2) For anyn > 2, Ho,1 is the center of Dy, and D,,/Ho,1 is isomorphic to ayn-1 j X o .

(3) Han s commutative if and only if n <2 or a =0.

(4) Ho,n is isomorphic to apn i, and Ha,1 is isomorphic to ay .

(5) If a # 0, Ha,2 is isomorphic to oy g if p > 2, and to a twisted form of the 2-torsion of a
supersingular elliptic curve if p = 2.

(6) If n > 1> 0, Dy is a closed subgroup scheme of Dy, and if | > 1, D; corresponds to ker FZDH,

Proof. All the proofs, except (5), are straightforward. If char(k) > 2, Hq 2 is isomorphic to a2 j
via the isomorphism T — T — a%zp. If char(k) = 2 and k algebraically closed, H, 2 is isomorphic
to Hi,2, via T +— ¢T where c is a cubic root of a (see also Lemma for more details). And
H1,2 is isomorphic to ker(F +V : Wy, — Wa 1), where Wy i, is the group scheme of Witt vectors
of length 2 and V is the Verschiebung. This group scheme is known to be isomorphic to the
2-torsion of a supersingular elliptic curve. O

Remark 4.3. If n > 3 and a # 0, H,,,, is a subgroup scheme of the nonabelian extension of G,
by G, given by the cocycle aTPT""" " (see [DGT0, 11, §3, 4.6]).

Lemma 4.4. Let n > 0. Any closed subgroup scheme of D,, is equal to Dy, with 0 <1 < n, or to
Ha,m, for some a € k and1 <m < n.

Proof. The result is clear for n < 1. So we suppose n > 2. In particular, D,, is not commutative.
Let H be a closed subgroup scheme of D,,. If H C ker Fan, for some 0 <[ < n, then H is a closed
subgroup scheme of D;. Up to take minimal 0 <[ < n such that Fﬂq = 0, we can suppose that
F?I_l # 0. In particular, if H is a proper subgroup of D,,, H has order p", otherwise iterating
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n — 1 times the Frobenius, which has a kernel of order at least p, we will get the trivial morphism.
Suppose that H does not contain the center of D,,. Then the natural map H x Ho 1 — D, is
an isomorphism. Henceforth H ~ D, /Ho1 ~ Qapn-1 X Qp 1, Which would imply that D, is
commutative. Therefore H contains the center of D,,. As a consequence, H/H 1 is a closed
subgroup scheme of D, /Ho1 ~ apn-1 ) X ap k. In particular, H/Hg 1 is a normal subgroup
scheme of D,,/Ho,1, which implies that H is a normal subgroup scheme of D,,. So H is obtained
as the kernel of a morphism from D,, to cy,. Any such a morphism is given by an element

PET) = Y ayST €klS,T]/(s7,T7")

0<i<p,0<5<p™

such that P(S,T)? = 0 and

41) > a(Se1+1e9)Tel+1eT+T @S = Y a;; ST 1410 5T).
0<i<p 0<i<p
0<j<p” 0<j<p"
in k[S,T)/(SP,T"") @ k[S,T]/(SP,T""). We can suppose agy = 0. If we reduce modulo (T) @ (1)
we get

Z ai;(S®1+1 ®5)(1eT) = Z ai;(1 ® ST+ Z an(1®5 +5 ®1).
0<i<p 0<i<p 0<i<p
0<j<p™ 0<j<p™
in k[S,T)/(S?,T) ® k[S,T)/(SP, T""). Therefore a;; =0if 1 <i<pori=1and j>0. So
P(S,T) = a1,0S + Q(T).
If we reduce (4.1)) modulo (1) ® (S) we find that Q(T) should be additive. Since P(S,T)? =

we get that P(S,T) = a10S + aopnflfp . Moreover, ajo # 0 since we supposed that F7; 1 # 0.

So we have that H is isomorphic to Hg ,, with a = %;’# 0

Lemma 4.5. Let G be an infinitesimal unipotent group scheme with unidimensional Lie algebra
over a field of characteristic p. An action, as an automorphism of groups, of an infinitesimal
group scheme H of multiplicative type over G is faithful if and only if the induced action on
ker Fg is faithful. And, if it happens, H has unidimensional Lie algebra.

Proof. The ’if” part is obvious. We prove the ’only if” part. We can suppose that H is of height
1 since the kernel of any action of an infinitesimal group scheme has a nontrivial intersection
with the kernel of the Frobenius (see also [Gou24l Proposition 6.1]). We also remark that
dimy, Lie(H) = dimy, Lie(ker Fg). Therefore, by [DG70, II1,§6, Propoition 7.1], H is a subgroup
scheme of Aut;(G) = ker(Aut(G) — Aut(G/kerFg)). Moreover, ker Fg ~ «,, is contained in
the center since a unipotent group scheme has a nontrivial center, and, since G is infinitesimal
unipotent, the intersection with the kernel of the Frobenius is nonempty. Therefore the induced
action of G/ ker F over ker Fi; is trivial, then, by [DGT70, ITI,§6, Proposition 7.4], we have an
exact sequence

0 — Homgy, (G/kerFg, ap) — Aut1(G) — Autgr(kerFg) ~ Gy .

But we remark that Homg, (o, o) =~ Gq i, S0, by dévissage, we get that Homg,(G/kerFg, o)
is an unipotent group scheme. Since H is of multiplicative type, if H acts faithfully on G
then it acts faithfully on ker F. Therefore H is isomorphic to p, ; and so its Lie algebra is
unidimensional.

O

Lemma 4.6. Let k be a field of characteristic p and let n > 2 orn =2 and p = 2.

(1) Any action of . over Hon = apn i, as automorphism of groups, is conjugate to v -t = v't,
for some 0 < i < p—1. Therefore, for any nontrivial action of i, over opn 1, all semi-direct
products cupn ) X [ty are isomorphic.

(2) Ifa,b € k\ {0}, then Hqy,y is isomorphic to Hy . if and only if b/a is a (p" +p — 1)-th power.

(3) There are no nontrivial actions, as automorphism of groups, of infinitesimal group schemes
of multiplicative type over Hy.n, for any a € k\ {0}.
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Proof. (1). It is easy to see that the map Aut,,(G,) — Autgr(apn) admits a section. Therefore
any action of ju, ; over ayn i extends to an action over G, . Now, by [DG70, III, §6, Corollaire
7.9], we have that any action of u, , on G, is given by

S
vox=vz+ (v - 1)Za1x”l
1=1
for some s >1,0<¢<p—1anda; €k forany 1 <! <s. Therefore any action of p, 1 on a,n j
is given by
pr—1
v-x=vr+ (@ —1) Z az?
1=1
for some a; € k forany 1 <1< p" ! —1and 0 <i < p— 1. But this action is conjugated to the
action v - ¢ = v’z via the automorphism z — 2 + Zf;;l alxpl. If the action is nontrivial, then
i > 0. Moreover, v + v’ is an automorphism of p, x, therefore all the associated semi-direct
products are isomorphic. (2),(3). We recall that the Hopf algebra of H, , is isomorphic to

n—1

E[T)/(T?"), where the comultiplication is given by T®14+1QT +aT"  ®T". We now consider
an element of Zsom(Hq n, Hp n)(R), with R a k-algebra. An isomorphism from H, . r to Hon g
is given by an element P(T) = Zf:;l a;T" € R[T]/(T?") such that a; € R is invertible and
pn_l D D p_1 o a p”71—1 D pn_l B - I - .
Y ai(T'@1+1T ) +a(d o TP o Y aT") =) ai(Tel+10T+bT" &T").
i=1 i=1 i=1 i=1

Since it induces an isomorphism on the kernels of the p"~!-th power of the Frobenius, which are
isomorphic to a,n-1 g, we get that a; =0if 1 <i < p"~1 and i is not a power of p. Moreover,
a; = 0if i > p"~! and i is not divisible by p (you can see it deriving both sides). So we get

pr -1 - _ ne1_ o mn—1 n—2 _or+l
Y @ eti1eT ) tad” T o) T )=
r=pn—241 r=0
ph -1 . o _ on-1 .
> 0T @1410T") +adT T
r=pn—241

. =1
If n > 2 and a # 0, comparing the coefficients of T"oT" | we get a,n-14, = 0 and, comparing
n—1

the coefficients of T8 ®T", we get aa’fn_lﬂg = a1b, which means that a; is a (p"~' 4+p—1)-th
power of b/a. If n = 2 and p = 2 the above equality reduces to

ad?P?T’ @ T" = abT" @ T",
80 ai is a cubic root of b/a. If R = k this proves that H,, is isomorphic to H, , if and only
if b/a is a (p™ + p — 1)-th power. But this also proves that, if a # 0, the image of the map
Aut(Han) — Aut(kerFyy, ) is contained in puyn-1,,_1 5. This implies, by the previous Lemma,
that any infinitesimal group scheme of multiplicative type acts trivially on H, , if @ # 0. On
the other hand, if a; € k is such that aﬁ’n“’_l = b/a then the polynomial P(T) = a;T gives an

isomorphism for any n > 1 and any prime p.
O

5. PROOF OF THE THEOREM

We start with a Lemma.

Lemma 5.1. Let k be a field of characteristic 2 and G be a unipotent subgroup scheme of
PGL2 . Then

(1) kerFg is isomorphic to agp or to qoj X Qo k;
(2) ImF¢ is isomorphic to agn i, for some n.

Proof.
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(1) We observe that in characteristic 2 we have the following exact sequence of restricted
p-algebras
0 — Lie(G2) — pgly — Lie(G,,) — 0.
Therefore Lie(ker F) is necessarily contained in Lie(G?2), which implies that ker Fg is a
subgroup scheme of G2. So we are done.
(2) Let G be a unipotent subgroup scheme of PGLy ;, and let G := 771G, where 7 : SLa j —
PGLy j, is the projection. Then we have an exact sequence

1= o —G—=G—0

which yields the following commutative diagram

1 M2,k G G 0
JFuz,k Fg J,FG
1 2 k GW) G 0

where the vertical maps are the relative Frobenius. Since the Frobenius is trivial on pg g,
we get that Fg factorizes as

(RN el elON

Since G is unipotent then a(G) is a unipotent subgroup of G® C SLg ;. Therefore a(G)
is isomorphic to agn, for some n. So the statement follows.

O

We now continue with the proof of the Theorem. Let G be a unipotent subgroup scheme of
PGLo . Let us consider G := 7~ 'G C SLy ;. For any n > 1, we apply the Snake Lemma to this
commutative diagram with exact rows

1 12,k G G 0
b b s
1 12k G@") Te1C:40 J—

and we get an exact sequence
0 — pok — ker Fg — ker Fgg — 0,

since the are no nontrivial morphisms from a unipotent group scheme to a diagonalizable group
scheme. We also observe that ker Fg, = ! (ker F¢}).

Let us firstly suppose that dimj Lie G = 2. Then ker F¢ has order 22, so ker Fz has order 23
and therefore it coincides with ker Fgr, . Now, InFg = ImF5, and, by Lemma they are
both isomorphic to agn for some n > 0. So we have the following commutative diagram with
exact rows

1 ——kerFgr, , G Qpn 0

Pl

Fsr,
n4+1 2,k n
1——kerFgr,, — ker FSLM — ker FSLM — 0.

The diagram is a pull-back since it is a morphism of extensions. By Lemma [3.1] any unipotent
subgroup of ker Fgp, , is

Hg oon={(2h1 212) € kerFTSLLM |si(x11 — 1) + s;(xi;) = 0, for (4,7) = (1,2),(2,1)}
for some [s1 : s3] € P1(k). We remark that the inverse is given by the identity. We are going
to prove that, for any [s1 : so] € PY(k), G = FS}L . (Hs, s, n)/ 2,1 is isomorphic to Dy,. This

would also prove the Theorem in the case dimy, Lie G = 1, since G is contained in the pull-back
F§L12 k(Hsl,S%n), therefore G would be a subgroup scheme of FgﬁQ k(H(‘;l’S[Z’n)/,LLQ’k ~ D,. We
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firstly remark that FS_IL (Hg, s,.n)/ 2, has order p"*2. The Hopf algebra of Fgﬁg (Hgy syn) 18
k[Xij]1<i,j<2 quotiented by the ideal

((Xn' -1

n+1 n+1
PULXE (X — X)X Xy — X X — 1, s(XE — 1) + Sj(ij))>
i#j
and the comultiplication is induced by
Xij = XXy + XX

for any 1 <4,j < 2. Now we compute the invariant ring by the natural action of 1o ;. We let
Yijwt = X;j Xy Consider the subalgebra A of k[FS_]}z,k(HSLSQ)] generated by Yi112 and Ya199.
We suppose s; # 0. If not, so # 0 and a similar argument works. Looking at the comultiplication
we have that

Yite = (X11 ® X11 + X12 @ Xo1)(X11 ® X2 + X12 @ Xoo) =
Y1111 ® Y1112 + Y1112 ® Y1100 + Y1112 ® Y1291 + Y1212 ® Yo120 =
Y1111 ® Y1112 4 Y1112 ® (Yii2z + Yioo1) + Yii1p ® 512190 =
Vit @ 1+ 1® Yii1a + Y315 ® (s1Ya122 + $2Y1112)

and

Vo192 +(Xa1 ® X11 + X2o @ Xo1)(X21 ® X2 + Xog ® Xo9) =
Y2121 ® Y1112 + Y2122 ® Y1122 + Y2122 ® Yigo1 + Yoo20 @ Y120 =
Y121 ® Y1112 + Y2120 ® (Y1122 + Yi221) + Ya202 @ Yo199 =

2
s
Ya212 @ 14+ 1® Yaoio + Y15 ® (52Ya100 + ;QY1112)
1
where we used that Yi120 + Yioo1 = 1,51V 15 = Yio12, s1Yo121 = s3Y% 15 and Yasos = Yi111 =
1 + 52Y4 5, which are easy to verify. The inverse map is the identity, so A is an Hopf algebra
contained in k[(ngz (Hs, s,)]"2%. We also stress that

(s1Y2122 + s2Y1112) — (51Y2212 + $2Y1112) ® 1 + 1 @ (81Ya212 + $2Y1112)

and s1Ya2122 + $2Y1112 is not zero. Indeed for example the element (!9), with a? = 0 and
a # 0, belongs to ngz (Hs, s,). This means that s1Y2122 + s2Y1112 generates an Hopf algebra B
isomorphic to as . Therefore there is an epimorphism H = Spec A — Spec B. The kernel of
this map is the spectrum of the algebra generated by the class of Y7112 modulo s1Ya192 + s2Y7112.
This group scheme is isomorphic to agnt1, since Y31, = X7, Y5 # 0. Here we use that s; # 0.
If s, = 0, we would have that Y3, # 0. So H has order 2"*2. Since it has the same order
of ngQ (Hs, s5,n), the natural map ngz (Hs, s,,n) — H is an isomorphism. Moreover H is
isomorphic to D,, via the isomorphism

S = 51Y2122 + 52Y1112

and
T +— Yoq00.

Finally let us suppose that k is a perfect field. Then any trigonalizable group scheme T is a
semidirect product U x D, where U is unipotent and D is diagonalizable. If T is infinitesimal
and a closed subgroup scheme of PGLy  then, by [Gou24l, Corollary 6.4], D ~ pio: 5, for some
[ > 1, U is trivial or the action of jg ; on U is nontrivial. Therefore, by the first part of the
Theorem and by the Lemma (3), U is isomorphic to D,, or to agn i, for some n > 1.

6. ACTIONS OF TRIGONALIZABLE GROUP SCHEMES OVER IP}C

In the Theorem we prove that if k is a perfect field of characteristic 2, any trigonalizable, not
unipotent nor diagonalizable, infinitesimal subgroup scheme of PGLg j, is a semi-direct product
of pig i, by Dy or agn, for some n,l > 0. In this section, we say something more about which
semi-direct products can appear.
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Proposition 6.1. Let k be a field of characteristic 2. There exists a nontrivial action, as an
automorphism of groups, of Gy, on & such that € x G, i acts faithfully on Pi. Moreover,
we can choose the action of Gy, such that, for any n > 0, it preserves D, and Ho,. We
then obtain, by restriction, faithful actions of the induced semi-direct products Dy X pior , and
Ho,n X por ), over P}, for any 1 > 1.

Proof. Let us consider the action of G, x = Spec k[V, V1] over £ given by v - (s,t) = (v™ts, vt).
Then we define the action of € x Gy, , over A} = Spec k[X] given by the coaction

X—VX+V25X2+T.

And we get
1 1 V25Xx? — 1 728 1 1 5
X T—I—VX( +T+VX) =S X v © KX, TV (T+VX) S/ (57),

Therefore, by gluing, we get a faithful action of £ x G,, j over Pj.
O

Remark 6.2.

(1) The group scheme ker FpgL,,, is isomorphic to the semidirect product a% & X 2.k, where the
action is given by v - (s,t) = (vs,vt). Indeed it coincides with the kernel of the Frobenius of
the group scheme constructed in the Proposition.

(2) We remark that taking V' =1 in the proof of the Proposition, we get an explicit action of
any unipotent infinitesimal group scheme over ]P’,lﬁ, since, as proved in the Theorem, they are
all subgroup schemes of £.

We finally mention the following Lemma.

Lemma 6.3. Let k be a perfect field of characteristic 2. Up to isomorphism, there is a unique
infinitesimal trigonalizable subgroup scheme of PGLgy j, extension of po by agn, for any n > 0.

Proof. This follows by the Theorem and by Lemma 1). O
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