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Efficient Enumeration of Maximal Induced Bicliques

Danny Hermelin, George Manoussakis'

Ben-Gurion University of the Negev, Beer-Sheva, Israel

Abstract

Given a graph G of order n, we consider the problem of enumerating all
its maximal induced bicliques. We first propose an algorithm running in
time O(n3"?). As the maximum number of maximal induced bicliques of
a graph with n vertices is ©(3"3), the algorithm is worst-case output size
optimal. Then, we prove new bounds on the maximum number of maximal
induced bicliques of graphs with respect to their maximum degree A and
degeneracy k, and propose a near-optimal algorithm with enumeration time
O(nk(A + k)B%) Then, we provide output sensitive algorithms for this
problem with enumeration time depending only on the maximum degree of
the input graph. Since we need to store the bicliques in these algorithms, the
space complexity may be exponential. Thus, we show how to modify them
so they only require polynomial space, but with a slight time complexity
increase.

1. Introduction

Bicliques have been studied extensively and in many different contexts, as
they are well-known and fundamental graph structures. Various applications
such as automata and language theory, partial orders, artificial intelligence,
and biology are discussed in [1]. These structures also find applications in
community detection problems in real world graphs [2], as well as in data
mining questions [3]. In chemistry, enumeration of bicliques can be useful for
the analysis of the structure of organic compounds [4]. In biology, bicliques
are often used for the representation of relationships of heterogeneous data
types and their enumeration is an important task [5].
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A biclique is a bipartite graph B = X UY such that every vertex of X
is adjacent to every vertex of Y. If sets X and Y are non-empty then B is
proper, otherwise B is an independent set (or the empty graph). When the
requirement that X,Y are independent sets is dropped, B is a non-induced
biclique (it is induced otherwise). A biclique is maximal if it is not properly
contained in any other biclique. In this paper, we study the question of
enumerating all maximal proper induced bicliques of some input graph.

There are a few algorithms for the enumeration of maximal non-induced
bicliques. Eppstein [6] proposes an algorithm running in time O(a®22n)
where a is the arboricity of the input graph (the arboricity is a graph param-
eter within a constant factor of the degeneracy). Eppstein also proves that
the maximum number of maximal non-induced bicliques is lower bounded by
Q(2%n/a) and upper bounded by O(22*n). Alexe et al. [7] propose algorithms
whose complexity depends on the size a of the output (that is, the number
of maximal non-induced bicliques of the graph). They give polynomial time
delay algorithms.

An algorithm is polynomial time delay if, between the output of two
bicliques, at most some polynomial time (in the input) has elapsed. The
complexity of such algorithms is often given as the complexity of the time
delay. For example, one algorithm of Alexe et al. [7] has time delay O(n?)
with n the order of the graph. Thus, their algorithm has total enumeration
time O(an?), where a is the number of maximal non-induced bicliques of
the input graph. We refer to algorithms which have complexity polynomial
in the parameters of the graph and the output size, but are not polynomial
time delay as output sensitive algorithms. Alexe et al. [7] also show that
enumerating all maximal non-induced bicliques in a graph of order n can be
reduced to the problem of enumerating all maximal cliques of a special graph
of order 2n. Other polynomial time delays algorithms have been proposed
by Dias et al. [8] for this problem.

Results also exist for the enumeration of maximal non-induced bicliques
when the input graph is restricted. For instance, Makino and Uno [9] propose
a polynomial time delay algorithm with delay O(A?) (with A the maximum
degree of the graph) when the input graph is bipartite. Damaschke [10] also
provides polynomial time delay algorithms for bipartite graphs with special
degree distributions.

In this paper, we are interested in the enumeration of maximal induced
bicliques. Moreover we restrict our study to bicliques which are proper,
that is, that have at least an edge. Non-proper bicliques are independent



sets, and we feel that their enumeration is a different problem. Therefore,
in the remainder of the paper we consider the problem of enumerating all
maximal induced proper bicliques. The lower bound of Prisner [11] ©(3"/3)
combined with upper bound of Gaspers et al. [12] O(3"/?) shows that the
maximum number of maximal induced proper bicliques is ©(3"/3), in a graph
of order n. Most relevant to the enumeration of such bicliques is the paper
of Dias et al. [13]. In their work, Dias et al. propose a polynomial time delay
algorithm enumerating all maximal proper induced biclique in lexicographic
order, with time delay O(n?) and requiring space to store all such bicliques.
Gély et al. [14] provide algorithms for the problem with time delay O(nm)
for a general graph or O(n?) if the input graph is bipartite, using polynomial
space. It is also possible to apply the more general results presented by
Cohen et al. [15] to our problem. This would yield and algorithm with
complexity at least quadratic in the number of vertices. We could also apply
the proximity search method of Conte and Uno [16] to this problem and get
an algorithm with time delay O(nA3). Another approach is using Takata’s
idea [17, Remark in Sect.6] which yields a O(nT’) delay algorithm with n the
number of processes and T the maximum delay of the processes.

Dias et al. [13] also prove that, similarly to ideas of Alexe et al., the
enumeration of all maximal induced bicliques (proper and non-proper) in
a graph G of order n can be reduced to the problem of maximal clique
enumeration in some graph of order 2n built from copies of the complement
of G. However, as observed in the same paper, the number of non-proper
bicliques can be exponential in the number of maximal proper bicliques.
Consider for example the graph composed of n disjoint edges. It has n
maximal proper bicliques but 2" maximal independent sets. Thus, it seems
relevant to design algorithms enumerating specifically all maximal proper
induced bicliques.

Our contributions. In this paper, we assume the standard model in which
the algorithm must output the actual solutions. We first prove algorithms
that are worst-case output-size optimal or near-optimal. An algorithm is
worst-case output size optimal if its complexity matches the maximum num-
ber of maximal proper induced bicliques of the graph. As discussed above,
this number is ©(3"/ 3) and these bicliques can be of size n. We provide an al-
gorithm running in optimal worst-case time O (n3"/3). We then prove upper
and lower bounds on their maximum number with respect to the maximum

degree A and the degeneracy k of the graph. We prove a Q<AL+1€3%) lower



bound, a O(nk?)%) upper bound and show that maximal proper induced
bicliques can be of size A + k. Then, we provide an algorithm enumerating
them in time O(nk(A + k)B%) This algorithm is near-optimal as it is at
most a factor k(A + k) away from the optimal complexity.

In a third part, we prove an output sensitive algorithm whose enumera-
tion time depends only on the maximum degree A (and degeneracy k, but
we recall that degeneracy is upper bounded by the maximum degree) of the
graph. To the best of our knowledge, this is the first such result. Its complex-
ity is as follows. The algorithm has setup time O(kn®*+mA+s(A+k)kn) and
enumeration time aO(r(A + k)k(A + k)), where r(A + k) (resp. s(A + k))
is the time delay (resp. setup) time for maximal clique enumeration in a
graph of order A + k. For example, we can use the algorithm of Makino and
Uno [9]. Their algorithm is polynomial time delay with setup time O(n?)
and time delay O(n?37) for a graph of order n. Thus, using their algorithm,
our algorithm has setup time O(kn* + mA + (A + k)?kn) and enumeration
time aO((A + k)23 k(A + k)) = aO(k(A + k)*>37). Note that our algorithm
is not polynomial time delay but only output sensitive. We were not able to
bound the delay between the enumeration of two bicliques. It also requires
to store the maximal bicliques of the graph. As described in the time com-
plexity, the algorithm depends on our ability to enumerate maximal cliques
in a graph of order O(A + k). Fortunately for us, the maximal clique enu-
meration problem is a very fundamental question in computer science and
there exist many algorithms tackling it. Giving an in-depth description of
these algorithms would be slightly beyond the scope of this paper. The ones
relevant to our work are the output sensitive and polynomial time delay al-
gorithms, such as [18, 19, 20, 21, 9, 22, 23]|. The reader can refer to [20] for a
recent overview of the state of the art on this question. Two other important
results that we use for our algorithms are related to the maximum number
of maximal cliques in a graph of order n. Moon and Moser [24], proved that
this number is ©(3™/3). Then, Tomita et al. [25] provided a worst-case out-
put size optimal algorithm running in time O(n3"/3). The results are used
in the algorithms of Section 4. In subsection 4.3 we show how to improve
the space complexities of the previous algorithms. Since they need to store
the solutions in memory, they may need exponential space. Thus, we modify
them so they only need polynomial space but at the price of a slightly larger
time complexity.

The paper is organized as follows. In Section 2, we give some initial



definitions and prove simple lemmas. In Section 3, we provide preliminary
results that we use in Section 4 for the proofs of the main results of the paper.

2. Definitions

We consider graphs of the form G = (V, E') which are simple, undirected,
with n vertices and m edges. If X C V, the subgraph of G induced by X is
denoted by G[X]|. If X C V, then X is a proper subgraph of G. When not
clear from the context, the vertex set of G will be denoted by V(G). The
set N(x) is called the open neighborhood of the vertex x and consists of the
vertices adjacent to x in G. Given an ordering ¢ = vy, ..., v, of the vertices of
G, set V; consists of the vertices following v; including itself in this ordering,
that is, the set {v;, vi11, ..., v, }. In the ordering o, the rank of v;, denoted by
o(v;), is its position in the ordering (7 in that case). By [n], we denote the set
of integers {1,2,...,n}. The distance between two vertices u, v is the length
of the shortest path from u to v. Let NF(v) = V; N N*(v) where N¥(v) is
the set of vertices at distance k from v (we consider in the paper that N/} (v;)
and N;(v;) are equal). We now define a family of induced subgraphs of G,
with respect to some ordering of its vertices. This construction is inspired
by the one provided by Gaspers et al. [12].

Definition 1. Let G = (V, E) be a graph and let vy, ... v, be an ordering
of its vertices. Graph Gy,i € [n], is the graph with vertex set {v;} U N;(v;) U
NZ(v;) and edges:

o xy € Gy, if v € Nij(v;), y € Ni(v;) and xy € E
o vy e Gy, if v € N2(v;), y € N2(v;) and vy € E

o vy € Gy, if v € Ni(v;), y € N2(v;) and zy ¢ F.

A graph G; consists of the neighbors at distance one and two of v; with
higher rank in the ordering. Its edges are the same as for the graph G except
for edges between vertices at distance one and two, which are complemented.
For technical reasons, we also add vertex v;, but note that it is not connected
to any vertex in G;. We state this in the following lemma which we use later.

Lemma 1. Every mazimal independent set of a graph Gy,i € [n], includes
vertex v;.



What we will show is that computing all the maximal induced proper
bicliques of the graph can be reduced to computing all maximal proper in-
dependent set of graphs G;,i € [n] (or equivalently, all maximal cliques of
their complement). This property can be seen through the following lemma.
We say that an independent set I in a graph Gy, € [n], is proper if it has at
least one vertex in N;(v;).

Lemma 2. The vertices of an independent set in a graph G;,i € [n], induce
a biclique in G.

Proof. Let I be an independent set in some graph G;,i € [n]. If I N
Ni(v;) = 0, then G[I] is an independent set and the lemma holds. Therefore
assume now that I is proper. Let z € (INN;(v;)) and y € TN (NZ(v;) U{v;}).
By Lemma 1, vertex y exists. Since [ is an independent set, then there is
no edge between x and y in ;. This in turn implies that there is an edge
between these two vertices in GG. This yields the proof. 0

We also study this enumeration problem with respect to some parameters
of the input graph, namely its maximum degree and degeneracy. The degree
of a vertex is its number of neighbors. The maximum degree, denoted A,
is the maximum degree among the vertices of the graph. The degeneracy
of a graph can be defined in a few different ways. The one relevant to this
paper is the following. A graph has degeneracy k, or is k-degenerate, if there
exists an ordering vy, ..., v, of its vertices such that for all ¢ € [n], we have
|IN(v;) N Vi] < k [26]. The degeneracy ordering can be computed in time
O(m) [27]. The idea is essentially to iteratively remove vertices of minimum
degree until the graph is empty. The order in which the vertices are removed
yields the degeneracy ordering.

In our results we will frequently consider vertex subsets of a graph as
strings (consisting of a single unique letter per vertex). We introduce some
of the vocabulary that we use in the paper. Let X be an alphabet, that is,
a non-empty finite set of symbols. Let a string s be any finite sequence of
symbols from 3J; s will be a substring of a string ¢ if there exists strings « and
v such that ¢t = usv. If v or v is not empty then s is a proper substring of ¢. It
will be a suffiz of t if there exists a string u such that ¢t = us. If v is not empty,
s is called a proper suffiz of t. We also use a data structure to store all the
proper suffixes of a given string. It is called suffiz tree in the literature. Given
a word of size n, we can construct a suffix tree containing all its suffixes in



space and time O(n), see [28, 29, 30]. For a set of words X = {z1,xs, ...,z },
it is possible to construct a generalized suffiz tree containing all the suffixes
of the words in X in space and time O(>;_, |z;|), see [31, chapter 6], and
[29] for instance. Once a generalized suffix tree has been constructed, adding
a new word x can be done in O(|z]) time.

3. Preliminary results

In this section we give basic results that we use in the analysis of the
different variations of our main algorithm which is studied in Section 4. We
first show in Corollary 1 that the maximal induced proper bicliques of a
graph G can be related to the maximal proper independent sets of graphs
Gi,1 € [n]. In the next lemma, we show that the vertices of maximal induced
proper bicliques correspond to a maximal independent set in at least one
graph G;, for some i € [n].

Lemma 3. Let G be a graph and o an ordering of its vertices. Let B be a
mazximal proper induced biclique of G. The vertices V(B) of biclique B form
a maximal proper independent set in graph G, where v is the vertex of B
with lowest ranking in o.

Proof. Assume that B = X UY. Assume without loss of generality
that v € X. We have that V(Y) C Nyq)(v) and V(X)\{v} C NZ,(v).
Therefore, V(B) C V(Gs) and V(B) is an independent set in Gy(y), by
Definition 1. It is maximal, or otherwise B is not a maximal biclique, which
yields a contradiction. O

In the following lemma and corollary, we prove that the vertices of maxi-
mal proper induced bicliques form a maximal independent set in at most one
graph G;,i € [n]. This result, together with the previous lemma yield the
proof of Corollary 1.

Lemma 4. Let G be a graph and vy, ...,v, an ordering of its vertices. Let
B be a mazimal independent set of G;,i € [n]. Then B is not a maximal
independent set of any graph G, j # 1.

Proof. Assume that V(B) is a maximal independent set of some graph
Gi,1 € [n]. Assume by contradiction that there exists j € [n] with j # i such
that V(B) is a maximal independent set of G;. Assume first that ¢ < j. By
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Lemma 1, vertex v; belongs to all maximal independent sets of G;,i € [n].
Therefore, v; € V(B). Since we assumed ¢ < j, then v; ¢ V(G,). This
implies that V(B) cannot be a maximal independent set of G, which yields
the contradiction. Assume now that j < ¢. By definition, V(B) is a maximal
independent set in G;. Since v; ¢ V(G;), then v; ¢ V(B). Therefore, V(B)
cannot be maximal in G, since by Lemma 3, all its maximal independent
sets include vertex v;. 0J

Corollary 1. Let G be a graph and vy, . .., v, an ordering of its vertices. Let
B be a mazimal proper induced biclique of G. The vertices V(B) of biclique
B form a maximal proper independent set exactly in graph G.,, where v 1is
the vertex of B with lowest ranking in o.

In the remainder of the section, we characterize maximal proper indepen-
dent sets in graphs G;,i € [n], which correspond to proper induced bicliques
in G which are not maximal.

Lemma 5. Let G be a graph and o0 = vy, ...,v, an ordering of its vertices.
Let B be a maximal proper independent set of a graph G;,i € [n]. Then,
G[B] is a proper biclique. Moreover, G[B] is not mazimal in G if and only
if there exists a proper mazimal independent set C' of a graph G;, with j <1,
and such that B C C.

Proof. Assume first that B is a maximal proper independent set of a
graph G;,i € [n]. By Lemma 2, G[B] is a biclique. Since B is proper in G},
then G[B] is proper as well. Assume now that it is not maximal in G. This
implies that there exists a non-empty set A of vertices such that AN B = ()
and G[C], with C = B U A a maximal biclique of G. Therefore, we have
that B C V(C). Let v € A. By definition v ¢ B. Thus, v ¢ G; or B is
not maximal in G;. If o(v) > 4, then v should be included in either N;(v;)
or N?(v;), which yields a contradiction. Therefore, assume that o(v) <4 (it
cannot be equal since A is non-empty and A N B = (). Assuming without
loss of generality that v is the vertex of A with lowest ranking in o, we have
by Corollary 1 that V(C') is a maximal independent set of graph G,.

For the other direction, assume that B is a maximal proper independent
set of G, that C is a maximal proper independent set of G; with j <4, and
that B C C. By Lemma 2, B and C induce bicliques in G. Thus, G[B] is
not maximal in G. O



Corollary 2. Let G be a graph and o an ordering of its vertices. Let B be a
mazximal proper independent set of a graph G;,i € [n]. Then B corresponds
to a non-maximal proper biclique of G if and only if:

o There exists C, a maximal proper independent set of a graph Gj,7 <1
such that B is a proper subgraph of C, and

o if W(B) and W(C) are the words obtained from the vertices of B and
C' which have been ordered following o, then W (B) is a proper suffix

of W(C).

Proof. Similarly as in the proof of Lemma 5, we have that biclique
G[B] is well defined. Assume that it is non-maximal. The first point holds
by Lemma 5. Since B is a strict subgraph of C, then V(B) C V(C). By
Lemma 3, since v; is the vertex of V(B) with smallest ranking in o then
it appears first in W (B). We also have that v; € V(C). Assume now by
contradiction that W(B) is not a proper suffix of W(C'). This implies that
there exists at least a vertex z € V(C)\V(B) that appears after vertex v;
in W(C). Thus, vertex x appears after vertex v; in og. Then, x should be
included in either N;(v;) or N?(v;) and this contradicts the maximality of B.
The other direction is straightforward. ([l

4. Algorithms for maximal biclique enumeration

In this section, we give the main results of the paper. In subsection 4.1,
we describe various exponential algorithms and show that some of them
are optimal or near optimal with respect to the worst-case output size. In
subsection 5, we describe an output sensitive algorithm, with enumeration
time depending only on the maximum degree of the graph. Results of both
subsections are based on different analyses of the complexity of Algorithm 1,
described in the next subsection.

4.1. Ezxponential algorithms

Algorithm 1 is based on the exploitation of some special independent sets
of the graphs G;,i € [n] introduced in Definition 1 of Section 2. Thus, we
first show how to compute these graphs, in the next lemma.

Lemma 6. Graphs G;,i € [n|, can be constructed in time O(n®) with an
adjacency matriz or time O(mA) with an adjacency list.
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Proof. With an adjacency matrix, for each vertex v;, we can determine
N;(v;) in O(n) time and find the vertices of N?(v;) in O(n?) time. Therefore,
we need O(n?) time for all graphs Gy, € [n]. With an adjacency list, we
can determine N;(v;) in O(d,,) time. To determine N?(v;), we need at most

O(d(v;)A) time. Overall, we need O(mA) time for all graphs G;,i € [n]. O

We now present the pseudo-code for Algorithm 1. We show in Theorem 1
that it outputs correctly all maximal induced proper bicliques of the input
graph. Then, we give its time complexity in Theorem 2.

Algorithm 1:
Data: A graph G.
Result: All its maximal induced bicliques.

1 Consider any ordering o of the vertices of G.

2 Construct the graphs G;,i € [n].

3 Initialize T" an empty generalized suffix tree.

4 fori=1tondo

5 Compute all maximal independent sets of graph G;.
6 for every maximal independent set I of graph G; do
7 if I is proper then

8 Order the vertices of I following o.

9 Search for I in T.

10 if there is a match then

11 L Reject it.

12 else

13 Insert the proper suffixes of I in T

14 Output 1.

Theorem 1. Given a graph G, Algorithm 1 outputs exactly all its maximal
bicliques, without duplication.

Proof. By Corollary 1, the vertices of every maximal proper biclique B
of the graph correspond to a maximal proper independent set I in exactly
one graph Gy, i € [n]. Thus, the set of vertices V(B) = I of B is considered
exactly once in the for loop starting at Line 4 of the algorithm. If I is

10



matched in the generalized suffix tree at Line 10 then by Corollary 2, [
corresponds to a non maximal biclique in G and this is a contradiction.
Thus, Algorithm 1 correctly outputs all maximal proper bicliques, without
duplication.

We prove now that it does not output incorrect bicliques. First, by
Lemma 2, all maximal independent sets of graphs G;,7 € [n]| correspond
to bicliques in G. If some maximal proper independent set I of a graph Gj
corresponds to a non-maximal biclique in G, then the following holds, by
Corollary 2:

e there exists a maximal proper independent set I’ corresponding to a
maximal proper biclique of G such that I” belongs to a graph G; with
Jj <.

e The vertices of I ordered following the ordering form a proper suffix of
the word formed by the vertices of I’ ordered following the ordering.
This implies that I will be rejected in the if loop in Line 10.

Therefore, Algorithm 1 outputs exactly all maximal proper bicliques,
without duplication, which gives the correction of the algorithm. ([l

Theorem 2. Given a graph G of ordern, Algorithm 1 runs in time O(n3™/3).

Proof. Computing the graphs G;,i € [n] in Line 2 is done in O(n?), by
Lemma 6. Computing all the maximal independent sets in Line 5 is done in
time (n—i)3™~9/3 for each G;, using the algorithm of Tomita et al. [25] (which
enumerates all maximal cliques in time O(n3"/3) for a graph of order n), and
since a graph G; is of order O(n — 7). Note that the algorithm of Tomita et
al. enumerates maximal cliques. Thus, we run it on the complement of the
graphs G;, 1 € [n]. Checking if an independent set is proper can be done in
time O(n — i) by remembering whether a vertex belongs to N;(v;) or N2 (v;)
when computing graphs G;,i € [n]. Line 8 can be done in time O(n — i)
by renaming (one time) the vertices of G; in time O(n) and inserting the
vertices of I in their correct position in an array of size O(n — 7). Searching
and inserting I in the suffix tree is done in time O(n — i) as well. Therefore,
overall, the algorithm runs in time O(n3+n2+3"1"  (n—i)3"~/3) = O(n3"/?),
as claimed. O

In the next theorem, we prove that with some slight modifications, the
complexity of Algorithm 1 can be parameterized by the maximum degree

11



and degeneracy of the input graph. The main modifications consist first in
considering a degeneracy ordering in the vertices instead of just any ordering
in Line 1 of the algorithm. Then we provide a new way of computing all
maximal proper independent sets of graphs G;,i € [n], which will yield the
claimed complexity.

Theorem 3. Given a graph G with maximum degree A and degeneracy k,
Algorithm 1 can be modified to have setup time O(kn?*+mA) and enumeration
A+k

time O(nk(A +k)373).

Proof. We modify the algorithm as follows. First, in Line 1, we consider
a degeneracy ordering of the graph. Such an ordering can be computed in
time O(m), as discussed in Section 2. To compute all the proper maximal
independent sets in graphs G;,i € [n], we proceed slightly differently than
in Theorem 2. For each graph G;,i € [n] we compute O(k) graphs G of
size O(k + A) as follows. For each vertex z € N;(v;) (since |N;(v;)| < k,
there are at most k such graphs), we construct the graph G;[{v;} U N;(v;) U
(Ni(x) N N?(v;))]. This graph consists of the neighbors N;(v;) of v; in the
ordering and of its neighbors at distance 2 in the ordering, which are in the
neighborhood of z. These graphs can be constructed in time O(k(k + A))
for each G;,i € [n]. Observe that each of these k graphs is of size O(A + k)
since |N;(v;)| < k and |(N;(x) N N2 (v;))] < A — 1.

We show that the set of maximal proper independent sets of G;,i € [n]
is equal to the set of maximal proper independent sets of graphs Gy, i € [n].
We call this property 1. To achieve that, we prove now that an independent
set is proper maximal in G; if and only if it is proper maximal in one of these
k graphs.

For the first direction, consider a proper maximal independent set I in
G;. Since I is proper, there exists a vertex = such that z € I N N;(v;).
Observe now that I N NZ(v;) € N;(z) N N2(v;) holds since G[I] is a biclique
by Lemma 2. This yields the proof for the first direction. For the other
direction, It is enough to prove the maximality of I since if it is proper in
one graph, it is also proper in the other. Thus, assume by contradiction
that an independent set [ is proper maximal in one of these k graphs (call
it G%) but proper and not maximal in G;. Therefore, there exists a non
empty set A of vertices such that A C V(G;)\V(G}) and {I U A} forms a
proper maximal independent set in G;. Recall that graph G} is the graph
Gi[{vi} U Ni(v;) U (Ny(z) N N2 (v;))], for some vertex z of N;(v;). Let a € A.

12



First, observe that a ¢ N;(v;) or I not maximal in G,. Thus, necessarily
a € N?(v;). Since I U {a} forms an independent set in G; then there is no
edge between vertex x and vertex a, which in turn implies, by definition of
G, that a € N;(x). Observe that this implies that I is not maximal in G}
and yields a contradiction.

The second property (that we call property 2) that we prove is that a
maximal independent set I of a graph G, is always proper (that is has at least
one vertex in N;(v;)). To prove that, recall that each of these graphs consists
of all the vertices of N;(v;) and of the neighbors of one vertex = € N;(v;).
This implies that x belongs to all maximal independent sets of Gy, since
there are no edges between z and N;(x) N N?(v;) in G;.

Therefore, by the previous two properties that we proved above, to find
all the maximal proper independent sets of G, it is enough to compute all
maximal independent sets of graphs G;. Since there are k such graphs and
that they are of size at most O(A + k) then they have at most O(k375")
independent sets (by the Moon and Mooser bound [24]). We can generate
all these graphs in time O(k(A + k)3%) using the algorithm of Tomita
et al. [25]. This gives the time needed to execute Line 5 of Algorithm 1.
Checking if an independent set is proper can be done O(A + k) using the
same argument as in Theorem 2. To order the vertices of an independent
set I following the degeneracy ordering in Line 8 we proceed as follows. We
first rename the vertices of each graph G;; (one time). This takes time O(n)
for each such graph and O(n?k), overall (since there are O(nk) such graphs).
Then, we insert the vertices of each independent set I in their correct position
in an array of size O(A + k), with same time complexity. Searching and
inserting [ in the suffix tree is done in time O(A + k) as well. Overall, this
modified version of Algorithm 1 has preprocessing time O(kn? + mA) and
enumeration time O(nk(A 4 k)3°3), as claimed.

We prove now the correction of this modified version of Algorithm 1.
Essentially, the proof is the same as for Theorem 1. All maximal proper
independent sets of graphs G;,i € [n], will be computed in this modified
version, as proved in the second paragraph. Thus, we have that only maximal
proper bicliques will be outputted by Algorithm 1. However, duplicates
maximal proper independent sets can also be computed (two duplicates may
appear in two different graphs Gy and Gy for some i € [n]). Let I be such
a duplicate proper maximal independent set. Consider the first time it is
generated by the algorithm. If it is matched in the suffix tree, then it will be
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rejected and all its duplicates as well. If it is not matched, it will be inserted
in the suffix tree, and all its duplicates will be rejected (since they will be in
turn matched in the tree). Thus, the correctness holds. UJ

Corollary 3. A grapiz g of order n with mazimum degree A and degeneracy
k has at most O(nk‘STJr) mazximal induced proper bicliques.

Proof. The algorithm described in Theorem 3 generates at most O(nkz?)%)
candidate vertex sets corresponding to the maximal induced proper bicliques
of the input graph. The claim thus follows from the correctness of our algo-
rithm. 0

To conclude the subsection, we show that the algorithm described in
Theorem 3 has almost optimal complexity, up to a small function of the
maximum degree and degeneracy of the graph.

Theorem 4. For any tuple of integers k, A, n such that k < A <n, we can
construct a graph G of order n with mazimum degree A and degeneracy k

such that G has Q(ALMS%) mazximal induced proper bicliques.

Proof. Assume that A =0 (mod 3) and £ = 0 (mod 3). Consider
graph B consisting of the two following sets of vertices. Let X be a set of A/3
disjoint triangles and let set Y consists of £/3 disjoint triangles. Connect all
the vertices of X to all the vertices of Y. The maximum degree of B is A.
It has degeneracy k. To prove that, observe that every vertex has at least
degree k which implies that the graph cannot have degeneracy k —1. We can
easily find an ordering of the vertices such that every vertex has at most k
neighbors with higher rank in the ordering. To do that, simply put first in
the ordering the vertices of X (in any order) followed by the vertices of Y (in
any order). This proves that B has degeneracy k. The number of maximal
induced proper bicliques of this graph is 32/33%/3 = 3% Consider graph G
consisting of ' disjoint copies of B. It is of order n, has maximum degree
A, degeneracy k and has the claimed number of maximal induced proper
bicliques.

For the other possible combinations of values of A (mod 3) and & (mod 3),
the proofs are very similar. For example, when A =1 (mod 3), it is suffi-
cient to replace one triangle in X by a square. ([l
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Lemma 7. Let G be a graph of order n, degeneracy k and maximum degree
A. Let o be a degeneracy ordering of G. A maximal induced biclique of G is
of size at most A + k.

Proof. Let X =Y U Z be a maximal proper induced biclique of GG. Let
y € Y be the vertex of X with smallest rank in ¢. By definition of a degen-
eracy ordering, we have that | Ny (x)| < k, which implies that [V (Z)] < k.
Let z € Z, we have that Y C N(z), which implies that |Y| < A. O

To conclude the section, note that the lower bound proved in Theorem 4
o . . : : Atk, .
implies that any optimal algorithm requires at least time (n3 73" ) in the
worst-case to output all maximal induced proper bicliques, since they are of
size O(A+k), as proved in Lemma 7. By Corollary 3, any optimal algorithm
requires at most time O(nk(A + k)B%) Thus, our algorithm described in
Theorem 3 is at most a factor O(k(A+k)) away from the optimal complexity.

4.2. Output sensitive algorithms

In this section we start by proving some additional results concerning
the number of maximal proper independent sets in graphs G, € [n], which
correspond to non-maximal proper bicliques in graph G. This is done in
Lemma 8 and Corollary 4. Using these new results, we prove that Algorithm 1
can be slightly modified in order to achieve a complexity which is output
sensitive. This result is stated in Theorem 5.

Lemma 8. Let G be a graph of order n and o an ordering of its vertices.
Let a denote the number of mazimal proper induced bicliques of G and «; the

number of maximal proper independent sets of graph G;,i € [n]. We have
n

that > a; < an.
j=1

Proof. Let max; denotes the number of maximal proper independent
sets of G;,i € [n] which correspond to maximal proper bicliques of G, and
Nmazx; the number of maximal proper independent sets of G, i € [n], which
correspond to non-maximal proper bicliques of G. We have that «; = max; +
Nmazx;. By Corollary 1, the vertices of every maximal proper biclique of
G correspond to a maximal proper independent set of exactly one graph
G;,i € [n]. This implies that """ maz; = a.

Let X be the multiset of independent sets which are maximal and proper
in graphs G;,i € [n] but do not correspond to maximal and proper induced
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bicliques in G. Let z € X. By Corollary 2, the word obtained from the
vertices of x which have been ordered following o is a proper suffix of the word
obtained from ordering the vertices, following o, of some maximal proper
induced biclique of G. This implies that X has at most (n — 1)a different
elements since a maximum biclique of G has at most n vertices and that a
word with n letters has at most n — 1 proper suffixes. Moreover, Lemma 4
implies that x is maximal in an unique graph G;,¢ € [n|, which implies that
> =1 Nmaz; < (n—1)a. Thus, in total 37 oy <a+ (n—1a=an. O

Corollary 4. Let G be a graph of order n, degeneracy k, maximum degree A
and let o be a degeneracy ordering of its vertices. Let o denote the number of
maximal proper induced bicliques of G and a; the number of mazximal proper

independent sets of graph G;,i € [n]. We have that ) a; < a(A+ k).
j=1

Proof. The proof is exactly the same as for Lemma 8, except that in
this case, by Lemma 7, a maximal proper induced biclique of G is of size at
most A + k. O

We are now ready to describe the output sensitive algorithm for maximal
biclique enumeration in the next theorem.

Theorem 5. Given a graph G with maximum degree A and degeneracy k,
Algorithm 1 can be modified to have setup time O(kn*+mA+s(A+k)kn) and
enumeration time aO(r(A+k)k(A+k)), where r(A+k) (resp. s(A+k)) is
the time delay (resp. setup time) for mazimal clique enumeration in a graph

of order A + k.

Proof. The proof is very similar to the one of Theorem 3. We recall its
main steps. In Line 1 of Algorithm 1, we consider a degeneracy ordering of
the graph. To compute all the proper maximal independent sets in graphs
Gi,i € [n], we first compute O(k) graphs G of size O(k + A) as follows.
For each vertex x € N;(v;), we construct the graph G, = G;[{v;} U N;(v;) U
(N;(x) N N?(v;))]. This graph consists of the neighbors N;(v;) of v; in the
ordering and of its neighbors at distance 2 in the ordering which are in the
neighborhood of z. These graphs can be constructed in time O(nk) for each
Gy, € [n] and they are of size O(A + k). In the proof of Theorem 3, we
proved that the set of maximal proper independent sets of G;, 7 € [n], is equal
to set of maximal independent sets of graphs G, € [n].
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The main difference with the algorithm described in Theorem 3 lies in
the way we compute all maximal independent sets of these graphs Gy, i €
[n]. In Theorem 3 we used the worst-case output size optimal algorithm of
Tomita et al. [25]. Here we use any polynomial time delay or output sensitive
algorithm for maximal clique enumeration (such as [18, 19, 20, 21, 9, 22, 23]).
For a given graph G;, there are k such graphs G;; and they are of size
at most O(A + k). To get their maximal independent sets, we compute
the maximal cliques of their complement graph. Let a; be the number of
maximal proper independent sets of graph G; and let ), be the number of
maximal independent sets of graph G;,. We proved that >  «;, < ko

2E€N;(vy)
(this holds because of the two properties in the proof of Theorem 3 and
because there can be at most k& duplicates of some maximal independent
set in the graphs Gi;). Let O(r(A + k)) be the time delay for maximal
clique enumeration for a graph of order A + k. Computing all the maximal
independent sets of a graph Gy can be done in time a;,O(r(A + k)), since
these graphs (and therefore their independent sets) are of order at most A+k.
Thus, computing all the maximal proper independent sets of GG; can be done
in > (.O00(A+k)) < a0r(A+ k)k). Thus, to compute all the

ZEN;(v;)

maximal proper independent sets of graph G takes Y a;O(r(A + k)k) <

i=1
aO(r(A + k)k(A + k)), by Corollary 4.

For the last part of Algorithm 1, that is, to sort the vertices of computed
independent sets and search and insert them in the suffix tree, we proceed
as in the proof of Theorem 3. This takes time O(A + k) for each computed

independent set. Overall, this last step requires O(>_ > @i (A+k)) <
=1 zeN;(v;)
aO(k(A + k)?).

We give now the complexity of the setup phase of this modified version
of Algorithm 1. The first modification is to compute a degeneracy ordering.
This takes time O(m), as discussed earlier. Then, we compute n graphs
Gi,i € [n]. This takes time O(mA) by Lemma 6. Then, we need to compute,
for each of these graphs, k graphs Gy,. This takes overall time O(n*k) as
seen in the proof of Theorem 3. Last, to compute all the independent sets
of these graphs using a polynomial time delay or output sensitive algorithm
of [18, 19, 20, 21, 9, 22, 23], we need to preprocess them. Since there are
overall O(kn) such graphs, and that they are of order at most A + k, this
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takes time O(s(A + k)kn), where s(A + k) is the preprocessing time of the
chosen algorithm for a graph of order A + k.

The proof of correction of this modified version of Algorithm 1 is similar
to the one provided for the algorithm described in Theorem 3. 0

4.3. Improving the space complexity

In this section, we show how to improve the space complexities of the
previous algorithms. Since we need to store the solutions in the suffix trees,
then their space complexity is exponential if the number of solutions is ex-
ponential. We can achieve polynomial space by getting rid of the suffix trees
altogether, and checking the maximality and uniqueness of the generated in-
duced bicliques with other methods. We describe this process for each of the
three algorithms.

Theorem 6 improves the space complexity of the algorithm with time
complexity O(n3"/?) whose correctness and complexity are proved in Theo-
rems 1 and 2, respectively. However, as a result, the time complexity becomes
a bit larger, and we lose the worst-case output size optimality.

Theorem 6. Algorithm 1 can be modified to use polynomial space but re-
quires O(nA3) additional time.

Proof We remove in Algorithm 1 the suffix tree, initialized in Line 2.
For each maximal independent set I of graph G; found in Line 5, we do the
following. By Lemma 1, set I includes vertex v;. Therefore, if there exists
a vertex x € (N(v;) U N2(v;))\(NV;(v;) U N2(v;)) such that I U {z} forms a
biclique in G then G[I] is not a maximal biclique of the graph. There are at
most O(A?) such candidate vertices and checking each of them takes time
O(nA) with adjacency lists. O

Theorem 7. The algorithm described in Theorem 3 can be modified to use
polynomial space but requires O(kA3) additional time. Similary, the algo-
rithm described in Theorem & can be modified to use polynomial space but
requires additional O(kA3?) enumeration time.

Proof Recall that the algorithms described in Theorem 3 and Theorem 5
generate O(k) graphs Gy, for each vertex x € N;(v;). Assume that these
graphs are considered for each x in increasing index. Let Gy be such a
graph, z the corresponding vertex in N;(v;), and let I be a proper maximal
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independent set of this graph, considered by the algorithm. To check if some
duplicate biclique has already been outputted, we proceed as follows. Let
x’ be the lowest rank vertex of I N N;(v;). If ' = x then we check if I is
maximal, similarly as in the proof of Theorem 6 and output it accordingly.
Otherwise we do not output it because I has already been processed when
graph Gy corresponding to vertex x’ was considered by the algorithm. The
complexity analysis is similar to the one in Theorem 6, except that, since the
considered bicliques are of size O(A + k), we need O(kA?) additional time.

O
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